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Preface

The boundary layer flow over a continuous stretching surface has various engineering and
industrial applications. Such flow commonly involves in the paper production, wire drawing, hot
rolling, glass fiber production, extrusion of plastic sheets, cooling ofmetallic plate in a cooling
bath and many others. Many researchers have discussed different problems through the linear
stretching of the surface but there are various situations in the industrial and technological
processes where the stretching of the surface is not necessary linear. Particularly the flow
induced by a nonlinear stretching surface has played important role in the polymer extrusion
process. With this viewpoint Vajravelu [1] provided a study to examine the flow and heat
transfer characteristics of viscous fluid induced by a nonlinearly stretching surface. Cortell [2]
performed a numerical study to investigate the flow of viscous fluid over a nonlinearly stretching
surface. He studied the two cases of heat transfer namely the constant surface temperature and
the prescribed surface temperature. Cortell [3] also explored the flow of viscous fluid over a
nonlinearly stretching surface in the presence of viscous dissipation and radiation effects. Hayat
et al. [4] addressed the magnetohydrodynamic (MHD) flow over a nonlinearly stretching surface
by using the modified Adomian decomposition and Padé approximation techniques. Flow and
heat transfer properties of nanofluid over a nonlinearly stretching surface is reported by Rana and
Bhargava [5]. Mukhopadhyay [6] discussed the boundary layer flow over a permeable
nonlinearly stretching surface subject to partial slip condition. Mabood et al. [7] studied the
MHD flow of water-based nanofluid over a nonlinear stretching surface in the presenceof
viscous dissipation. Recently Mustafa et al. [8] investigated the flow of nanofluid over a
nonlinearly stretching surface subject to the convective surface boundary condition.

Insertion of ultrafine nanoparticles (<100 nm) in the base liquid is termed as nanofluid. The
nanoparticles utilized in nanofluids are basically made of metals (Cu, Al, Ag), oxides (Al,O5),
carbides (SiC), nitrides (AIN, SiN) or nonmetals (graphite, carbon nanotubes) and the base
liquids like water, oil or ethylene glycol. Addition of nanoparticles in the base liquids greatly
enhances the thermal properties of the base liquids. Due to such interesting properties, nanofluids

are useful in various industrial and technological processes such as the cooling of electronic



devices, transformer cooling, vehicle cooling, heat exchanger, nuclear reactor, biomedicine and
many others. Especially the magneto nanofluids are useful in MHD power generators, removal
of blockage in the arteries, hyperthermia, cancer tumor treatment, wound treatment, magnetic
resonance imaging etc. The term nanofluid was first introduced by Choi and Eastman [9] and
they illustrated that the thermal properties of base liquids are enhanced when we add up the
nanoparticles into it. Boungiorno [10] constructed a mathematical model to explore the thermal
properties of base fluids. Here the effects of Brownian motion and thermophoresisare utilized to
enhance the thermal properties of base liquids. Khan and Pop [11] employed the Boungiorno
model [10] to analyze the boundary layer flow of nanofluid over a stretching surface. Afterwards
various attempts have been made in this direction. Few of these can be quoted through the
investigations [12-22] and several refs. therein.

Most of the studies in the literature explain viscous materials by the classical Navier-Stokes
equations. There are several complex rheological materials such as paints, shampoos, slurries,
toothpastes, polymer solutions, ketchup, paper pulp, blood, greases, drilling muds, lubricating
oils and many others that cannot be characterized through the classical Navier-Stokes
expressions. Such materials are known as the non-Newtonian fluids. However there is no single
relation that can predict the properties of all non-Newtonian fluids. Hence various models of
non-Newtonian fluids are developed in the literature. The couple stress fluid model [23-28] is
one of such materials. This model has important features due to the presence of couple stresses,
body couples and non-symmetric stress tensor. Some interesting examples of the couple stress
fluid are blood, suspension fluids, lubricants and electro rheological fluids.

The present dissertation consists of three chapters. Chapter one contains some basic concepts,
definitions and equations. Chapter two addresses the two-dimensional flow of viscous nanofluid
over a nonlinearly stretching surface with convective surface boundary condition.
Thermophoresis and Brownian motion effects are considered. Boundary condition with the zero
nanoparticles mass flux at the surface is incorporated. Homotopy analysis technique is adopted to
solve the governing nonlinear differential system. Graphs are plotted to see the effects of various
physical parameters on the temperature and concentration distributions. This chapter provides the
detailed review of article by Mustafa et al. [8]. Chapter three is the generalization of chapter two
into three directions. Firstly to consider the three-dimensional flow of couple stress nanofluid.

Effects of Brownian motion and thermophoresis are taken into account. We imposed the thermal



convective [29,30] and zero nanoparticles mass flux conditions at the surface [31,32]. Secondly
to analyze the influence of non-uniform magnetic field under low magnetic Reynolds number
assumption. Thirdly to compute the convergent series solutions through the homotopy analysis
method (HAM) [33-40]. Effects of various pertinent flow parameters on the velocities,
temperature and concentration distributions are sketched and discussed. Numerical values of

skin-friction coefficients and local Nusselt number are computed and analyzed.
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Chapter 1

Some fundamental equations and

laws

The purpose of this chapter is to address some laws, definitions and equations which are more

essential to understand the analysis explained in the chapters two and three.

1.1  Fluid

A substance which continuosly deforms under the implementation of applied shear stress of any

magnitude is called fluid. Liquids and gases are examples of fluid.

1.1.1 Liquid

It is type of fluid that has a definite volume but no definite shape. Blood, water and milk are

examples of liquids.

1.1.2 Gas

It is type of fluid that has no definite volume and shape is known as gas. For example oxygen,

hydrogen and nitrogen etc.



1.2 Fluid mechanics

Fluid mechanics is the class of physical sciences which deals with the fluid’s characteristics at

rest or in motion. It can be classified into two main branches which are defined as follows:

1.2.1 Fluid statics

It describes the fluid properties or features in state of rest.

1.2.2 Fluid dynamics

Fluid dynamics deals with the characteristics of fluids in state of motion.

1.3 Stress

Stress is an applied force that acts on the surface area of unit dimension within a deformable

body. Mathematically it can be expressed as

_ Force _ F
~ Area A’

Stress (o)

(1.1)

The unit and dimension of stress are Nm~™2 and [M L_lT_z] respectively. Stress is mainly
classified into two types.

1.3.1 Shear/tangential stress

Stress is known as shear/tangential stress when an applied force acts parallel to the surface
area of unit dimension within deformable body.

1.3.2 Normal/tension stress

Stress is known as normal/tension stress when an applied force acts normal to the surface area

of unit dimension within deformable body.



1.4 Strain

Strain is utilized to measure the deformation of an object, when a force is acting on it.

1.5 Viscosity

Viscosity is an inherent characteristic of fluid which measures the fluid resistance against any
gradual deformation under the action of various forces. There are two ways to denote the
viscosity.

1.5.1 Dynamic viscosity

It is the fluid characteristic which measures the resistance of fluid against any gradual defor-

mation when a force is acted on it. Mathematically, one can write it as

Shear stress

dynamic viscosity (u) = (1.2)

~ gradient of velocity’

SI unit and dimension of dynamic viscosity are Kgm~'s~'and dimension [M L_lT_l] respec-

tively.

1.5.2 Kinematic viscosity (v)

It is stated as ratio of dynamic viscosity (u) to the density of fluid (p). Mathematically it can

be expressed as

I
V=—, 1.3
; (1.3)

Kinematic viscosity has the unit m?s~! and dimension [LQT_I] .

1.6 Newton’s viscosity law

It is stated that the shear force which deforms the element of fluid is linearly and directly
proportional to the shear rate (i.e rate of deformation). In mathematical form we can express

it as follows
du
Tyz X d_y’ (1.4)



or

Tyz = b (j—;) , (1.5)

In above relation 7,, denotes the shear stress and p represents proportionality constant.

1.6.1 Newtonian fluids

Those fluids which satisfy the Newton’s viscosity law are characterized as Newtonian fluids.
In these types of fluids a direct and linear relation always exist between the shear force (744)

and deformation rate (g—;). Examples of Newtonian fluids are water, mercury and aqueous

glycerine solution etc.
1.6.2 Non-Newtonian fluids

The fluids for which Newton’s viscosity law do not hold are the non-Newtonian fluids. In these
types of fluids shear force has a direct and nonlinear relationship to the rate of deformation. In

mathematical form we can express it as follows

Tys X (d_u)n’ n#1, (1.6)

or

du\"
T’y:c = /{7 <d—y> y (17)

Here k denotes the consistency index which is used to estimate the consistency of fluid and n
depicts the flow behavior’s index which elucidates that the fluid differs from a Newtonian fluid.

When n = 1 and k = p then Eq. (1.7) transforms to the Newton’s viscosity law. From Eq.

(1.7) we have
, [du

with the following expression of apparent viscosity n* is



In above expression n* represents the apparent viscosity. Blood, ketchup and paints show the
non-Newtonian fluid behavior. The fluid model which is considered in this dissertation is couple
stress fluid model. The force stress tensor 7 and the couple stress tensor M appears in couple

stress fluids theory which are defined in the following forms
- - -\T 1
T = (—p + AdivV) I4-p ((gradV) + (gradV> > + ilx(divM +pC), (1.10)

and

M = mlI + 2n* grad(curl V)+2 (grad(curl V))T, (1.11)

where the quantity A represents the material constant, pC denotes the body couple tensor, m
is the (1/3)rd trace of M and 7’ depicts the constant associated with couple stresses. Material
constant A has dimension as that of viscosity where as the dimensions of n* and 7’ are those of

momentum. These material constants are considered by the following inequalities
w>0, 3IN+2u>0, n* >0, 0/ <n, (1.12)

Using the Cartesian coordinates, we have

u  Qu  Qu du v duw
oz Jy 0z . oz oz oz
~ ~\T
gradV = % g—z % , (gradV) = g—z g_z g_z’ , (1.13)
ow Odw Iw u v Jw
ox oy 0z 0z 0z 0z

By using the above expressions (1.10) — (1.13), the momentum equation for couple stress fluid
takes the following form

v - -
pg = VP uVIV —n*V4iv, (1.14)

By employing the operator V on the velocity field, the quantities V2V and V*V can be easily

found which are

d%u d%u d%u d*u *u tu

Ox2 + Oy? + 0z2 Ox* + Oyt + 0z4

2V — v 9%v 9%v Av — v v %
VIV=l G@taptar |- VY= | Gtegtar | (1.15)

w 92w Pw Ftw w tw

a2 T g T o aat gyt T g



By using Eqs. (1.14) and (1.15), we write

du
ot

u

ou ou ou
+v—+w

Oz dy 9z

(P o
— Y\ 822 oy 022

Mu O O
—_— / — — —
v <8x4 * oyt * 824> ’ (1.16)

(P P
- "\ o2 oy? 022

NMv ot ot
J— / — — —
v <8$4 t ot az4>’ (1.17)

in which v/ = n*/p is the couple stress viscosity. The governing boundary layer expressions for

three dimensional flow of couple stress fluid are

ot Ox oy 0z  \ 022 024 )’ '
ov  Ov v v 0 , (0%
E*%*”i*%”(@)‘”(@)' (1.19)

1.7 Modes of heat transfer

Heat transfer is a mechanism which deals with the transfer of heat within the system. Transport

of heat is the transfer of thermal energy from high to low temperature regions when two physical

system or two objects are in contact. Three basic modes are utilized to develop heat transfer

mechanism which are define as follows:

1.7.1 Conduction

Conduction is the mode of heat transfer in which heat is shifted from one place to another

place due to the collisions of particles which are in contact but particles do not change their

positions. Conduction is always occured in solid materials. In very rare cases conduction may

be possible in liquids.



1.7.2 Convection

Convection is the mode of heat transfer in which heat is transferred from hot places to cold
places by the transfer of particles or molecules. Convection plays major role in both liquid and
gases.

Forced convection

Forced convection is a process of heat transfer in which some external source is utilized to
produce motion in fluid. Examples of forced convection are pump, stretching, pressure and
many others.

Natural convection

This mechanism is always occured due to the differences of temperature without any external
source. It is also known as free convection. Free convection is always occured due to gravity

effects.

Mixed convection

Mixed convection is that type of convection in which transfer of heat takes place due to both

natural and forced convections.

1.7.3 Radiation

Radiation is that mechanism in which transfer of heat occurs directly by electromagnetic radi-

ations.

10



1.8 Non-dimensional numbers

1.8.1 Prandtl number

It describes the ratio of momentum diffusivity (v) to the thermal diffusivity («). In mathemat-

ical form it can be written as

Pr— momentum'diff?s%vity (v) _ @7 (1.20)
thermal diffusivity («) k

where ;1 stands for the dynamic viscosity, ¢, represents the specific heat and k£ designates the
thermal conductivity. In heat transfer mechanism, Prandtl number controls the momentum

and thermal boundary layers thicknesses.

1.8.2 Lewis number

Lewis number is defined as the nondimensional quantity which explains the thermal diffusivity

to Brownian diffusivity ratio. Mathematically

thermal diffusivity Q

Le (1.21)

~ Brownian diffusivity - Dg

Note that in above expression « signifies the thermal diffusivity and Dp represents the Brownian

diffusivity.

1.8.3 Magnetic number

It is described as the ratio of electromagnetic to viscous forces. Mathematically it can be

expressed as
oB2L

M? = :
pUw

(1.22)

In which o denotes the electrical conductivity, By signifies the uniform magnetic field, L shows

the characteristic length, p represents the fluid density and U,, depicts the velocity.

11



1.8.4 Reynolds number

Inertial to viscous forces ratio is termed as Reynolds number. Mathematically one can write it

as
inertial force  pVL VL

viscous force 7 v

: (1.23)

Here p denotes the fluid density, V' represents the mean velocity of fluid, L stands for charac-
teristic length and p signifies the dynamic viscosity. Reynolds number is utilized to observe
different flow behaviors like laminar or turbulent flows. Laminar flow is arised due to the low
Reynolds number, where the viscous forces are dominant. At high Reynolds number turbulent

flow arise, where the inertial forces are dominant.

1.8.5 Coefficient of skin friction

It is the drag force between the fluid and solid’s surface when fluid is passing through it which

leads to slow down the motion of fluid. Mathematically it is stated as

-
Cr=-——, (1.24)
T2
where
ou
T —u(—) , (1.25)
w ay o

In above relation 7,, represents the shear stress at the surface, U, stands for velocity and p

denotes the fluid density.

1.8.6 Nusselt number

Convective to conductive heat transfer coefficients ratio is known as Nusselt number. In math-
ematical form one can write
LG

where

qw = —k (8_y>y_o’ (1.27)

12



where ¢, denotes the wall heat flux, T, represents the wall temperature, T, stands for ambient

fluid temperature and k represents the thermal conductivity.

1.9 Fundamental laws

1.9.1 Mass conservation law

It is stated that the total mass in any closed system will remain constant. Mathematically

Dp

= V= 1.2
i +pV.V =0, (1.28)
or
dp
o5 T (V-V)p+pV.V =0, (1.29)
or
dp
o T V- (pV) =0. (1.30)

The above expression represents the continuity equation. Here p stands for fluid density and

V depicts the velocity profile. Due to steady state flow Eq. (1.30) takes the following form
V.(pV) =0, (1.31)
and if the fluid is incompressible then above equation takes the following form
V.V =0. (1.32)

1.9.2 Momentum conservation law

This law states that the total momentum of a closed system is conserved. General form of this
law is given below
DV

= = V.r+pb 1.
Py = V-THeb, (1.33)

Here inertial, surface and body forces are indicated by the terms p%‘{, V.7 and pb respectively.

