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PREFACE 

The theory of fixed points is concerned wi th the 

condi t ions which guaran tee that a mapping T of a set X into 

itseLf adm.its one or more fixed points, that is, points x 0/ 

X for which x = Tx. A Larl8'e variety of the most important 

probLems of appLied mathematics reduce to findinl8' SOte/tions 

of nonL inear func t ionaL equat ion which can be formul.ated in 

terms of findinl8' the fixed points of a nonLinear mapping. For 

exampl.e, the probLem of sol.vinl8' the equat ion pCz:) = 0, where 

pCz_J is compLex poLynomiaL, is equivaLent to findin8 a fixed 

point of seLf mappin8 Z ~ z-p(z_J of C (Set of compl.ex 

numbers_J . Hore 8eneraL Ly, if D: H ~ R is any operator 

ac t inl8' on a subset N of set of real. numbers, to show that the 

equation Du = 0 (u-~ Du = 0:) has a soLution, is equiva Lent to 

showinl8' that mappinl8' y ~ y-Dy (y ~ ,~ Dy:) has a fixed 

po i n t. For s i nl8' Leva L ued se L / mappi nl8's, a l8'enera L exi s t ence 

theory of fixed points has been constructed over a number of 

decades (assoc iated wi th the names of Brouwer, Lofschefz, 

Schauder, Tychonoff, and others:). The fixed point theorem 

most frequen t L Y ci ted in the Literature is Banach's 
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contraction principLe, which asserts that if X is a compLete 

metric space and T a sineLe val.v.ed contrac t i 'ue seLf mappine 

on X, then T has a v.niqv.e fixed point in X. This theorem is 

sirnpLest and one of the most versat i Le res'lIl t s in fi.:><:ed point 

theory. Beine based on an iteration process, i t can be 

impLemented on a compv.ter to lind the fixed point of a 

contrat ive mappine. Afterwards, Browdel-, Fan, Jungck, Kirk, 

Kannan, Rhoades, Wong and many others proved remar,/.;:abLe fixed 

point theorems . In 1969, 

typefi xed point Theorems 

started with the work 

the systemat ic stv.dy of Banach 

of 

of 

mv.L tiva l. v.ed 

Na dler. who proved 

had 

that 

been 

any 

muLtivaLv.ed contractive mappine of a compLete m.etric space X 

into the fami I.y of cLosed bounded subse ts of X has a 1 ixed 

point. He aLso established that every Ce,~~ -v.niformLy 1.0cal.I.y 

contractive mappine of an e-chainabl.e metric space X into the 

famil.y of compact subsets of X has a fixed point. His work is 

fol.l.owed by Aubin and Siegel. Hu. ILoch and Takahashi. 

Kaneko, Massa and many others. This dissel-tation is a 

cont i nua t ion 01 these i nves t i eat ions and cons is t s 0/ three 

chapters. 

Each chapter beines wi th a brief introdv.c t ion which 

sum.m.arises the material. contained in that chapter. 
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is a survey airned a t c /. arifyi n~ the 

terminol.o~y to be used and recal. I. in~ basic defini t ions and 

fac ts. 

Chapter 2, LS devo t ed to the study of coi nc i dence 

points and common fixed points of h.ybrid contrac t ions. A 

theorem on common fixed points of mul. t ivaLued I. ocal. I.y 

contractive mappin~s in £-chainabl.e metric space is al.so 

establ. ished . The resuL ts proved in Section 2.2 have appeared 

in Bol. L. U. H. I., C7)4-,4 C1990). 

Chapter 3 , deaLs wi th the study of fi x ed points of 

asymptot icaL Ly re6uLar mu/. t iva/.ued mappin~s. I t has been 

shown that for many of con tractive type mappin~s there exists 

an asymptot icaL /.y re[Jul.ar sequence. l.ye exp /' oi te this property 

of contractive mappin~s to obtain their fixed points. Fixed 

points of Kannan type and Heir-KeeLer type mappin6s are aLso 

obtained in this Chapter . Th.e resu L t s proved in Section 3.1, 

3 . 2 an.d 3.:3 wi I. I. appear in.J. AustraL. Hath. Soc. eSeries A":>. 
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CHAPTER ONE 

PRELIMINARIES 

The ai m of' t.his chapter i s t.o present. some basic 

concept.s and t.o explain t.he t.erminology used t.hroughout. t.his 

dissert.at. ion. Some previously known result.s are given wit.hout. 

proof'. In sect.ion 1.1, we discuss t.he concept. of' Hausdorf'f' 

met.ric on t.he family of' closed bounded s ubset.s of a met.ric 

space. In sect.ion 1.2 t.he not.ions of' commut.ing and compat. ible 

si ngl e val ued mappi ngs are di scussed and we ext.end t.he idea 

of single valued compat.ible mappings t.o mult.ivalued mappings. 

Sect.ion 1.3 deal s wit.h mult.ivalued cont.r ac t.ions. 

1.1. HAUSDORFF METRIC 

Let. eX,d) be a met.ric space and let. CBeX) denot.e t.he 

f'amily of' all nonempt.y bounded closed subset.s of X. In order 

t.o make t.he family CBCX) int.o a met.ric space, we need t.o h ave 

a measure of t.he "di st.ance" bet.ween t.wo set.s A and B of' 

CBeX) . One suc h not.ion of' dist.ance is 

dCA.B) = inf{dCx.y): x E A, Y E B) 

Thi s def'init.ion fails t.o discriminat.e s uff'icient.ly bet.ween 
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se~s . We would like l h e dis~ance be~ween lwo se~s ~o be zero 

onl y i f ~ he ~wo seLs a r e same , boLh in shape and posi ~i o n. 

For ~hi s purpose ~h e following conc ep~ is useful Ccf., [ 36 ] ). 

DEFINITION 1.1.1 

Lel A,B E CBCX) . For £ > 0 lhe se~s NC £,A) and E 
A,B 

are defined as follow: 

NC£,A) = {x E X: dCx,A) < £) 

E {£: A S NC£,B), B S NC £ ,A) 
A,B 

where dCx,A) = inf{dCx,y): YEA). The disLance func~ion H on 

CBCX) which is defined Lo be 

HC A, B) 
{

inf E 
= A,B 

+ co 

if E 
A,B 

if E 
A,S 

= ¢ 

is known as Hausdorff metric on X. 

This concep~ e nables u s f ull y expl oi ~ ~he 

di s La nce proper~ies of H. Speci f1 call Y I i ~ enabl es us Lo 

consider ~he convergence of sequences of elemenLs in CBCX). 

DEFINITION 1.1.2 

A sequenc e {A,) of nonemp~y closed bounded subse~s 
l 

of X is said ~o converge ~o a se~ A if 
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1 i m HC A , A) O. 
1. 

i .. H D 

DEFINITION 1.1.3 

A sequence {A.> in CBCX) is said t...o be a Cauchy 
I: 

sequence if 

HC A , A .) --? 0 as i, j~ 00 .. 
1. J 

We nole t...hat... t...he met...ric H act...ually depends on t...he met...ric for 

X .. Two equivalent... met...rics for X may not... generat...e equivalent... 

Hausdorff met...ric 1'01- CBCX) Csee [11 , p. 131)). We s h a ll not... 

not...at...e t...hi s dependency except... IiI,here confusi on may ar i se. It... 

,,,,ill be und erst...ood , unless ot...herwise st..at..ed, t..hat.. t...he symbol 

H st...ands for t...he Hausdorff met...r i c oblai ned 1'r om a fixed 

preassigned met...ric. We shall require t...he following well-known 

fact...s . 

LEMMA 1.1.4 CNadler [43 ) ) 

Let... A,B E CBCX) and a E A. If II > 0, t...hen t...here 

exists a b E B such t...hat... dCa,b) < HCA,B) + II . 

LEMMA 1.1.5 CHu [23)) 

If A,B E CBCX) wit...h HCA,B) < E , t...hen for each a E A, 

t...here exist...s an element... b E B such t...hat... dCa,b) < E . 
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LEMMA 1.1.6 CHu [ 23 )) 

Le L {A ) be a sequence of' sets in CBCX) and 
n 

HC A ,A) --+ 0 for A E CBC X). If x E A Cn = 1,2, . . . ) and 
n n n 

dCx , x) --+ 0, then x E A. 
n 

LEMMA 1.1.7 CDube [12)) 

Let A,B E CBCX), then for a E A 

dCa,B) ~ HCA,B) 

REMARK 1.1.8 CAubin [2)) 

The completeness o.f eX,d) implies that eCBCX),H) is 

complet.e. 

l.i COMPATIBLE MULTI VALUED MAPPINGS 

The concept o.f compa tible mappings has proven useful 

for generalizing in the context of metric space fixed point 

theory Csee [1) ,[28) ,[29) and [30)) . 

./ 
DEFINITION 1.2.1 

Two ma ppings .f,g: X --+ X are said to be comm:utine 

i.f .fgx fCgCx)) = gCfCx)) gfx .for x E X. 

Sessa [58 ) general i zed t .he concept of commuti ng 
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mappings by calling sell' mappings l',g 01' a mell'ic space X 

weakly commu t. ing if' a nd only if dCfgx ,gf' x ) S d Cf x ,gx) f'or 

X E X. Of cou rse , c ommut.ing ma ppings a l- e weakl y commut.ing, 

but. t.h e conve r se i s n ot. t.rue (see S essa [58J ) . Ma ny aut.hors 

obt.ained ni ce f'i xed poin t. u s ing lhis con cepl . 

s i . nce el e me nt..al- y runct..i ons as s i mi 1 a r 

2 x
3 

are not.. '- 1 • t.. gx :=: weal<. y commu .... a l ve, Jungck [ 2 8J 

as :f x 
3 

:=: X 

int.roduced a 

less I-es t..rict.ive c o ncept.. o:f compatibl e ma ppings . He also 

point..ed out.. in [29J and [ 30 J t.he pot..ent..ial o:f compat..i ble 

mappings :for generalized fixed point. t.heorems . 

DEFINITION 1.2.2 

Mappings f , g X _ X a re c o mpat.. i b l e i f , wh e never 

t..here i s a seque n ce {x } c X sat. i s f y ing lim f x 
n n 

n -~ro 

l h e n 1 i m d( :fgx , g:fx ) O. 
n n 

EXAMPLE 1.2. 3 (Jungck [28J) 

lim gx :=: u , 
n 

n~oo 

L e t.. :fx = 
3 

x , g x :=: 2 x wi t..h X R. Then f and 9 are 

compa t..ibl e but.. not. weakly commut..ing. 

EXAMPLE 1.2.4 (Jungck [28]) 

Let. f' x cos hx, gx :=: sinhx wit.h X 

I f x -gx I 
n n 

-x 
n 

:=: e ----+ o if and only if' x +00. 
n 

5 

= R . Then 

But. fx ,gx 
n n 



--7 +l'O as x --7 +00. Thus f'x and gx do not converge to an 
n n n 

eleme nt of' X. Thus the condition of compa ti bi 1 it. Y is 

sati sfied vacuously, but f' and 9 do not commut e . 

Th e concept of' a pai r of compati bl e si ngl e val ued 

mappings is extended to one single v al ued and one multivalued 

mapping as follow. 

DEFINITION 1.2.5 

Mapping T: X --7 CBCX), f: X --7 X are said to be 

com.pati.bL e if' whenever there is a sequence {x ) 
n 

c X sa ti sf'y-

ing lim f'x E lim Tx (provided lim IX and lim Tx exist in 
n n n n 

n -7 CO n-7oo n-700 n-7oo 

X and CBCX) respectively), then 

1 i m HC f'Tx , Tf' x) = 0 . 
n n 

n-700 

EXAMPLE 1.2.5 

Let X = [ 0 ,1 J with the Euclidean metric, Tx = 

[ 0, x 
x+l0 J, IX Then f' and T al- e c ompa ti bl e but not 

commuting . 
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1. 3 . MULTI VALUED CONTRACTIONS 

DEFINITION 1 .3. 1 

Let.. X be a met..ric space. A mapping T; X _ CBCX) is 

said t..o be m:u Lti1..)aLl1ed contraction i:f t..here exist..s a const..ant.. 

a, 0 5 a < 1, such t..hat.. for all x,y E X, 

HCTx , Ty) < a dCx,y) 

DEFINITION 1.3.2 

A point.. x is said t.o be a fi xed point of a singl e 

valued mapping fCmult.ivalued mapping T) provided x fxC x E 

Tx). The poi nt.. xis call ed coi nc idence poi nt o:f :f and T i:f 

:fx E Tx. 

Nadler [43] generalized Banac h cont.ract..ion principl e 

and proved t..he :following :fixed point.. result.. :for mult..ivalued 

cont.ract..i ons. 

