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Chapter 1

Introduction

The unavailability of a solitary stress tensor that can be used to model all the non-Newtonian
fluids diversifies the field of fluid mechanics from other disciplines. For flow problems allied with
diverse fluid models the attained mathematical formalisms consists of a set of coupled highly
non-linear partial differential equations. In numerous situations, the exact solution for such
system, for a wide range of the involved physical parameters is yet a dream for the researchers
even after putting enormous labor. The concept of boundary layers has overcome this exertion
in various circumstances. The idea was first socialized by Ludwig Prandtl when he presented
his paper at the 3rd International Congress of Mathematicians in Heidelberg, Germany in
1904 [1]. Since then, the theory is applied to virtually all the available non-Newtonian fluid
models for diverse problems of fluid flowing under different physical constraints and the highly
nonlinear coupled system of partial differential equations is abridged into a much simple one by
systematically negating the less contributing slice. Mathematically, the role of the boundary
layer is often to reduce the original elliptic nature scheme of partial differential equations into a
more simple parabolic nature. The sensitivity of boundary layer theory is exceedingly enhanced
by Blasius by adding the essence of transformed domain similarity solutions for the problem
of viscous fluid flow past a flat plate [2]. Together, the boundary layer approximations and
the similarity transformations has become a strong tool for the researchers and have been
successfully applied on almost every available fluid model. Abel et al. [3] inspected the boundary
layer flow of a second grade fluid past a stretched surface. Sahoo and Do [4] have probed into

the effects of magnetic field and the partial slip on the flow and heat transfer of an electrically



conducting third grade fluid flow due to a linearly stretched surface. In another work, Sahoo
and Poncet [5] have inspected the effects of slip and magnetic field on the flow and heat transfer
of an incompressible, electrically conducting fourth grade fluid, flowing past an infinite porous
plate. Nadeem et al. [6] have studied the magnetohydrodynamic effects over the boundary
layer flow of a Casson fluid, for the case when the fluid is flowing in two lateral directions past
a porous linearly stretched surface. Khan and Khan [7] have presented the solutions of the
steady boundary layer flow of Williamson fluid, flowing under four different situations, namely
the Blasius flow, the Sakiadis flow, the stretching and the stagnation point flows. Tonekaboni et
al. [8] have presented the similarity solutions for three different cases of the boundary layer flow
of non-Newtonian viscoelastic Walters’ B fluid flow, namely stagnation-point flow problem, the
Blasius flow problem and the Sakiadis flow problem. Hayat et al. [9] have presented the solutions
for the problem of boundary layer flow and heat transfer for the Eyring Powell fluid flowing over
a moving surface with convective boundary conditions by means of homotopy analysis method.
Rehman and Nadeem [10] have discussed the problem of nanoparticles effects over the boundary
layer flow of a micropolar fluid flowing over a vertical slender cylinder. Wang and Chen [11]
have discussed the problem of steady laminar boundary layer flow of a non-Newtonian power-
law fluid flowing past a semi-infinite symmetric structure with a wavy surface and a uniform
wall temperature such that the axis of symmetry is aligned with the oncoming uniform stream.
Khan et al. [12] have examine the influence of magnetic field and chemical reaction over the
boundary layer flow of an electrically conducting non-Newtonian couple stress fluid flowing over
sheet that is stretched along its surface with a non-linear surface stretching velocity. Nadeem et
al. [13] have discussed the effects of magnetohydrodynamics and nanoparticles for the boundary
layer flow of non-Newtonian Maxwell fluid flowing past a stretching sheet. Akber et al. [14] have
analyzed the problem of boundary layer flow of tangent hyperbolic fluid towards a stretching
sheet. Malik et al. [15] have studied the boundary layer flow and heat transfer in Sisko fluid
flowing over a nonisothermal nonlinearly stretching surface with convective boundary condition
under the influence of a uniform transverse magnetic field. Hayat et al. [16] have presented
the analysis for momentum and thermal boundary layers arising from the motion of Carreau
fluid flowing above a stretching sheet with convective boundary conditions. Hamad et al. [17]

have studied the dynamics of the thermal boundary layer flow of a steady, incompressible non-



Newtonian Jeffrey fluid near the stagnation point on a stretching sheet taking into account the
thermal jump condition at the surface of the sheet. Hayat and Mumtaz [18] have presented an
analysis for the hydromagnetic boundary layer flow of a non-Newtonian Johnson-Segalman fluid
flowing over a semi-infinite expanse of electrically conducting rotating plate in the presence of
a transverse magnetic field. Phan-Thien [19] has obtained the solutions for the boundary layer
stagnation point flows of an Oldroyd-B fluid flow for the case of plane stagnation point and
axi-symmetric stagnation flows. Ravindran et al. [20] analyzed the occurrence of boundary
layers due to the flow of a Burgers’ fluid flow in an orthogonal rheometer. Pai and Kandasamy
[21] have studied the momentum boundary layer profile due to the entrance region flow of a
Herschel-Bulkley fluid flowing through an annular cylinder. Nirmalkar et al. [22] have studied
the boundary layer creeping flow of a Bingham plastic fluid flowing past a two dimensional
cylinder of square cross-section.

The study of stretching sheet was initiated by Crane [23]. Since then, the study of fluid
past a stretching surface has become a problem of concentration for researchers due to its
inclusive usage in wire drawing, polymer processing, glass blowing, metal spinning, manufac-
turing, cooling of metallic plates, extrusion of polymers, purification of liquefied metal from
non-metallic inclusion, manufacturing process of artificial films and fibers, polymeric sheets,
crystal growing and hot rolling. It is also used to assemble car body works in automobiles
and to manufacture aircraft fuselages in aeronautics. It is experimentally validated that at high
temperature; material passes through extrusion in liquefied state. This elongation of material is
approximately proportional to the distance from the stagnation point. Particularly, for the flow
problem over an exponentially stretching surface, the annealing and thinning of copper wires,
the final product depends on the heat transfer rate at the surface of the stretching continuous
object with exponential variations of stretching velocity and temperature distribution. During
such practices, the kinematics of stretching and the heating/cooling have a crucial impact on
the quality of the final products [24]. Mahapatra and Gupta [25] have debated the stagnation
point flow of viscous fluid over a flat deformed sheet. They perceived a boundary layer imme-
diate to the stretching surface and also observed that the configuration of this boundary layer
rests on the ratio of the velocity of the stretching surface to that of the frictionless potential

flow in the neighborhood of the stagnation point. Bachok et al. [26] explained the problem



of stagnation point flow over a stretching/shrinking sheet which is placed inside a nano fluid.
The solution was carried for three specific water-based nano particles that are copper, alumina
and titania. According to their results skin-friction coefficient has the largest magnitude for
copper while the least for alumina while the local Nusselt numbers have the largest values for
copper while the least for titania. Chiam [27] studied the problem of boundary layer flow and
heat transfer of an electrically conducting fluid over a non-isothermal stretching sheet under
the influence of a transverse magnetic field. Salleh et al. [28] have provided numerical solutions
using Keller-box technique for the problem of boundary layer flow and heat transfer over a
stretching sheet with Newtonian heating. They examined the influence of Prandtl number over
the temperature profiles and the heat transfer coefficient. They were of the view that the ther-
mal boundary layer thickness has a strong dependence upon the Prandtl number and that the
temperature profile decreases with an increase in the Prandtl number. Mukhopadhyay [29] has
numerically analyzed the problem of boundary layer flow and heat transfer towards a porous
exponentially stretched sheet in presence of a magnetic field with partial slip conditions for the
velocity and temperature functions at the surface of the sheet. She concluded that the surface
shear stress is an increasing function of the magnetic field parameter and that the thermal
boundary layer thickness is an increasing function of both the magnetic field parameter and the
non-dimensional radiation parameter. In another effort, Mukhopadhyay [30] has presented the
numerical results for the problem of steady, incompressible magnetohydrodynamic boundary
layer flow and heat transfer of a viscous fluid flowing over a porous surface that is stretched
with some exponential velocity along the surface of the object and is embedded in a thermally
stratified medium. She obtained the result that the velocity field is suppressed by both the
magnetic field parameter and the suction parameter. She also commented that the rate of
heat transfer is a decreasing function of the non-dimensional stratification parameter. Fang
and Zhong [31] have presented closed form analytic solutions for the boundary layer flow over
a stretching/shrinking sheet with different stretching/shrinking velocity distributions assumed
at the surface of the cylinder. They considered the surface stretching velocities to be linear,
bilinear, nonlinear exponential, quadratic, power-law and periodic functions of the distance over
the points on the surface of the cylinder from that of the stagnation point.

They commented that solution for such a problem is important for the case when mass



transfer at the wall is a function of the surface stretching velocity of the wall. Bhargava et
al. [32] have studied the problem of steady incompressible boundary layer flow of the non-
Newtonian micropolar fluid flow, heat and mass transfer over a nonlinear stretching Sheet. The
problem was solved numerically with the help of finite difference and the finite element methods.
Their work showed that the solutions obtained with both the methods were in contract. They
concluded that the convective parameter can adeptively be used for stability of the temperature
distribution. In another work, Fang et al. [33] analyzed the slip flow of viscous fluid flowing
over a stretching/shrinking surface. They solved the problem for Wu’s second order slip flow
model. Merkin and Kumaran in their work [34] have examined the problem of unsteady, 2D
laminar, incompressible, boundary layer flow of a viscous fluid flowing over an impulsively
stretching/shrinking sheet. The fluid was assumed to be under the influence of a constant
transverse magnetic field. Different solutions were obtained depending upon distinct values
of the magnetic parameter, that is, the strength of the imposed magnetic field relative to the
stretching velocity of the surface. In [35], Yacob et al. have commented over the melting
effects over the boundary layer flow and heat transfer of a non-Newtonian micropolar fluid
flowing over a stretching/shrinking sheet. They observed that the presence of melting route
has decreased the friction and the heat transfer rate at the solid-liquid interface. Zheng et
al. [36] have analyzed the problem of boundary layer for the flow and radiative heat transfer
of an incompressible non-Newtonian micropolar fluid flowing over a stretching/shrinking sheet
with nonlinear power-law surface stretching velocity and temperature functions. They applied
the homotopy analysis method to obtain the dual solutions associated with the problem and
included a detailed analysis of the effects of power-law index on the velocity and radiative
temperature fields. Ishak et al. [37] have obtained numerical solutions through the Keller-box
technique for the problem of flow and heat transfer of steady, incompressible boundary layer
viscous fluid flowing outside a stretching permeable hollow cylinder with suction/injection.
Their important observation was that the skin friction coefficient remains unchanged with
varying Prandtl numbers and that skin friction reduces when the fluid flow is influenced by
injection. They also predicted that in case of feeble injection, water is a healthier cooling
mediator than air.

Ishak [38] has also numerically analyzed the effects of thermal radiation and magnetohydro-



dynamic on the two dimensional boundary layer flow and heat transfer of a steady, incompress-
ible viscous fluid flowing over an exponentially stretching sheet. His conclusion was that both
the magnetic and the radiation parameters have an inverse behavior on the temperature func-
tion. Govardhan and Kishan [39] have investigated the magnetohydrodynamic effects on the
problem of boundary layer flow and heat transfer of unsteady, incompressible non-Newtonian
micropolar fluid flowing over a stretching surface, when the sheet is stretched in its own plane
linearly with the distance along the surface of the sheet. The problem was solved numeri-
cally with the help of Adams-Predictor Corrector technique for both the transient and the
steady state flow outlines. They commented that the microrotation influence is more evident
for n = 1/2 as compared with n = 0. The microrotation function has a parabolic distribution
for n = 0, while for n = 1/2, the distribution is always decreasing. Due to impulsive motion,
they found the skin friction coefficient having large magnitude values for small time at start
of the motion. The skin friction coefficient magnitude values have a monotonic decrease till
they reached the steady state values. Ahmad and Asghar [40] have obtained the exact analytic
solutions for the flow and heat transfer of non-Newtonian second grade fluid flowing over a
stretching surface with arbitrary velocity and appropriate wall transpiration. They considered
the surface stretching velocities at the surface of the sheet to be linear, quadratic and polynomial
functions of the length of the surface from the stagnation point. Weidman and Magyari [41]
have obtained an exact solution of the Crane-type boundary layer partial differential equations
arising from the problem of steady, incompressible viscous fluid flow encouraged by a planar
stretching surface having an appropriate distribution of wall transpiration. They concluded
that for any type of surface stretching velocity, the Crane-type boundary layer equations can
be generated if the stretching sheet is permeable and an appropriate dissection of the wall
transpiration subsists. Phakirappa et al. [42] have debated on the flow pattern of boundary
layer viscous fluid and heat transfer in presence of a porous medium when the flow happens due
to a non-isothermal stretching sheet with free convection and a temperature gradient reliant
heat sink along with internal heat generation and suction/injection beneath the influence of
a transverse magnetic field. Their attained exact solutions for the velocity and temperature
profiles were in terms of the Kummer’s function. Mahmoud et al. [43] have studied the impact

of radiation and a uniform magnetic field on the hydromagnetic boundary layer flow and heat



transfer of an electrically conducting non-Newtonian micropolar fluid flows over a continuously
moving stretching surface embedded in a non-Darcian porous medium. On the basis of the
numerical solutions that were obtained, they were of the view that both the linear and angular
velocity functions were in inverse proportion to the magnetic parameter and the Darcy number
and that the radiation parameter increase the rate of heat transfer at the surface of the sheet.
Gang et al. [44] have presented the exact solutions of the Navier-Stokes equations appearing
from the boundary layer flow of a viscous fluid on an expending cylinder, where the surface
stretching velocity of the cylinder was assumed to be proportional to the axial distance from
the origin and a decreasing function of time. The radius of the cylinder was taken as a time
dependent entity that fetched the impact of unsteady expansion of the cylinder in the analysis.
Attia [45] has discussed the steady, laminar incompressible fluid flow problem of stagnation
point boundary layer flow of micropolar fluid flowing over a permeable stretching surface with
heat generation/ absorption with constant wall and steam temperatures. His numerical solu-
tion based on the finite difference approximation indicated that the velocity boundary layer
thickness is a decreasing function of the stretching velocity of the surface of the sheet. Bidin
and Nazar [46] have carried an analysis for the problem of steady laminar incompressible two
dimensional boundary layer flow and heat transfer of a viscous fluid flow over a stretching sheet
with thermal radiation. The surface stretching velocity is assumed to be an exponential func-
tion of the distance on the surface from the stagnation point. Their analysis was based on the
implicit finite difference scheme, the Keller-box technique. Rosali et al. [47] have numerically
analyzed the boundary layer flow of non-Newtonian micropolar fluid flow towards a permeable
stretching /shrinking sheet in a porous medium with suction/injection. They showed that by
increasing the permeability parameter, the skin friction coefficient enhances. Turkyilmazoglu
[48] has studied the magnetohydrodynamic, steady laminar boundary layer flow of a viscous
fluid flowing through a radially stretchable rotating disk in presence of a uniform vertical mag-
netic field with viscous dissipation and Joule heating. The problem is a generalization of the
classical von Karman pump problem. Their analysis showed a strong dependence of the viscous
and thermal boundary layer thicknesses over the rotation strength of the disk and the magnetic
field strength. They concluded that the role of Joule heating is that to enhance the tempera-

ture distribution near the wall. Seddeek [49] has studied the magnetohydrodynamic hall and
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ion-slip current effects over the steady boundary layer flow of a non-Newtonian fluid flow and
heat transfer of a stretching sheet with suction and blowing. They included an interesting com-
ment in their conclusion that unclean fluids may be preferable over the clean fluids in industrial
applications where control of convective heat transfer is important. Kameswaran et al. [50]
have analyzed the homogeneous-heterogeneous effects over the flow of boundary layer viscous
nano fluid flowing over a stretching or shrinking sheet in a porous medium. The analysis was
carried for the copper-water and the silver-water nano fluids such that the diffusion coefficients
of the reactant and the auto catalyst are equal. They concluded that the nano particle volume
fraction decreases the velocity profile and that the nano particle concentration at the surface
is a decreasing function of the strength of the heterogeneous reaction for both copper-water
and silver-water nano fluids. It was also mentioned that for the shrinking sheet problem, the
velocity profile is a decreasing function of the increasing values of the nano particle volume
friction for both the copper-water and silver-water nano fluids. Ibrahim and Shankar [51] have
investigated the problem of boundary layer flow and heat transfer of a viscous nano fluid flow-
ing over a permeable stretching sheet with slip boundary condition and thermal radiation. The
flow was also assumed to be under the influence of a uniform magnetic field. They included
a detailed analysis for the effects of radiation, Brownian motion, thermophoresis parameter
and nanoparticle fraction on the boundary layer flow and heat transfer due to nano fluids.
They concluded that the boundary layer thickness is a decreasing function of the magnetic field
strength, the thermal boundary layer thickness is a decreasing function of the slip parameter
while an increasing function of the radiation parameter, the magnetic field parameter and the
thermophoresis parameter. Bachok and Ishak [52] have analyzed the problem of boundary layer
flow and heat transfer of steady, laminar incompressible viscous fluid flow due to a stretching
cylinder with prescribed surface heat flux. They commented that both the shear stress at the
surface and the heat transfer rate at the surface are increasing functions of the curvature pa-
rameter. Makinde et al. [53] analyzed the combined effects of the buoyancy force, convective
heating, Brownian motion, thermophoresis and magnetic field over the stagnation point bound-
ary layer flow and heat transfer due to nano fluid flowing towards a stretching sheet. Ibrahim
et al. [54] have discussed the effect of magnetic field on stagnation point flow and heat transfer

of nano fluid flowing towards a stretching sheet. Two important works about fluid flow over
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stretching surfaces are cited in [55-58].

The present dissertation is centered mainly for the boundary layer flow of non-Newtonian
fluid and heat transfer analysis by a stretching cylinder. Flow caused is by an exponentially
stretching cylinder. The structure of thesis is arranged in eight chapters. The chapter wise
arrangement is given below:

Literature review is presented in chapter 1. Chapter 2 describes flow of Casson fluid past
an exponentially stretching cylinder. Nano fluid is considered. Numerical solution by Runge-
Kutta Fehlberg technique is developed. Contents of this chapter are published in “Applied
NanoScience”

Chapter 3 contains a study of heat transfer in boundary layer flow power law fluid past a ver-
tical stretching cylinder. Further, the solution of the problem is obtained using the Runge-Kutta
Fehlberg technique. Contents of this chapter are published in “Applied and Computational
Mathematics”

Chapter 4 presents an analysis for boundary layer flow and heat transfer for hyperbolic
tangent fluid. Stretching cylinder is examined. This problem is solved with the help of Runge-
Kutta—Fehlberg method. Contents of the chapter are published in “Alexandria Engineering
Journal”

The steady boundary layer flow of Williamson fluid past a stretching cylinder is examined in
chapter 5. The obtained modeled equations are solved numerically with the help of Keller box
method. Chapter 6 addresses Williamson material with Brownian motion and thermophoresis.

Chapter 7 is developed to study the effects of double stratification effect in mixed convec-
tion boundary layer flow of Eyring-Powell fluid by an inclined stretching cylinder. Numerical
solutions of resulting intricate non-linear boundary value problem are computed successfully by
utilizing fifth order Runge-Kutta algorithm with shooting technique. Contents of this chapter
are published in “AIP Advances”.

Finally, chapter 8 gives the solution for steady boundary layer flow of a second grade fluid
past a vertical stretching cylinder. Heat transfer is discussed. The obtained system of equa-
tions subject to the boundary conditions are solved with the help homotopy analysis method
(HAM). The effects of different parameters, like Reynolds numbers, Prandtl numbers and the

natural convection parameter are studied. The skin friction coefficient and Nusselt numbers
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are presented for different parameters.
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Chapter 2

Boundary layer flow of a Casson
nanofluid over a vertical

exponentially stretching cylinder

2.1 Introduction

The effects of Casson nanofluid due to a vertically exponential cylinder are studied in this
chapter. Similarity solution of the boundary layer flow is computed by choosing suitable trans-
formation. The governing partial differential equations and boundary conditions are reduced
to a system of nonlinear ordinary differential equations. The solutions of the problems are ob-
tained by using the numerical technique known as Runge Kutta Fehlberg method. Velocity and
temperature profiles are presented through graphs. The important physical quantities such as
the skin friction coefficient and the local Nusselt number are computed to examine the behavior

of different parameters.

2.2 Mathematical formulation

Consider the problem of natural convection boundary layer flow of Casson nanofluid induced by
a vertical circular cylinder of radius a. The cylinder is assumed to be stretched exponentially

along the axial direction with velocity U,,. The temperature at the surface of cylinder is assumed

14



T, and the uniform ambient temperature is taken as T, such that the quantity T, — T > 0
in case of the assisting flow while T, — T, < 0 in case of the opposing flow, respectively. Under
these assumptions, the boundary layer equations of motion, heat transfer and nanoparticle

concentration are

u
ur+;+wz = 0, (2.1)
1 1
ww, +ww, = v(l+ B)(ww + ;wr) +98(T — To)(1 — ¢o)
1,
507 = 0)(6 — boo), (2.2)
1 *c D
uT 4Ty = T+ -T,) + 2(DrTrd, + ZLT2), (2.3)
r pCp Too
1 D 1
w¢oo + u¢'r’ = DB(¢’I”I‘ + ;¢r) + TT(TTT + ;TT)? (24)

where the velocity components along r and z directions are u and w respectively. p is the
density, v is the kinematic viscosity, p is the pressure, g is the gravitational acceleration along
z — axis, B is the coefficient of thermal expansion, T is the temperature and « is the thermal

diffusivity. The corresponding boundary conditions for the problem are

u(a,z) = 0, w(a,z)=U, w(r,z) — 0asr— oo, (2.5)

T(a,z) = Tw(z), T(r,z) — Te asT — 00, (2.6)

¢(a? Z) = ¢w (Z) ) ¢(Ta Z) — Qoo S T — 00, (27)
where Uy, = 2ake?/® is the fluid velocity at the surface of the cylinder.

2.3 Solution of the problem

We have the following similarity transformations:

1. fn) R
—§waa w = Uy f" (1), (2.8)
o T_Too o 72 . ¢_¢00
S e e 2
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where the characteristic temperature and nanoparticles concentration difference is calculated
from the relations T}, — Tso = ce?/% and O — Poo = e/, With the help of transformations

(2.8) and (2.9), Egs. (2.1) to (2.4) take the form

(14 50"+ 1)+ Relf1" = ) + Re ML= 6.)(0+ Nih) = 0 (2.10)
n0" + 60 +RePr(f0' — f'0) +n0' (Nyh + Nib') = 0 (2.11)
nh" +h' + %(na” +6)+ReLe(fh' — f'h) = 0 (2.12)

b

in which A = gBa(T, — T)/U2 is the natural convection parameter, Pr = v/« is the Prandtl
number, Le = v/Dp is the Lewis number, N, = (p* — p)(dy, — ¢o0)/PB(Tw — Too)(1 — ¢oo)
is the buoyancy ratio, Ny = p*C;Dp(¢,, — ¢o)/pCpc is the Brownian motion parameter,
Ny = p*CyDr(¢y — ¢oo)/PCpaTs is the thermophoresis parameter and Re = alU, /4v is the

local Reynolds number. The boundary conditions in nondimensional form become

fa = o, ff[(H)=1, 6(1)=1, h(1)=1, (2.13)

ff — 0, 6—0, h—0, as 17— 0. (2.14)

The important physical quantities such as the shear stress at the surface 7, the skinfriction

coefficient ¢y, the heat flux at the surface of the cylinder ¢, and the local Nusselt number Nu

are
Tw = Trz |7’:a’ quw = _kTr ’r:a, (215)
Tw aez/a%v
) Nu, = —F— 2.16
T YT KT — To) (2.16)

The numerical solution of the present problem is computed by using Runge-Kutta-Fehlberg

method.