Cauchy stress tensor is represented by 7 = —pl + S, pressure is designated by p, I shows the

13



identity tensor, D% shows the material time derivative, S stands for extra stress tensor and b
denotes the body force.
1.9.3 Energy conservation law

The energy equation for nanofluid can be written as

DT D
prer g = TLARVT + pycp (DBVC.VT - T—TVT.VT> , (1.34)

oo

Where p; stands for base fluid density, ¢y represents the specific heat of base fluid, T" stands
for temperature, T represents the stress tensor, L stands for rate of strain tensor, k denotes the
thermal conductivity, p, depicts the density of nanoparticles, Dp denotes Brownian diffusivity

and Dy stands for thermophoretic diffusion coefficient.

1.9.4 Concentration conservation law

The concentration equation for nanofluid can be written as

D = DBVICH VAT (1.35)

where C' stands for nanoparticles concentration, Dp represents the Brownian diffusion co-

efficient, Dp stands for thermophoretic coefficient and 1" depicts the temperature.

1.10 Homotopic analysis technique

This technique is developed by Liao [33] to find the series solutions of nonlinear problems. This
technique gives us convergent solutions for nonlinear problems. In order to understand the

basic concept of homotopy analysis technique (HAM), we assume a differential equation
N u(z)] =0, (1.36)

In above equation N represents the non-linear operator and u (z) depicts the unknown function

in which « is the independent variable. Zeroth-order deformation equation is written in the

14



following form

(1 =D%) Lt (x;P*) — ug ()] = P AN [t (z; P*)] (1.37)

where ug (z) depicts the initial approximation, £ denotes the auxiliary linear operator, P*
€ [0, 1] designates an embedding parameter, /i represents the nonzero auxiliary parameter and

@ (z; P*) stands for unknown function of x and P*. Setting P* = 0 and P* = 1, one has

@ (z;0) =uo (x) and u(x;l)=u(x). (1.38)

The solution @ (z; P*) shows the variation from initial approximation ug (x) to the final desired

solution u () when P* goes from 0 to 1. Taylor series expansion gives us the following relations

R ” 1 0™u(z, P*)
u(x; P*) = ug (x) + Ui (2)P* 7, up () = ————F—— . (1.39)
mz—l m!  §p* P*—0
For P* =1 we get
u(z) =up () + Z Uy (). (1.40)
=1

By differentiating 7 times the zeroth order deformation i.e., Eq. (1.37) with respect to P* then

divided by m! and by setting P* = 0 we have the following mth order equation

L [up, () — Xptm—1 ()] = ARy, (), (1.41)
- 1 O N [t (z; P*))
R (x) = — - , 1.42
(@) (i — 1)! op*" p*=0 (42
where

0, m<l1,
Xon = : (1.43)

1, m>1.

15



Chapter 2

Flow of nanofluid over a nonlinearly

stretching surface with convective

effect

2.1 Introduction

This chapter addresses the two-dimensional flow of an incompressible viscous fluid subject
to the convective surface boundary condition. The flow is generated due to an impermeable
sheet which is stretched nonlinearly. Heat and mass transfer is studied through the Brownian
motion and thermophoresis effects. Newly constructed boundary condition having zero mass
flux of nanoparticles at the boundary is incorporated. Mathematical formulation is made under
boundary layer and small magnetic Reynolds number assumptions. Suitable transformations
are employed to convert the nonlinear partial differential system into the nonlinear ordinary
differential system. Homotopic solutions of resulting nonlinear system are constructed and
verified. Graphs are sketched to explore the effects of distinct emerging flow parameters on the
temperature and concentration profiles. Nusselt number is also computed and discussed. The

contents of present chapter provides review of research work examined by Mustafa et al. [8].

16



2.2 Problem development

We assume a steady two dimensional incompressible flow of Newtonian fluid past over a surface

which is stretched nonlinearly. Here we consider the Cartesian coordinate system in such a

manner that the x—axis is taken in that direction along which the sheet is stretched and y—axis

is orthogonal to the sheet. Stretching of the sheet is assumed with velocity Uy, (z) = az™ along

the z—direction with a, n > 0 as the constants. Effects of Brownian motion and thermophoresis

in the present flow problem are also taken into account. The surface temperature is regulated

by a convective heating mechanism which is peculiarized by the heat transfer coefficient h; and

temperature of hot fluid 7} under the sheet. The governing boundary layer expressions for

present flow analysis are

e
u=ax' v=0 —k—=h; [I'_, -7)
ay !

_+___U

Tw dy - X

-— - -

—»>  — > @ —

Fig. 2.1 : Physical sketch of the problem.

ou Ov
B + 8_y =0, (2.1)
ou ou 0%u
U% +’Ua—y = Va—y2’ (22)
or — aT  PT  (pc)y dT dC\ Dy [(0T\?
"o oy T o, \ PP (55) = (5) ) 23)
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oc ~ oC 9*C Dy (8°T
5 oy =7 (5) * 7t (59). .

The subjected boundary conditions for the considered flow problem are

or oC  DroT
= Uy = Tl’ =U, —R— = T —T R D _— _— = =0, 2
u=Uy(x)=az", v=0 kay hy (T ) Bay+Tooay Daty=0 (2.5)
u—0, T—-Ty, C—Cyx asy— . (2.6)

Here v and v represent the flow velocities in the horizontal and vertical directions respectively,
v (: w/p f) stands for kinematic viscosity, 1 denotes the dynamic viscosity, p; stands for density
of base fluid, T" stands for temperature, o (= k/(pc)s) denotes the thermal diffusivity, & stands
for thermal conductivity of fluid, (pc) s stands for heat capacity of fluid, (pc), stands for effective
heat capacity of nanoparticles, Dp denotes the Brownian diffusivity, C' represents concentration,
Dt stands for thermophoretic diffusion coefficient, hy = hz"7" stands for non-uniform heat
transfer coefficient. T, denotes the ambient fluid temperature and Cy, represents the ambient

fluid concentration. Using the following transformations

av(n 1/2 n_> n—
w=az"f/(), v = (“52) " (@) T + 2 o
_ — a(n 1/2 n_1 ’
o) = £=5=, o) = G&=, n=(45) " (@) Ty

e}

Eq. (2.1) is now identically satisfied and Eqgs. (2.2) — (2.6) take the following forms

" " 2n 2 _
o _n——i-lf =0, (2.8)
0" + Pr ( 70"+ NbO'd + Nt9’2> —0, (2.9)
¢" + LePr f¢' + %9” =0, (2.10)
f(0)=0, f'(0)=1, (0) = —y(1—6(0)), Nbg'(0) + Ntd'(0) = 0, (2.11)
F'(00) = 0, 8(c0) — 0, ¢(c0) — 0. (2.12)

In above expressions Pr stands for Prandtl number, Nb depicts the Brownian motion parameter,

Nt represents the thermophoresis parameter, v stands for Biot number and Le denotes the Lewis
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number. These parameters can be specified by the following definitions

Pr = L Nb——L( P9,
(pc) DT(Tf T (h i (2.13)
Nt = p(pc)fVToo ’ = TCL\/_ Le = DB

The nondimensional forms of coefficient of skin-friction and Nusselt number are given below

1\ /2
Cfoeals/2 = <n;_ ) f”<0)7

1/2
Nu,Re; /% = _(”‘2”> 0'(0). (2.14)

where Re, = U,z /v represent the local Reynold number. From the above it can be analyzed

that the nondimensional mass flux represented by a Sherwood number Sh, is zero.

2.3 Series solutions

The approximate series solutions through the homotopy analysis technique (HAM) requires the
appropriate initial approximations and auxiliary linear operators for the governing problems

which are given below

N
fo(n) =1—exp(—n), 6bo(n) = 7 17 exp(—n), ¢o(n) = T 1 ﬁt) xp(—n), (2.15)
Bf df 26 d2¢

dn

The above linear operators have the following properties

Ly [By + Baexp(n) + Bz exp(—n)] = 0,
Ly [Byexp(n) + By exp(—n)] = 0, (2.17)
Ly [Bs exp(n) + By exp(—n)] = 0,

in which B; (j =1 — 7) stands for arbitrary constants.
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2.3.1 Zeroth-order deformation equations

(1= 2Ly [F0, %) = folm)] = P* Ry LFr, 0], (2.18)
(1= P*)q |0(n, P*) = Bo(n)| = P* o NG (n, P*), O(n, P*), b, P*)], (2.19)
(1= P7)Lo[d(n. P%) = do(m)] = P hoNolF (n. B7). 60 %), (. P, (2:20)

fo.r =0, fo.p) =L (00, P*) =0, 9 (0.7 = = (1-d0.p), o)
B(c0,D*) = 0, Nbd'(0,P*) + Nt (0,B*) = 0, (o0, %) =0,
Y [f(-b*)]—ﬁ#ﬁ— o (07) (2.22)
FIA S opd "o n+1\on) '
" . . %0 20 0 00
Ny [ £ %), 80, D), 60, P*)| = e +Prf—+P Nba—8—i+P Nt (877) . (223
. ' : o 06 Nt 90
N [For 0100007, 600, 07)] = 28 reme 72 MO (224)

Here P* € [0,1] denotes the embedding parameter, hf, hy and hy stands for nonzero auxiliary

parameters and N7, Ny and N, represent the nonlinear operators.

2.3.2 mth-order deformation problems

Ly [fa(n) = X fa1 ()] = ByRE (), (2.25)
Lo 05 (1) = x0m—1(n)] = heR%, (1), (2.26)
Ls [65(1) = Xindm1(m)] = heRE% (1), (2.27)
F0) = F(0) = £(00) = 0. 03(0) +762,(0) =0 } 09
Nbgy,,(0) + Nt0,;,(0) = 0, 0,5,(c0) = ¢z,(00) = 0,
m—1
'Rf . /// +Z Fir1nf <n+1> Z 1 kfk (2.29)
k=0
m—1 m—1
RE(m) =04 1 +Pr Y (fa1- k9k>+PrNbZ a1 k0h) FPNEY (05,4 40%), (2.30)
k=0 k=0 k=0
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m—1

RE(1) = ¢ 1(n) + LePr Y (fm1-k6) + xz 01, (2.31)
k=0

{ 0, m<1,
Xin= (2.32)

1, m>1,

Putting P* = 0 and P* =1 we have

F(m;0) = fo(n), f(n:1) = f(n), (2.33)
6(n,0) = 6o(n), 6(n,1) = 6(n), (2.34)
(1,0) = do(n), ¢(n,1) = d(n). (2.35)

When b* varies from 0 to 1 then f(n;P*), 0(n,P*) and ¢(n, P*) display variation from the
initial approximations fy(n), 0o(n) and ¢y(n) to the desired final solutions f(n), 8(n) and ¢(n)

respectively. By using Taylor’s series expansion we get the following expressions

Fop) = fo) + Y S gt = LR 2
m=1 ’ P*=0
1 9™f(n, b*
6(n,b*) = 6o(n) + Z Orin O (n) = gﬁ ; (2.37)
b*=0
O, P%) = do(m) + 3, P, b0) = = | (2.38)
m=1 b*=0

The convergence of Egs. (2.36) — (2.38) highly depends upon the Af, hy and hy. Considering
that the values of non-zero auxiliary parameters hy, hg and Ay are selected in such a way that

Egs. (2.36) — (2.38) converge at P* =1, then

F) = fotn) + > faln), (2-39)

0(n) = 0o(n) + Y _ Om(n), (2.40)
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é(n) = do(n) + > da(n). (2.41)
m=1

The general solutions ( fy,, 0, ¢y,) of the Egs. (2.25) —(2.27) in terms of special solutions (f%,

0%, ¢r,) are presented by the following expressions

fin(n) = 5 (n) + B1 + Baexp(n) + Bsexp(—n), (2.42)
0,1(n) = 05,(n) + Byexp(n) + Bs exp(—n), (2.43)
G () = 055, (n) + Bs exp(n) + By exp(—n). (2.44)

in which the constants B; (j =1 — 7) through the boundary conditions (2.28) are given by

ofx
By =By =B =0, B3 = fgn(n) , B1=—Bs — f;(0), (2.45)
n=0
1 00%,(n)

Br = m — ~6% (0 2.46
5 1+7( o |, Vm())a (2.46)

9y, (n) Nt 965,(n)
Br = = RS By + —o ) (2.47)

2.3.3 Convergence analysis

Here the series solutions (2.39) — (2.41) involve the auxiliary parameters hy, hg and hg. No
doubt the auxiliary parameters hy, fig and Ny in series solutions accelerate the convergence.
The h—curves at 15th order of approximations are sketched to see the appropriate range of iy,
hg and hy. It is apparent from Figs. (2.2) — (2.4) that the admissible ranges of hy, hy and Ay
are —1.70 < hy < —0.15, —1.90 < hp < —0.28 and —2.20 < Iy < —0.20. Moreover the series
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solutions are convergent in the entire zone of 7 when iy = —1.0 = hg = hy.

y=02,Nt=01,Nb=02,Le =10 =Pr,n=15

0.0 -
-05+
-0t
-15+¢
=20+
—2.0‘ | ‘—1.5‘ o ‘—1.0‘ o ‘—0.5‘ o ‘0.0‘
h
Fig. 2.2 : h—curve for the function f(n).
n=15vy=02,Nt=01,Nb=02,Le=10=Pr
-0.10
S
= —0.15¢
=)
-020+

=25 =20 -15 -1.0 -0.5 0.0

fig

Fig. 2.3 : h—curve for the function 6(n).
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y=02,Nt=01,Nb=02,Le=1.0=Pr,n=15

0.2

0.1r

¢ ')

~0.1}

_0.2 L L L L L
=25 =20 -1 -1.0 -05 0.0 0.5

hy

Fig. 2.4 : h—curve for the function ¢(n).

Table 2.1: Convergence of homotopic solutions when n = 1.5, v = 0.2, Nb = 0.2, Nt = 0.1,
Le =1.0 and Pr = 1.0.

Order of Approximation —f”(0) —6'(0)  ¢'(0)

1 1.06667 0.15741 0.07870
) 1.06162 0.14918 0.07459
11 1.06160 0.14829 0.07414
16 1.06160 0.14824 0.07412
25 1.06160 0.14824 0.07412
35 1.06160 0.14824 0.07412
50 1.06160 0.14824 0.07412

2.4 Results and discussion

Figs. (2.5) — (2.12) are sketched to investigate the behaviors of some physical parameters on
the nondimensional temperature 6 (1) and concentration ¢(n). The results are achieved at two
distinct values of n just to compare the corresponding profiles in cases of linear and nonlinear

stretching surfaces. Fig. 2.5 elucidates the influence of Prandtl number (Pr) on the temper-
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ature profile 6(n). From fig. 2.5 it is observed that when we enhance the value of Prandtl
number Pr reduction is occured in the temperature distribution and its related thickness of
thermal layer. Physically larger and smaller Prandtl fluids correspond to weaker and stronger
thermal diffusivities respectively. An enhancement in Prandtl number causes a weaker thermal
diffusivity. Such weaker thermal diffusivity causes a lower temperature distribution 0(n) and
less thickness of the thermal layer. Fig. 2.6 is plotted to see the impact of Biot number ~
on the temperature distribution #(n). An increment in 7 causes a stronger convection which
depicts higher temperature distribution and thicker thickness of the thermal layer. Fig. 2.7
is drawn to see the influence of thermophoresis parameter Nt on the temperature distribution
6(n). Larger values of thermophoresis parameter Nt causes a stronger temperature distribu-
tion. An enhancement in Nt leads to a stronger thermophoretic force which is responsible for
a deeper transfer of nanoparticles in the ambient fluid which corresponds to a stronger temper-
ature distribution and more thickness of thermal layer. From Fig. 2.8 we have seen that the
concentration field ¢(n) and thickness of concentration boundary layer are depreciated with an
increment in Lewis number Le. Lewis number is based on Brownian diffusivity. The higher
Lewis number corresponds to lower Brownian diffusivity. This lower Brownian diffusivity yields
weaker concentration field ¢(n). Fig. 2.9 depicts the behavior of Prandtl number (Pr) on the
concentration distribution ¢(n). Due to higher Prandtl number Pr decreasing behavior is noted
in the concentration field ¢(n). From Fig. 2.10, it is clearly analyzed that the concentration
field ¢(n) enhances for the higher values of Biot number ~. Fig. 2.11 displays the behavior of
Brownian motion parameter Nb on concentration field ¢(n). From this Fig. it is clearly ana-
lyzed that both concentration ¢(n) and associated thickness of boundary layer are reduced with
an increment in Nb. Fig. 2.12 shows concentration field ¢(n) corresponding to various values of
thermophoresis parameter Nt. Here we examined that by increasing thermophoresis parame-
ter Nt, an enhancement is occured in the concentration field ¢(n) and its related thickness of
boundary layer. Table 2.1 is developed to analyze the numerical values of —f”(0), —6'(0) and
#'(0) at distinct order of homotopic deformations when n = 1.5, v = 0.2, Nb = 0.2, Nt = 0.1,
Le = 1.0, Pr = 1.0. It is clearly shown that the solution of velocity converges from 11th order
of deformations while solutions of temperature and concentration converge from 16th order of

homotopic approximations. Hence 16th order of deformation is essential for convergent solu-
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tions of velocity, temperature and concentration profiles. Table 2.2 is computed to investigate
the numerical values of Nusselt number Nu, Re; /2 tor several values of physical parameters.
From this table we noticed that the values of Nusselt number are decreased with an increment
in Lewis number Le. However the Nusselt number is a constant function of Brownian motion

parameter Nb.

y=02=Nb,Nt=0.1,Le =10

n=10

-==n=15

Pr=07,10,13

0.10-

0.05-

0.00 -

Fig. 2.5 : Behavior of Pr on 6(n).
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Nb=02,Nt=0.1,Le=10=Pr

6 ()

Fig. 2.6 : Behavior of v on 6(n).
¥y=02=Nb,Le=10=Pr

n=1.0
—==n=15

Nt=0.1,1.0, 1.9

Fig. 2.7 : Behavior of Nt on 6(n).