THEOREM 1.3.3 CNadler [43]) 

LeL X be a compl et.e met..r i c space. I:f T; X _ CBC X) 

is a mul t..ivalued cont.ract..ion, t..hen T has a :fixed point.. 

Jungck [2~ ] introduced the concept of commuting, 

mappi ngs and i mpr oved t..he Banach cont.raet..i on pro i nei pI e as 

follow . 
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THEOREM 1.3.4 CJungck [27J) 

LeL CX,d) be a compleLe meLr ic space and I,g X: ~ X 

t.wo commuLing mappings. II Lhere exist.s a constant. C(: 0::5 C( <1 

such t.hat. gX ~ IX, dCgx,gy) ::5 C( dClx,IY), Lhen I and 9 have a 

unique common Iixed poii'lL. 

EXAMPLE 1.3.5 

Let. X = Rand g x = 2x, IX 3x. Then de gx, gy) = 

2 
= 3" 13x- 3 y l · In order Lo saLi slY a ll hypoLheses 01 

Theorem 1.3.4 we can 
3 

assume C( = 4 
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CHAPTER TWO 

FIXED POINTS OF MULTIVALUED CONTRACTIONS 

Si nce U,e appearance of cel e brat e d Banach conlrac-

tion principle in 1932, sever a l generalization of lhis 

lheorem in the selling of poinl to poinl ma ppings have been 

oblained. See Rhoades [50)[56) and Kirk (37) for a complele 

survey of lhis s ubject.-. Jungck (27) generalized lhe Banach 

conlraction principal by inlroducing a contraclion condition 

for a pair of commuting mappings . He also poinled oul lhe 

imporlance of commuling mappings for a generalized fixed 

poinl lheorem. Subsequenlly a variely of ext.ensi ons, 

generalizalions and applicalions of lhis ~ollowed; 

see J 1 9) ( 33) [f4 ) and [ 5 2 J . 

e . g. , 

Nadl er [43) was lhe f i rsl lo combi ne lhe ideas of 

mullivalued ·mappings and conlr acli ons. He proved some 

remarkable fixed poinl resulls for mulliva lued conlraclions. 

He also inlroduced lhe idea of mulliva lued locally 

conlraclions and generalized a fixed poinl lheorem of 

Edel slei n (15). Aflerwards, Dube and Si ngh [1 3 ), I sek i [24), 

Ray [47) I loh . and Takahashi [26), Aubi nand Si egel [3), Hu 

[23) and Massa (41), Kaneko [33) (35) a nd many olhers have 

studied fixed poinl lheorems for mullivalued conlraclive lype 
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mappings. In Lhis chapLer we exLend Lhe idea of Jungck ( 27 ) 

Lo mulLivalued conLracLions and obLain some new fi x ed poinL 

Lheorems. In secLi on 2 .1, we sLudy coi nci dence poi nLs of 

Lhree mappings. The structure of common fixed points is also 

discussed. Section 2.2 deals wi th the existence of common 

fixed poi nL s or a pai r of 1 ocall y conLracLi ve mul ti val ued 

mappings Cnol n ecessarily c o mmuting) . The resul Ls proved in 

this section appeared in Boll. U. M. I . (7) 4-A, (1990). In 

secti on 2.3 we conLi nue Lhe sLudy of coi nci dence poi nLs, 

common f'ixed poinLs of' Lwo mulLivalued mappings thaL are 

compaLible with two si ngle valued mappi ngs and satisfyi ng a 

conLr a cLive type condition . 

2.1. COINCIDENCE POINTS OF HYBRID CONTRACTIONS 

In this section, 2.1.2 considers a 

multival ued mappi ng that commutes wi th two single valued 

mappings a nd satisfies a general multiva lued conLrac Lion Lype 

condi ti on . Theorems 2.1. 4, 2.1.6 invol ve an a nalogous 

contractive def'iniLion f'or two mulLivalued mappings which 

commute with a single valued mapping. If' f'or a multivalued 

mapping T, C = {f': 
T 

TX ~ fX and CV x E X) fTx = 

Tfx) , we h ave the following Lemma. 
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LEMMA 2.2.1 

Let. X be a met.ric space and T: X ~ CBCX) a 

cont.inuous mapping. Let. I E C and cont.inuous such t.hat. I and 
T 

T h ave a coincidence point. z in X. II lim I"z = t < 00, then t 
n~OO 

is a common Iixed point 01 I and T. 

PROOF 

Obviously, fz E Tz implies t.hat 1
2 z E ITz = Tlz. 

Therelore I n +.1 z E 

"~OO 

point 01 f and T. 

THEOREM 2.1.2 

It. follows t.hat t. E Tl. Moreover 

lim I n
+

1 z = t.. Hence t is a common Iixed 
n~OO 

Let X be a metr i c space and T : X ~ CBCX) a 

continuous mapping. Let f,g E C and continuous such t.hat. t.he 
T 

Iollowing condition is satisfied : 

HCTx, Ty) ~ AdClx,gy) + B{dCfx,Tx) + dCgy,Ty)} 

lor a ll x,y E X, 

-1 + C{dCfx,Ty) + dCgy,Tx)} + O{l+dClx,gy)} 

dClx,Tx) dCgy,Ty) C2.1.1) 

> A+B+C 
A,B,C,O - 0 and 0 < 1 - B-C- O < 1. Then there 

is a common coincidence point 01 f and T, and 9 and T. 

11 



PROOF 

Assume that M 
C A+B+C) 

= Cl-B-C-D) . Let x be 
Co 

an ar bi tl- al- y 

but a fixed el ement or X. We shall constr uct two sequences 

{x ) 
n 

and {y) 
n 

as rollow. Let x E X be such 
1 

that = 

fx E Tx 
1 0 

Using Lemma 1.1.4 and the fact that TX ~ gX, we 

may choose y = gx E Tx, suc h that 
221 

d Cy ,y) = dCfx ,gx) S HCTx ,Tx) + A+B+C. 
1 2 1 2 0 1 

Since Tx ~ fX, we may choose X 
3 

E X, 

and dC Y ,y) = dC gx ,fx) S HC Tx ,Tx ) 
2 3 2 3 1 2 

such tha t Y3 

CA+B+C)2 
+ 

C l-B-C-O) 

= fx 
3 

E Tx 
2 

By induction we produce two sequences of points of 

X, such that 

Y2k+1 
= fx E Tx 

2k+1 2k 

'r - g x E Tx 
) 2k+2 - 2k+2 2k+1 

where k is any natural number. Furthermore, 

and 

dC Y ,Y ) = dC fx ,gx ) 
2k+1 - 2k+2 2k + 1 2k+2 

dCy , 
2k+2 

< HCTx , 
2k 

Tx ) 
C A+B+C) 2 k +1 

+ 
2k+1 C 1 -B-C-O) 2k 

= dCgx , 
2k+2 

fx ) 
2k+3 

S HCTx , 
2k+ 1 

12 

Tx ) 
2k+2 

C A+B+C) 2 k +2 
+ 

C l-B-C-D) 2k+1 

C2. 1. 2) 



Hence 

dCfx , fx ) S AdCfx , 
2k+1 2k +2 2k+1 

gx ) 
2k 

+ B{dCfx , 
Zk+1 

Tx ) 
ZK+1 

Si mi 1 arl y, 

+ dCgx
2k

, 

+ dCgx , 
2k 

Tx ) + C{dCfx , Tx ) 
2k 2k+1 2k 

-1 
Tx ) + O{l+dCfx , gx ) 

Zk+1 2k+1 2k 

dCfx , T x )dCgx, T x ) 
2k 

C A+B+C) 2 k +1 
+ 

Zk+1 2k+1 zk 

S C A+B+C) dC IX , gx ) 
2k+1 2k 

+ CB+C+O) dCf x • 
2k+1 

S M dC fx , gx ) 
Zk+1 zk 

gx ) + 
2k+2 

+ M
2k+1 

2k 
C 1-B-C- O) 

C A+B+C) z k +1 

C 1 -B-C-O) zk 

dC g x , IX ) S M dC IX , gx ) + Wk. 
2k Zk+1 Zk-1 zk 

I~ fur~her implies ~ha~ 

dCy , Y ) S )\1n-1 dCf'x, gx) + Cn-1)Mn 
. 

n n+1 1 Z 

For p ~ 1 and m = n + p. we have 

oC y • y ) S dC Y , Y ) + dC y , Y ) + . . . + dC y , Y ) 
n+1 m+1 n +1 n+2 n+2 n+3 n+p n+p + 1 

n+ p - 1 

S L 
i.=n 

n+1 
+ {M dC fx , gx ) 

1 Z 

+ ... + 
n+p-1 

{M dCfx .gx) 
1 2 

l 
M dC fx , gx ) 

1 2 
+ 

n+ p - 1 

L 
i.=n 

I~ follows ~hal ~he sequence {y) is a Cauchy sequence. Hence 
n 

~hel-e exisls z in X such ~ha~ Yn -----)- Z . Therefore fx ~ Z 
Zk+1 

and z. The con~inuit.y of T i mpl i es ~ha~ 
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Tfx ~ Tz and Tgx ~ Tz. 
Zk+1 Zk+2 

From C2.1.2), we have 

qf'x E g Tx S Tgx 
- 2k+1 2k 2k 

t'gx E f'Tx S Tfx 
2k+2 2k+ 1 2k+1 

Si nee f' and 9 are cont.i nuous, by 1 eLLi ng k ~ co, we obLai n 

gz E Tz and fz E Tz . 

This compleLes Lhe proof' of Lhe Theorem. 

COROLLARY 2.1.3 

Lel X be a compl ele melr i c space and T: X ~ CBC X) 

a conlinuous mapping. Lel f,g E C and conLinuous such lhal 
T 

C2.1.1) is salist'ied. Moreover, assume lhaL 

{fz,gz) c Tz implies lim t'nz = lim gnz l < 00. 

n~OO 

Then l is a common t'ixed poinl ot' f,g and T . 

THEOREM 2.1.4-

LeL S,T be lwo mappings from a compleLe melric space 

X inLo CBCX) and leL t'eC nc be a conLinuous mapping. Suppose 
S T 

lhal for all x,y e X, 

HC Sx,Ty) < AdCfx,fy) + B {dC.fx , Sx) + dCfy,Ty) 

+ C {dCfx,Ty) + dCfy,Sx) 

-1 
+ D {l+dCfx,fy) dCfx,Sx) dCfy,Ty) 

(2.1.3) 
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where A,B,C,D ~ 0 and 0 < A+B+C 
1-B-C-D < 1. Then Lhere exisLs a 

common coincidence poinL of f and T and f and S. 

PROOF 

Define M = 
CA+B+C) 

C 1-B-C-D) LeL x be 
o 

an arbi trary buL 

fixed eleme nL of X. We s h a ll con sLr u cL Lwo sequences (x) and 
n 

{y ) as Iollows. 
n 

LeL x E X be s uch LhaL y = IX E Sx . Using Lhe 
.1 .1 .1 0 

Lemma 1.1.4 and Lhe facL LhaL TX S fX, we may choose x 
2 

E X 

such Lhat. fx 
2 

E Tx 
.1 

and dCj.r y ) = dC fx ,fx ) 
-.1 2 .1 2 

HCSx . Tx ) 
o .1 

+ C A+B+C). Si nce SX S fX, we may c hoose X E X 
3 

such t.hat. y 
3 

== IX 
3 

E Sx 
2 

and 

HCTX • Sx ) + 
.1 2 

C A+B+C)2 
1-B-C-D . By inducLion 

of poinLs of X suc h LhaL 

Y - fx E Sx 
zk+.1 - 2k+.1 zk' 

and 

dC Y • Y ) 
2 3 

we produce 

YZk+2 
IX E Tx , 

Zk+2 zk+.1 

15 

dCfx ,fx) 
2 3 

Lwo sequences 

C 2. 1. 4) 



where k is any positive integer. Furthermore, 

and 

Hence, , 

dCy ,y ) = dCI x ,IX ) 
Zk+1 zk+z Zk+1 zk+z 

S HC Sx ,Tx ) 
CA+B+C)2k+1 

+ 
zk Zk+1 

dCy ,or ) = dCfx ,fx ) 
zk+z )Zk+3 Zk+2 2k+3 

S HCTx ,Sx ) 
2k+1 Zk+2 

C 1 - B -C-O) z k 

C A+B+C) z k +z 
+ 

C 1 -B-C-D) Zk+1 

dC IX ,IX ) < A dC IX ,IX ) 
2k+1 2k+2 zk Zk+1 

+ B {dCfx ,Sx ) + dC :fx ,Tx ) 
zk zk Zk+1 Zk+1 

+ C{dCIX ,Tx ) + dCIx ,Sx) 
zk zk+ 1 Zk+1 zk 

+ D -(l+dCf'x ,f'x )--1 dCf'x ,SX ) dCf' x ,Tx ) 
zk Zk+1 zk zk Zk+1 Zk+1 

CA+B+C)2k+1 
+ 

C 1-B-C-O) z k 

S CA+B+C) dC IX ,fx ) 
zk 2 k+1 

C A+B+C) Z k +1 
+ CB+C+D)dCf x ,fx )+-------

Zk+1 zk+z C1-B-C-D)Zk 

Zk+1 
ThereIore dCIX , IX ) 

