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Preface

Magneto-hydrodynamic (MHD) is involved with the mutual interaction of magnetic
field and fluid flow. There are significant applications of MHD ranges from astro-
physics to modern technologies. MHD is typically used in industry to heat, pump,
stir and levitate liquid metals. In the earth core, the fluid motion maintains the ter-
restrial magnetic field, the sunspots, and solar flares are generated by solar magnetic
field and the galactic magnetic field which has the connections with star formation
from the interstellar clouds. The static magnetic field is applied for the laminariza-
tion of contactless damping turbulent flow in the formation of semiconductor crystals
or the continuous casting of steel. MHD flow concerns the behavior of particles in
turbulent MHD flows which has been discussed by Rouson et al. [1]. In many natural
phenomena, MHD effects occur such as, in the generation of a magnetic field of stars
and planets. The interaction of earth magnetic field with the solar wind, generate
northern lights, in which the magnetic field deflect the harmful cosmic rays. Hartlep
and Mansour [2] discussed the utilization of MHD waves into a code for the replica-
tion of solar interior. Ripoll and Colestock [3] worked out on the development of a
code for the modeling of lightning strikes.

Nanofluids are the colloidal suspensions of nanomaterials which is prepared by dis-
persing nanometer-sized materials, i.e. nanoparticles, nanofibers, nanotubes, nanowires
and nanorods along with the base fluids. Water, oil, and ethylene glycol are Com-
monly used base fluids. Choi et al. [4] introduce the concept of nanofluids in order
to generate fluids that have higher conductivities and rate of heat transfer. Nanoflu-
ids have fictional characteristics which make them potentially useful, due to its wide
range of applications nanofluids got more attention. It is used as a cooling agent in
electronic equipment, vehicles, heavy-duty engine and in industries to enhance the
efficiency, saving energy and reduce emissions. Nanofluids have also some biomedical

applications, it is used as an antibacterial and in drug delivery. Some admissible



investigations by the researcher about nanofluids can be noticed in [5-10].

Stagnation point is the region where the of velocity of fluid becomes zero, or
we can say that the flow around a body always has stagnation point. In boundary
layer flow the stagnation flow profile has distinct and unique applications. It is used
as a cooling agent in electronic devices, nuclear reactor, and other hydrodynamic
activities. For an incompressible flow, researcher worked out the stagnation flow in
three dimensions, oblique and orthogonal. Hiemenz [11] Investigated two-dimensional
flow of a viscous fluid under stagnation point. In oblique stagnation flow, a rapid
stream of fluid impinges in an oblique way on the solid wall at some angle. Stuart [12]
initiated the flow of Newtonian fluid nearby the stagnation point. Homman [13] and
Howarth [14] prescribed the steady flow of viscous fluid in three dimensions along
the stagnation point. Due to its novel properties in industries nanofluids got the
attention of researcher and they work on the stagnation flow of nanofluids. Hamad
and Ferdows [15] analyzed the heat generation in nanofluid flow in the presence of
stagnation point, they use the lie symmetries for the formulation of the problem.
Nadeem et al. [16] inspected the flow of nano second-grade fluid near the stagnation
point and got results via homotopy analysis method for different parameters. Nadeem
et al. [17] explored the axisymmetric flow of micropolar nanofluid at stagnation point
over a moving cylinder.

MHD stagnation point flow has been scrutinized by many researchers in the re-
cent years. Bhattacharyya and Gupta [18] examined the heat transfer and flow along
stagnation point on a porous surface in three-dimensions subject to a uniform mag-
netic field. Gireesha et al. [19] recognized the characteristics of an electrified fluid at
stagnation-point with heat absorption or generation, melting and induced magnetic
field effect past a stretching surface. Nadeem et al. [20] exposed the flow of Casson
fluid in two-dimensions obliquely with the influence of the magnetic field and partial

slip. Noor et al. [21] reviewed the flow of micropolar nanofluid along stagnation point



by a stretched surface combined with heat transfer effects. Akbar et al. [22] observed
nanofluid flow at the point of stagnation with the impact of magnetohydrodynamics
aver a stretched cylinder and evaluated the flow problem numerically. Haq et al. [23]
considered the effect of thermal radiation and magnetohydrodynamic flow of nanofluid
over a stretchable sheet at the stagnation point. Makinde et al. [24] checked the flow
of nanofluid at stagnation point passed over an elastic surface, and utilized the effect
of magnetic field, convective heat, and buoyancy force. Ibrahim et al. [25] reported
an article about the flow of nanofluid at stagnation point over an expandable sheet
an account with heat transfer and magnetic field effect. Mansur et al. [26] exhibited
the magnetohydrodynamic flow along stagnation point over a shrinking surface with
suction. Hayat et al. [27] searched out the magnetohydrodynamic nanofluid flow in
three dimensions along with the impact of thermal radiation. Zhang et al. [28] ex-
plained the MHD flow of nanofluid and describe the effect of radiation heat transfer
and chemical reactions. Dinarvand et al. [29] sought out the unsteady flow of viscous
fluid caused by a rotating sphere near the stagnation point in the presence of buoy-
ancy forces. Howarth [30] described the flow behavior of steady incompressible fluid
near the nodal stagnation point. Davey [31] identified the flow in the vicinity of the

saddle point.
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Chapter 1

Preliminary concepts

The incentive of this chapter is to manifest some basic definitions and pertinent

properties of fluids, also some essential laws relevant to nanofluids are recalled.