2.4 Results and discussion

Here, the effect of the various parameters such as the Reynolds number Re, the Casson fluid

parameter 5, the Brownian motion parameter Ny, the thermophoresis parameter Ny, the buoy-
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ancy ratio parameter N,, the Prandtl number Pr and the natural convection parameter A on the
nondimensional velocity, temperature and concentration profiles are presented graphically and
through tabular values. Fig.2.1 shows the effect of Casson fluid parameter 5 on the velocity
profile f’. From Fig.2.1, it is observed that for increasing the value of 3, the velocity profile
decreases. F'ig.2.2 shows the influence of mixed convection parameter A on the velocity profile
f'. Tt is noticed that the velocity increases for large mixed convection parameter. That is, the
mixed convection parameter ) is directly proportionally to the velocity profile f’ for constant
values of other parameters. Similar pattern is observed for the buoyancy ratio NV, in Fig.2.3. In
Fig.2.4 by increasing the value of Reynolds number Re, the velocity profile decreases. Figs.2.5
and 2.6 show a very slow increase in temperature profile by increasing the values of Brownian
motion parameter N, and the thermophoresis parameter N;. Figs.2.7 and 2.8 reflect similar
behaviour of temperature profile, i.e. by increasing the value of Reynolds number Re and the
Prandtl number Pr, the temperature profile decreases rapidly. In Fig. 2.9, it is clear that by
increasing the value of Lewis number Le, the nano concentration profile decreases instantly.
Fig.2.10 shows slow effect of Reynolds number Re on nano concentration profile by increasing
Reynolds number Re. Table 2.1 shows the boundary derivatives for the velocity profile at the
surface of the cylinder that corresponds to the skin friction coefficient for different values of 3
and A. Tabulated values indicate that the magnitude of the boundary derivative increases with
the increase in 8 and it decreases by increasing the values of A\. Table 2.2 illustrates the values
for local Nusselt numbers for different values of Re and Pr. It is noticed that local Nusselt

number increases when Re and Pr are increased.
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Table 2.1 Skin friction coefficient at
the surface of the cylinder for \\j3

A\S 0.1 0.3 0.5 0.7 1.0
0.2 | 0.5333 | 0.6479 | 0.7154 | 0.7608 | 0.8071

0.4 | 0.5141 | 0.6021 | 0.6516 | 0.6840 | 0.7161

0.6 | 0.4950 | 0.5572 | 0.5895 | 0.6095 | 0.6283

0.8 | 0.4761 | 0.5130 | 0.5288 | 0.5369 | 0.5431
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Table 2.2 Local Nusselt number.

Pr\Re | 0.1 0.2 0.3 0.4 0.5

1 0.2442 | 0.3094 | 0.3700 | 0.4260 | 0.4776

3 0.3826 | 0.5627 | 0.7173 | 0.8505 | 0.9668

5 0.5118 | 0.7844 | 1.0058 | 1.1904 | 1.3489

7 0.6327 | 0.9814 | 1.2546 | 1.4790 | 1.6714

15 1.0499 | 1.6121 | 2.0318 | 2.3762 | 2.6739

2.5 Conclusions

This study was focused on natural convection boundary layer flow of a Casson nanofluid. Nu-
merical solution of the problem is obtained with the help of Runge-Kutta-Fehlberg method.

Main findings of present analysis are listed below:

e Velocity profile increases by increasing buoyancy ratio parameter N, and natural convec-
tion parameter A but it decreases when Casson fluid parameter 8 and Reynold number

Re are enhanced.

e Temperature profile increases for larger Brownian motion parameter N, whereas ther-
mophoresis parameter V; decreases by increasing Reynold number Re and Prandtl number

Pr.

e Nano concentration profile increases on increasing Reynold number Re and it decreases

by increasing Lewis number Le.

e Skin friction coefficient decreases on increasing natural convection parameter A and it

increases for increasing Casson fluid parameter j3.

e Local Nusselt number increases for larger Reynold number Re and Prandtl number Pr.
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Chapter 3

Numerical study of convective heat
transfer in flow of power law fluid by

an exponentially stretching cylinder

3.1 Introduction

This chapter focuses on flow of power law fluid model due to vertical exponentially stretching
cylinder with heat transfer. The governing partial differential equations are transformed to
a system of ordinary differential equations. For numerical solution, Runge-Kutta-Fehlberg
method is used. The effects of variation in physical parameters on velocity and temperature
are highlighted through graphs. The important physical quantities, such as the skin friction

coefficient and the local Nusselt number are computed.

3.2 Formulation

Here, the problem of natural convective boundary layer flow of a power law fluid flowing by
a vertical circular cylinder of radius a is under consideration. The cylinder is assumed by an
exponentially stretching sheet. The sheet stretches with velocity U,. The temperature at the
surface of the cylinder is assumed to be T;, and the uniform ambient temperature is taken as

Two such that the quantity Ty, — T > 0 for assisting flow whereas T, — T, < 0 for opposing
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flow, respectively. Under these assumptions the boundary layer equations of motion and heat

transfer are

k w? n—1
ww, +ww, = ;(7 + nw, wypy) + 98T — Too),s (3.2)
1
ul, +wT, = ol + ;TT), (3.3)

In above equations, the velocity components along the (r, z) axes are (u,w), p is fluid density,
k is the consistency coefficient, p is pressure, g is the gravitational acceleration along the z—
direction, (3 is the coefficient of thermal expansion, T  is the temperature and « is the thermal

diffusibility. The corresponding boundary conditions are expressed as follows:

u(a,z) = 0, w(a,z)=U, w(r,z)— 0asr— oo, (3.4)

T(a,z) = Tw(z), T(r,z) — Ts asr — o0. (3.5)

Here, U, = 2ake?/® denotes the fluid velocity at the surface of cylinder.

3.3 Solutions

We write

1

U = —gUw—/—, w:Uwf,na 3.6
U () (3.6)
T-T, 2

0 = > = 3.7
Tw_TOO7 77 0/2’ ( )

where the characteristic temperature difference is calculated from the relations T, — T, =

ce?/* With the help of transformations (3.6) and (3.7), Egs. (3.1) to (3.3) become

n+1
2

(n+ DT (f")" + 20" f7( f')" "+ Rea(FF" = ) + Reg M = 0 (3-8)

ng" + 60"+ %Re Pr(f0' — f'6) =0, (3.9)
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in which A\ = gBa(T,, — T )/U2 is the natural convection parameter, Pr = k/pa is the Prandtl
number, Re, = pa"U2~"/k is the local Reynolds number and Re = apU, /4k is the Reynolds

number. The boundary conditions are reduced to

fay = o0, f1O=1, 001 =1, (3.10)

" — 0, 0-—0, as n— oo (3.11)

The skin friction coefficient ¢y and the local Nusselt number Nu, are

Tw = Trz |7’:a’ quw = —kT, ’r:aa (312)
Tw N ac”l gy (3.13)
cfr=—>, Uy = ——— .
d pUg T k(Tw — Two)

3.4 Discussion

Our intrest in this section is to investigate the effects of the Reynolds number Re,the local
Reynolds number Re,, the power law index n, the Prandtl number Pr and the natural convection
parameter A over the nondimensional velocity and temperature profiles. For this purpose, the
graphs and tables will be prepared. F'ig. 3.1 shows the effects of natural convection parameter A
on the velocity profile f’ when n = 1. From F'ig. 3.1 it is observed that by increasing the values
of natural convection parameter A the velocity profile increases. F'ig. 3.2 shows the influence
of local Reynolds number Re, over the velocity profile f’ when n = 1. It is observed that for
larger local Reynolds number Re, the velocity profile f’ decreases. Figs. 3.3 and 3.4 show the
effects of variation in Prandtl number Pr and Reynolds number Re on temperature profile when
n = 1. Here, the temperature profile decreases when Prandtl number Pr and Reynolds number
Re are increased. The effects of natural convection parameter A on the velocity profile f are
shown in Fig. 3.5 when n = 2. The velocity profile f’ decreases by increasing the values of
natural convection parameter \. Fig. 3.6 shows opposite behavior of velocity profile f’ when
n = 2, that is, the velocity profile increases by increasing the local Reynolds number Re,. The
temprerature profiles presented in Figs. 3.7 and 3.8 have similar behavior both for n = 1 and

n = 2. The values of skin friction coefficient and local Nusselt number at the surface of the
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cylinder are presented in Tables 3.1 and 3.2. Table 3.1, indicates that skin friction coefficient
increases upon increasing local Reynolds number Re, but for fixed value of Prandtl number Pr.

the local Nusselt number decreases for larger Reynolds number Re.

Re=10.2 Pr=1 n=1 Rea=0.5

1_
T e a=.01
0.81 ~=en:
) —-A=05
—A=110
.—\06' —_
£ £
*“0.4- h
0.24
0_|
1

Fig. 3.1. Plots of velocity profile f’ for Fig.3.2 Plots of velocity profile f’ for local

natural convection parameter A. Reynolds number Re,.
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Table 3.1 Skin friction coefficient at the surface.

A\Re, | 0 0.1 0.2 0.3 0.4
1] 0.9859 | 0.9903 | 0.9953 | 1.0011 | 1.0078
3 | 1.2212 | 1.2366 | 1.2544 | 1.2754 | 1.3012

) 1.4494 | 1.4755 | 1.5065 | 1.5452 | 1.5972

10 1.9274 | 1.9809 | 2.0499 | 2.1505 | 2.3941

15 2.3145 | 2.3968 | 2.5121 | 2.7246 | 2.9537
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Table 3.2 Local Nusselt number.

Pr\Re 0.0 0.1 0.2 0.3 0.4
1 1.1971 | 1.1967 | 1.1962 | 1.1957 | 1.1952
7 1.7912 | 1.7890 | 1.7866 | 1.7838 | 1.7808
10 3.5901 | 3.5808 | 3.5699 | 3.5566 | 3.5396
15 5.5503 | 5.5360 | 5.5182 | 5.4944 | 5.4580
25 6.6652 | 6.6491 | 6.6285 | 6.5999 | 6.5508

3.5 Conclusions

This study is proposed just to address the flow of power law fluid model past a vertical expo-

nentially stretching cylinder with heat transfer. Main results are mentioned below:

e The velocity profile gives opposite behavior for n = 1 and 2. That is, the fluid velocity

increases for n = 1 and it decreases for n = 2 when natural convection parameter A

enhances.

e On increasing local Reynolds number Re, the fluid velocity decreases for n = 1 but it

increase when n = 2.

e The temperature profile decreases both for n = 1 and 2 when Reynold number Re and

Prandtl number Pr are increased.

e Skin friction coefficient enhances on increasing natural convection parameter A and local

Reynold number Re,.

e Local Nusselt number increases on increasing Prandtl number Pr but it decreases for

larger Reynold number Re.
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Chapter 4

Boundary layer flow of an
incompressible tangent hyperbolic

fluid past a stretching cylinder

4.1 Introduction

The tangent hyperbolic fluid is a four constant pseudoplastic fluid model capable of relating
the shear thinning phanomenon. It is a material which measures the fluid resistance when flow
decreases with an increasing rate of shear stress. Modelled partial differential equations are
transformed to system of ordinary differential equations by applying transformations. Numeri-
cal solution has been computed by using Runge-Kutta-Fehlberg method. The fluid velocity and
temperature profiles are presented for different values of physical parameters. Furthermore, the

skin friction coefficient and Nusselt number are described for the influential variables.

4.2 Fluid model

The continuity and momentum equations are

divV =0,

29



av

pﬁ = div 7+pb,

where p is the density, V is the velocity, 7 is the Cauchy stress tensor, b represents the specific
body force and d/dt represents the material time derivative. The constitutive equations of

hyperbolic tangent fluid model [8] are given as
T=—-pI+8,

S = [, + (g + 1, )tanh(T 4)"]A

in which p is the pressure, I is the identity tensor, 7 is the extra stress tensor, A is second
invariant strain tensor, 7y and 7., are the limiting viscosities at zero and at infinite shear rate,

I" > 0 is the time constant and ; is defined as

% = \/;ZZ Yij Vi = \/ %Hv
i J

where

%

I = ZZ'%ﬂji = tr[(grad V) + (grad V))?

Vo= lu(r,z),0,w(r 2)]

and

- 1 2u2
¥ = \/(u%+w§)+2(uz+wr)2+ T

We consider the case for which ., = 0 and I’ ; < 1. Therefore, the component of extra

stress tensor can be written as

S=1o (CA)"A=no[L+n[4—1]A
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4.3 Formulation

Consider the problem of natural convection boundary layer flow of a hyperbolic tangent fluid
flow caused by a vertical circular cylinder of radius a. The cylinder is assumed exponentially
stretching with velocity U,,. The temperature at the surface of the cylinder is assumed to be
T, and the uniform ambient temperature is taken as T, such that the quantity T, — Too > 0
in case of the assisting flow while T}, — T',x < 0 for opposing flow respectively. Under these

assumptions the boundary layer equations of motion and heat transfer are

ur+%+wz = 0 (4.1)
ww, +ww, = gp(T —Tx)
1 nl' w, 1
+v[(1 —n)(wpr + ;wr) + (2w, + ;wr)] (4.2)
1
uly +wT, = oTy + ;Tr), (4.3)

where the velocity components along the r—, z—axes are u and w, p is density, v is the kinematic
viscosity, p is pressure, g is the gravitational acceleration along z— direction, (3 is the coefficient
of thermal expansion, 7' is the temperature, 7., is the infinite shear rate viscosity, 1, is the
viscosity at zero shear rate, I' is the time constant, n is the power law index and « is the thermal

diffusivity. The corresponding boundary conditions for the problem are

u(a,z) = 0, w(a,z)=Uy w(r,z)— 0asr— oo, (4.4)

T(a,z) = Ty(z), T(r,z) — Te when r — oo, (4.5)

in which U,, = 2ake®® (k is dimensional constant) is the fluid velocity at the surface of the

cylinder.
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4.4 Solution

We write

_ 1 f(n) o
= _iUwW7 w=Uy,f (77) ) (4-6)
T—Tw P
0 = Tw_Too7 n= ?, (47)

where the characteristic temperature difference is calculated from the relations T, — T, =

Toe?/*. With the help of transformations (4.6) and (4.7), Egs. (4.1) to (4.3) are reduced to

21 —=n)(nf" + ")+ nWeynf" (4nf" + 3f") + Re(ff" — f’z) +ReXNd = 0, (4.8)
nd" + 60 +RePr(f0' — f'0) = 0, (4.9

in which A = gBa(T,, — T)/U2 is the natural convection parameter, Pr = v/« is the Prandtl
number, We = 4I'U,,/a is the Weissenberg number and Re = aU,,/4v is the local Reynolds

number. The boundary conditions in nondimensional form become

FQ1) = 0, f)=1 6(1)=1, (4.10)

ff — 0, 6—0, as n— oo. (4.11)

The important physical quantities such as the shear stress at the surface 7., the skin friction

coefficient cy, the heat flux at the surface of the cylinder g, and the local Nusselt number Nu,

are
Tw = Trz |7":a7 quw = _kTr ’r:a, (412)
Tw aez/GQw
= ) Nuy, = —7F— 4.13
T YT BTy — Too) (4.13)

The solution of the present problem is obtained numerically by using the Runge Kutta Fehlberg
method.
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4.5 Results and discussion

In this chapter, an analysis is carried out for natural convection boundary layer flow of a
hyperbolic tangent fluid due to an exponentially stretched cylinder. It is assumed that the
cylinder is stretched exponentially along its radial direction. Here, U, = 2ake*® is the as-
sumed exponential stretching velocity at the surface of cylinder. For the solution of problem,
the Runge-Kutta-Fehlberg method is used. The impact of different parameters, such as the
Reynolds number Re, the Prandtl number Pr, the Weissenberg number We and the natural
convection parameter A on the non-dimensional velocity and temperature profiles are presented
graphically (see Figs.4.1 — 4.5). Here, Fig. 4.1 shows the influence of Weissenberg number
We on the velocity function f’. From the graph it is clear that velocity profile decreases by in-
creasing the values of Weissenberg number We. Fig. 4.2 shows the effects of Reynolds number
Re on the velocity f’. The velocity profile increases by increasing the values of Re. Fig. 4.3
shows the influence of natural convection parameter A on velocity profile when n = 1 . From
the graph, it is clear that by increasing the values of A the velocity profile decreases. Fig. 4.4
describes the impact of Prandtl number Pr on temperature profile. The temperature profile
increases for larger values of Pr . F'ig. 4.5 shows the influence of Reynolds number Re on the
temperature profile. The temperature profile increases when Re is enhanced. Table. 4.1 shows
the behavior of heat flux at the surface of the stretching cylinder for different values of Pr and
Re when n = 0.3. Entries in T'able. 4.1 show that increase in both Pr and Re increases the heat
flux at the surface. Table. 4.2 shows magnitude of the velocity profile when n = 0.3. Entries
in T'able. 4.2 depict that the magnitude of boundary derivative increases by increasing both the

Weissenberg and the Reynolds numbers.
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Table 4.1 Local Nusselt number

Pr\Re 0.1 0.2 0.3 0.4 0.5 1.0
1 0.9613 | 0.9786 | 0.9963 | 1.0141 | 1.0323 | 1.1263
3 1.0610 | 1.0617 | 1.0624 | 1.0632 | 1.0639 | 1.0667

) 1.1578 | 1.1589 | 1.1601 | 1.1612 | 1.1624 | 1.1684

7 1.2517 | 1.2533 | 1.2548 | 1.2563 | 1.2579 | 1.2658

15 1.6018 | 1.6045 | 1.6071 | 1.6098 | 1.6125 | 1.6264

Table 4.2 Skin friction coeflicient at the surface

We\ Re 0.1 0.2 0.3 0.4 0.5 1.0
0.1 0.9621 | 1.0041 | 1.0450 | 1.0850 | 1.1240 | 1.3082

0.2 0.9767 | 1.0231 | 1.0687 | 1.1136 | 1.1580 | 1.3741
0.3 0.9943 | 1.0464 | 1.0982 | 1.1499 | 1.2017 | 1.4666
0.4 1.0163 | 1.0761 | 1.1366 | 1.1982 | 1.2612 | 1.6159
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4.6 Conclusions

The following points are worth mentioning.

e Increase in natural convection parameter, Weissenberg number and Reynolds number

reduces the fluid velocity.
e Increase in Prandtl and Reynolds numbers reduces the fluid temperature.
e Larger Prandtl and Reynolds numbers, give rise to heat flux at the surface.

e The magnitude of boundary derivative increases by increasing both the Weissenberg and

the Reynolds numbers.
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Chapter 5

Flow of Williamson fluid past a
vertical exponentially stretching

cylinder

5.1 Introduction

This chapter addresses the boundary layer flow of Williamson fluid occured in many industrial
processes and natural phenomena. Most of the interest in this subject is due to its applications.
Flow caused is because of an exponentially stretching cylinder.The governing partial differential
equations systems are reduced to nonlinear ordinary differential equations systems. Keller
box technique is implemented for the numerical solution. The effects of different physical
parameters (e.g. Reynold number Re, Prandtl number Pr, the natural convection parameter
A and Weissenberg number We) are presented through graphs. The skin friction coefficient is

computed to see the effects of different parameters.

5.2 Mathematical formulation

Consider the problem of natural convection boundary layer flow of Williamson fluid due to a
vertical circular cylinder of radius a. The cylinder is assumed stretched exponentially along the

axial direction with velocity U,,. The temperature at the surface of the cylinder is assumed T,
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and the uniform ambient temperature is taken as T, such that the quantity T, — Too > 0 in
case of the assisting flow, while T,, — T, < 0 in case of the opposing flow, respectively. The

boundary layer flow under consideration are governed by

u
Ut - w, = 0, (5.1)
v
wwy + ww, = ;(F w2 + w,) + v[wer + 2T wew,] + gB(T — Tno), (5.2)
1
ul, +wT, = oT + ;TT), (5.3)

where the velocity components along the (r, z) axes are (u,w), p is density, v is the kinematic
viscosity, p is pressure, g is the gravitational acceleration along the z— direction, [ is the
coefficient of thermal expansion, T is the temperature and « is the thermal diffusibility. The

corresponding boundary conditions for the problem are

u(a,z) = 0, w(a,z)=U, w(r,z) — 0asr— oo, (5.4)

T(a,z) = Tw(z), T(r,z) — Ts asrT — 00, (5.5)

where U,, = 2ake?/® is the fluid velocity at the surface of the cylinder.

5.3 Solution of the problem

We consider

u“ = - wfyg, w=Usf (), (5.6)
T—-T 2
o = Tw_Too’ Uzg» (57)

where the characteristic temperature difference is calculated from the relations T, — T, =

ce?/* With the help of transformations (5.6) and (5.7), Eqgs. (5.1) to (5.3) are reduced to
7,’f/l/ + fl/ + Re(ff/l _ f/2) + We\/ﬁf”('r]f,” + f//) + Re )\9 — 0 (58)
1
nd" + 6 + 5 RePr(f0' — f'0) =0, (5.9)
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in which A = gBa(T, — T)/U2 is the natural convection parameter, Pr = v/« is the Prandtl
number, We = 4I'U,, /a is the local Weissenberg number and Re = aU,,/4v is the local Reynolds

number. The boundary conditions now reduce to

fa = o0, f1O=1, 001) =1, (5.10)

" — 0, 0-—0, as n— oo (5.11)

The important physical quantities, such as the shear stress at the surface 7, the skin friction

coefficient cy, the heat flux at the surface of the cylinder g, and the local Nusselt number Nu,

are
Tw = Trz ‘r:av quw = —k Tr |7‘:a7 (512)
Tw aez/“qw
= Nu,= —"+"—_ 5.13
“ pUg e k(Tw — Too) ( )

Keller box Method is employed for the numerical solution.

