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Preface
In modern research era, convectional heat transfer �uids like water, kerosene, engine

oil and acetone assume a crucial part in numerous industrial segments including power

generation, manufacturing and transportation, chemical production, air-conditioning and

microelectronics. On the other hand, because of their low thermal conductivity they have

restricted heat transfer capabilities. Recently, scientists are curious to develop di¤erent

methods to increase their heat transfer performance. One of such methods to overcome

this limitation is to improve thermal conductivity of conventional �uids via suspensions

of nanoparticles in base �uids and led to generate a new composite called "nano�uids".

Moreover, this �eld is much e¢ cient in terms of heat transfer performance. Technically, these

suspensions contain the base �uids and the nanoparticles with a size of 1-100 nm which are

suspended in them. Current works on nanotechnology has proved that nanoparticles with

diameter less than 50 nm that can change properties of the �uid since thermal conductivity

of nanoparticles particles was higher than convectional �uids and these are widely used

as heat transfer �uids in thermal processes. The common nanoparticles being used are

aluminum, copper, iron and titanium or their oxides. Initially, this idea was given by Choi

and Eastman [1] where in they concluded that these nano�uids have better conductivity

and convective heat transfer coe¢ cient relative to base �uids. Based on their shape, size,

and thermal properties, the thermal conductivity can be enhanced by about 40% with low

concentration (1-5% by volume) of solid nanoparticles in the mixture. A broad spectrum

of their application includes the sterilization of medical suspensions, cooling of heat sinks,

hybrid-powered engines and nuclear reactor coolant etc.

The �ow and heat transfer phenomena for nano�uids have been a topic of much research

over the past two decades. In recent years, numerous analysis have assessed the properties

and impact of nano�uids on the heat transfer change in thermal systems. After the work of

Choi and Eastman [1], numerous endeavors in this �eld have been accomplished to formulate

the heat and transfer characteristics of nano�uid �ows. In 2006, Buongiorno [2] presented a

comprehensive study concerning the heat transport in nano�uids and in his work he found an

extraordinary rise in the thermal conductivity of nano�uids. After that, Khan and Pop [3]

have broken down the boundary layer �ow of a nano�uid over a stretching surface. This was

probably the �rst attempt to ponder the �ow of nano�uids over stretching sheet by utilizing

a model in which the Brownian motion and thermophoresis impacts were considered. A
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theoretical analysis has been done by Makinde and Aziz [4] to investigate the impact of

convective heat transfer on the �ow of nanoparticle past a stretching sheet. Nadeem and

Haq [5] extended the work of Khan and Pop [3] by taking the e¤ects of thermal radiation

and convective boundary conditions for �ow of nano�uids. Mixed convection �ow of Casson

nano�uids past a stretching cylinder including the magnetic �eld and temperature dependent

thermal conductivity has been examined by Hayat et al. [6] : Furthermore, Hashim and

Khan [7] numerically investigated the heat and mass transfer analysis in the �ow of Carreau

nano�uids. In this article, they utilized the revised model for nano�uids and solutions are

obtained with the help of Runge-Kutta numerical technique. A steady three-dimensional

�ow of Burgers nano�uid over a bidirectional stretching surface is deliberated by Khan et al.

[8]. They implemented the convective boundary and nanoparticles mass �ux conditions in

this analysis. Very recently, Sandeep [9] scrutinized the �ow and heat transfer properties of

liquid �lm �ow of magnetic-nano�uids. He assumed the variable directional magnetic �eld

with non-uniform heat source/sink for the graphene nanoparticles. Recently several papers

concerning nano�uids transport have appeared [10� 12].

In recent times, heat transfer problem with the impact of non-linear thermal radiation

is one of the thrust �elds of contemporary research by reason of their tremendous appli-

cations in the �eld of engineering and physics, like in space technology, including comical

�ight aerodynamics rocket, in high-temperature processes such as plasma physics and space

craft reentry aerodynamics and furthermore it assumes a key part to enhance the heat trans-

fer properties in polymer processing industry. Moreover, the �ow problems involving heat

transfer process in the presence of non-linear radiation are extremely vital in manufacturing

applications, for instance, in design of reliable equipment, gas turbines, nuclear power plants

and several propulsion devices for aircraft, missiles, satellites and space vehicles. There

are right now some delightful works on the �uid �ows with non-linear radiation. Impact

of thermal radiation on mixed convection �ow over a vertical surface in a porous medium

was studied by Bakier [13]. He employ the fourth-order Runge�Kutta method to obtain

the numerical solutions of the governing equations. Cortell [14] presented an endeavours to

study the �ow of viscous �uid over a nonlinear stretched surface by encountering the e¤ects

of thermal radiation in the energy equation. Later on, Akbar et al. [15] performed a numeri-

cal computation to discuss the MHD stagnation-point �ow of nano�uid towards a stretching

cylinder. The heat transfer process is analyzed by considering both the thermal radiation and
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convective boundary conditions. The MHD �ow of nano�uids between two rotating plates

in the presence of thermal radiation is examined by Sheikholeslami et al. [16]. In this work,

they found that Nusselt number and radiation parameter has direct relationship with each

other. Recently, Khan et al. [17] interrogated the heat transfer analysis in a non-Newtonian

Carreau �uid �ow by encountering the non-linear thermal radiation. In their study, they

utilized the non-linear Rosseland approximation for thermal radiation and noticed that the

local Nusselt number was reduced for the larger values of magnetic parameter.

With the deepening of the studies, researchers started to �nd that boundary slip condition

portraying the relative motion between the solid surface and the �uid adjacent to the solid

surface is an imperative interfacial properties to a¤ect the �uid �ow characteristics. There is

a �nite velocity of the �uid-solid interface and such type of boundary condition for velocity is

the so-called boundary slip, and it can be characterized by slip length. Possibly, Navier [18]

was the �rst who proposed the velocity slip boundary condition in which the tangential slip

velocity uw is linearly related to the wall shear stress �w, in the form uw = L�w, where L is

the slip coee¢ cient varies with temperature, pressure, normal stress, molecular parameter,

and the characteristic of the �uid solid interface. It may be pointed out that there are

several physical situations for which slip on a solid surface occurs. For instance, it happens

in �ow of rare�ed gas [19], in �ow over lubricated or coated surfaces (Te�on), rough or

striated surfaces [20] and most recently, superhydrophobic nano-surfaces [21]. Further, no-

slip phenomenon arises in various industrial processes at the boundary of pipes, walls, and

curved surfaces. The �uids displaying boundary slip �nd attention in technological problems

like polishing of arti�cial heart valves and internal cavities. For this reason, researchers and

scientists have given considerable attention to incorporate the slip condition at wall rather

than no slip condition. For example, one of the earlier study that took into account the

slip boundary condition for the boundary layer �ow over stretching surface was conducted

by Wang [22]. He obtained the numerical solutions for the governing problem by employing

Runge-Kutta technique. Hayat et al. [23] explored the heat transfer attributes for the �ow

of a second grade �uid past a stretching sheet by incorporating the slip e¤ects. In this

study, analytical solutions for the momentum and energy equations have been computed via

homotopy analysis method. Afterward, Mukhopadhyay [24] made an attempt to consider

the partial slip on boundary layer �ow of an incompressible viscous �uid with suction and

injection. Nadeem et al. [25] looked into the combined e¤ects of partial slip and magnetic
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�eld for the �ow of Casson rheological model past a stretching surface. They tackle the non-

linear governing ordinary di¤erential equations numerically by utilizing mid-point integration

scheme together with Richardson�s extrapolation technique. Freshly, Khan and Hashim [26]

imparted an article to study the e¤ects of velocity, temperature and solutal slip on the heat

and mass transfer analysis of Carreau rheological model. In this analysis, they assumed the

�ow to be generated by a stretching wedge and achieved the numerical solutions for governing

problem. In the view of literature cited above, the presesnt dissertation is arranged as follows:

Chapter one aimes to present some basics de�nitions, laws and concepts which are used

in �uid mechanics and are helpful to understanding the second and third chapters.