1.1 Fluid

A material that deforms permanently and continuously under the action of shear
stress (the ratio of tangential force to the area on which it is acted) no matter how
small it is, or another word a substance in liquid and gas phase is referred to be a

fluid.

1.2 Fluid mechanics

Fluid mechanics is the science that deals with the fundamental laws of general me-
chanics, which is applied to the fluids. These laws are conservation of momentum,
conservation of energy and Newton’s laws of motion, or we can say that fluid mechan-
ics is a field of study, which characterizes the behavior of liquid and gases in motion

or at rest. There are two main sub discipline of fluid mechanics.



1.2.1 Fluid dynamics

The subdivision of fluid mechanics that cover the behavior of fluid in motion, or that

sort out the movement of fluids and the influence of forces on it.

1.2.2 Fluid statics

Fluid statics is the subdivision of fluid mechanics that investigate about the fluid in
rest, i.e, when there is no shear stress and any other force developed is only due to

the normal stress(pressure).

1.3 Flow

Movement of fluid under the action of unequal forces or stresses, as long as the

unbalanced forces are applied the motion continues.

1.3.1 Laminar flow

The flow that occurs at lower velocities, in laminar flow the fluid particles move in a
straight line not necessarily the velocity of particles at one point is the same as that

of another line. The flow of high viscosity fluid is typically laminar.

1.3.2 Turbulent flow

The paths of fluid particles in a turbulent flow are no longer straight but are intertwin-
ing, sinuous and crossing one another. Velocity, pressure, and other flow quantities
fluctuate in a disordered manner with time and space. The turbulent flow occurs

mainly in low viscosity and high-velocity fluid.



1.4 Magneto-hydrodynamics

Magneto-hydrodynamics indicates the magnetic behavior of conducting fluid in the
presence of an electric and magnetic field. Magneto-hydrodynamics affects many

natural phenomena and also control turbulence within the flow.

1.5 Stagnation point

The point where the velocity of fluid becomes zero. Stagnation point occurs when
a fluid strikes a non-rotating object, or in the movement of an obstacle through a
fluid. At a stagnation point, the velocity components are zero, and their gradients

are positive, also the pressure is the absolute maximum at that point.

1.6 Nanofluids

Nanofluids are the colloidal suspension of base fluids and nanoparticles. Nanoparticles
are nanometer-sized particles or width of one-tenth thousand of a human hair. They
are generally metal oxides or metals and usually, base fluids are taken water, ethylene
glycol, and oil. Some unique features of nanofluids that make them potentially useful

are as follow
*X Abnormal rise in thermal conductivity

The main feature of nanofluids is that, it has higher values of thermal conductivity.

XX Particle size dependence
It was observed that the decreasing particle size, there is an enhancement in

thermal conductivity of nanofluids.

X Stability

Nanofluid is used as a stabilizing agent.



) Small concentration and a newtonian behavior

For a very small concentration of nanoparticles, enough improvement in conduc-

tivity can be achieved, that shows completely Newtonian behavior.

1.6.1 Applications of nanofluids

Nanofluids have a wide range of applications, some specific areas where nanofluid can

be used are

(a) Medical nanofluids(drug delivery and anti-bacterial agent).
(b) Bio and pharmaceutical nanofluids.

(¢) Environmental nanofluids(pollution cleaner).

(d) Extraction nanofluids.

(e) Chemical nanofluids.

(f) Tribological nanofluids.

(g) Surfactant nanofluids.



Other applications of nanoparticles are listed in the figure below
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Figure 1.1: Applications of Nanomaterials Chart Picture

1.6.2 Physical properties of nanofluids

Thermal conductivity

Thermal conductivity is the heat conduction capacity of a substance, since metals are

the good conductors of heat, using this feature, the nano-metallic particles are added



to thermo-fluid in order enhance its thermal conductivity. Maxwell [32] formulated

it as.
@ _ ky +2ks — 2¢(ks — k) (16.1)
k¢ ky+2ks + o(kr — kp) o

Viscosity of nanofluids

Viscosity is the resistance of a fluid to flow, in the case of nanofluid, it is very impor-
tant in its applications. Brinkman [33] model for the viscosity of nanofluid is given

by

finf = # (1.6.2)

Specific heat

Specific heat is the amount of heat per unit mass to raise the temperature up to a
certain interval, so in the solid-liquid mixture this property is very important and
is decreased by increasing particle volume fraction. According to Pak and Cho [34]

representation of specific heat for nanofluid is shown as
(PCp)ng = (1=0)(pCp)s + 9(pCy)yp (1.6.3)

