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CHAPTER CYNE 

INTRODUCTION 

Three di . nsion 1 rotation group has been studied 

in detail in [I). In this paper rotationo have been discussed 

in t rIDS of Euler angle • rulother pap r [2] d velopes iso

morphism bet een compl x orthogonal group 03 and orthochronous 

Lorentz group L+ without giving any explicit relationship 

in terms of angles. 

In this the i the r presentations of 4x Lor tz 

group h ve been ell cuss Q in terms of ix real p rameters 

~l' !2' 61 , 62 and ~l' +2 vh re ;1' el , 1 represent Eulerian 

angles of rotation about th axes OZ, OX, 02'. '2' 62 , Q2 

r pre nt the angles hieh are related to pure Lorentz 

transformations along th arne axe • x 4 matrices of the 

Lorentz group in te~s of tl paramet rs given ~ove are 

r lated to 3 x 3 matriceo of °3, thereby introducinJ the 

rotations of 03 in terms of campl x angles • 

. or xampl following th isomorphism developed in 

IZl a complex rot tion about Z-axi h 8 been sl.o n isomorphic 

to the combination of a rotation bout Z-axis and a Lor~ntz 

transformation about the s axis. 



c:: 

cos (lfI 1 + i 2) - sin ('1 + i~2) 

in ('1 + i,2) cos (lP1 + i'2) 

o 0 

o 

o 

1 

cosh 2 0 0 inh 1/12 

0 co ~1 -sin 1 0 

0 sin 'PI cos "'1 0 

sin 2 0 0 co h 1112 

1 0 0 0 

0 cos lP1 - in 1fI 0 
::II 

1 

0 in tP1 cos 1111 0 

0 0 0 1 

is isomorphic to 

cosh 1fI2 0 0 sinh lP2 

0 1 0 0 

0 0 1 0 

sinh til 2 0 0 co h 2 

is qiv • aria to c 1 x rot t.ion • From r ult. th 

plex rotation trix q = q"geg~ ha been calculated. 
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Chapter Two cODsists of concepts about Lorentz group. 

t tions and PU,E\ Lor n tz tran fo ations have en discussed. 

p~ limin ry concept.s about compl x orthogonal group bas en 

9 "en. In t:be end the i amorphi m be en 03 and L+ h en 

~ loped. 

C apter Thr folIo s the ork done by Gelfand and 

• Sh piso in (1]. Th op r tors AI' ~, A3 ha been c 10u.1 t 

of Eu1 r angles (<P l
e , <P 2 ) . Following (11 tb op r tor 

l. ~,A3 and B1 ,82 ,83 corre ponding to rotation and Lorentz 

~ sfo tlon respeoti v ly have c leu! d in of D 
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par ters already tioned .. 

In Ch pter Four invariants of Lorentz group namely 

~2 _ !2 and J - K hay been derived in terms of the s1 

parameters. 



cr TER <TO 

rNTRODUCTION TO COMPLEX ROTATIONS 

§ 2 • 1 LOPENTZ TRANSFOID4ATIONS 

A Lor ntz Transformation is defin d to be tr ns-

formation of the typ ; 

(2.1.1) 

~,a t ;es on tb value 0,1,2,3. S ation is implied over 

repaated pre -nt the 1 ment of real atrix 

L c 11 d the atrix of Lorentz tran formation . Xo = ct is 

ti oo-ordin t and xl' x2 ' xl enot the space co-ordinate 

in ! lnkowski sp ce. 

The tr sformations (2.1.1) 1eav# invariant 

Xa <Jail xa· gaB are the ele of the matrix 9 given by 

1 0 0 0 

0 -1 () 0 
9 - (2.1.2) 

0 () -1 0 

0 0 0 

xa gaS 9 6 = 
X;2 _ x 2 _ x2 - x 2 

0 1 2 3 

In trix not.ation, Lor ntz transformation (2.1.1) is ritten 

as 



x'" - LX 

with v ctor = (x "x ,x2 ,x ) so that 

xT denote th transpo e of x. Using (2.1.3) in (2.1.4) 

(2.1.5) holds for 11 v ctor X in th ~ 'nkow ki spac • Thu 

Therefore a Lorentz Transformation i defined by a four by 

four trix sati fying tb q ation (2.1.6). 
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(2.1.3: 

(2.1.4) 

(2.1.5) 

(2.1.6) 

T e Lor ntz tran formati.on 

ubs t by tudying th po ibi val 

may be divid d into four 

for th determinant 

ILl and the .le~nt Lao of tri L. Fro (2.1.6) 

det (LT) det(g) det(L) = d t(g) 

or 

[d t(L})2 - 1 

det L = ± 1 

en the matrix product in (2 .. 1.6) ia expanded and the el m nt 

Loo is rrittell out, get 



/ 

or 

Thus 

L > 1 
00 -

Loo ~ 1 or Loo < 1 

Lor ntz transformation ith det L = + 1 r nam d Prop r 

Lorentz transformation and tho e iith det L = - 1 are n ad 

I prop r Lor ntz transformation; those with Loo ~ 1 are 

called orthochronous and with L < 1 are nonorthochronous. 
00 -

Th proper orthochronous tr n form tions are denoted by L+. 

§2.2 RELATIOt SHIP Or: SL(2C) W!!~ 

Th r is i pl r lation tw n th lements 

of L+ and another group called sp cial linear group of t 0 

by two atrices ith complex 01 m nts and determinant qual 

6 

to on . This gro 1 s been n d as SL(2C) . 'lith ach point 

x :. (xo'x l , 

2 x 2 atrix 

h re 

and 

2'x3) of Minko ki sp c 

tting 

M = all X
ll 

= 

°0 = [ ~ l °1 ~ [: 

°3 = [~ :J 

one m y a 

~! is a Hermiti n matrix if x i rId 

oci te 

(2. 2.1) 

(2.2.2 ) 
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If I i tr fort'l' d by a trix of SL(2C) to giv M by th 

ru1 

M' = AMA+ 

wh re d t A = 1 and A+ ~ (AT) * the Hermiti conjugat of A, 

th n M' i also Hermitian ddt ~ = det (M'). Fro (2.2.1) 

e 9 t the inv rse re1~tion hip 

If the trix M~ = + is writt !.L as 

M' = alJ x~ 

calculate the c pon nt of the v ctor 

Comparing ith (2.1.1) 

1 + 
:a 2' tr(tflJAcrvA ) 

.. '40W from (2.2.3 ) L 
J.lV 

Putting 

1 + 
= '2 tr {oll crvA ) 

(2. 2.3) 

(2.2.4) 



and u inq (2.2.2) g t 

1 - - -= ? (aa + aa + yy + 06) 

= Re (ae + y<S ) 

1 - - -
a 2 Caa - sa + yy - ~6) 

= Re(ay + ad) 

= Re (ay - a6) 



Th r for 

= Im(B~ + ay) 

= (Ci(3·· By> 

L
23 

:- ~ tr(a l Av 1 A+) 

= I (ay + Sen 

L30 = 1. t (0'1 
2 r 

aOA+) 

-= 1 -:l (aa + B8 - yy -

L31 !- tr(OI 

ICZ Re (at3 c. 

