
A TWISTORIAL DESCRIPTION OF THE NULL DYNAMICS OF 
MAXWELL -DIRAC FIELDS 

by 

J.G. CARDOSO 

THESIS SUBMITTED IN PARTIAL FULFILMENT OF THE 

REQUIREMENTS FOR THE DEGREE OF DOCTOR OF PHILOSOPHY 

Department of Mathematics 
Quaid-i-Azam University 

Islamabad, Pakistan 
1992 



TABLE OF CONTENTS 

PAGE NO. 

ACKNOWLEDGEMENTS 

LIST OF PAPERS COMING OUT OF THE THESIS 

ABSTRACT 

CHAPTER 1. GENERAL I NTRODUCTI ON 

CHAPTER 2. MAXWELL-DIRAC SETS 

2 .1 Introduction 

2.2 Maxwell-Dirac Theory 

2 .3 Null Initial Data Sets 

2.4 Distributional Field Density Equations 

2.5 Colored Graphs 

CHAPTER 3. EVALUATION OF ELECTROMAGNETIC GRAPHS 

3.1 I ntroduction 

3.2 Field Integrals 

3.3 Potential Integrals 

i 

iii 

1 

12 

13 

17 

20 

29 

34 

35 

42 

CHAPTER 4. ELECTROMAGNETIC SCATTERING OF DIRAC FIELDS 

4.1 Introduction 48 

4.2 Scattering by <Lo(M);SI?AA' (x» and <Ro(M);SI?AA' (x» 51 

4 .3 Scattering by Higher-Order Elementary Potentials 56 

CHAPTER 5. TWISTORIAL DESCRIPTION OF SCATTERING PROCESSES 

5.1 Introduction 64 

5.2 Formulae for Null Configurations 65 

5.3 Twistor Null Initial Data 72 

5 .4 Twistorial Scattering Integrals and Twistor Diagrams 74 

CHAPTER 6. CONCLUSIONS AND OUTLOOK 87 

APPENDIX 9 1 

REFERENCES ~ 



ACKNOWLEDGMENTS 

I am deeply indebted to Professor Roger Penrose for introducing me to 

the techniques upon which my thesis is essentially based. I am most 

grateful to Dr. Asghar Qadir for his continuous supervision during 

the period over which this work was elaborated . My warmest thanks go 

to both the World Laboratory and the Dr. Abdul Hafeez Khan Foundation 

for supporting my project financially. I s hould like to acknowledge 

also the Third Wor ld Academy of Sciences for a relevant travel grant. 

i 



LIST OF PAPERS COMING OUT OF THE THESIS 

1. NULL DESCRIPTION OF THE DYNAMICS OF CLASSICAL MAXWELL-DIRAC FIELDS 

2. A TWISTORIAL DESCRIPTION OF CLASSICAL MAXWELL -DIRAC FIELDS 

3. CONSTRUCTION OF A NEW NULL-TWISTOR DIAGRAMMATIC STRUCTURE 

4. NEW TWISTOR DIAGRAMS FOR MAXWELL-DIRAC FIELDS 

ii 



ABSTRACT 

Pem'ose's null initial data techniques are used to treat 

systematically the classical Haxwell-Dirac system in real Hinkowski 

space. On the basis of the structure of the field equations a 

graphical device is constructed which enables one to label the 

dis tl'ibutional elements of the corresponding' infinite invariant exact 

set in terms of colored graphs. Upon carrying out the actual 

evaluation of the elementary contributions, general prescriptions are 

provided whereby the trees may be completely specified. Each such tree 

tLll'J7S out to be associated with a manifestly scaling invariant finite 

ll7tegral which is taken over a compact space of appropriate null 

Hinkowski confi,g'Llrations. In particular, the integrals describing the 

processes of electrom~etic scattering of Dirac fields are taken over 

spaces of fOl'ked null zigzags that start at the origin and terminate 

at a fixed point lying in the interior of the future null cone of the 

orig'in. Subsequently, certain transcription techniques are employed to 

trm7s1ate directly the entire basic set of scattering formulae into 

the fr8JtJeWOl'k of twistor theory. The contours over which the resulting 

twistor scattering integrals appear to be taken are defined 

explicitly. A simple correspondence between scattering di~ams and 

twistor diagrams is then suggested. 
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CHAPTER ONE 

GENERAL I NTRODUCTI ON 

Penrose's null initial data (NID) techniques [1-3J constitute 

a general framework for describing the dynamics of sets of interacting 

spinor fields in both flat and curved space- times. This null approach 

was designed to treat a form of initial value problem in which the 

initia l data for all fi elds are specified at non-s ingular points of 

null hypersurfaces. Roughly speaking, the elements of an NID set are 

defined as those components of the fields which are associated with the 

(null) directions of the generators of some HID hypersurface. In 

general, such initial data carry twice as much information per space­

time point as those for the corresponding space-like hypersurface 

initial value problem since an arbitrary null datum is locally 

specified by a pair of real numbers. Hence the null-hypersurface 

initial data generally provide one-half the number of real-valued 

scalar functions that are required in the ordinary space-like approach. 

One of the key concepts upon which these techniques are based is that 

of an invariant exact set (IES). The striking feature of such a field 

set is that the (local) algebraic relations defining its exactness do 

not involve gauge-dependent quantities explicitly. All interactions 

thus appear as field equations o·r else as commutation relations 

involving covariant derivatives along with the fields themselves. Once 

we are given an IES, we can state that the field equations propagate 

the fields in a non-redundant way throughout the relevant space- time 
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domain. Likewise all the constraints which would occur in the space~ 

like treatment are automatically eliminated from the basis of the 

theory. 

According to the standard methods, the actual evaluation of 

the fields is carried out by using either power series expansions or 

integral devices. In the former case, one usually requires the fields 

to be analytic on their domain of definition. In the event that the 

fields constitute an IES, the knowledge of HID at some point of the 

domain thus enables one to evaluate the fields explicitly at any other 

relevant point. In the latter case, the analiticity requirement is not 

strictly necessary, but the fields have to form an IES on real 

Minkowski space ([R01) in addition to being well-behaved on two-real­

dimensional space-like regions provided by intersections between HID 

hypersurfaces and appropriate null cones, whose topology is indeed 52. 

Actually, there are two types of integral expressions for the 

elements of an IES .• One is the spinning generalization of the Kirchoff­

D'Adhemar integrals for massless scalar fields proposed by Penrose 

(see, for instance , Ref. [3]). The Kirchoff-D' Adhemar-Penrose (KAP) 

field integrals can be looked upon as being linearly composed of proper 

Lorentz invariant distributional pieces whenever the HID for the fields 

are specified on a null cone. Their integrands are scaling invariant 

(SI) two-forms on two-spheres which appear to play a very important 

role in the null description of scattering processes. Each field 

integral of the other type arises in situations which involve also 

integrations along null geodesics of [R01. These latter field expressions 

carry SI three-volume forms, and appear as explicit convolutions taken 
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over HI D hypersurfaces. Such features afford us an invariant method for 

treating IES's of interacting fields in a systematic way. The basic 

prescription consists in splitting the fields into an infinite number 

of e l ementary contributions that satisfy symbolic field density 

equations (FDE) on the interior of the HID cone which are essentially 

of the same form as those controlling the propagation of the system of 

inter est. Towards achieving the recovery of the entire fields, we have 

first to set up general prescriptions for calculating explicitly an 

e lementary distributional field of arbitrary order, and then to add 

appropriately all the pieces together. When scattering processes are 

effectively al l owed for, the outgoing fields appear as SI expressions 

which generally involve both types of field integrals. Under these 

circumstances, the elementary contributions propagate for a while as 

massless free fields, but scatter off each other at suitable points 

lying in the interior of the ~ID cone. To any order, each of the 

corresponding field integrals involves, in effect, a KAP-differential 

form defined at the point at which the process giving rise to the 

outgoing field happens, together with SI volume forms which take into 

account the contributions coming from all the other relevant interior 

points as well as those emanating from the HID cone. Both the charge 

and the helicity of the incoming fields are preserved when 

electromagnetic scattering processes are considered alone. The HID 

hypersurfaces for higher-order scattering processes are actually 

defined as pieces of light cones of appropriate interior points. In the 

case of either integral pattern, the usually required normal and 

tangential derivatives at points of the initial data hypersurface are 
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combined and made into directional derivatives defined along (null) 

geodesics lying on NID hypersurfaces. It can therefore be said that the 

generators of NID hypersurfaces appear to play a double role. They 

first pick out those components of the fields which enter into the 

defining expressions for the relevant NID. Then they single out those 

space-time directions along which the derivatives, occurring explicitly 

in the integral expressions, are defined. 

The explicit integral expression for any distributional field 

can a lways be thought of as being taken over an abstract space of 

suitably connected null graphs that start at the vertex of the NID cone 

and terminate at a fixed interior point. These graphs are equipped with 

forward spin basis sets whose elements contribute appropriate inner 

products to the relevant NI 0, the end-vertices being taken to coincide 

with the point at which the e lementary field is to be evaluated. ·All 

the null data involved i n the actual evaluat ion of the contribution in 

question are specified at those vertices of the graphs at which the 

relevant differential forms are set up. It appears that the expression 

for the null datum for any scattering process explicitly carries only 

internal edges of the relevant graphs. Furthermore, the spin-inner­

product structures arising from the relevant calculations lead 

automatically to an unambiguous vertex configuration for each graph 

whence all the processes turn out to be specified by the edge-vertex 

structures of the scattering diagrams. The information about the HID 

for all the processes is totally carried by suitably contracted first 

derivatives' of the e lements of the spin bases. 

These null methods were used earlier [4-6J for describing 
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completely the dynamics of classical Dirac fields, based upon the fact 

that the Van del' Waarden form of the Dirac equation [7-10J, in !R01, 

allows one to treat the Dirac pair as an IES of interacting spinor 

fields, the rest-mass of the fields playing the role of a coupling 

constant. In respect of the description of the mass-scatter ing 

processes [5,6J, each of the ent ire f i e lds is g iven as the sum of two 

i nf inite :::~er ies of t erms which appear as manifestly SI integrals taken 

over (compact) spaces of null zigzags in!RD1 carrying adequate edge-

vertex structures. The formal simplicity of the resulting scattering 

+ 
formu18.e was due to t he choice of the future null cone t' of an origin o 

o of !R[M as the NI D hypersurface for all the elementary fields. All the 

stages of the calculations involved were carr ied out straightforwardly 

insofar as the e l ementary distributional fields for this system might 

be l abe lled in a trivial ( linear) way. Neverthe l ess, for an arbitrary 

IES, it is not generally possible to labe l the e lements of its 

associated infinite set in this way. For such systems, we have to build 

up a colored-graph label device which enables us to actually work out 

the basic prescriptions in a consistent manner . In fact, this procedure 

not only makes the whole description more transparent even in cases 

where the distributiona l pieces may be labelled linearly, but can also 

be regarded as a characteristic part of the techniques. In any case, 

the co lored-vertex configurations of the graphs are ultimately 

suggested by the structure of the relevant FDE. 

The theory of twistor diagrams was intrcxiuced by Penrose 

[11 , 12J as an attempt to provide a divergence-free fr~nework for 

describing e l ementary physical processes . Accordingly, each twistor 
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diagram represents the integral of a holomorphic SI differential form 

which is taken over a compact contour bearing a well-defined topology. 

Though the results arising from earlier computations [13,14] led to the 

same scattering amplitudes as those described by Feymann diagrams, the 

theory was deemed to be equivalent to a massless version of the 

conventional QED or to a high-energy limiting case of the theory of 

massive fields. It was necessary, then, to try to extend the theory so 

as to incorporate massive fields into the scheme without modifying the 

standard formalism. One trivial suggestion to solve this problem [12] 

was that the introduction of the infinity twistors into the structures 

occurring in the former theory would break the conformal invariance of 

the approach, thereby allowing the presence of rest-masses. An actual 

solution, due to Hodges [15], emerged as a suitable re-definition of 

the twistor functions and inner products entering explicitly into the 

contour integrals. However, these methods were not implemented in any 

natural way and, in fact, have not been considered entirely 

satisfactory. One important feature of N1D techniques seems to be the 

fact that the entire set of scattering formulae arising out of the 

systematic treatment of an IES can be neatly transcribed into the 

framework of twistor theory. This fact has arisen [16] in an explicit 

twistorial translation of the mass-scattering processes referred to 

before. 

The patterns of the twistor expressions associated with the 

geometric properties of the relevant ~~-configurations appear to be 

intimately related to the edge-vertex structures involved. Moreover, 

the integrands of the resulting twistorial scattering integrals appear 
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as totally skew-symmetric (SI) holomorphic projective structures which 

are defined on products of subspaces of Riemann spheres that correspond 

to suitable vertices of the null graphs. All the contours partaking of 

the actual evaluation of any elementary field integral are specified 

naturally, their existence being assumed at the outset. This assumption 

is based only upon the nullity of the underlying Minkowskian 

2 structures. The S -topo logy involved in the integration of a KAP-form 

turns out to be replaced by the proouct of two S1,S when the twistorial 

transcription of the corresponding ~~-pattern is carried through. As 

far as this situation is concerned, what really happens is that the 

twistor differential form coming into play "splits out" each of the 

two-sphere structures into two pieces which contribute contours lying 

in different subspaces. Such splitting appeared for the first time in a 

twistorial transcription of the generalized KAP-integrals [17J. One of 

the most important results arising in this twistor framework is the 

correspondence between the handedness of the fields and the valence of 

the twistors involved in the respective field integrals. The twistorial 

integral for any unprimed field carries, in effect, only twistors lying 

* in the null portion [P!N of the dual projective twistor space whereas 

the twistors entering into the integrals for primed fields belong to 

the null subset fP[N of projective twistor space. This fact is relevant 

for twistor theory insofar as it brings out, in a non-trivial way, a 

clear relationship between the nullity of Minkowskian structures and 

the fundamental twistor particle hypothesis for massless free systems 

[18-22J. These transcription methoos make manifest the reduction of 

symmetry that occurs due the introduction of the infinity twistors 
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[23-25J, as was expected earlier. Hopefully, they may be useful to 

tackle the problem of naturally incorporating masses into twistor 

theory. 

This thesis is primarily concerned with using HID methods to 

describe completely the dynamics of classical Maxwell-Dirac fields. It 

is another non-trivial generalization of the prescriptions provided by 

Penrose [3J -in connection with the application of HID techniques to 

1ES's. It is worth remarking that the Lorentz gauge condition is 

required to ensure the exacteness of the entire set [3J, and is thus 

taken up from the beginning. A somewhat important property of this 

system is that, in order to recover the complete set, it suffices to 

build up the prescriptions for evaluating a finite number of basic null 

structures. Such configurations are clearly suggested by the pattern of 

the field equations along with the properties of the proper Lorentz 

invariant distributional splitting of KAP-integrals. Any element of the 

entire I ES can then be recovered by adding together an infinite number 

of contributions which are obtained by combining these basic blocks 

appropriately. The relevant FDE are set upon the interior of '8+ 
o 

whereupon the N1D generating all the elementary contributions are 

specified. Each distributional piece is represented as a colored tree 

which is completely specified by the solution of the corresponding 

density equation. In the case of the potential contributions, the 

prescriptions for constructing the colored graphs lead to patterns 

which are somewhat different from those of the trees labelling the 

fields. To any order, this fact appears to be directly related to the 

structure of the solutions of the potential density equations which 
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actually give rise to the presence of loops in the associated !R[M­

configurations. These solutions do not entail any "reduction" of the 

graphical calculational devices used for evaluating the relevant null 

structures. The colored graphs turn out to be associated with S1 finite 

integrals which are taken over spaces of forked and crossed null 

zigzags that start at 0 and terminate at a fixed point lying in w;. 
Subsequently, the methods are given whereby one may carry out 

in a straightforward wayan explicit twistorial transcription of the 

[R[M-integral formulae that describe the processes of electromagnetic 

scattering of e l ementary Dirac fields. The procedures at this stage are 

based to a large extent upon those involved in the translation of the 

mass-scattering integrals for Dirac fields [16J. Accordingly. the 

contours occurring in each twistor field integral are defined on 

products of subspaces of Riemann spheres associated with adequate 

vertices of the (forked) null structures that enter into the 

corresponding [R[M-pattern. Particular use will be made of new 

generalized S1 holomorphic volume differential forms which allow one to 

immediately write down the twistorial structure associated with the 

wedge-product of ru1 arbitrary number of three-volume forms. It will be 

seen that the standard patterns 

twistorial integrals arising 

emerge once 

from working 

again 

out 

here. 

the 

All the 

relevant 

prescriptions carry only totally skew-symmetric holomorphic projective 

structures. Each such field expression turns out to be represented by a 

twistor diagram. This result gives rise at once to a diagrammatic 

correspondence involving the basic Minkowskian scattering patterns . A 

notable feature of the twistor diagrams is the fact that some of the 
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singularity lines connect vertiGes of the same type. This property is 

due to the presence of infinity-twistor inner products 

denominators of the integrands of the field integrals, and 

in the 

actually 

arose in an earlier situation [23J concerning a twistor-diagram 

representation of the Dirac fields. In general, the numerators also 

explicitly carry inner products of this type which play the role of 

connecting lines in the diagrams. 

I believe that the material presented here will 

concrete background for the construction of a manifestly 

provide a 

null QED 

involving twistors explicitly. It is upon this belief along with the 

hope of obtaining fresh insights into the framework of twistor theory 

that the main motivation for elaborating this work rests. The relevance 

of the thesis lies in this fact and the feature that it exhibits the 

prescriptions for building up explicit twistor diagrams which involve 

the combination of new singularity- line configurations with the 

standard structures [11-15J. 

The thesis consists of six chapters and one appendix. It is 

organized as follows. Chapter 2 deals with some of the concepts 

involved in the two-spinor formulation of the theory, and introduces 

the relevant FDE along with a set of colored-graph prescriptions. 

Chapter 3 is concerned with the evaluation of the basic electromagnetic 

~~-configurations. In chapter 4, the diagrams that describe the 

scattering processes are explicitly calculated. There the description 

of pure mass-scattering processes does not play any crucial · role, and 

will therefore be omitted. Chapter 5 is devoted to the twistor 

transcription of the basic scattering patterns, the corresponding 
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twistor-cliagraJnmatic structures being then exhibited. In chapter 6, 

s ome concluding remarks on the entire set of field formulae are 

1 resented . In the appendix, explicit calculations yielding the relevant 

exacteness relations are carried out. The detailed outline of chapters 

2 through 5 win be given in due course. Thoughout the work, use is 

made of all the two-spinor and twistor-diagram conventions given by 

Penrose [3,11,12J. The natural system of units (c=h= l) will be used. 

Unprimed and primed fields will be referred to as left- handed and 

right-handed fields, respectively. It must be emphasized, however, that 

the elementary fields recovering the complete IES are generally non-

analytic. Hence there will be no attempt to attribute any specific 

positive-negative frequency character to them. The usual definition of 

the charge-helic:ity conjugation operator [20,22J is adopted, but with 

the handedness of each of the Dirac fields being reversed under the 

action of the conjugation. This requirement not only facilitates the 

construction of the calculational devices, but also enhances some of 

the features of the scattering diagrams of chapter 4. Thus all the 

fields will be assumed to propagate to the future. The behaviour of 

+ 
null data at the vertex of ~o is discussed extensively by Penrose & 

Rindler [3J. Here, no analicity assumption will be explicitly made, but 

at the outset the e lements of the basic NID set shall be required to be 

smooth functions at O. 
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CHAPTER TWO 

MAXWELL-DIRAC SETS 

2.1 Introduction 

The main aim of this chapter is to set up a framework which 

will be used to obtain the prescriptions involved in the evaluation of 

the elementary l1inkowskian structures. In 5ec.2.2, a review of some 

fact s concerning the two-spinor formulation of the Maxwell-Dirac theory 

[3J is presented without working out the pertinent variational 

principle exp licitly [10, 26,27J . The choice of -e+ 
o as the NID 

hypersurface for a ll the Maxwell-Dirac elements yields a particularly 

simple set of e lementary NID for the system. At this stage, the same 

data set as that suggested by Penrose [3J is utilized to define the 

r e l evant n - NID (Sec .2 .3). These latter data involve certain spin 

operators that appear to be closely related to the conformal invariant 

form of the Penrose p-operators [2,3,17J. Their relevance stems from 

the fact that they are the data which enter into any SI volume- and 

KAP-integral expr ess ions. The symbolic FDE associated with the basic 

nu ll configurations are introduced in 5ec.2.4. In 5ec .2. 5, the rules 

for bui lding up a set of co l ored graphs that label the elementary 

distributional pieces are explained. Nevertheless, the complete 

spec ification of the graphs will be achieved later when the explicit 

so lutions of the FDE are obtained ( chapters 3 and 4). 
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2.2 Maxwell - Dirac Theory 

A Maxwell-Dirac system in [R[M is defined by 

( 2.1) 

In t his set , the conjugate quantities ¢AB ( X), ¢A'B' (x) are the so­

called Maxwel l spinors. They are both symmetric and normally taken t o 

be dependent opposite-helicity massless uncharged fields of spin ± 1. 

Either of them describes completely [3] the six electromagnetic degrees 

of freedom at every X
AA

' E [R01 . The vector ~ , (x) is the electromagnetic 
AA 

potential. It is real and usually enters into the definition of the 

Maxwell bivector Fab(x) as 

FAA' BB' (x) = 2 'V [ AA' ~BB' ](x), (2.2) 

where 'V , is the ordinary partial derivative operator iJ/iJX
AA

' The 
AA 

quantities ~A (X),XA ' (x) define the Dirac-f ield pair [3], and carry 

l ocally t he information about eight real degrees of freedom. These 

latter objects are opposite-helicity massive charged spin ± 1/2 fields 

of the same rest-mass and charge. It is useful to define their charge­

helicity conjugates ~A' (x), XA(x) which similarly carry the opposite 

charge and reversed helicities , but bear the same rest-mass as the 

former fields. The conjugation operator, ~, is an antilinear involutory 

mapping which is not here taken to reverse the order of the factors 

involved in any field expression. It should be noticed that this 

assumption appears to agree with t he classical character of the fields. 

There are six gauge-invariant relationships between the 

Maxwell fields and potential which can be obtained by first splitting 

the right- hruid side of (2 .2) into symmetric and skew parts involving 

the index pairs AB and A'B', and then identifying 
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(2.3) 

This procedure y i e lds 

(2.4) 

which actually brings out the electromagnetic symmetry property. 

Clearly, using the Lorentz gauge condition 
A' a A 

'" , [ ~ ] (x) = 0 # '" ~ (x) = 0 <+ '" [ , ~ , ] (x) = 0, A AB a AA B 
(2.5) 

we can drop the s ymmetr ization brackets from the right- l1and sides of 

(2 .4 ) whence (2.5) reduces to 

A -A' 
¢A(X) = 0 = ¢A' (x). (2 .6 ) 

This simplification is easily seen by using the splitting relation 

A' A' 1 c 
'" , 9? (x ) = 'V , ( 9? )(x) + -2 & 'V 9? (x) , (2 .7) A A B A A B AD C 

and its comp l ex conjugate, taking ( 2.4 ) into account. It s hould be 

stressed that the symmetry of the Maxwell fields makes the ordering of 

the relevant upper and lower indices immaterial. (This is why the 

indices occurring in (2.6) have not been staggered.) The structure of 

the defining expression (2 . 2) together with the (local) commutativity 

of the 'V-operators gives rise to a set of eight real gauge-invariant 

identities which constitute the first "half" of Maxwell's equations 

[3J. These stat ements can be thought of as constituting the Bianchi 

identities of the entire theory, and emerge from the simple computation 

AA'* 
'" [ Fb ] (x ) = '" [ "'b9? ] (x) = 0 ~ '" F, I (x) = 0, ( 2 . 8 ) a c a c AA BB 

where *Fab( x) is the dual electromagnetic bivector which is given by 

* -
F AA'BB'(X) = i[&AD¢A'B'(x) - &A'B'¢AB ( X)] (2 . 9) 

Exp l icit ly , we have 

"':' ¢ A B ( x) = "':, ,¢A' D' (x), (2.10) 

which are the identities referred to above. 
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The part of the complete theory that consists of the second 

"half" of Maxwell's equations together with the (covariant) Dirac 

equations arIses as the equations of motion involving the following 

Lagrangian density 

1: =1: +.t' +1: 
MD M DINT' 

(2.11) 

where .t'M' :eD and :e
INT 

stand, respectively, for the Maxwell , Dirac and 

interact ing pieces of :e
MD 

which are written out explicitly as [26] 

1 AB - -A' B' 
-8 [¢ (x)¢ (x) + ¢ , , (x)¢ (x)] , 

IT AB A B 
(2.12a) 1: = 

M 

:e = 
D 

1 - AA' - AA' 
H-2 [x (x)'V x, (x) + lIJ , (x)'V lIJ (x)] 

A A A A 

1 AA'- AA'-
- -2 [('V X (x»)X , (x) + ('V lIJ, (x»)¥' (x)] 

A A A A 

m - A - A' - ti [ X A (X)ll1 (x) + lIJ A' (x)X (x)]}, (2.12b) 

and 

1: 
INT 

AA' = j , (x)cr (x), 
AA 

(2.12c) 

with m denoting the rest-mass of the Dirac fields and j AA' (x) being a 

real vector which plays the role of a source for the Maxwell fields and 

potential. This vector is called the Dirac current density, its 

explicit expression being 

(2 .13 ) 

where e denotes the charge of the elements of the former lIJx-pair. It 

s hould be emphasized that the full Lagrangian density as expressed in 

(2.11) is a real SL(2,~)-scalar function on ~~. The relevant equations 

of motion read [26J 

15 
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a~ , (x) 
AA 

:: 0, (2.14a) 



AA' 
a:e a(:e + .:e

INT
) 

D D 
0, V = AB'-

a1jj A ' (X) a(V ¥', (X» 
B 

(2.14b) 

A A ' 
a:e a( :e + :e INT) D D O. V = B A ' - ax (X) 0('1 x (x» 

B A 

(2.14c) 

Equation (2.14a) gives rise to the second "half" of Maxwell's 

equations which, when combined with (2.10) and (2.13), yield the gauge-

invariant field equations 
B - - a'-

V , ¢ (x) = 2rre[ ¥' , (x)¥' (x) + X (x)x , (x)] = V ¢, , (x). (2.15) 
A AB A A A A A A B 

These statements constitute the Maxwell part of the theory. Equations 

(2.14b) and (2.14c) yield, in turn, the Dirac equations 
AA' A' A' 

:J) ¥' A (x) = I-'X (x),:J) AA' X (x) = - I-'¥' A (x), (2.16) 

where l-'=m/-/2, and 

:J) , = V , - ie ~ , (x). 
AA AA AA 

(2.17) 

The above operator is the covariant derivative operator for the entire 

theory. For any relevant quantity y't!J(F ' (x), with 't!J and ::r being arbitrary 

c lumped spinor indices, we thus have the commutation relation 

~::r ' . ~::r' ~::r' 
[.1)a,.1)b] Y (x) = - 21e[ V'[a(~b](x)Y (x»)+ ~ [a(x)V'b]Y (x)] 

. 't!J::r' = -leFab(x)Y (x), (2.18) 

whence (2.3) can be looked upon as the "curvature" of the theory. 