Chapter two deals with the dual solution of MHD boundary layer �ow and heat transfer

of a nano�uid with viscous dissipation by a stretching/shrinking sheet. The obtained di¤er-

ential equations with boundary conditions are solved numerically using bvp4c technique in

Matlab. In fact, this chapter is a detailed review of the work done by Dhanai et al. [27] :

Chapter three aims to analyze multiple solutions of a slip �ow and heat transfer perfor-

mance of nano�uid from a permeable shrinking surface with thermal radiation. A transverse

magnetic �eld is applied to examine the e¤ects of MHD on the �ow perpendicular to the wall.

The dimensionless partial di¤erential equations solved numerically using the same technique

as used in chapter two. The in�uence of the di¤erent involved parameters on the velocity,

temperature and concentration pro�les are discussed through several graphs.
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Chapter 1

Basic de�nitions, concepts and laws

This chapter contains some fundamental de�nitions, laws and concepts which are helpful to

understanding the �rst and second chapters.

1.1 Fluid

A �uid is a substance that deforms continuously when shear force is applied. Examples are

gases and liquids.

1.1.1 Liquid

A �uid that has a de�nite volume but no de�nite shape. Blood, oil and water etc. are examples

of liquids.

1.1.2 Gas

It is type of �uid that has no de�nite shape and volume. Examples are oxygen and nitrogen.

1.2 Fluid mechanics

It tells us the behaviour of a �uid that at rest or in motion. It has two branches:

4



1.2.1 Fluid statics

Fluid statics describes the properties of �uids at rest.

1.2.2 Fluid dynamics

Fluid dynamics deals the �uid characteristics in state of motion.

1.3 Stress

Stress is a surface force applied on the unit area to the material. In SI, the unit of stress is

kg=ms2 or Nm�2and [M=Lt2] is its dimension. It has two types.

1.3.1 Shear stress

A force acts parallel to the unit area of the in�nitesimal surface element, then stress is named

as shear stress.

1.3.2 Normal stress

When a force acts normal to the unit area of the in�nitesimal surface element, then stress in

known as normal stress.

1.4 Strain

When forces are applied externally to the object and its relative change in shape or size is

known as strain.

1.5 Viscosity

Viscosity tells us the measurement of �uid�s resistance against the �ow. Fluids have a low

viscosity like as, water called thin, while have a high viscosity like as, honey called thick. There

are two types of viscosity.
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1.5.1 Absolute (dynamic) viscosity (�)

Absolute (dynamic) viscosity is the measurement of internal resistance of a �uid against any

deformation when a force is acted upon it. Mathematically, it can be denoted as follow

absolute viscosity (�) =
shear stress

velocity gradient
: (1.1)

The SI unit is Ns=m2 and
�
M
LT

�
is its dimension.

1.5.2 Kinematic viscosity (�)

It describes the ratio between dynamic viscosity to the density of �uid. Mathematically, it can

be represented as

� =
�

�
: (1.2)

The SI unit is m2=s and
h
L2

T

i
is its dimension.

1.6 Newton�s law of viscosity

It is de�ned as the shear force which deforms the element of �uid is linearly and directly

proportional to the velocity gradient. Mathematically it is followed as

�yx /
du

dy
; (1.3)

this implies that

�yx = �

�
du

dy

�
; (1.4)

in which �yx represents the shear force applied on the element of �uid and � denotes the

proportionality constant.

1.6.1 Newtonian �uids

Those �uids which are satis�ed the Newton�s law of viscosity is named as Newtonian �uid and

the value of � is being constant. Here the shear force (�yx) is linearly proportional to the
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velocity gradient (du=dy). Examples are water and air etc.

1.6.2 Non-Newtonian �uids

The �uids for which there properties are di¤erent in any way from the Newtonian �uids are

said to be non-Newtonian �uids. Blood, toothpaste and ketchup are the common examples of

non-Newtonian �uid. Mathematically, it can be expressed as

� yx /
�
du

dy

�n
; n 6= 1; (1.5)

this implies that

� yx = �
du

dy
; where � = k

�
du

dy

�n�1
: (1.6)

In above equation �; k and n are respectively the apparent viscosity, consistency index and

index of �ow behaviour. For n = 1; Eq. (1:6) reduces to Newton�s law of viscosity. Stress

tensor for the viscous �uid�s is followed as

� = �pI+ �A1; (1.7)

where A1 indicates for the �rst Rivlin-Ericksen tensor, that is

A1 = (gradV) + (gradV)
�T : (1.8)

Using Cartesian coordinates we have

gradV =

26664
@u
@x

@u
@y

@u
@z

@v
@x

@v
@y

@v
@z

@w
@x

@w
@y

@w
@z

37775 ; (gradV)�T =
26664

@u
@x

@v
@x

@w
@x

@u
@y

@v
@y

@w
@y

@u
@z

@v
@z

@w
@z

37775 : (1.9)

1.7 Stagnation point

A point where the �uid velocity is zero in a �ow �eld is known as stagnation point. It exists in

a �ow �eld at the surface of the objects, where the �uid brings to the rest at the object.
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1.8 Porous medium

Porous medium is referred to as, a material which contain pores. In nature these pores are

irregular, and the �uid �ows through these pores. Wood, cements, soil etc. are the common

examples of porous medium.

1.9 MHD (Magnetohydrodynamics)

MHD (Magnetohydrodynaimics) is the study which deals with the mutual interaction of mag-

netic �eld and �uid �ow.

1.10 Nano�uid

A nanometer-sized particles (1� 100 nm) that contains in a �uid is named as nano�uid. It

brought about a colloidal interference of nanoparticles in a base �uid. Usually it is made of

carbides, oxides, carbon nanotubes or metal. Choi [1] was the �rst who presented nano�uid in

1995.

1.11 Skin friction coe¢ cient

Certain amount of drag appears when �uid is passing through a surface is named as skin friction

coe¢ cient, and occurs between the �uid and the solid surface which causes to slow the �uid�s

motion. It can be de�ne as follow

Cf =
�w
1
2�U

2
w

; (1.10)

whereas �w names for wall shear stress, � the �uid density and Uw indicates the velocity.
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1.12 Dimensionless numbers

1.12.1 Nusselt number

It is a dimensionless quantity. In heat transfer at a surface with in a �uid, Nusselt number

represents the convective to conductive heat transfer ratio. Mathematically

NuL =
h�T

k�T=L
=
hL

k
; (1.11)

in which h represents convective heat transfer, L names for characteristic length and k stands

for thermal conductivity.

1.12.2 Reynolds number

The ratio of inertial to the friction forces describes the Reynolds number. It is a dimensionless

number, and is used to recognize the �ow behaviours like laminar or turbulent �ow. Mathe-

matically, it can be written as

Re =
�v2=L

�v=L2
=
uL

�
: (1.12)

Here u represents the �uid velocity, L denotes the characteristic length and � is the kinematic

viscosity. Reynolds number is used to describe the di¤erent kinds of �ow depends the value

of Reynolds number. When Re < 2300 the �ow is laminar and when Re > 4000 the �ow is

turbulent. Also the �ow is transient if 2300 < Re < 4000.

1.12.3 Prandtl number

The ratio of momentum di¤usivity (�) to thermal di¤usivity is named as Prandtl number.

Mathematically

Pr =
�

�
=

�=�

k=�cp
=
�cp
k
; (1.13)

where � denotes the dynamic viscosity, cp stands for speci�c heat and k represents the ther-

mal conductivity. For small Prandtl number (Pr < 1) ; it shows that the thermal di¤usivity

dominates, while for large Prandtl number (Pr > 1) ; the momentum di¤usivity dominates the

behaviour. Also in heat transfer, it can be used to control the thermal and momentum boundary
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layer thickness.

1.12.4 Hartmann number

Electromagnetic to viscous forces ratio is termed as Hartmann number. Mathematically Hart-

mann number can be denoted as

Ha2 =
�B20L

U�
; (1.14)

Here � denotes the electrical conductivity, B0 the applied magnetic �eld, L the characteristic

length, U indicates the velocity and � stands for density of �uid.

1.13 Some basic laws

1.13.1 Law of mass conservation

In any isolated system the total mass will remain constant is referred as law of mass conservation.