5.4 Outcomes

In this section, the results are analyzed for the Reynolds number Re, the Weissenberg number
We, the Prandtl number Pr and the natural convection parameter A for the nondimensional
velocity and temperature profiles. This objective is achieved through Figs.(5.1 — 5.8) and Ta-
bles 5.1 and 5.2. Fig.5.1 shows the effect of Prandtl number Pr on the velocity profile f’.
It is observed that by increasing Prandtl number Pr the velocity profile decreases. F'ig.5.2
indecates the influence of natural convection parameter A over the velocity profile f. When
natural convection parameter A increases the velocity profile also increases, that is, the nat-
ural convection parameter A is directly proportionally to the velocity profile f’. Similarly by
increasing the value of Weissenberg number We and Reynold number Re the velocity profile
decreases (see Figs.5.3 and 5.4). Response of temperature profile due to variation in Prandtl
number, natural convection parameter, Renold number and Weissenberg number can be seen
in the Figs.(5.5 — 5.8). Fig.5.5 shows that after increasing the value of Prandtl number Pr,
temperature profile decreases. F'ig.5.6 depicts similar behaviour of temperature profile by in-

creasing A, that is, the temperature profile also decreases. In Fig.5.7 by increasing the value
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of Reynold number Re, the temperature profile decreases. In F'ig.5.8 there is slight effect of
Weissenberg number We on temperature profile.

Table 5.1 shows the boundary derivatives for the velocity profile at the surface of cylinder
that corresponds to the skin friction coefficient at the surface tabulated for different values of
We and Re. From table 5.1 it is observed that the magnitude of boundary derivative increases
with the increase in both We and Re. Table 5.2 shows the values for local Nusselt numbers
when different values of We and Pr are used. Table 5.2 witnesses that with increase in We

(for fixed Pr), local Nusselt number increases whereas with increase in Pr (for fixed We), Nu,

decreases.
L A=1 Re=3 We=04 1 Pr=1 He=2 We=01
. e Pr=07 08 =01
0.8 1. — Dy — 81
W Pr=2 —4=05
N —Pr=7
~.0.61 \\ —Pr=15 ﬂe06‘ -A=10
< N > —1=15
=041 = 0.4
0.2 0.2
0- 0 R T T T T
1 1 1.5 2 2.5 3
1 N
Fig.5.1 Influence of Prantdl number on Fig.5.2 Influence of natural convection
velocity profile parameter on velocity profile
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Fig.5.5 Influence of Prantdl number on Fig.5.6 Influence of natural convection
temperature profile parameter on temperature profile
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e(n)

Fig.5.7 Influence of Reynold number on

temperature profile

Fig.5.8 Influence of Weissenberg number

15

on temperature profile

Table 5.1 Skin friction at the surface of the cylinder
Re\We | 0 0.1 0.2 0.3 0.4
1 0.9859 | 0.9903 | 0.9953 | 1.0011 | 1.0078
3 1.2212 | 1.2366 | 1.2544 | 1.2754 | 1.3012
5 1.4494 | 1.4755 | 1.5065 | 1.5452 | 1.5972
10 | 1.9274 | 1.9809 | 2.0499 | 2.1505 | 2.3941
15 | 2.3145 | 2.3968 | 2.5121 | 2.7246 | 2.9537
Table 5.2 Local Nusselt number
Pr\We | 0.0 0.1 0.2 0.3 0.4
0.2 | 1.1971 | 1.1967 | 1.1962 | 1.1957 | 1.1952
0.7 | 1.7912 | 1.7890 | 1.7866 | 1.7838 | 1.7808
3.0 | 3.5901 | 3.5808 | 3.5699 | 3.5566 | 3.5396
7.0 | 5.5503 | 5.5360 | 5.5182 | 5.4944 | 5.4580
10.0 | 6.6652 | 6.6491 | 6.6285 | 6.5999 | 6.5508
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5.5 Conclusions
The following are the main findings of this chapter:

e Velocity decays upon increasing the Weissenberg, Prandtl and Reynold numbers.
e Larger convection parameter enhances the velocity.

e The temperature profile decreases by increasing Prandtl, Reynold, natural, Weissenberg

numbers and convection parameter.
e The skin friction decreases by increasing Weissenberg and Renold numbers.

e The local Nusselt number increases when Prandtl number (fixed Weissenberg number)

enhances or it decreases on increasing Weissenberg number (fixed Prandtl number).
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Chapter 6

Boundary layer flow of Williamson
nanofluid past a vertical

exponentially stretching cylinder

6.1 Introduction

The boundary layer flow of Williamson nanofluid past an exponentially stretching surface is
explored. The governing partial differential equations and the associated boundary conditions
are reduced to nonlinear ordinary differential equations after using the boundary layer approx-
imation and similarity transformation. The obtained system of nonlinear ordinary differential
equations subject to the boundary conditions are solved numerically by employing Keller box
method. The effects of different physical parameters (e.g. Reynold number Re, Schmidt number
Sc, Prandtl number Pr, the natural convection parameter A\ and Weissenberg number We, the
buoyancy ratio N,, the Brownian motion parameter N, the thermophoresis parameter N;) on
velocity, temperature and nano concentration profiles are presented through graphs. The skin

friction coefficient and Nusselt number are also computed for different parameters.
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6.2 Formulation

Consider the problem of natural convection and heat transfer of a Williamson nanofluid flowing
past a vertical circular cylinder of radius a. Brownian motion thermophoresis are considered.
The cylinder is stretched exponentially with velocity U,,. The temperature at the surface of the
cylinder is assumed T}, and the uniform ambient temperature is taken as T,,.The flow under

consideration is governed by

uT—i—%—l—wz — 0, (6.1)
ww, +ww, = %(F w?, + wy) + v[wpey + 2T wppw,] + g8(T — Too ) (1 — dy)
1
+;(p* —p)(¢— P0); (6.2)
ul, +wl, = oD + 1T )+ Q(DTT@T + &TQ) (6.3)
pE p Too
u¢r + w¢z = (d)rr + ¢r) (TT’T + T ) (64)

In above expression, the velocity components along the (r, z) axes are (u,w), p and p* are
the densities of the base fluid and the nanoparticle material respectively, k is the consistency
coefficient, p*cy, is the effective heat capacity of the nanoparticle material and pc, is the effective
heat capacity of the base fluid, g is the gravitational acceleration along the z— direction, Dy
is Brownian diffusion coefficient, Dy is thermophoretic diffusion coefficient, 5 is the coefficient
of thermal expansion, 7" is the temperature and « is the thermal diffusibility of base fluid. The

corresponding boundary conditions can be written as

u(a,z) = 0, w(a,z)=U, w(r,z)— 0asr— oo, (6.5)
T(a,z) = Ty(z), T(r,z) — Te asrT —> 00, (6.6)
¢<a7 z) = ¢y (Z) ) ¢(T7 Z) — Qoo AS T — 00, (67)

in which U, = 2ake?/® represents the fluid velocity at the surface of the cylinder.
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6.3 Solution of the problem

Writing
_ L f() o
= U w=Uuf (n), (6.8)
o T_Too _ 72 _ ¢_¢oo
' rnone "o Mo e (09

we have from Egs. (6.1) to (6.4) as follows:

nf" (@Weynf" +1)+ ' 6Weynf” +1) +Re(f ' — )+ Re A(1 — ¢) (0 + N,.h) = 0, (6.10)

n0" + 6 +RePr(f0' — f'0) +nd' (Nph' + N0') = 0, (6.11)
nh" +h' + %(ne” +6)+ReSc(fh' — f'h) = 0. (6.12)
b

in which A = gBa(T, — T)/U2 is the natural convection parameter, Pr = v/« is the Prandtl

number, Sc¢ = v/Dp is the Schmidt number, We = 4I'U,,/a is the local Weissenberg number,
N = (9" = )@y — 620)/p8(T — Too) (1 — 6c) s the buoyancy ratio, Ny = p*C3Dp (6,
$oo)/PCpax is the Brownian motion parameter, Ny = p*CyDr (¢, — ¢or)/pCpaTs is the ther-
mophoresis parameter and Re = aU,,/4v is the local Reynolds number. The boundary condi-

tions can be expressed as

fF(1) = 0, f(1)=1, 6(1)=1, h(1)=1, (6.13)

ff — 0, 6—0, h—0, as 71— o0. (6.14)

Flow quantities of interests are

Tw = Trz lr=as G =~k Tr [r=q; (6.15)
Tw N ae*lqy (6.16)
Cr = ——— U‘Z = — .
= Uz k(Tw — To)
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The solutions of the resulting problems are obtained by using Keller box method.

6.4 Results and discussion

The problem of natural convection boundary layer flow of Williamson nanofluid past an expo-
nentially stretched cylinder is studied. The solution of the problem is obtained numerically with
the help of Keller box method. Effect of the various parameters such as the Reynolds number
Re, the Weissenberg number We, the Schmidt number Sc¢, the Brownian motion parameter N,
the thermophoresis parameter Ny, the buoyancy ratio parameter N,, the Prandtl number Pr
and the natural convection parameter A on the nondimensional velocity, temperature and con-
centration profiles are presented graphically in F'igs.6.1 — 6.10 and in Tables 6.1 — 6.4. From
Figs.6.1 to 6.4 the velocity profiles are presented for different physical parameters. F'ig.6.1
shows the effect of the buoyancy ratio parameter IV, on the velocity profile. It is observed that
larger buoyancy ratio parameter N, increases the velocity profile. Fig.6.2 reflects the influ-
ence of natural convection parameter A on the velocity profile. It is noticed that when natural
convection parameter A increases then velocity profile rapidly increases. That is the natural
convection parameter A is directly proportional to the velocity. In F'ig.6.3 the effects of the
Weissenberg number We on the velocity profile are presented. Slight decrease in velocity pro-
file is seen by increasinng the values of Weissenberg number We. In Fig.6.4, with the increase
of Reynold number Re, the velocity profile decreases. Figs.6.5 to 6.8 reflect the behavior of
temperature profiles for different physical parameters. Fig.6.5 shows the influence of Prandtl
number Pr on the temperature profile. By increasing the values of Prandtl number Pr, the tem-
perature profile decreases. Fig.6.6 describes the influence of Brownian motion parameter N, on
the temperature profile. The temperature profile increases by increasing the values of Brownian
motion parameter Np. F'ig.6.7 shows the effects of the Reynold number Re on the temperature
profile. The temperature profile rapidly decreases by increasing the values of Reynold number
Re. F'ig.6.8 shows the influence of the thermophoresis parameter N; over the temperature
profile. By increasing the values of the thermophoresis parameter Ny, the temperature profile
increases. Figs.6.9 and 6.10 highlight the nano concentration profile. In Fig.6.9, it is clear that

by increasing the value of Schmidt number Sc the nano concentration profile decreases instantly.
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In Fig.6.10, rising effect of Reynold number Re can be seen on nano concentration profile. By
increasing the value of Reynolds number Re the nano concentration profile increases. Table
6.1 shows the boundary derivatives for the velocity profile at the surface of the cylinder that
corresponds to the skin friction coefficient at the surface tabulated for different values of Re
and A. From table 6.1 it is observed that the magnitude of the boundary derivative increases
with the increase in Re and it decreases by increasing the values of A\. Table 6.2 shows the
boundary derivatives for the velocity profile at the surface of cylinder which corresponds to the
skin friction coefficient at the surface tabulated for different values of N, and A. From table
6.2 it is observed that the magnitude of boundary derivative decreases by increasing both N,
and A. Table 6.3 shows the values for local Nusselt numbers calculated for different values of
Ny and Pr. From entries in the table it is noticed that with the increase in Pr, the local Nusselt
number increases and it decreases by increasing N. Table 6.4 shows the values for local Nusselt
numbers calculated for different values of Ny and Re. Tabulated values indecate that with the

increase in Re the local Nusselt number increases and it decreases by increasing N;.

A=05,Re=1,5c=1, We=01, Np=1,Ne=1,Pr=2,0=0.05 T Re=1, Sc=1, We=01, Np=1, Ne=1, Ne=1,Pr=2, =005
0.8 08"
90.6' 20-6'
“0.41 =04+
0.2 0.2-
0- 0-
1 1
I 1
Fig.6.1 Influence of buoyancy ratio on Fig.6.2 Influence of natural convection
velocity profile parameter on velocity profile
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Fig.6.3 Influence of Weissenberg number  Fig.6.4 Influence of Reynolds number on
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Fig.6.5 Influence of Prantdl number on Fig 6.6 Influence of Brownian motion

temperature profile parameter on temperature profile
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Fig.6.9 Influence of Schmidt number on  Fig.6.10 Influence of Reynold number on
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Table 6.1 : Skin friction coefficient at surface of the cylinder for A\ Re.

A\ Re 0.1 0.2 0.3 0.4 0.5 1.0
0.1 | 0.5417665 | 0.6472440 | 0.7405385 | 0.8256308 | 0.9048707 | 1.1877323
0.3 | 0.5047508 | 0.5878888 | 0.6638048 | 0.7338210 | 0.7991701 | 1.0823029
0.5 | 0.4685034 | 0.5308771 | 0.5911608 | 0.6478879 | 0.7011902 | 0.9304973
0.7 | 0.4329826 | 0.4759543 | 0.5220001 | 0.5667934 | 0.6093992 | 0.7926674
1.0 | 0.3809803 | 0.3970323 | 0.4237953 | 0.4526199 | 0.4810536 | 0.6052925

Table 6.2 : Skin friction coefficient at surface of the cylinder for \\N,.

A\ N, 0.1 0.2 0.3 0.4 0.5 1.0
0.1 ] 0.9225412 | 0.9170612 | 0.9115928 | 0.9061359 | 0.9006905 | 0.8736364
0.3 | 0.8274242 | 0.8119717 | 0.7966064 | 0.7813283 | 0.7661372 | 0.6914783
0.5 | 0.7389129 | 0.7145075 | 0.6903109 | 0.6663227 | 0.6425421 | 0.5267080
0.7 ] 0.6557539 | 0.6231766 | 0.5909584 | 0.5590979 | 0.5275932 | 0.3752816
1.0 | 0.5391606 | 0.4954539 | 0.4523649 | 0.4098899 | 0.3680230 | 0.1674808

Table 6.3 : Local Nusselt numbers for different values of Pr\N;.

Pr\N, 0.1 0.2 0.3 0.4 0.5 1.0
1 0.3670232 | 0.3512651 | 0.3351202 | 0.3194159 | 0.3042953 | 0.2379131
3 0.5673555 | 0.5428482 | 0.5222006 | 0.5029387 | 0.4845972 | 0.4032442
5 0.7501875 | 0.7145851 | 0.6891727 | 0.6666279 | 0.6455541 | 0.5525502
10 1.1218606 | 1.0693323 | 1.0361168 | 1.0082439 | 0.9828072 | 0.8714786
15 1.4103439 | 1.3511575 | 1.3143805 | 1.2839238 | 1.2563011 | 1.1353196

Table 6.4 : Local Nusselt

numbers for different values of N;\ Re.

Ni\ Re 0.1 0.2 0.3 0.4 0.7 1.0
0.1 0.4577478 | 0.5829143 | 0.6903830 | 0.7851347 | 1.0196609 | 1.2079586
0.3 0.4197439 | 0.5424134 | 0.6478759 | 0.7408885 | 0.9709497 | 1.1553141
0.5 0.3846766 | 0.5047382 | 0.6081510 | 0.6994234 | 0.9251340 | 1.1057320
0.7 0.3524091 | 0.4697585 | 0.5710763 | 0.6606027 | 0.8820635 | 1.0590535
1.0 0.3089417 | 0.4220501 | 0.5201416 | 0.6070311 | 0.8222791 | 0.9941360
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6.5 Conclusions

Keller box method is employed to find the numerical solution for flow of Williamson nanofluid
past a vertical exponentially stretching cylinder. The main findings of the study are summarized

below:

e The velocity profile increases upon increasing buoyancy ratio parameter and natural con-

vection parameter but it decreases by increasing Weissenberg and Reynold numbers.

e The temperature profile increases for larger Brownian motion parameter N, and ther-

mophoresis parameter V.

e The nano concentration profile decreases upon increasing Schmidt number Sc and it

increases by increasing Reynold number Re.

e Skin friction coefficient decreases upon increasing natural convection parameter A and

buoyancy ratio parameter N, but it increases for increasing Reynold number Re.

e Local Nusselt number increases for larger Reynold and Prandtl numbers but it decreases

when Brownian motion and thermophoresis parameters are increased.
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Chapter 7

Dual stratified mixed convection
flow of Eyring-Powell fluid past an
inclined stretching cylinder with

heat generation/absorption effect

7.1 Introduction

This chapter is proposed to study the effects of double stratified medium in the mixed convec-
tion boundary layer flow of Eyring-Powell fluid flow induced by an inclined stretching cylinder.
Flow analysis is studied in the presence of heat generation/absorption. Temperature and con-
centration are assumed higher than ambient fluid across the surface of cylinder. The arising
flow system of partial differential equations is primarily transformed into coupled non-linear
ordinary differential equations with the aid of suitable transformations. Numerical solutions of
resulting non-linear boundary value problem are computed successfully by utilizing fifth order
Runge-Kutta algorithm with shooting technique. The velocity, temperature and concentration
profiles are examined graphically. Further, the numerical findings are obtained for two distinct
cases namely, zero (plate) and non-zero (cylinder) values of curvature parameter and the behav-

iour are presented through graphs for skin-friction coefficient, Nusselt number and Sherwood
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Figure 7-1: Fig. 7.1. Physical configuration and coordinate system.

number. The current analysis is validated by comparative analysis with previously published

work.

7.2 Formulation

7.2.1 Flow analysis

Consider two dimensional and steady incompressible boundary layer flow of Eyring-Powell fluid
by an inclined stretching cylinder. Flow analysis is taken with double stratification in the
presence of mixed convection and heat generation/absorption. Temperature and concentration
at the surface of cylinder are assumed at higher than the ambient fluid. The boundary layer

approximation give rise to following expression:




Jou ou (VNP 1 ou\ P 1 1 Nou 1 (ou)?
Ox or Bpc) Or2  2B3p \or) or: r Bpc) Or  6Brpcd \ Or

+987r (T — Tw) + gB.(C — Cx) cos a. (7.2)

The axial direction of cylinder is supposed as x — axis and r — axis is perpendicular to
it. In the above expressions, the velocity components v and v are in the x and r direction
respectively.Here p is the fluid density, v is the kinematic viscosity, S is the coeflicient of
thermal expansion, f3, is the coefficient of concentration expansion and « is the inclination of
cylinder with  — axis respectively. Note that 8 and ¢ are the Eyring-Powell fluid parameters.

The corresponding boundary conditions are

u(:c,r):U(a:):%x ,o(z,r) =0, at r =R, and u(z,r) — 0, as r — oo, (7.3)

Stream function satisfying continuity Eq. (7.1) is defined by the equations:

o) G &

To trace out the solution of Eq. (7.2) under boundary conditions Eq. (7.3), we used following

transformations:

2_R2 U % U, % U, / R U
=an () em () mow w= 2 0=
(7.5)

where Uy is the free stream velocity, L is the reference length, f’(n) represents dimensionless
variable and prime denotes differentiation with respect to n (similarity variable) that is the
velocity of fluid past an inclined stretching cylinder having radius R. Incorporating Eqs. (7.4)—
(7.5) into Eq. (7.2), we get

(1+2Kn) (1+ M) f" + £ — (f) +2K(1+ M)f" — g)\MK (1 + 257 (5")?
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—MA(L+2K0)? (f)2 " + A (0 + N¢) cos a = 0, (7.6)
with

/

fO) =1, f0)=0 , f(o0)—=0 (7.7)

Here, K, M, X\, \,,, and N denote curvature parameter, fluid parameters, mixed convection

parameter and ratio of thermal to concentration buoyancy forces respectively. These definitions

are
1 Jv 1 ax3 Gr Gr Uy
R\ a '’ uBe 22y Re? G M T

(7.8)

where Gr and Gr*denotes Grashof number due to temperature and concentration respec-

tively as

* g/BT(Tw — TO)w3 _ gﬁC’(Cw - CO)xs

Gr 2 , Gr 2 (7.9)
The skin friction coefficient at the surface of cylinder is considered as
Tw
Cy = [iEk (7.10)
P=3
ou 1 Ou 1 ou\?
= el — - == , A1
T [M<8T>+,808T 65c3 <8T> ] r (7.11)

where p denotes dynamic viscosity of fluid and 7 is the shear stress. The dimensionless form

of skin friction coefficient is given by

2M A

CtRel/? =201+ M)f" (0) — 3

L (0)), (7.12)

with Re, = U2z /vL is local Reynolds number.
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7.2.2 Heat and mass transfer analysis

Heat transfer analysis is carried out in the presence of heat generation/absorption. The de-
struction of fluctuation velocity gradients by action of viscous stresses in a laminar boundary
layer flow of Eyring-Powell fluid is assumed small so the viscous dissipation is neglected. Thun

under boundary layer approximation, the energy and concentration equations take the forms

oT oT K 9 oT Qo(T — Tw)
_ 1
“or TV ar pCp 10r <7° or >+ pCp 7 (7.13)
oc  oCc D 9 [ oC
v a—a<a> (7.14)

where K denotes thermal conductivity, Cp is specific heat at constant pressure, D the mass
diffusivity and )¢ the heat generation and absorption coefficient. Temperature and concentra-

tion boundary conditions for the fluid flow problem are

T(x,r) = Tw(«T):To—i-bTa:, C’(x,r)sz(x):C’o—l—dLi at r =R,
T(z,r) — Too(w):ToJr% ,C(%,T)—)Coo(x)zco_l’_e%’as r — 00, (7.15)

where Ty, (x), Cy(2), Too (), Coo(x), To, Cy denotes prescribed surface temperature, surface
concentration, variable ambient temperature, variable ambient concentration, reference tem-
perature and reference concentration respectively. Here b, ¢, d and e are positive constants. To
find out the dimensionless forms of Egs. (7.13) and Eq. (7.14) under boundary conditions, i.e
Eq. (7.15), we define

- R (T \* T-T c-cC
_ 0(n) — %0 _ o0 7.16

Y7 (M)’ M =7—5 *W=a "¢ (7.16)
After substituting Eq. (7.16) in Eqgs. (7.13) — (7.14), the dimensionless form of energy and

concentration equations is given by
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(1+2Kn)0" +2K6 + Pr (f 0 —f0— fle+ 5H9) — 0. (7.17)

(1+2Kn)¢" +2K¢ + Sc (f o —fo—f 62) —0, (7.18)

subject to the transformed boundary conditions

0=1—¢€, ¢=1—¢€ at n=0, 6§ -0, ¢ —0, as n— oo, (7.19)

where Pr, €1, dp, Sc and ez denote Prandtl number, thermal stratification parameter,
heat generation/absorption parameter, Schmidt number and solutal stratification parameter

respectively. These have definitions

PCP c LQO 1% e
P = — = — 5 = = — = — 2
r K’ €1 b’ H UOPCP’ Sc D’ €2 d (7 O)
The local Nusselt and Sherwood numbers are defined as
T oT
Nuy = ————, w=—k| — 7.21
Y b Ty —T)” 1 (&«)TR (7:21)
—Xjuw ) oC
Sh=——"——— w=-D[— 7.22
D(Cy—Cqy ’ <87‘>TR (7.22)
in dimensionless form, these quantities are
NuyRe; /2 = —0'(0),  ShRe;Y?=—¢(0), (7.23)

7.3 Results and discussion

7.3.1 Numerical solution

The systems of governing coupled non-linear ordinary differential equations, i.e Egs. (7.6), (7.17)
and (7.18) subject to boundary conditions (7.7) and (7.19) are solved by employing shooting

method with the aid of fifth order Runge-Kutta scheme. Firstly, reduction has been done in a
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system of seven first order simultaneous equations by letting

Zy = f,
Zs = Zy=f,
Zs = 0,
Ze = 6.