27



')/202 :Nb’Nt: O.I,PI‘ZI.O

0.02- 1
0.01 1
0.00 - 1
E
< ~M Le=10,125,15 ’
-0.02 1
-0.03- n=10| ]
-=-=-n=15
-0.04 - 1
0 2 4 8 | 10
n
Fig. 2.8 : Behavior of Le on ¢(n).
y=02=Nb,Nt=01,Le= 10
0.02+ ]
0.00 .
=
<- =
_002! Pr=07,10,13 ]
n=10
—0.04 ]
-—--n=15
0 2 4 6 8 10 12
n

Fig. 2.9 : Behavior of Pr on ¢(7n).
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Nb=02,Nt=01,Le=10=Pr

0.05-

0.00

¢ (n)

-0.051

=0.10

n=10

-=-=-n=15

Fig. 2.10 : Behavior of v on ¢(n).

y=02,Nt=01,Le=10=Pr

0.02-
0.01-

0.00 -

¢ ()

-0.01-
-0.02-
-0.03+

—0.04}

n=10
-—==n=15

Fig. 2.11 : Behavior of Nb on ¢(n).
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y=02=Nb,Le=1.0=Pr

0.10 -

0.05

0.00 -

¢ (n)

~0.05 Nt=01,03,05 ?

-0.10 1

015 n=10] -

~020" -—=-n=15 ]

Fig. 2.12 : Behavior of Nt on ¢(n).

Table 2.2: Numerical values of Nusselt number Nu, Re, 2 for several values of v, Nt, Nb,

Le and Pr.
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v Nt Nb Le Pr ]\fumRe;l/2
n=10 n=1.5
01 0.1 0.2 1.0 1.0 0.0853 0.0953
0.7 0.3166  0.3515
1.2 0.3896  0.4319
0.2 00 02 1.0 1.0 0.1488 0.1659
0.5 0.1482  0.1652
1.0 0.1476  0.1644
0.2 01 05 1.0 1.0 0.1487 0.1658
1.0 0.1487  0.1658
1.5 0.1487  0.1658
0.2 01 02 05 1.0 0.1488 0.1658
1.0 0.1487  0.1657
1.5 0.1486  0.1656
0.2 0.1 0.2 1.0 0.7 0.1388 0.1545
1.0 0.1487 0.1658
1.3 0.1551 0.1729

2.5 Main findings

Two-dimensional flow of viscous nanofluid over a nonlinearly stretching sheet subject to the

convective surface boundary condition is addressed. The key points of the present chapter are

given below:

e An enhancement in the Biot number v shows stronger temperature and concentration

profiles.

e Influence of Prandtl number Pr on the temperature and concentration fields are qualita-

tively similar.

e Temperature profile §(n) enhances by increasing thermophoresis parameter Nt.
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e concentration profile ¢(n) is decreased by an increment in Nb while it is enhanced for

higher values of Nt.

e Nusselt number reduces by increasing Nt but it remains constant in case of Nb.
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Chapter 3

MHD three dimensional flow of
couple stress nanofluid over a
nonlinearly stretching surface with

convective effect

3.1 Introduction

This chapter explores the magnetohydrodynamic (MHD) steady three-dimensional flow of cou-
ple stress nanofluid in the presence of convective surface boundary condition. The sheet is
stretched nonlinearly in two lateral directions in order to generate the flow. Temperature and
concentration distributions are studied in the presence of Brownian motion and thermophoresis
effects. Couple stress fluid is considered electrically conducting through non-uniform applied
magnetic field. Mathematical formulation is developed via boundary layer approach. Nonlin-
ear ordinary differential systems are constructed by employing suitable transformations. The
resulting system has been solved for the convergent homotopic series solutions of velocities, tem-
perature and concentration. Effects of various pertinent parameters on the temperature and
concentration distributions are sketched and discussed. Numerical computations are performed

to analyze the values of skin friction coefficients and local Nusselt number.
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3.2 Problem development

We assume the steady three-dimensional flow of an incompressible couple stress nanofluid due
to a bidirectional nonlinear stretching sheet. The fluid is assumed an electrically conducting
through non-uniform magnetic field applied in the z—direction. Here the electric field and
Hall effects are not considered. Due to the low magnetic Reynolds number, induced magnetic
field effects are neglected. Brownian motion and thermophoresis effects are also taken into the
consideration. We adopt the Cartesian coordinate system in such a manner that x— and y—axis
are taken along the stretched surface and z—axis is perpendicular to the surface (see Fig. 3.1).
The sheet at z = 0 is stretched in the z— and y—directions with velocities Uy (x,y) = a(z +y)™
and V,,(z,y) = b(x+y)™ respectively with a, b, n > 0 as the constants. The surface temperature
is managed through a convective heating mechanism which is characterized by a coefficient of
heat transfer hy and temperature of the hot fluid 7' under the sheet. Boundary layer expressions

governing the flow of couple stress nanofluid are given by

7‘7”?‘7‘7‘

[
Bo y
/ VW(X,y) = b(x + y)n
X ~

S N -

ddddd T°w

aT
Uy(x,y) =alx + )™ _ka = hf(Tf - T)

Fig. 3.1 : Physical sketch of the problem.

ou, o0, ow_
or Oy 0z
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ou ou ou 0%u ,0%u B oB?(z,y)

U% + ’Ua—y + ’wg = I/@ — Vv @ pf u, (32)

ov v v v 0% oB%*(z,y)
U£+U8—y+W£fV@—V@—T’U, (33)

or  aT 9T T  (po)y dT dC\ Dy [0T\?

u% + va—y + wa = QW + (pC)f Dp (ga) + E (%) ) (3.4)

oC oC oC 0?C Dy (0T

The subjected boundary conditions are
_ _ _ or _ _ o¢ | Dol _ _

u="Uy, v="V, w=0, kathf(Tf T),DBaz—i-Tooaz—Oatz—O, (3.6)
u—0, v—0, T-—-Ty,, C—Cyx asz— 00, (3.7)

Note that u, v and w are the fluid velocities in the z—, y— and z—directions respectively,
v (: w/ pf) denotes the kinematic viscosity, u stands for dynamic viscosity, p; represents the
density of base liquid, /(= n*/ py ) stands for couple stress viscosity, n* denotes the couple
stress viscosity parameter, o stands for electrical conductivity, B(z,y) = Bo(z + y)%1 denotes
the non-uniform magnetic field, T" stands for temperature, o = k/(pc) s represents the thermal
diffusivity, k stands for thermal conductivity of fluid, (pc) ; stands for heat capacity of fluid, (pc),
stands for effective heat capacity of nanoparticles, Dp represents Brownian diffusivity, C' stands
for concentration and Dr represents thermophoretic diffusion coefficient, hy = h(z + y)nTi1

stands for non-uniform heat transfer coefficient. T, denotes the ambient fluid temperature and

Cwo represents the ambient fluid concentration. We now introduce the following transformations

u=a(z+y)"f'(n), v=alz+y)"gn),
1/2 .
w:_(au(gﬂ)) / ($+y)T{(f+g)+Z—f&77(f'+g’)}, (3.9)

_ _ a(n 1/2 n—1
0(n) = £5=, o) = 5=, n= (452) " @ +y)"T =

Eq. (3.1) is now automatically satisfied and Eqgs. (3.2) — (3.7) have the following forms
mn 1" 2n / N ! (v) 2 1
P+ = (g — K - MEf =0, (39)
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2
g"+(f+9)g" — n—47:1(f/ +¢)g — Kg¥) — Mg =0, (3.10)

9 + Pr ((f +g)0 + Nbo'd + Nt9’2) — 0, (3.11)
/! / Nt !
@'+ LePr(f+g)p" + N—b9 =0, (3.12)

f(0)=4¢(0) =0, f(0) =1, ¢'(0) = ¢, 0'(0) = —y (1 - 0(0)), Nbg'(0) + Nt§'(0) =0, (3.13)
f'(0) = 0, g'(c0) — 0, 8(c0) — 0, ¢(c0) — 0. (3.14)

In above expressions K denotes couple stress parameter, M represents the magnetic number,
¢ stands for ratio parameter, Pr stands for Prandtl number, Nb depicts Brownian motion
parameter, Nt stands for thermophoresis parameter, v stands for Biot number and Le stands

for Lewis number. These parameters are defined by

20 B?

_ vty O Vs B -

K= n2yzya($+y)n » M — app(ntl)’ €T w PI‘—%, (3 15)
_ (pc),DpCco _ (p), Dr (T —To) _h =X ‘

Nb="Fg Nt="gm 1 =3 Ve Le=15;

Dimensionless forms of skin friction coefficients and Nusselt number can be written as follows

CpyRey/? = ¢ 3/2(21)1/2(4"(0) — K g (0)), (3.16)

Cpa Rex/® = (Z1)M2(f7(0) — K f(0)),
%(g
Nug Re; '/ = —(2£1)1/20/(0).

where Re, = Uy(z+y)/v and Rey = Vi, (z +y)/v depict the local Reynolds numbers. It is also
noted that the dimensionless mass flux showed by a Sherwood number Sh, is now identically
Zero

3.3 Series solutions

Our purpose now is to compute the series solutions via homotopy analysis technique (HAM). In

homotopic solutions, the suitable initial approximations (fo, go, 0o, ¢y) and the corresponding
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auxiliary linear operators (Ly, Ly, Ly, L) for the above problem are

= 1—exp(— = c(1—exp(~ S— - N
fo(n) = 1—exp(—n), go(n) = c(1—exp(-n)), Oo(n) = 1+76Xp( n)s ¢o(n) = T N5 © xp(—n),
(3.17)
af  df g dg d20 d2¢
f = dT] d77 5 g dng dn s 6 d772 97 £¢ an ¢ (3 8)

The above operators have the properties given below

L [By + Baexp(n) + Bz exp(—n)| =

g [Ba + Bsexp(n) + Bgexp(—n)] = 0, (3.19)
Ly [Brexp(n) + Bsexp(—n)] =

L
, Ly [Byexp(n) + Bigexp(—n)] =0,

in which B; (j =1 — 10) denote the arbitrary constants.

3.3.1 Zeroth-order deformation equations

(1= P)L; [f0.2%) = folm)| = P*hyNG(Fn B*), 5(n. D)), (3.20)
(1= P*)Ly [5(n,P*) = go(m)] = P RNy [f (n, P*), (1, P¥)], (3.21)
)L |6(n, %) = bo(m)| = P*haNoLF (1, 5), 40, %), B(n. P*),6(n, P, (3:22)
D)L [0, P") = do(n)| = P RNG(F(n, D7), G0, D), 001,07, 6n, Y], (3.23)
F(0.p9) =0, f(0,P*) =1, f/(c0,P*) =0, 9(0,27) =0,
7(0,b*) = ¢, §(c0,P*) =0, §'(0,P*) = ( 4(0, p*) ) (3.24)

f(c0,b*) = 0, Nbg (0,b*) + Ntf (0,P*) = 0, ¢(c0,b*) =

: Lol O s NOAF om (0f 0g\of L0OF ,0f
(3.25)
il PG x NO% 20 [Of 9g\og 9% | .05
N, [ (n; D), f(m; P )] = ﬁ+(f+g> a2 niil\an T an) an K3U(5)_M an (3.26)
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020 y o0

Ny |10, 3 2%). 0(n, ), o(, ") =%ﬁmwwﬁg
RV o\ 2
898(;5 90
y : 8¢ 8¢ Nt o%0
N [ 2 0m ), 026600 = 29+ 1eme (F45) 224 NPE ()

Here P* € [0, 1] denotes the embedding parameter, the non-zero auxiliary parameters are de-

picted by Ay, g, hig and hy and Ny, Ny, Ny and N represent the non-linear operators.