It means that mass can neither be destroyed or created, however in space, it may be rearranged.

Mathematically it can be expressed as

d�

dt
+ �r:V = 0; (1.15)

or
@�

@t
+ (V:r) �+ �r:V = 0; (1.16)

or
@�

@t
+r: (�V) = 0: (1.17)

It is referred as continuity equation. For the steady �ow the continuity equation becomes

r: (�V) = 0; (1.18)

and for the steady and incompressible �uid, the continuity equation be made as

r:V = 0: (1.19)
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1.13.2 Law of momentum conservation

In any closed system the total amount of momentum is remains constant is known as law of

momentum conservation. Generally it is followed by

�
dV

dt
= div �+�b; (1.20)

in which � represents the Cauchy stress tensor and b refers for body force.

1.13.3 Law of energy conservation

In an isolated system the total amount of energy is remains constant is named as law of energy

conservation. It can neither be destroyed nor created, although it transforms one to another

form. Generally

�

�
de

dt

�
= �r:q+�r + � :L: (1.21)

Here e stands for speci�c internal energy, q indicates heat �ux vector and r refers for thermal

radiation.

Without thermal radiation, energy equation becomes

�cp
dT

dt
= � :L+kr2T: (1.22)

Here e =cpT ; q = �krT ; k stands for thermal conductivity and T for temperature. Here � :L

refers for viscous dissipation.

1.13.4 Law of concentration

For nano�uid, mathematically the concentration equation is of the form

@C

@t
+V:rC = r

�
DBrC +

DT
T1

rT
�
: (1.23)

Here C refers the nanoparticle concentration, T indicates the mean temperature, DT the

coe¢ cient of di¤usibility and DB names the Brownian motion parameter.
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1.14 Ohm�s law

The current density (J) mathematically can be known as

J =� (V �B+E) ; (1.24)

where � is the electrical conductivity of the �uid.

When electric �eld E =0; it becomes

J =� (V �B) : (1.25)

Now the Lorentz force becomes

J�B =� (V �B)�B; (1.26)

where

B =(0; B0; 0) ; (1.27)

which implies that

J�B =� �B20V: (1.28)

For velocity �eld (V =(u (x; y) ; v (x; y) ; 0)), the Lorentz force becomes

J�B =� �B20u{̂: (1.29)
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Chapter 2

MHD boundary layer �ow and heat

transfer of nano�uid with viscous

dissipation by a stretching/shrinking

sheet: Dual solution

2.1 Introduction

This chapter presents a numerical study of magneto-hydrodynamics (MHD) boundary layer �ow

of a nano�uid past a permeable stretching/shrinking sheet using bvp4c technique. The e¤ect

of viscous dissipation is taken into account. The governing equations of the problem based on

boundary layer approximation are transformed into a non-dimensional form by introducing the

local similarity variables. The �ow is therefore governed by a mass transfer parameter, Lewis

number, Prandtl number, Eckert number, thermophoresis and Brownian motion parameters.

This study presents the dual solution for the skin friction, Nusselt number and nanoparticle

volume friction for various pertinent parameters in some domain with critical values (sc � s)

and (Ac � A). Also in the Nusselt number the existence domain is found to have two unique

solutions with stretching/shrinking parameter A and power law parameter �. This study shows

that the skin friction reduces with increasing the power law parameter � and decreases with an

13



increase in magnetic �eld. This chapter presents a detailed survey of a paper by Dhanai et al.

[27] :

2.2 Problem development

In this section we have investigated steady, laminar, incompressible boundary layer magneto-

hydrodynamic (MHD)�ow of a nano�uid over non-linear stretching/shrinking permeable sheet.

The sheet is moving with velocity uw = axm , where a is constant, m is the power index and

the wall mass suction/injection velocity is vw = vw (x). We assume the co-ordinate system is

taken as, x-axis along the sheet and y-axis perpendicular to the sheet The temperature of the

surface of the sheet Tw is uniform and is greater than the ambient temperature T1, as y !1,

(i.e. T1 < Tw). Here, the magnetic B (x) is to be connected along the y-direction by assuming

electrical conducting nano�uids. The general equations for nano�uid are given below

r:V = 0; (2.1)

�
dV

dt
= J�B+r:� ; (2.2)

(�c)bf (V:rT ) = kr
2T + � :L+ (�c)p

�
DBrC:rT +

DT
T1

(rT )2
�
; (2.3)

V:rC = r
�
DBrC +

DT
T1

rT
�
: (2.4)

In the above equations, r stands for the di¤erential operator, V the velocity vector, J the

current density, � the Cauchy stress tensor, J�B =��B20V andB = B0+b, the total magnetic

�eld with applied magnetic �eld B0 and induced magnetic �eld b. Here mathematically V and

� termed as

V =(u (x; y) ; v (x; y) ; 0) ; (2.5)
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� = �pI+ �A1: (2.6)

From above expression, � the dynamic viscosity, p represents the pressure and A1 refers the

�rst Rivlin-Ericksen tensor, as below

A1 = L+ L
T ; where L = rV: (2.7)

For velocity �eld V =(u (x; y) ; v (x; y) ; 0), the Lorentz force becomes

J�B =� �B20u{̂: (2.8)

Substituting the velocity �eld from Eq. (2:5), we have

L =

0BBB@
@u
@x

@u
@y 0

@v
@x

@v
@y 0

0 0 0

1CCCA ; (2.9)

and

LT =

0BBB@
@u
@x

@v
@x 0

@u
@y

@v
@y 0

0 0 0

1CCCA : (2.10)

When substituting Eqs. (2:9) and (2:10) in Eq. (2:7), we have

A1 = L+ L
T =

0BBB@
2
�
@u
@x

�
@v
@x +

@u
@y 0

@u
@y +

@v
@x 2

�
@v
@y

�
0

0 0 0

1CCCA : (2.11)

Substituting Eqs. (2:5) � (2:11) in Eqs. (2:1) and (2:2), the continuity and momentum

equations in x and y directions give

@u

@x
+
@v

@y
= 0; (2.12)
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u

�
@u

@x

�
+ v

�
@u

@y

�
= �

�
2
@2u

@x2
+
@2u

@y2
+
@2v

@x@y

�
� 1
�

�
@p

@x

�
� �B

2
0

�
u; (2.13)

u
@v

@x
+ v

@v

@y
= �

�
@2v

@x2
+
@2u

@x@y
+ 2

�
@2v

@y2

��
� 1
�

�
@p

@y

�
: (2.14)

Now by applying the boundary layer assumption, Eqs. (2:12) to (2:14) reduce to

@u

@x
+
@v

@y
= 0; (2.15)

u

�
@u

@x

�
+ v

�
@u

@y

�
= �

�
@2u

@y2

�
� 1
�

�
@p

@x

�
� �B

2
0

�
u: (2.16)

The relevant boundary conditions are

u = Auw(x); v = vw; at y = 0; (2.17(a))

u = 0; as y !1: (2.17(b))

Under the boundary layer approach and using the boundary condition at in�nity, the pres-

sure gradient term can be termed as

�1
�

�
@p

@x

�
= 0: (2.18)

So, the momentum equation becomes

u

�
@u

@x

�
+ v

�
@u

@y

�
= �

�
@2u

@y2

�
� �B

2

�
u: (2.19)

The energy and nanoparticle concentration equations are given below

(�c)bf

�
u

�
@T

@x

�
+ v

�
@T

@y

��
= k

�
@2T

@y2

�
+(�c)p

 
DB

�
@C

@y

��
@T

@y

�
+
DT
T1

�
@T

@y

�2!
+�

�
@u

@y

�2
;

(2.20)
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u

�
@C

@x

�
+ v

�
@C

@y

�
= DB

�
@2C

@y2

�
+
DT
T1

�
@2T

@y2

�
: (2.21)

The corresponding boundary conditions are

T = Tw; DB

�
@C

@y

�
+
DT
T1

�
@T

@y

�
= 0 at y = 0; (2.22(a))

T ! T1; C = C1 as y !1: (2.22(b))

In the above equations, u andv represent the velocity components, � the dynamic viscosity,

k the thermal conductivity of the �uid, � the kinematic viscosity, T the temperature of the

�uid, �bf ; cbf the density and speci�c heat of the base�uid respectively, and �p; cp the density

and speci�c heat of the nanoparticle respectively. C the concentration of the nanoparticles,C1

the ambient nanoparticle concentration, DT the thermal di¤usion coe¢ cient, DB the Brownian

di¤usion coe¢ cient and T1 the ambient temperature. Here, we have neglected the induced

magnetic �eld.