L COL S out to be 
lJV 

aIA+) 

y~) 

9 

6~) 
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1 - - - -'l«lO - 68 + yy - 66 ) 

r (CJY + 8~) I «16 + 8Y) Be (;6 - By) 

1 - - - -~«Ja - BB - yy + 66 ) 

(2.2.5 ) 

§2.3 ROTATIONS AND PURE LORE Z TRANSFORMATIONS 

Two important ub eta of L+ are th spat! 1 r ot tiona 

and pur Lorentz ~=atlrsfo tiOD. A spatial. rotation i s 

~ al linear tr sfa tion in thre dimensl.o al hol 

p c of typ : 

Xi - Rij Xj (2.3 .. 1) 

i,j 1,2,3 

T Y 1 av invariant xi + xi + xj. Rij repr eDt th 1 nts 
of a 3 x 3 real matrix. If th patial v ctor ! Q (Xl' 2' 3 ) ' 

th n (2.3.1) Y be written a 

(2 .3 .2) 

o that 

(2.3.3) 

Usinq (2. 3.2 ) i n (2.3.3 ) 
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whicn ho~ds for 11 vectors X thus 

RTR =: 1 (2.3.4 

RT -1 or "'" R 

From (2.3.4) one gets det R - ±l. 

Rotations with d t R c +1 are c 11 d Proper Rotations 

WId thos with det R = - 1 are c lIce Improp r rot tions. 

Spatial rotations form a thr e para~eter. lie group. These 

par ters can be xpre sed. in term of Euler angles or in 

t rms of the angles of rotation about th three xe of co

ordinat 8. In the fo11owinq a spatial rotation is give 1.n 

terms of e, the angle of rotation bout a line whose direction 

ni + 2 + n3 = 1. This 

rot tiOD also invo1v thr par terse On being the anql 

e, th other two sp cifying th direction n. 

A spatial rotation through an angle e in a positive 

s about the unit spatial v ctor n is given by 

x' = x cos a + • n (1 - cos e) + nXX sin S (2.3.5) 

The rotation matrix R in (2.3.5) ic given as 



= 

cos e+n~ (1- roe 9) n1n2 (1- cos e) - 3 sin e 

n3 sin e + n1n2 (1-ros 9) cas + z1(1- cos 0) 

-n sine + ntt3(l- 9) nf13(l- oos 6) +nl sin e 

12 

nl~(l- e) +n2 sin S' 

nil3 (1- cos 6) - n l r.in 

(X)S e + n~ (1- et:s e) 

'I'he r lations about t! e three ax s of co-orainates can b 

Que d as 

anu 

1 

RX ( a ) = 0 
1 

o 

cos a 

ain a 

o 

1 

f3 0 

-8i: a I 
cos a 

9i: ~ I 
cos 

cos y - ill Y 0 

P'X (y) = 
3 

in y C03 Y 

o o 1 

R·l (a) form a single pararne er lie group, similarly RX2 (S) and 

x
3

(y ) · 

Th elements of SL (2C) which correspond to spatial rotations 

are unit rly and convernely. Th lem nt of SL(2C) , which 

correspon s to sp tial rotation (2.3.5 ) is yiven by 

1 1 
A - cos -2 e - i sin - e (a-n ) 2 

(2 . 3 . 

Th r matrices that ar uni ary. The un i tary matrices form 

a subgroup of SL (2C) called SU(2 ) , the spacial uni tary group 



of d~ nsion 2. It can b easily seen th t th pro at of two 

unit ry atrices i unitary. 

Th subj ct of pur Lorentz transform tiona is taken 

next. ~ pure Lorentz transformation of velocity V is positive 

direction of unit. Spatial vector n can be written in the form 

AC~ X
O cosh X + X·n sinh X 

x" = x - X-nn ( l- co""h X) + ~o·n sinh X (2.3.7 ) 

with tanh X-V. 

Transformations (2.3.7 ) also form a thre para ter li gr oup. 

The atrix A mich eor.respond to pure Lorentz tr nsfQrm~tion 

i giv n by 

A c:: CO~ i X - ,iuh ; X (a-n) (2.3.B) 

M trie giv n y (2.3. ) are ~er 'tian. 

lhe gen ral element of L Cw' be express d uniq ly in the form 

L = L'R Lp 

with La' 11' r ap ctiv 10£" cJ cribin a spatial rotation a .• d a 

pure Lor ntz transfo~alion~ 

Tho corr sponGing tiite. "n· for tho g £ eral 1 ment of A of 

SL (2C) is that i t c an be uni gu ly ex res eed a s the roduct 

A = o. 

of a ' .itary t:t" trix 0 nd a Hermitian matrix H. 

If LR = L (U) nd Lp = L (H) , it f o110 that 
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L LR Lp - L(U) L(H) 

= L(UIl) - LtA). 

§2.4 THE GROUP 0 3 

Orthogonal transformation in a complex spac of 

three di ensicn arc often referred to as c plex rotatiols. 

Their relationship to L+ i riefly trented in the foIl ·ing 

way: 

L t Pl-I and qu be the pair of orthogonal four vectors 

define 

ro + P3 PI - i
P2 ] 

p = po:: 
}.I 11 

PI + iP2 Pc - P3 

[qo + q3 ql -
i

q 2) 
Q1 0'1l 

ql + iq2 qo - q3 

Under Lorentz transform tion L ~ L(A), 1 t 

p ~ P'" = APA+ 

Q Q' + + = c"QA 

Q 
-1 

+ Q ... -1 + .. -1 -1 - Q A 

50 that ( 2 .. 4.1 ) 

iti p(l-l = 

-h .re Z i ccmpl x 3 vector, uch that 



get.ting 

(2.4.1) and (2.4.2) together yield 

This relationship shows that there is 2-1 homomorphism 

±A ...... R(A) of SL(2C) on to °3- Therefore it follows that 03 

is simply isomorphic to L. 