It is of some interest to notice at this stage that the 

Bianchi identities (2.8) arise directly from the straightforward 

computation 

't!J::r' 't!J::r' 
:J) [a:J)b:J)c ] Y (x) = :J)[a.1>[b.1>c]] Y (x) 

~::r'. ~::r' 
= -ie.1)[a[ Fbc]ex)Y (x)] = -le[ (V[aFbc](x»)Y (x) 

't!J::r' 't!J::r' 
+ F[ab(x).1)c]Y (x)] = .1)[[a.1)b].1)c]Y (x) 

. 't!J::r' 
- -leF[ab(x):J)c]Y (x). e2.19) 
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One important result emerging from this theory is the 

conservation of charge. There are several methods of establishing the 

corresponding statement as an identity [10,26,27J, only one of which, 

involving the skew-symmetric operators [3,20J 

A' 1 A 1 • = 1) '[ 1) J = -2 £; .,." = 1) [ ,1) , J = -2 £; , ,., (2. 20 ) AB A A B AB A B A A B A B 

where .=1) 1)c, is mentioned here. The basic procedure consists in c 

letting these operators act upon the electromagnetic fields in such a 

way that the indices carried by the resulting structure are exhausted. 

After some explicit calculations involving particularly (2 .15 ) and 

(2.17), we thus obtain 

AB .AA' 
• ¢ (x) = 2IT'V , J (x) 

AB AA 
=. , , ,¢A' B' (x) _ o. 

A B 
(2.21) 

2.3 Null Initial Data Sets 

The simplest NID set on ~+ that generates all the field 
° 

elements of (2.1) is defined by 

Its elements are explicitly expressed as 

'WA 'WAWB - -A' -A'-B'-
¢Lo(o jW) = 0 0 ¢ (W), ¢Ro(o jW) = 0 0 ¢, , (W), 

AB 'W 'W 'W A B 

VA VA -A' -A' 
1fIL - ( 0 j V) = 0 1fI A (V), .:t R - (8 ; u) = 8 .:t A' (U), 

(2.23a) 

(2.23b) 

with W
AA

' , ~A' and UAA
' belonging all to ~+. The spinors carried by 

° 
the arguments of the elements of (2.22) enter into the definition of 

the (real) flag poles specifying the (null) directions of the relevant 

+ 
generators of ~ . Each such spinor is chosen to be covariantly constant 

° 
along the respective generator, the (conjugate) expressions associated 

with this choice being [3,20J 
S SA_A's -B' SA-A' '" SB 0 .... 

o Os v
AA

' 0 = , 0 0 v , 0 
S AA S 

= 0, (2.24) 
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where the letter "s" stands 
S , 

for either W, V or U and \I , =b/OS
AA

• The 
AA 

'vA - -A' 
data ¢LO(O ;W) and ¢Ro(e ;W) are, respectively, the (uncharged) left-

handed and right- handed electromagnetic null data, whereas 
VA 

If'L- (O jV) 

and XR-(~t' ; U) are similarly the left- handed and right-handed Dirac 

+ 
null data. These data are spread over the whole of ~o' and appear to be 

formally the same as those for spinning massless free fields 

[3,11,12,17,28J. Each of them is a complex-valued scalar function of 

eight real variables. All the elementary potentials are also generated 

by them. Thus there will be no distributional potential contribution 

arising from potential data on ~:. This fact agrees with the Penrose 

procedure [3J whereby, upon treating the system (2.1), one chooses a 

potential-data set whose elements are all taken to vanish on ~+ 
0' 

further point concerning this procedure will be made in chapter 6. 

A 

To define the ~-NID set, it is convenient to think of ~A and 
-A ' SA I<A - A' - A' 
o as elements of conjugate spin bases {o ,0 }, {o ,0 } set up at 
S S I< 

AA' 
S . The other spinors making up the bases are also taken to be 

+ 
covariantly constant along the generator of the future null cone ~s of 

.... A' AA' 
S that passes through some point K . These latter spinors are 

chosen in such a way that the flag pole associated with them points in 

AA' 
a future null direction through S , with the conjugate spin inner 

products at SAA' 

SAl< -A'-
Zs = 0 0 A' Zs = ~ ~A" (2.25) 

being held fixed. Let y 
S 

+ AA' 
denote the generator of ~o through S , and 

rOS be a positive affine parameter on Y s such that 
AA' SA-A' S SA_A'S 

S =r 00 ,[)=oo \I,. 
OS S S AA 

The latter quantity is the directional derivative operator 

18 
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AA' 
S in the direction of r s. Upon acting on the elements of (2.22), the 

relevant IT-operators are defined at the appropriate points as follows 

A 
17 
W1 -

r ow W 0 A row W 0 = {[) - 3 peW)}, 17 = {[) - 3 peW)}, 
(z )2 W1+ (2)2 

W W 

v U 
A 
IT 
V1/2- = o 

{[) - 2 p(V)}, 
A 
IT 
U1/Z+ = ° {!D - 2 p(U)}, 

where peS) is the (real) convergence of the generators of ~+ o 

whose defining expression is written as [2,3,5] 
, s 

o (S) (SAK )-1S KC-C "V SB 
P = 0 0 A 0 B 0 ~ cc' 0 

° whence pes) = -l/r . We thus have the NID set os 

(2.27) 

(2.28) 

at S 
AA' 

(2.29) 

A A WA A - -A' A VA A -A' 
17-NID={IT ¢Lo(o ;W),IT ¢Ro(o ;W),IT 1I'L- (0 ;V)'uIT1/z+X R-(ou ;U)}. 

W1- W1+ W Vl/2-

(2.30) 

It is worth remarking explicitly that, read from left to 

right, the data entering into (2.30) are of the types {0,-2;0,0}, 

{0,0;-2,0}, {0,-1;0,0} and {O,Oj-l,O}. At this stage I have made use of 

the terminology .of the compacted spin coefficient formalism of Geroch, 

Penrose and Held [29], but my complex-conjugation convention involves 

"reflecting" the number pair appearing on either side of a curl-bracket 

piece in the vertical that "passes" through the respective semicolon. 

In fact, the pattern of the above ~-NID constitutes a particular case 

of that used earlier [17] to treat an SI version of the KAP- integral 

expressions for massless free fields of arbitrary spin. It is 

A worthwhile to introduce the conjugate Dirac IT-data. We have, 

A A VA A -A' 
(2.31a) T IT lfJ

L 
-(0 ; V) = ~1/Z+ 1I'R+(? ; V), 

Vl/Z-

A A -A' A - UA (2.31b) T 17 X -(0 ·U) = IT XL+(O ;U). Ul/2+ R U ' Ul/Z-

The construction of the elements of (2.30) is illustrated in Fig.l. All 

the left-handed and right-handed data with which I will be dealing in 
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what follows are, respectively, represented by white and black spots 

bearing suitable charge- helicity labels. In particular, the work of 

Sec. 2.4 involves Dirac ~-data defined at points l ying on generators of 

(future) null cones of suitable points of W:. 

2.4 Distributional Field Densi ty Equations 

The FDE associated with the basic field-potential 

configurations are now introduced. It will become apparent that 

construction of these statements rests only upon the structure of 

theory. The nu 11 configurations constructed here will be used 

chapters 3 and 4 as calculationa l devices for working out the FDE. 

particular, when obtaining the explicit solutions of the FDE 

( a) 

AA ' 

OT '\. bA ~ ~A 
TA' ~~ VA V0 U1/2-~L-(0 jV) 

I V AA' 
V 

r 
o OV 

(c) 

Figure 1. 

AA ' 

- A A p~p ZOA' ~ 
i?A' 

A - -A' 
IT ¢ 0(0 'w) 

>:: W1~ R W ' 
& W AA' 

W 
r 

OW 
o 

(b) 

Z
RA' 

BA~ gA . 
',~ AA 

A -A U 
IT v - (0 'u) ~ U1/2~""R U ' r 

OU 
Yu 0 

(d) 

AA' 
R 

R 
o 

A 

the 

the 

in 

In 

for 

Diagr81!1 illustrating the oonstruotion of the t?- data on 'e: for the 

elements of the Maxwell-Dirao set. The left~-handed (resp. right-

handed) data are shown in (a) and (0) (resp_ (b) and (d)), and are 

represented by white (resp. blaok) spots. 
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"higher-order" electromagnetic contributions (Sec.3.2), we will see 

that the reality is lost. For this reason, henceforth another kernel 

l etter will be used in place of ¢ to indicate that the corresponding 

left- handed and right-handed fields are independent of one another. 

For the electromagnetic fields, one has to build up six basic 

FDE. Two of these involve the SI free densities and 

<Ro(M);e A' a' (x» which are produced by electromagnetic data centred at 
AA' + AA' 

some M E 'e . The relevant FDE are written at some x lying in the 
° 

interior of ~+ as 
II{ 

X AA ' X AA , ° 
'V <Lo(M);¢Aa(x» = 0, 'V <R (M);eA'B' (x» = o. (2.32) 

It must be observed that the statements (2 .32) are associated with the 

standard splitting of the KAP- integral s [3,5,17J for fields of spin ±1. 

This KAP-splitting involves shifting the origin to MAA ' in such a way 

that X
AA

' appears as a future time- like vector given by the sum of two 
MA-A' 

future null vectors, roo and 
MR M 

KA-A' 
roo 

RX I< 
The lRr:H-conf igurat ions 

invo lved can be readily constructed by adequately transporting the flag 

!\fA-A' KA-A' AA' 
poles 0 0 and 0 0 (Fig. 2). Thus x is future-null separated from 

M K 

AA' AA' AA' 
both K and R which are, in turn, future-null separated from M , 

the latter point lying on ~~. This construction rests upon the fact 

that the explicit field densities entering into (2.32) involve a 

distributional field [3J whose (non-compact) support is identified with 

+ ° ~M' The potential densities <L (M);g?AA' (x» and 
o <R (M);g? , (x» AA 

associated with (2.32) satisfy the density equations 

x ° A' ° X ° A' 
'V , <L (M);{ti (x» = <L (M);4> (x» = 'V , <R (M);~ (x», (2. 33a) 

AA D AD AA B 

x x 
o A ° ° A 'V , <R (M);~ , (x» = <R (M);e , , (x» ='1 , <L (M);~ , (x».(2.33b) 

AA B A B AA B 
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It will be shown later (see Sec .3.2) that the solutions of the above 

equations ar e the only real electromagnetic densities, whence e = ¢ and 

o 0 
<L (M);f' , (x» = <R (M);f' , (x». 

AA AA 

The densities involved in the other electromagnetic FDE are 

actua lly produced by rr-data generating e l ementary Dirac current pieces 

- + - + AA' 
of the types (L R ) and (R L ) . Such data are centred at points N 

and pAA' which lie in either ~: or w:. In this latter case, the Dirac 

datum spots are actually produced by scattering data. The patterns of 

the configurations involved in the formation of such data are the same 

as those cons tructed In chapters 3 and 4 and will therefore be 

specified later. For simplicity, and without any loss of generality, 

assume that the data carrying the same charge are set up at the same 

point whence the current pieces appear as 
- + 

(L (N)R (P» and 

- + 
(R (N)L (P» . The procedure for constructing the relevant null 

configurations is essentially the same as that giving rise to Fig.2 

AA' AA' 
since the fields emanating from N and P have once again to be split 

Figure 2. 

AA' 
K 

o 
L 

AA' 
M 

o 
R 

K 
o 

A 

r = r 
RX MK 

AA ' 
R 

Planar configuration involved in the SI splitting of the KAF-

integrals that g'ives rise to the real electromagnetic densities. 
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AA ' AA ' 
into their KAP- distributional pieces. Let Z and T be points lying 

on -e: and 'e:, with the corresponding null pol es be i ng ~A~A : and 6A~A:' 

r espect i vely . The gene r a tors Yz and Y
T 

are taken to inters ect each 

other at a "middle" point M
AA

' while X
AA

' is now a point lying in t he 

AA ' AA' AA' 
t wo- plane of N , P and M that is f uture- nul l separated from 

AA' AA' AA' + + 
both Z and T . Thus x belongs to the inte rior of both 'eN and 'ep ' 

t he i nner produc t s z =~A~ , z =~A6 being he ld f i xed a l ong with their 
N AP A 

complex conjugates and ZM=~A~A' ZM=~A' ? A' (see Fig.3) . Invoking (2.15), 

we then wr i t e the s ymbolic FDE 
x 

B - + - + -
'VA' <L (N)R (P);¢AB( X» = 2rre <L (N);~A (x» < R (P);~A ' (x» 

x B ' _ + 
= 'V <L (N)R (P ); 8 , , (x », (2. 34 ) 

A A B 

+ -
whe r e <L (N) ; ~A ( X » and <R (P);~A' (x» denote, respective l y, the 

. . . AA' . AA' 
conjugate ~-d istributional densltles comlng from N and P . In a 

similar way, the FDE for the densities produced by the (R- (N)L+(P» -

piece are written as 
x 

B - + - +-
'VA' <R (N)L (P);¢AB(X» = 2rre<R (N);xA, (x»<L (P);xA(x » 

x B ' _ + 
= 'VA <R (N)L (P);8A'B' (x». ( 2.35) 

The potent i als as soc iated with ( 2. 34) and ( 2. 35) are s ubj ect to the 

dens ity equations 

x _ + A' - + 'V , <L (N )R (P ) ; ~ (x » = <L (N)R ( P);¢AB (X», AA B ( 2 .36a) 

x 
- + A - + 

'V , <L (N)R (P);~ , (x» = <L (N)R (P);8 A' B' ( x », AA B ( 2. 36b) 

and 
x , - + A - + 'V , <R (N)L (P);~ (x» = <R (N)L (P);¢AB (X», AA B (2.37a) 

x 
- + A - + 

'V , <R (N)L (P); ~ I (x» = <R (N)L (P);8A' B'(X» , AA B 
(2.37b) 

A bloc k diagram illustrating the production of the d i stributional 

electromagnetic densities is shown in Fig.4. 
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When combined with the electromagnetic structures constructed 

above, the field equations (2.16) give rise to six basic FDE for the 

Dirac fields. As the entire theory stands, the corresponding explicit 

statements appear to control the interaction between elementary Dirac 

fie lds and electromagnetic potentials. The configurations associated 

AA' 
Z 

r 
PM 

+ /' 
R • P 

AA' 
x 

AA' 
T 

T 
o 

A 
r 

MT 

AA~OA P -
~A' 

_ 0 L 

~
' AA' 

N A N 
N 
o 

A 

( a ) 

Figure 3 

r 
PM 

L P 

AA' 
x z 

o 
A 

AA' 
T 

T 
o 

A 
r 

MT 

R - . + 0/ 

AA~OA P -
~A' ~

AA' 
NA N 

N 
o 

A 

(b) 

Null planar configurations associated with the FDE for the 

distributional electrom~etio densities produoed by elementary 

+ + -AL4' 
current pieces. The generators of 'eN and 'e;:p through Z-- and 

r1A' meet at a "middle" point JIM' The point~' lies on the plane 

of If J J!l and if., and is defined by transporting parallelly the 

zA-A' TA-A' flag poles 0 0 and 0 0 z T along the generators r T 8.l7d r z' 

respectively. This transport yields at onoe the equalities I' =.1.' 
TX MZ 

and I' =1' The generators "incomiprf" at ~ and til ~1"''Pear in the MT zx' ~ ~~, 

stl'Uctu1'es that g'ive 1'ise to the formation of the IT-data involved, 

and a.1.'e not requi.1.'ed to lie in the plane of ~J P'- and It: (a) 

(L -R+)-configuration; (b) (R-L+ )-configuration. 
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with such FDE can be built up by suitab l y coupling t he structures of 

Figs.2 and 3 with those corresponding to incoming distributional Dirac 

fields. It will be seen in chapter 4 t hat this "suitability" is 

intimately related to the fact t hat the scattering structures have t o 

carry e l ectromagnetic- fie ld br anches which bear t he s ame handedness as 

that of the incoming and outgoing fields. The procedure leading to this 

f eature amounts to r eplacing the potent i al vector kernels associated 

with the former configurations without violating the relevant FDE, but 

the former potential poles are always brought back when the latter 

configurations "collapse" so as to restore the former structures. In 

par ticular , the handedness f eature implies that there are only two 

appropriate "dual" configurations for each current piece . 

~ ~ I <L 
0

; ¢ AD (x» II r--<-RO-;e A' D' (x» I 
r---l 1-------, 

o 0 
<L ;~ ,(x » = < R; ~ ,( x » 

AA AA 

'-.-1 _ L -_R + ----,-JI '-r-I _ R- L_+ --,-'1 
.-___ 1 1--, .----1 __ --, 1 ___ --. 

- + 
<LR;q, ,(x» 

AA 

Figure 4-

- + 
<RL;~ ,(x» 

AA 

Block di~ram showing the producti on of the basic electrom~etic 

densities. FOl' simplicity the N's and P's ha.ve been deleted. 
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The structures under consideration are shown in Figs.5 and 6. 

In Fig.5, the incoming fields emanate from IT-data set up at a point 

OAA ' which does not in general lie on ~:, but is taken to belong to the 

AA' AA' AA' + 
plane spanned by M ,K and x . One of the generators of ~o lying 

in this plane contains a point SAA'. which is pa.st-null separated from 

AA' 
X and thus intersects the geodesic passing through M

AA
' and K

AA
' at 

AA' 
In At this stage, the affine parameter rOM is no longer required to 

lie in the main plane of the configurations. The inner products at m
AA

' 

AA' SAK -A'-
and 0 are set as z = 0 0 z = 0 0 and 

DAS -A'-

m A' IT! S KA' zo = 0 0 A' Zo = g ~ A' 

The corresponding FDE are written as follows 

x AA' - 0 0 AA' _ 
'V <L (O)L (H);1IlA(x» = ie<L (H);~ (x»<L (D);1Il

A
(x», (2.38) 

x AA' _ 0 0 AA' _ 
'V <R (D)R (M);xA, (x» = ie<R (H);~ (x»<R (D);x

A
, (x». (2.39) 

B B' 
Operating on these equations with 'VA' and 'VA ' and using the Lorentz 

gauge condition for the potential density, after some elementary 

AA' 
K 

r 
Om 

AA' 
x K 

o 
A 

r 
sx 

r'" AA' Mm~M 
L-O - 0 0 

~ OrL AA' 0 MA' 
o A M 

- /r 0 
gA' 6 OM A 

( a) 

Figure 5 

AA' 
K 

K 
o 

A 
r 
sx 

r'" AA' 
Mm"""M 

R .~ ~-.Ro AA' 0 MA' M 
o A 0 

- r A 
gA' 0 OM 

(b) 

ConfigllTations for the FDE describing the interaction between Dirac 

fields and" zero-oI'(jer" potentials: (a) left-handed structure; (b) 

right-handeci structure. 
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x x 
manipulations we get the wave equations (with 0 =V Va) 

x a 
- 0 A 0 AD _ 

Dx<L (D)L (M);V'~(x» = - ie [<L (M);<p~"(x»<L (D);V'B(X» 

o A' X(A - B) 
- <L (M);~ (x»'V , <L (D);V' (x»], 

B A 

- 0 A' 0 A'B' -
o <R (D)R (M);x (x» = -ie [ <R (M);8 (x»<R (D);X , (x» 

x B 

(2.40) 

- <Ro(M);~:, (X»~~A' <R-(D);xB' >ex»]. (2.41) 

The construction of Fig.6 is carried out in a similar way. 

Now, the scatterer branches involve the current pieces of Fig.3. The 

incoming fields are produced by data specified at two points D
AA

' and 

AA' + + AA' 
B ,Ute generators of 'eD and 'eB intersee:ting the branches at F and 

AA' 
G ,respectively. In the case of either pair of "dual" structures, the 

intersection takes place in such a way that these latter points 

AA' + AA' + 
appear to be past-null separated from two points R E 'e and K E 'e 

N P 

AA' AA' AA' AA' AA' 
which lie, therefore, in the planes of N ,F ,D and P , G , 

AA' AA' . 
B ,respectively . Furthermore, x 11es in both of these planes, and 

is future-null separated not only from R
AA

' and KAA
' , but also from two 

AA' + AA' + 
other points ~ E 'e and a E 'e which are, respectively, taken to be 

D B 

AA' AA' + ",,+ 
future-null separated from F and G . The generators of 'eN and up 

AA' AA' AA' 
passing through R and K now meet at m ,which accordingly belongs 

to both planes. Evidently, as the configurations stand, the 

intersection between the two planes is the line passing through m
AA

' and 

AA' 
X . The relevant inner products will be defined later (see chapter 

4). For the corresponding FDE, we have 
X AA ' _ + _ _ + AA' _ 
'V <L (D)R (P)L (N);V' (x» = ie<L (N)R (P);iP (x»<L (D);V' (x», 

A A 

(2.42) 
x AA ' - - + _ + AA' _ 
'V <R (B)L (N)R (P);xA, (x» = ie<L (N)R (P);iP (x»<R (B);xA, (x», 

(2.43) 
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X
AA' 

'I - + -<R (D)L (P)R (N);XA, (x» 
- + AA' -= ie<R (N)L (P);~ (x»<R (D);xA, (x», 

(2.44) 
- + AA' -= ie<R (N)L (P);~ (x»<L (B);V'A(X». 

X
AA ' 

'l - - + 
<L (B)R (N)L (P);1fI (x» 

A 
(2.45) 

The procedure yielding (2.40) and (2.41) leads also to wave equations 

associated with (2.42)-(2.45) whic h can be immediately obtained from 

AA' 
R 

AA' 
X R 

o 
A 

r 

J< 

LX I 

LAA 

A' °A +2:: Pm L - R. -
L 0 DA ~p O~ AA' 

~
o AA 0 NA N 

AA I P - A N 
D OA ~A' °A 

D (a) 

AA' 
R 

x 
AA' R 

o 
A 

r 
Nm 

o 
o 

A 

AA' 
o 

r 
KX AA, 

J< 

RA 
o 

r r 
Pm Nm -

+ A L 
R. P - AA' 

~
o 0;;4 AA'B • R 

AA ANA N y4 P - N -A BA 
o I 0 0 0 
PA (b) A B 

AA' 
o 

x 
AA' o 

o 
A 

r r 

(c) 

Figure 6 

Pm R - . 
°MAA

I 

NA N 
N 
o 

A 

"Dual" configul'ations describing the interaction between Dirac and 

potential densities. In (a), (b) (resp. (c), (d» two Dirac 

densities prop~ate in a region of potential density produced by a 

11nll_ 
't"''t"' (resp.xx-) current piece. 
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the former statements by replacing LO and RO by appropriat e current 

pi eces . For (2.42), for instance, we have 

- + - A - + AB -
[] <L ( D) R CP)L (N);V' (x» = - i e [ <L (N)R (P) ; ¢ (x»<L (D) ; 1f/ ( x » 

x B 
- + A ' X CA - B ) 

- <L ( N)R (P);~ (x»'V I <L (D);¥' (x»]. 
B A 

(2.46) 

It should be emphasized that each differentiated Dirac 

density with which we have been dealing corresponds to an elementary 

contribution that arises as the result of the interaction between an 

incoming field and a potential density. Indeed, the solutions of the 

FDE are to be regarded as densities for new contributions arising in 

this way. Some block diagrams illustrating these processes are given in 

Fig.7. The formation of the datum spots involves appropriately 

combining the configurations that arise from the actual evaluation of 

the above structures. In accordance with this fact, each contribution 

appears as an [R[l1 -integral whose integrand involves the wedge-product of 

differential forms set up at t he dat um spots. 