3.3.2 mth-order deformation equations

Ly [Fa(n) = xifar ()] = hyRY, (n), (3.29)
Ly [9(n) = Xingm1(n)] = hgRE, (n), (3.30)
Lo [0(1) = xmin—1(n)] = R R7 (1), (3.31)
Ly [0 (1) = Xinb1 ()] = hoRis, (1), (3.32)

fin(0) = f5(0) = fi(00) =0, g (0) = g5,(0) = gy, (00) =0,

0..(0) +v0,:(0) = 0, Nb(ﬁ;h(O) + NtQ;ﬂ(O) =0, 0;(00) = ¢p,(c0) =0, (3.33)

m—1

- 2n
an(n) = fho1— (n+ 1) Z(fvlhflfkfl,c + 91— f1)
k=0
-1
+ > (fa1-kfi + n—1-kfr) — Kfr(;) — M?fh, 4, (3.34)
k=0

i N
RLM) = Gho1— <n—|— 1) Z(fr/”nflfkg;e + 9rn1-19k)
k=0

m—1
" (v)
+ E (F—1-kG + Gm-1-kG) — Kgpm_1 — M?gls_1, (3.35)
k=0
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m—1

REM) = 05 1 +Pr > (fa-1-40% + gi—1-40})
k=
-1 ’ -1
+PrNb Y (01 40h) + PrNE Y (05,1 40%), (3.36)
k=0 k=0
o, o . /. Nt .
Ry () = ¢ 1(n) + LePr Z (fin—1-kPk + Gi—1-kPy) + mem_p (3.37)
k=0
0, 1 < 1,
X = { (3.38)
1, m>1,
Putting P* = 0 and P* = 1 we have
F(:0) = foln), flns1) = f(n), (3.39)
9(m;0) = go(n), g(n;1) = g(n), (3.40)
$(1,0) = ¢o(n), b(n,1) = ¢(n). (3.42)

When P* varies from 0 to 1 then f(n;P*), §(n;P*), 8(n,p*) and ¢(n,P*) vary from the initial
approximations fo(n), go(n), 0o(n) and ¢y(n) to the desired final solutions f(n), g(n), 6(n) and

respectively. The following expressions are obtained via Taylor’s series expansion
¢(n) resp y g exp y p

; = ” ™ f(n, P*
Fop®) = fo) + Y- S gt = LR gy
m=1 ) p*=0
o x > *M 1 am.é(na I)*)
b = m b y Ym = = 7 ) :
9(n; P*) = go(n) +m§_:19 P, ganln) = o= - (3.44)
y > m g (n, b*
0B = o) + S 0P Bl) = L (3.45)
m=1 ) p*=0

y > " 1 9™¢(n, b*

80 2°) = o) + 3 0P D) = 2 o) (3.46)
m=1 ) p*=0
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The convergence of Egs. (3.43) — (3.46) strongly depends upon the fi¢, Ay, hig and hy. Consid-
ering that hy, hy, hg and hy are selected in such a way that Egs. (3.43) — (3.46) converge at
b* =1, Then

f(n) = fo(n) + il fin(n); (3.47)
9(n) = go(n) + igm(n), (3.48)
0(n) = Oo(n) + il Orn (), (3.49)
é(n) = do(n) + i;l G (1)- (3.50)

The general solutions (fi, g, Om, ¢,,) of the Egs. (3.29) — (3.32) in terms of special solutions

(f%, 9%, 0%, &y,) are presented by the following expressions

fin(n) = f5(n) + B1 + Baexp(n) + Bsexp(—n), (3.51)
9 (n) = g5,(n) + Ba + Bs exp(n) + Bs exp(—n), (3.52)
0:7(n) = 0%,(n) + Brexp(n) + Bs exp(—n), (3.53)
G (n) = &5, (n) + By exp(n) + Big exp(—n). (3.54)

in which B; (j = 1—10) by means of the boundary conditions (3.33) have the following values

of*
By=Bs=B; =By =0, By = faLn(n) , By = —Bs — f2(0), (3.55)
n=0
995,(n) 1 [ 965 (n)
By = 2~ , Bi=—Bs —gp,(0), Bg = o —~0%,(0) |, 3.56
6 on o 4 6 — 95,(0), Bs 1+~ an nzo’Y() ( )
_ 0¢%(n) Nt [ 905, (n)
10 = o | + ND Bg + M |o . (3.57)
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3.3.3 Convergence analysis

No doubt the auxiliary parameters iy, iy, hg and hy in the series solutions (3.47) — (3.50) have
key role regarding convergence. In order to develop the convergent approximate series solutions,
the suitable values of these parameters play a key role. To select the appropriate values of
g, hg, hg and hy, h—curves are sketched at 15th order of deformations. Figs. (3.2) — (3.5)
clearly denote that the region of convergence lies within the ranges —1.35 < hy < —0.35,
—1.40 < hy < —0.25, —1.40 < hy < —0.25 and —1.50 < hy < —0.25. Moreover the series
solutions are convergent in the entire zone of n when Ay = hy = —1.0 = hy = hg. Table 3.1
presents that the 11th deformations is enough for the convergent series solutions of velocities,

temperature and concentration profiles.

K=002,M=01=Nt;Nb=02=c,y=03,Le=10,Pr=12,n=15

-1.0+

-12r

£ (0)

-1.6F

-15 -1.0 -0.5 0.0

Tt

Fig. 3.2 : h—curve for the function f(n).
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0.2+

0.0

K=002,M=01=NtNb=02

=¢,y=03,Le=10,Pr=12,n=15

-15 -1.0

h

-05

0.0

Fig. 3.3 : h—curve for the function g(n).

K=002,M=01=Nt,Nb=02=c¢,y=03,Le = 1.0

,Pr=12,n=15

-0.10

=015

V)

=~ -020¢

0

=025+

-0.30

-1.5

-1.0

Ty

-05

Fig. 3.4 : h—curve for the function 6(n).
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K=002,M=01=Nt,Nb=02=c,y=03,Le=10,Pr=12,n=15
w27

0.20 -

0.15+-

0.10

¢ ' (V)

0.05r-

0.00 -

-0.05 1 1 1 1
=20 -15 -1.0 -0.5 0.0

hg

Fig. 3.5 : h—curve for the function ¢(n).
Table 3.1: Convergence of homotopic solutions when n = 1.5, K = 0.02,, M = 0.1 = Nt,
c=02=Nb,~v=0.3, Le=1.0 and Pr =1.2.

Order of Approximation —f”(0) —g”(0) —6'(0) ¢'(0)

1 1.19500 0.23900 0.21692 0.10846
b} 1.19041 0.23808 0.21043 0.10521
11 1.19035 0.23807 0.21033 0.10516
15 1.19035 0.23807 0.21033 0.10516
25 1.19035 0.23807 0.21033 0.10516
35 1.19035 0.23807 0.21033 0.10516
50 1.19035 0.23807 0.21033 0.10516

3.4 Results and discussion

In this section the impact of various emerging flow parameters like couple stress parameter
K, magnetic number M, ratio parameter ¢, Biot number 7, Brownian motion parameter Nb,
thermophoresis parameter Nt, Lewis number Le and Prandtl number Pr on the velocity com-

ponents f (1) and ¢'(n), temperature 0 (n) and concentration ¢(n) are sketched in the Figs.
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(3.6) — (3.25). The results are achieved for two distinct values of n just to compare the corre-
sponding profiles in cases of linear and nonlinear stretching surfaces. The influence of couple
stress parameter K on the component of velocity f/(n) has been shown in Fig. 3.5. It has been
observed that component of velocity reduces by increasing couple stress parameter K. The
couple stress parameter involves couple stress viscosity n which makes the fluid more viscous
and hence the velocity is retarted. Fig. 3.6 depicts the impact of magnetic number M on the
velocity component f’ (n). An enhancement in magnetic number causes reduction in velocity
field and its associated boundary layer thickness. Physically Lorentz force enhances by increas-
ing magnetic number M which shows retarding effect. Hence Lorentz force opposes the fluid
motion and the velocity of the fluid decreases. Fig. 3.7 illustrates that how ratio parameter ef-
fects the component of velocity f / (n). Here the velocity and its associated momentum boundary
layer thickness show decreasing behavior by increasing ratio parameter c¢. The reason behind
this phenomena is that with an increment in the ratio parameter, the x—component of velocity
decreases which yields reduction in the velocity and its associated boundary layer thickness.
Influence of couple stress parameter K on the component of velocity ¢'(n) is sketched in Fig.
3.8. In this Fig. we observe that the velocity ¢'(n) and its associated boundary layer thickness
decreases by enhancing couple stress parameter K. Fig. 3.9 shows that how velocity compo-
nent get effected by magnetic number M. This Fig presents that velocity ¢'(n) and its related
boundary layer thickness decreases by enhancing magnetic number M. The influence of ratio
parameter ¢ on the component of velocity ¢’(n) has been sketched in Fig. 3.10, which represents
that the velocity ¢'(n) and its associated boundary layer thickness are enhancing functions of
ratio parameter c¢. Variation of couple stress parameter K on temperature field 0(n) is displayed
in Fig. 3.11. Larger values of couple stress parameter K gives rise the temperature field and
their related thickness of thermal boundary layer. Fig. 3.12 is interpreted to examine the effect
of magnetic number M on temperature field 6 (n). Here M # 0 yields hydromagnetic flow
situation and M = 0 represents hydrodynamic flow case. We examined that the temperature
distribution and thickness of the thermal boundary layer are higher for hydromagnetic flow as
compared to the hydrodynamic flow situation. An increment in the values of magnetic number
M corresponds stronger temperature distribution and more thickness of the thermal boundary

layer. Impact of ratio parameter ¢ on the temperature field 6 () is drawn in Fig. 3.13. From
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this Fig. it is observed that greater values of ratio parameter ¢ creates a demotion in the tem-
perature field 6 (n) alongwith its related thermal boundary layer thickness. In case of ¢ = 0, the
two-dimensional flow situation has been recovered. Fig. 3.15 depicts the effect of Biot number
(7) on the temperature distribution 6(n). An increment in the value of v leads to a stronger
convection which shows a higher temperature field and more thickness of the thermal layer.
From Fig. 3.16 it has been noted that for higher values of Prandtl number Pr, the temperature
O(n) and its associated thermal boundary layer thickness decreases. Prandtl number has an
inverse relationship with the thermal diffusivity. Higher Prandtl number Pr implies lower ther-
mal diffusivity. Such lower thermal diffusivity is responsible for a decrease in the temperature
distribution. Fig. 3.17 presents that an increasing behavior of Nt causes a stronger temperature
distribution and more thickness of thermal layer. Higher values of thermophoresis parameter
Nt yields a stronger thermophoretic force which is responsible for a deeper transfer of nanopar-
ticles in the ambient fluid which corresponds to a stronger temperature field and more thickness
of thermal layer. Fig. 3.18 elucidates that an increase in couple stress parameter K implies to
an increment in the concentration field ¢(n) and thicker thickness of concentration boundary
layer. Fig. 3.19 is sketched to see that how concentration field ¢(n) is effected by magnetic
number M. Here we observed that the concentration and its related thickness of concentration
boundary layer increases by increasing magnetic number M. Fig. 3.20 is sketched to examine
that how concentration field ¢(n) get effected by ratio parameter (c¢). From this Fig. it has
been noticed that the concentration field is lower for the larger values of ratio parameter (c).
Fig. 3.21 shows that the higher values of Biot number () yields a stronger concentration pro-
file ¢(n). Fig. 3.22 shows the variation in ¢(n) for distinct values of Lewis number Le. An
inverse relation exists between Lewis number and Brownian diffusivity. By increasing Lewis
number, Brownian diffusivity decreases and as a result concentration ¢(n) and its related thick-
ness of concentration boundary layer increases. Fig. 3.23 is sketched to analyze the behavior
of Prandtl number (Pr) on concentration distribution ¢(n). Here the concentration field ¢(n)
and associated thickness of boundary layer decreases by enhancing Pr. Fig. 3.24 depicts that
the higher values of Brownian motion parameter Nb causes a weaker concentration profile ¢(n).
Fig. 3.25 shows how thermophoresis parameter Nt effects ¢(n). By increasing thermophoresis

parameter Nt, concentration ¢(n) and thickness of concentration boundary layer also increases.
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Table 3.1 is constructed to analyze the convergence of homotopic series solutions when n = 1.5,
K=0.02,,M=0.1=Nt,¢c=02=Nb,v=0.3, Le = 1.0 and Pr = 1.2. It is clearly seen that
the solutions of velocity, temperature and concentration distributions converge from 11th order
of homotopic approximations. Hence 11th order of homotopic approximations is sufficient for
convergence analysis of series solutions. Table 3.2 depicts skin friction coefficients —C/, Re;];/ 2
and —C'y, Re;/ 2 having the numerical values of couple stress parameter K, magnetic number
M and ratio parameter c. It is clearly seen that the skin friction coefficients are enhanced for
the increasing values of magnetic number M. Table 3.3 is prepared for numerical values of local
Nusselt number Nu, Re; 1/2 corresponding to various values of K, M, ¢, v, Nt, Nb, Le and
Pr. It is noted that the couple stress parameter K, magnetic number M and thermophoresis
parameter Nt correspond to a lower Nusselt number while opposite behavior is observed for

Biot number 7.

M=01,c=02

1.0

f'(n)

Fig. 3.6 : Behavior of K on f'(n).
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Fig. 3.7 : Behavior of M on f'(n).
K=002,M=0.1
1.0\\\\
n=10]
-—-=n=15|
‘5‘

Fig. 3.8 : Behavior of ¢ on f/(n).
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- —-=n=15}]
015 1
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= 0.10 ]
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0.00 7\ 1 1 n 1 n 1 1 \7
0 1 2 3 4 5 6
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Fig. 3.9 : Behavior of K on ¢'(n).
K=002,c=02
0.20 - T 8
i n=10
7 ———n=15
0.151 i
=
010 i
o0
0.05; q
0'00 ; S R S| n | ‘ P
0 1 2 3 4 5 6

Fig. 3.10 : Behavior of M on ¢'(n).
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Fig. 3.11 : Behavior of ¢ on ¢'(n).

vy=03,c=02=Nb,M=0.1=Nt,Le=10,Pr=12

n=10

—==n=15

Fig. 3.12 : Behavior of K on 6(n).
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¥y=03,c=02=Nb,K=0.02,Nt = 0.1, Le= 1.0, Pr= 1.2

0.30 -
n=1.0

—==n=15

0.25

0.20

6 (1)

0.15F M =00, 0.6, 1.2
0.10+

0.051

0.00

Fig. 3.13 : Behavior of M on 6(n).
vy=03,K=002,M=01=Nt,Nb=02,Le=10,Pr= 12

030

n=10
-==n=15

025

0.20
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0.15¢ £=00,05, .0

0.10

0.05-

0.00

Fig. 3.14 : Behavior of ¢ on 6(n).
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c=02=Nb,K=002,M=01=Nt,Le =1.0,Pr=12

0.65‘

n=1.0
—=—=-n=15

Fig. 3.15 : Behavior of vy on 6(n).

vy=03,c=02=Nb,K=002,M=0.1 =Nt,Le=1.0

n=1.0
- == n=15]|]

0.3

Pr=0.7,1.0, 13

0.1+

00, . T

(=]
[ 5]
SRS
N
=]

Fig. 3.16 : Behavior of Pr on 6(n).
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Fig. 3.17 : Behavior of Nt on 0(n).
y=03,c=02=Nb,M=01=Nt, Le=10,Pr=12
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Fig. 3.18 : Behavior of K on ¢(n).
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Fig. 3.19 : Behavior of M on ¢(n).
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Fig. 3.20 : Behavior of ¢ on ¢(n).
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Fig. 3.21 : Behavior of v on ¢(n).
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Fig. 3.22 : Behavior of Le on ¢(n).
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Fig. 3.23 : Behavior of Pr on ¢(n).

vy=03,c=02,K=002,M=01=Nt, Le=10,Pr=12
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Fig. 3.24 : Behavior of Nb on ¢(n).
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Table 3.2: Numerical data for the coefficients of skin friction —C't, Rey

Fig. 3.25 : Behavior of Nt on ¢(n).

various values of K, M and c.

1/2

and —C'y, Reé/ ? for

K M c —Cfy Rey/? —CfyRey/?
n=10 n=15 n=10 n=15
0.00 0.1 02 11000 1.3050 2.4597  2.9181
0.01 1.0932  1.2045 24446  2.8945
0.02 1.0863  1.2832  2.4290  2.8694
0.02 0.0 02 10819 12786 24192 2.8591
0.2 1.0993  1.2970  2.4581  2.9001
0.5 11860  1.3886  2.6520  3.1050
0.02 0.1 02 10863 1.2832 24290 2.8694
0.3 11200 13332 20613 24341
0.5 12095 14270 1.7105 2.0181
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Table 3.3: Numerical data for the Nusselt number Nu, Re;,?l/ % for various values of K , M, c,

v, Nt, Nb, Le, Pr.