Takinq A = lay :J we can 

calculate the elements of R £ °3 , where 0 i are elements of 

th Pauli spin Matrices. 

15 

(2.4.2; 

(2.4.3) 



Ther fore 

R = ys 

1(a2._a2_y2+o2) 
2 

i(-a2+a 2-y2+<52.} 

-(o.y+t3y) 

§2.5 

Rotations c 

1(0. 2+a 2 _y2 _~ 2) 
:2 

}(a2 +S 2 +y2+02) 

i(-aY-Bo) 

'l'IONS 

(yo-aS) 

i (af)+yo) 

(ao+Sy) 

16 

(2.4.4) 

also be specified by unitary atrices 

of ord r t 0 and d torminant unity. Th aggr gate of 11 

ueh atrie s provides a group hieh i denoted by 5U2 - Clearly 

. 1 E sU2 -l.a+~ 

e 2 

Now let us e cu1ate th e re sions for Rys and 

LllV ' for this pecia1 unitary matrix. Rys and LlJ"V ill cone 

out to be 
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cos (8 + it) - in (8 + i~) 0 

I RyS = sinCe + illl) co (O+i') 0 

0 0 1 (2.5.1) 

co h$ 0 0 sinhllJ 

0 cos e -sin 0 0 
L

llV 
= 

0 sin e co e 0 

sinh' 0 0 cosh ljJ (2.5.2 ) 

q ation (2.5.2 ) can b wri tt n as follows 

cosh l/J 0 0 lnh 1/1 1 0 0 0 

0 1 0 0 0 co a -sin e 0 
L = (2.S.3) 

llV 0 0 1 0 0 sin a co e 0 

sinh ljJ 0 0 cosh 1P ) 0 0 0 1 

in ction 2.4, have hown that co 1 x orthogonal group 

i iso orphic to Lor ntz group, ther for fr (2.5.1) and 

(2.5.3) we can writ 

cos (9 + i9) -sin ( & + i IP) 0 

sin (8 + ill!) cos (8 + i1ll ) 0 
Iso = 

0 0 1 

cosh ;p 0 0 inh t;I ) 1 0 0 0 

0 1 0 0 0 cos e -sin e 0 
(2.5.4) 

0 0 1 

s:nh $ J 
0 sin e cos a 0 

sinh. \jJ 0 0 0 0 0 1 



, 
i 

i 
i 

jI 

1e 

The matrice~ of rotat ' on g~, get g~(~,e,~ are the 

Euler 1!.ngles) round the axes or , OX, OZ'" have the form 

[COS e - in ~ ) 

[: 
0 0 

g41 = in .1 cos $ 

:J · 
g e = cos e sin e 

0 0 sin e cos e 

(cos $ 
I 

-sin tP 0 

and l Si: ~ 0 9 c:: cos 

') 1 

Taking <p,e,W b_ ce; ple:x. ar.. 1 

¢ = 4>1 + i~2 

e == 61 + 1°2 

1/1 == lPl + i1/l 2 

Usin (2.r.:.4) the equiva1 nt v 1u 0 rot ti na 9 9 an gVJ 

are 

cos (+1 + i~2 ) -sint 1 + i~2} 0 

ge = in(.1 + i 2' cos ( 1 + i 2) \) Igo 

0 0 1 

cosh ~2 (J 0 sinh 9? 

0 cos ·1 -sin 91 0 

0 sin ~ 1 COf! 1 0 

sinh ~.t 0 0 c osh ~2 



1 0 

ga =- 0 cos (9 1 + i92) 

r 0 sin (81 + i92) 

co h 9 2 

lnh 92 

o 

o 

sinh 82 

cosh 92 
o 

o 

cos ('1 + iW2 ) 

gill CII i n (1/11 + i*2) 

o 

00 h lP2 

o 

o 

sinh "'2 

o 

cos III 1 

sin tPl 

o 

I 0 

o 0 

o 0 

i n 

I 0 = 

o inh *2 

- in ~1 0 

co ~ 0 1 

o cosh '2 
Upon carrying out the e rotation one after another their 

19 

m trice are multiplied and hence 

t.rix 

have the co lex rotation 

fca~.,CXlBh8.,c:o~2 cx:sb,jJ2sinha2cos¢11 -ooshlPrwm62sin'l 

o::mJ!'llb, )· cnsltlBl~2 sinhtlI2 :!nal n4Il sinI V2sin91 cos'l 

1 -COSVlooshe2sin~1 

1 -sinrploos91~1 

inly1cxeh92 1 

lc0s91~1 

~rh'6.'t(X):~2· 2si.nh62cal 1 --sinh4J2s iDhe2sin4>1 ~2 

+ooshlP2CXl6als~2 ooshlfJ2sin01 in 1 ~2s:inal~1 ~2 

1 2 

2 
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CHAPTEP. TI'REE 

53.1 



co hl/J 0 sinh, 

0 1 0 
b2 (1jJ) a 

inhljl 0 cosh tp 

0 0 0 

cosh '41 0 0 

0 1 0 
and b

3
(1jJ) = 

0 0 1 

Dinh .p 0 0 

They s tisfy th relations 

where k 

~ ( i/ll ) ak (w2 ) = )c ( WJ + $2 } 

bk (~l ) k (1jJ2) ~ bk ( 1 + '2 ) 

1,2,3. 

21 

0 

0 

0 

1 

sinhw 

0 

0 

c or.h t!J . 