2.5 Colored Graphs 

The distributional pieces which recover each of the elements 

of (2 . 1) ' can not be labelled in a trivial way. It becomes necessary to 

design a graphical label device whereby each elementary contribution 

may be unambiguously identified. Thus each graph will represent an 

integral expression corresponding to a distributional field or 

potential. Such a set of graphs should also facilitate the construction 

of the explicit integral associated with any contribution. The 

graphical representation to be constructed now also enables one to re-
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~ ~ ~ ~ 
<L ° ; 0; AA' > I <L ~;'I' A> I <RO ; O;_A_A_'_> __ I < R- ~XA' > I 

L-__ I_N_T_E_R_A __ C_T,IrN_o ___ F_D_E ____ ~1 ~I ___ I_N_T_E_R_A __ C_T,I_N_O ___ F_D_E ______ ~ 

Figure 7 

.-___ 1_____ ~----1----~ 

<R-R
O 

;XA ' > I - 0 
<L L ;V' > 

A 

(a) 

FDE 

- - + <R L R ;X
A

, 

( c) 

(b) 

(d) 

- + -
<R L R ;X

A
, > 

Block diagralf1s showing how new Dirac densities arise from the 

interaction between Dirac and potential densites. In (a) and (b) 

the incoming Dirac densities interact with the " zero-order" 

potential density. In either case) the relevant potential piece is 

produced by the electrom~etic datum that carries the same 

handedness as the incoming and outgoing densities. In (c) and (d) 

the interaction processes described by the dual configurations are 

controlled by the first-order FDE. 
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express the mass-scattering zigzag patterns in a simpler manner. This 

point will be touched upon again in chapter 6 . 

The device used here consists of planar trees carrying 

uncolored and colored vertices connected by solid straight, dashed and 

wavy lines. The uncolored vertices bear no meaning, but merely appear 

as end-points of external lines. In any graph, each colored vertex 

denotes a datum spot. It thus bears the white color or the black color 

depending upon whether the corresponding spot is left- or right-handed. 

Such a vertex also carries a charge label which effectively removes the 

charge-helicity ambiguity, and always contributes a specific 

differential form to the relevant integrand. The wavy lines appear as 

external lines starting at colored vertices. Each of them represents a 

proper Lorentz 

carries a number 

invariant distributional field [3,5,6,30,31J, and 

referring to the "degree" of the distribution. 

Moreover, all the vertices from which they emanate actually contribute 

volume differential forms to the integral, each distribution being 

defined with the origin displaced to the ~~-point associated with the 

vertex bearing the respective line. Colored vertices which do not 

involve wavy lines contribute KAP-like two-forms, and are always 

carried by graphs representing explicit outgoing fields. For an 

arbitrary scattering graph, there is only one colored vertex of this 

latter type while all the colored vertices occurring in graphs which do 

not represent scattering processes are of the former type. The solid 

straight and dashed lines can be both internal and external. Each of 

these lines really starts at a colored vertex. Internal dashed lines 

just play the role of connecting pieces, not contributing anything to 
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the integrands. External dashed lines always start at colored vertices 

+ 
which do not correspond to datum spots lying on ~ . In this case, the 

o 

line represents the whole ~-datum involved in the formation of the 

respective ~~-spot . In the other case, the colored vertex does not bear 

such a line, but carries also the contribution due to a datum centred 

. + 
at a pOlnt of ~ unless it is connected with another colored 

o 
vertex 

without bearing a wavy line. Of course, this latter rule has to be 

adequately extended when the external dashed lines are replaced by the 

corresponding sub-graphs. In the firs t instance, if a vertex carries an 

ext ernal dashed line it also carries a wavy line, but the converse is 

not true ln any case. We can have vertices carrying wavy lines without 

bearing external dashed lines and also vertices carrying neither type 

of line. Indeed, a colored vertex which does not carry both external 

dashed and wavy lines appears as either the only vertex in a graph or 

the KAP-vertex of a scattering graph. The internal solid straight lines 

connect colored vertices which do not bear necessarily the same color. 

Each such line represents a typical inner-product affine-parameter 

structure carried explic itly by an integral expression. It is worth 

observing at this stage that the affine parameters involved are always 

carried by the denominators of the integrands, but the inner products 

are allowed to enter also into the numerators. Each external solid 

straight line denotes an explicit outgoing spinor carried by the 

integrand of an integral, the spinor being unprimed or primed according 

as the vertex from which the line comes is white or black. Two vertices 

of different co lors can be "stuck" together to form a double- color 

vertex. Each such composite vertex bears a wavy line and carries the 
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information associated with a "shrunk" internal straight line. It 

really counts as one element to the relevant vertex-set, but 

corresponds to two datum spots centred at a common point of ~+ 
o· The 

handedness of the datum entering into the associated integral is the 

same as that of the spot corresponding to the part of the vertex from 

which the wavy line emanates. These patterns appear to be useful only 

when we consider the real potential contributions. For these elementary 

pleces, it is convenient to atribute an upper-lower end-point character 

to the external solid straight lines which enables us to decide whether 

the corresponding spinors leave or enter the datum spots associated 

with those colored-vertex parts at which the lines start. Notice that 

this end-point rule actually breaks the invariance of the pieces 

carried by the elementary contributions when the graphs undergo 

arbitrary reflections and rotations. In general, the order of the 

colored vertices in a graph is irrelevant because the conjugation 

ambiguity has been eliminated from the beginning. Nevertheless, it 

seems to be worthwhile in any case to place the vertices in such a way 

that they bring about the structure of the symbolic expression for the 

corresponding integral. It appears that, when taken along any edge, the 

sum of the charges equals either zero, ± e or ± 2e. The values - e and 

- 2e actually arise in subgraphs representing conjugate Dirac branches. 

Explicit colored graphs will be exhibited later in chapters 3 and 4. 
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CHAPTER THREE 

EVALUATION OF ELECTROMAGNETIC GRAPHS 

3.1 Introduction 

In this chapter, the explicit evaluation of the basic null 

diagraIDs associated with the elementary electromagnetic contributions 

is presented. It will be seen that , in the case of the fields, the 

configurations shown in Figs.2 and 3 turn out to be "reduced " because 

of the presence of !J. -functions in the solutions of the FDE (2.32), 
1 

(2.34) and (2.35). For the corresponding potential densities, however, 

the null-loop pattern of the underlying configurations is retained 

since the solutions of (2.33), (2.36) and (2.37) all involve step 

functions for the relevant spotted vertices . One important feature of 

the solutions of the electromagnetic FDE is the correspondence between 

the handedness of the field densities and that of the datum spots with 

respect to phich the !J. -functions are defined. This feature appears, in 
1 

turn, to be intimately related to the structure of the flag poles 

entering into the solutions for the corresponding potential densities. 

In the particular case of the null configurations of Fig.3, these 

latter densities appear as sums of suitably contracted first 

derivatives of appropriate spinors, which are identitifed with the 

gradient of certain (scalar) functions whose definition comes directly 

from the structures of the !RIM-patterns. Such facts entail a remarkably 

simple form of the colored trees associated with the integral 

expressions. The basic procedure for solving the density equations was 
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used earlier for treating pure Dirac fields [4-6J. Essentially, it is 

equivalent to working out the geometric relations for each basic 

configuration. Section 3.2 deals with the construction of the integrals 

for the fields. In Sec .3.3, the integral expressions for the potentials 

are presented. Henceforth a distribution of "degree" k defined with the 
, R 

origin displaced to some point RAA will be denoted by ll.k(x) , 

3.2 Field Integrals 

As was pointed out previously, the SI solutions of the free 

FDE (2.32) constitute the standard distr ibutional splitting of the KAP-

integrals for fields of spin ± 1. These are given by [3,5,6,17J 
M 

o 1 K K A MC 
<L (M);¢AD (X» = 2n °AOB ll. 1 (X)~1_¢Lo(0 ;M), (3.1) 

o 1 - - M A - -c ' 
<R (M);B , , (x» = ;::;-- ° ,0 , ll. (x)n ¢Ro(o ;H). (3.2) 

A B L,rt ICA KD 1 M1+ M 

To see how the above solutions actually arise, one has first to derive 

the expressions for the derivatives of the spinors and affine 

parameters involved in Fig.2. We have, in effect, 

AA' AA ' MA-A' KA-A' 
x =M +r 00 +r 00 

MR M RX K 
(3.3) 

AA' fdA-A' 
with H and the flag pole ° ° being both held fixed. Thus, 

M 

differentiating (3.3) and making suitable contractions, we obtain the 

simple r e lations 

x 
\l ~ = 

AA' B 
1 K - M 

--"'--- 0 A~A' 0 B ' , 

x x 
\l r = 

AA' MR 

1 K­-,,;;:,..,.- ° Af<A' , \l AA' r RX = 
z Z 

M M 

(3.4) 

1 M-
--=-- 0 A~A' , (3.5) 

together with the conjugate of (3.4). Hence, using the above relations 

and invoking the S1 distributional expression 

* The question concerning the convergence 

complete fields is not discussed "hare. 

f d to much open problem ",hich ",as 1'60 erre 

Yrlf>ntion, hO"'Dver, that thlS problem can be 

of the say"i.es gLVLng 

Thi.s sl i.ll constLtut6>S 

("he 

(lrl 

ear-her i.n Refs. r3,~J. "'e 
easi.ly treated by usi.ng 

the t.ecrn'")iqu9S provt.d(;td i.n Ref. f3!5J. of course, 

,,')',ich ",ould repay further- investi.gati.on. 

these are malters 
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X M 

'V , ll. (x) 
AA 1 

M 
K -= rOO !:J. (X) 

RX AKA' 2 

M 
1 M-

----"'--- 0 0 ,!:J. (x), 
AMA 1 

(3.6) 

we immediately arrive at Eqs.(2.32). The electromagnetic free-field 

contributions are then written as the conjugate KAP integrals 
1 ° 1 f x X A Me «L (H);¢AS(X)>> = 2IT 0 0 IT ¢LO(O ;M)9'<', 

A B M1- ~ 

o 
«R (1);8 , , (x)>> 

A B 

1 

U< 

1 - - ,,- -c' 1 = - J 0 0 IT A. 0(0 'M)9<: 
2IT XA' XB' M11-""R M ' ~ 

1 

0< 
1 1 

(3.7) 

(3.8) 

2 
where 'J( is an $I two-form on the space 0< ;::: S of null graphs that start 

AA' 
at 0 and terminate at x (see Ref. [17J). It should be stressed that 

the !:J.
1
-function occurring in (3.1) and (3.2) really implies a 

"reduction" of Fig.2 so as t k AA' . 'd o ma e x COInCl e 
~A' 

with .I\. 

corresponding graphical representations are depicted as follows 

° '--./ 0 " / «L (H);¢ (x)>> = U ,«R (H);8 , , (x)>> = •. 
AS 0 ABo 

The 

(3.9) 

There is an important geometric property of Fig.3 which 

AA' AA' 
arises immediately from the fact that the points N and P are held 

AA' 
fixed as x varies suitably. This property amolmts to stating that 

the (real) SI vector 

I
TAA ' 
~ = r NM 

ZA-A' 
o 0 z - r 

PM 

TA-A' 
o 0 

T 
(3.10) 

N -
remains constant. Upon transvection with 0A~A' , we get the scalar 

(3.11) 

which is referred to as the K-scalar for the configurations involved. 

This scalar quantity will play a significant role in Sec.3.3 and 

chapter 4. The explicit derivatives of the relevant spinors and affine 

parameters are given by 
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X 

'\7 ~A = 
~BB'''-' 

x 
'V BB,rNZ = 

X 

'V DD,rMZ = 

'V r . = BD' NM 

rpM Z - NA 
------------ 0 0 , 0 BTB 

1 

Z Z M M 

1 

Z Z 
M M 

1 

Z Z 
M M 

r NZ r T - PM 
{OB~B' + 

zNzN(rMZrMT - rNZrpT ) 
- NAT z-

+ C.C.] }, x [z (0 0 )0 0 , N A BTB 

r MZrpM T -
{OB~D ' + 

zNzN(rMZrMT - rNZrpT ) 
- NAT z-

C.C.] }, x [z (0 0 )0 0 • + N A BTB 

(3.12) 

(3 . 13) 

(3.14) 

(3.15) 

along with the conjugate of (3.12) and the r e lations obtained from 

those given above by interchanging N~P and Z~T. Notice that the 

piece involving a difference between products of parameters in the 

denominators is invariant under these interchanges. The entire set of 

expressions can be derived by differentiating the relations 

AA' AA' ZA-A' TA-A' AA' TA-A' ZA-A' 
X = N + roo + roo = P + roo + roo , (3 . 16 ) NZ Z ZX T PT T TX Z 

and making appropriate contractions. When deriving these expressions, 

it is convenient to use the trivial affine-parameter identities 

r r + r r == r r + r r == - ( r r - r r ) . NZ PM NM MT NM PT MZ PM MZ MT NZ PT 

To write out the middle blocks of Eqs. (2.34) and (2.35) explicitly, we 

use the KAP-splitting r e lations for the Dirac current densities 
N - + - Z Z A NB 

<L (N);lfI (x»<R (P);lP , (x» = e/4rr (0 .t::. (x)rr lfIL- ( O ;N» 
A A A i. N i./Z-

P , 
- A - -B 

X (0 .t::. (x)rr lIJ +(0 . P» TA' i. pi./2+ T R P' , 
_ + _ 2 _ N "" -8 ' 

<R ( N);x , (x»<L (P);X (x» = e/4rr (0 ,.t::. (x)rr XR- (o ;N» A A ZA i. N1/Z+ N 
P 

(3.17) 

T A - PH 
X (0 .t::. ( x )rr XL+(O ;P». (3 .18) A i. P1/Z-
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The procedure for obtaining the solution of the equation 

occurring in (2.34) that involves the left- handed field density is now 

developed. The solutions of the other FDE will then be achieved by 

making trivial replacements. In accordance with the general 

prescription given in Refs. [4-6], one seeks a solution of the form 
N P 

- + <L (N)R (P);¢ (x» = c< (1.6..(x).6.kCx) 
AB A B J 

" NC A - -C' x rr lJJ -Co 'N)rr l/J +(0 . P) 
N1/z-TL 'P1/z+ T R p' , 

(3.19) 

where c< and (1 are spinors to be determined along with j and k. Thus, 
A B . X 

BA' 
operating on (3.19) with 'I and making use of the generalized SI 

derivative 
X ,N 
'IBA .6.. (x) 

J 

ZB_A,N 
= roo b. l(x) 

NZ Z J+ 

j TB_A,N 
o 0 .6. .(x), 

T J 
(3.20) 

together with the expression that arises from applying the NP-ZT 

interchange rule to (3.20), we obtain after some calculations 
r

NZ 
C<A(1B = A ~ A ~B' A = 2~ -z---:Cc-r--r-----r--r-7') , j=l, k=O. 

M MZ MT NZ PT 

Hence the solution sought is uniquely given by 
N P 

<L-(N)R+CP);¢ (x» = - 2 e 5 5 .6. (x).6. (x) 
AB rrz r A B i 0 

M PM 

A NC '" - -e' x IT l/J -(0 'N)IT lIJ +(0 . P) 
Ni/Z_TL 'P1/z+ T R P' , 

provided that 

N P 

(3.21) 

(3.22) 

(3.23) 

In fact, the terms involving .6.
1
(x) and .6.o (x) cancel when (3.22) is 

inserted into the density equation under consideration, the remaining 

t erms thus reinstating the relevant right- hand side. The field 

contribution is then symbolically expressed as 
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- + J - + - - + + « L (N)R (P);¢ (x)>> = <L (N)R (P);¢ (X».6. A 0 A.6. A 0 ,(3.24) 
AB AB -x -N -xx -P 

[£ 
L 

where the charged .6.- forms are those associated with the contributions 

of the spotted vertices occurring in the configurations that give rise 

to the formation of the current spots. The O-forms are associated with 

AA' AA' 
the explicit contributions emanating from N and P . These latter 

forms are SI volume forms of the type 
dr w 

o = HW A .Y 
~w r ~ , (3.25) 

H'''' 
where the affine parameter involved lies on the generator of the future 

AA' null cone of an appropriate vertex H that appears in the underlying 
W 

configuration, and .:c stands for the SI element of two-surface area of 
- + .~A' 

the (space-like) intersection between ~ and ~ , with y denoting a 
Y H 
AA' AA' 

suitable point lying to the future of N or P (see Ref. [6]). The 

integration is taken over the space [£L of structures of the type shown 

in Fig.8a. Once again, we see clearly that the former calculational 

structure (Fig.3a) is "reduced" because of the presence of the 
N 

.6.1 - function. Thus for (3.24) we have the graph 

- + «L (N)R (P);¢ (x)>> = 
AB 

1 
I ­

I 

(3.26) 

It is evident that the relevant (typical) structure associated with the 

internal line occurring in the above graph is -e/2n. When worked out 
z r 

M PM 

explicitly, the prescription yielding (3.22) shows us that the solution 

for the right-handed density involved in Eg.(2.34) can be obtained from 

(3.22) by first applying the NP-ZT interchange rule to the 

distributions, replacing the explicit ~ A-sp inors by ~A' ~B" and then 
AA' 

taking a complex conjugation of the inner product at t1 ,the overall 
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sign being a l so changed. We thus have 
P N 

- + e --
<L ( N)R (p);e A' D' (x» = - _-=----- !i?A' !i?B' A~(x)ll.o(x) 

2rrz r 
M NM 

A NC A - -C' 

x ~~/2_~L-(O ;N)~~/2+~R+(~ ;P), (3.27) 

whence the corresponding contribution is written as 

« L- (N)R+(p);e A' D' (x)>> = f<C(N)R+(p);e A' B' (x»~;---9~""~;I---9;, (3.28) 
[£ 

R 

with the integral taken over the space of null configurations of the 

type exhibited in Fig.8b . The corresponding colored-graph 

representation is then given by 

- + 
«L (N)R (P);8 A' B' (x)>> = ~~~o "'" / -~ •. ~~~ 

I + I ~ 
(3.29) 

I 

To the FDE (2.35) with the current density (3.18), the 

standard prescription yields the solutions 
P N 

- + e 
<R (N)L (P); ¢ AD (x» = 2rrz r 

M NM 

T T 
o 0 ll. (X)A (x) 

A D ~ 0 

A -c' A - PC 
X rr XR- ( 0 ; N )rr XLT ( 0 ; p ) , 

N~/2+ N P~/2-
(3.30) 

N P 
- + e --<R (N)L (P);8 , , (x» = - --''--- 0 ,0 ,t::. (x)t::. (x) 

A D - ZA ZB ~ 0 2rrz r 
M PM 

A -c' A - PC 
x ~i/2+XR-(S ;N)~t/2_XLT(O ;P), (3.31) 

the associated SI field integrals thus being 

«R-( N)L+(P);¢ (x)>> = f<R-(N)L+(P);¢ (x»o-AO-"o+ AO+, 
AD AB ~I ~N ~II ~P 

(3.32) 

~ 
L 

«R-(N)L+(P);8 , , (x)>> =f<R-(N)L+(P);8 , , (x»O-AO-AO+ AO+. (3.33) 
A BAD ~I ~N ~II ~P 

Notice that the latter integrands can be constructed from (3.22) and 

(3.27) by using the NP-ZT rule ru1d supplying the ~-data. The 

configurations which are relevant for the integrations are depicted in 

40 



Figs . 8c and Bd. Accordingly, a simple white- black interchange rule 

yields the graphical representations 

- + 
«R (N )L (P);¢ (x)>> = 

AB 

- + 
« R (N)L (P);8 , , (x)>> = 

A B 
~~~o "".~~ 

1+ - I 1 

I I 

(3.34) 

(3.35) 

The differential forms entering explicitly into (3.32) and (3.33) bear 

essentially the same mean ing as in (3.24) and (3.28). It should be 

emphasized at this stage that the D.
1
-function "reduction" yielding the 

AA' 
patterns of Fig.8 implies in each case the identification of x with 

AA' AA' 
either Z or T . 

R+~~ L- R+.~ L 

E ~..../E E ~ /E 
R()U L RUC) L 

(a) (b) ( c ) (d) 

Figure 8 

Hinkowski l.'U1 configu:t'p.tions involved in the integrations for the 

basic electromagnetic- field contributions prcxJuced by current 

pieces. The loops denote the br8J7ches that give rise to the 

formation of the current datum spots: (a) 8J7d (0) struotures for 

left-handeti fields/ (b) and (d) struotures for l'ight-htmded 

fields. 
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3.3 Potential Integrals 

Upon working out the prescription for deriving the basic 

potential densities, one has to solve simultaneously the equations that 

enter into each of the pairs of FDE (2.33), (2.36) and (2.37). The 

exp licit form of Eqs.(2.33) is achieved by simply using the fie ld 

dens ities (3.1) and (3.2). We thus have 
}{ 0 A' 
'V I <L (H);~ (x» 

AA B 

1 K K M '" M C = -2- 0 0 l:;. (x)IT ¢Lo(o ;H), 
IT A B 1 M1-

(3.36) 

M , 
1 - - '" - -C = -2 0, 0 ~ (x)rr ¢RO(O jM). 
IT KA KB 1 M1+ M 

(3 .37) 

It follows that, invoking the basic procedure of which we made use 1n 

the preceeding section and using the formulae (3.4)-3.6 ), we obtain the 

expression 
M 

o 
<L (H); ~ I ( x) > = 

AA 
1 [----=1,,--

2IT 

Je - A MC 
l:;. (x)o 0 ,IT ¢Lo(o ;M) + C.C.] o AMA M1-

° = <R (M)jq; ,(x». 
AA 

(3.38) 

This is the real ("zero-order") potential density referred to before. 

Notice that it can be re-expressed as 

o 
<L (H);~ ,(x» 

AA 

1 M JeD X Je = -2 [l:;. (x)o 'V ,0 
IT 0 AA B 

° = <R (M);~ , (x». 
AA 

The corresponding SI integral is written as 

A MC 
IT ¢LO(O ;M) + C.C.] 
M1-

(3.39) 

o f 0 ° ° « L (M);~ I (x)>> = <ge (H);~ I (x»O = «R (M);~ ,(x)>>,(3.40) 
AA AA ~M AA 

~:5 

where the l etter iJe stands for either L or R, and the configuration over 

which the integral is taken is that shown in Fig.9 . It should be 

emphasized, also, that the presence of the step function does not 

entail any collapse of the null loop of Fig.2. The corresponding 

graphical representation is thus depicted as follows 
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o 0 I 0 
« L (M); 1i AA I (X)>> = ey.~~ 

I 
o I 0 0 

+ ~~~~ = «R (M) ;1i , (X)>> . 
I AA 

(3 .41 ) 

Recall that, for the potential contribution just calculated, it is 

convenient to use the upper-low~r end-vertex convention. In fact, the 

conjugate graphical pieces can be easily constructed from one another 

by reflecting the lines in the vertical that "contains" the "interface" 

between the two colored parts, keeping the vertex fixed. 

To calculate the potential density that enters into the pair of 

FDE (2.36), it is convenient (but not strictly necessary) to use the 

whole expression for ex. (3 as given by (3.21) in conjunction with the 
A B 

one associated with the right-handed field density (3.27). Thus, Eqs. 

(2.36) take the explicit form 

x _ + A' 

'V AA I <L (N)R (P);g? Hex» = e 
2IT z (r r - r r 

M MZ MT NZ PT) 

Z Z 
--~----------------- 0 0 

A B 

A NC A - -c' 
x IT lIJ - (0 ' N)n: lIJ +(0 ' P) 

N1/Z-TL 'P1/Z+ TR p' , 
(3.42) 

Figure 9 

Five-edge null configuration involved in the integl'ation of' the 

real potential density. The presence of' an overa.ll step function 

in the whole integrand does not entail any collapse of the null 

loop. 
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and 
P N 

X + r PTbt (x)bo (x) _ 
VAl\.' <L-(N)R (l?);':P;, (x» =-~ _ ~A'!?B' 

2IT z (r r - r r 
M MZ MT NZ PT ) 

A. Ne A. - -e' 
x IT 1jJL- (O ;N)IT YJR+(O ;l?). 

N1/Z- Pl/ZT P 
(3.43) 

Therefore, when replaced into (3.42) and (3.43), a common solution of 

the form 
P N 

- + 
<L (N)R (l?);<f AA' (x» = J..1 (ATJ/\, .6/x).6k ( x) 

A. Ne A. - -e' 
x rr 111 -(0 'N)rr 1jJ +(0 'l?) 

Nl/Z- "-L 'r l/ZT R P' , 
(3.44) 

l eads us uniquely to 

J..1 = - e (3.45) 
2rr 

where the relation (3 .20) and its "ZT-dual" have been used. It follows 

that the pertinent potential contribution is written as 

with the (SI) density involved being exPlicit ly given by 
P N 

Z -
o 0 ,.6 ( x).6 ( x ) _ __e_ _ ____ A ___ T_A ___ O ______ o ____ ___ 

2rr 

A. Ne" - -e' 
x rr 1jJL- (o ;N)rr 1jJR+(o ;l?). 

Nl/Z- rl/Z~ p 
(3.47) 

The integral (3.46) is taken over the space ~ - of null patterns of the 
1jJlfJ 

type shown in Fig. lOa, its graphical representation being 

- + "'--T/ « L (N)R (P' · ip ( x ) >> = ~~~'o~~~~ 
I' AA' 0 I I 0 

(3.48 ) 

Thus, f or the struc ture (3.48), the internal line represents the factor 

-e/2rr2 z (r r - r r ). In verifying that (3.47) does indeed 
M. M MZ MT NZ PT 

satisfy Egs . (3.42 ) and (3.43 ), one can make use of the relations 
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X 

VAA , [ zM~M(rMZrMT 

and 

x , P N 

'V [ ~AOA ~O(X)!:.O ( x)] 
BD ' T 

x 

= 
Z -

( r 0 0 
NM AZA' 

N P 
Z -+ [r 0 0 ,!:. ( x)!:. ( x) 

NZ BZB.1 0 

f' N , 
T - ZA -A + rOO ,!:. (x)!:. (x)] 0 0 

PT BTH:1 0 T 
(3,50) 

which imply that 

L 

(a) (b) 

Figure 10 

Configurations involved in the explicit integral eX/.::>ressions for 

the potential dens ities produced by elementary current densities . 