Similarity transformations are introduced by the following relations

u = axmf 0(�); v = �
r
a�(m+ 1)

2

�
x
m�1
2

�
[f(�) +

�
m� 1
m+ 1

�
�f 0(�)];

T = T1 + (Tw � T1)�(�); �(�) =
C � C1
C1

; � = y

r
a(m+ 1)

2�
x
m�1
2 : (2.23)

Hence, using the similarity variables, Eq. (2:1) is satis�ed identically and the governing

Eqs. (2:15)� (2:16) and (2:20)� (2:21) transform to:

f 000 � �f 02 + ff 00 �Ha2f 0 = 0; (2.24)

�00 (�) + Pr
�
Ecf 002 + f�0 +Nt�02 +Nb�0�0

�
= 0; (2.25)

�00 + Lef�0 +
Nt

Nb
�00 = 0: (2.26)
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The transformed boundary conditions are as follows:

f = s; f 0 = A; � = 1; Nb�0 +Nt�0 = 0 at � = 0; (2.27(a))

f 0 = 0; � = 0; � = 0 at � !1: (2.27(b))

In the above equations, primes indicate di¤erentiation with respect to � only; � is the power-

law parameter, A the stretching/shrinking parameter, s the mass transfer parameter, Ha the

Hartman number or magnetic �eld parameter, Nb, Nt the Brownian motion and thermophoresis

parameters, respectively, Ec, Pr the Eckert and Prandtl numbers, respectively. All these are

de�ned as:

� =
2m

(m+ 1)
; Ha =

s
2�B20

c�f (m+ 1)
; s = � vwq

av(m+1)
2 x(m�1)=2

; Ec =
u2w (x)

cf (Tw � T1)
;

Pr =
(�c)f �

k
; Le =

�

DB
; Nt =

(�c)pDT (Tw � T1)
(�c)f �T1

; Nb =
(�c)pDBC1

(�c)f �
: (2.28)

The skin friction coe¢ cient is de�ned by

Cf =
�wjy=0
�u2w

=
�f 00(0)

q
a(m+1)
2�

ax(m+1)=2
; (2.29)

and

Cf Re
1=2 = f 00(0): (2.30)

The Nusselt number is given by

Nux =
x qwjy=0

k (Tw � T1)
= ��0(0)

r
a(m+ 1)

2�
xm+1=2; (2.31)

and

NuxRe
�1=2 = ��0(0): (2.32)

Here Re =
�
uwa(m+1)

2�

�
represents the Reynolds number.
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(a) Permeable stretching sheet (A > 0)

(b) Permeable shrinking sheet (A < 0)

Fig. 2.1: Physical sketch of the problem.
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2.3 Result and discussion

The ordinary di¤erential equations (2:24)-(2:26) with boundary conditions 2:27(a) and 2:27(b)

can be solved numerically using bvp4c technique in Matlab software. The results are inves-

tigated numerically and reviewed in terms of the shear stress at the wall f 00(0), rate of heat

transfer f��0 (0)g, velocity, temperature and nanoparticle concentration for di¤erent values of

Hartmann number Ha, power law parameter �, mass transfer parameter s, Eckert number Ec,

Prandtl number Pr, Lewis number Le, Brownian motion parameter Nb and thermophoresis

parameter Nt, as shown in Figs. 2.2 to 2.19. To investigate this problem, we �xed default

values for governing parameters as � = 1:5, s = 3; Ha = 0:1, Pr = 5, Ec = 0:1, Le = 5 and

Nt = Nb = 0:5. In this chapter, we are interested in �nding the dual solution, in which �rst

solutions are displayed with solid lines and second solutions with dotted lines. We compared

the skin friction f 00 (0) and Nusselt number f��0 (0)g with available published results in Tables

2.1 to 2.3 decide the precision of our outcomes. A comparison of skin friction f 00 (0) between

exact and numerical solution are shown in Table 2.4. In the case of nano�uids, we compared

the rate of heat transfer f��0 (0)g of obtained results with earlier published results. The e¤ect

of Eckert number Ec and thermophoresis parameter Nt with default values of other parameters

also shows the present results for the Nusselt number f��0 (0)g.

2.3.1 E¤ect of power law parameter

The e¤ect of power law parameter � for the skin friction f 00 (0), Nusselt number f��0 (0)g

and � (0) against the suction parameter s shown in Figs. 2.2 to 2.4. In Fig. 2.2, �rst

(upper) and second (lower) solutions of the skin friction f 00 (0) are terminated by the critical

value (sc = s) i-e single solution, with increasing and decreasing behaviour against the suction

parameter s respectively. The dual solution exist with respect to s for the range (0 � � < 2)

without magnetic �eld (Ha = 0) and with magnetic �eld (Ha = 0:2). There is only one branch

solution in both cases for � < 0. With increasing �, the critical value sc increases. Fig. 2.3

represents the Nusselt number with respect to power law parameter. It can be seen that the

dual solution exist for positive value of � whereas there is only single solution for negative value

of �. Both solutions of the rate of heat transfer bifurcate out of the single value i-e critical value
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(sc = s) and the behaviour decreases with increasing �. From Fig. 2.4, the concentration of

the nanoparticle at the wall � (0) is pictured. Both solutions exist, as increases the value of

power law parameter � but only single solution exist for (� = �1). Using default values of other

parameters, for di¤erent values of � the magnitude of velocity pro�le shows (upper solution)

decreases with � but the lower solution decreases with � in the boundary layer rigem upto

� � 1:5 and after that a converse behaviour is noticed (see Fig. 2.5).

2.3.2 E¤ect of Hartmann number

The e¤ect of Hartmann number (magnetic �eld) Ha on skin friction f 00 (0), nanoparticle con-

centration � (0), Nusselt number f��0 (0)g and velocity pro�le f 0 (�) has been captured (see

Figs. 2.6 to 2.9). In the absence (Ha = 0) and presence (Ha = 0:2) of magnetic �eld the

dual solution are sketched. The critical value sc is changing with Ha. In Fig. 2.6, it can be

observed that as increasing in magnetic �eld Ha (0 to 0:6), the critical value sc reduces from

(2:1361 to 1:7991). Similar observation are also seen for the concentration of nanoparticle and

Nusselt number. As increasing in magnetic �eld Ha, the skin friction f 00 (0) increases but the

nanoparticle concentration at the surface � (0) reduces.

2.3.3 E¤ect of viscous dissipation

Fig. 2.10 illustrates the e¤ect of viscous dissipation on the rate of heat transfer f��0 (0)g for

di¤erent values of s keeping default values of other parameters. The dual solution has been

plotted and seen that with the e¤ect of viscous dissipation the critical values sc close to same.

Viscous dissipation which is characterized by Eckert number Ec, is the ratio of kinetic energy

and enthalpy. The temperature rises in the boundary layer regime for increasing value of Ec.

So in Fig. 2.10 the rate of heat transfer decreases with Ec. It can be noticed that the �rst

solution is higher as compared to the second in the absence of viscous e¤ect (Ec = 0), but there

is an opposite trend at (Ec = 0:1).

2.3.4 E¤ect of stretching/shrinking and mass transfer parameter

From Figs. 2.11 to 2.12, for various values of mass transfer parameter (s > 0) the skin friction

and Nusselt number are sketched with respect to stretching/shrinking parameter A. The dual
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solution of the skin friction and Nusselt number has been plotted for s = 3, 3:5. The critical

value Ac is varying with s. It is illustrated as mass transfer parameter s increases from 3:0 to

3:5, Ac decreases from �1:9792 to �2:6909. Thus, it can be noticed that the skin fraction and

Nusselt number rises with rising the mass transfer parameter s.