Th infinite i 1 matrices a l ,a2/ a 3 and b 1,b2 ,b3 of th group 

L ar d fin d by 

Explicitly th yare qiven by 

0 0 0 0 0 ~ 0 0 

0 0 0 0 0 0 0 1 
a1 = ~2 = 

0 O· 0 - 1 0 0 0 0 

to 0 1 0 0 -1 0 0 , 
I 
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0 0 0 0 

0 0 -1 0 
= 3 0 1 0 0 

0 0 0 0 

0 1 0 0 0 0 1 0 

1 0 0 0 0 0 0 
and Ll ::: b 2 

::: 

0 0 0 0 1 0 0 

0 0 0 0 , 0 0 0 0 , 

0 0 0 1 

0 0 0 0 
and h3 ::: 

0 0 0 0 

1 0 0 0 • 

T&eyar r 1 t d to the rotation d Lorentz transfo ati 

ak{~) and b ($) by 

k(~) = xp(lP~), bk = xp(~bk ) 

}\.nd th y oatisfy the commotation relations 

[a
1 ajl = cijk a k 

fbi Ljl ::: Eijk ~ 

[a.,b.} 
~ ) == Eijk hk 

Her [a bl = ab - ba. E. ' k 
~J • 

is antis etric tensor .. 



§3.2 DIFFERENTIAL OPERATORS CORRESPONDING TO . -

INFINITESIMAL ROTATIONS 

Let 9 + Tg by an irreducibl e representation of 

weight t. The element Tmn of the matrix Tg (-t ~ m, n ~ t) 

are the function of rotation 9 i.e. [Tmn] = Tmn(g). 

23 

Multiply 9 by an arbituary rotation gl. Then Tmn(g) 

goes into different function of g, which is equal to Tmn(ggl). 

This transformation of the function Tmn depend upon 91' 

denoting it by ug1 , we can write 

It can be verified that U92U91 = ug2Ug1 holds. In fact 

ug2ug1 (Tmn (g» = Ug2 Tmn (ggl) = Tmn (gglg2) 

(3.2.1) 

(3.2.2) 

Now, we consider the function Tmn (ggl). This is an element of 

the matrix Tgg1 - Since the matrix form a representation of the 

rotation group. Therefore it follows 

Tggl = TgT9l 

Equating the elements of the matrices on the left and right 

side of the equality 

or equally 

Ug1 Tmn(g) = 

(3.2.3) 

(3.2.4) 



It follows -=ro (3.2.2) and (3.2.4) that for e ergy m the 

transformation U91 c prise 

t~tion of the rot tiOD group. 

(21 + 1) dim nsional r presen-

24 

Now ·e try to find the transformation Ak (k = 1,2,3) 

which correspond to the infinitesi al rotation arout the co-

ordi nat e axes in the representation. ""or this purpos we taLe 

gl s the rotation through an angle (l about the f i xed axes. 

~hen expand ug1 Tmn(g) = T~(991) in the power of a. 

Let OZ be the axes of rotati on and 9 be an arbit ry 

rotation with Euler angl 

through an angl ex about z-axis. Then rotation 991 has Eulerian 

angles ($1 + a,O'¢2) • 

aT 
Tmn (9g1) = Tmn(~l + a,S'¢2} + a a$l + 

ha th form 

W n~~t determine 

dCPi! ~t 
da I da I 

a=o (1=0 

• • • 

(3.2.5) 



( ' 

1/ 
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for the ease in which 91 is the rotation through an angle a 

about ox. For this purpose we consider the matrix of rotation 

9 itself as the function of Euler angles. 

q <+l' , 2 ) = [gik( 1,8'.2 ' j - 921 922 

931 g32 

or 9 == 

008 1 ine 

1 

1 

(3.2.6) 

trix of rot tion 9g1 is given by c rtain val of Eul r 

ang1 ~i,e~, 2 and the e values depend upon the rotation 

n9l a. For a - 0, 

atrix 991 in p rs of 0, 

al to .1,6'.2. Ezp ding th 

obt in 

... 
(3.2.7 ) 

Sine g1 is th rotation through an angle a abo t ox. 

Th r for it atrix val 

1 0 0 

9 1 = 0 co a - in CI 

0 in (l co a 

And for the small valu s of a, w expand 91 by Taylor serie 
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pto first ord r. 

1 0 0 

9 1 = 0 cos (l -sin (l 

0 sin a cos a 

1 0 0 0 0 0 

= 0 1 0 + a 0 0 -1 + • • • 

0 0 1 0 1 0 

And con eq nt.ly 
0 913 -g12 

ggl = gik (¢1, a ,$2) + a 0 g'1~ -g22 ( 3.2.8) 
;t:..., 

0 933 -932 

Equating th expression (3.2.7) and (3.2.8) for the matrix 

99l and quating the coefficients of a in th 

w obtain quations for lhich 

t 0 xpres ions 

d .... ' 
da

11 
a=o 

ar d fined. 

, and <>2 1 
a a=o 

It is sufficient for our purpo e to take th thre 

simplest Ie ents of the atrice by hieh a is multipli d 

i formula (3 .~ . 7 ) and ( 3 . 2 . 8 ) . We use the 10 est right, 

the 10 er left, and the upp r right and upper left elements. 

Taking the corresponding expres ions for gik fro fo 

(3.2. 6 ) and differentiating the e, e obt in the quations 



Fr the 

W: I -sin e ... -co +1 sin e 
a=o 

cos ~l in d+i l 
6 aa + sin f1 cos e ~l a 0 

aDo a-o 

d ' dO-- , in e Q."(II + sin +2 cos e cra-cos +2 
aDo a-o 

= c o ·2 i n +1 + cos e in 2 co 

uations , i nf r that 

d O'" I 
(1a 

aao 
:It - sin ~l eot e 

1 

Sub tituting thes values in formula ( ) we find the 

differ ntial op rator which corr ponds to an infinitesi al 

rotation about tb axis OX 

Th operator A2 and A3 ar; co ut in uch the s 

form 

~ =: -cote co 
a cos +1 a . a 

1 a+
l 

+ in e a'
2 

- Sl.n '1 Te 

27 

(3 . 2 . 9 ) 

3. 2 . 10) 

(3.2 . 1.1) 
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§3.3 DIFFERENTIAL OPERATORS CORRESPONDING TO 
OTATIONS 

In Chapter Two an isomorphism have been developed 

between complex orthogonal group and Lorentz group. This 

isomorphism can be used to calculate the operators which 

corresponds to complex rotations by calculating operators 

corresponding to rotations and Lorentz transformations. 

For this purpose the method mentioned i.n the last 

section can be used. In this case arbitrary rotation is g 

given by the equation (2.5.5). 