Zk+1 2k+z 
< }1dC IX ,fx ) + M 

2k Zk+1 

Simi larl y, 

dCfx ,fx ) S HCTx ,Sx) 
zk Zk+1 zk- 1 zk 

S HCSx ,Tx ) 
zk 2 k-1 

16 

C A+B+C) Z k 
+ 

C 1 -B-C-O) Zk-1 

CA+B+C)Zk 
+ 

C 1-B-C-O) Zk-1 



ThereIore dCIX ,IX ).:S MdCIX ,IX) + MZk. 
zk zk+:1 zk - :1 zk 

I~ Iur~her implies ~ha~, 

dC y ,y ).:S M dC Y ,y) + M
n 

- n n+:1 n-:1 n 

For p > 1, we have 

S Mn -:1 dC y ,y) + C n - 1 ) Mn 
:1 Z 

-< Mn -:1 dCr x ,IX) + Cn-l) I"{'. 
:1 z 

dC Y ,y ) S dC y , Y ) + dC y , y ) + + 
n+:1 - n+p+:1 n+:1 n+Z n+Z n+3 

dC Y ,y ) 
n+p r.+p+:1 

S -( MndCIX ,Ix) + n Mn+:1)-
1 Z 

+ -(Mn
+

1dCIX ,IX) + Cn+l ) Mn+z) 
1 Z 

+ .. . + -(Mn+p- :1dCIX ,IX) + Cn+p-l)Mn +p)-
:1 Z 

n+p-1 
-< 2: 

l=n 

n +p-1 
+ 2: 

t =n 

i 

I~ Iollows ~ha~ ~he sequence (y ) is a Cau chy sequence. Hence 
n 

~here exis~s Z in X such ~ha~ ThereIore IX ~ Z and 
zk+:1 

IX ~ z . From C2 .1. 4) , we have 
zk+z 

IIX E ISX S; SIX 
Zk+1 zk zk 

and 

IZX = IIX E ITx ~ TI X 
zk + z zk+z zk+1 Zk+1 

Now using Lemma 1.1 . 7, 

dCIZ, Sz) -< dCf'z, IZX ) + dCIzX , Sz) 
zk+z zk+z 

.:S dCf'z, IZX ) + HCTf' x , Sz) 
zk+z k+1 

S dCIZ, IZX ) + AdCIZ, IZX ) 
zk+z Zk+1 

+ B-(dCIZ, Sz) + dCIzX , TI X ) 
Zk+1 Zk+1 

17 



+ C{dCf'z, Tf'x ) + dCf'2 X , Sz) 
2k+i 2k+i 

+ D{l+ dCf'z, 
2 - i 

f' X ) dCf'z. 
2k+i 

Sz) dCf' 2x . Tf'x ) 
2k+1 2k+1 

< dC f' z , f' 2x ) + AdC f' z , 
2k+2 

+ C{dCf'z. 

+ D{l+ dCf'z, 
2 -i 

f' X ) dCf'z, 
2k+1 

Sz) 

S ince f' is con~inuous, by le~~ing k ~ 00, we ob~ain dCf' z, 

Sz) ~ CB + C) d Cf'z, Sz). Thus f'z e Sz. Similarly, 

dCf'z, Tz) Tz) 

< dCfz, f
2

x ) + HCSfx 
2k+i 2k 

, Tz) 

~ CB + C) dCfz. Tz). 

Therefore fz e Tz. Hence z is a coincidence point of f and S 

and f' and T. 

COROLLARY 2.1.5 

Le~ S, T be conti nuous mappi ngs f'rom a compl ete 

me~ric space X in~o CBCX) and f'eC nc be a con~inuous 
S T 

mapping. Assume ~ha~ C2.1. 3) is satisfied. If' f'Cz)eSz n Tz 

implies lim f'nz = t ~hen t is a common fixed poin~ of S, T 
n~OO 

a nd f'. 

PROOF 

Clearly, fzeSz implies ~ ha~ f'2 z e fSz £ Sf'z. 
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Therefore fn+1 z E Sfnz. I~ follows ~ha~ ~ES~. Similarly ~ET~. 

Moreover f~ = f lim fn z = lim fn+1 z = ~. Hence ~ is a common 
n~CO n~co 

fixed poin~ of f, Sand T. 

In ~he following ~heorem ~he con~inuily of f, is no~ 

requi red. 

THEOREM" 2.1.6 

Lel S,T be ~wo mappings from a melric space X 

in~o CBCX) and le~ f X __ X be a mappi ng such ~ha~ fX is 

comple~e, TXSfX and SXSfX. Suppose ~hal (2 .1.3) is sa~isfied, 

~hen ~here exis~s a common coincidence poinl of f and T, and 

f and S. 

PROOF 

As in ~he proof of Theorem 2.1.4, cons~ruc~ ~he 

Cauchy sequence y = fx in X. By our hypo~hesi s i ~ follows 
n n 

~ha~ ~here exisls a poin~ u in X such lha~ y ------+ z 
n 

using Lemma 1.1.7, 

dCfu, Tu) ~ dCfu,fx ) + dCfx , Tu) 
2k+1 2k+1 

~ dCfu,fx ) + HCSx ,Tu) 
2k+1 2k 

~ dCfu,fx ) + A dC fx .fu) 
2k+1 2k 

+ B{dCfx ,Sx ) + dCfu, Tu) 
2k 2k 

+ C{ d C f x ,Tu) + d C f u ,Sx k) 
2k 2 
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+ D{l +dC f'x ,f'U) -1 dC rx , Sx ) dC f'u, T u ) 
2k 2k 2k 

S dCf'u, f'x ) + A dCf' x ,f'u) 
2k+l zk 

+ B{dCf'x ,f'x ) + dCf'u,Tu) 
2k 2k+1 

+ C{dCf'x ,Tu) + dCfu,fx ) 
2k 2k+l 

+ D{ l +dCf'x ,f'U)-l dC f'x ,fx ) d Cf' u , Tu) 
2k 2k 2 k + 1 

Le LLing k ~ 00 , we obLain 

d Cf u , Tu) S CB+C) dC f' u , Tu) 

He nce fu E Tu. S imilarly, 

d Cf u ,Su ) S dCfu ,fx ) + dCf x ,Su) 
2k+ 2 2K +2 

S dCfu, fx ) + HCTx , S u) 
2k +2 2k+l 

S CB+C) d Cf u ,Su ) 

Hence fu E Su o 

A parLicular case Cwhen f = I and S = T) of Lhe 

above Lheorem is also a generalizaLion of Lhe Lheorem of Ray 

[ 47 ) , since T is noL assumed Lo h ave c l osed graph. I L f u rL h er 

i llus Lr aLes Lh aL Lhe compa cLness of Tx i s n oL n e c essary for a 

Lheorem or Aubin and Siegel [ 3 ) . 

2 .2. FIXED POINTS OF MULTI VALUED LOCALLY CONTRACTIONS 

In Lhi s s ecLion a f'i xed poinL Lheorem f'or a p a ir of' 

mul Li v a l u e d l ocally c o n Lr a cLi ve ma p p ings in £-chaina bl e 
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me~ric space is proved. The ~heorem ~hus es~ablished, ex~end 

resul~s of EdelsLein [15J, Hu ( 23 ), Ko and Tsai ( 38 ) , 

Kuhfi~~ig [39), Nadler [ 43 ) and Reich [ 48 ) . 

DEFINITION 2.2.1 

A meLric s pace (X,d) is said ~o be &-chainabLe 

if and only if given x, y in X, ~here is an &-c h ain from x ~o 

y (i. e., a f i ni ~e seL of p oi nLs X = "7 ~ , 
o 

z , z ,z ,. 
.1 2 3 

such ~ha~ dCz . ,z .) < & f01- a ll j = 1,2, 3, ... ,n. 
J-1 J 

DEFINITION 2.2.2 

,z = y 
n 

A mappi n g T: X -----,) CBC X) is called a n C&,AJ-

uniformLy locally contractive mapping Cwhere & ) ° a nd 

° < X<l) if x,y E X and dCx,y) < &, ~hen HCTx,Ty) 5 X dCx,y). 

DEFINITION 2.2.3 

A mappi ng k (0,&) -> [0,1) i s said ~o have 

prope r ty CPJ if for each ~ in Lhe domain of k ~here exis~s 

6(L)0, sC~) <l, suc h LhaL 

° ~ r-~ < 6C~) implies k(r) < sC~) < l Ccf .• ( 23 ) a nd 

[ 48)) . 

Nadler (43) proved ~he following impor~anL ~heorem. 
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THEOREM 2 . 2.4 

Let. X be a compl et.e c:-chai nabl e met.r i c space. 11 

T: X _ CCX) Clamily 01 compact. subset.s 01 X) is an 

C c:, !\.) -uni lor ml y 1 ocall y cont.r act.i ve mappi ng, t.hen T has a 

fixed poi nt.. 

In t.he present. sect.ion we generalize Theorem 2.2 .4, 

t.o a pair of mult.iva lued mappings . 

THEOREM 2.2.5 

Let. X be a compl et.e c:-c hai nabl e met.r i c space and 

T: X _ CBCX), T 
~ 2 

X _ CBCX) be t.wo mappings that. sat.isfy 

t.he following condition: 

O<dCx,y)<c: implies HCT.x,T .y) < kCdCx,y))dCx,y) C2.2.1) 
L J 

for i,j ;:: 1,2. Where k: Co,c:) _ [0,1) is a funct.ion having 

propert.y CP). Then t.her e exi st.s a common fixed poi nt. of T 
1 

and T . 
2 

PROOF 

Let. x be an arbit.rary, but. a fixed element. of X. We 
o 

shall const.ruct. a sequence {x ) of point.s of X as follow. Let. 
n 

X E X be s u ch t.hat. x E T x and l et. 
1 ~ ~ 0 

x ;:: z z z, . 
o (~,O) (~,~> (~, 2> 

,z 
(~,m> 

be an arbit.rary c:-chain fl-om x t.o x 
o 1 
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~ ~ 0 

Rename x as z 
1 (2,0> 



Si nc e z E T z and 
(Z,O> 1 (1,0> 

HCT z T z ) < k [ dC z , z ) J dC z , z ) 
1 (1,0> Z (1,1 ) (1,0> (1,1> (1,0> (1,1 > 

< dCz 
(1,0> 

Lemma 1.1.5, implies LhaL Lhere exisLs 

Z E T z such LhaL 
(Z,1> Z (1,1> 

dC z 
(Z,O> 

z )< k{dCz 
(Z,1) (1 , 0> 

z ) J dC z 
(1,1> (1,0> 

< dC z • z ) < E. 
(1 ,0> (1,1) 

Si nc e z E T z and 
(Z,1> Z (1,1 > 

z ) < E. 
<1,1> 

z ) 
(1,1 ) 

HCT z ,T z ) < k[dCz z )) dC z ,z ) 
Z (1, 1 > Z (1, Z > (1,1> (1,Z> (1,1> (i ,2) 

< dCz 
(1,1> 

z ) < E. 
(1,Z> 

We may choose a n elemenL z E T z such LhaL 
(Z,Z) 2 (1,Z > 

dCz 
(Z,1> 

z ) < k [ de z • z ) J dC z 
(Z.Z> (1,1> (1,Z> Ci,1> 

< dCz 
(1,1 > 

z ) < E 
(1,Z> 

z ) 
(1,Z> 

Thus we obLain a riniLe seL or poinLs 

such LhaL 

X 
1 

Z 
(Z,O) 

z 
(Z,1> 

Z 
(Z,Z) 

z =x ETx, 
( Z,rn) Z Z 1 

Z E T z and z . E T z . ror j = 1,2.3 ... m- l • 
(Z,O) 1 (1.0> (Z,]) Z (1,J> 

wi Lh d C z z ) < k [dC z , z . ) J dC z ., z ) 
( Z ,j> (z. j+1) (1, J) (1,]+1> (1,]> (1.]+1> 

< dC z . , z . ) < E. 
(1.J) (1.]+1> 
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In Z E T z and par Li cuI al- , 
(Z , m) Z (1, Tri) 

= T x 
Z 1 

Z 
(Z,m) 

Thus Lhe seL or poinLs 

X 
1 

= Z 
(Z,O) 

Z 
(Z,1) 

i s an &-chain rrom x Lo x . 
1 Z 

Z 
(Z ,Z) 

,z 
(Z,m) 

we leL 

x 
Z 

E 

X 
Z 

= 

Tx 
Z 1 

Rename x as z 
Z (3,0) 