Density of nanofluids

Xaun and Roetzel [35] Presented a model for nanofluid which is given by

pug = (L=0)ps+ dpp (1.6.4)

1.6.3 Equations for two phase model
Momentum equation

Generally, law of conservation of momentum for nanofluid can be written as
dv
i gy = divT + ppsb (1.6.5)
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where b and 7 are the body forces and the Cauchy stress tensor written as
T =—pl+ 1, Ay (1.6.6)
in which A, is first-order Rivlin-Ericksen tensor, expressed as

A, =VV+ (VV). (1.6.7)

Energy equation

Generalized energy equation can be expressed as

dT
(pCp)nf% =1L+ k,yV*T — divg, (1.6.8)

where L is the gradient of velocity and ¢, is radiative heat transfer.

1.7 Dimensionless quantities

1.7.1 Reynolds number

Reynolds number (R,.) was introduced by Stokes [36], it describes the flow behavior of
the different fluids. It is the fraction of inertial force to the viscous force. It illustrates
whether the flow is laminar or turbulent, so we have for smaller Reynolds number,

there is a laminar flow while turbulent flow occurs at high Reynolds number.

inertial force ma Uz
R, = = = —

viscous force  p(u/x)z? v

(1.7.1)

U is the maximum velocity of the object, measured in m/s, x identify the character-
istic length traveled by fluid, its unit is m, v denotes the kinematic viscosity, in SI its

unit is m?/s.



1.7.2 Prandtl number

Prandt]l number determine the heat flux between a solid body and moving fluid. It
specifies the ratio of momentum diffusivity to thermal diffusivity. It can be shown as

momentum diffusivity

Pr =

QIx

theremal diffusivity (1.7.2)

pCy

Tk

w is the dynamic viscosity with unit Ns/m?.

C, shows the specific heat, in SI its unit is j/kg — K.

k is the thermal conductivity it is measured in W/m — K.
Prandtl number was introduced by a German physicist Ludwig Prandtl as reported
by (Vogel-Prandtl [37]). Prandtl number has great importance in boundary-layer
problems. Conduction occurs for a small value of Prandtl number, means that thermal
boundary layer is thicker than velocity boundary layer. While for larger values,

convection process occurs, which is more effective than conduction in transferring

energy.

1.7.3 Magnetic-Prandtl number (M)

The magnetic Prandtl number predict the relative balance between momentum dif-

fusivity and magnetic diffusivity written as

Mo=2 = O lleV (1.7.3)
n

o is electrical conductivity of fluid its unit within the system international is S/m,
S is siemens, which is the inverse of ohm,

e 18 the magnetic permeability, which tells about whether a material can be magne-
tized or not, its SI unit is N/A?,

n is magnetic diffusivity, its unit is m?/s.



1.7.4 Skin friction

The friction arises when the fluid moves through a solid surface or the friction due to
the viscous resistance at the boundary in the flow. It affects the flow characteristics.
The skin friction has larger value for laminar flow and has small values for turbulent
flow, mathematically we can write as

Tw

psU2"

C; = (1.7.4)

In the above expression 7, is the surface shear stress, py denotes the density of the

fluid and U, is the wall velocity.

1.7.5 Nusselt number

Nusselt number is the dimensionless quantity that associates heat transfer rate in the

fluid, i.e. The convection to conduction heat transfer. Nusselt number can be express

as
coefficient of convection h,L

Ny, = . — = = (1.7.5)
coefficient of conduction k¢

In convection heat transfer we have, h, = (T("z—l%), and by conduction, we have

Quw = —k;sVT. Generally, we can write

hy

N,, =-%

— C Re™ P (1.7.6)



Chapter 2

Steady three dimensional
stagnation point flow of a nanofluid
past a circular cylinder with

sinusoidal radius variation

2.1 Introduction

In this chapter, we have studied the three-dimensional flow at the stagnation point of
nanofluid over a cylinder with wavy radius. The governing boundary layer equations
are non-dimensionalized using some specific transformations. The reduced problem
to a system of coupled non-linear ordinary differential equations is then solved numer-
ically using fifth order R-K-Fehlberg method. Nanofluids discussed here are copper,
alumina, and titania taking water as a base fluid. The influence of nanoparticle
volume fraction and distinct nanoparticles on velocities and temperature field are
examined for both critical points. The dimensionless heat transfer rate and surface

drag across the wall vary with the volume fraction of different nanoparticles, and their

10



numerical results are listed in Table 2.2.

2.2 Flow structure

Here the fluid is passed over a cylinder in three dimensions considering y- and z-axis
along and normal to the surface, and x-axis in the upward direction. Howarth [38]
considered the velocity components near critical points as v, = azr and v. = by,
with a and b are constants. The surface is at temperature T, and the fluid is at uniform
temperature T,,. We can write the equation of streamlines as x = ay%, where c is
the fraction of the gradient of the stream velocities (¢ = g) and « is constant, which
gives a particular streamline.