From Fig. 2.13, the dual solution are plotted for s � 2:2 for velocity pro�le. The magnitude

of velocity is rises in the upper branch solution and reduces in the lower branch solution as mass

transfer parameter s increases. It can likewise be watched that of both solutions more will be

the partition with the enlargement of s:

2.3.5 E¤ect of nano�uid parameters

In Fig. 2.14, the e¤ect of Brownian motion parameter Nb on concentration of nanoparticle

� (�) demonstrates that the enlargement of Nb decreases the nanoparticle concentration. The

gradient of nanoparticle concentration at the surface is controlled passively at the surface by

product of
�
�Nt
Nb

�
and temperature gradient. So the nanoparticle concentration gradient rises

with Nt and reduces with Nb: The e¤ect of thermophoresis parameter Nt on non-dimensional

temperature � (�) and nanoparticle concentration � (�) has been discussed in Figs. 2.15 and

2.16 keeping other parameters �xed. Table 2.5 shows the rate of heat transfer f��0 (0)g

decreases with enlargement in thermophoresis parameter Nt.

2.3.6 E¤ect of Prandtl and Lewis numbers

From Figs. 2.17 and 2.18, the variation of non-dimensional temperature � (�) and nanoparticle

volume friction � (�) has been discussed with Pr, taking other parameters �xed. The two

solutions are sketched for various values of Pr. The ratio of momentum di¤usivity and thermal

di¤usivity is named as Prandtl number. So for Pr > 1, the momentum boundary layer thickness

is greater than the thermal boundary layer thickness. The non-dimensional temperature � (�)

is decreases as Prandtl number Pr increases (see Fig. 2.17). In Fig. 2.18, the concentration

of nanoparticle ascends near the surface with the enlargement of Prandtl number Pr while after

a certain distance it tumbles down far from the surface. The temperature pro�le is diminishing

with increases in Pr. From Fig. 2.19(a), the Nusselt number f��0 (0)g is increasing with

increasing in Prandtl number Pr.
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In Fig. 2.19(b), the e¤ect of Lewis number Le on f��0 (0)g has been investigated, keeping

other parameters �xed. More than one solution is plotted. The ratio of thermal di¤usivity to

mass di¤usivity is termed as Lewis number. So the thermal boundary layer thickness is greater

than the nanoparticle boundary layer thickness for Le > 1. It can be seen that in Fig. 2.19,

the Nusselt number f��0 (0)g is lower for higher value of Lewis number Le.
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Table 2.1: Values for skin friction f 00 (0) for di¤erent values of power-index m, when

Ha = 0 = s and A = 1(stretching sheet).

m Cortall[28] Javid at al. [29] Abbas and Hayat [30] Present results

0:0 0:62754 0:627554 0:627547 0:627556

0:2 0:76675 0:766837 0:76683 0:766837

0:5 0:88947 0:889543 0:889544 0:889543

1:0 1:00000 1:00000 1:00000 1:00000

1:5 1:06158 1:06160 1:061601 1:06160

3:0 1:14858 1:14859 1:148593 1:14860

7:0 1:21684 1:21685 1:216851 1:21685

10:0 1:23487 1:234875 1:234874 1:23488

20:0 1:25741 1:25742 1:257423 1:25743

100:0 1:27676 1:27677 1:276773 1:27678
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Table 2.2: Comparison of f��0 (0)g for di¤erent values of Pr and power-index m when

Ha = 0 = s = Le, Ec = 0:1, A = 1.

Pr m Cortall[28] Javid at al. [29] Abbas and Hayat [30] Present results

1:0 0:2 0:574985 0:575268 0:574955 0:575268

0:5 0:556623 0:556776 0:556775 0:556776

1:5 0:530966 0:530962 0:530962 0:530966

3:0 0:517977 0:518034 0:518043 0:518035

10:0 0:505121 0:505327 0:505127 0:505328

5:0 0:2 1:474764 1:475036 1:474203 1:47504

0:5 1:436789 1:437028 1:437242 1:43703

1:5 1:381861 1:382088 1:382003 1:38209

3:0 1:352768 1:353763 1:352548 1:35378

10:0 1:324772 1:3254 1:324943 1:32542
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Table 2.3: Comparison of f��0 (0)g for di¤erent values of Ec, Pr and Ha when Le = 0,

A = �1 (shrinking case).

Ec Pr Ha = 0 Ha = 0:5

Javid at al. [29] Present results Javid at al. [29] Present results

0:0 0:7 1:9624 1:94254 1:9659 1:94664

1:0 2:815 2:81082 2:8191 2:81503

3:0 8:7295 8:72933 8:7324 8:73227

7:0 20:6953 20:6952 20:6968 20:6968

10:0 29:6869 29:6868 29:6881 29:6880

20:0 � 59:6768 � 59:6775

0:1 0:7 1:8717 1:85164 1:8715 1:85187

1:0 2:6843 2:68041 2:6829 2:67909

3:0 8:3323 8:3363 8:3191 8:31993

7:0 19:7637 19:7672 19:7276 19:7299

10:0 28:3544 28:3595 28:3016 28:3572

20:0 � 57:0180 � 56:9070
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Table 2.4: Comparison of the skin friction f 00 (0) between numerical and exact solutions for

A = �1(shrinking sheet) with � = 1.

s m Exact solution [31] Present results

First solution Second solution First solution Second solution

3:0 0:1 2:622497 0:377503 2:6225 0:377503

0:3 2:657584 0:342416 2:65758 0:342416

0:5 2:724745 0:275255 2:72474 0:275255

4:0 0:1 3:734935 0:265065 3:73494 0:265065

0:3 3:75784 0:24216 3:75784 0:24216

0:5 3:802776 0:197224 3:80278 0:197224

s

f"
(0)

1.5 1.8 2.1 2.4 2.7

­0.8

0

0.8

1.6

2.4

(sc= 2.2148)
(sc= 2.1818)

(sc= 1.9995)

(sc= 1.9586)

(sc= 1.8544)

(sc= 1.8057)

(sc= 1.7788)

(sc= 1.7234)

(sc= 1.641)

(sc= 1.5617)

β = ­0.1, 0.25, 0.5, 1, 1.5

Ha = 0
Ha = 0.2

Fig. 2.2: The e¤ect of power law parameter � on the wall shear stress f 00 (0).
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­ θ'
(0)

1.6 1.8 2 2.2 2.4
3.2

4

4.8

5.6

6.4
Second solution
First solution

(sc=1.5617)

(sc= 1.7234)

(sc= 1.8057)

(sc= 1.9586)

(sc= 2.1818)

β = 1.8, 1.0, 0.5, 0.25, ­0.1

Fig 2.3: variation of f��0 (0)g on mass transfer parameter s when Ha = 0:2.
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(sc= 1.8057)
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(sc= 1.5617)

β= 1.8, 1.5, 1.0, 0.5, 0.25, ­0.1

Fig 2.4: The e¤ect of power-law parameter � on nanoparticle concentration at the wall

� (0) when Ha = 0:2.
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Fig 2.5: Velocity distribution f 0 (�) for various values of power-law parameter �.
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(sc= 2.1361)
(sc= 1.7991)

(sc= 1.9077)

Ha = 0, 0.5, 0.6

Fig 2.6: The e¤ect of Hartmann number (magnetic �eld parameter) Ha on the shear stress

at the wall f 00 (0) for various values of mass transfer parameter s.
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Fig. 2.7: Variation of nanoparticle concentration at the wall � (0) for di¤erent values of

magnetic �eld Ha.
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Fig 2.8: Variation of the rate of heat transfer at the wall f��0 (0)g on the mass transfer

parameter s.
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Fig. 2.9: Velocity pro�le f 0 (�) for di¤erent values of Hartmann number Ha.
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Fig. 2.14: Nanoparticle concentration pro�le � (�) with Brownian motion parameter Nb.
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Table 2.5: Numerical values of the Nusselt number f��0 (0)g for various values of Ha, Ec

and Nt, in the case of shrinking sheet A = �1 when � = 1:5, s = 3:0, Le = 5:0 = Pr and

Nb = 0:5.