Lhen by Lhe same pr ocedur e we 

obLain an &-chain 

X 
Z 

rrom x Lo x 
Z 3 

z 
(3,0) 

Z 
(3,1) 

z , . .. t 

(3,Z ) 

InducLively, we obLain 

z 
(3,m) 

x =z , z , Z , Z =x E T X 
2n (2n+1 , 0) (Zn+l,1) (2n+1 ,Z) (2n+1m) Zn+1 1 Zn 

and 

wiLh 

x =Z , Z , Z 
2n+1 (Zn+2,O> (Zn+2,1) (Zn+Z,Z ) 

X E T x 
2n+2 Z 2n+1 

,Z 
(Zn+Z,m) 

dC z , z , ) < k [ dC z " Z , ) ] dC z , , Z , ) 
(n+1,j> (n+1, ]+1) (n,J) (n,j+1 ) (n,] ) (n,J+1) 

< dC z " Z , ) < & , 
(n,]> (n,j+1 ) 

ror j = 0 1,2,3, ... , m-1 and n=01,2, ... , 

X 
3 

E T x 
1 Z 

C2. 2. 2) 

ConsequenLly, we obLain a sequence { x > or poinLs or X wiLh 
n 

x z = Z E Tx 
1 (1,m) (Z,O) 1 0 

X Z = Z E T x 
Z (Z,m) (3,0) Z 1 

X Z Z E Tx 
3 (3,m) ( 4-, 0) 1 Z 
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x :::; z :::; Z E Tx 
2n+.1 (2n+.1,m) (2n+2,O) .1 2n 

x z :::; Z E Tx 
2n+2 (2n+2,m) (2n+3,O) 2 2n+.1 

Then we have 

(i) 1 i In d(z . 
(n,» 

z ) 
(n,j+.1) 

0, f'or j 0,1,2, ... m-l, 

Cii) 

and 

Ciii) 

n~CO 

lim 
n~CO 

dC x 
n-.1 

x ) ° n 

{x ) is a Cauchy sequence. 
n 

Proof of Ci) 

From C2 . 2.2), we see 

exis'ls and mus'l be a numbe r 

'lha'l 

in 

lim 
n~CO 

dCz ., z . ) 
(n,]) (n.j+1) 

[0, £.). Le'l lim 
n ~CO 

dCz . , z . ) 
(n, J) (n,J+1) 

'l. If' 'l> 0, 'lhen by def'i ni 'li on of' k 'lher e 

e x is'ls oC'l) ) 0, sC'l) < 1 such 'lha'l ° S r - l < oC'l) implies 

kCr) S sC t..) < 1. FOI- 'lhis oCt..) > 0, 'lhel- e exist..s an i nt..eger 

such t..hal 

Let.. M 

° S dCz . , z ) t.. 
(n,J) (n,j+.1) 

k [dC z . ,z 
(n,j+.1) 

) ) S sCt..) 
(n,j) 

:::; ma x {k ,k 
o 1 

. . k 
N 

< DC l) f'or n 

< 1 whenever 

sC'l) < 

k[dCz . ,z .. )) for i :::; ° 1,2, ... N. Then 
(l.,j) (1.,j+.1) 

dC z ., z ) < k [ dC z . ,z ) ) 
(n,) (n,j+.1) (n-1,J) (n -1, j+.1> 

dC z . ,z .) 
(n-.1J> (n-.1,J+.1) 

25 
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n 

1 

N. Hence 

> N 

where k 
i. 

N 

:::; 



< 1--1 dC z 
(n-1 ,j) 

z , ) for n 
(n-1]+1) 

1,2,3, . . 

Thus dC z " z , ) < },('dCz " z , ) ~ 0, 
(n,J) <n,J+1) (O,J) (0,]+1) 

lhaL is a conLradicLion Lo Lhe facL LhaL L > O. 

ConsequenLly, 

1 i In dC z , z . ) 
(n,J+1i 

O. 
n~OO 

(n,]) 

Proof of (ii) 

dCx ,x) = dCz z ) 
n-1 n (n,O) (n,m) 

m-1 

< E dCz ,z . ) ~ O. 
. (n,]) (n,J+1) 
J=o 

Pl~oof of (iii) 

Assume Lha L {x) i s noL a Cauchy sequence. 
n 

Then 

Lher e exisLs a number L > 0 CWe may assume L < & wiLhouL loss 

of gener al i L y) and Lwo sequences {n .) ,{m .) of naLural number 
J J 

wiLh n , < m . a nd s uch lhaL 

Then L 

Since 

J J 

dCx , x ) >- L, 
n m 

dC x , x ) < L 
j j 

n , Tn -1 
J j 

~ d Cx x ) < dCx , x ) + dC x 
n , m n Tn -1 m ,-1 

] j j j J 

< L + dCx ,x ). 
m.-1 m 

J j 

l elLing j ~ 00, dCx ,x ) ~ 0, 
m -1 m 

j j 

lim dCx ,x ) = L E CO,&). 
n rY, 

j ~oo j j 
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For t.his t. ) 0, by de:finit..ion o:f k t..here exist..s OCt.) ) 0, 

sCt.) < 1 s uch t..hat. 0 s: r-t. < OCt.) i mpl ies kCr) s: sCt.) < 1. 

F or t.his oCt.)O, t..here exist..s an int..eger N such t .hat j ~ N 

i mpl i es 0 <~ dC x , x ) 
n m 

-t.. < oC t..) and hence k [ d C x • x )) 
j j 

n . m , 
1. J 

< sCt..) i:f i >- N. Thus 

dC x , x ) s: dC x , x ) + de x • x ) + dC x , x ) 
n , m . n, n +J. 

J J J j 
n +1 m +1 m +1 m . 

j j j J 

s: dC x , x ) + k [dCx ,x ) ) dCx ,x ) 
n. n +1 

J j 
n m n m 

j j j j 

+ dCx ,x ) 
m +.1 m 

j j 

Since k[dCx ,x ) ) < sCt..), by let..t..ing j ~ 00, we get.. 
n . Yrl , 

J J 

t s: s Ct.. ) < t. Hence a cont..radict..ion. Thus {x) is a 
n 

Ca u c h y sequence . Since x i s a comp l et..e me t..ric space, 

t..here:fore x ~ p E X. 
n 

It.. impli es t..hat.. x ~ p and 
2n 

x ~ p Hence t..here exists an integer N ) 0 such that 
2 n +1 1 

n > N i mpl i es d C x , p) < ,£; and dC x , p) < E. 
.1 2n 2n+.1 

n ~ N , we h ave 
.1 

HC TxT p) < ,£; and 
.1 2n 2 

HCT x T p) < ,£; 
2 2n+.1 .1 

Thus :for 

Consequently HCT x , T p) ~ 0 and HCT x , T p) ~ O . 
.1 2n 2 2 2n+.1 .1 

Si nce x E T x and x E T x wi t h dC x , p) ~ 0 
2n+.1 .1 2n 2n+2 2 2n+.1 2n+.1 

and dCx , p) 
2n+2 

pET p. 
2 

~ O. Lemma 1. 1 . 5 i mpl i es that 
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COROLLARY 2.2.6 

Le~ eX,d) b e a compl e~e me~ri c s pace . S uppose T: X 
1 

_ CBeX), T X _ CBeX) are ~wo mappings s uch ~hat.. 1~or all 
2 

x,y in X, 

HCT x, T.y) < k[dCx,y)JdCx,y)ror i ,j = 1,2, 
~ J 

where k CO,CO) -> [0,1) is a runct.ion having propert.y CP). 

Th e n T and T have a common ri xed point.. 
1 2 

The condit.ion t.hat. HCTx,T .y) <kCdCx,y))dCx,y) as 
~ J-

st.at.ed in Theorem 2 . 2.5 and Coroll ary 2.2.6 can be replaced 

by HCTx, Ty) ~ k[dCx,y)JdCx,y) wi~hou~ arrec~ing t.he validit.y 

or ~he Theorem; Because ir t.he runct.ion k: eO,b) _ [0.1) 

has pl-opert.yCP) t.h e n t .he runct.ion g: CO,b) _ [0 ,1) derined 

b 
. 1 /2 

Y gC t.) = l kC t.)) al so h as propert.y C P). 

Several ot.her res ult. s may a l so be seen t.o rollow as 

immediat.e coroll aries t.o Theorem 2.2.5. Included among t.hese 

are roll owi ng: 

Edels~ein, Theorem 5.2 [15J, Hu, t.heorem 2 and 3 [23 J, 

Ko and Tsai [38], Kuhrit.t.ig, Theorem 1 [39J, 

Nadler, Theorem 5 and 6 [43J and Reich Theorem 1 [48J. 

2.3. COINCIDENCE POINTS OF COMPATIBLE MULTI VALUED MAPPINGS 

In Chapt.er 1, t.he concept. or compat.ible single 

valued mappings has been ext.ended t.o mult.ivalued mappings. In 
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Lhis secLion we use iL LO obLain coincidence poinLs lor lour 

mappings, saLislying a conLracLive Lype condiLion. Our resulL 

generalizes Lhe Lheorems of' Jungck [27J, Kenek 0 [33 J and 

Nadl er [43J . 

THEOREM 2.3.1 

LeL X be a compl eLe meLr i c space. LeL 1, g: X _ X 

and S, T: X _ eBC X) be conL i nuous mappi ngs s u c h Lha L f' is 

and 9 i s compaLi bl e wi Lh T. If' SX ~ gX, 

TX ~ f'X and f'or all x,y E X, 

HCSx, Ty) 5 ~ dCf'x,gy), where o < ~ < 1. 

Then Lhere is a common coincidence poinL of' f' and S, and 9 

and T. 

PROOF 

LeL x be an 
o 

rixed elemenL or x. We 

shal l consLrucL LWO sequences {x), {y) of' e l emenLs in X and 
n n 

a sequence {A ) 01 elemenLs in eBCX) as f'ollow . 
n 

LeL x E X 
1 

be such gx 
1 

E Sx . 
o 

Using Lhe 

Lemma 1.1.4 and Lhe raCL LhaL Tx C f'X, "'.Ie may choose 

X E X such LhaL 
Y2 

= fx E Tx A and dCy , Y ) = 
2 2 1 1 1 2 

dCgx , f'x ) 5 HC Sx , Tx) + /\ . 
1 2 0 1 

S ince SX ~ gX, we may choose x E X suc h LhaL 
3 
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Y 
::I 

gx E Sx 
::I 2 

A and dC y , y ) 
22::1 

dCIX ,gx):5 HCTx ,Sx )+A 2
. 

2::1 :1 2 

By i nducli on we pr oduce lhe sequences {x),{y), and {A ), 

such lhal 

and 

Y2k+:1 
Sx 

2k 
= A 

2k 

• r = I x E Tx = A 
) 2k+2 zk+z zk+:1 zk+:1 

n n 

where k is any posilive inleger. Furlhermore, 

and 

dCy 
2k+:1 

dCy 
Zk+2 

y ) = dCgx 
Zk+2 zk+:1 

gx ) 
2k+2 

y ) 
2k+3 

,2k+:1 :5 HC Sx , Tx ) + r~ 
zk 2k+:1 

dCIX 
zk+z 

gx ) 
2k+3 

n 

:5 HCTx 
2k+ :1 

Tx ) + A 2k+z . 
2k+2 

Hence, 

dCgx 
zk+:1 

S i mi 1 ar 1 y, 

fx 
2k+2 

) < )~ 

< 

:5 

:5 

dCfx 
zk' gX2K +:1 

) + 

I~{HC T x c ) , ....,x 
2k-:1 zk 

2 
A dCgx fx ) 

zk-:1 zk 

A zk d Cgx, IX ) 
:1 z 

I~ 2k+:1 

+ A Zk) + A 2k+:1 

+ 2 A zk+:1 

+ 2k )~ zk+:1 

dCt'x ,gx ):5 A2k+:1 dCgx , 
2k+2 2k+3 :1 

fx) + C 2k +1) A Zk+2 
Z 

C2.3.1) 

C2. 3. 2) 

Then <y ) i s a Cauchy sequence. For lhis, l et.. m > nand m and 
n 

n are of opposit..e parily, lhal i s n 2p + 1 and m 2q for 

p > 0, q > o. 
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dey ,y ) = dCy 
Y2 P 

) 
m n - 2p+.1 

dCgx IX ) 
2p+.1 2q 

S dCgx , fx ) + dCIX ,gx ) 
2p+2 2p+2 2p+3 2p+.1 

+ + dCgx , IX ) 
2q-.1 2q 

Now C2.3.1) and (2.3 . 2) implies ~ha~ 

dCy , Y ) 
2p 

< {I\. dCgx, 
.1 

IX ) 
2 

+ 2p 
2p+.1 . 