Then, the equivalent form of Eqs. (7.6), (7.17) and (7.18) under new variables is given by:

Z, = Z,

Z2 - Z3,
. (Z2)? — Z1Z3 — 2K (1 + M) Z3 + $AMK (1 + 2K0)Z3* — A\in(Zs + N Zg) cos a

Zy = :
3 (14 2Kn)(1+ M) — MA(1 4 2Kn)2Z,>

Z, = Zs,
' Pr(ZyZ o — 175 — O0gly) — 2K Z,

7z = r(ZyZy + €12 — Z1Zs — 0 Zy) 5. (7.24)

1+ 2Kn

Zy = Zn,

Z/ B SC(ZQZﬁ + €91 — Z1Z7) — 2K 7
[ 142K ‘

The corresponding boundary conditions in new variables are given as follows:

Z1(0) = 0,

Z5(0) = 1,

Z5(0) = wunknown,

Z40) = 1—e, (7.25)
Z5(0) = wunknown,

Zs(0) = 1—eg,

Z7(0) = wunknown.
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In order to integrate Eq. (7.25) as an initial value problem, we required values for Z3(0) i.e.
F7(0) , Z5(0) i.e. 0'(0) and Z7(0) implies ¢ (0). The initial conditions Z3(0) , Z5(0), Z-(0) are

not given but we have additional boundary conditions

Zz(o0) = 0,
Zy(oc0) = 0, (7.26)
Zg(oo) = 0
Table — 7.1 : Numerical values of skin friction coefficient for K, Pr and M.
K | Pr|M JOrRer” = (1+ M) (0) = 22" (0)?
0.1[1.1]0.1 -0.9809
0.2 - - -1.0254
03] - - -1.0694
0.1(1.1]0.1 -0.9809
- |12 - -0.9825
- |13 - -0.9839
0.1[1.1]0.1 -0.9809
- - 102 -1.0268
- - 103 -1.0779

By choosing favourable guessed values of f (0), 9,(0) and , qb,(O), the integration of system
of first order differential equations are carried out in such a way that the boundary conditions
given in Eq. (7.27) holds absolutely. The step size An = 0.05 is used to obtain the numerical
solution with four decimal accuracy as convergence criteria.

Tables 7.1 and 7.2 are constructed to indicate the influence of embedded physical parameters
symbolically, K, Pr, M, A, Sc, €1, €2 on skin friction coefficient. Adopted parametric values
are mixed convection parameter A\, = 0.1, ratio of buoyancy forces N = 0.1, inclination angle
a = 30°and heat generation/absorption parameter 6 = 0.1. It is revealed that skin friction
coefficient increases (in absolute sense) for higher values of curvature parameter K, thermal

stratification parameter €1, solutal stratification parameter es fluid parameter M , Prandtl
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number Pr and Schmidt number Sec. Skin friction coefficient shows declined effect on fluid

parameters A.

Table — 7.2 : Numerical values of skin friction coefficient for A\, Sc¢, e;and es.
Al Selea | e 1CrRey® = (14 M) " (0) — M2 (0))3
01]1.1]01]0.1 -0.9809
02| - - - -0.9760
03] - - - -0.9738
01]1.1]01]0.1 -0.9809

- |12 - - -0.9850

- |13 - - -0.9893
01]1.1]01]0.1 -0.9809

_ - lo2| - -0.9868

- - 103 - -0.9937
01702]01]0.1 -0.9809

- - - 102 -0.9887

- - - 103 -0.9995

Tables 7.3—7.4 show the influence of different physical parameters on heat and mass transfer
rate for fluid parameters A = 0.1 and M = 0.1, mixed convection parameter \,, = 0.1, ratio of
buoyancy forces N = 0.1, inclination angle a = 30° and heat generation/absorption parameter
0g = 0.1. Particularly, Table 7.3 shows the variation of heat transfer rate against frequent
values of curvature parameter K, Prandtl number Pr and thermal stratification parameter €.
Table 7.4 shows the rate variation of mass transfer for different values of curvature parameter
K, Schmidt number Sc and solutal stratification parameter es. It is examined that the heat
and mass transfer rate increases for larger values of curvature parameter , Prandtl number Pr
and Schmidt number Sc, respectively. Heat and mass transfer rates exhibit decreasing behavior
towards thermal stratification parameter and solutal stratification parameter respectively. By
having Eqgs. (7.6) and (7.17) the flow problem can be identified by Ishak and Nazar [55].

Furthermore, in the absence of curvature parameter (i-e K = 0)
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Table — 7.3 : Temperature gradient at the surface of cylinder
for various values of K, Pr and €.

K | Pr| g —6' (0)
0.1]1.1]0.1 1.0983
0.2 | - - 1.1306
03] - - 1.1632
0.1]1.1]0.1 1.0983

- 112 - 1.1553

- 1.3 - 1.2101
0.1]1.1]0.1 1.0983

- - 102 1.0567

- - 103 1.0144
Table — 7.4 : Mass transfer rate at outer surface of cylinder

for different values of K, Sc and es.

K | Sc | e —¢'(0)
0.1]0.210.1 0.4500
0.2 | - - 0.5020
03] - - 0.5512
0.1]0.2]0.1 0.4500

- 103 - 0.5220

- 104 - 0.6068
0.1]0.210.1 0.4500

- - 102 0.4013

- - 103 0.3711

For M =0, A =0, A\, =0, a =0° ¢ =0, and g = 0, Egs. (7.6) and (7.17) reduce
to the flow problem given by Grubka and Bobba [56] . Table 7.5 is constructed to compare
the heat transfer rate for various values of Prandtl number Pr in a limited sense. An excellent

agreement has been found which leads to conformity of present work.
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Table — 7.5 : Comparision of heat transfer rate for different values of Prandtl number Pr
Pr | Grubka and Bobba [56] | Ishak and Nazar [55] Present study

0.72 0.8086 0.8086313 0.8089

1.00 1.0000 1.0000000 1.0000

3.00 1.9237 1.9236825 1.9239

10.0 3.7207 3.7206739 3.7208

7.3.2 Velocity profiles

Figs. 7.2 — 7.8 illustrate the effects of flow controlling parameters on non-dimensional velocity
profiles. Fig. 7.2 shows that an increase in thermal stratification parameter €1 leads to decrease
in velocity profile. This effect is due to drop of convective potential between surface of cylinder
and ambient temperature. Fig. 7.3 identifies that an increase in mixed convection parameter A,
yields an increase in fluid velocity. Physically, this is due to enhancement of thermal buoyancy
force. Higher values of mixed convection parameter \,, lead to an increase in velocity within
a boundary layer. The behaviour of an inclination « on velocity is depicted in Fig. 7.4. It
is noticed that for higher values of an inclination « the velocity profile declines. Because by
increasing an inclination « relative to z-axis the influence of gravity is reduced which results
decline in velocity within a boundary layer. Fig. 7.5 illustrates that for larger values of curvature
parameter K the radius of cylinder decreases and fluids motion accelerates. This is due to
reduction of contact surface area of cylinder with fluid which offers less resistance to fluid flow.
So increase in curvature parameter K causes increase in velocity profile within the boundary
layer. The effect of solutal stratification parameter e; on velocity is displayed in Fig. 7.6. It
is observed that the fluid velocity decreases within boundary layer for the increasing values of
solutal stratification parameter €5 . Fig. 7.7 evidents that the velocity profile increases against
increasing value of fluid parameter M . Because fluid parameter M has inverse relation with
viscosity so higher values of fluid parameter M brings fluid to be less viscous which results
increase in rate of deformation. Fig. 7.8 is sketched to examine the effects of ratio of buoyancy
forces N on velocity profile. As N is the ratio of concentration to the thermal buoyancy forces,
so larger values of buoyancy forces N reflects dominancy in concentration buoyancy force which

yield an increase in velocity distribution within a boundary layer.
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7.3.3 Temperature profile

Figs. 7.9—7.14 reflect the impacts of different physical flow parameters on temperature profiles.
Influence of thermal stratification parameter €; on temperature profile is given by Fig. 7.9. It
is prominent from figure that the temperature distribution decreases for increasing values of
thermal stratification parameter €¢;. This outcome is due to declined in temperature difference
between surface of cylinder and ambient fluid. Hence temperature profile decreases within ther-
mal boundary layer. Fig. 7.10 provides the influence of an inclination « against temperature
distribution. It is noticed that an increase in inclination o shows enhancement in temperature
within a boundary layer. This fact is due to gravity effect. For larger values of an inclination
« the gravity effect reduces. It shows decrease in rate of heat transfer. Therefore temperature
distribution increases. Fig. 7.11 elaborates the influence of heat generation/heat absorption
parameter 0z on temperature distribution. It is explored that increase in heat generation/heat
absorption parameter dy causes increase in temperature of fluid. Here significant heat is pro-
duced during heat generation phenomena which results an increase in temperature distribution.
Fig. 7.12 illustrates that the temperature distribution increases due to larger curvature para-
meter K . Temperature is stated as an average kinetic energy so, when we increase curvature
parameter K of cylinder, velocity of the fluid increases which results increase in kinetic energy
and due to which temperature increases. Note that temperature profile decreases adjacent to
the surface of cylinder and it increases away from it. It is clearly seen that an increase in
intensity of buoyancy forces shows an increase in temperature of fluid. Fig. 7.13 indicates
that the temperature distribution increases for higher values of solutal stratification parameter
€s . Fig. 7.14 presents the influence of Prandtl number Pr on temperature profile. Prandtl
number Pr has inverse relation towards thermal conductivity, fluid with higher Prandtl number
Pr. Hence an increase in Prandtl number Pr causes a strong reduction in temperature of the
fluid which results thinner thermal boundary layer. Sometimes we may have overshoot in the
thermal boundary layer due to higher thermal conductivity. That effect can be controlled by

introducing heat sink which helps to moderate the temperature.
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7.3.4 Concentration profile

Figs. 7.15 — 7.20 include the effects of several involved parameters over concentration profile.
Fig. 7.15 demonstrates the impact of thermal stratification parameter ¢; on concentration
profile. An increase in thermal parameter €; brings inciting in fluid concentration across the
surface of cylinder. From Fig. 7.16, it is witnessed that the concentration boundary layer
decreases by increasing Schmidt number Sc. Since this effect is similar to Pr verses thermal
boundary layer. As Sc has inverse proportional behavior towards mass diffusivity. Thus higher
values of Schmidt number Sc bring thinning in the concentration boundary layer. As a result
concentration distribution decreases. Influence of solutal stratification parameter €5 is described
through Fig. 7.17 over concentration profile. It is clear that concentration, the boundary layer
thickness decreases for higher values of solutal stratification coefficient e3. Influence of an
inclination a and mixed convection parameter A\, on skin friction coefficient for both plate and
cylinder is sketched in Fig. 7.18. It is acknowledged that for increasing values of an inclination
o the skin friction coefficient increases whereas it shows opposite effect for mixed convection
parameter \A,,. Further, the magnitude of skin friction coefficient is higher for cylinder when

compared with plate. Fig. 7.19 witnesses that mass transfer rate decreases for larger values
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of an inclination « and heat generation/absorption parameter dz. It is also noticed that the
strength of mass transfer rate is slightly larger for cylinder than plate. Fig. 7.20 is constructed to
examine the behaviour of mixed convection A, and ratio of thermal to concentration buoyancy
forces N on mass transfer rate. It is analyzed that for larger values of both mixed convection
parameter \,, and ratio of buoyancy forces IV, the mass transfer rate increases. The magnitude

of mass transfer rate for cylinder is more when compared to plate.
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7.4 Conclusions

Double stratified mixed convection boundary layer flow of Eyring-Powell fluid induced by an
inclined stretching cylinder is reported. Flow analysis is carried out with heat generation

process. The findings of present study are listed as follows:

e The fluid velocity increases significantly for larger values of curvature parameter K, fluid
parameter M, mixed convection parameter \,, and ratio of buoyancy forces N. However
velocity profile shows opposite variation for thermal stratification parameter ey, solutal

stratification parameter €5 and an inclination c.

e The fluid temperature is increasing function of solutal stratification parameter ey, cur-
vature parameter K, an inclination o and heat generation/absorption parameter ¢p.

Temperature decays for thermal stratification parameter ¢; and Prandtl number Pr.

e The concentration profile increases for increasing values of thermal stratification para-
meter ¢; while it decreases for solutal stratification parameter e and Schmidt number

Se.

e Skin friction coefficient expressively enriches for cylinder in comparison to plate regarding

an inclination o and it reduces for mixed convection parameter A, .

e Higher values of an inclination « and heat generation/absorption parameter dz shows

reduction in heat transfer rate.

e Mass transfer rate considerably increases for both mixed convection parameter A, and

ratio of buoyancy forces .
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Chapter 8

Boundary layer flow of second grade
fluid past a vertical exponentially

stretching cylinder

8.1 Introduction

In this chapter, we obtained the similarity solution for the boundary layer flow of a second grade
fluid past a vertical cylinder stretching exponentially along its radial direction.Heat transfer is
also analyzed. The resulting boundary layer problems are solved. The obtained system of
equations subject to the boundary conditions are solved with the help of homotopy analysis
method (HAM). The effects of the different parameters including Reynolds numbers, Prandtl
numbers and the natural convection parameter are presented through graphs. The skin friction

coefficient and Nusselt numbers are studied for different parameters.

8.2 Mathematical formulation

Consider the problem of natural convection boundary layer flow of a second grade fluid flowing
over a vertical circular cylinder of radius a. The cylinder is assumed to be stretched exponen-
tially with velocity U,. The temperature at the surface of the cylinder is 7, and the uniform

ambient temperature is taken as T, such that T;, — T, > 0 in case of the assisting flow, while
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Tw — Too < 0 for opposing flow, respectively. Under these assumptions the boundary layer

equations of motion and heat transfer are

U
ur+;+wz = 0,

1

aq
uwy +ww, = V(wrr + *wr) + 7[uwr7ﬂr + WWrry + WrpWy — Wylpy
r P

1
+;(uww + wwy, + wpw, —wpuy)] + g8(T — Too),

1
ul, +wl, = ol + ;Tr),

(8.1)

(8.2)

(8.3)

where the velocity components along the (r, z) axes are (u,w), p is density, v is the kinematic

viscosity, p is pressure, g is the gravitational acceleration along the z— direction, § is the

coefficient of thermal expansion, 1" is the temperature and « is the thermal diffusivity. The

corresponding boundary conditions for the problem are

u(a,z) = 0, w(a,z)=U, w(rz)— 0asr— oo,

T(a,z) = Ty(z), T(r,z) — Te asrT —> 00,

where U, = 2ake®/® is the fluid velocity at the surface of the cylinder.

8.3 Solution of the problem

By considering the following similarity transformations:

1 f(n) /

_*Uw77 w:Uwf n),
g - T-Tx o

Tw_Too7 77—a27

The Eqgs. (8.1) to (8.3) take the form

77f/// + f// + Re(ff” _ f/2) _ 2A(77ffw + 2ff///

—20f " —nf" = 2f'f") +ReXd =0,
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1
nd" + 6" + 5 RePr(f0' — f'6) = 0, (8.9)

in which A\ = gBa(T, — T )/U?2 is the natural convection parameter, Pr = v/« is the Prandtl
number, A = a1U,,/2avp is second grade fluid parameter and Re = alU,, /4v is the local Reynolds

number. The boundary conditions in nondimensional form become

Fy = 0, fM)=1, 6(1)=1, (8.10)

ff — 0, 6—0, as n— oo. (8.11)

The important physical quantities such as the shear stress at the surface 7., the skin friction
coefficient cy, the heat flux at the surface of the cylinder g,, and the local Nusselt number Nu,

are

Tw = Trz |7“:a7 quw = _kTr |7“:a7 (812)
z/a
Tw ae qu
= Te gy = 3w 1
cy Pk U (T = Too) (8.13)

8.4 Homotopy solution

In order to develop solutions, we employ the homotopic technique suggested by Liao [58]. The
HAM is preferred due to the following facts. (i) The HAM does not require any small/large
parameters in the problem. (ii) It gives us a way to verify the convergence of the developed
series solutions. (iii) It is useful in providing incredible flexibility in the developing equation
type of linear functions of solutions.

The initial guesses and linear operator are:

foln) = (1 =€), Oo(n) = exp(1 — ), (8.14)

and linear operators satisfying the properties

a3 d d? d
_ -4 8.15
! dn®  dn’ 0 dn?  dn’ ( )

Ef(Cl + Coe + Cge_”) =0, ﬁg(04 + 056_77) =0, (8.16)
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where C; (i =1 — 5) indicate the arbitrary constants.

8.4.1 Zeroth-order deformation problems

The corresponding problems at the zeroth order are presented in the following forms:
(1= q) £¢ [ 01:0) = fon)| = ahyy [F(nia)] (8.17)

(1= ) £o [00150) = 00(m)| = ahaNi [£(:0),0n0)] (8.18)

f;9) = 0, fi(Lg)=1, 6(0,q) =1,

f(c0,q) = 0, f'(0039) =0. (8.19)

A A ¢ f(n.a) ; 0*f(n,q)

n(f’)@”(g,q) + 82(];(7;,(]) + Re f, q)A on? ) _94 nf(n,q) o’
A A ~ 3

Nilf .00 0] = ! - (22) +2fn,0) 2532 |

~ 37 27 2 7 27 ~
ot g () oo s
(8.20)
) ) 8%0(n,q)  80(n,q) 1 ;. 00(n,q) 0f(n.q),
Nolf(n,9),0(n, )] =n o T on + 5 RePr{ f(n.4q) o on 0(n,q)
(8.21)

Here ¢ is an embedding parameter, iy and 7y the non-zero auxiliary parameters and Ny and

Ny indicate the nonlinear operators.

8.4.2 mth-order deformation problems

L lfm () = XmFmo1 ()] = hyRL (n), (8.22)
Lo [0m (1) = Xmbm—1 ()] = heR%, (n), (8.23)
fl(00) = 0, Opy(c0) =0, (8.24)
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m—1

an (n) = 77f7,7/z/—1+f7/7,z—1+Re kZ (fm I A kfk) AZLZ_: (77fm 1=k fi + 2fm—1— kf”/)

m—1 ,
_277 Z ( m—1—k l::”) -n Z ( m—1—k k) 2 Z: (f;nflfk l:)l) +Re>‘9m717 (825)
%) " / 1 ot / /
R] (77) = 770.7'71 + 6]'71 + 5 RePr kXZ:O (fm_l_kek — fm_l_kek) . (826)
0, m<1,
Xom = (8.27)
1, m>1.

The general solutions (fy,, 0m) consisting of special solutions (f,07) are

fm(n) = fo(n) + C1 + Cae” + Cze™7, (8.28)

Om(n) = 05, (n) + Ca + Cse™ ", (8.29)

in which the values of C;(i =1 —5) are

— _ B
n an Cy m(n),
Cs = 0 (8.30)

c = <_8fia(77) —fi%(n)) =0, Gy = 2l
n=0

8.5 Discussion

In this section, the homotopic solutions are analyzed for the effect of various parameters such
as the Reynolds number Re, the second grade parameter A, the Prandtl number Pr and the
natural convection parameter A on the nondimensional velocity and temperature.Here F'ig.8.1
shows the effect of Prandtl number Pr on the velocity profile f’. From F'ig.8.1 it is observed that
by increasing Prandtl number Pr the velocity profile decreases. F'ig.8.2 shows the influence of
the natural convection parameter A on the velocity profile f’. Clearly when natural convection
parameter A increases then velocity profile also increases.That is, the natural convection para-
meter \ is directly proportional to the velocity profile f’. Similar characteristics are observed
for second grade fluid parameter A in the Fiigs. 8.3 and 8.4. By increasing the value of Reynold

number Re the velocity profile decreases. In F'ig.8.5 the h-curves of velocity profile for different
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values of Reynold number are displayed when Pr = 10, A = 1, A = 0.5. F'ig.8.6 shows that after
increasing Prandtl number Pr the temperature profile decreases. F'ig.8.7 shows opposite behav-
iour of temperature profile upon increasing natural convection parameter A. The temperature
profile rapidly decreases by increasing the value of second grade parameter A (see Fig.8.8) and
similar behaviour of temperature profile is examined by increasing the values of Reynold num-
ber Re (see Fig.8.9). Fig.8.10 shows the convergence region for temperature profile through

h-curves for different values of Prandtl number Pr when A = 1,Re =2, A = 0.5.
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Table 8.1 : Skin friction coeflicient at the surface of the cylinder.

Re\Pr 0.7 1.0 7.0 10.0 15.0
0.5 | 0.331799 | 0.362456 | 0.843729 | 1.01324 | 1.1986
1.0 0.398152 | 0.457414 | 1.20143 1.4362 1.76274
1.5 0.459415 | 0.537164 | 1.4491 1.73577 | 2.13661
2.0 | 0.516379 | 0.612262 | 1.67114 | 2.0068 | 2.46585
2.5 | 0.568956 | 0.679781 | 1.86795 | 2.243470 | 2.689060

Table 8.2 : Local Nusselt numbers.