Here for 0 < ¢ < 1 corresponds to the nodal point and —1 < ¢ < 0 gives saddle
stagnation point. The boundary layer flow problem can be express mathematically

as

ou Ov ow
a_l‘ + a—y + E = 0. (2.2.1)

Equation of motion can be written as

A% -1
— = —V.P V2V 2.2.2
di pnfv + v fV s ( )
along x-axis
ou ou ou ) 0?u
- - — = -, 2.2.3
Yor * vay * Yoz s+ nl 522 ( )

along y-axis

0 0 0 0?
w4 2l W = by + I/nfa—;;. (2.2.4)

The energy equation can be expressed as

or or oT 0*T

il il - = i 2.2.5
e +v8y TS Wl ( )

11



The boundary conditions are given by
u(z,y,z) = v(r,y,2) = w(x,y,2z)= 0 at z —0,
w(z,y,2) = ue, v(z,y,2) = v. when z — o0,
T(x,y,z) = Ts, atz —0,

T(x,y,z) = Toe when z — 0.

(2.2.6)

Non dimensionalizing the above equations (2.2.2) to (2.2.5) and their boundary con-

ditions (2.2.6) using the transformations

a 1
n = Z(V—f)%
u(r,y,z) = axf'(n), v(z,y,z) = byg'(n),

(T — TOO)
(Ts - TOO)‘

[V

w(z,y,2) = —(avy)3(f +cg) and 6(n) =

The reduced equations are

Un 2 "
LA Ul = =0,

Unf m ”
V_ffg + (f+eg)g + c(1-4%) =0,

nfgr & (f+eq) = 0,
Vy

12
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(2.2.10)

(2.2.11)



As stated in [39] we have taken the following physical quantities

U T iy
" Pnf (1= 0)>5[(1 — @)ps + dpy)’
pny = (1=9)ps+ dpp,
Hng = e Qpf = Cohs’ (2.2.12)

(PCp)ny = (1 =0)(pCyp)s + d(pCy)p,
knf _ (kp + 2kf> — 2</5(k5f — kp)

ko (ks 4 2kg) 4+ o(kp — k)

In which (v,,s) represent the kinematic viscosity, (f,s) indicate viscosity, (pnr) is the
density, ((pCp)ns) shows the specific heat, and () is the thermal diffusivity of
nanofluid, whereas thermal conductivities are k,, k; of nanoparticles and base fluid
with p, and p; are their densities. The non-dimensional surface drag and rate of heat

exchange are chosen as

wa Tw
Cf:c = W’ fy — pqu’
(2.2.13)
N "L‘Qw

where gy, Twe and 7, are the heat flux and and wall shear stresses along x- and y-

axis, which can be define as

_ o (OT _ (o
Guw = nf EP z:Owa = HUnf O Zzo;

ov
Twy = Hnf % .
2=0

Using transformation (2.2.7), the above equations (2.2.13) and (2.2.14) reduce to the

(2.2.14)

13



following equations

]' !
R?Cy, = Wf’ (0),
C\Yy/x ,
R*Cy, = %g’ (0), (2.2.15)
R;'2N,, = —@9’(0).

ky
We have observed the impact of volume fraction and different nanoparticles on veloc-
ities and temperature fields for both saddle and nodal points at Pr = 6.2, which are
shown in the following graphs. Similarly, the streamlines pattern for both the critical

points is shown in figure 2.7 and 2.8.

2.3 Discussion

We have solved the system of coupled nonlinear differential equations (2.2.8) to
(2.2.10) with boundary conditions (2.2.11) utilizing Runge-Kutta-Fehlberg method.
The influence of nanoparticles and its volume fraction (¢) ranges from (0 to 0.2) on
velocities and temperature fields are shown in the figures (2.1 - 2.6). We have con-
cluded that in figures 2.1 and 2.2, the velocity profiles f'(n) along x-axis and ¢'(n)
along the y-axis show lessen behavior for the increasing value of ¢ (volume fraction)
of nanoparticle. The improvement in temperature with respect to volume fraction
parameter ¢ can be seen from 2.3.

Figures 2.4, 2.5 and 2.6 display the effect of different nanoparticles (i.e., Cu, AlyOs3
and T'i0O3) on velocities and temperature at both the critical points, i.e., at ¢ = 0.5
and ¢ = —0.5, it can be observed that in figure 2.4 and 2.5, the velocity components
gives higher values for copper/water and smaller values for alumina/water. In figure
2.6, the behavior of temperature field is maximum for Cu/water and minimum for
AlyO3 /water.

In Table 2.2, the variation in the skin-friction coefficient and the local Nusselt

14



number for different nanoparticles due to the alteration in volume fraction ¢ at the
nodal point (¢ = 0.5) is shown. We have listed their numerical results utilizing the
shooting method, combine with Runge-Kutta-Fehlberg technique. We can observe
the variation by changing nanoparticle volume fraction.