Ha Ec Nt Upper solution lower solution

0:0 0:0 0:1 12:955497 12:882934

0:3 10:12651 10:050836

0:5 8:0439777 7:9695368

0:1 0:1 12:37714 12:61308

0:3 9:6671463 9:8895352

0:5 7:8732234 7:8732234

0:2 0:0 0:1 12:955859 12:881651

0:3 10:126843 10:049483

0:5 8:0443398 7:9682024

0:1 0:1 12:373103 12:598269

0:3 9:6634519 9:8792321

0:5 7:6511463 7:8656952
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2.4 Conclusions

The basic goal of this chapter has been to investigate the dual solution of MHD boundary layer

�ow over stretching/shrinking sheet of nano�uid. We have used the similarity variables to con-

vert the non-linear partial di¤erential equations into ordinary di¤erential equations. Moreover,

we have solved the ordinary di¤erential equations with bvp4c function in Matlab. Results for

the skin friction f 00(0), Nusselt number Re�1=2Nux, nanoparticle volume friction at the sur-

face �(0), velocity f 0(�), temperature �(�) and nanoparticle volume friction �(�) pro�les are

described. Some of the �ndings are summarized below.

� For the existence of both �rst and second solution, the critical values (sc and Ac) are

found.

� It is seen that skin friction decreases whereas, Nusselt number and nanoparticle concen-

tration at the wall increase with increasing value of power law parameter �.

� At the surface, the �rst solution of the skin friction increases whereas, for Nusselt number

and nanoparticle concentration it decrease with magnetic �eld Ha.

� The non-dimensional temperature increases with increase in thermophoresis parameter

Nt.

� The non-dimensional nanoparticle concentration � (�) reduces with Nb but rises with the

increasing value of Nt.
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Chapter 3

A study on slip-�ow and heat

transfer performance of nano�uid

from a permeable shrinking surface

with thermal radiation: Dual

solution

3.1 Introduction

The reason for this chapter is to augment the investigation examined in chapter 2. In this

chapter we investigate a computational study on the stagnation-point �ow of an electrically

conducting nano�uids over a non-linear stretching/shrinking surface with �rst-order slip. The

analysis of heat transfer on the �ow �eld is also performed in the presence of non-linear thermal

radiation. The same numerical technique as in chapter 2 is utilized. The obtained numeri-

cal solutions are presented graphically and some interesting results like multiple (upper and

lower) solutions are found. The critical values corresponding to the suction parameter s and

the shrinking parameter A are computed. The e¤ect of di¤erent dimensionless parameters like

as power-law parameter, Hartmann number, slip parameter, Eckert number, temperature ratio
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parameter, radiation parameter, Brownian motion and thermophoresis parameters and Lewis

number are examined and displayed graphically. The dimensionless slip parameter has a reduc-

ing impact on the skin friction coe¢ cient for the upper branch solutions. The major outcome

of the present study is that the temperature ratio parameter boosts the temperature pro�les

for both solutions. While the temperature pro�les show a decreasing behaviour for higher

non-linear radiation parameter. Validation of numerical scheme is accomplished by means of

benchmarking with some already reported studies, and a great correlation is illustrated.

3.2 Problem development

Let us assume an incompressible, two-dimensional stagnation-point �ow of nano�uid towards a

nonlinear stretching/shrinking sheet. The heat and mass transfer is studied under the in�uence

of nonlinear thermal radiation and viscous dissipation. We assumed that the sheet is moving

with the velocity uw (x) = axm and the velocity of the wall mass suction/injection is vw (x) =

xm; where a is constant. We assume the coordinate system is taken as, x-axis along the sheet

and y-axis perpendicular to the sheet. The �uid is moving due to the equal and opposite forces,

which are applied along the x-axis towards the origin �O�of the coordinate system, so that

the wall shrinks keeping the origin �xed, under the in�uence of nonlinear stretching/shrinking

of the sheet. Here uw (x) < 0 corresponds to a shrinking/contracting surface sheet velocity

and uw (x) > 0 corresponds to a stretching surface sheet velocity. The temperature Tw of the

surface of the sheet is uniform and is greater than the ambient temperature T1, as y ! 1;

(i.e. T1 < Tw). Here, it is assumed to be applied the variable magnatic �eld B(x) along the

y-direction, by assuming electrical conducting nano�uids. The ambient nanoparticle volume

fraction is C1. Under these assumptions, the steady conservation of mass, momentum equation,

energy and nanoparticle fraction equations for nano�uid with boundary layer approximations

are presented in Cartesian coordinates as:

@u

@x
+
@v

@y
= 0; (3.1)

u

�
@u

@x

�
+ v

�
@u

@y

�
= �

�
@2u

@y2

�
+ ue

�
due
dx

�
� �B

2
0

�
(u� ue) ; (3.2)
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(�c)bf

�
u

�
@T

@x

�
+ v

�
@T

@y

��
= k

�
@2T

@y2

�
+(�c)p

 
DB

�
@C

@y

��
@T

@y

�
+
DT
T1

�
@T

@y

�2!
�@qr
@y
+�

�
@u

@y

�2
;

(3.2)

u

�
@C

@x

�
+ v

�
@C

@y

�
= DB

�
@2C

@y2

�
+
DT
T1

�
@2T

@y2

�
: (3.4)

Here u and v are the velocity components in x and y directions, respectively, � the dynamic

viscosity, � the kinematic viscosity, k the thermal conductivity of the �uid, T the temperature of

the �uid, �bf ; cbf the density and speci�c heat of the base�uid respectively, and �p; cp the density

and speci�c heat of the nanoparticle respectively. C the concentration of the nanoparticles, T1

is the ambient temperature, DB and DT the Brownian and thermal di¤usion coe¢ cient.

With an assumption for the optically thick boundary layer we adopt Rosseland�s di¤usion

approximation [32] for the radiative heat �ux qr and the expression is given by

qr = �
4��

3k�
@T 4

@y
= �16�

�

3k�
T 3
@T

@y
: (3.5)

whereas, k� and �� indicate the mean absorption and the Stefan-Boltzmann constant, respec-

tively.

The relevant boundary conditions are:

u = Auw(x) + uslip; v = vw; T = Tw; DB
@C

@y
+
DT
T1

@T

@y
= 0 at y = 0;

u = ue (x) = cx
m; T ! T1; C = C1 as y !1: (3.6)

In formulation of Eq. (3:2), we have neglected the induced magnetic �eld. We assume the partial

slip at the wall and the slip velocity has the form uslip = L
@u
@y ; where L stands for the velocity

slip factor. The boundary condition DB
�
@C
@y

�
+ DT

T1

�
@T
@y

�
= 0 at y = 0 in Eq. (3:6) shows the

normal �ux of nanoparticles is zero at the boundary with consideration of thermophoresis, (see

Kuznetsov and Nield [33]).

We introduce the following locally similarity transformations for equations (3:1) - (3:4) with
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boundary conditions (3:6):

� = y

r
a(m+ 1)

2�

�
x
m�1
2

�
; �(�) =

T � T1
Tw � T1

; � (�) =
C � C1
C1

;

u = cxmf 0 (�) ; v = �
r
a� (m+ 1)

2

�
x(m�1)=2

��
f (�) +

m� 1
m+ 1

�f 0 (�)

�
: (3.7)

We designate the non-dimensional temperature � (�) = T�T1
Tw�T1 with T = T1 (1 + (�w � 1) �) ;

whereas, �w =
�
Tw
T1

�
, �w (> 1) being the temperature ratio parameter.