Re\A 0.0 0.5 1.0 1.5 2.0
0.5 | 0.853004 | 0.823586 | 0.794351 | 0.765297 | 0.736421
1.0 | 1.00715 | 0.95683 | 0.907285 | 0.858489 | 0.810423
3.0 1.47889 1.38199 | 1.28968 1.20125 1.11607
5.0 1.83133 | 1.70796 | 1.59150 | 1.48009 | 1.37257
10.0 | 2.47349 | 2.32467 | 2.16570 | 2.01174 | 1.86475

8.6 Conclusions

The homotopy analysis method is employed to study the natural convection boundary layer
flow of second grade fluid past an exponentially stretched cylinder. The main findings of the

study are summarized as below:

e The velocity profile increases for larger Prandtl number, natural convection parameter

and second grade parameter but it decreases by increasing Reynold number.

e The temperature profile increases on increasing Reynold number, natural convection pa-

rameter and Prandtl number but it decreases by increasing second grade parameter.
e Skin friction coefficient is an increasing function of Reynold and Prandtl numbers.

e Local Nusselt number enhances upon increasing natural convection parameter but it de-

creases by increasing Reynold number.
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Chapter 1

Introduction

The unavailability of a solitary stress tensor that can be used to model all the non-Newtonian
fluids diversifies the field of fluid mechanics from other disciplines. Fgrflow problems allied with
diverse fluid models the attained mathematical formulism consists of a set of coupled highly non-
linear partial differential equations. In numerous situations, the exact solution for such system,
tor a vide rage of the involved physical parameters is vet a dream for the researchers even after
putting enormous labor. The concept of boundary layers as overcome this exertion in various
circumstances. The idea was first socialized by Ludwig Prandt] when he presented his paper at
the 3rd International Congress of Mathematicians in Heidelberg, Germany in 1904 [1]. Since
then the theory is applied to virtually all the available non-Newtonian fluid models for diverse
problems of fluid flowing under different physical constraints % the highly nonlinear coupled
system of partial differential equations is abridged into a much simple one by systematically
negating the less contributing slice. Mathematically, the role of the boundary layer is often to
reduce the original elliptic nature scheme of partial differential equations into a more simple
parabolic nature, The sensitivity of boundary layer theory is exceedingly enhanced by Blasius
by adding the essence of transformed domain similarity solutions for the problem of viscous
fluid flow over a flat plate [2]. Together, the boundary layer approximations and the similarity
transformations has become a strong tggl for the researchers and have been successtully applied
on almost every available Auid model. g]el et al. [3] inspected the impact of viscous dissipation
and non-uniform heat source/sink on the boundary layer flow and heat transfer of a second

grade fluid flowing through a porous medium, Sahoo and Do [4] have probed into the effects of




magnetic field and the partial slip on the flow and heat transfer of an electrically conducting

third grade fluid flow to a linearly stretched surface. In another work_Sahoo and Poncet
[5] have inspected thedgects of slip and magnetic field on the flow and Qat transfer of an
incompressible, electrically conducting fourth grade fluid flowing past an igfigite porous plate.
Nadeem et al. [6] have studied the magnetohydrodynamic effects over @‘boundary layer
flow of a Casson fluid, for the case when the fluid is flowing in two lateral directions past
a porous linearly stretched surface. Khan and Khan [7] have presented the solutions of the
steady boundary layer flow of Williamson fluid Howing under four different situations, namely
the Blasius flow, the Sakiadis flow, the stretching and the stagnation point flows. Tonekaboni et
al. [8] have presented the similarity solutions for three different cases of the boundary layer flow
of non-Newtonian viscoelastic Walters’ B fluid flow, namely stagnation-point flow prol the
Blasius flow problem and the Sakiadis flow problem. Hayat et al. [9] have presented the solutj
for the problem of boundary layer low and heat transfer for the Eyring Powell fluid flowing over
a moving surface with convective boundary conditions by means of homotopy analysiginethod.
Rehman and Nadeem [10] have discussed the problem of nanoparticles effects over thegtmda,ry
layer flow of a micropolar fluid flowing over a vertical slender cylinder. Wang and Chen [11]
have discussed the problem of steady E\iuar boundary la ow of a non-Newtonian power-
law fluid flowing past a semi-infinite symmetric structure with a wavy surface and a uniform
wall temperature such that the axis of symmetry is aligned with the oncoming uniform stream.
an et al. [12] have examine the influence of magnetic field and chemical reaction over the
é:undary layer flow of an electrically conducting non-Newtonian couple stress fluid flowing over
sheet that is stretched along its surface with a non-linear surface stretching velocity. m et
al. [13] have discussed the effects of magnetohydrodynamics and nanoparticles for themdary
layer flow of non-Newtonign Maxwell fluid flowing past a stretching sheet. Akber et al. [14] have
analyzed the problem ofﬁn\ndary layer flow of tangent h bolic fluid towards a stretching
sheet. Malik et al. [15] have studied the boundary layer flow heat transfer in Sisko fluid
flowing over a nonisothermal nonlinearly stretching surface wi nvective boundary condition
under the influe of a uniform transverse magnetic field. @y:t et al. [16] have presented

the analysis for mo! m and thermal boundary layers arising from the motion of Carrean

fluid flowing above a stretching sheet with convective boundary conditions. Hamad et al. [17]

on




have studied the dynamics of the thermal boundary la; ow of a steady, incompressible non-
Newtonian Jeffrey fluid near the stagnation point on a stretching sheet taking into account the
thermal jump condition at the gurface of the sheet. Hayat and Mumtaz [18] have presented an
analysis for the hydromagnetic gmndary layer flow of a non-Newtonian Johnsgg-Segalman fluid
flowing over a semi-infinite expanse of electrically conducting rotating plate in the presence of
a transverse magnetic field. Phan-Thien [19] has obtained the solutions for the boundary layer
stagnation point flows of an Oldroyd-B fluid flow for the case of plane stagnation point and
axi-symmetric stagnation flows. Ravindran et al. [20] analyzed the occurrence of boundary
layers due to the flow of a Burgers’ uid flow in an orthogonal rheometer. Pai and Kandasamy
[21] have studied the momentum boundary layer profile due to the entrance regign flow of a
Herschel-Bulkley fluid flowing through an annular cylinder. Nirmalkar et al. [QQ]ggive studied
the boundary layer creeping flow of a Bingham plastic fluid flowing past a two dimensional
cylinder of square cross-section,

The study of stretching sheet was initiated by Crane [23]. Since then, % study of fluid
flow over a strefching sheet has become a problem of concentration for researchers due to
its inclusive applications in collective engineering processes such as wire drawing, polymer
processing, paper production, glass blowing, metal spinning, manufacturing, cooling of metallic
plates, extrusion of polymers, aerodynamic extrusion of plastic sheets, purification of liquefied
metal from non-metallic inclusion, manufacturing process of artificial films and fibers, polymeric
sheets, crystal growing and hot rolling. It is also used to assemble car body works in automobiles
and to manufacture aircraft fuselages in aeronautics. It is experimentally validated that at high
temperature; nﬁrial passes through extrusion in liquefied state. This elongation of material is
approxi proportional to the distance from the st tion point. Particularly, for the flow
problem over an exponentially stretching surface, the annealing and thinning of copper wires
the final product depends on the heat transter rate at the surface of the stretching continuous
object with exponential variatiopg of stretching velocity and temperature distribution. During
such practices, the kinematics of stching and the heating/cooling have a crucjglimpact on the
quality of the final products [24]. Mahapatra and Gupta [25] have debated the %gna.t.icn point

flow of gdscous fluid over a flat deformable sheet. They perceived a boundary layer immediate

to the stretching surface and also observed that the configuration of this boundary layer rest




on the ratio of the velocity of the stretching surface to of the frictionless potential flow
in the neighborhood of the stagnation point. Bachok et al. [26] explained the problem of
stagnation point flow over a stretching/shrinking sheet which is placed inside a nanofluid. The
solution was carried for three specific water-based nano particles that are copper, alumina and
titania. According to their results skin-friction coefficient has the largest magnitude for copper
while the least for alumina while the local Nusselt numbers havethe largest values for copper
while the least for titania. Chiam [27] studied the problem of Eundary layer flow and heat
transfer of an electrically conducting fluid over a non-isothermal stretching sheet under the
influence of a transverse magnetic field. Salleh et al. [28] have provided numerical solutions
using Keller-box technique for the problem of boundary layer flow and transfer over a
stretching sheet with Newtonian heating. They examined the inﬂuencemmndtl pumber
over the temperature profiles and the heat transfer coefficient. They were of the view the
therggal boundary layer thickness has a strong dependence upon the Prandtl number and that

the temperature profile decreases with n@ucrease in the Prandtl number. Mukhopadhyay [29]
f bo

has numerically analyzed the problem of boundary layer flow and heat transfer towards a ﬁ?ﬁ
or =

exponentially stretched sheet in presence of a magnetic field with partial shp itions
velocity and temperature functions at the surface of the sheet. She conclud at the surface
shear stress is an increagipe function of the magnetic field parameter and that the thermal

boundary layer thickness 1s an increasing function of both the magnetic field parameter and the
non-dimensional radiation parameter. In another effort, Mukhopadhyay [30] has presguted the
numerical results for the problem of steady, incompressible magnetohydrodynamic@undary
layer flow and heat transfer of a viscous fluid flowing over a porous surface that is stretched
with some exponential velocity along the surface of the object and is embedded in a thermally
stratified medium. She obtained the result that the velocity field is supp by both the
magnetic field parameter and the suction parameter. She also cc:mmentert:@t the rate of
heat transter is a decreasing function of the non-dimensional stratification parameter.

and Zhong [31] have presented closed form analytic solutions for the boundary layer flow over
a stretching/shrinking sheet with different stretching/shrinking velocity distributions assumed

at the surface of the cylinder. They considered the surface stretching velocities to be linear,

bilinear, nonlinear exponential, quadratic, power-law and periodic functions of the distance over




the points on the surface of the cylinder from that of the stagnation point.

They commented that solution for such a problem is important for the case when
transfer gt the wall is a function of the surface stretching velocity of the wall. Bhargava et
al. [32] have studied the proble Csteady incompressible boundary layer flow of the non-
Newtonian micro fluic ﬂow[,"gt:nd mass transfer over a nonlinear stretching Sheet.
The problem “-'asﬁ‘ed numerically with the help of Finite difference and the finite element
methods. Their work showed that the solutions obtained with both the methods were in
contract. They concluded that the convective parameter can adeptly be used for stability of the
temper e distribution. In another work, Fang et al. [33] analyzed the slip flow of viscous fluid
flowing over a stretching/shrinking surface. They solved the problem for Wu'’s second order slip
flow model. Merkin and Kumaran in their w [34] have examined the problem of unsteady,
2D laminar, incompressible, boundary layer of a viscous fluid flowing over an impulsively
stretching/shrinking sheet. The fluid was assumed to be under the influence of a co t
transverse magnetic field. Different solutions were obtained depending upon distinet @::s
of the magnetic parameter that is the strength of the imposed magnetic field relative to the
stretching velocity of the surface. In [35], Yacob et al. have commented over the melting effects
over the@lnda}:‘y layer flow and heat transfer of a non-Newtonian micropolar fluid lowing over

a stretching/shrinking sheet. They observed that the presence of melting route has decreases the

friction and the t transfer rate at the solid-liquid interface. Zheng et al [36] have analyzed

the problem of boundary layer analysis is presented for the flow and radiative heat transfer
of an incompressible non-Newtonian micropolar fluid flowing over a stretching/shrinking sheet
wit linear power-law surface stretching velocity and temperature functions. They applied
thel@otopy analysis method to obtain the solutions associated with the problem and
included a detailed analysis of the effects of power-law index on the velocity and radiative
temperature fields. Ishak et al. [37] have obtained numerical solutions through the Keller-box
technique for the problem of flow and heat transfer of steady, incompressible boundary layer
viscous fluid flowing outside a stretching permeable hollow cylinder with suction/injection.
Their important observation was that the skin friction coefficient remains unchanged with

varying Prandtl numbers and that skin friction reduces when the fluid flow is influenced by

injection. They also predicted that in case of feeble injection water is a healthier cooling




mediator than air.

Ishak [38] has also numerical alyzed the effects of thermal radiation and magnetohydro-
dynamic on the two <limensi0na.l§ulndary layer flow and heat transfer of a steady, incompress-
ible viscons fluid flowing over an exponentially stretching sheet. His conclusion was that both
the magnetic and the radiation parameters have an inverse behavior on the temperature func-
tion. Gova and Kishan [39] have investigated the magnetohydrodynamic effects on the

blem ot'%ldary layer flow and heat transter of unsteady, incompressible non-Newtonian
micropolar fluid flowing over a stretching surface, when the sheet is stretched in its own plane
linearly with the distance along the surface of the sheet. The problem was solved numeri-
cally with the help of Adams-Predictor Corrector technique for both the transient and the
steady state flow outlines. They commented that the microrotatign influence is more evident
for n = 1/2 as compared with n = 0. The microrotation 1'uncti0n§a parabolic distribution
tor n = 0, while for n = 1/2 the distribution is always decreasing. Due to impulsive motion
they found the skin friction coefficient having large magnitude values for small time at start
of the motion. The skin friction coefficient magnitude values have a monotonic decrease till
they reached the steady state values. Ahmad and Asghar [40] have obtained the exact analytic
solutions for the flow and heat transfer of non-Newtonian second grade fluid Aowing over a
stretching surface with arbitrary velocity and appropriate wall transpiration. They considered
the surface stretching velocities at the surface of the sheet to be linear, quadratic and polynomial
functions of t ngth of the surface from the stagnation point. Weidman and Magyari [41]
have obtained an exact solution of the Crane-type boundary layer partial differential equations
arising from the problem gt steady, incompressible viscous fluid flow encouraged by a planar
stretching surface having an appropriate distributi f wall transpiration. They concluded
that for any type of surface stretching velocity, the(gne-type boundary layer equations can
be generated if the stretching sheet is permeable and an appropriate dissection of the wall
transpiration subsigts. Phakirappa et al. [42] have debated on the flow pattern of boun r
layer viscous ﬂuiilﬁ heat transfer in presence of a porous medium when the flow happens@
to a non-isother tching sheet with free convection and a temperature gradient reliant
heat sink along with internal heat generation and suction/ injea%] beneath the influence of

a transvers magnetic field. Their attained exact solutions for the velocity and temperature




profiles were 1n terms of the Kummer’s function. moud et al. [43] have studied the impact
of radiation and a uniform magnetic field on the hydromagnetic boundary layer flow and heat
transfer of an electrically conducting non-Newtonian micropolar fluid flows over a continuously
moving stretching surface embedded in a non-Darcian porous medium. On the basis of the
numerical solutions that were obtained, they were of the view that both the linear and angular
velocity functions were in inverse proportion toﬁ magnetic parameter and the Darcy number
and that the radiation parameter incggases the rate of heat transfer at the surface of the sheet.
Gang et al. [44] have presented the exact solutions of the Navier-Stokes equations appearing
from the dary layer flow of a viscous fluid on an expending cylinder. Where the surface
stmtchingt%city of the cylinder was assumed to be proportional to the axial distance from
the origin and a decreasing function of time. The radius of the cylinder was taken as a time
dependent entity that fetched the impact of unsteady expansion of the cylinder in the analysis.
Attia [45] has discussed the steady, laminar incompggssible Auid flow problem of stagnation
point boundary layer flow of micropolar fluid flowing over a permeable stretching surface with
heat generation/ absorption with constant wall and steam t eratures, His numerical solu-
tion based on the finite difference approximation indicated gat the velocity boundary layer
thickness is a decreasing function of the stretching velocity of the surface of the sheet. Bidj

and Nazar [46] have carried an analysis for the problem of steady laminar incompressible two
dimensional boundary layer flow and heat transfer of a viscous fluid flow over a stretching sheet
with thermal radiation. The surface stretching velocity is assumed to be an exponential tunc-
tion of the distance on the surface from the stagnation point. Their analysis was based on the
implicit finite difference scheme, the Keller-box technique. Rosali et al. [47] haveﬁmerically
analyzed the boundary layer flow of non-Newtonian micropolar fluid flow towards a permeable
stretching /shrinking sheet in a porous medium with suction/injection. They showed that by
increasing the permeability parameter the skin friction coefficient enhances. Turkyilmazoglua
[48] has udied the masnetohydrodynamic, steady laminar boundary layer flow of a viscous

87
fluid ﬂm\'h@mugh a radially stretchable rotating disk in presence of a uniform vertical mag-
Wl

netic field viscous dissipation and Joule heating. The pmblem@genera]ization of the
ep

classical von Karman pump problem. Their analysis showed a strong endence of the viscous

and thermal boundary layer thicknesses over the rotation strength of the disk and the magnetic
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field strength. They concluded that the role of Joule heating is that to enhance the era-
ture distribution near the wall. Seddeel [49] has studied the magnetoh)rdrodynamicﬁ
ion-slip current effects over the steady boundary layer flow of a non-Newtonian fluid flow %
heat transfer of a stretching sheet with suction and blowing. They included an interesting com-
ment in their conclusion that unclean fluids may be preferable over the clean fluids in industrial
applications where control of convective heat transter is important. Kameswaran et al. [50]
have analyzed th ogeneous-heterogeneous effects over the flow of boundary layer viscous
nanofluid flowing over a stretching or shrinking sheet in a porous medium. The analysis was
carried for the copper-water and the silver-water nanofluids such that the diffusion coeflicients
of the reactant and the auto catalyst are equal. They concluded that the nanoparticle volume
fraction decreases the velocity profile and that the nanoparticle concentration at the surface is
a decreasing function of the strength of the heterogeneous reaction for both copper-water and
silver-water nanofluids. It was also mentioned that for the shrinking sheet problem the velocity
profile 13 a decreasing function of the increasing values of the nanoparticle volume friction for
both the copperagater and silver-water nanofluids. Ibrahim and Shankar [51] have investigated
the problem of g}undm‘y layer and heat transfer of a viscous nanofluid flowing over a
per ble stretching sheet “’ith@]; boundary condition and thermal radiation. The How was
also assumed to be under the influ of a uniform magnetic field. They included a detailed
analysis for the effects of radiation, Brownian motion, thermophoresis parameter and nanopar-
icle fraction on the boundary layer flow and heat transfer due to nanofluids. They concluded
Q’s the boundary layer thicknesg iz a decreasing function of the magnetic field strength, the
thermal boundary layer thickness 13 a decreasing function of the slip parameter while an increas-
ing function of the radiation parameter, the magnetic field parameter and the thermophoresis
parameter. Bachok and Ishak [52] have analyzed the problem ol'gndary layer flow and heat
transfer of steady, laminar incompressible viscous fluid flow to a stretching cylinder with
prescribed surface heat flux. They commented that both the shear stress at the surf: d the
heat transfer rate at the surface are increasing functions of the curvature parameter. Makinde
et al. [53] analyzed the combined effects of the buoyancy force, convective heating, Brownian
motion, thermophoresis and magnetic field over the stagnation peint boundary layer flow and

heat transfer due to nanofluid flowing towards a stretching sheet. Ibrahim et al. [54] have dis-
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cussed the effect of magnetic field on stagnation point flow and heat transfer of nanofluid flowing

towards a stretching sheet. Two important works about fluid flow over stretching surfaces are
cited in [55-58].

The present dissertation is centered mainly t.he boundary layer flow of non-Newtonian
fluid and heat transfer analysis by a stretching cylinder. Flow caused is by an exponentially
stretching cylinder, The structure of thesis is arranged in eight chapters. The chapter wise
arrangement is given below,

Literature review is presented in chapter 1. Chapter 2 studies flow Casson fluid past an
exponentially stretching cylinder. Nanofluid is considered. Numerical solution by Runge-
Kutta Fehlberg technique is developed. Contents of this chapter are published in “Applied
NanoScience”

Chapter 3 contains a study ge&. ansfer in boundary layer low power law fluid past a ver-
tical stretching cylinder. Further the solution of the problem is obtained using the Runge-Kutta
Fehlberg technique, Contents of this chapter are published in “Applied and Computational
Mathematics”

Chapter 4 presents an analysis for boundary layer flow and heatﬁransfer for hyperbolic
tangent fluid. Stretching cylinder is examined. This problem is solved with the help of Runge—
Kutta—Fehlberg method. Contents of the chapter are published in “Alexandria Engineering
Jou i
'Ir‘::gea.dy boundary layer flow gf Williamson fluid past a stretching cylinder is examined.
in chapter 5. The obtained modeled equations are solved numerically with the help of Keller box
method. Chapter 6 addresses Williamson material with Brownian motion and thermophoresis.

Chapter 7 is developed to study the effects of double stratification effect in mixed convec-
tion boundary layer flow of Eyring-Powell fluid by an inclined stretching cylinder. Numerical
solutions of resulting intricate non-linear boundary value problem are computed successtully by
utilizing fifth order Runge-Kutta algorithm with shooting technique. Contents of this chapter
are published in “AIP Advances”.

Finally chapter 8 gives the solution for steady Emndary layer flow of a second grade fluid
past rertical stretching cylinder Heat transfer is digcnssed. The obtained system of equa-

tions subject to the boundary conditions are solved with the help homotopy analysis method

12




(HAM). The effects of different pwtem like Reynolds numbers, Prandtl numbers and the
natural convection parameter are studied. The skin friction coefficient and Nusselt numbers

are presented for different parameters.
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Chapter 2

%oundary layer flow of a Casson
nanofluid over a vertically

exponential cylinder

2.1 Introduction

The eff of Casson nanofluid due to a vertically exponential cylinder are studied in this
chapber@nilarity solution of the boundary layer flow is computed by choosing su'ﬁble trans-
tormation. The governing partial differential equations and boundary conditions are reduced
to a system of nonlinear ordinary differential equations. The solutions of the problems are ob-
tained by using the numerical technique known asy::nge Kutta Fehlberg method. Velocity and
temperature pr s are presented through graphs. The important physical quantities such as
the skin friction coefficient and the local Nusselt number are computed to examine the behavior

of different parameters.

2.2 Mathematical formulation

Consider the problem of natural convection boundary layer flow of Casson nanofluid induced by
a vertical circular cylinder of radius a. The cylinder is assumed to be stretched exponentially

along the axial direction with velocity U,,. The temperature at the surface of cylinder is assumed

14




T, and the uniform ambient temperature is taken as T, such that the quantity T, — T, > 0

in case of the assisting flow while T}, — T, < 0 in case of the opposing flow, respectively. Under

these assumptions the boundary layer equations of motion, heat transfer and nanoparticle

concentration are

b iy = 0, (2.1)
r
1 1
uw, +ww, = v(l+ E}{w,-,- + ;w,) + gB(T — Tee )(1 — ¢b)
1 *
:—;{P = )¢ — ¢o)s (2.2)
1 g D
ulr + 0l = & +-Tp)+ 2 % (DrTy 6, + =2T7), (2.3)
r Plp T
1 D 1
wﬁf:c + T“r:';- = Dy(ﬁrr L5 ;hr} o Tf: (T”” + ;TF}5 Egg
where the velocity components along r and z directions ar nd w respectively. p 1s the

density, v is the kinematic viscosity, p is the pressure, g is the gravitational acceleration along

z —axis, § is the coefficient o@ermal expansion, T is the temperature and o is the thermal

diffusivity. The corresponding boundary conditions for the problem are

ula,z) = 0, wla,z)=U, wr,z) —0asr — oo,
T(a,z) = Tyl(z), T(r,z) — Ty asr+ — o0,
#a,z) = u(z), ¢(rz) — P 88T — 00,

where Uy, = 2ake/® is the fluid velocity at the surface of the cylinder.

2.3 Solution of the problem

We have the following similarity transformations:

1
1 = _EUw&??]| w="U,f ("7):
S gy R bEge—U

(2.5)
(2.6)

(2.8)

(2.9)




where the characteristic temperature and nanoparticles concentration difference is calculated

from the relations Ty — Tae = ce?la

(2.8) and (2.9), Egs. (2.1) to (2.4) take the form

and ¢, — 0o = e*/% With the help of transformations

1
(14 S)0f" + ')+ Re(f 1" ~ ) + Re X1~ )0+ Nel) = 0 (210)
76" +6' + RePr(f0' — F'8) + 90 (Noh' + N#') = 0 (2.11)
;i\ll'
nh" + h' + ,\.,! (p8" 4+ 0') + Re Le(fh' — f'h) = 0 (2.12)
Ny

in which A = gB8a(T,, — Tao)/UZ is the natural convection parameter, Pr = v/a is the Prandtl

number, Le = pv/Dg is the Lewis number, N, = (p* — p)(dy — @)/ 03 (T — T )(1 — o)
i1s the buoyancy ratio, N, = p'C;DB(r.-‘!w — )/ pCpa is the Brownian motion parameter,
N, = p*C';DT(f.ﬁw — )/ pCpaTy is the thermophoresis parameter and Re = al/,, /4v is the

Reynolds number. The boundary conditions in nondimensional form become

%} = 0 f(1)=1, e()=1, h(1)=1, (2.13)
UG, 9—0, h—0, as 75— oo. (2.14)

The important physical quantities such as the shear stress at the surface 7, the skinfriction

coefficient ¢y, the heat flux at the surface of the cylinder g,, and the local Nusselt number Nu

are
Tw = Trz lr=a: Gu = —kTy |1-=q:| (215}
Tw ﬂez‘;&qil
=t et (2.16
f pU:':J ? k(Tw = '!0:} ::I

The numerical solution of the present problem is computed by using Runge-Kutta-Fehlberg

method.