We have discussed three distinct nanoparticles, i.e. copper, titania, and alumina,
for all these nanoparticles it is noted that the wall friction coefficient along x- and y-
axis enhances as the volume fraction of nanoparticle rises, similarly the heat transfer
rate also improves as the volume fraction parameter raises. It is observed that the
improvement in Nusselt number is higher for copper and remain at lower levels for
titania nanoparticle. As the ability of copper to conduct heat is greater than that
of aluminum, but it does not have the capacity to exchange heat faster than alu-
minum. Even though, for increasing values of nanoparticle volume fraction transfer
rate thermal energy increase for the case of the copper nanoparticle. From the Table
2.1 according to (Yazdi et al. [40]), it can be seen that titania nanoparticle has the
lowest value of thermal conductivity as compared to copper and alumina that is why

lower heat transfer rate can be detected with respect to titania.

Table 2.1: Physical properties of fluid and nanoparticles

Thermophysical properties Fluid phase(water) Cu  TiOy AlyOs

Co(J/kgK) 4179 385 6862 765

p(kg/m?) 997.1 8933 4250 3970

k(W/mK) 0.613 400 8.9538 40
a x 107(m?/s) 1.47 1163.1 30.7 1317

15
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Figure 2.5: Variations in ¢'(n) along different nanoparticles.
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Figure 2.7: Streamlines pattern at nodal stagnation point

Figure 2.8: streamlines pattern at saddle stagnation point
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Table 2.2: The impact of volume fraction (¢) of different nanoparticle on wall stresses

along x- and y-axis, and rate of heat transfer for different nanoparticles at nodal

stagnation point, when Pr = 6.2.

Nanoparticles [0) ZQC e ég{QC’ 1, e_zl/ 2Nur
Numerical Numerical Numerical

Cu 0.0 1.5254 0.6357 1.4348

0.1 1.9367 0.7630 1.6179

0.2 2.6985 1.0619 1.9290

0.3 3.6417 1.4346 2.2474

0.4 4.9072 1.9331 2.5876

Ti0, 0.0 1.5254 0.6357 1.4348

0.1 1.6642 0.6556 1.4953

0.2 2.1524 0.8480 1.6906

0.3 2.7832 1.0964 1.8820

0.4 3.6424 1.4350 2.0713

Al O3 0.0 1.5254 0.6357 1.4348

0.1 1.6466 0.6487 1.5292

0.2 2.1155 0.8334 1.7670

0.3 2.7234 1.0728 2.0125

0.4 3.5525 1.3996 2.2719
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2.4 Closing comments

We have reviewed the flow of nanofluid along stagnation point over a circular cylinder
with wavy radius, the problem is then solved by the numerical approach. Three types
of nanoparticle are under our observation with water, we got the following remarks

from our study.

% Discussing nanofluid with alumina nanoparticle we have checked that by enhancing
the value of nanoparticle volume fraction the components of velocity along x- and

y-axis show a decreasing behavior for the critical points.

% It is observed that at both the nodal and saddle stagnation point the temperature

field increases as the volume fraction ¢ raises.

% The behavior of the increasing velocity component for both ¢ = 0.5 and
¢ = —0.5 have the highest value for copper water and lower for alumina wa-

ter nanofluid.

% By raising volume fraction of nanoparticle the surface friction and rate of heat

exchange for the considered nanoparticle increases.

% At the surface the Nusselt number and skin friction drag shows highest values for

Cu-water nanofluid as compared to titania and alumina-water nanofluid.

% From the study, we have an access to the fact that Cu-nanoparticles potentially

useful in the enhancement of heat transfer.
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Chapter 3

Magneto-hydrodynamics steady
three dimensional stagnation point
flow of a nanofluid past a circular

cylinder

3.1 Preamble

The aim of this chapter is to indicate the steady flow of a nanofluid in three dimen-
sions passed over a cylinder under the action of the induced magnetic field. The
Navier-Stokes and energy equations of this boundary-layer problem are transmuted
into nonlinear differential equations by applying some transformations. The reduced
problem is utilized numerically by shooting method along with Runge-Kutta-Fehlberg
method. The flow is examined in the neighborhood of critical points. We have scru-
tinized nanofluid with nanoparticles (Cu, Al;O3,TiO5) and base fluid (water) in this
article. We have investigated that the fluid velocity increases with the increment

in nanoparticle volume fraction (¢), similarly there is a rise in the velocity field of
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nanofluid for all nanoparticles taken in the study. The effect of a magnetic parameter
(8), magnetic Prandtl number (M) on the velocity and temperature profiles has been
discussed and analyzed. Moreover, the friction drag and rate of heat transfer vary at
the surface for different nanoparticles and distinct parameters have been discussed,

and their numerical results are listed in the last three tables.

3.2 Mathematical Formulation

We are considering the surface at z = 0 and the fluid at z > 0. First, we are
assuming the flow near A, which is a nodal stagnation point with a maximum radius.
The reference system is chosen such that the y-axis is along the surface and z-axis
normal to it while x- axis is taken in its upward direction. Howarth [38] initiated
the velocity components near stagnation point A as u, = ax, v. = by, a and b are
constants which represent velocity with |a| > |b|, a > 0, so b = 0 The diagram of the

cylinder and streamlines pattern on the cylinder are given in Figure 3.1.