Hence, using the similarity variables (3:7), Eq. (3:1) is satis�ed identically and the governing

Eqs. (3:2)� (3:4) transform to:

f 000 + ff 00 + �
�
1� f 02

�
+Ha2

�
1� f 0

�
= 0; (3.8)

d

d�

��
1 +

4

3Nr
f1 + (�w � 1) �g3

�
�0
�
+ Pr

�
Ecf 002 + f�0 +Nt�02 +Nb�0�0

�
= 0; (3.9)

�00 + Lef�0 +

�
Nt

Nb

�
�00 = 0: (3.10)

The transformed boundary conditions are as follows:

f = s; f 0 = A+ �f 00; � = 1; Nb�0 +Nt�0 = 0 at � = 0;

f 0 = 1; � = 0; � = 0 at � !1: (3.11)

In the above equations, prime refers di¤erentiation with respect to �; � the power-law parame-

ter, A the stretching/shrinking parameter, � the velocity slip parameter, s the mass transfer

parameter, Ha the Hartmann number or magnetic �eld parameter, Nr is the radiation para-

meter, Nb;Nt the Brownian motion and thermophoresis parameters, respectively, Ec;Pr the
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Eckert and Prandtl numbers, respectively. These are de�ned as:

� =
2m

m+ 1
; Ha =

s
2�B20

c�f (m+ 1)
; s = � vwq

a�(m+1)
2

�
x(m�1)=2

� ;
Ec =

u2w (x)

cf (Tw � T1)
; Pr =

(�c)f v

k
; � = L

r
a (m+ 1)

2�

�
x(m�1)=2

�
;

Le =
�

DB
; Nt =

(�c)pDT (Tw � T1)
(�c)f �T1

; Nb =
(�c)pDBC1

(�c)f �
: (3.12)

3.2.1 Parameters of physical interest

We are intended in the physical quantities, as the skin friction coe¢ cient Cf and the local

Nusselt number Nux, respectively. Whereas �w is the wall shear stress and qw represents the

wall heat �ux. Conventionally, these are de�ned as:

Cf =
�w
�u2w

; Nux =
xqw

k (Tw � T1)
: (3.13)

in which:

�w = �

�
@u

@y

�����
y=0

; qw = �k
�
@T

@y

�����
y=0

+ qrjy=0 : (3.14)

Using the similarity Eq. (3:7) into Eq. (3:13) ; we get the corresponding expressions:

Re1=2Cf = f
00(0); Re�1=2Nux = �

�
1 +

4

3Nr

�
�0(0); (3.15)

whereas the local Reynolds number and is de�ned as Re = a
�
m+1
2 x(m+1).

Due to new mass �ux condition Nb�0(0) +Nt�0(0) = 0, the Sherwood number is obtained

identically zero, (see Kuznetsov and Nield [33]).

3.3 Results and discussion

To investigate the present problem, we �x the default values of governing parameters by using

numerical approach as, � = 1:0; Ha = 0:1; A = �1:1; � = 0:1; �w = 1:1; Nr = 1:1; Pr = 1:05;

Ec = 0:1; Nt = 0:1; Nb = 0:1. The e¤ect of given parameters on skin friction f 00(0); Nusselt

Number Re�1=2Nux; velocity f 0(�); temperature �(�) and nanoparticles concentration �(�) are
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presented graphically for di¤erent values of governing parameters. In this chapter we consider

the dual solution, in which �rst solution is displayed with solid lines and the second solution

with dotted lines.

To �nd out the precision of the numerical results gotten through the bvp4c scheme, a

comparison of skin friction coe¢ cient f 00(0) is made for limiting cases (in the absence of magnetic

�eld and suction) and no-slip condition. These comparison can be found in Tables 3.2 and

3.3 with those of Wang [34] ; Yacob and Ishak [35] and Gorla et al. [36] for various values

of shrinking parameter A. These tables demonstrate a decent assertion between the present

numerical results and the past outcomes. This gives us reliance of our numerical outcomes.

The variations of physically important quantities like skin friction coe¢ cient f 00(0), Nesselt

number Re�1=2Nux and nanoparticles concentration at the wall �(0) are respectively presented

through Figs. 3.1 to 3.3 to see the impact of di¤erent pertinent �ow parameters. The key factor

of this analysis is that, we captured the dual solution i.e. (two branches). These two solutions

are commonly known as �rst and second solutions or (upper and lower branch), respectively.

These dual solution are achieved in case of �ow over a shrinking surface in the presence of mass

suction.

Fig. 3.1 discloses the e¤ect of power-law parameter � on the skin friction coe¢ cient in

terms of f 00(0) in case of no-slip and partial-slip surface conditions. For both the situations,

the critical values Ac corresponding to several values of power-law parameter are listed in this

�gure. It is seen that for mass suction (s = 3), the magnitude of critical values jAcj expands

with increasing values of power-law parameter. Consequently, more increment in power-law

parameter � will cause an expansion in the existence domain of dual solution. Moreover, these

e¤ects are much higher in case of partial slip condition i.e., (� = 0:1) which means that the

range of the values of A for which the dual solution of the boundary layer equations exists, are

higher. This is further re�ected in both �gures that the �rst solution for skin friction is always

higher than the second. Moreover, the skin friction coe¢ cient decreases with the enlargement of

�. The variations of the local Nusselt number Re�1=2Nux against A for power-law parameter

� = 0:8; 1:0; 1:8 without velocity-slip (� = 0) and with velocity-slip (� = 0:1) are shown in

Fig. 3.2 respectively. As indicated by our computations in this chapter, it is clear from these

�gures that dual solutions exist in the range Ac(= �4:162;�4:386;�4:4425) � A � 1:5 in case
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of no-slip e¤ects and Ac(= �4:8498;�5:1888;�5:28) � A � 1:5 for velocity�slip e¤ects when

� = 0:8; 1:0 and 1:8; respectively. A common observation from these critical values is that

for the lower values of �, the existence domain of the second solution shrinks. It is clear that

both upper and lower branches of local Nusselt number depicts the decreasing trend for greater

values of power-law parameter and these e¤ect are more prominent in lower branch.

The nanoparticle concentration at the wall �(0) is explained in Fig. 3.3 to visualize the

in�uence of both the velocity-slip parameter and power-law parameter. Again, these plots de-

lineate the critical range of shrinking parameter A for the existence of more than one solutions

and this range is ended by critical value Ac. We can control the critical values by setting up

di¤erent numerical values to the problem physical parameters. In addition, the plots given in

both these �gures display that a growth in power-law parameter � is to lessen the wall nanopar-

ticle concentration for �rst solution and a reverse trend of the wall nanoparticle concentrations

is seen in second solution. It may be noted through both �gures that for a given A, the �rst

solution has a greater value of �(0) than the second solution. Moreover, it is worth mentioning

that the existence range of dual solution shrinks in the absence of velocity-slip. Table 3.1

shows the critical values of Figs. 3.1 to 3.3.

Fig. 3.4 indicates the e¤ect of stretching/shrinking parameter A on temperature � (�),

it is clear that both solutions exist. First solution reduces, with the enlargement of stretch-

ing/shrinking parameter A, but the opposite trend can be seen in the second solution.

Figs. 3.5 to 3.7 indicate the e¤ect of mass transfer parameter s on the skin friction f 00(0)

and Nesselt number Re�1=2Nux; nanoparticles concentration at the wall �(0) for di¤erent

values of stretching/shrinking parameter A respectively. The critical point Ac decreases from

�5:1888 to�5:6389 for increasing of mass transfer parameter. Fig. 3.5 indicates decreasing and

increasing behaviour of the skin friction f 00(0) for the dual solution (�rst and second solutions

respectively) for increasing suction parameter s. Similar trend can be noticed in Fig. 3.6. In

Fig. 3.7, the nanoparticles concentration at the wall �(0) for increasing of suction parameter

s gives an increasing behaviour in the upper branch solution and no solution exist for Ac < A.

From Figs. 3.8 to 3.10, the impacts of mass suction parameter s on the �ow past the

shrinking sheet for velocity, temperature and concentration pro�les are pictured. It is seen

through Fig. 3.8 that, the dual nature of non-dimensional velocity is depicted for distinct
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values of mass transfer parameter s. For �rst solution, we noticed that as the suction parameter

is raised the velocity increases, besides pro�les of velocity are depressed with higher s for second

branch solution. On the other a quite opposite is true for momentum boundary layer thickness

because it reduces for �rst solution and increases for second solution with a boost in suction.