2.4 gesults and discussion

the effect of the various parameters such as the Reynolds number Re, the Casson fluid

parameter 3, the Brownian motion parameter Ny, the thermophoresis parameter N, the buoy-
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ancy ratio para.uﬁr N, the Prandt]l number Pr and the natural convection parameter A on the

nondimensional velocity, temperature and centration profiles are presented graphically and
through tabular values, ai.l shows the effect of Casson fluid parameter 8 on the velocity
profile f'. From Fig.2.1 it is observed that for increasing value of 3 the velocity profile
decreases. Fig.2.2 shows the influence of mixed convection parameter A on the velocity wle
f'. It is noticed that the velocity increases for large mixed convection parameter. That is the
mixed convection parameter A is directly proportionally to the velocity profile j' for constant
values of other parameters. Similar pattern is observed for the buoyancy ratio N, in Fig.2.3. In
Fig.2.4 by increasing the value of Reynolds number Re the velocity profile eases. Fligs.2.5
and 2.6 show a very slow increase in temperature profile by increasing the ges of Brownian
motion parameter N, and the thermoph is parameter N;. Figs.2.7 and 2.8 reflect similar

aviour of temperature profile, i.e. by increasing the value of Reynolds n er Re and the
@ndtl number Pr, the temperature profile decreases rapidly. In Fig. 2.9 1t 1s clear that by
increasing the value of Lewis number Le the nano concentration profile decreases instantly.
Fig.2.10 shows slow effect of Reynolds number Re on nano concentration profile by increasing
Reynolds number Re. Table 2.1 shows the boupdary derivatives for the velocity profile at the
surface of the cylinder that correspgnds to the skin friction coefficient for different values of 3
and A. Tabulated values indicate@t the magnitude of the boundary derivative increases with
the increase in 3 and it decreases by increasing the values of A. Table 2.2 '1]lustra@the values

tor local Nusselt numbers for different values of Re and Pr. It is noticed that local Nusselt

number increases when Re and Pr are increased.
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Table 2.1 Skin friction coefficient at
the surface of the cylinder for X\ 3
PAY-E N 0.3 0.5 0.7 1.0
0.2 | 0.5333 | 0.6479 | 0.7154 | 0.7608 | 0.8071
0.4 | 0.5141 | 0.6021 | 0.6516 | 0.6840 | 0.7161
0.6 | 0.4950 | 0.55672 | 0.5895 | 0.6095 | 0.6283
0.8 | 0.4761 | 0.5130 | 0.5288 | 0.5369 | 0.5431
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Table 2.2 Local Nusselt number,
Pr\Re | 0.1 0.2 0.3 0.4 0.5
1 0.2442 | 0.3094 | 0.3700 | 0.4260 | 0.477
3 0.3826 | 0.5627 | 0.7173 | 0.8505 | 0.9668
5 0.5118 | 0.7844 | 1.0058 | 1.1904 | 1.3489
0.6327 | 0.9814 | 1.2546 | 1.4790 | 1.6714
15 1.0499 | 1.6121 | 2.0318 | 2.3762 | 2.6730

=1

2.5 Conclusions

This study was focused on natural convection boundary layer flow of a Casson nanofluid. Nu-
merical solution of the problem is obtained with the help of Runge-Kutta-Fehlberg method.

Main findings of present analysis are listed below:

e Velocity profile increases by increasing buoyancy ratio parameter N, and natural convec-
tion parameter A but it decreases when Casson fluid parameter 3 and Reynold number

Re are enhanced.

e Temperature profile increases for larger Brownian motion parameter N, whereas ther-
mophaoresis parameter N, decreases by increasing Reynold number Re and Prandtl number

Pr.

e Nano concentration profile increases on increasing Reynold number Re and it decreases

by increasing Lewis number Le.

s Skin friction coefficient decreases on increasing natural convection parameter A and it

increases for increasing Casson fluid parameter 3.

s Local Nusselt number increases for larger Reynold number Re and Prandt] number Pr.
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Chapter 3

Numerical study of convective ﬁaat
transfer in flow of power law fluid by

an exponentially stretching cylinder

3.1 Introduction

This chapter focuses on flow gf power law fluid model due to vertical exponentially stretching
cylinder with heat transfer. @:g{)\ferning partial differential equations are transformed to a
system of ordinary differential equations. For numerical solution Runge-Kutta-Fehlberg method
is used. The effects of variation in physical parameters on velocity temperature are high-
lighted through graphs. The important physical quantities such as gskm friction coefficient

and the local Nusselt number are computed.

3.2 Formulation

Here the problem of natural convective boundary layer flow of a power law fluid Howige by

a vertical circular cylinder of radius e is under consideration. The cylinder is assumed by an
exponentially stretching sheet. The sheet stretches with velocity U,,. The temperature at the
surface of the cylinder is assumed to be T, and the uniform ambient temperature is taken as

T such that the quantity Ty, — T > 0 for assisting flow whereas T,, — T, < 0 for opposing
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flow, respectively. Under these assumptions the boundary layer equations of motion and heat

transfer are
i
Up + — + W,
r
uw, + ww,

uly + wT,

0, (3.1)
k w:l ' n=1 ’
—(— +nw “wy) + 98(T — Tx), (3.2)
1) B

1
a(Tyr + =T), (3.3)

In above equations the velocity components along the (r,z) axes are (u, w), p is fluid density,

% 1s the consistency coeflicient, p is pressure, g is the gravitational acceleration along the z—

direction, 3 is the coefficient of thermal expansion, T is the temperature and a is the thermal

diffusibility. The corresponding boundary conditions are expressed as follows:

wla,z) = 0, wla,z)=U, w(r,z)— 0asr — o0, (3.4)
T(a,z) = Tyl(z), T(r,z) — Ty asr — co. (3.5)
Here [/, = 2ake®/® denotes the fluid velocity at the surface of cylinder.
3.3 Solutions
We write
: £(n) . ,
w = —=U,—=, w=U,f (n), (3.6)
NG
T-Tw r2 -
a To o T == (3.7)

where the characteristic temperature difference is calculated from the relations T,, — T, =

ce*/* With the help of transformations (3.6) and (3.7), Egs. (3.1) to (3.3) become

(m+ qu“T_l( " + 2np"

78" +0' + %Re Pr(f0' — f'6) =0,

|

.—frrr( f")ﬂ_l o= Req(ff" _ fﬂ} o Rea A8 =0

(3.8)

(3.9)
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in which A = gga(T, - Tm}ﬁ is the natural convection parameter, Pr = k/pa is the Prandtl

number, Re, gﬂ"b’i " [k is the local Reynolds number and Re = apl,, /4k is the Reynolds

number. The boundary conditions are reduced to
f) = 0 f@)=1, e@)=1, tslwl
ff — 0, 8—0, as 5 — co. (3.

The skin friction coefficient ¢y and the local Nusselt number Nu. are

Tw = Trz lr=as  Guw = —k7r |r=a; (3.12)
Tuw ae*/?g
= Nu, = 3.13
“=AT T THR-T) i)
3.4 Discussion
39

intrest in this section is to investigate the effects of the Reynolds number Re the local
@;nclds number Re,, the power law index n, the Prandtl number Pr and the natural convection
parameter A over the nondimensional velocity anchemperature profiles. For this purpose, the
graphs and tables will be prepared. Fig. 3.1 shows ttﬁfects of natural convection parameter A
on the velocity profile f' when n = 1. From Fig. 3.1 it is observed that by increasing the values
of natural convection parameter A the velocity profile increases. Fz'_ﬁ? shows the influence
of local Reynolds number Re, over the velocity profile f* when n = 1. It is observed that for
larger local Reynolds number Re, the velocity profile f' decreases. Figs. 3.3 and 3.4 show the
effects of variation in Prandt] number Pr and Reynolds number Re on temperature profile when
n = 1. Here the teﬂ)erature profile decreases when Prandtl number Pr and Reynolds number
Re are increased. The effects of al convection parameter A on the velocity profile f' are
shown in Fig. 3.5 when n = 2. The velocity profile f' decreases by increasing the values of
natural convection parameter A. Fig. 3.6 shows opposite behavior of velocity profile f* when
n = 2, that is, the velocity profile increases by increasing the local Reynolds number Re,. The
tempreratu files presented in Figs. 3.7 and 3.8 have similar behavior both for n = 1 and

n = 2. The wvalues of skin friction coefficient and local Nusselt number at the surtace of the
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cylinder are presented mm Tables 3.1 and 3.2. Table 3.1, indicates that skin friction coefficient
increases upon increasing local Reynolds number Re, but for fixed value of Prandt]l number Pr.

the local Nusselt number decreases for larger Reynolds number Re.

Re=dJ  Pr=l n=! Re =0J

0.4

n
Fig.3.1 Influence of natural convection Fig.53.2 Influence of local Reynolds
parameter on velocity profile number on velocity profile




Rami, Re =i n=i 1i=0J Pr=3 n=] Re'.f"* A=01

=]
=2
=37
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Fig.3.3 Influence of Prandtl number on Fig.3.4 Influence of Reynolds number on
temperature profile temperature profile

Re=0.5 Pr=2 n=2 1=1i
..HP.eQ_=G'J
- Re =02
—Re, =0.3

0.81
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0.21
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n n
Fig.3.5 Influence of natural convection Fig.3.6 Influence of local Reynolds
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n=2 A=l Re=2, Re =0l Pr=3, n=2, Re =0. A=0.
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Fig.53.7 Influence of Prandtl number on Fig.3.8 Influence of Reynolds number on
temperature profile temperature profile

Table 3.1 Skin friction coefficient at the surface.

A Re, 0 0.1 0.2 0.3 0.4
1 0.9859 | 0.9903 | 0.9953 | 1.0011 | 1.0078
3 1.2212 | 1.2366 | 1.2544 | 1.2754 | 1.3012

5 1.4494 | 1.4755 | 1.5065 | 1.5452 | 1.5072
10 1.9274 | 1.9809 | 2.0499 | 2.1505 | 2.3941
15 2.3145 | 2.3068 | 2.5121 | 2.7246 | 2.9537




Table 3.2 Local Nusselt number,
Pry\Re | 00 0.1 0.2 0.3 0.4
1 1.1971 | 1.1967 | 1.1962 | 1.1957 | 1.1952
1.7912 | 1.7890 | 1.7866 | 1.7838 | 1.7808
10 3.5901 | 3.5808 | 3.5699 | 3.55666 | 3.5396

=1

15 5.5503 | 5.5360 | 5.5182 | 5.4944 | 54580
25 6.66562 | 6.6491 | 6.6285 | 6.5999 | 6.5508

3.5 Conclusion

This study is proposed just to address the flow of power law fluid model past a vertical expo-

nentially stretching cylinder with heat transfer. Main results are mentioned below:

The velocity profile gives opposite behavior for n = 1 and 2. That is, the fluid velocity
increases for n = 1 and it decreases for n = 2 when natural convection parameter A

enhances.

e On increasing local Reynolds number Re, the fluid velocity decreases for n = 1 but it

increase when n = 2,

The temperature profile decreases both for n = 1 and 2 when Reynold number Re and

Prandt]l number Pr are increased.

Skin friction coefficient enhances on increasing natural convection parameter A and local

Reynold number Re,.

. Hocal Nusselt number increases on increasing Prandtl number Pr but it decreases for

larger Reynold number Re.
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Chapter 4

%oundary layer flow of an
incompressible tangent hyperbolic

fluid past stretching cylinder

4.1 Introduction

13
The ggent hyperbolic fluid is a four constant pseudoplastic fluid model capable of relating

the shear thinning phanomenon. It is a metrial which measures the fluid resistance when fow
decreases with an increasing rate of shear stress. Modelled partial differential equations are
transformed to system of ordinary differential equations by applying transformations. Jumer-
ical solution has been computed by using Runge-Kutta-Fehlberg method. The fluid %ciw
and@nperature profiles are presented for different values of physical parameters. Furthermore

the skin friction coefficient and Nusselt number described for the influential variables.

4.2 Fluid model

The continnity and momentum eguations are

divV =0,
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p% = div 7+pb,

where p 1s the density, V is the velocity, T is the Cauchy stress tensor, b represents the specific
body force and d/dt represents the material time derivative. The constitutive equations of

hyperbolic tangent fluid model [8] are given as
T=—-pl+85,

S = [n,, + (7o + 7, )anh(T §)"]|A

in which p 15 the pressure, I is the identity tensor, T is the extra stress tensor, A is second

invariant strain tensor, n; and 7 are the limiting viscosities at zero and at infinite shear rate,

/1
§H

" = 0 is the time constant and - is defined as

2 1 o
= 522 ViV =
i J
where
I = Y3 %j¥s =trierad V) + (grad V)')?
Cod
and

: p g 1 ) ’ 2u?
Yy = \/{tﬂ.ﬁ + w;’} + 5(11;_ + w,-)z + U

We consider the case for which ., = 0 and T" 4 < 1. @er&fo}:e, the component of extra

stress tensor can be written as

S=nf(TH)"A=no [1+n[T7-1]A
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4.3 Formulation

Consider the problem of natural convection g:undary layer flow of a hyperbolic tangent fluid
flow is caused by a vertical circular cylinder of radius a. The cylinder is assumed exponentially
stretching with velocity [7,,. The temperature at the surface of the cylinder is assumed to be
T, and the uniform ambient temperature is taken as T, such that the quantity T,, — Ty, > 0
in case of the assisting flow while T, — T, < 0 for opposing low respectively. Under these

assumptions the boundary layer equations of motion and heat transfer are

0, (4.1)

u
Up + =+ w,
r

uw, +ww;, = g8(T—Tx)

1 nl' wy 1
+U[{1 i ﬂ)(u"rr oz ;wr} + T(Qwrr + ;wr]’] (42)
1
uly +uwl, = o+ ;T,-}, (4.3)
where the velocity components along the r—, z—axes are u and w, p is density, v 1s the kinematic

viscosity, p is pressure, g is the gravitational acceleration along z— direction, 3 is the cogfficient
of thermal expansion, T is the temperature, 5 is the infinite shear rate viscosity, 7y is the
viscosity at zero shear rate, I’ ﬁ time constant, n is the power law index and a is the thermal

diffusivity. The corresponding boundary conditions for the problem are

ula,z) = 0, wla,z)=U, w(r,z)— 0asr— o0, (4.4)

T(a,z) = Tw(z), T(r,z) — Tu when r — o0, (4.5)

in which U,, = 2ake®/% (k is dimensional constant) is the fluid velocity at the surface of the

cylinder,
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4.4 Solution

We write
1 f(n) o ot
= U 2 w=Ual ), (4.6)
T —Tos 2 -
i} Tu—'Tno, ]’?—F; (4':]

where the characteristic temperature difference is calculated from the relations T, — T =

Tpe*/*. With the help of transtormations (4.6) and (4.7), Egs. (4.1) to (4.3) are reduced to

2(1 = n)(nf™ + f") + nWesfaf" (Anf" +35") + Re(f " — f*) + Re A
nt" + 0" + RePr(f6' — f'8)

0, (4.8)

0, (4.9)

in which A = gBa(T,, — Tw)/U?2 is the natural convection ])arameter,ﬁ vfa is the Prandtl

number, We = 4I'U,, /a is the Weissenberg number and Re = all,, /4¥ 15 the Reynolds number.

The boundary conditions in nondimensional form become

ﬁ) E D) -1, (4.10)
ff— 0, 950, as n— oo (4.11)

The important physical quantities such as the shear stress qm surface T4, the skin friction

coefficient ¢y, the heat flux at the surface of the cylinder g, and the local Nusselt number Nu.

are
Tw = Trz r=as  Guw = —kTy |r=a, (4.12)
Taw . ae*/?g,,
cf = m, Nu, = m (4.13)

Theglution of the present problem is obtained numerically by using the Runge Kutta Fehlberg
method.
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4.5 Results and discussion

In this chapter an analysis is carried out for natural convection boundary layer flow of a hyper-
bolic tangent fluid due to an exponentially stretched cylinder. It is assumed that the cylinder is
stretched exponentially along its radial direction. Here U,, = 2ake*/® is the assumeg exponential
stretching velocity at the surface of cylinder. For the solution of problem the @ng@-Kutta—
Fehlberg method is used. The impact of different parameters such as the Reynolds number
Re, the Prandt]l number Pr, the Weissenberg number e and the natural convection parame-
ter X on the non-dimensional velocity and temper e profiles are presented graphically (see
Figs.4.1 — 4.5). Here Fig. rihahows the inﬂue11ce§‘\'eissenberg number e on the velocity
function f'. From the graph it is clear that velocity profile decreases by increasing the values
of Weissenberg number We, Fig. 4.2 shows the effects of Reynolds number Re on the velocity
f'. The velocity profile increases by increasing the values of Re. Fig. 4.3 shows the_influence
of natural convection parameter A on velocity profile when n = 1 . From the graph it 18 clear
that by increasing the values of A the velocity profile decreases. Fig. 4.4 describes the impact of
Prandtl number Pr on temperature profile. The temperature le increases for larger values
of Pr . Fig. 4.5 shows the influence of Reynolds number Re on the temperature profile. The
temperature profile increases when Re is enhanced. Table. 4.1 shows the behavior of heat flux
at the surface of the stretching cylinder for different values of Pr and Re when n = 0.3. En-
tries in Table. 4.1 show that _increase in both Pr and Re increases the heat flux at the surface.
Table. 4.2 shows magnitude of the velocity profile when n = 0.3. Entries in Table. 4.2 depict

that the magnitude of boundary derivative increases by increasing both the Weissenberg and

the Reynolds numbers.
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Table 4.1  Local Nusselt number

Pr\Re | 0.1 0.2 0.4 0.5 1.0
1 0.9613 | 0.9786 | 0.9963 | 1.0141 | 1.0323 | 1.1263
3 1.0610 | 1.0617 | 1.0624 | 1.0632 | 1.0639 | 1.0667
5 1.1578 | 1.1589 [ 1.1601 | 1.1612 | 1.1624 | 1.1684
7 1.2517 | 1.2533 | 1.2548 | 1.2563 | 1.2579 | 1,2658
15 1.6018 | 1.6045 | 1.6071 | 1.6098 | 1.6125 | 1.6264

Table 4.2  Skin friction coefficient at the surface

We' Re 0.1 0.2 0.3 0.4 0.5 1.0
0.1 0.9621 | 1.0041 | 1.0450 | 1.0850 | 1.1240 | 1.3082
0.2 0.9767 | 1.0231 | 1.0687 | 1.1136 | 1.1580 | 1.3741
0.3 0.9943 | 1.0464 | 1.0982 | 1.1499 | 1.2017 | 1.4666
0.4 1.0163 | 1.0761 | 1.1366 | 1.1982 | 1.2612 | 1.6159




4.6 Conclusions

The following points are worth mentioning,

e Increase in natural convection parameter, Weissenberg number and Reynolds number

reduces the fluid velocity.
# Increase in Prandtl and Reynolds numbers reduces the fluid temperature.
e Larger Prandtl and Reynolds numbers, give rise to heat flux at the surface.

e The magnitude of boundary derivative increases by increasing both the Weissenberg and

the Reynolds numbers.
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Chapter 5

Flow of Williamson fluid past a
vertical exponentially stretching

cylinder

5.1 Introduction

This chapter addresses the boundary layer flow of Williamson fluid. occurs in many industrial
processes and natural phenomena. Most of the interest in this subject is due to its applications.
Flow caused is because of an exponentially stretching cylinder. The governing partial diffe 1al
equations systems are reduced to nonlinear ordinary differential equations systems. @l&r
box technique is implemented for the numerical solution. The effects of different physical
parameters (e.z. Reynold number Re, Prandtl number Pr, the natt%com’ectian parameter
A and Weissenberg number We) are presented through graphs. The skin friction coefficient is

computed to see the effects of different parameters.

5.2 Mathematical formulation

Consider the problem of natural convection boundary layer low of Williamson fluid due to a
vertical circular cylinder of radius a. The cylinder is assumed stretched exponentially along the

axial direction with velocity U,,. The temperature at the surface of the cylinder is assumed T,
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and the uniform ambient temperature is taken as T, such that the quantity T,, — T, > 0 in
case of the assisting flow, while T, — T < 0 in case of the opposing flow, respectively. The

boundary layer flow under consideration are governed by

B e = i, (5.1)
r
uw, + ww, = E{I‘ wtﬁ + wy) + v[wee + 2T wepwy] + g3(T — Too)s (5.2)
.
1
ul, + wTl, = o, + -T;), (5.3)
r

where the velocity components along the (r, z) axes are (u,w), p is density, v is the kinematic

viscosity, p 1s pressure, g is thea‘ritational acceleration along the z— direction, 5 is the

coefficient of tﬁnal expansion,

corresponding boundary conditions for the problem are

15 the temperature and o is the thermal diffusibility. The

ula, z) 0, wla,z)=U, wlr,z)—0asr— oo, (5.4)

T(a,z) = Tyul(z), T(r,z) — T asT — 00, (5.5)

where [7,, = 2ake*/® is the fluid velocity at the surface of the cylinder.

5.3 Solution of the problem

We consider

_ 1, fm) S
- —zUwﬁ_. w=Uyf (1), (5.6)
T-Tw T -
¢ = g—7 "= (5.7)

where the characteristic temperature difference is calculated from the relations T, — T =

ce*/® With the help of transformations (5.6) and (5.7), Egs. (5.1) to (5.3) are reduced to

qu i f" s Re{ff" . fIQ) liji H"e\/ﬁf”{n,f'" e fﬁ} £ ReM =0 (58)
08" +6' + %Re Pr(f0' — f'8) =0, (5.9)
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in which A = gBa(T,;, — T )/U2 is the natural convection paran , Pr = v/a is the Prandtl
number, We = 4I'U,, /a Weissenberg number and Re = al/,, /4 1s the Reynolds number. The

boundary conditions now reduce to

%) = LfM=180) =1, (5.10)
f— 0, 9-=0, as n — co. (5.11)

The important physical quantities such as the shear stress at the surface 7, the skin friction

coefficient ¢y, the heat flux at the surface of the cylinder ¢,, and the local Nusselt number Nu,

ara
Tw = Trz |r:r=u:| Gw = -k Tr |T=U! (512}
T ae:h@w
= —— 1\" T — 5.13
% pUZ Bk E(Ty — Two) ( ]

Keller box Method is employed for the numerical solution.