\
.

- W
Mancfluid FAlow -~

Fiodal Alechimeent Foink Saxcidie Aischment Pont
Pt A mrd ) VNl B
e 0y
(a) Diagram of flow around cylinder (b) Streamlines patterns on the cylinder

Figure 3.1: Physical sketch of flow analysis
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In the external flow, the streamlines equation is given by x = ozy% , where c is the

fraction of the gradient of the stream velocities (¢ = 2) and « is constant, which gives

a particular streamline. So if 0 < ¢ < 1 we have a nodal stagnation point, whereas

—1 < ¢ < 0 represent saddle stagnation point, while ¢ = 0 corresponds to the plane

flow. Besides this we are analyzing the flow under the action of the uniform magnetic

field with constant strength H, which is applied outside of the boundary layer with

components (Hy, Hy, H3) along x, y and z-direction. Hj vanishes at the surface while

H, and H, approaches to the values H.(x) and H,.(y) at the boundary layer. The

surface is maintained at a constant temperature T,, while the external flow has an

ambient uniform temperature T,,. The governing boundary layer equations are as

follow

ou, 0v ow _
or Oy 0z
OH, 0H, OH;3 0
ox oy 0z
ou ou ou Lhe o0H,; 0H,; o0H,
s e - H il il
Yo +v8y Yoz 47Tpnf( Vo T dy s 0z )
2
_ g2 Me ( )dHe(a:) N 0*u
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(3.2.5)



— Hi— — H. — H3—
“or v Jy tw 0z e 28y 50z
(3.2.6)
_ 0%H,
Mo 822 )
oT oT oT o*T
Ua—x + Ua—y wa = Cwlfﬁ’ (327)

The partial slip boundary conditions for velocity, and temperature jump condition

are stated as

ou ov
uw=U,+ Nlﬂnf%, v=V,+ Nlunf%, w =0,
0OH, 0H,
—=—"=H3=0
0z 0z 3 ’
T =T,+ Nokyps—, at z=0, (3.2.8)
0z

U— U, UV— Ve, 1 — T,

H, — H.(z), Hy;— H.(y), as z— oo,

here Uy, Vi, N1 and N, are the wall velocities and slip parameters, H.(z) = xHy
and H.(y) = yHy are the x- and y-magnetic fields at the boundary layer. The other
quantities like vy f, pnf, fng and anr, (pCp)ns and ks are the kinematic viscosity,
density, viscosity and thermal diffusivity of corresponding nanofluid, can be identified

according to [40].

Uny = ad s
(1= )**[(1 = ¢)ps + dps]

Pnf = (1 - ¢)pf + ¢p57

_ Hr _ knf

(PCp)nf =(1-9) (Pcp>f +¢(pCyp)s;
kng (ks +2ky) — 2¢(ky — ky)

kpo (ks +2kp) + olky — ks)
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Here ¢ is the nanoparticle volume fraction, ks, k¢, ps and py are the thermal conduc-

tivities and densities of the fluid and solid fractions. Non-dimensionalizing using

(3.2.10)
Hy = xHohi(n), Hy = yHohy(n),

Hy — —(%)%Ho(hl +hs), 0(n) =

Equations (3.2.3) to (3.2.7) along with the double slip boundary conditions (3.2.8),

take the form

125 " " 7
V—fff +(fteg)f — 212l (1 — B+ (ha + h2)h1> =0,  (3.2.11)

Pnf
@ " " . 12 - ﬁ _h/2 h h h” f—
)Y +(f+cg)g +c(1—g?) Cﬁpf L=hy + (h+ho)hy ) =0, (3.2.12)
R+ M(f + cg)hf — M (hy + ha) f" = 0, (3.2.13)
hy + M(f 4 cg)hy — Mc(hy + hy)g” =0, (3.2.14)
Anf /
—20" + (f + cg)d =0, (3.2.15)

vy

F0)=0, f(0)—E2L570) =0, g(0)=0,

K
/ Hnf " . _ I _
g'(0) = —=014"(0) =0, Mm(0)=0, h{(0)=0,
223
ha(0) =0, I(0) =0, 0(0) — L 5,6(0) = 1, (3.2.16)
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In which d; and d5 are the corresponding velocity and thermal slip parameter, whereas

£ and M can be written as

pe ( Ho ? vy
8= (—) , and M = —. (3.2.17)
drpr \ a Mo

Here p. and 7y are the magnetic permeability and magnetic diffusivity. The non-
dimensional form of surface drag and rate of heat transfer can be expressed as wall-

friction coefficients (C,, Cy,), and Nusselt number, which can be written as

T, T.
C _ wr _ wy
lo ™ ppu2” I T pru2)
. - (3.2.18)
Tk (Ty — T

Where ¢y, 7y, and 7, are the wall heat flux and shear forces at the surface, these

are given by the following equations.