The fact that the integrands carry only the step functions for the 

points at which the datum spots are centred implies the 

preser~~tion of the structures associated with the patterns of the 

former calculational devices . The loops have the s8.JtJe meaning 8S 

be fore,' (a): structure involving a lfllj- CUl'l'ent piece,' (b) structure 

involving a 'XX-CL11Tent piece . 
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x 
- + 

'V ,<L (N)R (P);~ ,(x» = BS AA 
e 

2rr 

Z -
N P Z r NM

o Aj;A' 
{D. (x)D. (x)[ (_M ___ _ 

o 0 

A NC A - -c' 
P N rr 1f' - (0 'N)rr 1f' +(0 'P) 

T - Z - Nj./2- L 'Pj./2+ R P , + roo I D. (x)D. (X)] 0 0 ,} ----=-------~---- . (3.51) 
PT BTB 1. 0 AT" - 2 

[ZMZM ( r MZrMT - rNZrpT )] 

Consequently, making suitable contractions over the indices AS and 

A' 8', yields the expressions (3.22) and (3.27) along with the 

- + divergencelessness of <L (N)R (P);~AA' (x». It should be pointed out 

that the dens ities (3.22), (3.27) and (3.47) differ by an overall sign 

from those exhibited in Penrose & Rindler [3] . This is due only to the 

choice of sign convention involved in the definition of the inner 

products at MAA I • 

There is another property of the configurations shown in 

Fig.3 which gives rise to an important alternative expression for the 

potential density (3.47). The property in question is that the SI 

quanti ty z z r r remains constant Hhen the relevant integration is 
Iv( M PM NM 

performed. A simple way of seeing this is to invoke the formulae 

(3.12)-(3.15) together with their (Z~T)-counterparts. This procedure 

yields the formal relations 
x 
\/ AA I (log ( ZM r PM») = 

X 

\/ AA I (log( ZM r NM») = 

x 

1 

Z Z M M 

1 

Z Z 
Iv( Iv( 

x x , 
- T 

\/ 
ZD - -B (z 0 AA'O + Z 0 \/ 0 ) M B MZB' AA'T ' (3.52) 

x ,x 
(ZM 6°\/ Z -B 

AA, oB + Z 0 \/ AA' ~B' ), MZ (3.53) 

whence \/ I (log(z Z r r ») = O. Thus, the density (3.47) reduces to AA M M PM NM 
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N P 

- + e 
<L (N)R (P);iJ.i AA' (x» = - 2rr 

Z Z ~ (x)~ ( x ) x 
1'.1 P 0 0 
---K---- 9 AA' (log(ZMrpM» 

A NC A - - c' 
X rr l/J - (0 ·N)rr l// +(0 ·P) (3.54) 

Ni/2-TL 'Pi/2+T R P' , 

where K is the scalar quantity defined in (3.11). Similar calculations 

show us that the potential density produced by a - + (R L )-current piece 

(see Eqs.(2.37» can be directly obtained from (3.54) by replacing the 

n-data and taking a complex conjugation of the remaining factor. Using 

(3.52) and (3.53), we thus get 
N P 

Z Z ~ (x)~ (x) - + e PNO 0 
<R (N)L (P);iP AA' (x» = 2rr ------- 'V AA' (log(~rNM» 

K 
A -c' A - PC 

X rr -v -(0 ·N)rr -v +(0 ·P). (3.55) 
N1/Z+A.R N' P1/z-A.L ' 

Therefore, the SI integral for the contribution corresponding to this 

latter density is written as 

«R-(N)L+(P);iP ,(x)>> = I <R-(N)L+(P);iP ,(x»cS-;-,o-AcS+ A(/, (3.56) 
AA AA ~ I NN NIl ~P 

~ 
XX 

with the integration being taken over the space of null patterns of the 

form shown in Fig . lOb. For the graphical structure associated with 

(3.56), we have 

(3.57) 
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CHAPTER FOUR 

ELECTROMAGNETIC SCATTERING OF DIRAC FIELDS 

4.1 Introduction 

This cflapter is concerned with the evaluation of the null 

configurations that describe the processes of electromagnetic 

scattering of Dirac fields. The relevant prescriptions are based upon 

the fact that, whenever the structures for the basic potential 

densities are coupled with the branches corresponding to the KAP­

splitting of incoming Dirac fields, all the density equations 

associated with the former configurations remain formally unaffected. 

This fact allows one to carry out the actual calculation of the 

diagrams shown in Figs.5 and 6 in a systematic way. The coupling 

prescriptions involve modifying the (complex) potential flag poles in 

such a way that the blocks carried by the right-hand side of each of 

the equations governir~ the prop~.gation of Dirac densities in regions 

with potential are " ann ihila ted" if the handedness of the 

electromagnetic-field branch involved is different from that of the 

relevant incolning field. Thus, an incoming field of one handedness 

contributes a spinor to the modified potential kernels which carries 

the other handedness, but the "strong" relations (3 .39 ), (3.54) and 

(3 .55) still hold, with the formal labels Z and T carried by (3.52) and 

(3.53) being replaced by R and K, respectively. In the case of Fig.5, 

in particular, either of the incoming fields then picks out the piece 

of the real potential density that involves the electromagnetic datum 
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of the same handedness as that of the associated incoming density. 

Accordingly, each configuration of Fig.6 involves a Maxwell-field 

structure that possesses the same handedness as that of the 

corresponding incomig field. The spinor that emanates from the current 

spot carrying the other handedness becomes a "dummy" in the sense that 

it is taken over by one of the spinors involved in the incoming flag 

. . . 
pole. The former spmor 1S the one whose flag pole lies on the main 

plane of the "dual" conL ...,-iration, the structures of either pair having 

to be dealt with in this way. In any case, the standard potential 

kernel is brought back when the incoming Dirac branch is dropped from 

the relevant structure. For Fig.6, the main planes of each pair of 

"dual" configurations coincide, the NP-ZT interchange rule that emerges 

from the evaluation of Fig.3 appearing merely as an NP-RK rule. This 

feature of the [R{Jl-d iagrams comes from the t¥aVe equations for the Dirac 

densities exhibited in chapter 2. 

The explicit expressions for the HID for the scattering 

processes naturally a.rise froln the solutions of the relevant FDE. The 

distributional structure of the solutions of the FDE as provided by 

PenrGse & Rindler [3J will be used here. Each of these solutions 

carries two pieces which appear as a phase-shift and a scattering 

distributional term. Both of these terms vanish when the respective 

incoming field propagates far away from the scatterer branch. Due to 

this circumstance, each incoming field propagates as if it were free. 

All the phase-shift ternlS involve step funotions for the scatterer 

spots along with ~ -functions for the spots from which the incoming 
t 

fields emanate. Each of these pieces also carries a scalar function 

49 



multiplied by the spinor involved in the KAP-splitting of the incoming 

+ 
field . The phase-shift scalar functions appear to be constant on ~D and 

+ 'e
B 

with respect to those derivative operators which are defined in the 

direction of the propagation of the incoming densities. Such functions 

playa significant role in the determination of the null data for the 

proce~lses in that they contribute pieces of elementary data which 

couple suitably with those coming directly from the right-hand sides of 

the FDE, thereby leading to llseful (non-vanishing) scattering ;i-data. 

Each scattering term involves only the product of a massless free 

charged spin ± 1/2 field ,·Ii th the step functions for the spotted points 

of the corresponding configuration. These "electron neutrinos" are 

required to satisfy certain specific relations set upon the future null 

cones of the spots involved in the scatterer branches. 

The rganization of the chaptar is as follows . In Sec.4 . 2, 

the calculation of the diagrams of Fig.5 is carried out. The 

structures of Fig. 6 are evaluated in Sec.4. 3. The procedures for 

calculating explicitly just one pattern of each of the figures are 

completed. The integral expressions for the other patterns will then be 

constructed on the basis of simple ir.terchange and conjuga.tion rules. 

Host of the relations involving the derivo.ti"\'es . of the spinors and 

affine parameters occurring in the structures under cO:1sideration can 

be obtained from those associated Hith Fig.3 by making trivial 

replacements. For this reason, the entire set of formu lae that arise 

from the geometric properties of the scattering diagrams will not be 

written out explicitly. 
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o 0 
4.2 Scattering by <L (M);~AA'(x» and <R (M);~AA'(x» 

In order to write down the explicit right-hand sides of the 

FDE (2.38) and (2.39), we first have to replace the complex vector 

kernel s and inner products that enter into the derivatives of Eq.(3.39) 

by those for Fig.5. The corresponding modification of the formulae 

(3. 12)-(3 .15) amounts simply to replacing N,Z,P,T by H,K,D,S, 

respectively. Thus , using the relations for the latter null structures 

(see (3.49» 
x XA'K 1 'V (~L 

L) 
KL J( 

= 0, 'V 0 = 2 e 0 0 0 
AA' D AD x L 

(4.1a) 

X x 
1 'V (~L 'VA ~ ) J(L K 

0, = 2 e 
A ' 

,0 0 0 = AA' D' L D x L 
(4.1b) 

a long with their conjugates, we obtain the density equation 
x M x 

o A' 1 J( - J(L .-.A' J( A MC 
'VAA, <L (H);~D (X»=2i!'\(x)rMI<°A~A '(0 VB 0L)~l_¢LO(O ;M),(4 . 2) 

together with the one that involves the right-handed electromagnetic 

datum. Hence, the expressions for the electromagnetic field densities 

that emerge from the SI distributional splitting of the free 

+ contributions hold on 'eM' It is worth emphasizing that the datum spots 

producing the incoming Dirac densities do not contribute at all to the 

integra l expressions for the Maxwell quantities that enter into Egs. 

(2. 33). Thus , the Dirac branches of Fig.5 cease to play any role when 

the e lectromagnetic integrals are actually performed. It follows that 

Egs. (2 .38) and (2.39) can be re-wri tten as 

X J\A' _ 0 

'V <L (O)L (H);V' A (x» = 

M D -A ' 

1
· e z r 1:. (x)1:. (X)O 

Tn Dm 0 1 S 

4rr2 ( ) 2m rDmr MK + rmSrMm 

A MC A DM 
X rr ¢LO ( 0 ; M )rr V'L- ( 0 ; D ) , 

Ml- Dl/2-
(4 .3 ) 
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M 0 

X AA , - ° 
'V <R (D)R (M);XA,(X» = 

- SA 

l
'e Z r /:;. ( X)/:;. (x)o 

m Om ° i. 

A - - e' A - )4 ' 
X H cPRO ( 0 ; M )rr XR- ( 0 j D) . 

M1.+ M 01/2+ 0 
(4.4) 

The standard pattern of the solution of Eq.(4.3) is given by 
10{ 0 

- ° - ° <L (D)L (M);~A (X» = <L (D)L (M);rr
A
(x»bo (x)b

1
(x) 

'" 0 - ° + <L (D)L (M);,JP (x»~ (x)t. (x). 
A ° ° 

(4.5) 

In (4.5), the first term on the right-hend side constitutes the $I 

density of phase-shift tha.t occurs due to the presence of the potential 

density in (2.38). Its bracked piece is explicitly written here as the 

SI expression 
- 0 S A Me A O N 

<L (D)L CM);rr (x» = U(x)o rr ¢LO(O jli)rr V'L-(O ;0), 
A A t..(1- IH./Z-

(4.6) 

where U(x) i s a well -behaved scal ar function of the type {0,2;0,G}, the 
J( 

relevant rescaling actin.~ on the 0 - spinors (see (4 . 10) below) . The 
A 

bracked piece of the second term is a massless free-field density of 

spin - 1/2 which actually describes the propagation of the outgoing 

field. By definition, this latter term satisfies the following relation 

on ~+ 
H 

- 0 J(A 
<L (D)L (l1);,JP (x»o = 0. 

A 
(4.7) 

Thus, replacing (4.5) into (4.3), and using the S1 pattern of the 

express ions f or the derivatives of the distributions together with 

(4.7) and the massless-free property 
}{ , 
\7/</\ - 0 

<L (O)L (M);Y (x» = 0, 
A 

yields the "reduced" scalar function at SA-A 

, 

= 

- ° SA <L (D)L (l1);f' (S»o 
A 

'" Me '" DM 
Z rr ¢Lo(o ;M)rr lI'L-(o ;D) m Mj.- 0 1/2-

z r r 
m Mm os 
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along with the "strong" requirement (see a l so (4.34» 

S "'AA ' 
o A 9 U(x) = - U(x) 

ie 
+ 

-A' 
r r 0 

Om mK K 

-A' 
Z r 0 

m mSS 
(4.10) 

Hence, the function U(x) is constant on 'e; with respect to D/Dr = 
DS 

X 
SA-A' 
o ~ 9 AA' whence a suitable displacement of the "reduced" form of 

Fig.5a leads to 
;J ar U(x) = 0. (4.11) 

DS 

It is of some interest to re-define the phase-shift function 

as U(x) = W(x). with W(x) s3.tisfying (.4.11). In this connection, it 
2 r . 

m Mm 

should be noticed that the quantity z r 
m M m 

is also constant along 

generators of 'e+. In fact, the latter form exhibits the desirable o 

behaviour of (4.6). The phase-shift integral is therefore written as 
M 0 

«L-(D)Lo(H);IT (x)>> = J<L-(D)Lo(H)jIT (x»t. (x)t. (x)Oo AW-rAO-, (4.12) 
A A ° 1 ~M N ND 

:J> 
L 

which is t3J{en over the space:P of null patterns of the type shown in 
L 

Fig. 1113.. Its graphical representation is depicted a.s 

- 0 0 1-
« L (D)L (H)'IT (x» ) = ~NNO=--ONNN 

, A 0 I 1 ' 
(4.13) 

with the internal line thus denoting the whole U- function. The scalar 

function (4.8) is 

scattering process 
r S 

1i = os {ID 
S1 / 2- 2 

S 

the {l,O;O,O}-null datum at S 
AA' 

for the 

'" controlled by Eq. (2.38). Now, using the IT-operator 

+ l } 
r ' os 

(4.14) 

SAX 
and setting 2s=0 0A' we obtain the {O,-l;O,O}-datum for the process 
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- 0 -« L (D)L (M)L (5»> - ie 
2 4rr 

A Me A DM 
Z rr ¢LO(O ;M)rr ~L-(O ;D) m M1 - D1/2 -

z z r r 
m S M m DS 

Consequently, the relevant scattering integral becomes 

(4.15) 

(4.16) 
AA' 

with 9( being the KAP-form at 5 ,and the space LL of null structures 
~s 

over which the integration is to be performed consistiJ"lg of 

configurations of the type exhibited in Fig.11b. Graphically, for 

(4.16), we have 

- 0 -
« L (D)L (M)L (5);.>" (x)>> 

A 

1- 0 ~~~ - 0 = o-{)- - --o~~~, 
I 

(4.17) 

I 

with the internal solid line representing the entire inner-product 

affine-parameter block carried explicitly by (4.15). 

( a) (b) 

Fi. gure 11 

Nun patterns involved in the evaluation of the elementary 

contribution arising from the interaction between an incoming l e ft-

handed Di~'ac field density aJ1d the real potential density. The loop 

denotes the lRfM-pattern involved .in the formation of the Dirac spot 

pl'oduc.ing the incolll.ing density: (a) phase-shift/ (b) sC8ttel'ing. 
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The contributions associated with the entire solution of Eq. 

(2.39) can be readily constructed from those obtained above by first 

replacing the relevant null data, and then taking a complex conjugation 

of the inner products appearing explicitly in (4.15) . This result 

amounts to changing the co lor of the vertices carried by the graphs 

(4.13) 8nd 0. l7). Thus, t he corresponding ph8.se-shift expression is 

depicted as 

- ° « R (O)R (H);n
A

, (x) >> = (4.18) 

and the scattering integra l 8S 

- ° -«R (D)R (1)R (S);5 , (x)>> 
A 

1- 0 ~~~ - ° = &----e- - -~~~~ , 

I 
(4 . 19 ) 

with the ~-clatum involved in the latter structure be ing 
A - -c ' A -M ' 

Z IT A-. 0(0 'H)IT )' - (0 '0) 
« R-CO)Ro( M)R-(S)>> = ie Trl Mh

Y
[{ M' D1/2 1" R D ' • (4.20) 

2 
4 .... r z z r r 

in S r\~m DS 

The configurations for the integrals represented by (4 . 18) and (4 .19) 

are shmm in Fig. 12. 
" 

"'$ R 

/ 

.-~A~ -A 0 0 

R ~O / e R R 

'0/ 
gIt 9 R 

(a.) (b) 

Figure 12 

Nun patterns invo1lTeJ in the eva1ua.tion of' the ele1flentru-y 

contribuUon arising from the interaction between an incoming 

rig'ht- h8fJded Dirac field densi ty and the real po ten till 1 densi ty. 

The loop denotes the undel'lyin,g configura.tion g R tha.t gives rise to 

the formation of the Dira.c spot,' ( a ) phase-shift; (b) scattering. 
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4.3 Scattering by Higher - Order Elementary Potentials 

We have seen that the colored graphs representing the 

scattering terms that come from the evaluation of Fig.5 do not involve 

any splitting of the null data for the processes. This feature comes 

from the fa.ct t hat each of the scatterer structures partaking of the 

processes carries only a single spotted vertex. Thus, as the situation 

stands, the graphs do not C8.rry any specific information concerning the 

individual pieces of the re l evant null data. We shall now see that the 

graphs associated with the scattering pieces of the elementary 

contributions arising from the calculation of Fig.6 bring out naturally 

such a splitting of the null data. In accordance with this latter fact, 

t he internal solid lines that join the (colored) vertices corresponding 

to the current spots appear as the contributions of the scatterer 

branches to the inner-product affine-parameter structures occurring in 

the scattering data, Hhile the contributions due to the incoming 

branches 8.re carried by the internal solid lines that connect the 

current blocks and the colored vertices associated with the KAP-fornls . 

The pattern of t he explicit distributional statements coming into play 

here is the same as that of the structures used in the previous 

section, but each piece of the solutions of the FDE now involves three 

distributions. 

Only the calculation of the [R[t1-structure associated with 

Eg.(2.42) will be explicitly carried out, but it is convenient to 

intrcx:luce the inner products for the confieurations associated with 

Egs.(2.43)-(2.45). He have 

NAR PAK RAK 
2N = 0 0 A' Zp = 0 0 A' 2m = 0 0 A' (4.21a) 
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RA~ B A G K AG 
= 0 0 A J Z B = 0 0 A' Zo = 0 0 A ' (4.21b) 

a l ong wi t h t heir conjugates. At t his stage all the procedures r est 

crucially upon t he fact that statements of the type (4.1) involving the 

basis spinors of Fig.6 are also true. The relevant K- scalar is readily 

obtained from that for Fig .3 by replacing the labels Z and T by R and 

AA' RA-A' LA-A' 
K, respectively, but the SI real vector Q = r

NF
o i? - r

OF
o ~ is 

also held fixed as X
AA

' varies in a suitable way. For the relations 

defining the position of X
AA

' , we have 
AA' AA' RA-A' ~A-A' 

X = N + r 0 0 + r 0 ~ NR R RX 
(4 .22a) 

AA' AA' KA-A' RA-A' LA-A' 
X = P + r 0 0 + r 0 0 + r

RX 
0 ~ I'm K mR R 

(4.22b) 

AA' AA' LA-A' RA - A' 
X = D + rD~o ~ + r~x 0 0 

R 
(4.22c) 

Thus, differentiating out (4.22) and making appropriate contractions, 

we derive the relations 

x 
\/ ~B _ 

A. A ' 

x r r 
\/ r 

AA' Pm 
= C Nm DF) 

Z Z 
m m 

x r r 
\/ C. Nm _DF) 

A.A,rNm = 
z Z 

m m 

(4.23) 

- -B ' - R-
Z Z Z (0 0,)0 a , + C. C. 

[ P F m R PB ALA ] (4.24) 
Z Z Z z (r r + r r ) 
l' F P F NF O~ FR OF 

- -B' - ..,-
Z Z Z (0 0,)0 0 ,+ C.C. 

[ N m_F_K NB ARA ] (4.25) 
Z Z Z z (r r + r r ) 

N F N F NF OL FR OF 

together with the conj ugate of (4.23) and those expressions which can 

be obtained from (3.12)-(3.15) by making the replacement NZMPT~ 

NRFD2:. It should be noticed that, as regards (4.24) and (4.25), the NP-

RK interchange rule applies only to the spin inner products. This is 

RA-A'KA-A' 
because the standard flag poles {o 0 ,0 0 } actually enter into the 

K R 

picture only when the null patterns of either pair of "dual" 

configurations are appropriately combined together. 
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To write out the explicit right-hand side of Eq.(2.42), one 

has first to re-instate the expression (3.22) by adapting the pattern 

of either of the potential densities (3.47) and (3.54) to the situation 

depicted in Fig. 6a. This task can be easily carried out by taking the 

derivative of the S1 vector associated with the K-scalar for the 

configuration in question as well as suitably contracted second 

RA -A' derivatives of 0 and 0 . Thus, making use of the derivative relations 
K 

arising from (4.22), after some manipulations we obtain the statements 

and 

Z 
m 

Z 
m 

x x" x x , 
( 'V - )(,\/A -M ) + ('V ~ )('VA ~M) 

AA,i?M' B ~ AA'1>I B 

K X XA'RM 

o 'V , [ 'V JO 1 = 0 = - e 
K RM 

M A A B 2 AB 
o 0 0 

M x 

x x" 1 -101' o 'V 'VA OM = 0 = -- COD 0 
RM' A' [A B JK 2 AD RU' xl< 

(4.27) 

(4.28) 

Hence, invoking the mcx:!ified RK-version of (3.52), we get the equations 
x x A ' 

'V , [ 'V ]OOg(z r ») = 0 ~ 0 (log(z r ») = 0, (4.29) 
A A B m Pm x m Pm 

X 

which, when combined with" , X (x)=O on <e+, yield the SI statement 
AA 0 1'1 

N P 

X _ + A' b(x)b ( x) 
"AA' <L (N)R (P)j~B (x» = - 2~ ~A~B 1 Z r

O 

m Pm 
A NC A - -U' 

X IT lfJL- (0 ; N)11 lfJRT (0 ; P) . 
1'11/2- P1/ZT P 

(4.30) 

We have therefore been led to the solution (3.22). It turns out that 

Eq.(2.42) takes the explicit form 

'V 

J""'AA' _ + _ 
'V <L (O)R (P)L (N);1fJ A (x» = 

N P D -A' 

iez zFrDF~O(x)~O(x)~1(x)r 
- --

4112 ZmZFrpm(rNFrDL + rFRrDF ) 

A NC A - -N ' '" DC 
>< 11 1fJ -(0 'N)11 lJl +(0 'P)1T lJJ - (0 '0) (4.31) 

N1/Z- L 'P1/2+ T R p , 01/2- TL ,. 
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Now, replacing into (4.31) the expression 
N P D 

- + - - + -
<L (D)R (P)L (N);r (x» = <L (D)R (P)L (N);~ (X»~O(X)~O(X)A1(X) 

A A 

N P D 

+ <L-(D)R+(P)L-(N);~A(X»bo(x)bo(x)bo(X), 

along with the defining relations 
X AA , + 
'V <L-(D)R (P)L-(N);~ ( x» = 0, 

A 

- + - RA 
<L (D)R (P)L (N);2:

A
(x»o - 0, 

- + - KA 
<L (D)R (P)L (N);L (x»o = 0, 

A 

(4.32) 

(4.33a) 

(4.33b ) 

(4.33c) 

and invoking once again the generalized pattern of derivatives of 

distributions, we require the following SI expression 
RA-A' 

X AA , + + 0 ~ 
'V <L-(D ) R (P)L-(N);.PA(x» - <L-(D)R (P)L-(N);.PA(x»---

- + - LA-A' 
+ <L (D)R (P)L (N);~A ( x »rDLo s: 

= 
. z 
1e 

-A' 
Z r Q 

F DFL. 

z -
'!T! Z z r (r r + r'"'"RrDF) m F Pm NF OL .. 