K M ¢ ~ Nt Nb Le Pr  NugRe,/?

n=10 n=15

0.00 0.1 02 03 0.1 02 10 1.2 0.2114 0.2356

0.02 0.2112  0.2352
0.05 0.2108 0.2344
0.02 00 02 03 01 02 10 1.2 0.2113 0.2353
0.5 0.2091  0.2329

0.8 0.2060  0.2295
0.02 01 0.0 03 01 02 1.0 1.2 0.2064 0.2287
0.3 0.2136  0.2379

0.5 0.2180  0.2427

0.02 01 02 01 01 02 1.0 12 0.0877 0.0979
0.7 0.3527  0.3917

1.2 0.4458  0.4943

0.02 01 02 03 00 02 10 1.2 0.2115 0.2355
0.5 0.2100  0.2338

1.0 0.2084 0.2321

0.02 01 02 03 01 05 10 1.2 0.2112 0.2352
1.0 0.2112  0.2352

1.5 0.2112  0.2352

0.02 01 02 03 01 02 05 1.2 02113 0.2353
1.0 0.2112  0.2352

1.5 0.2111  0.2351

002 01 02 03 01 02 1.0 0.5 0.1687 0.1874
1.0 0.2034 0.2263
1.5 0.2200 0.2451
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3.5 Main findings

Magnetohydrodynamic (MHD) three-dimensional flow of couple stress nanofluid caused by non-
linear stretching sheet having convective boundary condition has been analyzed. The main

observations of this chapter are summarized below

e Larger values of couple stress parameter K present similar behavior for velocity distrib-

utions f’(n) and ¢'(n).

e An increment in the magnetic number M causes a reduction in the both components of

velocity f'(n) and ¢'(n).

e An enhancement in the values of couple stress parameter K show increasing behavior for

temperature and concentration distributions.

e Temperature distribution 6(n) enhances when the larger values of magnetic number M is

taken into account.

e Both the temperature and concentration profiles are increased by enhancing Biot number

.

e Temperature 6(n) and thickness of thermal layer are lower for the higher values of Prandtl

number (Pr).

e Temperature and concentration profiles exhibit similar behavior for higher values of ther-

mophoresis parameter Nt.
e An enhancement in Brownian motion parameter Nb yields a weaker concentration profile.
e Skin friction coefficient are increased for the higher values of magnetic number M.

e Heat transfer rate at the surface remains constant for Nb while it decreases for the larger

values of Nt.
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3.4 Results and

diSCUSSION . . . . . . . 43 3.5

Main findings . . .. ... 58 Chapter 1 Some fundamental
equations and laws The basic purpose of this chapter is to address the some primitive laws,
definitions and equations which are more essential to understand the analysis explained in chapters
two and three. 1.1 Fluid A substance which continuosly deforms under the implementation of applied
shear stress of any magnitude is called fluid. Liquids and gases are examples of fluid. 1.1.1 Liquid It
is type of fluid that has a definite volume but no definite shape. Blood, water and milk are examples
of liquids. 1.1.2 Gas It is type of fluid that has no definite volume and shape is known as gas. For
example oxygen, hydrogen and nitrogen etc. 1.2 Fluid mechanics Fluid mechanics is the class of
physical sciences which deals with the fluid’s characteristics at rest or in motion. It can be classified
into two main branches which are defined as follows: 1.2.1 Fluid statics It describes the fluid
properties or features in state of rest. 1.2.2 Fluid dynamics Fluid dynamics deals with the

characteristics of fluids in state of motion. 1.3 Stress Stress is an applied force that acts on the
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surface area of unit dimension within a deformable body. Mathematically it can be expressed as
Stress (?) = Area Force = F ? ? (1.1) The unit and dimension of stress are ??-2 and ??7-1?7-2
respectively. Stress is mainly classified into two types. £ @ 1.3.1 Shear/tangential stress Stress is
known as shear/tangential stress when an applied force acts parallel to the surface area of unit
dimension within deformable body. 1.3.2 Normal/tension stress Stress is known as normal/tension
stress when an applied force acts normal to the surface area of unit dimension within deformable
body. 1.4 Strain Strain is utilized to measure the deformation of an object, when a force is acting on
it. 1.5 Viscosity Viscosity is an inherent characteristic of fluid which measures the fluid resistance
against any gradual deformation under the action of various forces. There are two ways to denote
the viscosity. 1.5.1 Dynamic viscosity It is the fluid characteristic which measures the resistance of
fluid against any gradual defor- mation when a force is acted on it. Mathematically, one can write it
as dynamic viscosity (?) = gradient of velocity Shear stress ? (1.2) Sl unit and dimension of dynamic
viscosity are ???-1?-1and dimension ??-1?7-1 respec- tively. £ © 1.5.2

36Kinematic viscosity (?) It is stated as ratio of dynamic
viscosity (?) to the density of fluid (?). Mathematically it

can be expressed as

? =72 ? ? (1.3) Kinematic viscosity has the unit ?2?-1 and dimension ?2? -1 ? £ a 1.6 Newton’s
viscosity law It is stated that the shear force which deforms the element of fluid is linearly and
directly proportional to the shear rate (i.e rate of deformation). In mathematical form we can express
it as follows ? ?? 0 ?? ?? ? (1.4) or ?? ? ?? =? ?? ? (1.5) 1 1 In above relation ? ?? denotes the
shear stress and ? represents proportionality constant. 1.6.1 Newtonian fluids Those fluids which
satisfy the Newton'’s viscosity law are characterized as Newtonian fluids. In these types of fluids a
direct and linear relation always exist between the shear force (??7?) and deformation rate ???? .
Examples of Newtonian fluids are water, mercury and aqueous glycerine solution etc. 3~ 1.6.2 Non-
Newtonian fluids The fluids for which Newton’s viscosity law do not hold are the non-Newtonian
fluids. In these types of fluids shear force has a direct and nonlinear relationship to the rate of

deformation. In mathematical form we can express it as follows ?? ? 1?? 0 ????2=61? (1.6) u f or
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1?2?2=?7??72?7?27?(1.7) U1 Here ? denotes the consistency index which is used to estimate the
consistency of fluid and ? depicts the flow behavior's index which elucidates that the fluid differs from
a Newtonian fluid. When ? = 1 and ? = ? then Eq. (1?7) transforms to the Newton’s viscosity law.
From Eqg. (1?7) we have Tt ?? = ?? ?? ? u ?? 1 with the following expression of apparent viscosity ?7?
is??=2?7??272-17?u??1(1.8) (1.9) In above expression ?? represents the apparent viscosity.
Blood, ketchup and paints show the non-Newtonian fluid behavior. The fluid model which is

considered in this dissertation is couple stress fluid model. The

13force stress tensor ? and the couple stress tensor ?

appears in couple stress fluids theory
which are defined in the following forms 1t = =?+?dive ?+? grade + grade T~ + ?x(div? +??)? 1 (1.10)
3" u3" 3" q2and ? =?? + 2?0grad(curl #)+2?0(grad(curl ¢))T~ ? (1.11) where the quantity ?
represents the material constant, ?? denotes the body couple tensor, ? is the (1?3)rd trace of ? and ?

0 depicts

13that of viscosity where as the dimensions of ?* and ?0
are those of momentum. These material constants are

considered by the following inequalities

(1.13) 2?2 2?2 2?2 2?2 22«37 22 « 2?2 27 27 27 ?? « » ¢« « By using the above expressions (1?10) — (1?
13)? the momentum equation for couple stress fluid takes the following form ? ?e = [J? + ?[2¢-7?

[114+? (1.14) ?? By employing the operator [0 on the velocity field, the quantities 02+ and (14« can be
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easily found which are 7?2?72 + 2?7?2772 + 7?27?72 ??47?4 + 2?47?74 + 2?4774 120 = « 7?2772 + ??
2?72 + 22?2 272 ¢ ? 4o = « 2247?24 + 2?4774 + 2?4774 «? (1.15) » 272?72 + 272?72 + 2?2772 e e ¢

o 4774 + 74774 + 2?4774 « « « By using Eqs. (1?14) and (1?715), we write ?? ?? ?? ?? ?? +???
+2?? 429?222 22?2 22?2 =? 2?2?72 7?2 + + =20 247 W + ?4? ?4? ??4 2?4 + ? (1.16) u ??4
12222 22 2?2 22?2 22?2 227 ?? +2?? 47?2 +27? =2 02 272?72 + + =20 247 u + 247 ?4? | 2?4 7?4
+ ? (1.17) u ??4 1 in which ?0 = ?[?? is the couple stress viscosity. The governing boundary layer
expressions for three dimensional flow of couple stress fluid are ???? + ? ?2??2? + 2 2?2?72 + ? ?2?27?7?
M1 (21.18) (1.19) 1.7 Modes of heat transfer Heat transfer is a mechanism which deals with the

transfer of heat within the system. Transport of

55heat is the transfer of thermal energy from high to low
temperature regions
when two physical system or two objects are in contact. Three basic modes are utilized to develop
heat transfer mechanism which are define as follows: 1.7.1 Conduction Conduction is the mode of

heat transfer

due to the collisions of particles which are in contact but particles do not change their positions.
Conduction is always occured in solid materials. In very rare cases conduction may be possible in

liquids. 1.7.2 Convection Convection is the mode of heat transfer in which

transfer of particles or molecules. Convection plays major role in both liquid and gases. Forced
convection Forced convection is a process of heat transfer in which some external source is utilized

to produce motion in fluid. Examples of forced convection are pump, stretching, pressure and many
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others. Natural convection This mechanism is always occured due to the differences of temperature
without any external source. It is also known as free convection. Free convection is always occured
due to gravity effects. Mixed convection Mixed convection is that type of convection in which transfer
of heat takes place due to both natural and forced convections. 1.7.3 Radiation Radiation is that
mechanism in which transfer of heat occurs directly by electromagnetic radi- ations. 1.8 Non-

dimensional numbers 1.8.1 Prandtl number It describes the

38ratio of momentum diffusivity (?) to the thermal

diffusivity
(?). In mathemat- ical form it can be written as momentum diffusivity (?) ??? Pr = thermal diffusivity
(?) =? ? (1.20) where ? stands for the dynamic viscosity, ?? represents the specific heat and ?
designates the thermal conductivity. In heat transfer mechanism, Prandtl number controls the
momentum and thermal boundary layers thicknesses. 1.8.2 Lewis number Lewis number is defined
as the nondimensional quantity which explains the thermal diffusivity to Brownian diffusivity ratio.
Mathematically thermal diffusivity ? ?? = Brownian diffusivity ?? = (1.21) Note that in above
expression ? signifies the thermal diffusivity and ?? represents the Brownian diffusivity. 1.8.3
Magnetic number It is described as the ratio of electromagnetic to viscous forces. Mathematically it
can be expressed as ?2 = ??02?7? (1.22) ??? In which ? denotes the electrical conductivity, ?0
signifies the uniform magnetic field, ? shows the characteristic length, ? represents the fluid density
and ?7? depicts the velocity. 1.8.4 Reynolds number Inertial to viscous forces ratio is termed as
Reynolds number. Mathematically one can write it as inertial force ?? ? ? ? Re = viscous force = ?
=7? ? (1.23) Here ? denotes the fluid density, ? represents the mean velocity of fluid, ? stands for
charac- teristic length and ? signifies the dynamic viscosity. Reynolds number is utilized to observe
different flow behaviors like laminar or turbulent flows. Laminar flow is arised due to the low
Reynolds number, where the viscous forces are dominant. At high Reynolds number turbulent flow
arise, where the inertial forces are dominant. 1.8.5 Coefficient of skin friction It is the drag force
between the fluid and solid’s surface when fluid is passing through it which leads to slow down the

motion of fluid. Mathematically it is stated as ?? =12 ???2 ? ? ? (1.24) where ?? =? ??2 ?2?9?=0 "7
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(1.25) 1 In above relation ? ? represents the shear stress at the surface, ?? stands for velocity and ?
denotes the fluid density. 1.8.6 Nusselt number Convective to conductive heat transfer coefficients
ratio is known as Nusselt number. In math- ematical form one can write ?? = ??? ?(?? — 200) ? (1.26)
where ?? = =? ? (1.27) ?? u ?? 1?=0 where ?? denotes the wall heat flux, ?? represents the wall
temperature, ?« stands for ambient fluid temperature and ? represents the thermal conductivity. 1.9
Fundamental laws 1.9.1 Mass conservation law It is stated that the total mass in any closed system
will remain constant. Mathematically ?? ?? + ?0?V = 0? (1.28) or ?? ?? + (V?0) ? + ?0?V = 0?
(1.29) or ?? ?? + 0?7 (?V) = 0? (1.30) The above expression represents the continuity equation.

Here ? stands for fluid density and V depicts the velocity profile. Due to steady state flow Eq. (1?30)
takes the following form 07 (?V) = 0? (1.31) and if the fluid is incompressible then above equation
takes the following form 0J?V = 0? (1.32) 1.9.2 Momentum conservation law This law states that the
total momentum of a closed system is conserved. General form of this law is given below ? ?V ?? =
d?t +?b? (1.33) Here inertial, surface and body forces are indicated by the terms ? ??V? , 0?1 and ?
b respectively. Cauchy stress tensor is represented by T = —?| + S, pressure is designated by ?, |
shows the identity tensor, ??? shows the material time derivative, S stands for extra stress tensor

and b denotes the body force. 1.9.3 Energy conservation law The energy equation for nanofluid can

stands for base fluid density, ?? represents the specific heat of base fluid, ? stands for temperature,
T represents the stress tensor, L stands for rate of strain tensor, ? denotes the thermal

conductivity, ?? depicts the density of hanoparticles, ?? denotes Brownian diffusivity and ?? stands
for thermophoretic diffusion coefficient. 1.9.4 Concentration conservation law The concentration
equation for nanofluid can be written as ?? = ??02? + ?? 02? (1.35) ?? ?c« where ? stands for

nanoparticles concentration, ?? represents

74the Brownian diffusion co- efficient, ?? stands for

thermophoretic coefficient and ? depicts the

temperature. 1.10 Homotopic analysis technique This technique is developed by Liao [33] to find the

series solutions of nonlinear problems. This technique gives us convergent solutions for nonlinear
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problems. In order to understand the basic concept of homotopy analysis technique (HAM), we
assume a differential equation N [? (?)] = 0? (1.36) In above equation N represents the non-linear
operator and ? (?) depicts the unknown function in which ? is the independent variable. Zeroth-order
deformation equation is written in the following form (1 - PO L [?° (?; PO - 7?0 (?)] = PN[?" (?;
PO] ? (1.37) where ?0 (?) depicts the initial approximation, L denotes the auxiliary linear operator,
P00 [0? 1] designates an embedding parameter, ~ represents the nonzero auxiliary parameter and ?
“ (?; PO stands for unknown function of ? and b Setting b0=0 and b0=1,one has ?” (?;0)=7?
0(?)and?” (?;1)=7?(?)?(1.38) The solution ?° (?; PO shows the variation from initial
approximation ?0 (?) to the final desired solution ? (?) when bOgoes from 0 to 1. Taylor series
expansion gives us the following relations By differentiating ?” times the zeroth order deformation i.
e., Eq. (1?37) with respect to POthen divided by ?"! and by setting P0= 0 we have the following ?"th

order equation ?° (?; P0) =20 (?) + ?X=1??"

28[?27° (?) - ?22°22°-1 (?)] =~R"?" (?) ? (1. 41) where R"?" (?) = (?°
S 1)1

27N[?° (?;PD]? P

12boundary layer flow of nanofluid over a nonlinearly
stretching surface with convective effect 2 .1 Introduction This

chapter addresses the two dimensional flow of
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incompressible Newtonian fluid

3subject to the convective surface boundary condition. The

flow is

generated due to an impermeable sheet which is stretched nonlinearly.

15Heat and mass transfer analysis is studied through the

20Brownian motion and thermophoresis effects. Newly
constructed boundary condition having zero mass flux of

nanoparticles at the boundary

is incorporated. Mathematical formulation is made under boundary layer and small magnetic

Reynolds nhumber assumptions. Suitable

24transformations are employed to convert the nonlinear
partial differential system into the nonlinear ordinary
differential system. Homotopic series solutions of resulting

nonlinear system are constructed and

verified.

20Graphs are sketched to explore the effects of distinct emerging

flow parameters on the temperature and concentration

profiles. Nusselt number is also computed and discussed. The contents of present chapter provides
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review of research work examined by Mustafa et al. [8]. 2.2 Problem development We assume a

35steady two dimensional incompressible flow of Newtonian

fluid past over a surface

which is stretched nonlinearly. Here we consider the Cartesian coordinate system

32in such a manner that the ?- axis is taken in that direction
along which the sheet is stretched and ?- axis is orthogonal to the

sheet. Stretching of the

sheet is assumed with velocity ??(?) = ??? along the ?—direction with ?? ? ? 0 as the constants.