5.4 Outcomes

In this section, the results are analyzed for the Reynolds number Re, the Weissenberg number
We, the Prandtl number Pr and the natural convection parameter A for the nondimensional
velocity and temperature profiles. Thij jective is achieved through Figs.(5.1 — 5.8) and Ta-
bles 5.1 and 5.2. Fig.5.1 shows the effect of Prandtl number Pr on the velocity profile f'.
It is observed that by increasing Prandtl number Pr the velocity profile decreases. Fig.5.2
indecates the influence of natural convection parameter A over the velocity profile f'. When
natural convection parameter A increases the velocity profile also increases, that is, the nat-
ural convection parameter A is directly proportionally to the velocity profile f'. Similarly by
increasing the value of Weissenberg number We and Reynold number Re the velocity profile
decreases (see Figs.5.3 and 5.4). Response of temperature profile due to variation in Prandtl
number, natural convection parameter, Renold number and Weissenberg number can be seen
in the Figs.(5.5 — 5.8), Fig.5.5 shows that after increasing the value of Prandtl number Pr,
temperature profile decreases. Fig.5.6 depicts similar behaviour of temperature profile by in-

creasing A, that is, the temperature profile also decreases. In Fig.5.7 by increasing the value
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of Reynold number Re, the temperature profile decreases. In Fig.5.8 there is slight effect of
Weissenberg number We on temperature profile.

Table 5.1 shows the boundary derivatives for the velocity profile at the surface of cylinder
that corresponds to the skixﬁ'cnion coefficient at the surface tabulated for different values of
We and Re. From table 5.1 1t 13 observegd that the magnitude of boundary derivative increases
with the increase in both We and Re. %le 5.2 shows the values for local Nusselt numbers
when different values of We and Pr are used. Table 5.2 witnesses that with increase in We

(for fixed Pr), local Nusselt number increases whereas with increase in Pr (for fixed We), Nu.

decreases.
1 A=1 Re=3 We=04 1 Pr=1 Re=2 We=01}
feoeePr=07| - =01
' —-A=05
0 ~06 - L=10
= 0.4
0.21
U“. T T T T
1 15 2 2.5 3
N
Fig.5.1 Influence of Prantd]l number on Fig.5.2 Influence of natural convection
velocity profile parameter on velocity profile

40




1=1 Pr=1 We=01

11
3 ---Re = I
0.8\, —:Re=35
\}\-., —+Re =10
064 b\ ™ —Re =20

Fig.5.5 Influence of Weissenberg number Fig.5.4 Influence of Reynold number on

on velocity profile velocity profile

Re=3 Fr=1 We=101

ned = 0.7
—-4=05
5 ==t
5 —i=2
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Fig.5.7 Influence of Reynold number on

temperature profile

Fig.5.8 Influence of Weissenberg number

on temperature profile

Table 5.1 Skin friction at the surface of the cylinder

Re \We 0 0.1 0.2 0.3 0.4
1 0.9859 | 0,9903 | 0,9953 | 1.0011 | 1.0078
3 1.2212 | 1.2366 | 1.2644 | 1.2754 | 1.3012
5 1.4494 | 1.4755 | 1.5065 | 1.5452 | 1.5972
10 1.9274 | 1.9809 | 2.0499 | 2.1505 | 2.3041
15 2.3145 | 2.3968 | 25121 | 2.7246 | 2.9537

Table 5.2  Local Nusselt number

PriiWe 0.0 0.1 0.2 0.3 0.4
0.2 1.1971 | 1.1967 | 1.1962 | 1.1957 | 1.1952
0.7 1.7912 | 1.7890 | 1.7866 | 1.7838 | 1.7808
3.0 3.5001 | 3.5808 | 3,5600 | 3.5566 | 3.5396
i 5.6503 | 5.5360 | 5.5182 | 5.4944 | 5.4580
10.0 6,6652 | 66401 | 66285 | 6.5999 | 6.5508
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5.5 Conclusions

The following are the main finding of this chapter:

Velocity decays upon increasing the Weissenberg, Prandtl and Reynold numbers.
e Larger convection parameter enhances the velocity.

e The temperature profile decreases by increasing Prandtl, Reynold, natural, Weissenberg

numbers and convection parameter.
e The skin friction decreases by increasing Weissenberg and Renold numbers,

e The local Nusselt number increases when Prandtl number (fixed Weissenberg number)

enhances or it decreases on increasing Weissenberg number (fixed Prandt] number).
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Chapter 6

%oundary layer flow of Williamson
nanofluid past a vertical

exponentially stretching cylinder

6.1 Introduction

The g}undary layer flow of Williamson napgfluid past an exponentially stretching surface is
explored. The governing partial differential equations and the associated boundary conditions
are reduced nlinear ordinary differential equations atter using the boundary layer approx-
imation a ﬁarity transformation. The obtained system of nonlinear ordinary differential
equabionsﬁ;ect to the boundary conditions are solved numerically by emploving Keller box
method. The effects of different physical parameters (e.g. Reynold number Re, Schmidt nu

Se, @ndtl number Pr, the natural convection parameter A and Weissenberg number We,
buoyancy ratio N, the Brownian motion parameter Ny, the thermophoresis parameter N;) on
velocity, temperature and nano concentration profiles are presented through graphs. The skin

friction coefficient and Nusselt number are also computed for different parameters.
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6.2 Formulation

Consider the problem of natural convection and heat transfer of a Williamson nanofiuid flowing

past a vertical circular cylinder of radius a. Brownian motiog thermophoresis are considered.
The cylinder is stretched exponentially with velocity [/,,. The temperature at the surface of the
cylinder is assumed T, and the uniform ambient temperature is taken as T...The flow under

consideration is governed by

ur‘“E"“w: = 0, (5.1]
T
ww, + ww, = ;(I‘ w2 + w,.) + V[wyy + 2T wppw,] + gB8(T — Too)(1 — Do)

1

+=(p" = p)¢ — P, (6.2)
£

1 Py . - Dp :
Wl +ul, = afT+=T,) + pc:p{DTE-q?, + 72T, (6.3)
uby +wh, = Dildr, +=6,)+ 2T + T, (6.4)

In above expression the velocity components along the (r, z) axes are (u, w), p and p* are
the densities of the base fluid the nanoparticle material respectively, k is the consistency
coefficient, p*c;, is the e&‘ective@alt capacity of the nanoparticle material and pe, is the effective
heat capacity of the base fluid, g is the gravitational a ation along the z— direction, Dg
is Brownian diffusion co ient, Dy is thermophoretic diffusion coefficient, 8 is the coefficient

of thermal exp@iﬂn, T 1s the temperature and « is the thermal diffusibility of base fluid. The

corresponding boundary conditions can be written as

ula,z) = 0, wla,z)=U, wlr,z)—0asr— oo, (6.5)
T(a,z) = Tu(z), T(r,z) — Ty asr — o0, (6.6)
da,z) = ¢,(2), dlr,z) — Py a8 — 00, (6.7)

in which UU,, = 2ake*/* represents the fluid velocity at the surface of the cylinder.




6.3 Solution of the problem

Writing
_ _Ll, fn) —
- _QU‘” 7 w=Uyf (1), (6.8)
T -The r? @ — P y
= pory TR N &

we have from Egs. (6.1) to (6.4) as follows

nf" (AWe/nf" + 1)+ £ (5We/nf" + 1) + Re(F f* — /%) + Re M1 — 00 )(6 + Ni.h) = 0, (6.10)

n6" +8' + RePr(f0' — f'0) + n0'(Nyh' + Nio')

Il
e

(6.11)
nh" + b + %{ne" + &) +ReSc(fh' — f') = 0. (6.12)
Np

in which A = gBa(T,, — T )/U?2 is the natural convection parameter, Pr = v/a is the Prandtl
number, S¢ = v/Dp is the Schmidt number, We = 4I'U, /a is the Weissenberg number, N, =
(P* = PN Pw — Poc )/ PB(Tw — Toc)(1 — ¢ ) is the buoyancy ratio, Ny = p*Cp Dp(¢,, — ¢ )/ pCper
is the Brownian motion parameter, Ny = p*C; D7 (o, — 0 )/ pCpaTy is the thermophoresis pa-
rameter and Re = all,, /41 is the Reynolds number. The boundary conditions can be expressed

as

%} E Id)-=1, @Bl »@)=1, (6.13)
' — 0, 6—50, h—0, as n— co. (6.14)

Flow quantities of interests are

Tw = Trz lr=a; Gquw = —k Tr |r=a; [615:’
Tw r ae.‘.;’aq‘w
Cf — pU2 y N U = k(Tw — Tm:} (6.16}
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The solutions of the resulting problems are obtained by using Keller box method.

6.4 Results and discussion

The problem of natural convection boundazy layer flow of Williamson nanofluid past an expo-
nentially stretched cylinder is studied. Th:gution of the problem is obtained numerically with
the help of Keller box method. Effect of the various para,metﬁuch @le Reynolds number
Re, the Weissenberg number We, the Schmidt number Se, the Browni otion parameter Nj,
the thermophoresis parameter Ny, the buoyancy ratio parame ,.,Bg Prandtl number Pr
and the natural convection parameter A on the nondin‘-ensiona&.ﬁ:;ity, temperature and con-
centration profiles are presented graphically in Figs.6.1 — 6.10 and in Tables 6.1 — 6.4. From
Figs.6.1 .4 the velocity profiles are presented for different physical parameters. Fig.6.1
shows the effect of the buoyancy ratio parameter N, on the velocity profile. It is observed that
larger buoyancy ratio parameter N, increases the velocity profile. Fig.6.2 reflects the influ-
ence of natural convection parameter A on the velocity profile. It is noticed that when natural
convection parameter A increases then velocity profile rapidly increases. That is the natural
convection parameter A is directly proportional to the velocity. In Fig.6.3 the effects of the
Weissenberg number We on the velocity profile are presented. Slight decrease in velocity pro-
file is seen by increasinng the values of Weissenberg number We. In Fig.6.4, with the increase
of Reynold number Re, the velocity profile decreases, Figs.6.5 to 6.8 reflect the | vior of
temperature profiles for different physical parameters. Fig.6.5 shows the influence of Prandtl
number Pr on the temperature profile. By increasing the Ques of Prandtl number Pr, the te

perature profile decreases. Fig.6.6 describes the influence of Brownian motion parameter N, on
the temperature profile. The temperature profile increases by increasing theﬁues of Brownian
motion parameter N,. Fig.6.7 shows the effects of the Reynold number Re on the temperature
profile. Th perature profile rapidly decreases by increasing the values of Reynold number
Re. Fi E:ows the influence of the thermophoresis parameter N; over the temperature
profile. ﬁ' increasing the values of the thermophoresis parameter N, the tem ure profile
increases, Figs.6.9 and 6.10 highlight the nano concentration profile. In Fig.6.9 1t 1s clear that

by increasing the value of Schmidt number Se¢ the nano concentration profile decreases instantly.

47




In Fig.6.10 rising effect of Reynold number Re can be seen on nano concentration profile. By
increasing the value of Reynolds number Re the nano concentration profile increases. Table
6.1 shows the boundary derivatives for the velocity profile at the surface of the cylinder that
corresponds to the skiﬁction coefficient at the surface tabulated for different values of Re
and A. From table 6.1 1t 15 observed that the magnitude of the boundary derivative increases
with the increase in Re and it decreases by increasing the values of A. Table 6.2 shows the
boundary derivatives for the velocity profile at the surface of cylinder which corresponds to the
skin_friction coefficient at the surface tabulated for different values of N, and A. From table
6.2 1t is observ at the magnitude of boundary derivative decreases by increasing both N,
and A. Table E:Hhows the values fi al Nusselt numbers calculated for diffe values of
Ny and Pr. From entries in the table 1t 15 noticed that with the increase in Pr, the‘@cal Nusselt
number increases and it decreases by increasing N,. Table 6.4 gws the values for local Nusselt

numbers calculateﬁ different values of N, and Re. Tabulated values indecate that with the

increase in Re the local Nusselt number increases and it decreases by increasing N,

Re=1, Sc=1, We=01, No=1, Ni=1, M=1 Fr=2 g=005

1 A=05,Re=15c=1, We=01,Ny=1 M. =1, Pr=2, dr=0.05

QTS
081" - pe =)
—Ne=07]
i T —e= 10
EU.E \ =i A
*0.44
0.2
0-
1
L M
Fig.6.1 Influence of buoyancy ratio on Fig.6.2 Influence of natural convection
velocity profile parameter on velocity profile
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Fig.6.5 Influence of Prantdl number on

temperature profile
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Table 6.1 : Skin friction coefficient at surface of the cylinder for A\ Re.

A\ Re 0.1 0.2 0.3 0.4 0.5 1.0
0.1 | 0.5417665 | 0.6472440 | 0.7405385 | 0.8256308 | 0.9048707 | 1.1877323
0.3 | 0.5047508 | 0.5878888 | 0.6638048 | 0.7338210 | 0.7991701 | 1.0823029
0.5 | 0.4685034 | 0.5308771 | 0.5911608 | 0.6478879 | 0.7011902 | 0.9304973
0.7 | 0.4329826 | 0.4759543 | 0.5220001 | 0.5667934 | 0.6093992 | 0.7926674
1.0 | 0.3809803 | 0.3970323 | 0.4237953 | 0.4526199 | 0.4810536 | 0.6052925

Table 6.2 : Skin friction coefficient at surface of the cylinder for A\ V,.

NN 0.1 0.2 0.3 0.4 0.5 1.0
0.1 | 0.9225412 | 0.9170612 | 0.9115928 | 0.9061359 | 0.9006905 | 0.8736364
0.3 | 0.8274242 | 0.8119717 | 0.7966064 | 0.7R813283 | 0.7661372 | 0.6914783
0.5 | 0.7380129 | 0.7145075 | 0.6903100 | 0.6663227 | 0.6425421 | 0.5267080
0.7 | 0.6557539 | 0.6231766 | 0.5909584 | 0.5590979 | 0.5275932 | 0.3752816
1.0 | 0.5391606 | 0.4954530 | 0.4523649 | 0.4098899 | 0.3680230 | 0.1674808

Table 6.3 : Local Nusselt numbers for different values of Pr\N,.

Pr\ N 0.1 0.2 0.3 0.4 0.5 1.0
1 0.3670232 | 03512651 | 0.3351202 | 0.3194159 | 0.3042953 | 0.2379151
3 0.5673555 | 0.5428482 | 0.56222006 | 0.5029387 | 0.4845972 | 0.4032442
5 0.7501875 | 0.7145851 | 0.6R801727 | 0.6666279 | 0.6455541 | 0.5525502
10 1.1218606 | 1.0693323 | 1.0361168 | 1.0082439 | 0.9828072 | 0.8714786
15 1.4103439 | 13511575 | 1.3143805 | 1.2839238 | 1.2563011 | 1.1353196
Table 6.4 : Local Nusselt numbers for different values of N, Re.
N\ Re 0.1 0.2 0.3 0.4 0.7 1.0
0.1 0.4577478 | 0.5829143 | 0.6903830 | 0.7851347 | 1.0196609 | 1.2079586
0.3 0.4197439 | 0.5424134 | 0.6478759 | 0.7408885 | 0.9709497 | 1.1553141
0.5 0.3846766 | 0.5047382 | 0.6081510 | 0.6994234 | 09251340 | 1.1057320
0.7 0.3524001 | 0.4697585 | 0.5710763 | 0.6606027 | 0.8R820635 | 1.0590535
1.0 0.3083417 | 0.4220501 | 0.5201416 | 0.6070311 | 0.8222791 | 0.9941360




6.5 Conclusions

geller box method is employed to find the numerical solution for flow of Williamson nanofluid
past a vertical exponentially stretching eylinder. The main findings of the study are summarized

below.

® The velocity profile increases upon increasing buoyancy ratio parameter and natural con-

vection parameter but it decreases by increasing Weissenberg and Reynold numbers.

1
¢ The temperature profile increases for larger Brownian motion parameter N and ther-

mophaoresis parameter N;.

e The nano concentration profile decreases upon increasing Schmidt number Se and it

increases by increasing Reynold number Re.

e Skin friction coefficient decreases upon increasing natural convection parameter A and

buoyancy ratio parameter N, but it increases for increasing Reynold number Re.

e Local Nusselt number increases for larger Reynold and Prandtl numbers but it decreases

when Brownian motion and thermophoresis parameters are increased.




Chapter 7

Dual stratified mixed convection
flow of Eyring-Powell fluid past an
inclined stretching cylinder with

heat generation/absorption effect

7.1 Introduction

This chapter is proposed to study the effects of double stratified medium in the mixed convection
boundary layer flow of Exring-Powell fluid flow induced is by an inclined stretching cylinder.
Flow analysis is studied 1n the presence of heat generation/absorption. Temperature and con-
centration are assumed higher than ambient fluid across the surface of cylinder. The arising
flow system of partial differential equations is primarily transformed into coupled non-linear
ordinary differential equations with the aid of suitable transformations. Numerical solutions of
resulting non-linear boundary value problem are computed successtully by utilizing fifth order
Runge-Kutta algorithm with shooting technique. The velocity, temperature and concentration
profiles are examined graphically. Further the numerical findings are obtained for two distinct
cases namely, zero (plate) and non-zero (cylinder) values of curvature parameter and the behav-

lour are presented through graphs for skin-friction coefficient, Nusselt number and Sherwood
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Figure 7-1: Fig. 7.1. Physical configuration and coordinate system.

number. The current analysis is validated by comparative analysis with previously published

work.

7.2 Formulation

7.2.1 E ;crw analysis

Consider fwo dimensional and steady incompressible boundary layer flow of Eyring-Pc-\-.-'ea:Iuicl

by an inclined stretching cylinder. Flow analysis is taken with double stratification in the

presence of mixed convection and heat generation/absorption. Temperature and concentration

at the surface of cylinder are assumed at higher than the ambient fluid. The boundary layer

approximation give rise to following expression:

gl G009 g

dr

o (7.1)
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F+g87 (T — Tas) + gB:(C — Coo) cos 1. (7.2)

The axial direction of cylinde supposed as x — awxis and r — azis is perpendicular to
it. In the above expgressions, the%city components 4 and v are in the & and r direction
respectively.Here p 15 the fluid density, v is the kinematic viscosity, 5, is the coefficient of
thermal expansion, 3. is the coefficient of conceggration expansion and a is the inclination of
cylinder with = — axis respectively. Note that BQ ¢ are the Eyring-Powell fluid parameters.

The corresponding boundary conditions are

U,
%,r) =U(E) = f:c Jlz,r)=0, at r =R, and u(z,r) = 0, as r — oo, (7.3)
Stream function satistying continuity Eq. (7.1) is defined by the definition

1_ ai v_i ai (7.4)
T \& ) oy gz "

To trace out the solution of Eq. (7.2) under boundary conditions Eq. (7.3) we used following

transformations

2R L r L

(7.5)

where [Uj is the free stream velocity, L is the reference length, f'(7) represents dimensionless

r? - B2 15 3 . Uy v 3 Uq xfiy R [Uyv
1= (o) o= (B) R, o= 230, 2B g,

variable and prime denotes differentiation with respect to 5 (similarity variable) that is the
velocity of fluid past an inclined stretching cylinder having radius R. Incorporating Egs. (7.4) —

(7.5) into Eq. (7.2), we get

(142K (L + M) £ + 77" = (F)° + 2K(1 + M) - %)‘MI{ (1+2K7) (f)°




~MA(L+2Kn)? (f")2 " + Am(0 + N} cosa = 0, (7.6)

with

FO=1, f0)=0 , f(o0)—0 (7.7)

Here K, M, A, A, and N denote curvature parameter, fluid parameters, mixed convection
parameter and ratio of thermal to concentration buovancy forces respectively. These definitions

are
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where G'r and Gr*denotes Grashof number due to temperature and concentration respec-

tively as

_ g87(Tw — To)a® _ gBc(Cw — Co)a?

Gr* 2 , Gr 2 (7.9)
The skin friction coeflicient at the surface of cylinder is considered as

Tw =

Cy = Uz (7.10)
&3
duY 18w 1 [(8u)®

= — —— ——— | = ; 7.11
’ |:’“(E§‘r)+3c8r 63¢3 (61-)] . (7.11)

where p denotes dynamic viscosity of fluid and 7 is the shear stress. The dimensionless form

of skin friction coefficient is given by

CrRel? = 201+ M)" (0) - 22215 ()", (7.12)

with Re, = Ug:r/uL is local Reynolds number.




7.2.2 Heat and mass transfer analysis

Eeat transfer analysis is carried out in the presence of heat generation/absorption. The de-
struction of fluctuation velocity gradients by action of viscous stresses in a laminar boundary
layer ﬂ@of Eyring-Powell Auid is assumed small so the viscous dissipation is neglected. Thun

under boundary layer approximation, the energy and concentration equations take the torms

o L g _E o (0 Qo(T — Too) 5
v o T3 B (1 Br )+ P . (7.13)
ac _ D o ( oC »
0o o P (a) et

wheneg denotes thermal conductivity,Cp is specific heat at constant pressure, I the mass
diffusivity and @)y the heat generation and absorption coefficient. Temperature and concentra-

tion boundary conditions for the fluid flow problem are

T(z,7) = Tu.{m]:Tg+£%1 C (2,r) = Culz) :cn+dLi A LR,

T(z,r) — Tm(r)=Tn+% ,C(:r,r}—rCm(I)=C'g+e%,as r — oo, (7.15)

where Ty (x), Cuplz), Tol(x), Cxlz), Ty, Cpy denotes prescribed surface temperature, surface
concentration, variable ambient temperature, variable ambient concentration, reference tem-
perature and reference concentration respectively. Here b, ¢, d and e are positive constants. To
find out the dimensionless forms of Egs. (7.13) and Eq. (7.14) under boundary conditions i-e
Eq. (7.15), we define

s ! . ;
e L (U—”) L0 = X, ) = = (7.16)

"=7r \uL Tty = B0 "
After substituting Eq. (7.16) in Eqgs. (7.13) — (7.14), the dimensionless form of energy and

concentration equations is given by

on
=1




(142K7)8" +2K6 +Pr (= FO=Fe + .5”3) =0 .17

(1+2Kn)¢" +2K¢ + Sc (f A 52) = 0. (7.18)

subject to the transtformed boundary conditions

#=1-¢, p=1—¢ at =0, 0 =20, ¢—=0, as 57— o0 (7.19)

where Pr, €, dy. Sc and €3 denote Prandt]l number, thermal stratification parameter,
heat generation/absorption parameter, Schmidt number and solutal stratification parameter

respectively. These have definitions

HOE B el G0 o e -
Pr= K y €1 = bl by = {/'-DPCP! Se= D; €2 = (r?U]
i Ee local Nusselt and Sherwood numbers are defined as
. T arT -
N T = T r P w = =R | 57— &
R - T "(ar)r....:n e
o _ij s E =
Sh = —D{Cw =G Jw=-D ( 5 )'R (7.22)
in dimensionless form, these quantities are
Nuz Re, 2= ¢ (D), ShRe, 12 = _¢f (0), (7.23)

7.3 Results and discussion

7.3.1 Numerical solution

The systems of governing coupled non-linear ordinary differential equations i.e Egs. (7.6), (7.17)
and (7.18) subject to boundary conditions (7.7) and (7.19) are solved by employing shooting

method with the aid of fifth order Runge-Kutta scheme. Firstly, reduction has been done in a




system of seven first order simultaneous equations by letting

Z = f,
Z3 = Zy=f,
Zs = ¢,
Ze = &.