+ {A dlgx , 
.1 Yfl n 

+ C 2p+1) I\. 2 p
+2) 

+ C 2q-2) A 2 q
-.1) 

I~ Iur~her implies ~ha~ 

2q-2 . 
+ ... +{/, dCgx, 

.1 
IX ) 

2 

dey ,y) < 
2 q-2 

L: 
i 

[AdCgx,f'x) 
.1 2 

. ~ i+1] + 1. /\. 
2p+1 2q 

i =2p 

Similarly, if m and n are OI like pari~y, ~hen 

dCy , y ) S d{Ix IX) 
2p 2q 2p 2p 

+ 

S dCIX gx ) + dCgx , IX ) 
2p 2p+.1 2P+.1 2p+2 

and 

+ . + dC gx ,fx) 
2q-1 2q 

2 q - 2 

L: 
i=2 p-.1 

[ Ai dCgx , 
1 

2q-.1 . 

dC Y , Y ) S 
2pH. 2q+1 

L: [/\.1. dC gx , f x) + i 
.1 2 

i.=2 P 

IX ) 
2 

+ 

(2.3.3) 

C2. 3. 4) 

C2. 3. 5) 

I~ follows ~ ha~ ~he sequence {y) is a Cauchy sequence. Hence 
n 

~here exis~s z in X s uch ~ha~ Yn ~ · z. ThereIore, 
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gx _ Z 
zk+:1 

g~x _ gz 
zk+z 

~gx _ f'z 
2k+1 

and ~x _ z. Moreover. 
zk+z 

S !'x _ Sz 
2k+2 

and Tgx _ Tz 
2k+:1 

Now using C2.3 .3). we have 

HCA 
2p+:1 

2q-2 

2:: 
~=2p 

A ) = HCTx 
2q 2p+:1 

Sx ) 
Zq 

~ I~ dC gx • f'x ) 
2p+:1 zq 

[A ~+:1 dC gx • 
:1 

f'x ) 
z 

+ i 

Similarly. using C2.3.4) and C2.3.5) ; we have 

and 

HCA 

Hence {A) 
n 

HCA 
Zp 

Zp+ :1 

is a 

A ) 
2q 

A ) 
Zq+ :1 

zq-z 
L 

i=2p -:1 

[A~+1 dCgx • 
:1 

2q-1 
::5 L [/~i +:1 dCgx • 

:1 
~= 2 P 

f'x ) 
2 

f'x ) 
2 

+ i 

+ i 

Cauchy sequence . Since CCBCX),H) is a 

compleLe meLric s p ace . Lheref'ore Lhere exisLs A E CBCX) such 

LhaL A_A. 
n 

IL implies LhaL. 

Tx _ A. Sx _ A , 
2k+:1 zk+z 

and 

dC z. A) = lim dCy ,A) 
n 

n~OO 

::5 li m HCA ,A) = 0 
n - :1 

n~OO 

IL furLher impli es LhaL 
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1 i m f' x = Z E A = 1 i m Sx 
zk zk 

k~co k~co 

Hence b y c ompalibili ly o f' f' and S , we h a ve 

1 i m H C f'Sx , Sf' x ) O. Th e re:for e 
zk zk 

k~co 

lim dCf'y ,Sy) = O. Hence 
zk+:I. zk 

k~co 

dCf'z, Sz) = O. Thal is f'z E Sz. 

S imil ar ly, gz E Tz. 

COROLLARY 2.3.2 

If' in addilion lo lhe hypolhesis of' lhe lheorem 1, 

lhe f'ollowing condilion is salisf'ied: 

f'z E Sz, gz E Tz implies lim f'nz 
n ~ CO 

n 
lim 9 z = l . 
n~CO 

Then l i s a c o mmo n f' i x ed poinl of' f', g , S and T . 

PROOF 

Obviously f' lim f'n z = f'l and 
n~CO 

n 
9 lim 9 z = gl. Theref'ore l 

n~CO 

f'l gl . 

Consider a conslanl sequence u = z, lhen u ~ z, f'u ~ f'z 
n n n 

and Su ~ Sz. 
n 

By lheorem lim f'u E lim Su , lher ef'or e by 
n n 

n~CO n~CO 

compalibilily of' f' and we have 

H C f' Sz, S f' z) = 1 i m H C f' Su , S f' u) = 0 . 
n n 

n~CO 
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IL implies LhaL 

f' f'z E f' Sz S :fz . 

Now consider an oLher consLanL sequence v = f'z Lhen 

v ~ 1'z, 
n 

f'v ~ f'2 z and Sv ~ Sf'z. 
n n 

n 

By C2.3.6) 

C2. 3. 6) 

lim f'v E 
n 

n-+CO 

lim Sv , Lhere1'ore compaLibiliLy of' f' and S implies LhaL 
n 

n-+CO 

1 i m HC f' Sv , Srv) o . 
n n 

n-+CO 

Hence f'3 z E f' S 1'z = Sf'2Z . ConsequenLly, we oblain, f'n+J. E S 

f'nz . Il furLher implies lhaL lESt. S imilarly, t E Tl. 

EXAMPLE 2.3.3 

Let x [ 0, co) be wi lh Euclidean met..r i c, 

Sx = [ O,x), Tx = [ 0, Sx) , f'x 4x and gx = 20x. We have f'or 

all x, y E X: 

It is 

HCSx , Ty) = Ix - 5y l 

1 
14x 20y l 4 

-
1 

dCf' x , gy) . = 
4 

1 
easily seen that f'or any k E [4,1), a ll the hypolheses 

of' Theorem 2.3.1 Cand Corollary 2.3.2) are satisf'ied. Since f' 

~ 9 and S ~ T, we cannot apply the lheorems of' Kaneko [33J. 

Moreover, Sand T are not conlractions, theref'ore the resulL 

or Nadler [43) is also nol appli cable Ceven in Lhe case Sx = 

Tx = [o, x ) and f' = 9 = 4 x ). 
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EXAMPLE 2.3.4 

Tx = [0, 

Let. X = [O,lJ be wit.h Eucl idean met.ri c , Sx = [ X:l0J. 

~J rx = ~ an d gx = x 
x+16 5 § 

For x,y E X, 

HC Sx , Ty) = 
x y 

I x +10 - y+16 1 

I
XCY+16) - yCx+10) 

C x+l 0) (y+l 6) 

16x - lOy 
1 160 1 

x Y 
110 - 10 1 

~ I ~ - ~ I 
1 2" dCrx, gy) 

we have 

It. surrices t.o assume A = 
1 
2' in t.o sat.isry all 

assumptions or Theorem 2 . 3.1 Cand Corollary 2.3.2). 

Not.e t.hat. r ~ g, S ~ T, fS ~ Sr and gT ~ Tg. 

Previously known result.s are not. applicable t.o t.his example . 
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CHAPTER THREE 

FIXED POINTS OF ASYMPTOTICALLY REGULAR MUL TIVALUED MAPPINGS 

Let T be a si ngle valued self mapping on a metric 

space X. A sequence {x } in X is said to be asymptoticall y 
n 

T-regul a r if de x , Tx) -> O . The presence of a sequence {x} 
n n n 

for which dCx ,Tx) -) 0 is related -to some property of T 
n n 

Csee ( 3 ),[1 6 ),[1 7 ),[ 50),[51), and [54)) and h ence exploited 

to obtain fixed point of T . The ai m of -the present chapter is 

to bring ou-t t..he thrust of a si mi 1 ar assumption for 

multivalued mappings . The weakly di ss i pa t..i ve mul -ti val u ed 

mappings recently introduced by Aubin and Siegel in [ 3 ) do 

satisf'y such an assumption. As sta-ted in Aubin and Siegel 

[ 3 ], such fixed point theorems h ave applica-tion to control 

theory, sys t e m theory a nd optimization problems. Mor e over, 

such a sequence Cfor multivalued mappings) has been used by 

Itoh and Takahashi [ 26 ] and Rhoades, Singh and Kulshrestha 

[52), Kaneko [ 35 ] and Rhoades [56) , h ave compa red -these 

contrac-tive c o nditions. Most of -the contractive conditions 

used imply the asymp-totic regularity of ma ppings under 

consideration. So the study of' such ma ppings pl ay an 

importanl role in f'ixed poinl lheory. In secli on 3.1 we prove 
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Lhe exisLence of a common fixed poinL of Lwo mulLivalued 

mappings saLisfying a conLracLive Lype condiLion in a meLric 

space. In secLion 3.2 a class of mulLivalued mappings is 

inLroduced which is larger Ceven in Lhe case of s ingle valued 

mappings) Lhan Lhose LhaL Wong [ 53] refers t .o as Kannan 

mappings . The fixed poinL Lheorems Lherein, are proved under 

less resLricLive hypoLhesis and for wider classes Lhan Lhe 

resulLs of Shiau, Tan and Wong (60). In secLion 3.3 we obLain 

coincidence Lheorem for a pair of compaLible mulLivalued 

mappings. Th e sLrucLure of common fixed poinLs of Lhese 

mappings is also sLudied. SecLion 3.4 deals wiLh Lhe sLudy of 

fixed poinLs of Meir-Keeler Lype mulLiva lued mappings. The 

resulLs proved in secLions 3.1, 3.2 and 3.3 will appear in J. 

AusLral. MaLh . Soc., CSeries A). 

3.1 COMMON FIXED POINT OF MULTI VALUED GENERALIZED 

CONTRACTIONS 

Wong [52) exLended Lhe resulL of Hardy and Rogers 

[18) by showing LhaL Lwo self mappings Sand T on a compleLe 

meLric space, saLisfying a conLracLive Lype condiLion have a 

common fixed poinL . In Lhis secLion we exLend Lhis resulL of 

Wong Lo Lhe case wh e n Sand Tare mulLiva lued and 

more general conLracLive Lype condiLion. 
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THEOREM 3.1.1 

Lel X be a complet e metri c space , S : X --+ CBCX) 

and T:X --+ CBCX). If there exists a constant ~, 0 S ~ < 1, 

such thal for each x,y E X, 

HCTx ,Sy) < ~ max {dCx,y), dCx,Sx), dCy,Ty), 

dC x,Ty) + dCy,Sx) 
2 ). C3.1.1) 

Then there exists a common fixed point of Sand T. 

PROOF 

Ass ume tha l (1 = --/C; 

Lel x be a n arbitrary but fi xed element 
o 

choose x E Sx , t .hen 
1 0 

of x and 

HC Sx ,Tx) < f3 max {de x ,x), dC x ,Sx ), de x ,Tx ) , 
01 01 0 0 11 

dC x ,Tx ) + dCx ,Sx ) 
o 1 1 0 

2 
) 

Lemma 1.1.5 implies lhal there exists a point X E Tx 
2 1 

lhat., 

de x , x ) < f3 max {dC x ,x ), dC x , Sx ), dC x , Tx ) , 
12 01 00 11 

dC x ,Tx ) + dCx ,Sx ) 
o 1 1 0 

) 

< (3 max {de x ,x), 
o 1 

2 

dC x , x ), 
1 2 

If dC x ,x) ) dC x , x) . Then 
1 2 0 1 
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o 1 1 2 

2 
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dC x ,x) <: (3 dCx ,X), a cont..radict.ion. Thus 
.1 2 .1 2 

dC x , x) < (J d C x ,x) . 
.1 2 0 1 

Now, 

HC Tx , Sx) < (J max {dC x , x) , dC x ,Tx ), dC x , Sx ) , 
.1 2 .1 2 .1 1 22 

dC x ,Sx) + dC x ,Tx ) 
1 2 2 1 

2 

Again using Lemma 1.1.5, we obt..aina point.. X 
3 

t..hat.. , 

). 

E Sx 
2 

dC x ,x) < ("5 max {dC x ,x ), dC x ,Tx ), dC x ,Sx ) , 
23 .1 2 .1.1 22 

dC x ,Sx ) + dC x ,Tx ) 
1 2 2 1 

< (3 dC x , x ) 
1 2 

2 
) 

By induc t..ion we produce a sequence {x) of p oint.s of X, 
r, 

t.hat.., fOI- k 2: 0 

X E Sx X E Tx 
2k+1 2k 2k+2 2k+.1 

a nd 

dC x ,x ):s; (3 dC x ,x) 
" n+1 " - 1 " 

Furt..hermo re, for m > n 

<: (3" dC x ,x). 
o .1 

dC x ,x ) :s; dC x ,x ) + dC x , x ) 
n Tf/ n "+1 n+1 n+2 

+ dC x , x) 
m-1 Yfl 

+ . . . 