21Effects of Brownian motion and thermophoresis in the

present flow problem are also taken into account. The surface temperature is regulated

3by a convective heating mechanism which is peculiarized by
the heat transfer coefficient ?? and temperature of hot

fluid ?? under the sheet. The

governing boundary layer expressions for present flow analysis are Fig. 2?1 : Physical sketch of the
problem. ?? 2?2 2?2?22 =0? + 22?22?2222 7?2+ 2?22 =2727222 2?2 2?22 (??7)? + 7?2 7?7 + 2?7 ??

2272 +22?2=2722(2?)2 A?2 22 2?

SAN T 2 2¥ H?2? 7! (2.1)(2.2) (2.3) 2222222 +222 =22 222 ?

2?2 + 2272272 (2.4 U T ?¥ 2?22?21
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1 The subjected boundary conditions for the considered flow problem are ?=2?7?(?)=???? ?=07?

41in the horizontal and vertical directions respectively, ? = ????

stands for Kinematic viscosity, ? denotes the

dynamic viscosity, ?? stands for density ofibase flu¢id, ? stands for temperature, ? (= ??(??)?)

denotes the thermal diffusivity, ? stands for thermal conductivity of fluid, (??)? stands for

67heat capacity of fluid, (??)? stands for effective heat

capacity of nanoparticles, ?? denotes the

Brownian diffusivity, ? represents concentration, ?? stands for thermophoretic diffusion
coefficient, ?? = ?? ?-21 stands for non-uniform heat transfer coefficient. ?c0 denotes the ambient
fluid temperature and ?w represents the ambient fluid concentration. Using the following
transformations ? = ???? 0(?)? ? = — ??2(?2+1) 1?2 (?) ?-21 {? + ?2?—+11 ?? 0}? ?(?) = 2?2?27
0000 ? ?(?) =3 ?2-??0c000 ? "? = 2(?2+?1) 1?2 (?) ?7-21 ?? e o

2Eqg. (271) is now identically satisfied and Eqgs. (2?2) - (27 6)

take the followineeg forms 3~ ? 000 + ? ? 00 - 2? ? 02

=0? ?+1 ?00 + Pr 2?0 + ???0?0 + ???02=0? 200 + ?? Pr? 20 + ? ? 200 = 0? 3~ ?? ?(0)=07? ?0(0)
=1? ?0(0)=-?(1-?(0))? ???0(0)+???0(0)=0? ?0() -0? ?(0) -0? ?(0) -07? (2.7) (2.8) (2.9) (2.10)
(2.11) (2.12) In above expressions Pr stands for

26Prandtl number, ? ? depicts the Brownian motion
parameter, ? ? represents the thermophoresis parameter, ?

stands for Biot number and ?? denotes the Lewis number.
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3These parameters can be specified by the following

definitions

(2.13) The nondimensional forms of coefficient of skin-friction and Nusselt nusmber are given below

p e 27?2 Rel??2 = ? + 1 1?2 200(0)? p 2 ??? Re-?122 = — 2 + 1 172 20(0)? ¥ (2.14) p 2 T where

nondimensional

3mass flux represented by a Sherwood number ??? is zero.

2.3 Series solutions The approximate series solutions through the homotopy analysis technique
(HAM) requires the appropriate initial approximations and auxiliary linear operators for the governing

problems which are given below

70?20(?) =1 - exp(-?2)?2?20(?) =1+ ?exp(-?)??20(?) =-1

+ ? ?2? exp(-?)?

2 2 27 (2.15)

73L? = 223 - 22 L? = 2?22 - 2?2 L? = 222 - 22 23?22 2 227 227

(2.16) The above linear operators have the following

4properties L? [?1 + ?2 exp(?) + ?3 exp(-?)] = 0? L? [?4 exp

(?) + 25 exp(-?)] = 0?7+ (2.17) L? [?6 exp(?) + ?7 exp(- ?)] = 07
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¢ in which ?? (? = 1 - 7) stands for

2arbitrary constants. = 2.3.1 Zeroth-order deformation

equations (1-p *)L? ?° (?? b0 - ?0(?) = P[? N?

[?7° (2?2 PD]? (2.18) (1 - POL? ~ 2(??

19b*) - 20(?) = P*~? N?[?" (2?2 P*)?~ 2(?2 b*)? 2° (?? b*)]?hi

(2.19) (1 -b*) L?[ ?2(?? b*)-20(?)] = P*~?

N?[?° (2?2 PD?~ 2(?? PD? ?° (?? PO]? hi (2.20) 7" (0?

30p*) = 0? ?° 0(0? b*) =172 7" O(¥? b*) =07~ 20(0? b*)=-21
—¥ 2(0? P*) ? ?° (¥? b*) = 0? ?2?° 20(0? bD) + ?2??° 0(0?pP0) =

0? ?° (0?%p0) = 0?

“e(2.21) e N? 7" (2, P =2737?3° +7?° 2927727 -2?277° 2?(222)hi?+1??AIN?? (?;
PD??" (220?72 (2?2 P =2?227° 2+ Pr?° 277 2277 2277 27 22 +Pr2?227? +Pr?? 27!

A?(2.23)hi

6ON? 27 (?:P*)2?° (272P*)??° (??2b0) = 22227° 2 +22Pr?” 277

Here PO [0? 1] denotes the embedding parameter, ~? ? ~? and ~? stands for nonzero auxiliary

parameters and N? ?

56N? and N? represent the nonlinear operators. 2.3.2 ?"th-

order deformation problems
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L?

23[22°(?) - 2?7777 1(?)] = ~?R"22°(?)? (2. 25) L? [22°(?) - 2?77?71
(?)] = ~?R "22°(?)? (2.26) L? 22°(?) - 22°??"- 1(?) = ~?R "2?°(?)?

(2.27) 27°(

50) = 2?07(0) = 2?0°(¥) = 0? ?0?a" (0) + 222" (0) = 0? £ 27?207
(0) + 2?2?07 (0) = 02 277(c0) = ?2?(e0) =02 + (2. 28) + 2" -1 7" - 1 R™?2?"
(?) = 220°00 - 1 (??07- 1- 2?2?20)?¢ + (? 2" - 1- 227 00) - 2? (2. 29) X ?

=Op?+ 19 X?=07"-17"-17"-1R2?(?)=?2?00-1 +Pr(? 7" - 1- 2?

0?) + Pr 22 (207°=1-7220) + Pr 27 (207°=1-220?)? (2.30)

45X?=0 X?=0 X?=0 R ™??°(?)=70?0"- 1(?)+??Pr?"- 1 (??"- 1-??7

<1? x?"=+¢1? 77 ? 1? Putting PO=0 and PO=1we have * ?° (?;0) =?20(?)? ?° (2;1)=?2(?)? 7
(??0) =20(?)? " ?2(??1) =2(?)? 7" (??0)=20(?)? 7" (??1) =?(?)? (2.31) (2.32) (2.33) (2.34) (2.35)

When PDOvaries from 0 to 1 then ?° (?;pD? "~ ?2(??P0 and ?° (??P0 display variation

43from the initial approximations ?0(?)? ?0(?) and ?0(?) to the
desired final solutions ?(?)? ?(?) and ?(?) respectively. By

using Taylor’s series expansion we get the

following expressions o« ?° (?; P0) = 20(?) + ??°(?)p[2"? ?2?°(?) = ?°11 ??27??7" b(?(P?"P0) P[F0?

(2.36) 2X"=1 " 0 27"

40(?)p*2°? 22°(?) = 2°11 2272 ?b(?*??°b*) T b*=0" 7" (22 b*)
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=720(?) + ? (2.37) ?2X"=1 0 ?2?°(?)P[R"? 27°(?) = 2711 27777 ?b(?(R?°P0) O 7?7 (?? b0 =7?0(?)
+? (2.38) ?X"=1" b =0 The convergence of Egs. (2736) — (2?38) highly depends upon the ~?? ~?
~ and ~?. Considering  that the values of non-zero auxiliary parameters ~? ? ~? and ~? are
selected in such a way that Eqgs. (2?36) — (2738) converge at b[1= 1, then o ?(?) = ?0(?) + ??°(?)? ?
X"=1 00 ?2(?) = 20(?) + ?2?7°(?)? ?X"=1 (2.39) (2.40) 0 ?(?) = ?20(?) + ??7(?)? (2.41) ?X =1 The general
solutions (??°? ??77? ?7?7) of the Eqs. (2725) - (2?27) in terms of special solutions (??1? ??007? ?[?")
are presented by the following expressions ??7°(?) = ??[0(?) + ?1 + ?2 exp(?) + ?3 exp(=?)? (2.42) ??
“(?) =?207°(?) + ?4 exp(?) + ?5 exp(—=?)? (2.43) ??°(?) = 27 (?) + ?6 exp(?) + ?7 exp(-?)? (2.44) in
which the constants ?? (? = 1 — 7) through the boundary conditions (2728) are given by ?2 = ?4 = ?6
=0??23=????0?(?)?=0??1=-?23 -

60??*°(0)? ~ ?2?2*?°(?) ?5=1+21A??2-2?2*?27(0) ? ?2=0! ?2?2*?°(?) ?

7=2?7?2=072+2? A-25+72?27*?7?(?) ?=0! ? 2.

3.3 Convergence analysis (2.45) (2.46) (2.47) Here the series solutions (2739) - (2?41)

involve the auxiliary parameters ~? ? ~? and ~?? No doubt the auxiliary parameters ~? ? ~? and ~?
in series solutions accelerate the convergence. The ~—curves at 15th order of approximations are
sketched to see the appropriate range of ~? ? ~? and ~?. It is apparent from Figs. (2?72) — (2?4) that
the admissible ranges of ~? ? ~? and ~? are -1?70 < ~? < -0?15? -1790 < ~? < -0?28 and -2?720 <
~? < -0720. Moreover the series solutions are convergent in the entire zone of ? when ~? = -1?0 =
~?=~?.9=02,Nt=0.1,Nb=0.2,Le=1.0=Pr,n=150.0-05

27f " ?0? -1.0-1.5-2.0-2.0-1.5-1.0 -0.5 0.0N fFig. 2?2 : ~

- curve for the function

66Nt = 0.1, Nb=0.2,Le =1.0=Pr-0.10q"'?0?
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-0.15-0.20 -2.5-2.0 -1.5 -1.0 -0.5 0.0 Nq Fig. 2?3 : ~—curve for the function ?(?)? g = 0.2, Nt = 0.1,

Nb=0.2,Le=1.0=Pr,n=150.30.2f'?0?0.10.0-0.1-0.2-2.5-2.0-1.5-1.0 -0.5 0.0 0.5 Nf Fig.

4?4 : ~- curve for the function ?(?)? Table 2 .1: Convergence

of homotopic solutions

when ? = 1?5? ? = 0727 ?? = 0?2? ?? =0?1? ?? = 1?0 and Pr = 1?0? Order of Approximation —? 00
(0) =?0(0) ?0 (0) 1 1706667 0?15741 0707870 5 1706162 0714918 0707459 11 1?06160 0714829
0707414 16 1706160 0714824 0707412 25 1706160 0714824 0?07412 35 1706160 0714824 07?

07412 50 1706160 0714824 0707412 2.4 Results and discussion Figs. (2?5) — (2?12)

17are sketched to investigate the behaviors of some physical

parameters on the nondimensional temperature ? (?) and

22results are achieved at two distinct values of ? just to

compare the corresponding profiles in cases of linear and

nonlinear stretching surfaces. Fig. 2?75 elucidates the influence of Prandtl number (? ?) on the
temper- ature profile ?(?). From fig. 2?5 it is observed that when we enhance the value of Prandtl
number ?7? reduction is occured in the temperature distribution and its related thickness of thermal
layer. Physically larger and smaller Prandtl fluids correspond to weaker and stronger thermal

diffusivities respectively. An enhancement in Prandtl number causes a

l6weaker thermal diffusivity. Such weaker thermal
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diffusivity causes a lower temperature

170f Biot number ? on the temperature distribution ?(?). An

increment in

? causes a stronger convection which depicts higher temperature distribution and thicker thickness

of the thermal layer. Fig. 2?7 is drawn to see the

37influence of thermophoresis parameter ?? on the

temperature distribution

?(?). Larger values of thermophoresis parameter ?? causes a stronger temperature distribu- tion. An
enhancement in ?? leads to a stronger thermophoretic force which is responsible for a deeper
transfer of nanoparticles in the ambient fluid which corresponds to a stronger temper- ature
distribution and more thickness of thermal layer. From Fig. 2?8 we have seen that the concentration

field ?(?) and

33thickness of concentration boundary layer are depreciated

with an increment in Lewis number
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9depicts the behavior of Prandtl number (Pr) on the

concentration

distribution ?(?). Due to higher Prandtl number ?? decreasing behavior is noted in the concentration

field ?(?). From Fig. 2?2107 it is clearly analyzed that the concentration field ?(?) enhances

??. Fig. 2?12 shows concentration field ?(?) corresponding to various values of thermophoresis
parameter ??. Here we examined that by increasing thermophoresis parame- ter ??, an

enhancement is occured

6in the concentration field ?(?) and its related thickness of

boundary layer.

Table 2?71 is developed to analyze the numerical values of —?00(0)? —?0(0) and ?0(0) at distinct
order of homotopic deformations when ? = 1?5? ? = 072? ?? = 0?2? ?? = 0?1? ?? = 1?0? Pr = 1?0.
It is clearly shown that the solution of velocity converges from 11th order of deformations while

solutions of temperature and concentration
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10converge from 16th order of homotopic approximations.

Hence 16th order of

deformation is essential for convergent solu- tions of velocity, temperature and concentration

profiles. Table 2?2 is computed to investigate the

llnumerical values of Nusselt number ? ?? Re-?17?2 for

several values of physical parameters.

From this table we noticed that

50the values of Nusselt number are decreased with an
increment in Lewis number ??. However the Nusselt number is a

constant function of

Brownian motion parameter ? ?. g = 0.2 = Nb,

29Nt =0.1,Le=1.0030n=1.00.25n = 1.

50.20q ?h? 0.15Pr=0.7,1.0,1.30.10 0.050.00 0 2 4 6 8 h Fig. 2?5 : Behavior of

9Pron ?(?)? Nb=0.2,Nt=0.1,Le=1.0=Pr0.6n=1.0

05n=15049q7?h?0.39g=0.1,0.5,1.00.20.210.001 23456 h Fig. 2?6 : Behavior of ? on ?(?)?
g=0.2=Nb,Le=1.0=Pr0.250.20q ?h? 0.150.100.050.00n=1.0n=15Nt=0.1,1.0,1.902
4 6 8 h Fig. 2?7 : Behavior of ?? on ?(?)? g =0.2 =Nb, Nt =0.1, Pr=1.0 0.02 0.01 0.00 f ?h? -0.01 -
0.02-0.03-0.04Le=1.0,1.25,15n=1.0n=150246 8 10 h Fig. 2?8 : Behavior of ?? on ?(?)?

g=0.2=Nb, Nt=0.1,
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050.00f?h?-0.05g=0.1,0.5,1.0n=1.0n=1.5-0.10024 6 8 10 h Fig. 2?10 : Behavior of ? on ?
(N?9g=0.2,Nt=0.1,Le=1.0=Pr0.02 0.01 f ?h ? 0.00 -0.01 -0.02 -0.03 -0.04 Nb =0.2,0.5, 0.8 n
=1.0n=1502468 10 h Fig. 2?11 : Behavior of ?? on ?(?)? 0.10 0.05 0.00 f ?h? -0.05 -0.10 -

0.15-0.209g=0.2=Nb,Le=1.0=PrNt=0.1,0.3,05n=10n=150246810

58values of Nusselt number ? ?? Re-?1?2 for several values

of ?22?27?2?2?27?2??2?2and Pr???2?2?2??? Pr? ?? Re - ?17

2?=1?07=1?507?107?7 1?2 0?2 071 0?0 0?5 170 0?2 0?2 170 1?0 1?0 1?0 0?0853 0?3166 07?
3896 071488 071482 0?1476 070953 0?3515 0?4319 071659 071652 0?1644 072 0?1 0?5 170 1?5
1?0 170 0?1487 071487 071487 0?1658 071658 071658 0?2 0?1 0?2 0?5 170 1?5 1?0 071488 0?
1487 0?1486 071658 0?1657 0?1656 072 0?1 0?2 170 0?7 1?0 1?3 0?1388 071487 0?1551 0?