_ ZFzFrDL: 

..... Ne..... - -M'..... DC 
X 71 Y'L- ( 0 ; N )rr 'P

R
+ ( 0 ; P)rr Y'L- ( 0 ; 0 ). (4. 34 ) 

t-It/Z- I't/2+ P D:I./2-

Strictly speaking, the statement associated with (4.34) 

holds on '8+, whence the expression involved in the general situation 
D 

actually carries t.he "reduced" form of the denominator occurring 

explicit ly in the piece that bears the coupling constant. It follows 

that, writing 
- + - 1 L: A DC 

<L (D)R (P)L (N);}, (x» = V(x)o H Y'L- (O ;D) 
A Z r r A Oi/2-

m Pm NF 

..... NC A - -M' 
X ~1/2_Y'L-(O ;N)~!uz+Y'R+(~ ;P), (4.35) 

we obtain the f ollowing 
.hA ' 

expression at L: : 

. 2 
1 e ZF A NC A - -M' A DC 

------- n Y'L- ( 0 ; N )n Y'R+ ( 0 ; P)rr Y'L- (0 ; D) , = z 
4 n z z r r r ~ 

m F Pm NF D.?_ 

N1/Z- P1/Z-t- P D1/Z-

(4.36) 
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provided that 

~ ~AA' W(x) = 
A 

W(x) 

-A' 
r r 0 

FR OFR 

(4.37) 

with W(x) = 1 V(x). Equation (4.35) defines the explicit SI phase-
zmrpmrNF 

shift density for the configuration under consideration. The scalar 

RA -A' 
function W(x) can carry only spin weights for 0 and ~ as a quantity 

+ 
of the type {1,0;1,0} . It clearly satisfies a/arOLW(x) = 0 on ~o, and 

therefore so does Vex), since %rOL(z r 1 r )=0 . Thus, the phase-shift 
m Pm NF 

integral is written as 
N P D 

« L-(D)R+(P)L-(N );.J' (x)>> - J <L- (D)R+(P)L -(N);.J' (x»t. (x)t. (x)t. (x) 
A A 0 0 1 

IT - - + + - -
L X & AD ",17 ",0 ",17 ",0 , 

~I ~ N ~II ~P ~III ~D 

(4 .38) 

where IT denotes the space of null configurations of the type depicted 
L 

in Fig.13a. For the corresponding graph, we have 

~L 

L 0 + 

~
. 

III I~ 
gL R 0 

L L 

(a) (b) 

Figure 13 

Null configurations associa.tt.:>d w.ith the integrations giving rise to 

the solu tion of equation 2.42. The loops denote the structures 

involved in the forma.tion of the datum spots occurring in Fig.6a . 
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- 0 + 0 I~~~ - + -«L (D)R (P)L (N)jJ> (X)>> = 0 • o - (4.39) 
A I I I 

I I 

For convenience, the internal solid line that connects the vertices 

associated with the current spots has been arbitrarily taken to 

represent the quantity 1 . The reason for this convention is the 
zmrpmrNF 

fact that it may eventually be useful to ascribe a standard internal 

structure to the current branches of Fig.6. The function Vex) is 

represented by the line which connects the blocks associated with the 

incoming field and scatterer. When the incoming Dirac branch is 

disconnected from the structure, the contribution involving r NF N N 

"evaporates", and the step function h. (x) 
0 

is replaced by h./x). We can 

easily see that the first term on the right- hand side of (4.37 ) 

actually cancels that coming from the combination of the derivatives of 
D 

~A and h. (x). The second piece couples together with the right-hand 
1 

side of Eq.(4.31), yielding the appropriate null- datum expression. It 

now becomes clear that if the former potential flag pole were utilized 

for calculating the scattering diagrrun, the information about the null 

d t f h ld b I . h . RA!<A ~A a um or t e process wou e ost smce t e spmors 0 , 0 and 0 and 

their conjugates are taken to be independent. Obviously, something 

similar occurs in the case of (4.15) . In fact, (4.36 ) is the expression 

for the {l,OjO,O}-datum for the process. S tt ' ~A" 
e lng zi:=o 0 A' we thus 

obtain the following expression for the corresponding ~-datum: 

A NC A - -w' A DC 
X rr 'If' - ( 0 • N )rr '11 + ( 0 • p)rr '11 - ( 0 • D ) 

N1/Z- L 'P1/Z+ TR p , D1/2-TL " 
(4. 40) 

whence the relevant scattering integral turns out to be given by 
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«L- (D)R+(P)L-(N)L- ( L: ); L:A(X)>> = f ~A«L-(D)R+(P)L-(N)L - ( L:»> 
N P D 

X - + - -
L X bo(x)bo(x)bo(x)1'N~P~D~' 

(4.41) 
Here ft/f}y has been denoted by l' y' with the letter Y (JIf) standing for 

either N, P or D (I,ll or III), the integral being taken over the space 

XL of the configurations shown in Fig. 13b. The associated graph is 

depicted as 
«L-(D)R+(P)L-(N)L-(L:);L: (x»> 

A 

_I _ NN~ + 
= 0--0 • 

I I 
I I 

o 

with the internal solid line that connects the "wavy- line-free" 

(4.42) 

vertex 

denoting the datum piece ZF/zFzLrDL' It must be emphasized that a term 

without a distribution for DAA
' also arises here, when we perform the 

electromagnetic integrals associated with Eqs.(3.42) and (3.43) . Thus, 

the incoming Dirac densities appear to be meaningful only when the 

scattering processes are explicitly considered . 

The prescriptions for evaluating the other configurations of 

Fig.6 are essentially the same as those worked out before. All the 

quantities entering into the integrals for Fig.6b can be immediately 

obtained from those for Fig.6a by first applying the simultaneous 

interchanges L~O', F~G, D~B, N~P, along with a complex 

conjugation, and then replacing the ~-datum that generates the incoming 

density . This constitutes the interchange rule which enables us to 

write down the field integral for one configuration on the basis of 

that for the corresponding "dual" structure. Roughly speaking, the 

integrals for Fig.6c can be constructed from (4.38) and (4.41) by 

replacing ZF' zm and zL: by their conjugates and the VI-data by X-data. 

At this stage, one might set up at once the formulae for Fig.6d by 

using the interchange rule given above . It s hou ld be observed that this 
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rule actually arises from replacing the conjugate potential kernels 

a - !(-
by 0 A~A' , 0 AgA' , respectively. For the scattering process 

"" . of Fig.Sb, for instance, we thus obtain the rr-datum, see Eq.(2.43), 

- - + -
« R (8)L (N)R (P)R (a»> = -

. 2 
1e 

2 -4rr z z z r r r 
mOO' Nm PO BO' 

"" NC "" - -JoI' "" -C' x rr "1 - ( 0 . N )rr ll1 + (0 . p)rr 'V - (0 . 8 ) 
N.1/Z- TL ' P.1/Z+ TR P , B1/Z+""R B ' • 

(4.43) 

Accordingly, we have the graphical representation displayed in Table 1. 

Table 1 . 

SYmbolic expressions and colored graphs for the configurations b, c 

and d of Fig. 6. 

PHASE-SHIFT 

- - + 
«R (B)L (N) R ( P );p , (x)>> 

A 

- + -< < R ( D ) L (P) R ( N );.7> , (x)>> 
A 

- - + 
«L (B)R (N)L ( P );p (x>>> 

A 

- - + -
«R ( B)L (N)R ( P)R (O');O'A'(X)>> 

- + - -
SCATTERINO «R (D)L ( P)R (N) R ( :E>;s , (x)>> 

A 

- - + -
«L ( D ) R (N)L (P>L (O');S (x)>> 

A 
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CHAPTER FIVE 

TWISTORIAL DESCRIPTION OF SCATTERING PROCESSES 

5.1 Introduction 

This chapter mainly aims at transcribing the scattering 

integrals presented before into the framework of twistor theory. As was 

pointed out earlier, the construction of the structures exhibited here 

is largely based upon the prescriptions involved in the twistorial 

description of the processes of mass scattering of Dirac fields [16]. 

Therefore, all the basic formulae will be built up in a straightforward 

way. The twistor expressions related to the geometric properties of the 

null configurations are derived in connection with the construction of 

generalized scattering and volume differential forms (5ec.5.2). These 

latter expressions are relevant for contributions arising out of 

appropriately coupling the basic null diagrams. The adequate twistor 

data are defined in 5ec.5.3. The basic twistor diagrammatic structures 

are built up in conjuntion with the transcription of the ~~-scattering 

integrals (5ec.5.4). At this stage, the twistor representation of the 

electromagnetic free-field contributions is included. It will be seen 

that the fundamental features of genuine twistorial integrals, namely 

holomorphicity, scaling invariance and handedness-twistor-valence 

property, all emerge automatically here. In addition, the definition of 

the contour over which each basic twistor integral is taken arises 

naturally. It must be stressed that the existence assumption underlying 

this construction rests only upon the nullity of the relevant 



Hinkowskian patterns. I shall not enter into a detailed discussion 

concerning a formal pr oof here, however . The kernel letter used for 

denoting a twistor will be the same as that used for labelling the 

spinors entering into the flag pole for the corresponding geodesic. In 

fact, each such spinor always appears as a rr-part of a null twistor. In 

Sec.5.4, Penrose' s diagrammatic notation is used [3,11]. This procedure 

will considerably facilitate setting up the twistorial blocks. All the 

step functions occurring in the scattering integrals will be deleted as 

the corresponding fields are to be evaluated at interior points (see 

Ref. [3J). 

5 . 2 Formulae for Null Configurations 

We saw that the denominator of the HID expression for each of 

the basic scattering processes explicitly involves the product of the 

"internal" affine parruneters that occur in the corresponding IRIM-

pattern. In the case of Fig.5, either scattering datum actually 

involves the sum of two pairs of parameters in its denominator. For the 

structures describing the interaction between an arbitrary incoming 

field of one handedness and a potential density produced by a current 

pattern, the formation of the Dirac datum spots of the scatterer branch 

involves combining the basic scattering configurations in such a way 

that the parameter starting at the spot bearing the other handedness is 

always coupled with the ones that enter into the underlying HI D 

expressions. Nevertheless, the above prescription turns out to be 

. bl 0 0 unsulta e for L -R and current branches which are eventually carried 

by the underlying structures. In this latter case, it is particularly 
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convenient to couple together the parameters that enter into the 

contributions of the currents to the scattering data involved. In fact, 

the null data on '6: generating these lR!J1-patterns have to be mcdified in 

case their handedness is opposite to that of the outgoing field. One 

obvious reason for this mcdification is that the expression arising 

from the actual twistorial transcription of the associated Minkowskian 

integr8.l has to carry only manifestly independent blistors. It appears 

that the total number of par~eters involved in the denominator of the 

whole mooified 7i-datum turns out to be even in any case. This will be 

discussed further in Sec.5.4. 

In order to derive the twistor expressions for prcducts of 

pairs of parameters, one has first to construct the structure for a 

singl e parameter. For let the twistors {Ao:,Ba,Ca,Dcl and their pseudo­

Hermitian conjugates be associated with the null geodesics that conta.in 

the pieces of the zigzag-like branch depicted in Fig. 14. We thus have 
AA' AA' AA' 

the incidence relations at the vertices A , B and C 

A7C( -_ =:-O(B C ~ B = C D = 0, a a a 
along with their conjugates. Evidently, we also have 

Aa.(J = 2(I,uvA,uBl,..,)-1A[aB(J]' 

Ba(] = 2(I,uvB,uCv ) -1B[aCf1J' 

CCJ..(J = 2(I,uvC,uDv )-tC[CJ..D(JJ' 

as the SI dual version of the (simple) twistors 

(5.1) 

(S.2a) 

(S.2b) 

(5.2c) 

associated, 

respectively, with AhA' , BAA' and CAA
' • In (5.2), r,uv stands for the 

usual [~] -infinity twistor [11,12]. The explicit duality relationships 

are written as 

~f1 = 1/2 c a{1]/6 G
r6

, 

where the kernel letter G stands for either A, 
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(5.3) 

&l".:1fry6 



denotes the [~] -alternating twistorfor the standard frame [12]. Thus, 

contracting the connected-vertex property 
AA' AA' SA-A' 

B - A =r 00 
AB B 

(5.4) 

with ~AgA' and using the null-separation relation 
-A • .."AA' - • AA'-
C = 1C 0, = 1B 0, , 

CA CA 
(5.5) 

we readily obtain the expression 
EfA 

r = i J..l, 
AD (IJ..lV A B ) (I ~p,aff) 

J..l v CI./' 

(5.6) 

together with its conjugate. It is obvious that the expressions for r
BC 

can be immediately obtained from the above structure by replacing A, B 

and C by B, C and D, respectively. Therefore, transvecting the duality 

relation involving (5.2b) withA~ and D~ and invoking (5.1) together 

with the blistor expressions for r AD and r
DC

' yields 

r r = (-1) 
AD DC CIA, A B )(IyoB C )(I ~~Cl1)(IPO'C D · )' 

A , Y <5 C1{' P 0-

along with the corresponding conjugate. 

Figure 14 

Y "­
C 

(5.7) 

Null zigzag pattern for deriving the trvistor expressions for affine 

parameters. Each edge is associated with a pair of conj~ate null 

. -~ -A - P A' 
tr-nstol'S P = (P ,0 ,), P = (OA' P ). The IT -pa.rts of the twistors 

PA 0( 

define the flag poles for the geooesics {]" p} . 
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To obtain the expressions for the relevant differential 

forms, it is convenient to consider a null structure of the type shown 

in Fig . 15. Such a configuration appears indeed to be useful when 

successive scattering processes are to be effectively calculated. Each 

loop denotes here a scatterer pattern sn' the whole structure having j 

scattering branches. The nth-branch involves the scattering of a 

density coming from DAA I which has arbitrarily been taken as left-
n 

handed. The starting-point BAA I and the 

coincide with 0 and XAA' , respectively, 

. AA' 
end-point .D 

J+Z 

AA' + 
whence 2 E '6

0
' 

are ta.ken to 

For simplicity, 

AA' 
the affine parameter connecting n and l'f 

AA' 
D 

Mt-1 
bea.rs the labe 1 t1+ 1, wi th 

Fiaure 15 

a 
r 0 
J+2/ j + 2 

a /-
DOL jii?)' r . J+1 

- a 

Sj ~L ~ I' 
j 

a /-

j !? i 0 ',.,.~. 

a 
== x 

S. 
J-1 

Structure involving successive scattering processes. The incoming 

field eJn8J1ates from a datum-spot If' lying on '6:. Ea.ch s08.tterer sn 

is denoted by 8. loop, the r.lho.le configuration h8.ving j s08.ttering 

branches. The end-point .~ is identified with x8.. 
J+2 
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M running over the values 0,1,2,3, ... ,j+1. When performing the 

calculations yielding the forms, one has to make use also of upper-

index twistors, however. Thus, a null-twistor set similar to that used 

before is employed. 

The defining expression for the generalized SI scattering 

form is written as [5] 

Hith ~ being the 

thought of as 
... IUI. • • j 4- A. 

drJ( 
one-form -- at 

r
1
, 

being defined 

(5.8) 

AA' 
~ . This generalized form can be 

on a (3j+2)-dimensional space 

~ whose elements are null zigzag-patterns that possess j+2 edges 

[5]. Each three-form entering into the bracket part of (5.8) 

. b . 1 k b h 1 l' ~ SiX S2. contrl utes an mtegra ta en over a SU spB.ce w ose topo ogy :::; 
J( 

It involves the (space-like) element of two-surface area. Y at 
, j + 1 , 

RAA E -e:_
1 
rI -e~+1; '=!f is the KAP- form at j Q~A E -e; rI -e~ + 2 ,~hich is defined 

by 

j+l 

j+l 

Y 
X = ------------

z. z. r. r. 
J+1 J+1 J+1 J+2 

(5.9) 

whence the whole expression (5.8) appears as a (3j+2)-differential 'form 
123 ... j +1 m 

on D< • The explicit SI defining expression for :e is given by 
m 

i mA -A'dD m+1B o-D'dD 
.J" == --= 0 m'f.1 mAA,A 0 m roDB" m=1,2,3, ..• ,j+1. 

Z Z 
In m 

(5.10) 

m , • 
Hence, differentiating the twistor relationship DA= _iDAA!B and taking 

m A 

into account the relevant null-separation relation, upon suitable 

transvections with 0 and;; we get 
m+1A.' mA' 
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m 

v'P = (-i) 

m 

mrt:. dDI-l 
(5 . 11) 

together with its conjugate. The twistor expression for 
I< 

r can be 

derived by working out successive steps [16]. We thus have 

K+.1 K-.1 
K 
r = ( - 1) ( i5T d D + i L e dr ), 

u+1. T n=~ n n 

where e is the (real) . scalar 
n 

making use of the relations 

j+ z 

.O!-ld D" 
J+ 1 t" 

and 

~j+Z j+ Z 1 

= -iz. r. {:t. D d Dr.» fY"ldD
lI 

= 
J+1 J+Z 0. (' ~ t" 

(I i51-l i5v
) 

J-IVI<+ 1. K+ Z 

~I(+1K+2 

(I 0. D D~) 
0. (> 

(5.12) 

Consequently, 

(5.13) 

(5 . 14) 

K+1 K+1 K+1 1<+1 1<+.1 

~lith .6. D = l/3!co.~y6 D d D Ad D Ad D
6

, along with (5.11) and (5.12), 
0. ~ Y 

yields the SI holomorphic structure 

(5 .15 ) 

The explicit computations leading to the relation (5. 14) are given in 

Ref . [4]. It should be noticed that the wedge-products involved in (5.8) 

actually annihilate the e-terms of (5.12) when the relevant pieces are 

fitted together. The .6.-forms occurring in (5.15) are the universal dual 

projective thre·e-forms [11,12,28,32J , and appear to be associated with 

the internal edges of the zigzag-branch. Obviously, the twistorial 

structure that is of relevance for scattering processes involving 
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right-handed outgoing fields can be immediately constructed from (5.15) 

by taking a complex conjugation. The relations (5.13) appear as a 
AA' 

consequence of the fact that both 0 and x are held fixed when the 

pertinent ~~-scattering integral is actually performed. To derive the 

lower- index twistor expression for the product of volume forms {O} at 
~m 

{OAA'}, it suffices to replace the contributions coming from (5.9) by 
m . 

. J + 1 

twistor pieces associated Hith Jf' '" .:t. Thus, using also a duality 

relation of the type (5.3), we get the SI structure 

j +1 

A 0 
m=l ~m 

(5.16) 

It is evident that the structure (5.16) does not correspond 

to any scattering form. However, it is particularly useful for building 

up the twistorial structures associated with the total contributions 

coming from current spots. ' The explicit expressicn (5.15) constitutes a 

generalization of the scattering forms that involve zigzags carrying 

only two edges [16,17J. It should be noted that the integration of 

(5.15) and (5.16) does not play any important role here. Those forms 

are defined on product spaces of appropriate closed subsets of the 

Riemann spheres associated with all the vertices of the zigzag 

configuration of Fig.15. The prescription for constructing these spaces 

will be given in Sec.5.4 when the basic twistorial scattering integrals 

are introduced. It will become apparent that the singularities of the 

integrands have to take part in the construction of the relevant 

contours. 
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5.3 Twistor Hull Initial Data 

In accordance with the definiti6ns of 5ec.2.3, the pattern of 

+ 
the null data on~ · generating all the elementary contributions is the o 

same as that of data for spinning massless free fields. This fact 

enables one to make use of the twistor data given in Ref. [17] when 

carrying out the explicit translation of the Hinkowskian scattering 

integrals. In the case of left-handed fields of spin s<O, the 
AA' + 

expression for these twistor data at some U e ~o that is past-null 

separated from another relevant interior point yAA' is written as 

( I/-Jv U V )-2S+1 A-( U V) 
/-J vL a! a ' 

(5.17) 

where A-(U ,V ) is a holomorphic twistor function possessing the 
LOla 

following homogeneity-symmetry properties 

it 
U ~ itU '\ (U 01 ' VOl) = - AL (U 01 ' VOl) , 

~ 

and 

(5.18a) 

(5.18b) 

(5.18c) 

This twistor function is defined on the product of two subsets, .2>: and 

* * * . .AA· , :Dv ' of the Riemann spheres, :!to and :!tv' associated with 0 and v 

respectively. In principle, the former (resp. latter) factor consists 

only of projective null twistors {UOl} (resp. {Va}) lying in ~~*. Thus, 

(5.17) appears as the {-2s,O;O,O}-twistor HID on .2>:x.2>:. Of course, the 

values of s which are of relevance here are -1/2 and - 1. It must be 

observed that the holomorphicity of (5.17) actually entails analicity 

to the elementary ~~-data on ~+ [28]. As regards the KAP-integrals for o 
z 

the electronlagnetic free contributions, the 5 -topology involved turns 

out to be split into the product of two 51 ,s, one lying in n* and the o 
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other in fl:, the point yAA' being thus identified with 
AA' 

X The 

contour lying in .1): is usually required to separate the relevant 

singularities into two disconnected closed subsets [3J. It can not 

therefore be shrunk to a point without crossing any singularity. 

In order to construct the corresponding ~-data, it is useful 

to employ the following twistor expression [17J 
A 
IT us- = 

(_1)-28+1 

(ltlVu V ) -2s 
tl V 

v a 
o -v' 

A ao 
A 

(5.19) 

which is taken to act only upon the twistor-function kernel of (5.17). 

Hence, the {O,2s;O,O}-datum is expressed by 

(_1)-28+i(ItlVU V ) ~ ~ A-(U V). (5.20) 
tl v A a~L ex' ex 

A 

The twistor transcription procedures involve coupling this latter datum 

with the one-form ItlVU dU , whence it appears to be convenient to use 
tl v 

the following relation at U
AA

' (see Ref.[17]): 

~ I~vU dU = (I~vU V )dg + v g (5.21) 
A ~ v tl v A ~ A' 

+ where !-' is a certain one-form on '6 of the type {l, 1;0,0}. Therefore, 
~ 0 

the pertinent holomorphic twistor-datum one-form turns out to be given 

by 
J (U V) = (_l)-zs+l(ItlVU V )2A(U V) (5.22) 
~ Lex' 01 /.J v "'-L ex' ex ' 

with ~~(U ,V ) = AOv ~L(U ,V )dU . It is obvious that the ~-term of 
~L Ol a u a a T 

T 

(5.21) does not appear in (5.22) because of the property (5.18c). We 

thus have the "combined" homogeneity- symmetry property 

28-2 
A-. (~U ,AU +TV ) = T A. (U ,V), 
~L a ex ex ~L ex ex (5.23) 

where ;._ E <C and tl, T belong both to <C - {O}. All the twistor-datum 

expressions for right-handed fields can be constructed from those 

defined atlove by replacing U and V by upper-index twistors, the role 
01 ex 

played by lPIN* being accordingly taken over by that played by !PIN. 
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5.4 Twistorial SCattering Integrals and Twistor Diagrams 

On the basis of the formulae built up in the previous 

sections, I shall now carry out the translation of the basic IRIM -

structures of chapter 4 in a direct way. As was observed before, the 

twistorial KM>-integral e}(pressions for the electromagnetio free 

contributions constitute a particular version of those provided earlier 

[17J. These electromagnetic integrals can be written down by invoking 

Eqs.(5.15) and (5.22). Ignoring non-essential overall signs, we thus 

obtain tl1e formal SI expression 

o 1 ~ x x J..JV 
«L (M);¢,4s(x)>> = 2ITi ~ 0,40S ~LO(Ma,Xa) A I XJ.ld~., 

Yoxy", 

(5.24) 

along with its conjugate. We have the simple topological structure 

* . * :J) ::> r ~ S~ ~ 'V c:J) 
o 0 '", x' 

The left-handed diagrammatic equality is exhibited in 

(5.25) 

Fig.16. 

"Outgoing" dashed lines denote spinors appearing e}(plicitly in (5.24). 

Such a line bears a number which refers to the contribution of the 

spinors to the homogeneity of the integrand. The meaning of the dashed 

and dotted lines starting at points of the loop will be e}(plained later 

(see Fig.17). It is worth mentioning that the structure of the X-vertex 

can be modified by using a method given by Penrose [12], whereby the 

M 

o x 

Figure 15 

Equality between the tree and the twistor di~ram associated with 

the left-handed electrom~etic free-field oontribution. 

• Thi.s contour struclUI' 9 \Jas discus<;9d ;" n detai l tnt he 

Ll6,~7,33). For completeness, fudJ-,er 

the opposi. t e pa.ge . 

POLnts 
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integral of a projective one-form may be re-expressed as the ~ntegral 

of a projective three-form. This method was particularly adapted to the 

case of the generalized ~-integrals [33], the modification giving 

rise then to a spotted-end-vertex structure. It will be used later in 

this section to simplify the scattering twistor diagrams. 

The construction of the twistorial version of left-handed 

scatterir~ integrals is based upon the formulae (5.7), (5.15), (5.16) 

and (5.22). For an arbitrary contribution, the correspond~ null 

configuration involves a zigzag pattern of the type exhibited in 
n 

Fig.15. The integration of the twistor D associated with the internal 
01 

edge r , see (5.15), is taken over a closed three-real-dimensional n . 

contour which lies * * on the product:J) x:J) of 
n-J. n 

two subsets of the Riemann 

spheres J{* and :R.* that the vertices DAA
' and AA' 

represent D , 
n-1 n n- J. n 

respectively. This contour involves an 5
1
- factor which is associated 

with the integration along the generators of -e;_2' At this stage, both 
AA' AA' 

,.,Q.t and Q move in such a way that the contour is continuously 

deformed without meeting any singularity. Furthermore, the twistor 

integration process breaks down the 2 
5 -elements of surface area at 

DAA
' and DAA

' • The contour then picks up one 51 -factor from each of 
rw- ~ r. 