Then the equivalent form of Eqs. (7.6), (7.17) and (7.18) under new variables is given by:

5 = 2,
Z; = 43,
7 o (Z2)? — Z1Zs — 2K (1L + M) Z3 + $AMK(1 + 2Kn) 2% — Al Zs + N Zg) cosa
g (1+2Kn)(1 + M) - M1+ 2}'{1}}32'32 ’
Z;. = ZE'-.-
' Pr{ZQZ.g-!-ﬂZz—Z[Za—(SuZﬂ —-2K Zs "
Zy = , 7.24
2 1+ 2Ky e
Zy = In,
Z: o SC{ZQZ{; + eng = ZIZ]V} = 21{2;{
A 1+ 2Kn :

The corresponding boundary conditions in new variables are given as follows

B -.

Z(0)y = 1,
Z3(0) = unknown,
Zy(0) = 1— e, (7.25)

Z5(0) = unknown,
Zs(0) = 1-—ea

Z7(0) = unknown.
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In order to integrate Eq. (7.25) as an initial value problem, we required vaiues for Z3(0) i.e.
£"(0) , Zs(0) i.e. 6'(0) and Z-(0) implies ¢ (0). The initial conditions Z3(0) , Z5(0), Z7(0) are

not given but we have additional boundary conditions

Zy(c0) = 0,
Zy(oo) = 0, (7.26)
Zg(oo) = 0.

Table — 7.1 : Numerical values of skin friction coefficient for K, Pr and M.
K |Pr| M 1CsRey? = (14 M) f" (0) - 2[5 (Q)]P
0.1]1.1]01 -0.9809
0.2 - - -1.0254
03| - - -1.0694
0.1]1.1]01 -0.9809
- | L2 - -0.9825
- |13 - -0.9839
0111101 -0.9809
- - |02 -1.0268
- - |03 -1.077

By choosing favourable guessed values of £ (0 i[[}]1 and , db-"([]'} the integration of system
of first order differential equations aregarried out in such a way that the boundary conditions
given in Eq. (7.27) holds absolutely. ﬁhe step size An = 0.05 is used to obtain the numerical
solution with four decimal accuracy as convergence criteria.

Tables 7.1 and 7.2 are constructed to indicate the influence of embedded physical parameters
symbolically, K, Pr, M, A, Se, €1, 3 on skin friction coefficient. Adopted parametric values
are mixed convection parameter A, = 0.1, ratio of buoyancygdorces N = 0.1, inclination angle
o = 30°and heat generation/absorption parameter dy = U.ﬁit is revealed that skin friction

coefficient increases (in absolute sense) for higher values of curvature parameter K, thermal

stratification parameter e, solutal stratification parameter es fluid parameter M , Prandtl
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number Pr and Schmidt number Se. Skin friction coefficient shows declined effect on fluid

parameters A.

Table — 7.2 : Numerical values of skin friction coefficient for A, Se, g;and eg.
Al Se|a | e 1o Res = (14 M) " (0) — M2(5” (0))3
01(1.1]01]01 -0.9809

02| - - - -0.9760

03| - - - -0.9738
01)11]01]01 -0.9809

- |12 - - -0.9850

- |13 - - -0.9893
01)11]01]01 -0.9809

- - 102 - -0.9868

- - (03] - -0.9937
01(02]01]01 -0.9809

- - - |02 -0.9887

- - - |03 -0.9995

Tables 7.3 —7.4 show the influence of different physical parameters on heat and mass transfer
rate for fluid parameters A = (0.1 and M = 0.1, mixed convection parameter A, = 0.1, ratio of
buoyancy forces N = (.1, inclination angl = 30 and heat generation/absorption parameter
&y = 0.1. Particularly, Table 7.3 shows the variation of heat transfer rate against frequent
values of curvature parameter K, Prandtl number Pr and thermal stratification parameter ¢;.
Table 7.4 shows the rate variation of mass transfer for different values of curvature paramgter
K, Schmidt number Se and solutal stratification parameter €s. It is examined that thelézt
and mass transfer rate increases for larger values of curvature parameter , Prandt] number Pr
and Schmidt number Se, respectively. Heat and mass transfer rates exhibit decreasing behavior
towards thermal stratification parameter and solutal stratification parameter respectively. By
having Eqs. (7.6) and (7.17) the flow problem can be identified by Ishak and Nazar [55].

Furthermore, in the absence of curvature parameter (i-e K = ()
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Table — 7.3 : Temperature gradient at the surface of cylinder
for various values of K, Prand «;.

K |Pr| g —8'(0)
011101 1.0983
02| - - 1.1306
03| - - 1.1632
01]11]01 1.0983

- (12 - 1.1553

- [ 13 - 1.2101
0.1]11]01 1.0983

- - (02 1.0567

- - |03 1.0144
Table — 7.4 . Mass transfer rate at outer surface of cylinder

for different values of K, Sc and es.

K | Se| e —a' (0)
010201 0.4500
02| - - 0.5020
03] - - 0.5512
010201 0.4500

- 03] - 0.5220

- (04 - 0.6068
010201 0.4500

- - | 0.2 0.4013

- - (03 0.3711

For M =0, A=0, 4, =0,a=0"¢ =0 and dg = 0, Eqs. (7.6) and (7.17) reduce
to t@ﬂfm problem given by Grubka and Bobba [56] . Table 7.5 is constructed to compare
the heat transfer rate for various values of Prandtl number Pr in a limited sense. An excellent

agreement has been found which leads to conformity of present work,
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Table — 7.5 : Comparision of heat transfer rate for different values of Prandtl number Pr
Pr | Grubka and Bobba [56] | Ishak and Nazar [55] Present study

0.72 0.8086 0.8086313 0.8089

1.00 1.0000 1.0000000 1.0000

3.00 1.9237 1.9236825 1.9239

10.0 3.7207 3.7206739 3.7208

7.3.2 Velocity profiles

Figs. 7.2 — 7.8 illustrat effects of flow controlling parameters on non-dimensional velocity
profiles. Fig. 7.2 showsﬁ an increase in thermal stratification parameter ¢; leads to decrease
in velocity profile, This effect is due to drop %onvective potential between surface of eylinder
and ambient temperature. Fig. 7.3 identifies that an increase in mixed convection parameter A,
yields an increase in fuid velocity. Physically, this is due to e cement of thermal buoyancy

@n increase in velocity witb’p

a boundary layer. The behaviour of an inclination o on velocity is depicted in Fig. 7.4. [t

torce. Higher values of mixed convection parameter A, lead

is noticed that for higher values of an inclination o the velocity profile declines, Because by
increasing an inclination o relative to z-axis the influence of gravity is red which results
decline in velocity within a boundary layer. Fig. 7.5 illustrates that for larger values of curvature
parameter K the radius of cylinder decreases and fluids motion accelerates. This is due to
reduction of contact surface area of cylinder with fluid which offers less resistance to fluid flow.,
So increase in curvature parameter K causes increase in velocity profile within the boundagy

layer. The effect of solutal stratification parameter €5 on velocity 1s displayed in Fig. ?.ﬁ.a‘?
is observed that the fluid velocity decreases within boundary layer for the increasing values of
solutal stratification parameter €5 . Fig. 7.7 evidents that the velocity profile increases against
increasing value of fluid parameter M . Because fluid parameter M has inverse relation with
viscosity so higher values of fluid parameter M brings fluid to be less viscous which results
increase in rate of deformation. FiggZ.8 is sketched to examine the effects of ratio of buoyancy
forces N on velocity profile. As N 1s the ratio of concentration to the thermal buoyancy forces,

so larger values of buoyancy forces N reflects dominancy in concentration buoyancy force which

yield an increase in velocity distribution within a boundary layer.
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7.3.3 Temperature profile

Figs. 7.9—7.14 reflect the impacts of different physical flow parameters on temperature profiles.
Influence of thermal stratification parameter €; on temperat rofile is given by Fig. 7.9. It
1s promiment from figure that the temperature distribution @;&ases for increasing values of
thermal stratification parameter €;. This outcome is due to declined in temperature difference
between surface of cylinder and ambient fluid. Hence temperature profile decreases within ther-
mal boundary layer. Fig. 7.10 provides the influence of an inclination a against temperature
distribution. It is noticed that an increase in inclination a shows enhancement in temperature
within a boundary layer. This fact is due to gravity effect. For larger values of an inclination
o the gravity effect reduces. It shows decrease in rate of heat transfer. Therefore temperature
distribution increases. Fig. 7.11 elaborates the influence of heat generation/heat absorption
parameter d i on temperature distribution. It is explored that increase in heat generation/heat
absorption parameter dy causes increase in temperature of fluid. Here significant heat is pro-
duced during heat generation phenomena which results an increase in temperature distribution.
Fig. 7.12 illustrates that the temperature distribution increases due to larger curvature para-
meter i . Temperature is stated as an average Kinetic energy so, when we increase curvature
parameter K of cylinder, velocity of the fluid increases which results increase in kinetic energy
and due to which temperature increases. Note that temperature profile decreases adjacent to
the surface of cylinder and it increases away from it. It is clearly seen that an increase in
intensity of buoyancy forces shows an increase in temperature of fluid. Fig. 7.13 indicates
that the temperature distribution increases for higher values of solutal stratification parameter
€y . Fig. 7.14 presents the influence of Prandt]l number Pr on temperature profile. Prandtl
number Pr inverse relation towards thermal conductivity, fluid with higher Prandtl number
Pr. Hence an increase in Prandt]l number Pr causes a strong reduction in temperature of the

id which results thinner thermal boundary layer. Sometimes we may have overshoot in the
@mal boundary layer due to higher thermal conductivity. That effect can be controlled by

introducing heat sink which helps to moderate the temperature,
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7.3.4 Concentration profile

Figs. 7.15 — 7.20 include the effects of several involved parameters over concentration profile.
Fig. 7.15 demonstrates the impact of thermal stratification parameter € on concentration
profile. An increase in thermal param g1 brings mciting in fluid concentration across the
surface of cylinder. From Fig. 7.16, it 15 witnessed that the concentration boundary layer
decreases by increasing Schmidt number Sc. Since this effect is similar to Pr verses thermal
boundary layer. As Se has inverse proportional behavior towards mass diffusivity. Thus higher
values of Schmidt number Se bring thinning in the concentration boundary layer. As a result
concentration distribution decreases. Influence Wu‘sl stratification parameter e is described
through Fig. 7.17 over concentration profile. It 18 clear that concentration, the boundary layer
thickness decreases for higher values of solutal stratification coefficient e;. Influence of an
inclination e and mixed convecti rameter A, on skin friction coefficient for both plate and
eylinder is sketched in Fig. T.lS.@aﬂkno‘Wledged that for increasing values of an inclination
a the skin friction coefficient increases whereas it shows opposite effect for mixed convection
parameter A,,. Further, the magnitude of skin friction coefficient is higher for cylinder when

compared with plate. Fig. 7.19 witnesses that mass transfer rate decreases for larger values
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of an inclination o and heat generation/absorption parameter & . @also noticed that the
strength of mass transfer rate is slightly larger for cylinder than plate. Fig. 7.20 is constructed to
examine the behaviour of mixed convection A, and ratio of thermal to concentration buoyancy
torces N on mass transter rate. It is analyzed that for larger values of both mixed convection
parameter A, and ratio of buoyancy forces N, the mass transfer rate increases. The magnitude

of mass transfer rate for cylinder is more when compared to plate.
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Fig. 7.16. Effect of Schmidt number Sc on Fig. 7.17. Effect of solutal stratification

concentration profile. parameter on concentration profile.
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7.4 Conclusion

Double stratified mixed convection boundary layer flow of Eyring-Powell fluid imnduced by an
inclined stretching cylinder is reported. Flow analysis is carried out with heat generation

process. The findings of present study are listed as follows:

® The fluid velocity increases significantly for larger values of curvature parameter K, fluid
parameter M., mixed convection parameter A, and ratio of buoyancy forces N. However
velocity profile shows opposite variation for thermal stratification parameter €, solutal

stratification parameter €2 and an inclination a.

e The fluid temperature is increasing function of solutal stratification parameter es, cur-
vature parameter K, an inclination o and heat generation/absorption parameter §g.

Temperature decays for thermal stratification parameter ¢; and Prandt] number Pr.

e The concentration profile increases for increasing values of thermal stratification para-
meter €7 while it decreases for solutal stratification parameter €2 and Schmidt number

Se.

e Skin friction coefficient expressively enriches for cylinder in comparison to plate regarding

an inclination & and it reduces for mixed convection parameter A, .

e Higher values of an inclination a and heat generation/absorption parameter dy shows

reduction in heat transfer rate.

. Hass transfer rate considerably increases for both mixed convection parameter A, and

ratio of buoyancy forces N.




Chapter 8

%oundary layer flow of second grade
fluid past a vertical exponentially

stretching cylinder

8.1 Introduction

In this chapter we ﬁained the similarity solution for the boundary layer flow of a second gra
fluid past a vertical cylinder stretching exponentially along its radial direction.Heat transfer 1s
analyzed. The resulting boundary layer problems olved. The obtained system of
equations subject to the boundary conditions are so]vedagn the help of homotopy analysis
method (HAM). The effects of the different parameters including Reynolds numbgrs, Prandtl
numbers and the natural convection parameter are presented through graphs, The gn friction

coefficient and Nusselt numbers are studied for different parameters.

8.2 Mathematical formulation

Consider Ee problem of natural convection boundary layer flow of a second grade fluid flowing
over a vertical circular cylinder of radius a. The cylinder is assumed to be stretched exponen-
tially with velocity [7,,. The temperature at the surface of the eylinder is T,, and the uniform

ambient temperature is taken as T, such that T, — Tx, > 0 in case of the assisting flow, while

72




Ty — T < 0 for opposing flow, respectively. Under these assumptions the boundary layer

equations of motion and heat transfer are

ok dia, = 0 (8.1)
r
1 a
v, +ww, = V(W + =W} + — Ul + Wy + Weply — Wity
r
1
+;{uw,.,. + wwy, + wpw, — wett, )] + g8(T — Too ), (8.2)
9T $9l = Ty +oT), (8.3)
>

where the velocity components along the (r,z) axes are (u,w), p is density, 1 is the kinematic

viscosity, p is pressure, g is the ﬁ\'itational acceleration along the z— direction, 5 is the
coefficient of t@mal expansion, I 15 the temperature and o is the thermal diffusivity. The
corresponding boundary conditions for the problem are

u(a, z)

0, w(e,z)=U, w(r,z)— 0asr — oo, (8.4)

Tla,z) Tw(z), T(r,z) — Ty as+ — o0, (8.5)

where U, = 2ake*/® is the fluid velocity at the surface of the cylinder.

8.3 Solution of the problem

By considering the following similarity transformations:

1. f o
= —aaw%}, w="Uuf (1), (8.6)
T —Te e =
6 = -Tw_-TrJD’ ’I—?; (81:]

The Egs. (8.1) to (8.3) take the form

nf" + " +Re(ff" = ) — 2A(nf f** + 2f "
_gnfffm L nf;# - Efffﬁ} oE Re Aa - 0! (88}




78" +8' + %Re Pr(f0' — f'6) = 0, (8.9)

in which A = gBa(T,, — Tao)/U2 is the natural convection parameter, Pr = v/a is the Prandtl

number,A = a,U, /2avp is second grade fluid parameter and Re = al/, /41 is the Reynolds

number. The boundary conditions in nondimensional form become

%] E ) = 1, (8.10)
ff— 0, 8-=0 asn— co (8.11)

The important physical quantities such as the sEear stress qhe surface 7, the skin friction
coefficient ¢y, the heat flux at the surface of the cylinder g,, and the local Nusselt number Nu,

are

Tw = Trzlr=ar Quw = —k7r |r=a (8.12)
zfa
Ty 2 ae®/%q,,
cf = —, Ny, = ——— 813
/ pU2 O S

8.4 Homotopy solution

In order to develop solutions we employ the homotopi?echnique suggested by Liao [58]. The

HAM is preferred due to the following facts. (i) The HAM does not require any small/large

parameters in the problem. (ii) It gives us a way to verify the convergence of the developed
series solutions. (iii) It is useful in providing incredible flexibility in the developing equation
type of linear functions of solutions.

The initial guesses and linear operator are:
fo(m) = (1 — €'}, 8o(n) = exp(1 - n), (8.14)
and linear operators satisfying the properties
Li=f"~f, Lg=0"+¢, (8.15)
L(C1+ Cae" + Cae™) =0, Ly(Cy+Cse™) =0, (B.16)
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1
where C; (1 = 1 — 5) indicate the arbitrary constants.

8.4.1 Zeroth-order deformation problems

The corresponding problems at the zeroth order are presented in the following forms:

(1 - ) &1 [f) ~ foln)] = anpy [Fm )], (8.17)
(1 - ) o [6(m30) — 6o(n) | = ahoNa [f(mi0),6(m.a)] (8.18)
f(ig) = 0, f(l;q) =1, 8(0,q) =1,
6(c0,q) = 0, fi(ooiq) = 0. (8.19)
44
3 8 F &1 fin,
d‘({[?{q}_i_ dlcj; 7.4 +RB f{ﬂ'qz}g_g-:(ﬁil —94 ??f(’isq}%
Nylfera ool = " ! - (342) +2f(n,q) {32
3 f 2§ 2 i 2 F &
—Qﬁ%ﬂn 3—5[-1-?1,?;‘ _.,](3_.[[_';_1]18“.- ) —23—'[()-‘-'11{,:}‘ 3_."11_‘116“;- + Re M(n,q)
(8.20)
- 5%, B | 1 2 80(n,q) 5f(n.9),
Nolf(m,9).0(n,9)] =7 o + B +5 RePr f(n,q) - i 0(n,q) | .

(.21)

Here g is an embedding parameter, iy and fig the non-zero auxiliary parameters and Ny and

Ny indicate the nonlinear operators.

8.4.2 mth-order deformation problems

Lilfm() = XmFm-1 (M) = hgRE (), (8.22)
Lo Bm (1) = Xmbm—1 (M)] = heRE, (n), (8.23)
.f:n{]-) — G.- fm[:l) — 0: em(l:} = D-.

Fm(o0) 0, &m(c0) =0, (8.24)

on




=1 =1

LM = nfm_y+ fmy +Re Z (i sfl = I ity =24 z (0 Framr=kF2 + 2fm-1-2f")

_Eng(fm 1 k-ri” Z_ ( m=1 J.fk:} 2 E ( m 1 kfi}+Re}‘€:ri 1 (825)

m—1
B (n) = nfj1+ 851+ > Re Pr QR (140 — F1n12a0%) (8.26)
0, =1,
wm=| @ (3.27)
1,

The general solutions ( fi, 8, ) consisting of special solutions ( f%,,8},) are

Fm(n) = fr(n) + C1 + Cae" + Cae ™, (.28)

Om(n) = 65,(n) + Cy + Cse™", (8.29)

in which the values of Cj(i =1 — 5) are

afmn) afm(n)
Cy = I L O =0, O3 = =2, Cy = — 8.(n),
1 ( an .rm[?” e 2 3 an 4 n(?ﬂ'
Cs = 0 (8.30)
8.5 giscussion
In this section the homotopic solutions are an d for the effect of various parameters such

as the Reynolds number Re, the second grade parameter A, the Prandtl number Pr gud the
natural convection parameter A on the nondimensional \felocitw temperature. Here ﬁig.&l
shows the effect of Prandtl number Pr on the velocity profile f'. From Fig.8.1itiso ed that
by increasing Prandtl number Pr the velocity profile decreases. Fig.8.2 shows the‘mence of
the natural convection parameter A on the velocity profile f'. Clearly when natural convection
parameter A increases then velocity profile also increases. That is, the natural convection para-
meter A is directly proportional to the velocity profile f'. Similar characteristics are observed
tor second grade fluid parameter A in the Figs. 8.3 and 8.4. By increasing the value of Reynold

number Re the velocity profile decreases. In Fig.8.5 the h-curves of velocity profile for different




values of Reynold number are displayed when Pr= 10,4 = 1, 4 = 0.5, F'ig.8.6 shows that after
increasing Prandtl number Pr the temperature profile decreases. Fig.R.7 shows opposite behav-
iour of temperature profile upon incregging natural convection parameter A. The temperature
profile rapidly decreases by increasing g‘m!ue of second grade parameter A (see Fig.8.8) and
similar behaviour of temperature profile is examined by increasing the values of Reynold num-
ber Re (see Fig.8.9). Eig.2.10 shows the convergence region for temperature profile through

h-curves for different values of Prandtl number Pr when A= 1,Re =2, 4 = 0.5,

A=1LRe=1A=03

Pr=0,1,3,7

0.

(NE7]
(7]
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Table 8.1 : Skin friction coefficient at the surface of the cylinder.
Re'\Pr 0.7 1.0 7.0 10.0 15.0
0.5 | 0.331799 | 0.362456 | 0.843720 | 1.01324 1.1986
1.0 0.398152 | 0.457414 | 1.20143 1.4362 1.76274
1.5 0.459415 | 0.537164 1.4491 173577 | 2.13661
2.0 | 0.516379 | 0.612262 | 1.67114 | 2.0068 | 2.46585
2.5 0.568956 | 0.679781 | 1.86795 | 2.243470 | 2.689060

Table 8.2 : Local Nusselt numbers,

Re'\ A 0.0 0.5 1.0 1.5 2.0
0.5 | 0.853004 | 0.823586 | 0.794351 | 0.765297 | 0.736421
1.0 1.00715 | 0.95683 | 0.907285 | 0.858480 | 0.810423
3.0 1.47889 | 1.38199 | 1.28068 | 1.20125 | 1.11607
5.0 1.83133 | 1.70796 | 1.50150 | 1.4R8009 | 1.37257
10.0 | 247349 | 2.32467 | 2.16570 | 2.01174 | 1.88475

8.6 Conclusions

The homotopy analysis method is employved to study the natural convection boundary layer
flow of second grade fluid past an exponentially stretched cylinder. The main findings of the

study are summarized as below:

o The velocity profile increases for larger Prandtl number, natural convection parameter

and second grade parameter but it decreases by increasing Reynold number.

® The temperature profile increases on increasing Reynold number, natural convection pa-

rameter and Prandtl number but it decreases by increasing second grade parameter,
e Skin friction coefficient is an increasing function of Reynold and Prandtl numbers.

e Local Nusselt number enhances upon increasing natural convection parameter but it de-

creases by increasing Reynold number.
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