ou ov
Twe = MHnf % s Twy = Hnf a ;
z=0 z=0

(3.2.19)

simplifying these using the transformations (3.2.10) we get the following dimensionless

forms of skin friction and rate of heat transfer

1 "
R*Cy, = Wf (0),
ay/x /
R*Cy, = T—g) (_25))2_59/(0)7 (3.2.20)
RZ'2N,, = —@9’(0).
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3.3 Discussion

Under the similarity transformations (3.2.10) the equations of the conservation of
momentum, induced magnetic field and energy equation are reduced into a system
of coupled non-linear differential equations (3.2.11 to 3.2.15) with the boundary con-
ditions (3.2.16). These expressions are solved by using shooting technique along
with Runge-Kutta-Fehlberg scheme. The impact of volume fraction ¢ and different
parameters, i.e., 5, M, 61 and 02 on velocity profiles, magnetic field and tempera-
ture are discussed through graphs. Here we have considered three types of different
nanoparticles, i.e., copper (Cu), titania (T90,) and alumina (AlyO3). Implementing
thermophysical properties form Table 3.1, each case of nanofluid has been utilized.
Selecting the values of parameters as, § < 1, M <1, Pr = 6.2 and 0o < ¢ < 0.2.
Analysis has been carried out for copper-water nanofluid. Figures 3.4, 3.5, 3.6, 3.7
and 3.8 shows the impact of volume fraction (¢) of nanoparticle on velocity fields,
induced magnetic-field components and temperature. It is noted that by increasing
volume fraction (¢) of copper nanoparticle the velocity fields (f'(n), ¢’'(n)), magnetic-
field components (R (n), hh(n)) and temperature profile (6(n)), also increases along
the nodal and saddle stagnation points. Figures 3.9, 3.10 and 3.11 are plotted for
the behavior of different nanoparticles on velocity and temperature profile at ¢ = 0.1
and ¢ = —0.1, and it is observed that in figures 3.9 and 3.10 the velocity profiles have
higher values for C'u nanoparticles and smaller values for AlyO3 nanoparticles, while
in figure 3.11 the results are reversed for copper/water and alumina/water nanofluids
they have minimum and maximum temperature fields. We have also observed the
effect of the magnetic parameter 5 on velocity components and induced magnetic-
field components, and the results can be seen from figures 3.12, 3.13, 3.14 and 3.15.
From the mentioned figures, it can be noticed that as the magnetic parameter ()
ascents, the corresponding velocity components and the induced magnetic-field com-

ponents descent. Similarly, the impact of magnetic-Prandtl number M on both the
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components of the induced magnetic field is sketched in figures 3.16 and 3.17, the
graphs show that induced magnetic-field components enhance for the increasing val-
ues of magnetic-Prandtl number (M). The variations in velocity components (f'(n),
¢'(n)) and temperature field (6(n)) with respect to the velocity slip parameter d; and
thermal slip parameter d, can be seen from the figures 3.18, 3.19 and 3.20. It can be
detected from the figures that the velocity components rise with the increase in d;
whereas the temperature field falls with the increment in ;. The streamlines pattern
at nodal and saddle stagnation points has been sketched in 3.2 and 3.3. The variation
in skin friction coefficients and Nusselt number by cause of changing the emerging

parameters can be observed from Tables 3.3, 3.4, 3.5.

Table 3.1: Thermophysical properties of fluid and nanoparticles conforming to (Yazdi

et al. [40])
C,(J/kgK) 4179 385 6862 765
plkg/m?) 997.1 8033 4250 3970
k(W/mK) 0.613 400 8.9538 40
a x 107(m?/s) 1.47 1163.1 307 1317

The effect of volume fraction (¢) on dimensionless surface drag and heat flow rate for
different nanoparticles at a nodal point, and its comparison with [41] is displayed in

Table 3.2.
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Figure 3.2: Streamlines pattern at the nodal stagnation point for a = 0.

Figure 3.3: Streamlines pattern along the saddle stagnation point for a« = 0.
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Figure 3.4: Variation in velocity profile along the x-axis caused by changing ¢.
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Figure 3.5: Change in velocity profile along the y-axis with respect to volume fraction

of nanoparticle.
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Figure 3.6: Influence of ¢ on induced magnetic field along the x-axis.
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Figure 3.7: Impact of ¢ on induced magnetic field along the y-axis.
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0.8

Figure 3.8: Effect of ¢ on temperature profile.
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Figure 3.9: Effect of different nanoparticles on velocity profile along the x-axis.
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Figure 3.10: Influence of distinct nanoparticles on velocity profile along the y-axis.