2 
these 5 -structures, the remaining factors appearing as contributions 

to the integrations associated with the adjacent edges. Hence, the 

topology of the contour is really 51xS1xS1
. The integration of the 

(projective) one-forms which involve the twistors associated with the 

external edges of the zigzag pattern is performed over the remaining 

5
1
-contours that come from the S2-pieces of the ~~-contributions 

AA' 
emanating from the vertices ~ 
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AA' 
and .D 

J+ 1 
These latter contours lie 



in the subspaces :1)0* and:1)* which consist of the dual projective 
j+2 

1 j +2 

twistors {D~} and {D~}, respectively. It is evident that, when the 

translation of the integral associated with the entire null 

* configuration is oarried out, one has to consider all the subsets {:1)oa} 

* of ~o which contain those twistors {G~} meeting at O. The prescriptions 

for performing the integrations that involve generalized volume f orms 

of the type (5.16) are similar to those given above, but the 

integration of the two-form associated with r . is now taken over a 
J+Z 

two-real -dimensional contour contained in :1/ x:J)~ whose topology is 
J+1 J+Z 

111 
S ~S . In fact, one of these S -factors comes from the splitting of the 

2 
S -structure at .D 

AA' 

J+ 1 
whereas the other is associated with the 

integration along the generators of ~~. It should be stressed that, 
J 

when the twistor integrands are actually introduced, the product spaces 

have to be suitably enlarged so as to accommodate the relevant 

singularities. The integration along the generators of~: entails an 

* * enlargeluent of the subspace :D z' but leaves :Do unaffected. It turns out 

that, in the case of "higher-order" fields, the product space on which 

the twistor NID are specified does not appear to be exactly the same as 

that for the case of massless free contributions. Obviously, the 

product spaces which are of relevance for right-handed fields appear 

all as subsets of Riemann spheres corresponding to lines lying in IPlN. 

To see how the transcription prescriptions work, one can 

initially suppose that the incoming densities are produced by data 

+ ,I'\, 

centred at points lying on ~ . For the rr-datum (4.15), we have the o 

structure 
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Z 
m ---------- = ---------------

W K S D S x 
z z r r 

m S Mm DS L I 
provided that 

MKS DSX SXMKSD SDMKSX 

Lllnlll =U IIII - UIIII 

(5.26) 

(5.27) 

Working out the combined double &-twistor piece, yields the exPression 
M K D S 

M K S D S x L--.l -lI1r- U 
I I I n I I I = 4 --- --

n n 
- -

M K N K D S D S 

M K K S D S S X 

= U u n U U rWmrDS 
(5.28) 

K S 

which l eads at once to (5.27). Hence, up to a constant overall factor, 

the (SI) twistorial integral associated with (4.16) reads 
- 0 -

« L (D)L (M)L (S);.)'" A (x)>> 

e 1 ~ x x dx = -? -2' c 'l'L-(D ,S )A .e.S A ¢LO(H ,K ) A o/(H ,K )A LJ 
~Tl Tll A ~ a a ~ a a - a a 

r 
DSMKX 

x (5.28) 
DSSX NKS OSX 

U ( U)2 I I I n I I I 
o S 

where the 'l'-form implicitly carries the factor (U)2 which comes from 

the seattering datuHl, and <[(MOI,Ka ) stands for the two-form involved in 

the one-vertex version of (I). 16) . The ElYIDttol appearing beneath the 

integral sign denotes the contour involved in the whole integration. 

For the D-integration, we have the contour 

S1~ r c :n* x:D* x:D* x:D* 
D OD D S x' 

while the contour for the S-integration is defined by 

1 1 1.... * * * * * * S ~S ~S = r c :D ')1.:D x:D x:D x:D x.f) 
sow m D S x ' 

",* * * 
J.J = :D x:D . o ON 00 

77 
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(5.31) 



The integrations of Ma and Ka are performed over contours r.. and 

lying both in :1)* x:1)* x:1)* x:1)* x:1)* . We have 
ow M m D S 

r J( 

51"", r :1)* :1)*:1)*:1)*:1)* r .... 1 51 = C x x x x ::> J(=5 x . 
M OM M m D S 

For the X-integration, the contour is given by 

51~ r c :D* x:J)* x:J)* x:J)* 
x OD D S x' 

(5 .32 ) 

(5.33) 

It is worth remarking that the c-structure carried by the 

denominator of the integrand of (5.29) naturally separates the subsets 

of ~:. The corresponding diagrammatic representation is 

depicted in Fig.17. One important feature of the twistor diagram is the 

coupling of the branches associated with the incoming field and 

scatterer . The squared inner product carried by the numerator, in 

effect, plays the role of a connecting block . It is clear that such 

inner prcduct is set up at the "middle" vertex mAA
' of the (underlying) 

null (:onfigt.lration shown in Fig. 5a. The o/- form is represented by a 

loop, the clotted line joining the vertex K indicating that the 

&-structure involves the two-form dKaA dK~. Similarly, the combined 

piece appears as a loop bearing a letter and five homogeneity lines . 

1- _ .. ~ _ ~~~ 
O--{)- - -0 = 

o 

Figure 17 

Equality between the tree and the twistor diagram for the 

scattering integral (4.16). The Dirac spot of Fig. Sa is taken to 

+ 
lie 017 'e . 

o 

78 



The dotted and dashed lines emanating from the Maxwell and Dirac loops 

mean that each of the datum one-forms carries a one-form of the type 

(IU
Ol 

and a derivative operator of the type IJ/IJV , 
01 

respectively (see 

(5.22». The "outgoing" dashed line bears a meaning which is the same 

as that of Fig.16. 

The structure of the exPression (5 .29) enables one to 

construct at once the twistor integral for the outgoing field of F~.15 

in the case where the scatterer loops are all identified with LO-

branches. Each of the electromagnetic datum spots, in effect, 
n n n n 

contributes a form dJLC(M ,K )A o/(M ,K ) to the numerator of the 
'"' 0101 ~ 0101 

'" integrand, the coupling of the rr-datum that produces the incoming Dirac 

field with the internal zigzag branch being the standard one [16, 17J. 

In particular, this latter coupled structure explicitly involves the 
j +1 m 

CJ.(YTfl m + ~ 

f1 (I D Dr.) with 
m=~ Ol f' 

l\ tos in its 
m=2 

j ... ~ j + 2 

(IJ-IV DJ-I DV)2 in 

numerator and the product of differential form 
I 

its denominator. The resulting 

contribution coming from the successive-scattering data appears as the 

product of pieces which involve the connecting inner products in their 

numerators and the double £-twistor blocks in their denominators. It is 

evident thB.t a trivial extension of the formulae (5.30)- (5.33) yields 

the definition of the relevant contour. 

According to what was observed before, one has in general to 

modify the elementary data that generate some of the current spots 

before applying the transcription techniques to the !RIM-scattering 

integrals associated with Fig.6 . Indeed, there are situations wherein 

the null patterns giving rise to the formation of these spots are 

od ed b WT D 'P. + h' h ed t b cd . f . ed S h f . . pr uc y .. ~ on 0 , w 1C ne no e m 1 1 • uc con J.guratlons o 
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actually involve the combination of mass-scattering branches 

[5,16,23,34J with electromagnetic patterns, and will not be exhibited 

here . The usual modification procedure [15] consists simply in using 

the following relation at some UAA' 
E ~+, see (5.17), o 

( 5 .34 ) 

together with its conj ugate. Thus, the information carried by the n­

parts of the twis tors {U a' of\, which are indeed the spinors that enter 

into the definition of the elementary NID on '6+ 
0' is suitably 

transferred to the w-parts of {yf1 , Va}' It follows that null data 

bearing one handedness turns out to be specified by twistor- function 

kernels involving twistors whose n-parts carry the other handedness. 

These modified twistor functions appear as reversed- homogeneity 

holomorphic functions on the same product space as that f or the 

standard data (5.17), the coupling of the corresponding rr-data with the 

relevant differential forms being accomplished by using (5.21). The 

modified datum one-forms are of the type (5.22), but their homogeneity 

degrees turn out to be the same as those of twistor data for massless 

free fields [5,12,17] . When applied to a datum involving a field of 

spin s, the modification device (5.34) gives rise to 21s1 affine 

parameters which B.r e actually carried by the denominator of the 
+ 

resulting datum. For incoming fields emanating from data on '6
0

' for 

instance, this l eads to a prescription for building up products 

involving adjacent parameters carried by modified uncharged data which 

gives rise to pieces proportional to . factors of the form cC1.f3yo AC(BrPyDo ' 

It should be cl ear that these factors carry the information about pairs 

of parameters that come from modified Dirac and electromagnetic data 
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involved in different branches. To construct an explicit scattering 

integral involving a typical twistorial pattern in the denominator of 

its integrand, it suffices to work out the transcription prescriptions 

for the ~~-expression associated with anyone of the configurations of 

Fig.6, supposing once again that all the Dirac spots start at points of 

",+ F 
u o ' or the expression (4.41), say, we use the coupling 

A - -A' 
IT 'lI +(0 'P) 
P.l/2+ R P , 

P dp P 

LJ A I 
Z r 

m Pm 

N P 

U P 

- i iiiR+(p ,K ) A 
NRPIC- c( c( 

I I I 
to obtain the SI integral 

« L-(D)R+(P)L- (N)L- (L); L (x»> 
A 

( 5.35) 

e
2 

1 ~ x -= -2 -2' 0 tl'L- (D ,S ) .... AS .... 'tIL-(N ,R ) ""CY(N ,R )"" IJiR·(P ,K ) 
IT ITl A ~ c( 00. _ 00. 00. N 00. 00. - 00. c( 

r 
NRPKDSX 

x dx 
A 'Y(P ,K ) A LJ 

- C( c( DSSX NRPICNRS DSX' 
(5.36) 

U ( U)2 I I I I I I I n I I I 

where ~L-(D ,S ) carries implicitly the factor (Il-lvD"S,.)z as before. 
" 00.00. ,... ..... 

The definition of the contour involved in the integration is 

essentially the same as the one given earlier, see (5.29), but the 

product spaces for the integration of NC( and RC( have to be suitably 

enlarged because of the presence of the &-piece coming from the 

modification of the datum at p
AA

' • Of course, the relevant subspace D: 
appears now as the product D* x :1)* x:1)* . It is of 

ON OP OD 

introduce an auxi l iary (null) twistor A~ satisfying 
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some interest to 



N R P K 

(-1) 
N R P K' 

(5,37) ---- = 

I I I I I I 
A A A A 

This twistor can be thought of as being associated with the generator s 

of the null cone 'e of a fixed point yAIt. ', It is represented in !P!N* by a 
y 

projective plane stf, the (dual) projective line Y* corresponding to yAlt.' 

betng chosen such that y* tI X* = {3, with X* standing for the dual 

. t . . f AA' Th . .AA' proJec lve verSlon 0 x . us, Y. is not taken to be null 

separated froln X
AA

' • When the integral (5.37) is explicitly performed, 

* *. . the planes {J!1} sweep out a closed subset Y A of Y , WhlCh conslsts of 

equivalenee elasses [AAOIJ of proportional dual twistors, A e C - {O}. 

Moreover, ~",,* is isomorphic to a subset:D of the Riemann sphere 
It. It. 

assoeiated with the [P[N-version of yAA' . The singularities occur when 

the generators of 'e meet the geodesics {y ,i ,'Y ,'Y
K

} , In each case, 
Y N R P 

the interseotion takes pl~ce at a point M
AA ' which is null separated 

from yAA ' whence the dual projective line JK* associated with ~It. ' meets 

both Y* and ~ at some {A
OI
}. Evidently, a corresponding situation also 

takes plaee in !P[N. Thus, the contour 

rjimension8.1 olosed eontour lying in 

r A appears as , a three-rea 1-

:D x:1)* x:1)* )(:1)* x:1)* x:D* x:1)* whose 
A ON OP N F P m 

topology can be taken as the product of 5
1
,s provided that the 

singularities of the integrand of (5.37) are all simple poles. It must 

be observed that the above prescription rests crucially upon the 

requirement that the integrations of all the twistors involved have to 

be carried out independently of one another when (5.37) is effectively 

coupled together with (5.36). This procedure entails introducing an 

auxiliary (black) twistor vertex in the diagram representing (5.36). 

The resulting structure is shown in Fig.18. 
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Each of the twistor-function loops carried by the diagrams of 

Figs . 17 and 18 can be replaced by a three-spotted- twistor-vertex 

structure. The basic procedure consists essentially in combining the 

Penrose methocl to which I referred before [12,33J with a very useful 

l emma due to Hughston [22J whereby one may "stick" together the pieces 

that enter into each combined double £-twistor block by performing a 

simple integration. In the case of the integral (5.29), for instance, 

the relevant (projective) statements are expressed as 

n 
1 

~ 
Z dZ 1 

2ni = 
M I< S D S X M I< S D S " Yz I I n n I I I I n I I I 

z z 

1 
o H 

l:J.z 
= -- ~ U 

( 2ni)3 0 H M K S D S " 
r I I I I I n n I I I z 

(5.38) 

z z z z 

/' 
, , 3 

X ' , 

I 0 ~~~ 0 

O--O~- - --0 = 
+ 

Figure 18 

D.iagr8J!1ltJa tic equali ty 1'01' the configuration of Fig. 6a. The twistor 

integr8.J7d involves a typica.l stl'ucture in its denominator. The c­

piece arising' from the modification of the datum at p4A' is taken 

up by a suitable auxiliary vertex. 
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To visualize the situation involved i n the one-dimensional integration, 

it is convenient to consider the following null twistors 
MKS , MKKS 

L , , I == A = -irM m LJ U I ' (5 .3ga) 
-
K 

and 
D S X D S S X 

, , I , - B - ir DS U U , (5.39b) 

S 

which are represented in [P(N* by two projective planes, .JtI and :8, 

r espectively. The former plane is defined by the dual twistors {Mot}' 

{K~} and {S~}, whereas the latter is specified by {Dot}' {Sot} and {Xot}' 

Their intersection is the dual projective line J'* that passes through 

{Kot} and {Sot}' Of course, the line that joins {Mot} " {Kot } lies in .fII, 

while those joining {D }, {S } and {X }, {S } are contained in :8. It is ot ot ot ot 

clear tl'lat the lR£M-point associated with .!)* is m
AA

' provided that 

M K S D S x 

L I , I I I I = 0 = I I I flTl 
D S X M K S 

AA ' 
at m (5.40) 

At this stage, the Z~-twistors can be looked upon as the 

generators of the null cone of some point WAA
' which is not taken to be 

null separated from X
AA

' • The singularities arise when the TT-part of Z~ 

becomes proportional to those of A~ and B~, the projective plane 

corresponding to some {Z~} thus becoming coincident with each of ~ and 

:B. Accordingly, the contour r z appears as an St-contour lying in the 

proouct space 1) ',1.1)* x1)* x:D* x1)* x 1)* x:D* x:D*, with:D being a subset of the 
z OM OD M m D S X z 

Riemann sphere associated with the !PIN-version ~ of W
AA

' which is 

isomorphic to a subset ~ c q( that consists only of {Z~}-twistors. The 

auxiliary twistors G ot involved in the three-dimensional 

integration are taken to be null (dual) twistors through a suitable 

fixed point pa, this suitability being obviously that J>*r-. x*= 0=:J>*r-. q/", 
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with pa ~ :;>* c !p[N*. Once again, either of the latter singularities 

occur~when the geodesics associated with the Z~-twistors meet those 

corresponding to G~ and H~. Now, the product space in which the 

relevant contour lies also involves the factor :D* x:D* 
PO PH' 

with the 

subscript P playing a role similar to that played by O. In accordance 

with the prescription given in Ref. [33], this contour is defined so as 

to bear the topology r Z ~ SlxS
1
xS

1
. Therefore, invoking the auxiliary­

vertex prescription given earlier, see (5.37) above, we can re-express 

(5.38) 8.S 

o H 

1 ~ U 
(2ni) p 'e 

ZRT 

bZAbRA~T 1 ----------- = ----""---- , (5.41) 
OHMKS DS,", MKS DS,", 

\ \ \ \ \ I- I 1- \ III 
Z Z R R R R Z Z T T T T 

where ~ stands for the product of three suitable contours bearing 
ZRT 

111 
the topology S xS xS. The corresponding cliagrslI1lnatic structure is 

depicted in Fig.19. Notice that the infinity-twistor inner products 

occurring in the denominator of the integrand of (5.41) have been 

represented by lines joining vertices of the same type. Thus, we can 

re-depict the twistor diagram of Fig. 17 as shown in Fig.20. Notice, 

also, that the homogeneity-line structure of the Dirac-datum bubble has 

been suitably modified. 

tv1 K 
o 0 

G 

5 

H 

Figure 19 

TTvistor-di~rrun pattern for the five-variable funotians that enter 

into the twistol'ial scattering integrals. 
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Tbe construction of the structures of the integrand of any 

left-handed scattering integral can actually be carried out by coupling 

blook.s which are of the same type as those entering into the explicit 

integrals exhibited here. One important feature of these structures is 

the fact that the inner products carried by their denominators 

constitute the same structure as the one specifying the singularities 

of mass-scattering integrals [23,34]. This re::mlt nlight have been 

expected sinoe arbitrary [RIM-configurations involve "internal" zigzag 

branches. In particular, the "dual" integrals associated with the 

diagrams of Fig.6 can be readily obtained from each other by applying 

the conjugation and interchange rules of 5ec.4.3. When right-handed 

* fields are effectively allowed for, the roles played by !PIN and !PIN are 

once a.gain interchanged. We are therefore led to a natural 

correspondence between null structures and twistor diagrams. 

Figure 20 

Hodified twistor di~ram for the scattering integral associated 

with Fig'. 17. 
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CHAPTER SIX 

CONCLUSIONS AND OUTLOOK 

One remarkable feature of the !RIM-expressions presented here, 

which has arisen as a consequence of the particular choice of NID for 

a ll the elementary contributions, is the formal simplicity of the 

potential and field integrals. The introduction of null data for 

+ 
potentials on ~ would entail the generation of electromagnetic fields 

o 

which would, in turn, produce elementary Dirac current contributions. 

The procedure for working out the corresponding FDE Nould therefore be 

reversed, but the new integral expressions would not provide any 

further insight into the whole picture. It was seen that the procedure 

involving a suitable replacement of the potential vector kernels gives 

rise automatically to adequate NID expressions for the processes. 

However, such a procedure did not yield any explicit expressions for 

the scattering densities. The requirements amounting to the vanishing 

of the scattering data on the future null cones of the spotted vertices 

that occur in the scatterer branches, were indeed made in order to 

balance the "degrees" of the distributions involved in the FDE. An 

important feature of these data is the fact that the contributions due 

to the incoming densities are naturally separable from those due to the 

scatterers . It is believed that this property would playa significant 

role in a quantum description of the scattering processes. In this 

connection, it would be convenient to employ the usual definition of 

the charge-helicity conjugation which actually preserves the handedness 
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of the Dirac fields. The helicity of the electromagnetic-field sub-

graphs occurring in the scattering diagrams would, therefore, be 

specified by the sign of the charge borne by appropriate current spots. 

Nevertheless, both the masslessness of the Maxwell fields and the 

divergencelessness of the potentials have to be retained, regardless of 

whether the conjugate Dirac fields are effectively taken to propagate 

towards the past. Of course, the structure of the statements involving 

the directional derivatives of the phase-shift functions leads 

immediately to expressions which allow one to calculate explicitly any 

phase-shift integral contribution. The constants arising from the 

integration of the relevant differential equations have to be specified 

so as to avoid the vanishing of the densities on the future null cones 

of the spots that generate the incoming fields. In the case of (4.10), 

for instance, the integration constant appears to be proportional to 

l/r . When the contractions yielding the directional derivative 
mK 

relations are made, the pieces of the defining expressions that 

contribute to the scattering data are "annihilated". Thus, it may be 

said that the role played by these datum pieces is to make up the data 

so as to "neutralize" the vanishing of the ft-expressions which actually 

arise from the combination of the contributions due only to the 
D 

derivatives of ~ (x) with the right-hand sides of the FDE. 
o 

It is of some interest to note that the graphs that enter 

into the mass-scattering expansions recovering the Dirac fields [5J can 

also be associated with colored trees of the type defined in 5ec.2.5. 

The only internal lines carried by these trees are solid lines. At this 

stage, the structure represented by each such solid line consists of 
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two inner products with one affine parameter. The inner products are 

set up at the ~~-points which correspond to the vertices connected by 

the line, but the middle vertex occurring in any adjacent-edge branch 

contributes just one inner product to a higher-order integrand. Their 

specification is attained by using the white-black interchange rule. 

They always carry spinors bearing opposite helicities whence the line 

actually connects two vertices carrying different colors. The parameter 

is the one that connects the spots associated with the vertices. For a 

left-handed field of order N, the tree possesses N colored vertices 

carrying wavy lines together with one vertex which actually bears the 

external spinor line. All the wavy lines carry the number O. The vertex 

associated with the datum spot on ~+ is taken to be white or black 
o 

according as N is even or odd. In the even-order 

h h h . N 1 ( N+l) case, t e grap t us carrles 2 + resp. ~ white 

(resp. odd-order) 

N 
vertices and 2 

N+l (resp. ~) black vertices. For the right-handed contribution of the 

same order, the colored- vertex configuration appears the other way 

round. Thus, the number of internal lines occurring in any graph equals 

the order of the corresponding field in the case of either handedness. 

The expansion for the left-handed field, for example, turns out then to 

be given by 

I I 
0+0 

o 0 

• 0 
I 0 _2 __ 2_ 

+ 0 --11 • .--(0 • 0 

I _2_ I 0 0 o 
+ O---e + O---e---o---e 

o 
+ ... 

+ ... 

In fact, the graphical label device is particularly useful for 

calculating contributions that involve the coupling of several basic 

null configurations . 

In principle, the ~1-functions that enter into the phase-
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shift and electromagnetic-field integral expressions make the twistor 

transcription of the relevant patterns awkward. Nevertheless, this 

undesirable circumstance can be circumvented by carrying out the 
M 

integration f f(x)~ (x)O = f f(O)~ , which effectively removes the wavy 
~ ~M ~M 

line from the corresponding vertex and restricts the values of some 

appropriate function to those specified on It turns out that 

vertices carrying external dashed lines without wavy lines have 

ultimately to be taken into consideration. The structures occurring in 

the twistor diagrams that correspond to the latter field integrals are 

of the same type as those depicted in Figs. 17 and 18. As regards the 

integrals involved in the construction of the twistor structures 

associated with the five-variable twistor functions, it should be 

stressed that the integration of each of the triples of auxiliary 

spotted vertices brings the (corresponding) former structure back 

again. It is convenient to re-define appropriately the product spaces 

for the basic integrations in case these have to be performed first. 

The prescriptions for building up the relevant projective pictures can 

be readily constructed by using the work of 5ec.5.4 along with the 

methods involved in the modification of the end-vertex structures of 

the diagrams that represent mass-scattering integrals [34J. This fact 

together with the features of the scattering diagrams pf chapters 4 and 

5 is what exhibits the usefulness of the thesis, and goes hand-in-hand 

with the original motivation for carrying out the entire work presented 

here. In respect of this situation, the hope is that the twistorial 

transcription of NID expressions can provide a clue to explain the 

hitherto un~10wn twistor mechanism of breaking of conformal invariance. 
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APPENDIX 

In this appendix, the exacteness relations for the Haxwell-

Dirac system are derived. All the main results were exhibited earlier 

by Penrose [3J. The field equations of 5ec.2.2 will be used so many 

times here that I will not refer to them explicitly. It will suffice to 

work out the basic s t a t ements for the potential and left-handed fields. 

The corresponding equations for the right-handed fields can be at once 

constructed from the others by first interchanging unprimed and primed 

indices and then replacing the kernel letters that denote the Dirac 

fields appropriately. 