{(~n+ n"+1 + Yfl-1 :s; ) ( > • •• + ( "5 ) dC X ,x) 
o 1 
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Il r o llows ~ha l {x ) i s a Ca u c hy s eque n ce a nd ~here e x i s ls ~ 
n 

poin~ t E X suc h t ha~ x ~ l. 
n 

It rurther impli es that 

~ t, and x ~ t. 
2k+2 

dC l, St) 

Thus we h ave , 

S dCt, x ) 
2k+2 

+ d Cx ,SL), 
2k+2 

< dCt,x ) + HCTx ,St), 
2k+2 2k+1 

< dC l , x ) + (3 max {dC x , t) , d e t , S t) , 
2k+ 2 2k+1 

X 
2k+1 

2 

Cx ,Sl) 
2k+1 ). S dCx ,x ), 

dC t, x ) + 
2k+2 

2 k +1 2 k + 2 

Let~ing k ~ co, we have dCt,Sl) S (3 dCt,Sl). Hence t E Sl. 

Si mi 1 a 1- 1 y, 

dCt,Tt) 

Thererore t E Tt. 

COROLLARY 3.1.2 

S dC t, x ) 
2k+1 

+ HCSx ,Tl) 
2k 

< (3 dC t , Tl) . 

Let X be a complete melric space a nd T: X ~ CBCX). 

Ir there exists a constant a, 0 S a < 1, s u c h thal ror each 

x,y E X HCTx,Ty) 

dC x, Ty) 
2 
+ dCy,Tx) 

). 

max { dC x,y), dC x ,Tx) , dCy, Ty), 

Then there exi s ts a sequence {x ) 
n 

which 

is asymptotically T - I- egul al- and converges to a rix~d point or 

T. 
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REMARK 3.1.3 

Theorem 3.1 improved Lhe resulLs o:f Kaneko [35] , 

which considered Lhe mapping T o:f a re:flexive Banach space X 

int.o Lhe :family o:f weakly compacL subseLs X. The 

proximina liLy o:f Lhe seL Tx is a consequence or his 

assumpLion and iL i s used in his proo:f. No such assumpLion 

is required in Theol-em 3.1.1. 

REMARK 3.1.4 

In [47], Ray proved a :fixed poinL Lheor em :for a 

mul Li val ued mappi ng T: X ~ eBC X) saLi s:fyi ng: 

HCTx,Ty) < a dCx,y) + b{dCx,Tx) + dCy,Ty) 

+ c{dCx,Ty) + dCy,Tx), 

where a,b and care non-negaLive real numbers and O< a+2b+c<1. 

Theorem 3 .1.1 Ceven in Lhe parLicular case :for S = T) is a 

generalizaLion o:f Lhe Lheorem o:f Ray [47) since T is noL 

assumed Lo have closed graph. IL also illusLraLes LhaL Lhe 

compacLness o:f Tx is noL necessary :for Lhe Lheorem o:f Aubin 

and Si egel [3]. 

Several oLher resulLs may also be seen Lo :follow as 

immediaLe corol l aries Lo Theorem 3.1.1. Included among Lhese 

are Dube Lheorem 1 [12), Dube and Singh Lheorem 1 [1 3 J , 

Hardy and Rogers [18], Iseki [24J, Nadl er Lheorem 5 [43], and 

Wong [ 62 ) . 
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3.2. FIXED POINT OF KANNAN TYPE MVLTIVALVED MAPPINGS 

In ~his sec~ion we consider ~he mapping T: X ~ 

CBCX) sa~isrying ~he condiLion: 

HCTx,TY) < C( CdCx ,Tx)) dCx,Tx) + C( CdCy,Ty)) dCy,Ty), 
1 2 

whel- e C( : R ~ [ 0, 1), C i = 1 ,2). Mappi ng Tis nol a speci a l 

c ase or lhe mappi ng con s idered in sec~ion 3. 1. In 1968 Ka nnan 

[ 31 ] had es~abli shed a rixed poin~ t..heorem rOl- a si ngl e 

valued mapping T d er ined on a comple~e me~ric spac e X 

sa~i srying 

dCTx,Ty) 5 a {dCx,Tx) + dCy,Ty), 

where 0 < a < ~ and x,y E X. WiLhin Lhe conlexL or a compleLe 

melric space Lhe assumplion 0 < a < ~ is crucial even Lo Lhe 

exisLence parL or Lhis resulL, bul wiLhin a more resLricLive 

yeL quiLe naLural seLLing, an elaboraLe rixed poinl Lheory 

exisLs ror 1 
lhe case a = 2. Mappings or Lhis wider class were 

sLudied by Kannan in [ 32 ] . In recenl years, Beg and Azam [4], 

Shiau Tan and Wong [60J and Wong [62J h ave also sLudied such 

mappi ng. 

THEOREM 3.2.1 

LeL X b e a compleLe meLric s p a ce a nd T:X ~ CBCX) a 

mappi n g saLisrying: 
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HCTx,Ty) :5 a CdCx, Tx)) dCx, Tx) + a CdCy, Ty)) dCy, Ty), 
1 2 

C3.2 . 1) 

for a ll x ,y E X, where a R ~ [0, 1) C i = 1, 2) . 

If ~here exis~s an asymp~o~ically T-regular sequence {x) in 
n 

x, * ~hen T has a fi xed poin~ x in X. M01- eover Tx 
n 

PROOF 

By hypo~hesis, we have 

HC Tx ,Tx ) :5 a CdC x ,Tx )) dC x ,Tx ) 
n m 1 n n n n 

+a CdC x ,Tx )) dC x , Tx ). 
2 m m m m 

* ~ Tx. 

Thus {Tx ) i s a Cauchy sequence. Since CCBCX),H) is comple~e, 

* ~here exis~s a K E CBCX) , suc h ~ha~ 

* HCTx ,K ) 
n 

-> O . Let. * * X E K , ~hen 

* * * * dCx ,Tx ) < HCK ,Tx ) 

* lim HCTx ,Tx ) 
n 

n~CO 

<.: 1 i m {Ct C de x ,Tx )) de x ,Tx ) 
1 n n n n 

n~CO 

* * * * + a CdC x ,Tx )) dC x ,Tx ) 
2 

* * * * :5 a CdC x ,Tx )) dC x ,Tx ). 
2 

I~ fur~her impli es ~ha~, 

* * * * { i-a CdCx ,Tx ))) dC x ,Tx ) < O. 
2 

* * Ther efore dC x ,Tx ) o. Thus 
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* * HCK, Tx) = lim HCTx , T x ) 

It foll ows t..hat, 

THEOREM 3.2.2 

* Tx 

n 
n ~CO 

* * * * < C( CdC x , Tx )) d C x , Tx ) 
2 

* * S dCx ,Tx ) = 0 . 

K* = lim Tx 
n 

n~CO 

Let X be a complet..e met.ric space and T:X ---)0 CBCX) a 

mapping sat..isfying C3.2.1). If t..here exists an asympt..otically 

T-regular sequence {x) in X and Tx is compact.. for each n, 
n n 

t..hen each cluster point.. of {x ) is a fixed point.. of T. 
n 

PROOF 

Le t y E Tx be such that.. dC x , Y ) 
n n n n 

Obviously, a clust..er point of {x ) is a cl ust..er 
n 

* {y). If Y is s uch a clust..er point or {x ) and 
n n 

* wit..h x Cas in Theorem 3.2.1), 

* dCy ,Tx ) S 
n 

* HCTx , Tx ) 
n 

S C( CdC x , Tx )) dC x , Tx ) 
1 n n n n 

dC x , Tx ). 
n n 

point.. or 

{y ), 
n 

then 

* * * * + C( CdC x , Tx )) dC x , Tx ) 
2 

s c< CdC x , Tx )) dC x , Tx ). 
1 n n n n 

* * Th e rerore y E Tx . Now, 
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'* '* '* '* dCy ,Ty ) ~ HCTx ,Ty ) 

'* '* '* '* ~ ~ CdC x ,Tx )) dC x ,Tx ) 
:I. 

'* '* '* '* + ~ CdC Y ,Ty )) dC Y ,Ty ). 
2 

It.. .follows t..hat.., '* '* '* '* {1-C( CdCy ,Ty ))} dCy ,Ty ) < o. 
2 

'* '* Hence y E Ty 

Theorems 3 . 2.1, and 3.2.2 gener a li ze result..s or Shiau, 

Tan and Wong ( 60 ). Here we desire t..o e mphasize t.. h at.. not.. only 

t..h a t.. our T belongs t..o a wider class of mappings but.. also t..hat.. 

t..he hypot..hes i s of compact..ness of Tx Cin t..heorem 1 of (60)) is 

dropped. 

3.3. FIXED POINTS OF GENERALIZED MULTI VALUED f-CONTRACTIONS 

Jungck ( 28 ) int..roduced a cont..ract..ion condit..ion for 

, 
single valued compat..ible mappings on a met..ri c space. He also 

point..ed out.. in [29) and [ 30J t..he pot..ent..ial of compat..ible 

mappings fo r generalized fixed point.. t..heorems. S ubsequent..ly a 

variet..y of ext..ensions , generalizat..ions and applicat..ions or 

t..his followed; e . g. see (1),[57) and [f 9). This sect..ion is a 

cont..inuat..ion of t..hese i nvest..i ga t..i ons for mul t..i val u ed 

compat..ible mappings. 

DEFINITION 3.3.1 

Let.. X be a met..ric space . Mappings T: x __ CBCX) , 
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f:X ~ X are compat.ible if', whenever t.here is a sequence 

{x ) c X sat.is:fying 1 i m fx E 1 i m Tx (provi ded lim fx 
n n n n 

exist.s in X and lim Tx exist.s in CBCX)), t.hen 1 im 
n 

HCfTx ,Tfx ) = 0. 
n n 

If T is a si ngl e valued self' mapping on X, t.his 

definit.ion of' compat.ibilit.y becomes t.hat.. o:f Jungck [28) . Let. 

2 2 

X = R, wit.h Euclidean met.ric, Tx = 
2 

[ x 
4-

X x 
2 ). f'x = 8 Then 

f' and Tare compat.ible but. t.hey do not. commut.e. 

If ¢: CO, (0) -> [0,1) is a funct.ion having pl-opert.y 

CP) (see d ef' iniLion 2.2.3). 

The following Theorem is a genel-alizat..ion of Hu t.heorem 

2(23), Jungck ( 27 ) , Kaneko (33) and Nadler t.heorem 5(43). 

THEOREM 3.3.1 

Let. T be a mapping :from a complet.e met.ric space X 

int.o CBCX). Let. f': X ~ X be a cont.inuous mapping such t..hat. 

TX ~ fX. If f' and Tare compaLible and f'or all x,y E X, 

HCTx,Ty) < ¢CdCf'x,f'y)) dCf'x,f'y), C3.3.1) 

t.hen t.here exist..s a sequence {x) 
n 

T-regular wit.h respect. t.o f', 

coincidence poinL of' f' and T. 
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PROOF 

LeL x be a n ar biLrary, buL fixed e lemenL of 
o 

X. We 

shall consLrucL Lwo sequences {x } and {y } of' poinLs of X as 
n n 

f'ollow. LeL y = fx and x E X be such LhaL y 
001 1 

fx E Tx 
1 0 

Lhen inequaliLy C3 . 3.1) implies LhaL 

HCTx ,Tx) < ¢CdCfx ,rx)) dCf'x Jx). 
o 1. 0 1 0 1 

Using Lhe Lemma 1.1.5 and Lhe f'ac~ LhaL TX S f'X, we may 

choose x E X such LhaL y = f'x E Tx and 
2 2 2 1. 

dC Y ,y ) 
1 2 

dCf'x ,f'x ) 
1 2 

< ¢CdCrx ,IX)) dCIX ,IX) 
o 1 0:1. 

< dC f'x ,IX). 
o 1. 

By inducLion we produce Lwo sequences of' poinLs OI x such 

LhaL y 
n 

f'x E Tx 
n n - i. 

n ~ 0. FurLhermore, 

dCy ,y ) = dCf'x ,f'x ) 
n+:I. n+2 n+1. n+2 

< ¢CdCf'x ,f'x )) dCf'x ,f'x ) 
n n+1. n n+1 

< dC f'x ,f'x ) = dC Y ,y ) 
n n+1 n n+1 

IL f'ollows LhaL Lhe sequence {dCy ,y )} is 
n n+1 

decreasing and 

converges Lo iLs greaLesL lower bound which we denoLe by L. 

Now L ~ 0; in IacL L = 0 . OLher~dse by properLy CP) of' ¢, 

there exisLs 6Cl) > 0, sCl) < 1, s uch Lhal, 

° S r-L < 6Cl) implies ¢Cr) < sCL) 

For Lhis 6Cl) > 0, there exisLs a naLural number N such lhaL, 
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o S dCy ,y )) - ~ < 6C~), whenever n ~ N. 
n n+.1 

Hence, 

¢( dC y ,Y )) S sC~), whenevel- n ~ N . 
n n+.1 

Let K max {¢C dC Y ,y)), ¢C dC Y ,y )) , . 
o .1 .1 2 

¢C Y ,y), sC t..) . 
N -.1 N 

Then, for n = 1, 2, 3, . 

dC y,y ) < ¢CdCy ,y)) dCy ,y) 
n n+.1 n-.1 n n-.1 n 

S K dey ,y) 
n-.1 n 

n 
S K de y ,y) -> 0 as n -> 00, 

o .1 

which cont..radict..s ~he assump~ion ~ha~ t.. > O . Consequ ent..ly, 

1 i m dC y ,y ) = 0 , 
n n+.1 

n-+OO 

which implies ~ha~, dCfx ,Tx) --+ O. 