0.8

0.7R AI203 1
c=0.1 ———»TiO2
R T N N Cu |
o AI203 ]
c=-0.1 - - - TO,
~—~
o Cu
E o4 .
D

0.3

0.2,p=0.2,M=0.4
02 ¢=02p

0.1f

0 0.5 1 15 2 2.5 3 35 4

Figure 3.11: Effect of different nanoparticles on temperature.
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Figure 3.12: Modification in the velocity field (f’(n)) with respect to magnetic pa-

rameter .
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Figure 3.13: Effect of magnetic parameter /3 on velocity field (¢'(n)).
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Figure 3.17: Change in hj(n) affected by magnetic-Prandtl number M.
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Figure 3.18: Influence of the slip parameter d§; on velocity (f'(n)).
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Figure 3.19: Impact of the slip parameter é; on
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Figure 3.20: Effect of thermal slip parameter d, on temperature field.
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Table 3.2: Comparison table for the values of non-dimensional surface drag along x-
and y- axis and heat transfer rate varying with volume fraction ¢ at the nodal point,

taking 5 =0, M =0, 6; =0 and d5 = 0.

citation present citation present citation present

Cu 0.0 1.2380 1.23792 0.0671 0.0670 1.15561 1.15560
0.1 1.8925 1.8924 0.1025 0.10248 1.4408 1.4407

0.2 22274 22273 0.1283 0.1282 1.4961 1.4960

Ti04 0.0 1.2380 1.23792 0.0671 0.0670 1.15561 1.15560
0.1 1.6262 1.62624 0.0881 0.0880 1.4010 1.4009

0.2 21033 21032 0.1140 0.1139 1.6563 1.6562

Al,O3 0.0 1.2380 1.23792 0.0671 0.0670 1.15561 1.15560
0.1 1.6089 1.60893 0.1120 0.1120 1.3793 1.3792

0.2 20673 20672 0.1170 0.11703 1.6087 1.6086
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Table 3.3: Data table for skin-friction coefficients and local Nusselt number of copper

nanoparticle taking Pr = 6.2 and ¢ = 0.1.

0.0
0.1
0.2

0.1

0.2

0.2
0.2

0.2

0.2

0.0
0.1
0.2
0.2

0.2

0.9

1.0

1.0

1.0

0.4

0.4

0.0
0.2
0.4
0.4

0.3

0.3

0.3

0.0
0.3
0.5

0.7796
1.0886
1.3252
1.1637
1.1271
1.0891
2.4916
1.7710
1.3257

0.0554
0.0795
0.1008
0.0819
0.0808
0.0795
0.1390
0.1210
0.1009

1.0044
1.1917

1.3419

2.2467
1.3421

1.1396
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Table 3.4: Numerical detail for surface shear stresses and heat transfer rate against

distinct parameters for titania nanoparticle.

Ti04

0.0
0.1
0.2

0.1

0.2

0.2
0.2

0.2

0.2

0.0
0.1
0.2
0.2

0.2

0.9

1.0

1.0

1.0

0.4

0.4

0.0
0.2
0.4
0.4

0.3

0.3

0.3

0.0
0.3
0.5

0.7796
0.9691
1.1508
1.0636
1.0179
0.9697
1.9246
1.4691
1.1515

0.0554
0.0702
0.0858
0.0731
0.0717
0.0702
0.1095
0.0990
0.0858

1.0044
1.1127

1.2021

2.1900
1.3217

1.0454
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Table 3.5: Numerical results from the influence of distinct parameters on wall shear

stresses and local heat transfer rate for alumina nanoparticle at the nodal point.

Al O3

0.0
0.1
0.2

0.1

0.2

0.2
0.2

0.2

0.2

0.0
0.1
0.2
0.2

0.2

0.9

1.0

1.0

1.0

0.4

0.4

0.0
0.2
0.4
0.4

0.3

0.3

0.3

0.0
0.3
0.5

0.7796
0.9606
1.1370
1.0566
1.0102
0.9612
1.8853
1.4463
1.1376

0.0554
0.0696
0.0846
0.0725
0.0711
0.0696
0.1075
0.0974
0.0847

1.0044
1.1414

1.2658

2.1139
1.2935

1.0277
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3.4 Conclusion

In this article, we have studied three specific nanoparticles (alumina (AlyO3), titania
(T'10O3) and copper (Cu)) with base fluid taken to be water. We have got the following

remarks from our study.

Y4 For nanofluid with copper nanoparticle the velocity components show increasing
behavior as the volume fraction of nanoparticle (copper) rises along both the saddle

and nodal points.

"I The temperature also improves for the CU-water nanofluid with the enhancement

in volume fraction (¢) of nanoparticle along stagnation points

Y4 It is noted that for all three nanoparticles, alumina and copper have the smaller

and higher velocities components.

4 The effect of a magnetic parameter () on skin friction coefficients has been ex-

amined, and it is noted that shear stresses at the surface reduce as (/) rise.

" We have observed that for considered nanoparticles the skin friction coefficients,

and local Nusselt number expand for the increasing values of ¢.

"I We have remarked that there is fall in wall shear stresses and rate of heat transfer

when velocity and thermal slip parameters raise.

4 The surface shear stresses and heat transfer rate have higher values for copper-

water nanofluid as compared to titania and alumina-water nanofluids.
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