To start with, consider the simple identity 

B' B' 1 B' 
:DB If/c(x) = :D(Blf/C)(X) - 2"" j..l e BC X (x ). (Al) 

For the second covariant derivative, we have the relation 

A' B' _ (A' B') 1 A'B' W' 
:D :D If/ (x) -:D( :D If/ )(x) + -2 & :D, (:D If/ )(X) ABC ABC WAB C 

__ 1_ [:DM(A' JJB' ) () 1 A' B':DM :Dw' ] 
3 cAB (clf/M)x +2& M' ( clf/ .. )(x) 

1 [:DM(A' JJB ' ) () 1 A' B' M w' 
-3 c + 2 & :DM,:D(Blf/W)(X) ] AC ( B If/M) x 

1 [ :D ( A .vB')M () + 1 A' B' WN ' 
.. (x )] . (A2) -T c; A If/w X 2& :D,:1) If/ BC AM 

The first term of (A2) can be simplified by using the equation [3,26] 

D( AB1f!C)(X) = -ie¢(AB(x)lf/c)(x), (A3) 
. A' 

w1th 0 =JJ, ( :D ). In effect, we have AB A A B 

:D J)M' () = :D :DM
' () . e¢ () () M' (A B If/ C) X M' «A B) If/ C) x = - 1 (AB X If/ C) X 

= -ie[ ¢ A(B(X)lf/C)(X) + ~ &A(B¢:)(X)lf/w(X)] (A4) 

Using the conjugate of DAB ' after some manipulations we arrive at the 
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following expression for the first piece of the second term 

~~(A' fi') -A' fi' 1 (A ' fl ') 
1) :D( 1f1 )(X) = [ ie¢ (x)1f1 (x) + - 1-l:J) X ()] eM e 2 eX, 

whereas t he kernel of t he second piece reads (see (2.20» 
M M' 

1) , :D( 1f1 )(x) = -
M C M 

1 
"2 

~ [3 . 1f1c (x) + 2ie¢:(x)1f1M(x)] 

[ 3 I-l
z

1f1c (x) - 4ie¢~(x)1f1M(x)] , 

(A5) 

(A6) 

provided t hat (. + 2,1 )1f1 ex) = 2ie¢M Cx )1f1 (x). The third term can be e e M 

readily obtained from (A5) and (A6) by replacing C by B, and the fourth 

is given simply by 

( " ' .. ' )11.1 1 
1) ~:D~ "VI (x) + 

A M 2 

(A' B') I-l Z A'B' 
- 1-l:D A X (x) - 2 E: 1f1 A (X). (A7) 

Thus, combining the relations (A2)-(A7), yields 

A ' B' ie M 
+ E: ["2 (E: A(a¢e)(X)1f1M (X) - ¢A(a(x)1f1e )(X ») 

Z 

+ ~ (~ E: BC1f1
A

(X) - E:
A

(B 1f1C)(X»)] . (A8) 

In (AB), the term involving products between the left-handed Maxwell 

and Dirac fields equal s -ie£A' a' [¢ A(B(X)1f1
C

)(x) - l/2¢BC(X)1f/ A (x)] , while 

Z Z A'B' 
the I-l -piece reads - I-l /2 E: £ 1f1 (x). The computation of the I-l- term 

AB C 

is more elaborate. To keep track of the relevant indices, it is 

convenient to introduce the block ABC for denoting the ordered 

.. . (A' B') 
(unprimed) wdlces carned by E: :D X (x). We thus have the symmetry 

AB C 

property 

ABC = 2C[BA] = - BAC, (A9) 

whence the J-l-piece carried by (AB) turns out to be given by 
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- 1/3 A(BC) - 1/2 BCA = - 1/3 C[BA] - 1/3 B[CA] - 1/2 BCA 

- - 1/3 C[BA] + 1/3 C[AB] + 2/3 CBA 

- 1/3 CAB + 1/3 CBA = 2/3 C(AB). (A10) 

Hence, rep l acing these latter results into (A8), leads to the exactness 

statements i nvolving t he l eft- handed Dirac fie lds. 

The computations for t he Maxwe ll f i e lds are carried out as 

follows 

(All) 

The higher derivatives take a similar form since the skew- symmetric 

par t 'lA ' [Aj B ~ (x) and its conjugate both vanish identically (see 
A 

Eq . (2.21» . For t he pot ent i a l , we have 

VA ' Sl' B ' (x) = V (A ' g? B ' >c x) + 1/2 £; A' B' ¢ (x ) 
A B (A f] ) AB 

-A'B' A'B' C 
+ 1/2 £; ¢ (x) + 1/4 £; £; (\1 ~ (x», (A12) 

AB AB c 

whence the exacteness of the entire set (2.1) is achieved whenever the 

Lorentz condition (2.5) is adopted. The manifest SL(2,~)-covariance of 

the above statements ensures the invar i ance of t he sys t em. 
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Generalized Mass-Scattering Integrals for Dirac 
Fields and Their Graphical Representation 

J. G. Cardoso I 

Received December 27. 1990 

Penrose suggested that Dirac fields could be constructed from a n infi nite number 
oi elementary distributional fields scattering off each other , v.i th the mass of the 
entire fields pla~ing the role of a coupling constant. Follo ..... ing this suggestion. 
we present a complete null description of the mass-scattering processes. The 
general pattern of the null initial data for successive processes is explicitly exhib­
ited. The entire fields are given by four series of terms, each being a manifestly 
finite scaling-invariant integral which is taken over a compact space of appropri­
ate mass-scattering zigzags. A set of simple rules which enable one to evaluate 
any term of the series in a graphical way is given. These rules give rise to a 
colored-graph representation of the scattering integrals. 

1. INTRODUCTION 

Penrose's null initial data (NID) techniques constitute a powerful 
instrument for describing the dynamics of sets of interacting spinor fields in 
real Minkowski space IRM (Penrose, 1980; Penrose and Rindler, 1984). In 
this framework, the key concept is that of an invariant exact set, which 
guarantees a consistent description of the field dynamics. Likewise, the initial 
data for all the relevant processes are specified at nonsingu1ar points of null 
hypersurfaces in IRM. The evaluation of the entire fields is then carried out 
by using either integral devices or appropriate power series expansions. 

Penrose suggested (Penrose and Rindler, 1984) that, regarding the Dirac 
fields as the elements of an invariant exact set of interacting spinor fields on 
IRM, one could use these techniques to build up a solution of the source­
free Dirac equation. In accordance with this procedure, the Van der Waarden 
form of the field equation should be employed such that the mass of the 
entire fields would appear as a coupling constant. The entire Dirac fields 

'Department of Mathematics. Quaid-i-Azam University, Islamabad, Pakistan . 

1565 



1566 Cardoso 

would then be given as a linear superposition involving an infinite number 
of elementary distributional fields, which propagate for a while along null 
geodesics of IRM, and repeatedly scatter off each other at points lying in the 
in terior of the future cone of an origin of IRM . 

In this paper, we develop Penrose 's suggestion further to describe com­
pletely the mass scattering of Dirac fields in IR M . All the densities associated 
with the elementa ry contributions satisfy Dirac-like (proper Lorentz-invari­
an t) dis tributional field density equations on the interior of the future cone 
of the origin (Section 2). The initial data generating the elementary fields 
are specified at poin ts of the future null cone of the origin. Thus, the success­
ive mass-scattering processes take place at suitable vertices of appropriate 
null zigzags that start at the origin and terminate at a fixed point of the 
interior of the future cone of.the origin . These vertices are indeed the points 
at which the NID for the scattering processes are explicitly evaluated. Each 
element of the infinite Dirac set appears then to be given as a scaling­
invarian t (SI) Kirchhoff-like integral (Cardoso , 1990a) which is taken over a 
suitable space of such null graphs (Section 3). Hence, as far as the scattering 
processes are concerned, the propagation of all elementary fields is viewed 
as taking place entirely along the edges of these graphs. A representation of 
the field integrals in terms of colored graphs associated with mass-scattering 
zigzags leads us to four graphical expansions fo r the entire fields (Section 4). 

Throughout this work all the fields are looked upon as classical , and 
there will be no attempt at this stage to regard them as quantized fields . We 
shall make use of some basic properties of distributional fields on IR M 
(Penrose and Rindler, 1984). 

2. FIELD DENSITY EQUA nONS 

The main aim of this section is to present the distributional field density 
equations (DFDE) . We endow the null graphs, which appear to play an 
important role here, with appropriate sets of spin bases. These bases enter 
into the definition of the relevant NID sets. 

2.1. Forward Mass-Scattering Null Zigzags 

Let V; denote the interior of the future cone of an origin 0 of IR M. 
Let, also, ~ ~ be the future null cone of O. A forward null geodesic zigzag 
(,N is a simple graph (see, for example, Busacker and Saaty, 1965) whose 
vertex-set is the set 

~ 0..1..1 ' 1..1..1 ' 2 AA · S ,H ' 
V( ~ N ) = {x , x , x , . .., x } (2.1 ) 

"1ass-Scattering Integrals for Dirac Fields J ~'I 

of N + I vertices all belonging to rr:: ~v:, with N '? 2, The vertex n.~ 1..1..1 ' lies on 
the (future) forward null cone e~ of .!(AA , n = O, I. 2 ... . , N-1. The edge­
set of (, IV is the set 

1 S ) 
£(;s)= { r.r,r " ,r f (2,2) 

of N suitable affine parameters, where each n; 1 lies on the (null geodesic ) 
n A A ' n-I AA , 

generator;; n- I of e ~ that passes through x and x . The elements 
°4 ..1 ' -'"4 4' , x and x " of (2.1) are the starting-vertex and end-vertex of V( t; N) . 

respectively, 
We next introduce the set of .N pairs of forv,ard spi n bases 

where 

0 , I , A' " I A :" • " A ' 
FSBS = .r f f ., 0")' f 0- 0- " ', ), f f o" '! - " 0- ) I, 

Il l O, P lO '1 J) ' llO, J ' I ? ' 2 f J' 

f rS - 14 ,VA) f - A ' -A ')) ) 

t', ° , ° f' t s~ I ' I~ f f f 

( r nA n -I A ) (C/ ' 0 ..1 ' ) ) 
't't 0 , ° j, 't n 'n+1 f f 

(2.3 ) 

is set up at the vertex .~AA ' E V( (,s ), n running over the same values as before , 
This set is here called a forward spin-basis set. The pair 

r r 3..1 JA } r 004 ' OA'}\ 
l l' , l O ' I ) 

has been introduced even though it does not play any role herein . However, 
it is relevant when one carries out the twistorial transcription of the mass­
scattering formulas (Cardoso, 1988). In (2.3), the spinors n~ IA . 0 A ' are 
chosen to be covariantly constant along Yn+ l. The real null vectors+

1 

f n A - A' n - I A - A'} 

to ° , ° ° n n~ I 
(2.4) 

point in (forward) future null directions through .~.A A ' , and the conjugate 
. . n..( .. r 

splll-Illner products at x' . . 

I1A 11 + I 

:= 0 ° A, 
- - A' ­
:= ° ° A ' n n n+ I 

(2.5) 

are held fixed. Let (, l\' be equipped with an FSBS. In this case, if the sta,rting­
vertex of ( N is the vertex of C(5; and if the elements .~ , f AA', . . . , .~AA' of 
V«(, N) all belong to V~ , ;.v is said to be a mass-scattering null zigzag 
(MSNZZ). 

N -1 4A , 
We now take the element x ' of the vertex-set of an MSNZZ, and 

. .~' ~ - A ' 
transport the splllors 0' • ,\'~ I (forwardly) parallelly along the generator 

+ " -1 44 , + . 
YN-I of eN - 2 · An Y " EVo that IS future-null-separated from an 
.\' - 1..104 ' _ . .. N - I ~ ~ ' . 

R Eex-~ which IS , III turn, future-null-separated from x" IS defined, 
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. .'1-1,1,1' 
with respect to x , by 

S-I AA· '-;- 1 S-I,< _ A' S S< _< . 
y = q 0 \.~ 1 + U O ' ~ . 

. . 
(2 .6) 

In this relation, Nq 1 and ~. are appropriate affine parameters, .... q-I lying on 
" ,\'-1 , 

YN- 1 and if lying on the null geodesic that passes through R AA and 

Ny 1 AA' (see Figure I). Recalling that the inner products .\~-I and : are 

fixed , and letting ,v,v 1,104 vary suitably, after a short calculation. we '~b'tain 

and 

Fig. I. 

TN 

S - 1 SB .\' - 1 _ ,,:,\' _ .\' - 1 B 
V ,104 ' 0 =(-1 1 :: :: U)OA 0 " 0 

.\'-1 S-I ' 

x - J,' " - J tV _ I 
V A ,iI = (1 / ':: :) 0 A 0 A 

. .\'-1 S-I 

"fN - J 

N- J 
RAA' 

N- J 

OA 

(2.7 ) 

(2.8) 

A point N)~ 1,1,1 ' E V; is defined with respect to the element "'.~ I A ," of the vertex-set of 

an MSZZ. 

.'\1ass-~calttrUlg, 1I1lC};141.3 IVI uu .. ~ ....... -.. 

"'. -I _ _,\' - 1,1,1 . . S - 1 A. _ A 
where V A.A ' = o/ e Y . . Notice that the spInors 0 s~ 1 and the 

. 0 A A ' 1 A A' .\ - 1 A A fi ' vertices x , x , ... , x have been held xed at thiS stage. The com-
plex conjugate of (2.7) is 

s - I _If S - i _ S S - I _ _ E! 

V AA ·.~ = ( - 1;, :: .\.:. ! 11) 0 A r~ S~ 1 (2.9) 

We assume that an appropriate \1S)iZZ will be involved in the defini ­
tion of each of the quantities which are to be considered in what follows . . 
The letters ;, i_, and 17 will be sometimes used to refer it to these quantities. 

2.2. Infinite Dirac Sets 

In the absence of electromagnetism. the two-component spinor form of 
the Dirac equation on ~;>~ is written as (Penrose and Rindler. 1984) 

'1M IfIAx) = ,LilA·(X). \AAlA'(X) = -,Li IfIAx) (2.10) 

where,Li =(2)-1 2/i-I m. III being the mass of the fields and 2lr/i the usual 
Planck constant. Hence the Dirac fields form the il1\'ariant exact set of 
interacting spinor fields (Penrose, 1980) 

DS = {IfIA(X). lA(X)} (2.11 ) 

the constant J.1 appearing in (2. I 0) playing the role of a coupling constant. 
The exactness of (2.11) allows us to split it into the infinite invariant 

exact set on V~ 

o . 1 , 2 

IDS = {ifl Ax). lA (x), IfIAx). l'< (x), IfI Ax), [«x), ... } (2.l2) 
o 1 2 

whose elements yield a solution of (2.10) whenever we put 

:x: K 

IfIAx)= I IfIAx), 
:x: 

[< '(x) = I [«x) (2.13) 
K~O K=O K 

In (2.12), XAA'E V~ is effectively identified with the end-vertices 

2K-;2A .• · 2K-;3 AA· 
.\ ..X 
A ry 

of MSNZZs A2k+2. T)2K+3 such that we can reexpress it as 

o 2 A' 2 I 3 .,f" 3 .2 4 A''; 
IDS = { IfIAx). X (x), IfIA(X), X (x), IfI Ax) . X (x) .. .. } 

;" 0;' 1J 1 f1 ;. ~ ;. 
(2.14) 
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We thus have 

2K :' K 2K - 2 
'liA(X) = 'liA( x ). 

2K -2 
I. A (x) = I. A( x ) 
:K 2K;· 

(2.15a) 

2K - 1 ~K - I 2K - 3 

'Ii A (x) = 'Ii A x ). I. 
A' , 2K-3 

(x) = / A ( X ) (2,15b) 
2K-1 2K -1 

Let s,v stand for ei ther i.:;.:_ 2 or T)2 K - ! , We now associate SI massi \'e distribu­
tional field densities with the elements 

S -I S-I 

'Ii ,A x and 
V- I 

I. ,1'(' x ) 
~- I • 

of (2,14) . satisfying the DFDE on J' ;; 
s - I ,S - I .\'- I ~ ' .\'-1 .\'- 1 '-I .\'-: .\'-1 

'V 04,1 X ~ ( )' ) = - J1 qJ A ( Y ) 'V ,1,1 qJ A( Y ) = J1 X . ( y ). 
; ; .\"-2; IV-l ; ; 

(2. 16) 

The fields 

o '2 A' '2 
'Ii Ax) and / (x) 

; 0 ( 

are the massless free elements of (2.14) whose SI densities satisfy the DFDE 

I , 0 I 
,? o4A qJ A~) = O. 
, , 

I A' I 
'V AA'X (y) = 0 
; 0 ; 

(2 .17) 

The precise meaning of these field densities will be made clear in Section 3. 
I t is evident that the y's appearing in (2.16) and (2.1 7) are of the same form 
as (2.6) , ; 

2 .3. Symbolic Expressions for Null Initial Data for Successive 
Mass-Scattering Processes 

The choice of <'{?~ as the NID hypersurface for all the fields in (2.14) 
enables us to define the N ID set (Penrose, 1980; Penrose and Rindler, 1984) 

{ 
0 I A I - A ' I } 

NIDS = 'Ii(o ; x) , X(o ; x), 0, 0,. . . (2.18) 
o I 

Its nonvanishing elements are the complex scalar functions on C(f ~ 
o I A I I A 0 I -A ' I -A ' B' I 
'Ii(O ;x) =o 'liAx), / (0 ;x) = o X (X)C8'A' (2.19) 

o I I 0 

which are specified at the element .~. ,U' of the vertex-sets of MSNZZs. These 
NID actually generate the elementary fields of (2.1 4), and will therefore 
appear in the explicit expressions for the NID for successive mass-scattering 
processes (see Section 3,2) . 
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We define the NID hypersurface for th~, (N - I )th mass-scattering pro­
, cess as being the future null cone e,~ -I of ' _XIAA "'\' ( ~ "-I) ' It is clear that 

this process involves the mass scattering of the massi\'e fie ld densities 

.\' -I , ' - I 

qJ A J ), 
, IV-I 

X A ( Y ) 
.\'- 1 

The NID set for it is 
\' - I " \' :: 

M SNIDS = { 'Ii (004 ; .\:), I. (~A: X)} 
S-I ' 

(2,20) 

where 

S - 1 \ ' .. ; \ ' s - I \' 
'Ii (O A: .\:) = OA tfi A.\:), / (8 04

' , i') = {/ X 8'(;).0 (2 .21) 
.\':. I .\" ,".\' - I B A 

" are complex scalar functions on e,-:;-I at .\.,H E V(;,,'_ d , For successive mass-
scattering processes, we thus have the infin ite NID set 

I 2A 2 - A' 2 2 3..1 3 - A' 3 
IMSNIDS={1jI(O ;x) , (-(~ ;x),1jI(0 ;x).{(? ;x ), .. , } (2.22) 

In order to rewrite the DFDE in a symbolic form, we now introduce 
\' 

the conjugate spin scalar operators at .\:Ao4 ' 

... :\" S N .1\'-1 N .\" S !\" 
,JI /2-= (r / : ){[]I -2 p (x)}=(r / : )PL (2.23) 

\' N .v" 
7f I 12+ = (i'/ z){[]1-2 f?- (.\:)} = (r , =) PR 
"" ,\ ,\-1 ".\' 

(2.24) 

, \' 

In these expressions, ~ EE(~.\'+ I) and '[]I is the differentiation ' operator in 
. . " '-4.-4 ' . N- I IV • N 

the directIOn of y,v at x ' ,The functIOns p (x) and R (x) are real and 
X-I 

measure the convergence of the generators of c'~- I aL .~.H (Penrose, 1980). 

Their defining expression is 

N-I( N) (S) _I,v N+IC _C( , / ::.NCC)"'A R (N) 
P X = zoo 0 C (IX 0 = X 

A,,; S-I 
(2,25) 

N . 
The operators PL and PR are the usual real forms of the compacted spm-

coefficient derivative o~rator at ~AA' (Penrose and Rindler, 1984). In fact, 
for the general case of spin s, the 7f operators a re given in Cardoso (l990a). 
Letting (2.23) and (2.24) act appropriately on the elements of (2.20), we get 

for the (N - l)th process 
N-\ V ,v ' x 

rr -MSNIDS = { 7f 1 ,_ 'Ii (o '~ : .\'), 7f1 '- 1. (8
A

: x)} 
s- S- ' S~l,\' 

(2.26) 
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The general pat te rn of the ft -NID for successive mass-scattering processes 
now becomes clear. We have the infinite n-NID set 

I J ~ "1.2.. 3 
n-IMSNlDS= { lI2-If!(OA: _t). '11 2-{-(f: _t), 'l1 /2-If!(OA; x). 

, , (-A' , 3, 1 
(f I 2+ 1. q , x) . . , . f 
J 2.) 

(2.27) 

We shall see later (Section 3.2) that the explicit expressions for all the ele­
ments of (2 ,27) can be given in terms of the elements of the following NID 
set: 

'NIDS- {' 0(1 04 . I), _ ( -A'. 1_)1 n- - ;r1 /2-1f! 0 . X , ;rl 2-1.? ,x f 
o 

(2.28) 

where the rr operators are now defined on ct a at iAA'. A diagrammatic 

representaticn of the functions appearing as the elements of (2.26) is shown 
1\'-1 

in Figure 2. The ft -null datum involving If! ( 1.) has been represented by 
"'- I 

a white (black) datum spot These datum spots bear the letters Land R, 
which stand for left and right, respectively. Such a diagrammatic representa­
tion shall be used also in Section 3. We will effectively make use of the 
corresponding terminology in Section 4. 

As men tioned before, each of the elements of (2 .14) propagates for a 
while along the edges of the relevant MSNZZs. Thus, by splitting 

Y. N.I 
N.I 0. 

j,f 
C 

'·1 
6.: 
N 

101 

N-2 N ' \" 
If! Ax) and X A C-~) 

N -2 

"(~.I "I.' 
0. 

0..­
c' N·I 

N-I 

1 bl 

N 

0. 

Fig. 2. The rr-NID for ~he (N - I )th mass-scatte ring process are represented by datum spots 
centered at the element " , A ," of the vertex set of an MSNZZ, (a) The'll datum is denoted by 
a white datum spot; (b) the X datum is denoted by a black datum spot. 
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,v- I,.! ,.!, , 
at Y , we obtam 

and 

'" - 2 " _ I I·: ,\' - I\,_ I S - 2 " - I H ,\' - I 

\}IA(Y ) =;- 0,4 6. ICy )"~1 12- If! (0 ': x) 
_r. 

A ' S - I I _A ' S - I ,\' - I. _ ," S - I 
X ( Y ) = - 0 6. I ( r) rr I 1 - 1. (0 : X) 

S-'2. 2r: ."" ~ .\"-1 - s-=~ ::-1 
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(2.29) 

(2 ,30) 

.~' -I \'-1 
where 6. ICy ) is (Penrose and Rindler. 1984) a proper Loren tZ,scalar 
distributional field (PLSDF) on Va (with the origin displaced to ' _~ IAA 
whose support is C.~-I' Therefore the massive DFDE (2,16) are rewritten 

as 

S -I AA,N -I S -I _A'S - I S -1, _ ,I.{ ' S-I 
\l \}IA( r )=(J.1 / 2rr)0 6. I( \') n12- /. ( 0 ; x) .. s . S - J ,'-=, s - 1 

(2.31 ) 

,\'-1 ~ ' \'_1 ,,"'-I "_I ,\'-2 , ' -I" "-I 
\l AA' X , C v ) = ( - J.1 2n)o A 6. Ie\' ) rr I?- 1/1 Co' ; ' x) (2.32) 

N-I - - S-I - y 

Notice that these DFDE are invariant under both Lorentz transformations 
and arbitrary scalings. 

3. MASS-SCA TIERING INTEGRALS 

To obtain the explicit mass-scattering integral formulas, we need first 
to solve the DFDE exhibited in Section 2.3. We shall be led to explicit NID 
for the mass-scattering processes. Each of the elementary fields of (2.14) 
emerges as an SI mass-scattering integral which is taken over an appropriate 
space of MSNZZs. The entire Dirac fields appear to be given in terms of 
four series as each of the expressions (2.13) is split up into two series. We 
will here use the diagrammatic representation of Section 2.3 whereby the ft ­
NID involved in the scattering processes are represented by white and black 
datum spots bearing L's and R's. 

3.1. Solutions of the DFDE 

The solutions of the massless free DFDE (2.17) can be obtained at once 
by putting N = 2 in (2 .29) and (2.30). We thus have 

o I 2 I I, 0 1M I 
\}IAy) = (1 / 2Tr)OA6. I(Y);rI 'z-If!(0 ; x) (3 .1) 

and 

4' I - ,4' I I A -,If ' I 
X- (1') = (I / 2n )0 6. 1(l')nl /z+X(o : x) 
o· 2 - I 0 I 

(3.2) 



These are the express ions arising from the usual splitting of the Kirchhoff­
D'Adhemar- Penrose (KAP) integrals in the case of spin ± I / 2 (Penrose and 
Rindler , 1984: Ca rd oso, 1990b). To the massive DFD equation (2.31), we 
seek a distributional solution of the form 

tV - I ,\' - I N - I tv -- I N - I N - 1.... _ M' N - I 
\f' A( Y ) = a A y ) .6;C Y ) .1f 1/ 2+ X (0 ; x) (3 .3) 

N-I N-2 N-I 

/v' - I /\' - I . . . N - I N - J • 

where a A( Y ) IS a spInor to be determmed, and .6 ;C Y ) IS a PLSDF 

defined with respect to N.X 1..1..1' . By differentiating out (3,3), using (2,7), (2.8), 

and the SI distribu ti onal relat ion on V~, 

N- I N - I ,\'- 1 NN N- I N- I N-I N N-I N-I N-I 
'V ..1 ..1' .6 j( Y )=UOAO A ' .6 j+l( y )-(j/ z z u) 0 A 0 04 ' .6 j( y ) 

N N- I N- I (3.4) 

we conclude thatj = 0, and 

N-I N-I N-INN-I 
a A y ) = -[(.u / 2rr) / z 1IJ 0 A (3,5) 

It follows that our SI solution is 

,v-I N-I ,v-IN ,v- I N-I N- I , _ M' ,v-I 
\f' A( y )=-[(.u / 2rr)/ z uJ 0 A .6 o( y ) rr 1/ 2+ X (0 ; x) 

,v-I ,v-2,v- 1 (3 ,6) 

,v- I 

.6 oc'" Y I) being (Penrose and Rindler, 1984) a proper Lorentz-invariant 

step function on V~ defined with respect to ,v X 1..104 ' , A similar procedure 

leads to 

A' ,v-I ,v o4,N-1 N-I N-2 N-I
M 

,v-I 
X (y )=-[(.u / 2rr) / i uJ 0 .6 o( y ) fr 1/ 2- '" (0 ; x) 

,v-I ,v- I N-I ,v-I 

(3 .7) 

as the SI solution of (3 .2), Since we are concerned here only with forward 
,v-I ,v -I 

MSNZZs, we shall henceforth take .6 o( y ) = I. 