Let OZ be the axis of rotation and. gl be an arbitrary 

rotation throuqh an angle a, then it can be written as in the 

last section, 

(3.3.I) 

On the other hand since gl is the rotation through an angle a 

around X-axis it axis is equal to 

1 0 0 0 1 0 0 0 0 0 0 01 

0 1 0 0 0 1 0 0 0 0 0 0 
gl = = + <l 

0 0 cos (l -sin (l 0 0 1 0 0 0 0 -1 

lo 0 sin a cos 0 0 0 1 0 0 1 0 

(3 .3.2) 



Con equently 

0 0 g14 -g13 

0 0 gz -g23 

g91 = Igu( ,6,,> I + a 0 0 934 -933 

0 0 94 -g 4 

q ating the epxressions (3.3.1) nd (3.3 .. 3) for th matrix 

991 and quating the coefficients of a i thes two xpr ssions , 

obtain equations fro which 

d~l l ~I ~Ol l d 82 d<t>l d$2 / , 
da - - and da du 

, 
da , , da da 

a=o a=o a=o a=c 

ar fin d. 

For this purpose quate all th element of the atric s by 

which a is multipli.o in fo u1a (3.3.1) -ud (3.3.3). 

When will do thi, _ get ix-teen equations, 

el inating fro. all th_se equ tions de 1/da and d6 2/da Ie 

btain set of sixteen equation bieh are g'i en belo 

d~ -0 dIP2 
sin 6 1 sin 1+ co h 62 cosh ~2 

2 . h 82 sinb 0 
2 -~ + sJ.n .. 2 da = dQ .<1 

dil aa J 
0 1 in c 1 + sinh f)2 'I 2 

°2 sin 91 0 -cos cos --- cosh ea = 1 ~a da 

81 sin!l $2 
d~2 

62 co h 
d0 2 h 62 sl.nh 

J.q,2 
0 co --+ sinh 2 

-....... _+ co 2 deL == a II 

d~2 ·0 d~l 
-sin 61 sin _ . -+eo h '3 2 cos ¢1 -"-- sinh 82 sin 91 

.". 0 
1. da da au 
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d8 
-sinh 6 2 cosh 4>2 

4Wl 
-cra+ cos a1 inh <1>2 iI; + sin 61 cosh 4>2 

<1'2 
""dci"" == 

d$2 
-cosh 8 2 cosh ~2 

dW2 
-;ra-+ sin 81 sinh $2 

del 
~-cos 81 cosh <1>2 ~= 

dlJl d8 l d<P 1 -cosh 82 cos ~ -d-+ sin 8 1 sin <P1 "'Cfci"" - cos 6 1 cos 4>1 C'la = 

dtP2 d6 d<p 1 
-sinh 8 2 61 sin $1 

1 • 81 cos ~ 1 (fci'"" - cos ""Cla - S l.n cos ~ -- == 1 da 

sin 61 cos 4>1 
dl/J2 

82 in 
de 2 62 

d$l 
--cosh $1 da - sinh cos $1 da da 

:: cosh 62 sinh $2 

81 cos ~1 
dill l 62 sin 

d8 2 62 

d<P 1 -cos -a- - sinh cf>]. • dci - cosh cos $1 cra-a 

== sinh 62 aiDh $2 

d1P2 dO,) d$ 2 cos $1 cosh $2 'Cfii- + sinh 92 sinh $2 a:· + cosh 02 cosh 4>2 '(i(l 

:s: sinh 62 sin 4>1 

dtJi 1 de d$2 
sin 61 cosh ~2 aa-+ cosh 92 sinh $2 "da

2 + sinh 8 2 co h cf>2 da. 

t2 cosh ~ sin <1>1 

dl/J2 del dt 1 
sinh 82 sin $1 -00- - cos 61 cos $1 ""Qil+ min 61 sirl 4>1 era-

= -cos m1 cosh $2 

diP 1 d6 1 d4> 1 
co h 62 sin <P1 de ... sin 91 cos <P1 cra-+ cos 01 sin $1 del 

= sin Ell cosh ~2 

del 
$2 cr-- COB 61 inh 

= sin 61 cos $1 

0 

0 

0 

0 
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= cos e1 cos 4>1 (3.3.4) 

Selecting one equation from the first equations of (3.3_4) 

involving the -variables dIPl/da, d 1/da and d.1/dCL ~nd one 

equation from the second eight equations involving the same 

variabl s 

cosh 62 sin 
d1/J 1 

$1 da-+ sin 81 cos 
del 

4> 1 CI'i!'" cos 81 sin 
d$l 

~l aa 
I: sin a1 co b 92, 

--cosh 82 
dW l 81 sin 

del 
91 

d$1 
cos 4> 1 -dn + sin $00- cos cos '" -,= 1 ct 1 da 

Multiplying the first equation by cos 91' second by sin 91 

and adding 

del 
sin e1 da = eos "'I sin 61 cosh ~2 

del 
-aa J:: eos 4>1 cosh 4'2 

0 

As is done in the above selecting two e~uations for variables 

co 81 sinh 4>2 
dW2 

82 ---+ sinh oa cosh $2 
dea 
~+cosh 6a sinh 

dct>2 
$2 "ra = 

dVi de 2 dlj)a 
cos a1 cosh 4>2 'da~'" sinh 82 sinh $2 da -+ cosh 92 co h ¢Sa da 

0 

Multiplying first by cosh 2' second by sinh ~2 ruid substracting, 
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Selecting one equation fro the first eight equations of 

(3.3.4) involving the variabl s ~2/da, e2/da an l/da 

and one quation from the s cond ight equations involving 

th _ san; variable 

d!/J 2 d0 2 U$l 
sin 81 sin 91 --+ co h °2 cos <Ill aa-- sinh e.) i n 91 

__ c 

da .. ea 
d~ de", d<>l 

in 61 cos 91 
2 - cosh °2 sin " sinh 8 2 (J(X ¢ 1 ""C'l'(l - cos $1 da 

= cosh 02 sinh $2 

L-tul tip ly ing firs t equ tion by in 4l 1 , seCono. by cos ~ 1 and 

adding 

0 

(3.3. 5 ) 