Hence t..he sequence {x) 
n 

respect.. t..o f. 

n n 

is asympt.. o~ical l y T -regul ar wi ~h 

Cii) Assume ~hat.. {fx ) i s not, 
n 

a Cauchy sequence. 

Then ~here exis~s a posi~ive number t..* and s ubsequences 

{nCi), {mei) } of ~he na~ ur al number s wit..h n(i ) < mei) and 

suc h ~ h at.., 

de y , ,y , ) >- t.. * 
niL) m(U 

de y , ,y , ) < ~ * for i =1 ,2, 3 ... 
niL) m(L)-.1 

Then 

* t.. S dC Y , ,Y ,) 
niL) m(U 

< dC Y , ,y . ) + de y . ,y ,) . 
niL) m(L)-.1 m(L i- .1 m(L) 
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Let.t.ing i ~ co and usi ng t.he fact. t.hat. dC y . ,y , ) < 
nO. > m(l}-1 

t.* 

we obt.ai n lim dC y , ,y .) * = t. For t.hi s * t. > 0, t.here 
n(l.> rrl(t) 

i.~co 

* * exist.s 6Ct. ) > 0, sct. ) < 1, such t.hat. 

For 

° ~ r -t. < 

* t.his 6Ct. ) > 

t.hat., 

6Ct.*) implies ¢Cr) * ~ sct. ). 

0, t.hel' e exi st.s a nalural numbel' N 
o 

* * i > N i mpl i es ° ~ dC Y . ,y .) -t. < 6C t . ) 
o neLl meL} 

Hence ¢CdCy . ,y .) 
n(l,} rfl(1.} 

* < sct. )for i ~ N . 
o 

Thus dC Y . ,y .) < dC y . ,y . ) 
n(1.) m(l.> n(1.) n(l.}+1 

+ dCy. ,y. ) 
n(l.)+1 rn(l.)+1 

+ dCy . ,y . ) 
m(l.}+1 rfl(l.) 

~ dCy . ,y. ) 
n(1.) n(l.}+1 

+ ¢{ dC Y . ,Y . ) dC Y . ,y .) 
n(l. } mIl.) nl1.} m(l.} 

+ dC y. ,y .) 
m(l.}+1 m(l.} 

~ dCy . ,y. ) 
n(l. ) n(L>+~ 

* + sC t. ) dC y . ,y .) 
n(l.} meL} 

+ dCy. ,y.) 
m(l.}+1 meL ) 

such 

Let.t.ing i ~ co, we get. t. ~ sCt.*)t.* < * t. a cont.radi ct.i on. 

Hence {fx) i s a Cauchy 
n 

sequence. By complet.eness of t.he 

space, t.here exist.s an element. p E X s uch t.hat. dCy ,p) ~ 0. 
n 

Cont.inuit.yor f implies t.hat. dCfy ,fp) ~ 0. Hence 
n 



!-ICTy ,Tp) < ¢{dCfy ,fp) dCfy ,fp) 
n n n 

< dC fy , fp) ----). 0 . 
n 

InequaliLy C3.3. 1 ) and Lhe fac~ ~haL {fx) i s a Ca uchy 
n 

sequ e nc e imply Lha~ ~hel-e exisLs A E CBCX) such Lha~ Tx ----). 
n 

A. FurLhe rmo r e, 

dCp ,A) ~ lim !-I C Tx , Tx ) o 
n-1 n .~ 

~ (,pi-/' t) -r.f->(" ) 
-

n-+CO 

Now 

dCfy , Ty) ~ !-ICfTx ,~x ) 
n+1 n n n 

Le~ ~i ng n - > co, we ob~ai n 

dCfp,Tp) O. Hence fp E Tp . 

EXAMPLE 3.3.2 

LeL X = [O,co) wiLh Lhe Euclidean me~ric Tx [0 , x ] 

and fx = 10
4
x. Then f and T do no~ saLisfy Lhe condiLion of 

Lhe ~heorems in [ 23 ),[27) and [43 J. Considering Lh e funcLion 

¢(x) = c, where 10-
4 < c < 1, iL i s easily seen LhaL al l Lhe 

hypo Lheses of Theorem 5 .1 a r e valid. Thus f and T have a 

coincidence poinl. 

EXAMPLE 3.3. 3 

[ 0, x 
J 

X+10 

LeL X = 

and t'x 

[ 0,1 ) 

x 
5" 

wiLh Lhe Euclidean melric, Tx = 

Then a ll Lhe h ypot. h eses of Theorem 
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3.3.1 are valid and fCO) E TCO). Any previously known resulL 

is noL applicable Lo Lhis example s ince fTx ~ Tfx aL x ~ O. 

COROLLARY 3.3.4 

If, in addiLion Lo Lhe hypoLheses of Theorem 3 .3. 1 

Lhe mapping f saLisfies: for all x,y E X, 

dCfx,fy) ~ y max {dCx,y), dCx,fx), 

dCy, fy), de x, fy) + de y, f x) 
> 2 

C3. 3. 2) 

where 0 ~ y < 1, Lhen Lhere exisLs a common fixed poinL of f 

and T. 

PROOF 

LeL (1 = -li. As in Lhe proof of Theorem 3.3.1 Lhere 

is a coincidence poinL p of f and T. Define the iteraLive 

sequence {L } as follow: 
n 

L = p and L 
o n 

fL 
n -.1 

C3 .3.2) implies LhaL 

n = 1,2 .. . . Now inequaliLy 
o 

deL ,t ) == dCfL ,fL) 
r, n+1 n-1 n 

< (1 max {dC L ,L ) , de L ,L ) , 
n-.1 n n n+.1 

dC L ,L ) 
n -.1 n+.1} 

2 

< (1 dC L • L ) 
n-.1 n 
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IL r ur Lh er implies Lh aL {L ) is a Cauchy sequen ce. 
n 

compleLeness or x, we have 

* - > x E X. 
o 

Now, consider a consLanL sequence {u ) c X as rollows: 
n 

u t..hen 
n 0 

lim ru = rL E TL lim Tu 
TI 0 0 n n-)-CO n-)-CO 

Thus by Lhe compaLibiliLy or l' and T, 

HcrTL , T.fL) = lim HCrTu ,Tru) o. 
o o n n-)-CO 

By Lhe 

Hence, r2L = rrL E fTL TrL . Choose a n 
o 

oLher consLanL 
o 

sequence, 

Thus 

o o 

v fL. Then 
n 0 

1 i m rv = f2L E TrL 
n-)-CO n 0 0 

Ii m Tv , and 
n-)-CO n 

HcrTrL ,Tr2L ) = lim HCfTv ,Trv) = O. 
o 0 n-)-CO n n 

o o o o 

Consequent.ly, we have 

r n+1 L E TrnL 
0 0 

Using C3.3.1), we geL 

TrnL * 1 i m = Tx 
0 n-)-CO 

Hence by Lemma 1.1.6, we obLain, 
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* 

* * X E Tx 

* IX 

Hence X is a common Iixed poin~ 01 I and T. 

* x 

In Theorem 3.3.1 our hypo~hes i s ~ha~ I i s con~inuous 

implies ~ha~ T i s con~inuous. And we use ~he con~inui~y 01 I 

and T in our prooI. In ~he nex~ ~heorem we show ~ha~ iI fX is 

comple~e ~hen ~he con~inui~y and compa~ibili~y 01 I and T is 

no~ required. 

THEOREM: 3.3.5 

Lel T be a mapping of a melric space X in~o CB(X). 

Le~ f:X ~ X be a mapping such ~ha~ TX S fX, IX is comple1:..e 

and ~he condi~ion (3.3.1) is sa~isfied. Then (i) ~here exis~s 

a sequence {X ) 
n 

which is asymp~o~ically T-regular wi~h 

respec~ 1:..0 I and (ii) I and T have a coincidence poin~. 

PROOF 

Examining 1:..he proof of Theol-em 3.3.1, 

change is ~ha~ ~he comple~eness of fX allows 

Z E X such ~ha~ fx ~ p = fz. Then 
n 
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dC:fz,Tz) :5 dC:fz,:fx ) + dC :fx , Tz) 
n+1 n+1 

< d(:fz,:fx ) + HCTx , Tz) 
n+1 n 

< dC:fz,:fx ) + ¢CdCrx ,1'z)) dC1'x ,1'z) 
n+1 n n 

:$ dC:fz,:fx ) + dC:fx ,:fz) . 
n+1 n 

LeLling n _ co, we oblain 

dC1'z,Tz) :5 dC:fz,p) + dCp,:fz) O. 

Hence :fz E Tz. 

COROLLARY 3.3.6 

I:f, in addiLion lo Lhe hypolheses o:f Theorem 3.3.5 :f 

salis:fies C3.3.2) and, :f and Tare compalible. Then {:fx ) 
n 

converges lo a coincidence poinL (say p) of f and T, and 

{fnp) converges lo common :fixed poinL o:f :f and T. 

PROOF 

By Theorem 3.3.5, lhere exisls z E X such LhaL 

:fz E Tz . As in Corollary 3.3.4, compalibilily of :f and T 

i mpl i es Lha l , 

frz = :fTz = Tfz . 

Since :fx fz Csee Theorem 3.3.5 . ), hence fx 
n n 

converges Lo a coincidence poinl of :f and T . 

Now, inequalily C3 . 3.2) i mpl i es lhal is a 



Cauchy sequence. * _x. Since, Cas in Corollary 3.3.4) 

* * * , fn+1 z ) HCTrnz,Tx * dC x ,Tx ) ~ dCx + 

* ,fTl+1Z ) <PC dC fnz, X * ~ dCx + 

* * ~ dCx f n+1 ') , z_ + dCfnz, x ). 

LeLt.ing n --> co, we obt.ain 

Moreover, 

* * * * dCx ,Tx) = 0 i.e. x E T x . 

~ dC x*, fn+1 z ) n * + r max {dCf z,x ) , 

) 

)) dCfTlz,x 

n * n+1 * dCf z,fx )+dCfz ,x) dC fnz, fn+1 z ) • 

LeLLi ng n -> co, we have 

* * dCx , fx), 
2 

* * "* * * dCx ,fx ) ~ r dCx ,fx). Hence x * fx . 

"* ) 

We show t.hat. Lhe assumpt.ion of TX ~ fX CTheorem 

3.3.5) a nd compaLibiliLy of f and T CCorollary 3.3. 6) cannot. 

be dropped. 
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EXAMPLE 3.3.7 

Let.. X = [ 0, CI)) with the Euclidea n melric, Tx = 

[0, eX), f'x = 5ex and ¢C x) TX ~ f'X, a ll ot h er assumplion s 

of Theorem 3 . 3.5 are satisf'ied but f' a nd T have no 

coincidence point. 

EXAMPLE 3.3.8 

Ix l 
Let X = R with t h e Euclidean metri c , Tx [O,~ ), 

x+3 2 
f'x = ~ and ¢Cx) = 3' Then al l the hypothesi s of' Theorem 

3.3.5 are sa t..i sf ied and f'C-2) E TC-2). Moreover f and Tare 

not compatible, but other assumpti ons of Corollary 3.3.6 are 

salisfied. f
n
C-2) ~ 3 and 3 is not common fixed point of f 

and T. 

3.4. FIXED POINTS OF MEIR-KEELER TYPE MULTI VALUED MAPPINGS 

I n 1 969 Me i ,- and Keeler [ 42) established a 

remarkable fixed point theorem for a single valued ma pping 

T: X ~ X Lhat satisf' i es the following condiLion; 

Given £ > 0, there exisLs a 6 > 0 s uch LhaL 

£ ~ dCx,y) < £ + 6 implies dCTx,Ty) < £ . 

In 1981 Park and Bae [ 46 ] exLended i L Lo a pair of 

commuting s ingl e valued mappings f',T: X ~ X satisfying t h e 

f'oll owing condition. 
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Given & ) 0, ~here exisls a 6 > 0 s uch ~ha~ 

& 5 dCfx,fy) < & + 6 impli es dCTx ,Ty) < & 

a nd Tx = Ty when fx = fy . 