1545 0?1658 071729 2.5 Main findings Two-dimensional

49flow of viscous nanofluid over a nonlinearly stretching sheet

subject to the convective surface boundary condition is

addressed. The key points of the present chapter are given below: « An enhancement in the Biot
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number ? shows stronger temperature and concentration profiles. ¢

72Influence of Prandtl number Pr on the temperature

and concentration fields are qualita- tively similar. « Temperature profile ?(?) enhances by increasing
thermophoresis parameter ??? « concentration profile ?(?) is decreased by an increment in ?? while
it is enhanced for higher values of ??? « Nusselt number reduces by increasing ?? but it remains

constant in case of ??.

12Chapter 3 MHD three dimensional flow of couple stress
nanofluid over a nonlinearly stretching surface with convective
effect 3.1 Introduction This chapter explores the

magnetohydrodynamic (MHD) steady three dimensional flow of

cou- ple stress

3nanofluid in the presence of convective

surface boundary condition. The sheet is stretched nonlinearly in two lateral directions in order to

generate the flow. Temperature and concentration distributions are studied

34in the presence of Brownian motion and thermophoresis

effects.

Couple stress fluid is considered electrically conducting through non-uniform applied magnetic field.
Mathematical formulation is developed via boundary layer approach. Nonlin- ear ordinary differential

systems are constructed by employing suitable transformations.
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38The resulting system has been solved for the convergent

homotopic series solutions

of velocities, tem- perature and concentration.

57Effects of various pertinent parameters on the
temperature and concentration distributions are sketched and

discussed. Numerical

computations are performed to analyze the

34values of skin friction coefficients and local Nusselt

number.

3.2 Problem development We assume the

21steady three-dimensional flow of an incompressible

couple stress nanofluid

due to a bidirectional nonlinear stretching sheet. The fluid is assumed an electrically conducting

through non

37-uniform magnetic field applied in the ?- direction. Here

the electric field and

Hall effects are not considered. Due to the low magnetic Reynolds number, induced magnetic field

effects are neglected.

9Brownian motion and thermophoresis effects are also
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taken into the consideration. We adopt the

46Cartesian coordinate system in such a manner that ?-and ?
- axis are taken along the stretched surface and ?-axis is

perpendicular to the

surface (see Fig. 3?1). The sheet at ? = 0 is stretched in the ?- and ?-directions with velocities ??
(?? ?) =2(? + ?)? and ??(?? ?) = ?(?+?)? respectively with ?? ?? ? ? 0 as the constants. The

surface temperature is managed through

la convective heating mechanism which is characterized by a
coefficient of heat transfer ?? and temperature of the hot

fluid ?? under the sheet.

Boundary layer expressions governing the flow of couple stress nanofluid are given by Fig. 3?1 :

U221 222°227°22702272+2722+2722=772

1?22 + 2?2 22?2 9 ?¥ ??2 ? p u 9] The subjected boundary

+(3.2) (3.3) (3.4) (3.5) (3.6)? - 0?2 - 02?7 ~ 200? ? _, 2w as ? — »? (3.7) Note that 2? ? and ?

are the fluid velocities

41in the ?-? ?- and ?- directions respectively, ? = ???? denotes
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the kinematic viscosity,

? stands for dynamic viscosity, ?? represents the dejnsity of¢base liquid, ?0(= ?[??? ) stands for
couple stress viscosity, ?[0denotes the couple stress viscosity parameter, ? stands for electrical
conductivity, ?(?? ?) = ?0(? + ?)?-21 denotes the non-uniform magnetic field, ? stands for
temperature, ? = ??(??)? represents the thermal diffusivity, ? stands for thermal conductivity of fluid,

(??)? stands for

42heat capacity of fluid, (??)? stands for effective heat

capacity of nanoparticles,

?? represents Brownian diffusivity, ? stands for concentration and ?? represents thermophoretic
diffusion coefficient, ?? = ?(? + ?)?-21 stands for non-uniform heat transfer coefficient. ?co denotes

the ambient fluid temperature and ?c represents the ambient fluid concentration.

1We now introduce the following transformations ? = ?(? + ?)??0
(?)? 2 = 2(2 + ?)?2?20(?)? 2 = - 22(?2+1) 1722 (2 + ?)?-21{(? +?)
+22-+1172(?0 + 20)}? « 2(?) = 2237220000 ? ?("?) = ?2-?20000 ? ? = 2(22
+?1) 1?2 (? + ?)?-21 ?? « « EQ. (3?1) iS now automatically satisfied

and Eqgs.

(372) - (3?7) have the followsing forms 3~ s 2000 + (? + 2)?00 — 2? (?0 + 20)?20 — 2?(?) — 22?20 =

0? 2 + 1 (3.8) (3.9) 2000 + (? + ?)200 — 2? (20 + 20)?0 - ?2(?) — 22?20 = 0? ? + 1 (3.10) 200 + Pr (?
+ 2)70 + 222070 + 22?202 = 0? (3.11) 200 + 2?2 Pr(? + 2)?20 + 2?2 200 = 0?3~ (3.12) ? 2 ? (0) = ?(0) =
0? ? 0(0) = 1? 20(0) = ?? 20(0) = =? (1 — ? (0)) ? ? ?20(0) + ? 2?0(0) = 0? (3.13) ?0() — 0? 20(c)
- 0? ?(0) - 0? ?() - 0? (3.14) In above expressions ? denotes couple stress parameter, ?

represents the magnetic number, ? stands for ratio parameter, Pr stands for

26Prandtl number, ?? depicts Brownian motion parameter, ??
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stands for thermophoresis parameter, ? stands for Biot number

and

?? stands for Lewis number. These parameters are defined by ? = (?+2?1)2?0? (? + ?)?-1??22=7?7
2?2?2(??+201) ??2 =222 Pr=2??2 2?2 = (??)(????)???%00 ? ? ? = (??)?(????)?(????0—200) ? ?
=??7??2?27??2=7??7?(3.15) ? ? « » p Dimensionless forms of skin friction coefficients and Nusselt

number can be written as follows ¢ ??? Re?1?2 = (?+21)1?2(?00(0) — ????(0))? ??? Re?1?2 = ?-3?

2(?+21)122(?00(0) — 2?2?(0))? * (3.16) ?2?? Re—?1?2 = —(?+21)122?0(0)? ** where

1Re? = ??(? + ?)?? and Re? = ??(? + ?)?? depict the local

Reynolds numbers.

It is also #» noted that

3the dimensionless mass flux showed by a Sherwood

number ??7? is now identically zero

3.3 Series solutions Our purpose now is to compute the series solutions via homotopy analysis

technique (HAM). In homotopic solutions, the suitable initial approximations (?0?

1?0? ?07? ?0) and the corresponding auxiliary linear operators

(L??L??L?7? L?) for the above problem are

?20(?) = 1-exp(-?)?

4420(?) = 2(1- exp(- ?))? 20(?) = 1 + ? exp(- ?)? 20(?) = -2 2 ??
1+72 22 exp(-?)? (3. 17) 23?7 22 232 ?? 22?2 22?7 L? = 2?3 - 2?7 ?

L?=??3-?2?7?2L"7
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=272 -??L? =772 -?? (3.18) The above operators have the properties given below

4L? [?1 + ?22 exp(?) + 23 exp(-?)] = 0? L? [?4 + ?5 exp(?) + ?

6 exp(-?)] =07« (3.19) L? [?7 exp(?) + ?8 exp(-?)] = 07?

L? [?9 exp(?) + ?10 exp(=?)] = 0? « in which ?? (? = 1 — 10) denote the

4arbitrary constants.. 3 .3.1 Zeroth-order deformation equations

(1- P *)L?

> (?2?

64P*) - 20(?) = P*~? N2 [?" (22 P*)? ?° (?? P*)]? (3.20) (1 - P*) L?

[?7° (22 P*)-20(?)] = P*~? N?[?" (2?2 B*)? ?° (?? P*)]?

hi(3.21) (1 -pOL? ™ ?2(??

19b*) - 20(?) = b*~? N?[?° (22 b*)? ?° (?? b*)? "~ 2(?? b*)? "~ ?
(?? P*)]? (3.22) (1 - P*) L? 2" (22 P*) - 20(?) = P*~? N?[?" (??

b*)? 27 (27 b*)? 2" (22 b*)? 27 (?? b*)]?

hi(3.23) hi

187" (0? b*) = 07 ?2° 0(0? b*) =12 7" 0(0? P*) = 0? ?° (0? b*) =
0? 2" 0(0 ?P*)=2? 2° O(¥?P*)=07" 20(0 ?b*)=-? 1-?" (0 ?2P*) ?
(3.24) 7" (¥?7P*)=07? 227 0(0 ?b*)+???" 0( 0 ?b*)=0737" (¥ ?b*)=

‘02 N?2 2" (2;P*)27° (?;P%)
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=273773° + 77 477 2222727 22421A2727° 2270 2127277 —22ee2(?5()57° )-?2-+?27" ?hi
3722 (3.25)N?2 2" (2,p)?7° (2;P0) = 23" 2+ 72° +2° 227° 2227 277 277 —22(5)7° -72 -
+27° 2(3.26) hi??233" 222 2+1A22 22122 22(5) 22 N? 2° (2, bD)? 2" (?;PD? ?° (22 bD? ?°
(2P0 =72" 2+Pr?° +2° 27 2hi?2?23 22 +Pr2?722 22 + Pr22 221272° 277 2" 22A7

(3.27) N2 ?° (?:PD??° (7;pD?7° (??P0D??" (?7P0 = 2?72?77 22 +?2?Pr?° +7° 2?7?77 +72727

27 2037 ??272?27?(3.28) h Here b0 [0?1] denotes the

10embedding parameter, the non-zero auxiliary

parameters are de- picted by ~?? ~?? ~? and

~? and N?? N?? N? and N? represent the non-linear operators. 3.3.2 ?"th-order deformation

equations L?

8[?7°(?) - 2?77?27 1(2)] = ~?R"22°(?)? L? [??(?) - 2?2777 1(?)] = ~?
R™2?2°(?)? L2 [??°(2) - 2?27?27 1(2)] = ~?R 22°(?)? L? 22°(?) - ??7°?7
" 1(?) = ~?R"227(?)? £ © 22°(0) = 2?207(0) = ??0°(¥) = 0? 2?2°(0) = ?
07°(0) = 2?20°(¥) = 0? 220°(0) + 2??2°(0) = 0? ?2??0?°(0) + 22207

(0) = 0?2 22°(¥) = 2?2°(¥)

= 07 (3.29) (3.30) (3.31) (3.32) (3.33) R™2?7(?) = 220°00-1

522+?1 ?°- 1(??0™- 1- 22?20 + 220" 1- 2?2?20)- pu 2" - 11 ?2X=0 + (27"

-1-??2? 00+ ??7" - 1-??2? 00) - ?2??(" ?-)1- 7?2 ??0"- 17

(3.34) X?=0 R

717??7°(?) = ?0?°00- 1 ?2 +?19]?? X'=-01 (??07- 1- ??? 0 +??0"-
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591- 22?0)-u ?2°- 1 + (??"- 1- 22?2 00 + 2?"- 1- 22?2 00) - 2?22("?)- 1-?

2?70" - 17

(3.35) X?=0 2°-1 R

25727°(?) = 207°0- 1+ Pr (??"- 1-2?70 + 22"~ 1-2?20?) - 1X ?
=0 ?°- 1+ Pr?? (?0?"- 1-?7?707?) + Pr?? (207~ 1-2?20?)? (3.36) X ?

=0 X ?=0 ?*- 1R “??2°(?) = ?0?°0-

1(?) + 22 Pr (? (3.37) ?2X

(3.38)+ 177" ? 1?

Putting PO=0 and PO= 1 we have « ?° (?;0) =?0(?)? ?° (?;1) = 2(?)? (3.39) 7" (?;0) = ?0(?)? ?°
(7;1) =?(?)? (3.40) 77 (??0) =?20(?)? "~ ?(??1) =?(?)? (3.41) ?° (??0) =?20(?)? 7" (??1) =?(?)?

(3.42) When blvaries from 0 to 1 then ?” (?;p0D? ?° (?;p0D?~ ?2(??bD and ™ ?(??7P0)

51vary from the initial approximations ?0(?)? ?0(?)? ?0(?) and ?0
(?) to the desired final solutions ?(?)? ?(?)? ?(?) and ?(?)

respectively.

The following expressions are obtained via Taylor's series expansion ?” (?; b0) =

23?20(?) + 22°(?)P *2°? 2?2°(?) =0 1 27°7° (22P0) 2X" =1 271 7b *?°

TPE0? 7 (?;PD =

520(?) + 2?7 (?)b *?2°? ?2?2°(?) = ¥ 1 ?27°?° (?27p0) ~ _ 2X'=1?71?b *?"
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52(?)p*?°? 2?27(?) = 2°11 22°7° ?b(?*?2?2°b*) " P*=07" (?? b[) = 20

(?) + 22° ()P *2°2 22°(?) = 12?772 (?72P0) o 2X'=1 271 7p *?"

0?2 P=0  (3.43) (3.44) (3.45) (3.46) The convergence of Eqgs. (3?43) — (3?46) strongly
depends upon the ~?? ~?? ~? and ~?. Consid- ering that ~?? ~?? ~? and ~? are selected in such a
way that Egs. (3?743) — (3746) converge at P0= 1, Then oo ?(?) = ?0(?) + ?2?7(?)? (3.47) ?X"=1 « ?(?)
=?20(?) + ?2?7°(?)? (3.48) ?X"=1 00 ?(?) = 20(?) + ??7(?)? (3.49) ?X"=1 0 ?2(?) = ?0(?) + ??7(?)? (3.50) ?
X"=1 The general solutions (??°? ??°? ??7°? ??") of the Egs. (3729) - (3?32) in terms of special
solutions (??[0? ??[0? ?[?"? ?[?") are presented by the following expressions ??7°(?) = ??[7(?) + ?1

+ 2?2 exp(?) + ?3 exp(=?)? (3.51) ?2?7°(?) = ??0(?) + ?4 + ?5 exp(?) + ?6 exp(-?)? (3.52) ??°(?) = ?[P"
(?) + ?7 exp(?) + ?8 exp(=?)? (3.53) ??7°(?) = ?["(?) + ?9 exp(?) + ?10 exp(=?)? (3.54) in which ??
(? =1 - 10) by means of the boundary conditions (3?33) have the following values ?2 = ?5 = ?7 = ?9

=0??3=????07?(?)?=0?7?1=-?3 -

? (3.55) (3.56) (3.57) 3.3.3 Convergence analysis No doubt the auxiliary parameters ~?? ~??