As is don in th abo~ s lecting two equations fro < (3. 3.4 ) 

for variable d1P2 / oa, dOI/da and d¢l/ da 

ill de l 
sinh 82 in 2 cos 81 cos $1 da - '1 aa- + 

<.J\jJ 
-sinh 62 cos 91 da

2 
- cos 91 

= -cos 91 
"0 

• A.. 1 
s~n "'I d(l 

sin 8 1 si 
d¢l 

¢l {J(l 

d 1 
- sin 61 cos +1 da = 0 

Multiplying first equation by sin 91 nd second by cos ~1 and 

substracting 

(3.3.6 ) 



Multiplying (3.3.5) y sin 6
1

, (3.3.6) by sinh 62 and 

\.lb tr cting 
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uitiplying (3.3.5) by sinh 6 2 , (3.3.6) by sin 61 and addin~ 

ell/! 2 1 c.a. = - (sin2a1 + siDli!e
2

, [cos 91 sinh 6 2 sin ¢1 cosh ~2 

- sin e1 cosh 6 cow ~l sinh ~21 

Sleeting t·o qu ~ions from (3.3.4) for th v riabl s dl~ l/UCL 1 

d6 2/da and d$2/da 

sin 61 inh 
d~ de 

1 + h 0 h A 2 2 Cfct cos 2 co ~2 da + sinh e2 sinh 
2 

2 aa 
= 0 

= cosh 62 sin ~l 

... uItip1ying first equation by inh ~2' second by cosh '2 and 

sub tracting 

(3.3.7) 

Selecting two equations from (3.3.4) for the variables d'l/da, 

d6 1/da an d~2/da 

-sinh 
diJI 1 del 

sin cosh 
d~2 

62 cosh 4>2 CIa + cos °1 sinh t>2 --+ 8 1 2 Cia = 0 da 

-sinh sinh 
dIP 1 dOl 

sin sinh 
d+ 2 

82 <1>2 da + co 61 cosh 2 --- + e1 '2 a a. -
= cos 61 cos ¢II 
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ultiplying fir t 

ub tracting 

u tion by co ~2' second by sinh 11>2 and 

(3.3. 8; 

~ultiplying ( 3.3.7 ) by in 61 , (3. 3.u) y sinh 02 and adoing 

dWl 1 
da = (sin t 6

l 
+ sinh2S2) [sin 8 1 cosh 8 2 in ~l cosh 92 

Multiplying (3.3.7) by inh 62 , (3.3.8) by sin 61 and 

subetracting 

Beth op rator corr po ding to rot tion about X-axis is 

+ cos $1 cosh '2 a!l - sin t1>1 sinh ~2 a;2 

- ( in2e1 ~ sinh2 e
2

) [sin61cose1sin lcoshq,2 + sinh62cosh4>2 

co ¢lsinh¢21 a~1 - (sin 6
1 

: inh2 (
2

) [sin61cos8 1cos$lsinh¢2 

- sinh8 2co h82sin~lco h~21 a~2 
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Simi1ar1y the operators A2 and A3' corr sponding to 

rotations about X and Y axe respectively can be computed. 

§3.4 OPERATORS CORBESpmiDING TO LORE TZ TRANSFORMATIONS 

Let us calculate the operator correspo ding t - Lorentz 

transformation under whic the variable x is tran fo d. I n 

this cas our 91 will be 

co ha sinh (J 0 0 

sinha co ha 0 0 
91 -=: 

0 0 1 0 

0 0 0 1 

1 0 0 0 r: 1 0 0 

0 1 0 0 0 0 0 
-= 

+Ul: 
+ ••• 

0 0 1 0 0 0 0 

0 0 0 1 0 0 0 

Therefore 

9 12 gIl 0 0 

922 921 0 0 

<1q1 - 19 ik( I , ) I + 0 0 
+ • •• (3.4.1) 

932 931 

942 941 0 0 

Equ tin tbeexpr ion (3.3 .1) and (3.4.1) tri 

991 d quatinq th coeffici nt of Cl in th s two xpr s ion 

e obtain quation from hich 



d~ll 
' '"'(i'(J 

«=0 
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are defined. 

For this purpose we equate all the elements of the matrices 

by which 0 is multiplied in formula (3 ' .. ,3.1) and (3.4.1) When 

"1 do this, we qet s1xte n equations, eluminatinq frcm th se 
de de 

equations da1 and do2 , we obtain a set of sixteen equations. 

d~l de 2 d~2 
sin 61 sinh ~2 crol + co h 92 cosh '2 ~ + sinh 62 sinh $2 lfot 

= cosh 62 cos 4'1 

cos 61 

- sinh 92 cos ~l 

d$l de 2 d$1 
-cos a 1 sin $1 C:i(i'"" + sinh e 2 cos ~ 1 a:a - cosh e 2 sin '1 -a;:-

: sinh 62 cosh $2 

d$2 de2 d$l 
sin 81 sin *1 aa + cosh 82 cos '1 do - sinh 62 sin $1 aa-" 

= cosh 92 00 h ¢2 

d$ de d~2 
-sinh 62 cosh <112 da

l + cos e 1 sinh '2 da
1 

+ sin e 1 co h q,2 -aa-

= cos 81 sin ~l 

d~2 del d$2 
-cosh 62 cosh $2 CIa + sin 61 sinh <P2 -era- - C s 61 co h .2 "d<1 

:= sin 61 tnh 412 
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= -cos 61 inh 2 

- in 61 cos +1 
dW2 
(l(J- co h 62 in '1 

de 2 aa-- sinh 62 cos 
d~l 

+1 (Ii'"" = 0 

co 6): -co 
d 1 

+1 <Ia- inh e 2 in ' 1 

de 2 C:lO- co h 62 cos 
d 1 

91 da = 0 

d~2 d6 d 2 
cos 61 cosh 92 a;-+ i nh 62 sinh '2 aa2 + cosh 62 cosh '2 eta = 0 

dW 1 de d 2 
i n 6 cosh <;2 Cia+ cosh 62 i nh ~2 -J-+ sinh 62 cosh ·2 o:a == 0 

1 · a 

dtP2 de d 1 
s i nh 62 sin '1 aa- - cos 61 co 4>1 -al-+ s in 61 in '1 da = 0 

dtV l de d'1 
co h 62 i n 1 Q(i"'" + i n 61 co 1 da

1 
+ cos 61 s i n '1 Clo = 0 

-co h 82 inh 
di/l2 in 61 cosh 

d e l 
6 1 sinh '2 

d 2 
0 .2 (1Q+ 2 cra-- cos -aa-= 

-sinh s i nh 
d'l 

61 cosh 
del . 