Af~erwards some ex~ensions, generaliza~ions and applica~ions 

of ~his followed; e . g., see [19] and [57] . In ~his sec lion we 

con~inue ~hes e inves~iga~ions for mul~ivalued compa~i ble 

mappings. The exlension, however, is differen~ and . made in 

such a way as ~o generalize ~he ~heorem of Park and Bae [46] 

and includes as corollaries ~he resul~s of Hadzi c [1 9 ] and 

Jungck [27]. Fur~hermore, ~he ~echnique of Mei r -Keel er is 

applied ~o Kannan ~ype mul~ivalued con~r ac~ive mappi ngs . 

THEOREM 3. 4. 1 

Le~ X be a compl e~e me~ric space and T: X ~ CBCX) , 

f: X ~ X be a con~inuous and compa~ible mappings s u c h ~ha~ 

TX S fX and ~he following condi~ion i s sa~i sfied. 

For & > 0 ~here exis~s a 6 > 0 s uch ~hal 

& < dCf x ,fy) < & + 6 impli es dCu,v) < &, 

U E Tx, v E Ty and fx = fy when Tx = Ty. (3 . 4 . 1) 

Then T and f have a common fixed poin~. 

Proof 

Lel x E X, 
o 

consi der ~he foIl owi ng sequences x ,y in 
n n 
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X and A in CBCX) , 
n 

y = f' x E Tx = A n ~ 
n n n-1 n-1 

o C whi ch is 

possible due ~o ~he hypo~hesis TX ~ f'X.) Then f'or eac h £ > 0 

~here exis~s a 6 > 0 suc h ~ha~ £ ~ dCf x ,fx) < £ +6 implies 
m n 

dCf x ,fx ) < £. I~ follows ~ha~ dCy ,y ) < 
m+1 n+1 n n+:I. 

dCy ,y). 
n - 1 n 

Thus ~he sequence {dCy,y ) i s non-i nC I- eas i ng an d 
n n+1 

converges ~o grea~es~ lower bound its which we 

deno~e by r. 

Now r ~ 0; infacL r = O. If oLherwi se r > 0, pick N 

so ~haL n > N implies r S dCy ,y ) < r + 6 . It implies Lhat 
n n+1 

dCy ,y ) < r which is a contradiclion Lo lhe facl 
n+1 n+2 

lhaL 

r = i nf dC y ,y ). Hence dC fx ,Tx) S dC:fx ,fx ) _ O . Now 
n n+1 n n n n+1 

n 

VI'e s how ~hal {y ) is a Cauchy sequences . S uppose ~hal 
n 

dC Y ,y ) = 0 f o r some n > O . Then dC y ,y ) 
n n+~ rn Tn +.1 

o for 

m > n, otherwise dCy ,y ) 
n n+1 

o ( dCy ,y ) , 
n+1 n+2 

conlradic~ion. Hence {y ) is a Cauchy sequence. 
n 

Now assume lhal dCy ,y ) ~ 0 f'or each n. 
n n+1 

all 

a 

De:fine £ ' = 2£ and c hoos e Cwilhoul loss o:f generality) 6 , 0 < 

6 ( £ such ~ha~ C3.4.1) is sa~isfied. Since dCy ,y ) _ 0, 
n n+1 

there exists an inLeger N such lhal dCy.,Y. ) ( 6 / 6 for i ~ N. 
L L+1 

We now lel q > P > N and s how ~hat dCy ,y ) S £', 
P q 

Lh al {y ) is indeed Cauchy. S uppose lhal 
n 

dC Y ,y) ~ 2£ = £' 
P q 

lo prove 

C3. 4.2) 

We firs~ s how ~ha~ ~here exis~s an integer m > p s uch thal 
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6 
£ + 3 < dCy ,y ) < £ + 6 , 

p m 
C 3 .4.3) 

with p and m are or opposite parity. Let k be the s mallest 

integer greater than p such that 

6 
dC Y ,y) > £ + 2- , 

p k 

Cwhich is possible due to C3.4.2) as 6 < £) . Moreover 

For otherwise, 

26 
dC Y ,y) < £ + 3-

p k 

£ + 236 ~ dC Y ,y ) + dC y ,y) 
p k- 1 k-1 k 

Since k-l ~ P > N, thererore dCy ,y) 
k-1 k 

< 6/6. 

that, 

dC Y ,Y ) > £ + 2~ , 
P k-1 

It 

(3.4.4) 

C 3.4.5) 

i mpl ies 

(3.4.6) 

which is a contradiction to the £act that k be the smallest 

such that C3.4.4) is satis£ied. Thus 

£ + C3.4.7) 

Ir p and k are o£ opposite parity we can let k = m in C3 . 4.7) 

to obtain C3.4.3). 

rr p and k are o£ like parity, p and k+l are o£ 

opposite parity. In this event , 

dC Y ,y ) ~ d C Y ,y) + dC y ,y ) 
P k+1 P k k k+.1 

26 6 56 
< £ + - + - = £ + -- 366 
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MOl-eover, 

Thus 

dC Y ,y) < dC y ,y ) + dC YK+ 4 ' Yk) 
p k P K+J. ~ 

dC Y ,y ) dC Y , y) S dC Y ,y ) 
p k K+J. k P K+ J. 

e + 6/2 - 6/6 < dCy ,y ) 
p K+J. 

e + ~ < dCy ,y ) 
3 P K+.1 

£ + 6/3 < dCy ,y ) < 
P K+.1 

e + 
56 
6 

Pu~~ing m = k+l, we oblain C3.4 . 3). 

Hence C3. 4 . 3) holds. 

Now, 

e + ~3 < dC y ,y ) S dC Y ,y ) +dC Y , y ) +dC y ,y) 
p m p p+J. p+.1 m+J. m+.1 m 

< 6 
6 

+ £ 
6 6 

+ == e + 
6 3" 

Thus con~radic~ion. 

Hence {y) == {f'x } is a Cauchy sequence . By compl e~-
n n 

ness of' ~he space, ~here exisls an e l e menl leX s uch lhal 

dC y , ~) --+ 0, continui~y of' f' implies ~ha l dCf'y ,f~) --+ 0. 
n n 

Hence HCTy ,T~) S s up{dCu,v), u e Ty, veTl ) < dCfy ,fl) --+ 0. 
n n n 

Si nce {fx ) 
n 

i s a Cauchy sequence in X, a nd 

HCA ,A) HCTx • Tx ) 
m n Tn n 

< s up{dCu,v), u e Tx , V e Tx) 
m n 

< dCf' x ,f' x ). 
m n 
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IL follows LhaL {A ) 
n 

i s a Cauchy sequence in CBCX) . By 

compleLeness of CBCX), Lhere exisLs an A E CBCX) such LhaL 

HC A , A) ~ O. Si nce YEA and dC y , L) 
n n+1 n - n ·1-1 

_ O . Lemma 

1.1.B implies LhaL lEA , LhaL is lim fx E lim Tx compaLi -
n n 

n ~CO n~CO 

bili ly of f a nd T furLher implies LhaL 

lim HCfTx , Tfx) = O. 
n n 

n ~CO 

Si n ce dCfy ,Ty ) ~ HCfTx ,Tfx) . Therefol-e fL E TL, Lha L is 
n+1 n n n 

lim fy E lim T y a nd lim HCfTy ,Tfy) = HCrTL, TrL) 
n n n n 

O. LeL 
n ~CO n~CO n~OO 

c = fL . Then by C3.4 . 1) we h a ve 

dCc,r c) ~ s up{dCu,v): u E TL, v E rTL) 

~ sup{dCu,v): u E TL, v E TfL) 

< dCrL,rfL) = dCc,fc) 

Thus c = fc. Now 

dCc,Tc) ~ dCrL,TrL) 

< sup{dCu,v): u E TL, v E TfL) 

< dCfL,rfL) = dCc, fc) 0 

Hence c Tc . 

DEFINITION 3.4.2 

A mapping r: X ~ X is said Lo be a se Lec ti on. of a 

mulLiva lue d mapping T: X ~ CBCX) if fx E Tx f or a ll x E X. 
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THEOREM 3.4.3 

LeL K be a compacL subseL o~ a compleLe meLric space 

X and T: K ~ CBCl() a mapping saLis~ying Lhe ~ollowing 

condi Li on: 

Given &: > 0, Lhere exisLs a 6 ) 0 such LhaL ~or all 

x,y E K. 

&: < max{dCx,Tx) , dCy,Ty)} < &: + 6 implies HCTx,Ty) < &: 

Then Lhere exisLs a subseL K* o~ K such LhaL * Tx 

* * * 

C3. 4. 8) 

each x E K . Moreover corresponding Lo each x E K, Lhere 

* exisLs a selecLion o~ T having a unique ~ixed poinL x . 

PROOF 

LeL x be an arbiLrary buL a ~ixed elemenL o~ X. We 
o 

shall consLrucL Lwo sequences {x } and {r } o~ e lemenLs in X 
n n 

and R respecLively. Tx is closed subseL o~ K and 
o 

Lhere~ore 

is compacL. There exisLs a poinL x E Tx such LhaL 
i 0 

dCx ,x) 
o i 

dCx ,Tx) = }- . Similarly Lhere exisLs x E Tx such Lhat, 
o 0 0 2 i 

dCx,x) =dCx,Tx) =r 
i 2 i 1 i 

sequences {x } and (r ) such LhaL 
n 

By induct.ion we prove 

X E 
n 

Tx dCx , x ) = 
n-i. n n+1 

dCx ,Tx) - r n ~ O. Us ing C3.4 . 8), we have 
n n n 
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dCx , Tx) ~ HCTx , Tx ) 
n n n-1 n 

< max{ dC x , Tx ), dC x , Tx ) . C3.4.9) 
n-i n-:J. n n 

If' dCx , Tx ) > dCx , Tx ) t..hen C3 . 4.9) i mpl i es t..hat.. 
n n n-1 n -1 

dCx ,Tx) < dCx ,Tx) , a cont..radi ct..i on. It.. f'oll ows t.. h at.. 
n n n n 

dC x , Tx) < dC x , Tx ) 
n n n-1. n-1. 

Thus {r ) a monot.. one non increasi ng sequence of' non 
n 

n e gat..ive 

real numbe rs. Theref'ore r converges t..o inf'{r n 
r. n 

0). We 

claim t..hat.. in:f{r : n 2:: 0) =)- > O . S ince 1- _ r. Pick N so 
n n 

t..hat.. n 2:: N implies t..hat.. 

r ~ r < r + O. 
n 

It.. f'ollows t .h a t.. 

r ~ HC Tx , Tx ) < 1-, whi ch is a cont..radict..ion 
n+1 n n+1 

t..o t..he assumpt..ion t..hat.. in:f{r 
n 

T h at.. is 

dCx , Tx) _ 0 
n n 

n > 0) r. Hence r _0. 
n 

It.. f'o llows t.. h at.. HCTx ,Tx ) ~ O. By complet..en ess of' CCBCX),H) 
n m 

* * t..here exist..s a set.. K E CBCX) such t..ha t.. HCTx ,K ) _ O. Let.. 
n 

* * * * * * X E K t..hen x E Tx . If' not.. let.. dC x ,Tx ) = c > 0, t..hen 

* * * * c dC x ,Tx ) ~ HCTx ,K ) 

* .s HC Tx ,Tx) 
n 

* + HCTx ,K ) 
n 

* * < max{dC x ,Tx ), dC x ,Tx) + 
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By let.t.ing n _ co, we have c < c, a cont.l-adict.ion. Hence 

~~ow, 

'* Hence Tx K 

* '* X E Tx 

'* HCTx , K) 

f'or all 

== lim 
n~CO 

< li m 
n ~L'() 

'* '* x E K 

'* HCTx ,Tx ) 
n 

'* '* max{ dCx ,Tx ) , dCx ,Tx 
n 

Now we will prove t.hat. T has a sel ect.i on having 

f'i xed poi nt.. 

Por each u E K, Tu is compact.. 

exi st.s u * E Tu suc h t.hat. 
x 

'* '* 

'* Ther ef'or e f'01- x E 

) o. 
n 

a unique 

K t.here 

dC x , u *) = dC x , Tu) C3. 4. 10) 
x 

Def'ine a single valued self' mapping f': K _ K as f'u 

Then f'or each u E K we have f'u = u * E Tu, t.hat. 
x 

select.ion of' T. Let. 

'* * 

'* f'x '* == v C == x *) t.hen 
x 

dCx ,Tx ) == O. This implies t.hat. 

Now, 

* v == x == fx'* 

'* * dCf'u,f'v) ~ dCf'u,x ) + dC x ,f'v) 

< d· '*) Cu *,x '* + dC x , v *) 
x x 

* < dCx ,Tu) * + dCx ,Tv) 

'* '* < HCTx ,Tu) + HCTx ,Tv) 

< dCu,Tu) + dCv,Tv) 

< dCu,f'u) + dCv,fv) 

It. f'ol lows t.hat. t.he f'ixed point. of' f is unique. 
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