~? and ~? in the series solutions (3?47) — (3?50) have key role regarding convergence. In order to

develop the convergent approximate

3series solutions, the suitable values of these parameters

play a key role. To select the
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appropriate values of ~?? ~?? ~? and ~?,

(3?2) - (3?5) clearly denote that the region of convergence lies within the ranges -1?35 < ~? < -0?
35?7 —1?40 £ ~? < -0725? -1?40 < ~? < -0?25 and -1?50 < ~? < -0?725. Moreover the series
solutions are convergent in the entire zone of ? when ~? = ~? = =170 = ~? = ~?. Table 3?1 presents

that the 11th deformations is enough

1for the convergent series solutions of velocities,

temperature and concentration profiles. K= 0. 02, M = 0.

n=15-08-1.0f"?20?-1.2-1.4-1.6-1.5-1.0-0.50.0 N f Fig. 3?2 : ~—curve for the function ? (?)? K
=0.02,M=0.1=Nt,Nb=0.2=¢,9g=0.3,Le=1.0,Pr=12,n=150.20.0g" ?0?-0.2-0.4-0.6 -
1.5-1.0 -0.5 0.0 Ng Fig. 3?3 : ~—curve for the function ?(?)? -0.10 K = 0.02, M=0.1 =Nt, Nb = 0.2 =
c,g=03,Le=1.0,Pr=12,n=15-0.15q "' 20? -0.20 -0.25 -0.30 -1.5 -1.0 -0.5 0.0 Nq Fig. 3?4 : ~
—curve for the function ?(?)? 0.250.20 0.15f' ?0? 0.10 0.050.00 K=0.02, M=0.1 =Nt, Nb =0.2 =
c,90=03,Le=10,Pr=12,n=15-0.05-2.0-1.5-1.0-0.50.0 Nf Fig. 3?5 : ~—curve for the
function ?(?)? Table 3.1: Convergence of homotopic solutions when ? = 1?5? ? = 0?02?? ? = 0?1
=????2=0?2=7???7?=07?3??? =170 and Pr = 1?2. Order of Approximation —? 00(0) —-?00(0) —?0
(0) ?0 (0) 1 1719500 02723900 0721692 0710846 5 1719041 0723808 0721043 0710521 11 1?
19035 0723807 0721033 0710516 15 1219035 0723807 0721033 0710516 25 1219035 0723807 0?
21033 0?10516 35 1719035 0723807 0721033 0710516 50 1719035 0723807 0721033 0?10516

3.4
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31Results and discussion In this section the impact of

various emerging flow parameters

42Brownian motion parameter ??? thermophoresis

parameter ??? Lewis number

??

3land Prandtl number ?? on the velocity com- ponents ?0(?)

and ?0(?), temperature ?(?) and concentration ?(?) are

22values of ? just to compare the corre- sponding profiles in

cases of linear and

nonlinear stretching surfaces. The influence of couple stress parameter ? on the component of
velocity ?0(?) has been shown in Fig. 375. It has been observed that component of velocity reduces
by increasing couple stress parameter ?. The couple stress parameter involves couple stress
viscosity ? which makes the fluid more viscous and hence the velocity is retarted. Fig. 376 depicts
the impact of magnetic number ? on the velocity component ?0(?). An enhancement in magnetic
number causes reduction in velocity field and its associated boundary layer thickness. Physically
Lorentz force enhances by increas- ing magnetic number ? which shows retarding effect. Hence

Lorentz force opposes the fluid motion and the
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that how ratio parameter ef- fects the component of velocity ?0(?). Here the

6velocity and its associated momentum boundary layer

thickness show decreasing behavior by increasing ratio

parameter ?. The reason behind this phenomena is that with an increment in the ratio parameter,

the ?—component of velocity decreases which yields reduction in

16the velocity and its associated boundary layer thickness.

Influence of couple stress parameter ? on the component of velocity

?0(?) is sketched in Fig. 3?8. In this Fig. we observe

6that the velocity ?0(?) and its associated boundary layer

thickness

decreases by enhancing couple stress parameter ?. Fig. 3?9 shows that how velocity compo- nent

get effected by magnetic number 2.

6This Fig presents that velocity ?0(?) and its related boundary

layer thickness

decreases by enhancing magnetic number ?.

11The influence of ratio parameter ? on the component of

velocity

?0(?) has been sketched in Fig. 3?10, which represents
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6that the velocity ?0(?) and its associated boundary layer
thickness are enhancing functions of ratio parameter ?. Variation

of

couple stress

2parameter ? on temperature field ?(?) is displayed in Fig. 3?

11.

15Larger values of couple stress parameter ? gives rise the

temperature field and their related thickness of

16thermal boundary layer. Fig. 3?12 is interpreted to examine the

effect of

magnetic number ? on temperature field ? (?). Here ? =6 0 yields hydromagnetic flow situation and ?

= 0 represents hydrodynamic flow case. We examined that the

77temperature distribution and thickness of the thermal

boundary layer are

higher for hydromagnetic flow as compared to the hydrodynamic flow situation. An increment in the

values of magnetic number ? corresponds stronger temperature distribution and more

47thickness of the thermal boundary layer. Impact of ratio

parameter ? on the temperature field ? (?) is drawn in Fig. 3?13.
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From this

Fig. it is observed that greater

3values of ratio parameter ? creates a demotion in the

tem- perature field ? (?) alongwith its related

75thermal boundary layer thickness. In case of ? =0? the

two-dimensional flow situation has been recovered. Fig. 3?15 depicts

17the effect of Biot number (?) on the temperature

distribution ?(?). An increment in

the value of ? leads to a stronger convection which shows a higher temperature field and more

thickness of the thermal layer. From Fig. 3716 it has been noted that for higher

63values of Prandtl number ? ?, the temperature ?(?) and its

associated thermal boundary layer thickness decreases.

Prandtl number has an inverse relationship with the thermal diffusivity. Higher Prandtl number ? ?

implies lower ther- mal diffusivity. Such lower thermal diffusivity is responsible for

78a decrease in the temperature distribution.

Fig. 3?17 presents that an increasing behavior of ? ? causes a stronger temperature distribution and

more thickness of thermal layer. Higher values of thermophoresis parameter ? ? yields a stronger
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thermophoretic force which is responsible for a deeper transfer of nanopar- ticles in the ambient fluid

which corresponds to a stronger

ltemperature field and more thickness of thermal layer. Fig.

3?18 elucidates

1that an increase in couple stress parameter ? implies to an

increment in the concentration field ?(?) and thicker thickness of

concentration boundary layer. Fig. 3719 is sketched to see that how concentration field ?(?) is

effected by magnetic number ? . Here we observed

15that the concentration and its related thickness of

concentration boundary layer increases by increasing

magnetic number ? . Fig. 3720 is sketched to examine that how concentration field ?(?) get effected

by ratio parameter (?). From this Fig. it has been noticed

10that the concentration field is lower for the larger values of

ratio parameter

(?). Fig. 3?21 shows

3that the higher values of Biot number (?) yields a

stronger concentration pro- file ?(?). Fig. 3?22 shows the variation in ?(?) for distinct values of Lewis

number ??. An inverse relation exists between Lewis number and Brownian diffusivity. By increasing
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Lewis numper, Brownian dirtusivity decreases and as a resulit concentration 7(7) and Its related

thick- ness of concentration boundary layer increases. Fig. 3?23

on

15the concentration field ?(?) and associated thickness of

boundary layer

decreases by enhancing ? ?. Fig. 3?24 depicts that the higher values of Brownian motion
parameter ? ? causes a weaker concentration profile ?(?). Fig. 3?25 shows how thermophoresis
parameter ? ? effects ?(?). By increasing thermophoresis parameter ? ?, concentration ?(?) and
thickness of concentration boundary layer also increases. Table 3?71 is constructed to analyze the
convergence of homotopic series solutions when ? = 1?5? ? = 0?02? ? ?=0?1=??? ? =072
=?7??7?=073?7?? =170 and Pr=172. Itis clearly seen that the solutions of velocity, temperature

and concentration distributions

10converge from 11th order of homotopic approximations.

Hence 11th order of homotopic

approximations is sufficient for convergence analysis of series solutions. Table 3?2 depicts skin

friction coefficients —?? ? Re?1?2 and —?? ? Re1??2 having the numerical values of couple stress

parameter ?, magnetic number ? and ratio parameter ?. It is clearly

65seen that the skin friction coefficients are enhanced for

the increasing values of
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magnetic number ? . Table 3?3 is prepared for

11lnumerical values of local Nusselt number ? ?? Re-?17?2

corresponding to various values of ?? ?? ?? ?? ? ?? ? ?? ?? and Pr. It is noted that the couple stress
parameter ?, magnetic number ? and thermophoresis parameter ? ? correspond to a lower Nusselt

number while opposite behavior is observed for Biot number ?. M =0.1,¢c=0.2

141.0n=1.008n=15f"'?h? 0.

604K=0.0,0.1,0.20.20.0012 3456 h Fig. 3?6 : Behavior of ? on ?0(?)? K=0.02,¢c=0.2

141.0n=1.008n=15f'?h? 0.

76 0.4M=0.0,0.6,1.20.20.00123 456 h Fig.

3?7:Behaviorof? on?0(?)? K=0.02

68,M=0.11.0Nn=1.008n

=15f'?h?0.60.4¢c=0.0,0.5,1.00.20.00123456 h Fig. 3?8 : Behavior of ? on ?0(?)? M =
0.1,c=02020n=1.00.15n=159g"'?h?0.10K=0.0,0.1,0.20.050.0001 2 3456 h Fig. 3?

9 : Behavior of 7 on ?0(?)? K=0.02,¢=0.20.20n=1.0n=150.15g "' ?h? 0.10

7M =0.0,0.6,1.20.050.0001 2345 6 h Fig. 3?10 : Behavior

of ? on?0(?)?K=0.02,M = 0.
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141.0n=1.008n=15g"'?h? 0.

604c=0.0,05,100.20.00123456 h Fig. 3?11 : Behavior of ? on ?0(?)?g=0.3,c=0.2 =

Nb,M=0.1=Nt Le=1.0,Pr=120.30n=1.00.25n=150

1.20 g ?h? 0.15K=0.0,0.1,0.20.100.050.000123456h

Fig. 3?12 : Behavior of ? on ?(?)?7g=0.3,c=0.2

=Nb, K=0.02,

29Nt =0.1,Le=1.0,Pr=1.2030n=1.0

0.25n=1.50.20

19 ?h? 0.15 M = 0.0, 0.6, 1.2 0.10 O.

050.0001 23456 h Fig. 3?13 : Behavior of ? on ?(?)? g = 0.3, K=0.02, M=0.1 = Nt, Nb = 0.2,
Le=1.0,Pr=12030n=1.00.25n=150.20q ?h? 0.15¢=0.0,0.5,1.00.100.050.00012 3 4
56 h Fig. 3?14 : Behavior of 2 on ?(?)? ¢ =0.2=Nb, K=0.02, M=0.1=Nt,Le=1.0,Pr=1.20.6
05n=10n=15049?h?0.30.2g=0.1,0.5,1.00.10.00123456 h Fig. 3?15 : Behavior of ?

on?(?)?9g=0.3,c=0.2=Nb,K=0.02,M=0.1=Nt, Le =

141.0n=1.00.3n=15q ?h? O.

2Pr=0.7,1.0,1.30.10.002 4 6 8 h Fig. 3?16 : Behavior of Pron ?(?)?0.30n=1.00.25n=150

1.20 g ?h? 0.15Nt=0.1,0.6,1.20.100.050.00 0
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123456 hFig. 3?17 : Behaviorof ? ?on ?(?)?7g=0.3,c=0.2=Nb,M=0.1=Nt, Le = 1.0, Pr=
1.20.02f?h? 0.00K=0.0,0.1,0.2-0.02-0004n=1.0n=1.502 46 8 h Fig. 3?18 : Behavior of ?
on ?(?)? 0.02f?h? 0.00 M =0.0,0.5,0.8-0.02-0.04n=1.0n=1502468h Fig. 3?19 : Behavior
of2on?(?)?79g=0.3,K=0.02, M=0.1=Nt,
INb=0.2,Le=1.0,Pr=1.20.020.00f ?h?-0.02¢c=0.0, 0.5,
1.0

-0.04n=1.0n=1.502468h Fig. 3?20 : Behavior of ? on ?(?)? ¢ =0.2=Nb, K=0.02,M=0.1=

Nt,

-0.05n=1.0n=1.5-0.100246 8 h Fig. 3?21 : Behavior of 7on ?(?)?7g=0.3,c=0.2=Nb, K=
0.02, M=0.1=Nt, Pr=1.20.020.00 f ?h? -0.02 Le = 0.6,0.9,1.2-0.04n=1.0-0.06n=15024
6 8 10 h Fig. 3?22 : Behavior of ?? on ?(?)? 0.04 0.02 0.00 f ?h? -0.02 Pr=0.7, 1.0, 1.3 -0.04 -0.06
Nn=10n=150246810h Fig. 3?23 : Behavior of Pron ?(?)?g=0.3,c=0.2,K=0.02,M=0.1=

Nit,

5,08n=1.0-0.04n=1502468h Fig. 3?24 : Behavior of ?? on ?(?)? 0.4 0.2 0.0 f ?h? -0.2 Nt =
0.1,0.6,1.2-04n=1.0-0.6n=1.50246 8 h Fig. 3?25 : Behavior of ?? on ?(?)? Table 3.2:
Numerical data for the coefficients of skin friction —??? Rel1??2 and —??? Rel??2 for various values
of ?? ? and ?? ? ? ? =??? Rel??2 -??? Rel??2 ?=1?0?=1?5? =170 ? = 1?5 0?00 0?01 0?02
0?02 0?1 070 0?2 0?5 072 072 171000 170932 1?0863 170819 1?0993 1?1860 1?3050 172945 1?
2832 1?2786 1?2970 1?3886 2?4597 2?4446 274290 274192 2?4581 2?6520 279181 278945 27?

8694 278591 279001 3?1050 0702 0?1 072 0?3 0?5 170863 1?1290 1?2095 172832 1?3332 1?
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4270 2?4290 2?0613 1?7105 2?8694 2?4341 2?0181 Table 3.3: Numerical data for the

11Nusselt number ???Re-?1?2 for various values

of 22 22 2222 222 222 222 P12 222222 2?2 22 Pr? ?? Re - 217
27?=17?07 =175 07?00 0702 0?05 0?02 0?71 0?0 0?5 0?8 0?2 0?2 0?3 0?3 0?1 0?1 0?2 0?2 1?0 17
0172 1?2 072114 072112 0?2108 0?2113 0?2091 0?2060 0?2356 072352 072344 072353 072329
0?2295 0?02 0?1 0?0 0?3 0?5 0?3 071 072 170 1?2 0?2054 0?2136 0?2180 0?2287 0?2379 0?
2427 0?02 0?1 0?2 0?1 0?7 1?2 071 0?2 1?0 1?2 0?0877 0?3527 0?4458 0?0979 0?3917 0?4943
0702 0?1 0?2 0?3 070 0?5 170 0?2 170 1?2 072115 0?2100 0?2084 0?2355 0?2338 072321 0702
0?71 0?2 0?3 0?1 075170 1?5 17?0 1?72 0?2112 0?2112 0?2112 072352 072352 0?2352 0?02 0?1 0?
20?30?710?720?51701?75 172 072113 072112 0?2111 0?2353 0?2352 0?2351 0?02 0?1 0?2 0?3
0?1 072 1?0 0?5 170 1?5 0?1687 0?2034 072200 0?1874 0?2263 072451 3.5 Main findings

Magnetohydrodynamic (MHD)

21three-dimensional flow of couple stress nanofluid caused by

non- linear stretching sheet

having convective boundary condition has been analyzed. The main observations of this chapter are
summarized below ¢ Larger values of couple stress parameter ? present similar behavior for velocity
distrib- utions ?0(?) and ?0(?)? « An increment in the magnetic number ? causes a reduction in the
both components of velocity ?0(?) and ?0(?). « An enhancement in the values of couple stress
parameter ? show increasing behavior for temperature and concentration distributions. *
Temperature distribution ?(?) enhances when the larger values of magnetic number ? is taken into
account. « Both the temperature and concentration profiles are increased by enhancing Biot

number ?. « Temperature ?(?) and thickness of thermal layer are lower for the

24higher values of Prandtl number (Pr).s Temperature and

concentration
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lvalues of ther- mophoresis parameter ??. « An enhancement

in Brownian motion parameter ?? yields a weaker

1Skin friction coefficient are increased for the higher values of

magnetic

1Heat transfer rate at the surface remains constant for ??

while it decreases for
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