61 sinh 
dtP2 

0 2 '2 cra-+ cos ~2 Cia + S1n +2 aa = 

(3.4.2) 

Se1 cting one quation fro th fir t eight aquatio s of (3.4 . 2 ) 
d 1 de l d' l involving the variables Q(I" del' -aa- and one equati on fro th 

sec d iqht qu tions involving th same variabl s. 

in 

Multiplying first by s i n 
l ' 

- sin 61 
de l 

$1 Qll+ cos 

i nh .2 
d+1 

e 1 sin +1 aa " 0 

econd by cos 91 and addi ng 
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A i one in t:he above f 9 l ecting the eq ations for 
d' de 2 -P 2 

the vari hIe 2 
da I da da 

d\IJ2 d ') d 4 
cos °1 cosh '2 d(l+ inh 62 sinh '2 -acf+ cosh 82 cosh +2 -a. 

dIP., de 2 . d~2 
81 nh ~2 - i h 92 cosh e2 inh '2 co da 2 <fcX+ cosn da 

= sinh 62 in 4>1. 

ulti lying first equation hy sinh ¢2' s con by cosh +2 nd 

str cting 

~l cosh 412 • 

Sel cting t '() equations for t e v riablo 
di/J,) de'i 

- "" an -aa ' ~ o'et. -

fro (3.4. 2 ) 

in 61 ¢l 
dt;;2 

e2 in +1 
d0 2 

inh 9" 
d'l 

co 'd'a- cosh - co "1 -. a a "-

sin 01 sin 
d1P2 

62 '1 
°2 62 sin 

d+ l 
1 --- cosh CCR (j-- sinh $1 -aa ua 

ultiplying first e uaticn by cos ~l' second by sin 1 and 

addinq 

= () 

0 

Oljl2 d'l 
sin 61 da- - sinh 92 -da = co h 62 s in 1 cosh <>2 ( 3.4.3) 

1(;2 del dIP 1 
Selecting t 0 equations for the variables Q(i"" I t.ftl and dn 

fro (3. 4.2) 

-sinh 62 cos 
del . 

I Q"(l- Sl.n e 1 co 



dtjlZ 
sinh e 2 sin ~l da -co ° 01 cos CPl d; + sin 81 sin 

ultiplying first equation by co $1' second by sin 91 and 

substracting 

d~ d' 
. h e 2 . a 1 

-S1.n 2 da - Sl.n 1 d(l = (3.4.4) 

Multiplying (3.4.3 ) by sin 81 , (3 •• 4) by sinh 92 and adding 

depl 1 
(1(l:: (sinZO

I 
+ sinh2 0

2
> [sin 1 cos 01 cos 1 sinh ~ 

- sinh 02 cos1 82 sin <PI cosh <1>2] 

I1ulti plying (3. 4.3 ) by sinh 82 , (3. 4.4 ) by sin 01 and 

substracting 

+ sin 01 cosh 02 sin 0/ 1 cosh +21 

Selecting two quation 
dWl 

for the variables da 

fro (3.4.2) 

dWl de 
sin 01 sinh <P2 Cia + cosh 02 cosh 1>2 d: + sinh e 

= cosh 02 cos ~l 

d~ cO 2 
sin 01 cosh <P2 de: + cosh 0;G sinh 4>2 da +sinh 02 

d 2 - a 

sin 

Multiplying first e uation by sin 92' second equation by cosh 92 

an substractin<] 
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dW1 d'2 
-sin e 1 da - sinh cp 2 da = cosh 92 cos <; 1 sinh 2 { . . 

d1/J 1 d9 1 d~2 
Selecting two equations for the variables da' Q"il and da 

from (3.4.2) 

= -cos 61 sin <PI 

d1/J l del d <P 2 
-sinh 82 sinh 92 da + cos 81 cosh 4>2 -da + sin 81 sinh 92 da = 0 

Multiplying first equation by cosh <P 2 , second by sinh <P2 and 

substracting 

Multiplying (3. 4.5 ) by sin e l , (3.4.6) by sinh 62 and 

substracting 

(3.4.6: 

Multiplying (3.4.5 ) by sinh 82 , (3 •• 6) by sin 81 and adding 

d1/J l 1 
da = (sin2 6

1 
+ sinh2 8

2
) [cos 81 sinh 82 sin $1 cosh $2 

H nce the 0 erator corresponding to Lorentz transfor.oation 

under hich the variable x is tran form dis: 
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1 
B1 = (sin26 + sinh102) [co 01 sinh 02 in ~l cosh +2 

i e h e ~ sinh ~ 1 a + 1 n 1 cos 2 cos 'fOl 't'2 alll
i 

-r(-s-ri-n ..... 2"::'o-1~+-s..,..i-n .. h..,.2A"O-2"'t"") 

[cos 61 sinh 62 co ~l inh 2 + sin 61 cosh 02 si ~l cosh +2] 

a 
sinh ~2 in +1 

a 
1 cosh 

a 
~+ ae- ... cos ~z ao-1fJ2 1 2 

+ 1 [sin 81 cos 61 cos ~1 sin ¢2 (sin2 1 + sinh28Z) 

- sinh 02 cosh 82 sin 'I cosh 4121 d 
3$1 

1 [sin 91 cos 01 sin .pI sinh - "(sin2 0
1 

+ sinn1e;T 2 

- sinh e cosh 0 .., co ¢l inh ~2] a 
2 "'" 0$2 

Similarly it can b calcul ted the other two operators 

B2 d B3 under hieh the variabl s y and z are tran for .. d. 