A substantial change is seen for higher value of s for second branch solution. For temperature

� (�) decreases in both solutions. From Fig. 3.10, it is concluded that in �rst solution, the

nanoparticle volume friction � (�) rises in a small region near the surface for increasing values

of s but after a certain distance from the surface this pro�le start falling for a given value of �

until the far �eld boundary condition is asymptotically satis�ed. The reverse trend can be seen

for the second solution.

Moreover, the e¤ect of mass transfer parameter s on the skin friction f 00 (0) for various

values of Hartmann number Ha is discussed (see Fig. 3.11). It can be seen that no solution

exists for s < sc and �rst solution is found higher.

The variation of velocity distribution f 0(�) (both �rst and second solutions) for distinct

values of Hartmann number Ha are presented in Fig. 3.12. We notice in this �gure that, the

�uid velocity improves with growing values of Ha in case of the upper solution. Additionally,

greater values of Hartmann number causes the thickness of momentum boundary layer to be

depressed in this situation. But, for the second solution it decreases with Ha at �xed �. Fig.

3.13 interprets the behaviour of dual temperature pro�les for varying values of Hartmann

number Ha by taking all other parameters �xed. Here, it is of worth mentioning that all

plots approach the far �eld boundary conditions asymptotically. In accordance with the dual

temperature pro�les shown in this �gure, it is sighted that the temperature is reduced in the �rst

solution with increasing of Ha which is quite opposite to the case of second solution. Hence,

for a particular set of physical parameters, the temperature of �uid for the second solution

increases as Hartmann number Ha raises. The physical phenomenon of Lorentz force cause

a slower movement of �uid, which corresponds to the reduction of the rate of heat transfer

and hence the thermal boundary layer thickness decline by the greater Ha for �rst solution.

However, in case of the second solution, thickness of thermal boundary layer is seen to be

boosted up.

The in�uence of velocity slip parameter � on skin friction f 00 (0) for various values of mass
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transfer parameter s is displayed in Fig. 3.14. It can be noticed that the critical value Ac

decreases from �0:5279 to �1:0138. and no solution exists for s < sc.

The velocity, temperature and concentration pro�les have been shown in Figs. 3.15 to 3.17

satisfy the far �eld boundary conditions asymptotically, to gives the validation of numerical

results and the existence of dual solutions. As we can view from Fig. 3.15 that the �uid

velocity has ascended trend with the enhancement in the velocity-slip parameter for the upper

branch solution while a signi�cant reduction in the boundary layer thickness is noted. Moreover,

in case of lower solution the results are quite di¤erent. It is concluded that the dimensionless

velocity reduces in a small region near the sheet for increasing values of � but after a certain

distance from the sheet these pro�les start growing for a given value of � until the far �eld

boundary condition is asymptotically satis�ed. As plotted in Fig. 3.16 with an elevation in

the velocity-slip parameter �, magnitude of the temperature drops o¤ for both �rst and second

solutions as well the thickness of thermal boundary layer. Further, it is noted that in case of �rst

solution, the thermal boundary layer thickness is thinner as compared to the second solution.

It can also be observed that rises in velocity slip parameter �, the concentration pro�le reduces

in the �rst solution and rises in second solution (see Fig. 3.17).

Fig. 3.18 prescribes the variations of the non-dimensional temperature pro�le for numerous

values of temperature ratio parameter �w for A = �1:1 (in the dual solution range). As

should be obvious from this �gure, thickness of the thermal boundary layer and non-dimensional

temperature pro�le for the �rst solution is smaller than that of the second solution. It is

interesting to see that both the solution exhibit a signi�cant growth in �uid temperature by

larger �w.

The in�uence of radiation parameter Nr on the temperature distribution � (�) are imparted

though Fig. 3.19 for non-zero values of other physical parameters. It is found that in case

of A (= �1:1), there are two solutions for temperature pro�les for various values of Nr. The

upper branch of temperature pro�les decreases with an up growing radiation parameter and

also the thermal boundary layer thickness becomes thinner. However, when considering the

second solution branches, the temperature pro�le increases with a rise in radiation parameter

within the thermal boundary layer and converse is true away from the sheet, until it ful�ll the

far �eld condition. It is further depicted that, the temperature is high within the boundary
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layer with small value of radiation parameter.

Moreover, the e¤ect of nano�uid parameters (thermophoresis and Brownian motion parame-

ters Nt and Nb respectively) on nanoparticle concentration has been displayed. The gradient

of nanoparticle concentration at the surface is controlled passively by product of
�
�Nt
Nb

�
and

temperature gradient. So the nanoparticle concentration gradient rises with Nt and reduces

with Nb. From Fig. 3.20, the concentration of nanoparticle � (�) increases with Nt on both

solutions, because of the way that the thermophoretic force takes away the �uid from the surface

rapidly, which prompts to an increase in the concentration boundary layer thickness. Mean-

while, an inverse pattern can be watched for Nb and concentration boundary layer thickness

reduces.

The impact of Nt on the temperature distribution has been discussed (see Fig. 3.21). Dual

pro�les depicts that in both solutions, strong in�uence in Nt leads to enhance the temperature

of nano�uids. Moreover, the thermal boundary layer increases with higher Nt.

The variety of Nusselt number with Nr for di¤erent values of s and Nt in the absence

(Ec = 0) and presence (Ec = 0:05) of viscous dissipation parameter Ec (which controls the

�uid �ow) is presented in Figs. 3.22 to 3.23. The dual solutions exist. From Fig. 3.22, the

behaviour of Nusselt number increases for both solutions and �rst solution is always higher than

the second solution. The ratio of convective and conductive heat transfer is named as Nusselt

number, so for large Nusselt number, heat convection arises. Meanwhile the increasing value

of Nt, the Nusselt number reduces for both solutions in the absence and presence of Eckert

number Ec. Here it is also noticed that the �rst solution is higher than the second solution (see

Fig. 3.23).
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Table 3.1: Critical values Ac for various values of � with � = 0 and 0:1; other parameters

are �xed.

� � Ac

0:8 0 �4:6426

1:0 �4:3859

1:8 �3:6311

0:8 0:1 �5:5340

1:0 �5:1880

1:8 �4:2019

Table 3.2: Calculated numbers of the skin friction f 00(0) for di¤erent A with � = 1:0 and

Ha = 0 = � = s:

A Wang[34] Yacob and Ishak[35] Present results

5:0 �10:26475 � �10:2647

3:0 � � �4:27654

2:0 �1:88731 �1:88731 �1:8873

1:0 0 0 0

0:5 0:7133 0:713295 0:71329

0:0 1:232588 1:232588 1:23259
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Table 3.3: Calculated numbers of f 00(0) for upper and lower solution with di¤erent values

of A by keeping � = 1:0; Ha = 0 = � = s:

Upper solution () and lower solution []

Wang[34] Gorla et al.[36] Present results

A () [] () [] () []

�0:25 1:40224 � 1:40225 � 1:40222 �

�0:50 1:4957 � 1:49566 � 1:49566 �

�0:75 1:48930 � 1:48928 � 1:48929 �

�1:00 1:32882 0 1:32881 0 1:32881 0

�1:15 1:08223 0:116702 1:08223 0:11670 1:08222 0:116702

�1:20 � � 0:93247 0:23363 0:932472 0:23365

�1:2465 0:55430 � � � 0:584279 0:554296
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3.4 Conclusions

This chapter presents a theoretical study for the existence of dual similarity solutions for �ow

on a moving plate in nano�uids. The e¤ects of slip-�ow in the vicinity of stagnation-point along

with non-linear radiative heat transfer has been further investigated. For the computational

intent, Matlab function bvp4c is utilized to achieve the dual solution. At last, there are few

important results for this chapter obtained as:

� At the surface, the local skin friction and local Nusselt number are higher for lower power-

law parameter in both solutions.

� The presence of velocity-slip widens the range of A for which dual solution exists.

� The mass suction parameter predicts the dominant e¤ects for the skin friction.

� It is found that the nanoparticles concentration at the wall is raised by the suction para-

meter for �rst solution.

� As per subjective perspective, both temperature ratio parameter and radiation parameter

have inverse impacts on the �uid temperature.
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