CHAP ER Foun 

§4.1 ~ORS OF LORENTZ G OUP 

The Lor tz group is 9 ner t d by ix ooerators 

~ = (J1 ,J2 , 'J3 ) and _ = (K1 , 2' 3). :Lho oper tors ~I foru the 

op rators of thr e di~ension rotation group and therefor 

g n r ~ pure rotations. Th operator ~ g nerate p ure 

Lorentz transf rmation • 

The op rators J can b obt in d fro~ the operators 

corr sponding to rot tions 

c 1 

2 

+ inh 82 co 81 cos ~l sinh 2] otV1 

~2 - sin 61 

(sin261 + inh282) 

cosh 62 cos ¢1 inh '21 

a + cos ·1 cosh ~2 
a 

in ¢1 sinh 
a 

~ del - 2 a 02 2 

1 [ in 61 cos 61 sin 1 cosh - ( in2 61 + sinh2 62 ) 2 

+ inh 62 cosh 62 91 sinh IP2] 
a 1 co aq,l - (sin 2 8 1 + ~inh202) 

[sin 01 cos "1 co 4>1 sinh ¢2 - sinh 82 cosh 02 sin t;l cos ... 2] 

3 

a'1 



1 
A2 = - -T(--'-in-2'a-;;:-1-+~""'i""'n'Th"""ll-=A-2""") [ cos 61 sinh °2 sin .pI sinh ~2 

[cos 61 sinh 62 cos ~l cosh 2 + sin e 1 co h e 2 in 

3 h'" sin'" a ... sinh'" a dW2 - cos 'Y2 ~l aO
l 

- oos ~1 ~2 ae
2 

i h t3 2 cosh 82 sin ~l sinh $2 1 a 
a$1 

+ 1 isin 61 cos 61 sin ¢1 sinh <P2 ( inie
l 

+ sinh2 02 ) 

--+ inh 62 cosh 62 $1 cosh 4121 
a cos 

d¢2 

in 1P1 cosh ¢2 

a!1 + sinh 92 sin ~l 3:
1 

+ cos $1 cosh ¢2 a~2 
1 

inll 02 co h 82 sin 4>1 cosh 

(sin2 1 + sinh26
2

) [Din 81 cos a1 sin ~1 cosh 2 

a + 5i h 62 cosh 62 cos *1 sinh ~2J a$2 

1 

1 
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inh ... 
'1' .. 

(4.1.1) 
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a 
1P1 sinh +2 a in 1 eosn 92 

a ar ... cos aa
l 

- aS 2 2 

1 [sin 91 cos 81 sin. $ ,sinh ( i 29 + siiih:8
2

) 2 
I 

+ sinh 9') cosh a2 ~1 co h 2] 
a I cos a 4>'1 - (sinZa l 

... sinh i a2 ) ~ 

[sin 1 c os a1 cos I cosh ~2 - sinh 92 cosh 9 2 sin ¢II sin~ 

a 
3 = aQ2 

2. = 

From the operator it can be c leu1 t d 

si 

... I , h 62 GO 1 () '} 
a 

(sinZS
I 

+ sinfi!6
2
f S1.n J;, aS I 

1 sin al 81 
a 

(sinZa
l + ainl11 (

2
) cos ae 2 

(sin2 

+ C 2 1sinh2oZoinh2¢2] af}'iJ21 + '"{ in 2 S1 \:--*28
2

) 2 

[cos 2 a 1 inh2. 82c o sh2 2 + 8in2 a 1 c08112. e2 inh292] a:~ 

+ co 
-:.2 

2. A.. 2 0' + 
'i' ae 2 

1 

(4.1.2) 



(sinISlcoslelsinhl+2 + sinh2 S2co h Z S2co h 2
• l ] 

sin Sl cos 81 a inh 82 co h 62 
+ ( IDl el + InhZSa) 1ifl- ( inis

l 
+ sIiili2 8

2
) 

slnn1 6
2

) 2 [ inlS l COSh
2 62 sinb2 2 

2 I a2 1 
lnh 62 co h .2] atl + ( inte

l 
+ srnhi8Z ) Z 

ell 
[cOgle l sinh2e 2 sinh2 2 + sinlo l eo h 2S2 co h2~21 a.p~-

2. a2 a2 1 
+ sinh ~2 aer + COShz.2 1ir + (siDle + siDhiij )Z 

1 2 1 2 

a2 
[sin2 a1 cos 2 8 l sinhl +2 + inh1 S2 COShlS2 cosh2 +2 1 a+ 2 

I 

+ (siniSI ! srrli!~2) {SiniSI coslS l cosh
2 +2 

i ll .I_~I 1 a a2 

+ Db 8 2 cosh 8 2 S.uua +2 1+! + ~ 

sin 81 co 61 a sinh 62 co h 82 a 
- sInl 81 + sinh2 82 iii + sin2S1 + sirih2e;- ae.2 

in2 61 co b l 82 - co 28 1 slnh1 02 [a2 aa J at 
A' -Bit - , (sinls1+ liihi82) I liI - aiI. + ~ 

82 32 32 sinl 8 l cos2 8 1 - inb'S2CO h
Z

02 
IiI + 1 - a.~ + (In l' + bah 2) 

( 
a2 a2 J 2ain e1 cos 81 
3+1 - 3.~ + Int 81 + inb2 62 

2sinh 62 cosh 6 2 a 
sin i 81 + inh l S2 ae2 

45 
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The operator Ai and Bj (i~j = 1,2,3) sati fy the c 

94.2 

boundary 

d 

{Ai Ajl - ijk ~ 

[8. B.1 '= -£ .• k A. 
.l. J 1) .. --k 

BOUND ON THE OP RATORS 

Let u consider the form of operator under th 

condition °2 = 92 = $2 = o. 
in *1 a a d 

A 1= , ai/J + cos ~l --cot 01 sin til alP1 1 1n 91 aO l 62= 2=1/12'=0 
1 

B3 1 == 0 

02= 2=1lJ2=0 

A-il l #: 0 

e2=~2=lP2=o 

A21 1 d 2 a2 a 2 t26 a 2 + t a ~ 
= sin29

1 
awl + del + a+i + co 1 3+1 co l~!; 1 

a2=~2=tiI2=o 

B2 1 ::: -cot 61 3:
1 °2=+2=111 2=0 
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·1 I 

(A~ - . ~) I 
e2= cP 2=:JI 2=O 

4 3 INVARIMTS OF LOREliTZ GROUP § • 

fine : 

J l = iAl 

J., ... = iA2 

J 3 = iA3 

Kl =-iB 1 

K2 =-i132 

K3 =-iB3 

Th n these operators J i and J j (i,j 

c utation relations 

[J
i J .1 = ie. Ok J k J 1) 

[Ji K .J = iCijk Kk J 

[K K .] = ';'ic
ijk .1k i J 

J2 - K2 = _ ( A 2 - n2 ) 

J-K = A-B 

= 1,2,3) satisfy the 

~2 _ ~% and J-K are the invariants of Lorentz group and they 
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