3.2. Explicit NID Expressions for Successive Mass-Scattering Processes 

The SI solu tions (3 .6) and (3,7) give rise to certain symbolic relations 
involving the elements of (2 .27) . These relations are easily established by 
making use of the defining expressions (2. 21 ), (2.23), and (2.24). We thus 

have 

N - I N N NtV I' N-I 
rr l ., 2- IjI (0 1

; x)=[(.u / 2rr) / : rJ ,rr 112+ X ( 0 " : x) 
tV /'II- I N - 2N - 1 

(3.8) 

and 

A -A ' N , j", N-2.V - I A N-I 
1f1l2+ X(o : X)= [(fI / 2rr) / ::rJ 7[ 1/ 2- IJI (0 ; x) (3.9) 
/\ N tV N N-l 

L ' h' 0(1..1 I) (.1'+ 1..1..1. V( ' h et us now start Wit ~1 / 2-1f! 0 ; x on DO at x E /\'21\+2), were 
KE N u {O}, N being the set of natural numbers, Using (3.8) and (3.9), we 
obtain the following expression for the NT datum for thc (2Kth -process) 

2K ' K . 
mass scattering of the SJ field density 'l'ACy) on C2~K at 
2A'+IAA' 

x E V(}'2K+2): 

, 2K(2K+I..1 ,2K + I) 
2K~11 / 2-1j1 0 , X 

= ( .u /2rr)2Kfl /2_~(J··1;.~) /[(fI 211;1)(' fI L)(TI jr,I)] 
11 = 1 111=1 J= I 

(3.10) 

where the explici tly involved affine parameters belong to E(}"2K + 2) whenever 
K takes on the values 1,2, 3, .... Similarly, starting with 

A (-A ' I) ~ 
rrl / 2+X 0 ; x on ~o 
I 0 I 

I ..lA' ) at x EV(ry2K+3 

we obtain 

, 2K + I 2K + 2..1 2K + 2 
rr 1/ 2- IjI (0 ; x ) 

2K+2 . 

1[( K + I )( K )(2K + I )] 2K + I .... -A' 1 2m _ j + I 
= (.u/2rr ) {f1 /2+X(?; X) TI Z TI 2nz,,1 n r 

o ",=1 n=i J= I 

(3.1 1 ) 

which is the expression for the NI datum for the [(2K + l)th-processJ mass 
scattering of the (SI) 

21\+1 'K+I 
'P ..Ie y ) on C~K+I 2K+2AA' V( ) at x E 7]2K +3 

It is clear that the affine parameters involved in (3.11) all belong to E(ry2K+3) ' 

The results for the mass-scattering processes involving the SI densities 

X A'('2K) and 
2K y 

X A'(2K + I 
2}"·+ 1 )') 



can be obtained from the previous ones as follows. We first make the 
replacements 

... 2K '2./\ + I A 2K + 1 ,. _ A' 2K + I 
n I /~_V/( 0 ; x )-> n 1/2+X( 0 ; x ) 

2K+l 'lK+ 1 2X2K + 1 

A ~K + 1 2K + 2A 2 K + 2 A _ A' 2K +2 
~ 1/2- VI (0 ; x ) -> ~ 1/2+ X (9 ; x ) 2}(+2 21.:+2 2K+I 211:+2 

Next we apply the interchange rule 

A 0 ( 1 AI) A ( -A ' 1 ) 
nl / 2- !f' 0 ;X ...... nl HX 0 ;X 1 1 U 1 

Finally we take the complex conjugates of the explicitly involved inner prod­
ucts . We thus get 

2KTr....II /2+XC a A' .2K+ I 2K 2K+ 1 • X ) 

= C J.1 / 2n fK f 1/2+X C(; i )/[( fI 2£')( Ii 2n~ 1)( n 1} I)J (3.12) 
o m - I n - I ; - 1 

2K (2K'2) 
~A X 

xII' (2~3) 
2K'l 

A 2K 2K'lA 2K'l 
11 112- ~L ( 0 ,x ) 

2K'l 

A 
11" 1I2'XR( 511' 2K.') 

2K,l 2K' 2K'l ' X 

A 0 1 1 
~/2-~L (OA , x) 

A _ I 1 
1I1I2·'X.R(OA , x) 
1 0 1 

A X -A' 2K'2 
11 V2' R (0 I X ) 

2K'2 2K,l 2K'2 

A 2K'l 2K'2. 2K'2 
IT 112 - IjJL ( 0 11 , X ) 

2K'2 

X"(2~'2) 
2K 

2K·l (2K'3) 
~A X 

Fig. 3, Scheme showing the generation of the NID for the mass-scatte ring processes involving 
the SI distributional field densities in V~, 

+ 2K+IAA' 
on C2K at x E V(A2K+2) , and 

fr 2K+21 /2+ X ( a A' 2K+2 
2K+12K+2 x) 

o / [( K )( K + 1 ) (2K + 1 )J =(J.1 / 2n)2K+lf l/2_1//(6A;i) fI 2/1;1 fI /;/1 fI J ~I 
I! = J ' m=i J= l 

on C:;-K+I at 2\+ 2.-/;/. E V(T/2K+3). A schematic representation of the above 
procedure is shown in F igure 3. 

It is now evident that the elements of (2.28) are the NID for the "zeroth­
mass-scattering process." These are the NID that enter in to a modified SI 
version of the KAP field integrals in the case of spin ±1 / 2 (Cardoso, 1990a). 
The explicit p-NID for successive mass-scattering processes are given in 
Cardoso (1988). 

3.3. The Entire Dirac Fields 

For writing down the S1 mass-scattering integrals for the elements bf 
the infinite Dirac set (2.14), we need to define a mass-scattering (3) - 1)-

123 .. J 
differential form,}E N. Such a form is an SI (3j-l)-volume form .rs: on 

123 .. J 
the compact space IK of MSNZZs whose edge-sets possess j + 1 edges. The 
relevant defining expression is 

1'3 ' (J- 1 )' )jJ = 1\ '[ A '§ 1\ is 
m=1 

(3.14) 

where [' is the Slone-form d;' / ;' at the element )lAA' of the vertex-set of 
123 .. j m m 

some SJ+IE IK , with rEE(sJ+I); S is the SI two-form of surface area pro-
vided by the (spacelike) intersection of the (past) backward null cone 

C':+I of m';IAA' E V(SJ+ I) with the (future) forward null cone C:'_ I of 
m-1AA' k' 

x E V(e+I), and _ is an SI two-form on the (two-dimensional) space 
of pairs of adjacent edges ~ and 1;1 of E(SJ+I) incident at {ME V(SJ+I), 
which is given by 

" 

K
J SJ/ (i _JJ+I) = zzr r 
- - J 

(3.15) 
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We are now in a posi tio n to introduce the SI mass-scattering formulas. We 

have 

2K 'K -., 
'I' AC x -) 

2K + I 2K -3) 
'I' A x 

J.12K f 
( 2Jf/K - 1 123 ... 2K-1 

IK 

~K - 2 
o A 

• 0 I -14 I I 23 ... 2K - I 
f l 2-'1'(0' ; x) .f; 

x----------------------

COl ~:I)C~I ~)CD, Pr') 

J.12K -I f 2K- 3 
---,---, 0 A 

( 2Jf ) _K-- 123 ... 2K- 2 

IK 

M' 1 1 ?3 ... 2K + 2 
Ifl :-1(0' ; x) K 

x I o' I -

n ~ n: n p;1 
( 

K - I )( K )(2K ~ I ) 

m=\ n= l2n.,.. 1 p=1 

for the unprimed elements of (2.14), and 

A ' 2K+2 J.1 0 2K f A' 

fx. ( x) (2 n )2K +1 123 .. ~+1 2KTZ 

X A·(2V 3 

2K+1 ) 

A -M' I 123 ... 2K+1 
fl / 2+X(? ; x) .f; 

x 0 

-C~I ~)C01 2n~JCryl P;I) 

------ 0 A 
J.12K+1 f . 

(2n)2K+2 123 ... 2K+22K+3 
IK 

A 0 I M I I Z3 ... 2K + 2 
f 1/2-'I'( 0 ; x) .f; 

x --~-------------------

( fI 2n;I)(KrY zX21f P;I) 
n= 1 m=1 2m p ~1 

(3 .1 6) 

(3.17 ) 

(3 .1 8) 

(3.19) 

for the primed elements. Each of the above mass-scattering integrals takes 
into account all the contributions coming from the spotted vertices of the 
appropriate MSN ZZs (see Figure 2) . Additionally, it is evident that these 
integrals carry explicitly the NID expressions given previously. These 
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1, 
c 

o~ 

o 
Fig. 4. Diagram shov.;ng su=ssive mass-scattering processes of Ihe ~I 1isl1butional field 

densities on V;;. The NTD fo r the processes are generated by r., 2_ '1'(0' ; xl on 't o. , 

features are illustrated in Figs. 4 and 5. Particularly, the integral expressions 
for the massless free elementary fields are written out explicitly as 

o 2 I f 2 A 0 1M 1 I 
'I'Ax) = 2n ~ OA{l'i.2-'I'(0 ; x ).f; (3.20) 

and 

• 2 1 f ' W' I I 
X

A (x) =- O'~ If TX(O' . x)K 
o 2n 1 2 1 I 2 0 1 ' -

IK 

(3 .21 ) 

These are the SI version of the KAP field integrals for the case of spin 
± 1 / 2. The S1 expressions for the general case of spin s are given in Cardoso 
(1 990a). 

Simple formal mass-scattering integral expressions can be achieved by 
defining suitable SI field densities on C:K and C:K+ I, such that (see Figure 6) 

2K (2K+2 1 f 2K 2K +1 123 ... 2K+1 
'I' A X )=-- 'PA x ) K 

2n I 23"hf + I -
(3.22) 

2K+1 2K+} I f 2K+1 2K+2IB ... 2K+ 2 
'I' A x ) =-- , , ,'P A x ) .f; 

?,.. 1_3 ... _K + _ 
_ H IK 

(3.23) 
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.( 

c; 13 

c; 

1. 

o 

Fig. 5. Diagram showing su=ssive mass·scattering processes of the SI distributional field 
densities on V~ . The NID fo r the processes are generated by 1f, " +X(OA' : .~J on ~o. 

, 0' 

i, 

c; 

1', 

o 

Fig. 6. The S1 field densities on V~ generated by If , / 2- ~(~A : .~l on rc~ . These densities define 
I 2 K A" 

simple formal mass·scattering integrals for the elementary fields ",Ax) ar,d X (xl. 
lK-1 
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and 

1. A'( 2X; 2) = ~ f X A'(2\-I /"' 'j(-I 
2X 2iT 123 ,, ~X.!. 1 2X -

I. A/\- 3) =~f X A/\-2) 123' j[-2 
., 1?3?X • , -

2X-i LiT - "t{ -. 2X- 1 

Hence the entire fields (2.13) are reexpressed as 

z 2K 2K _ ") :r~ 2K - I ~ r ~ 3 

II' Ax) = L II' A( x -) -+- L II' I'x ) 
X~O ,. X~O ry 

:.r: 'l. 
A' • A' ?X- ? . A ' X-J 

I. (x)= L I. C·'-)-+- L I. ('x ) 
X~02X A X~02X-1 

A schematic diagram sho\\'ing this recovery is given in Figure 7. 

/'."~ 
2K (2K.2) 
~A X 

i 
IntegratIOn 

""er 
the compoct spoce 

123, · 2K·1 
K 

x A'(2K'3) 
2K.l X 

~ 

2K.'(2K'3) 
4'A X 

Inteoration 
<Ner 

the compact space 
123 .. , 2K'2 

K 

(nle9mtion 
over 

the compact space 

123 , · 2K·1 
K 

xA'(2K'2 ) 
2K X 

,/ 
xA(X) 

~581 

(3.24 ) 

(3.25) 

(3.26) 

(3.27) 

Fig. 7. Schematic representation of the recovery of the entire Dirac field set on V~. 
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The diagrams ill ustrating our mass-scattering scheme, which have been 
exhibited above, can enable one to draw all the other rel evant scattering 
diagrams. It is wo rth remarking, in particular, that the diagrams shown in 
Figures 4 and 5 can be obtained from one another by interchanging the 
datum spo ts appropriately (see Secti on 4). 

4. GRAPlllCAL DESCRIPTIO:\ OF TIIE 
MASS-SCA TTERI:\G PROCESSES 

Basically, we shall now show how the information carried by the gen­
eralized mass-scattering integral expressions exhibited in the foregoing sec· 
tion can be extracted from certain simple graphs. Such graphs will henceforth 
be designated as mass-scattering graphs (MSGs) . The un primed and primed 
elementary fields shall be called left-handed and right -handed fields, respec­
tively. For the sake of convenience, we will relabel the elements of the edge­
sets of the scattering diagrams which appear to be of relevance to us. 

4.1. Mass-Scattering Graphs 

An M SG is a (simple) connected oriented colored graph as-2 (N~O) 
(Busacker and Saaty, 1965; Nakanishi, 1971) whose vertex-set 

o 1 2 3 ,';-2 
V(a,V+ 2) = {v, v, v, v, .. . , v } (4.1) 

contains N + 3 elements such that n~ 1 is "forwardly" separated from u, 
n = 0, 1, 2, . .. , N + I. Indeed, this "forwardness" is what defines the orienta­
tion of aN+2. The edge-set of O"N+2 is the set 

1 1 3 N - 1 
E(a N+2) = {a, ii , a, . .. , a-} (4.2) 

n+l h' 11 n+l . 
of N + 2 edges, where a connects t e vertIces vand v . We now mtroduce 
a suitable one-to-one correspondence between the (vertex-sets) edge-sets of 
MSNZZs and the (vertex-sets) edge-sets of MSGs. We have 

[): V(~N+2) ..... V( a N+ 2) 

e: E(~N+2) ..... E(O"N+2) 

(4.3a) 

(4.3b) 

which establish the relationship between (.~.~Ar; I and (D)n; I, h = 0, 

I, 2, ... , N + 2. Both the starting-vertex (8) and the end-vertex <-"; 2) of 
0" .'1+ 2 carry no color, while each of the " internal" vertices carries either the 
color white or the color black. It becomes evident that the number of colored 
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V 

( 0) 

1 
V 

4 
V 

2 
V 
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( b) 

" II 
3 
V 

fl ",-

1 
V 

o 

Fig. 8. Two zigzag-like pall ems : (a) An MSG : (b) a zigzag which is nOI an \ 1SG. 

vertices of a""-2 is equal to S+ 1. For N>O. any internal edge of E(a"" 'd) 
joins only vertices carrying different colors . Each willte (black) vertex is 
associated with the appropriate 1'H datum for the scattering of a left-handed 
(right-handed) field. For example, we can have a graph as shown in Figure 
8a, but not as shown in Figure 8b. 

Notice that what appears to be of importance at this stage is the colored­
vertex configuration together with the number of involved edges. For con­
venience, only zigzag-like M SGs are considered here. From now on we shall 
for simplicity drop the v's and a's from the scattering graphs. 

4.2. Graphical Representation of the M ass-Scattering Integrals 
N 

Consider the left-handed outgoing fie ld If! Ax), which is involved in the 
Nth mass-scattering process. This process is graphically described by a O"N+2. 
The vertex ~ of this graph carries a white or black color, depending upon 
whether N + 2 is even or odd. For example, 

2 3 

If!Ax) = If' A(X) = (4.4) 
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The case N=O corresponds now to the "zeroth process ," which involves the 
massless- free elementary contribution . We thus have 

~A (X) = > (4.5) 

For "'> 0 the n-NI datum for the process invo lves explici tly the product of 
N affine parameters and N appropriate spin-inner products in the denomi­
nator of the integrand of the rele\'ant mass-scattering integral. The im'o lved 
parameters are set as 

_ 2 3 ,\" + 1 ) ..... 
LAPN - {r, r . .. . , r f CE( ~'\"-2 ) (4.6) 

while the involved inner products are given by 

3 5 _ .\" + I) 
ELIPN= {z, z, i, z, . .. , ~" - J 

2 4 I ' 
(4.7a) 

in the even-order case, and by 

2_4 _ = "":,"1 \ 
OLIPN= { :: 'f'Z'~" "' '' ' - ) (4.7b) 

in the odd-order case. We observe that the elements of (4.6) correspond to 

the internal edges of GN+2. For (4.7a), the inner product ~ is (suitably) 

implicitly carried by (J.!/21lfnl /2-~(JA; i), while for (4,7b) the n-NI 
I 

datum (J.!/2n)N n 1/2+X(OA'; i) already involves : adequately. Actually, each 
spin-inner prodhct eYlt~ring into the relevant Imass-scattering integral is 
defined at a vertex of MSNZZs which corresponds to a colored vertex of 
MSGs. This inner product is barred or unbarred according as the corre­
sponding colored vertex is black or white. It follows that, in the even-order 
(odd-order) case, V( GN+2) possesses N / 2 + I [resp. (N + I )/ 2] white vertices 
and N / 2 [resp. (N + 1)/2] black vertices. In either case, the numerator of 
the integrand of the scattering integral involves the "outgoing" spinor 
N + 2 123 .. ",," + I 123 .. . "" + 1 

o A together with a (3N + 2)-differential fonn ~ on IK, multi-

plied by the appropriate n-NI datum at {u. For example, for the graphs 
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(4.4), we have 

, 

= (~ ) 
) -
_ J ~ • 

• 0 ( I 4 I If" fl " -1jI 0 ;X)123 
- , , 0 4 3 :: 3 ~ 
21[ Ir::: ( ~: )( r r) 

( 4. 8) 

(

' 3 f .; ( - 4 I J.1 ' I ," I 2- 1. O' : X) 
= _ ) _ 0 I 0 I 123~ 

21[ , 21[ If :;": A (:=: 23~ ~ K _ ~ _ )( rrr ) 
( 4.9) 

The MSG that describes tbe scattering ~f the right-banded elementary 
/. .4 (x) can be obtained from the one for \PAx) by interchanging white 

~'nd black vertices. Thus, tbe colored-vertex configuration of the correspond­
ing graph appears the otber way about, its edge-structure being associated 
with (see Figures 4 and 5) 

RAPN=LAPx (4.10) 

It follows that, in the massive case, the relevant inner products arising here 
are obtained from the elements of (4.7a) and (4.7b) by taking a complex 
conjugation. The rules for this case are essentially the same as the ones given 
before, but the scattering integral now involves the " outgoing" spinor 
o A' . We are thus led to the colored-vertex structures 

JV+ 2 

I 3 5 "'·+1 2 4 ""+1 
CO • 0 • 0 ...• 0 ), (. 0 • 0 • • 0) C 4.11 ) 

2 4 .\" I 3 5 ,.,. 

for the left-handed fields, and 
2 ~ .\" I 3 5 N 

C. 0 • 0 . ... 0 . ), (0 • 0 • 0 0 N!I) ( 4.12) I 3 5 N+I 2 4 

for the right-handed ones. Evidently, the numbers carried by these structures 
refer to the labels of the colored vertices of the scattering graphs that repre­
sent the pertinent elementary fie lds . In particular, it should be noticed that 
the interchange rule of Section 3.2 has been automatically incorporated into 
this graphical scheme. 

According to the above rules. the entire Dirac fields are recovered graph­
ically as 
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5, CONCLUDING REMARKS Ai\1) OCTLOOK 

We presented a complete null description of the mass scattering of Dirac 
fields in 18ft!.. One of the most important features of our scheme rests upon 

'i'A(X) = >+< >+ .. . the fact that the information on the ~ID for mass-scattering processes is + totally contained in suitably contracted derivatives of spinors en tering into 
FSBSs. Here, the i -spin scalar operators are regarded as being more natural 
than the p-opera tors, insofar as the former are im'ol\'ed in the expressions 
for the SI field densities. These densities are specified at points lying on 
forwa rd null cones of appropriate elements of vertex-sets of MS~ZZs. It 
should be emphasized that the particularly simple form of the scattering 
integrals carrying explicitly such densities is due to the choice of ~;) as the 
~ID hypersurface for all the elementary fields . At every order, the number 

+S+<+S+ I 
defining the order of either field whose SI mass-scattering integral involves 

123 ... j 

(4.13) 
the (3j - 1 )-form K is equal to j - 1. The point at which the fi eld is evalu-
ated is the end-vertex of some MSNZZ that possesses j - 1 edges. 

A noteworthy feature of the solutions of our DFDE is the fact that 
they involve a neutrino field at any order. The usual splitting of the KAP 
integral expressions for massless free fields thus arose once again here. In 
fact, as regards the PLSDFs, the mass-scattering integral for a massive 
contribution of order j - 1 involves only the product of step-functions 

and II rT- ' ~Oey), which is defined with respect to suitable vertices of the relevant 
"=1 

MSNZZs. This was taken equal to ) here, since our zigzags are forward null 
graphs in IRM . Nevertheless, as the DFDE of Section 2 stand thereupon, 
the corresponding higher-order contributions can be looked upon as massive 

xA'ex) = >+< >+ .... 
11 

pieces which are propagated in V~ by the field equations. Indeed, what arises + when the elementary contributions are broken down into distributional fields 
involving 6 l ex) is that they behave themselves as massless pieces which 
propagate along the edges of MSNZZs. Under these circumstances. in effect, 
they appear to play the role of sources for the contributions associated with 
the densities that are involved in the left-hand sides of the DFDE. With 
respect to the former interpretation, it can be stated that what propagates 
along the null geodesics containing the edges of the scattering diagrams is 
the information carried by the elementary fields. 

+)+.(+)+ II 
We have assumed from the outset that the series e2.13) giving the entire 

elements of the Dirac pair are convergent on V~ . This situation \vill prob-

(4.14) ably be discussed elsewhere. The regular behavior of the NID (2.18) at the 
vertex of C(f~ is extensively discussed in Penrose and RindJer (1984), and 
effectively taken into account here . Actually. it provided us with a manifestly 
finite mass-scattering integral for each of the elementary fields. It may well 
be said that the relevance of the graphical description given in Section 4 
sterns from the fact that. once a set of rules for the scattering graphs is 
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at our disposal, we can obtain at once the integral expression for any ele­
mentary contribution of either handedness without perfonning any explicit 
calculation. 

The generalized mass-scattering fonnulas exhibited in this paper fit 
neatly v.'i th the twistor formalism (see, for instance, Cardoso, 1990c) . In 
connection with this fact, it seems to be worthwhile to set up a framework, 
within the NID approach , which might enable us to de:ll \l,ith quantized 
fields. It is believed that this procedure would bring new insights into the 
theory of twistors. 
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ABSTRACT 

TWI STORIAL DESCRIPTION OF THE PROCESSES OF 
MASS SCATTERING OF DIRAC FIELDS 

J.G. Cardoso 

Department of Mathematics, Quaid-i-Azam University, 
Islamabad, Pakistan. 

A set of twistorial fOlwulae for the null graphs that describe the mass 

sca.tl:ering· of Dil·a.c fields in real Minkowski spa.ce is explicitly 

derived. Making" particular LIse of two holoJ/Jorphic expressions fOl' the 
I 

g'eneralized ma.ss- scattel'ing' diffel'ential fOl'lIlS we tl'a.nscribe dil'ectly 
'. 

the scattel'ing' integra.ls into the framewol'k of twistor theol'Y. 
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1. I NTRODUCTI ON 

In an earlier work [lJ, null initial data eNID) techniques 

[2, 3J were used to describe completely the processes of mass scattering 

of Dirac fields in real Minkowski space [RD1. In accordance with the 

relevant prescriptions, the pair of Dirac fields is split up into an 

infinite number of elementary contributions whose scaling invariant 

(SI) densities satisfy Dirac- like field density equations on the 

interior \Y+ of the future cone of an origin 0 of [RD1. These elementary o 

fields actually propagate for a while as if they were massless, but 

scatter off each other at suitable points of \Y+. Likewise the NID for o 

the scattering processes are explicitly evaluated at appropriate 

vertices of mass-scattering null zigzags (MSNZZ' s) that start at 0 and 

terminate at a fixed point lying in \Y: . Such scattering data appear 

indeed to be generated by those which are specified on the future null 

+ cone C of O. It was shown that the null graphs carry edge-vertex o 

structures which contain all the information about the processes. Each 

element of the Dirac-field pair turned out, then, to be entirely 

recovered by two infinite series of terms which were expressed as 

manifestly finite SI scattering integrals taken over abstract spaces of 

adequate MSNZZ' s . 

This paper is mainly concerned with transcribing the mass-

scattering integrals into the framework of twistor theory. We present a 

set of twistorial formulae for MSNZZ' s which are directly obtained from 

the definition and properties of the graphs (Sec.2). Each holomorphic 

twistor NI datum is defined on a product space which involves two 

subspaces of the Riemann spheres that are associated with certain 
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projective lines (Sec.3). We exhibit two conjugate twistorial 

expressions which represent S1 volume-forms defined on the abstract 

space of MSNZZ ' s carrying an arbitrary number of edges. Either of these 

differential forms involves twistors of the same valence, and is 

defined on a product space of subsets of Riemann spheres associated 

with appropriate vertices of MSNZZ's (Sec.4). All the twistorial field 

integrals arising here involve SI holomorphic projective structures. 

The definition of the contours over which the integrals for 

contributions of any order are taken, is explicitly given (Sec.5). For 

the sake of completeness, we shall briefly review the basic 

prescriptions for building up the ~~-scattering ll1tegrals. 

One of the main motivations lying behind our procedures is 

the fact that we might eventually gain new insights into the theory of 

twistors upon transcribing explicit field integrals arising from the 

use of NI D techniques. Indeed our holomorphic scattering differential 

forms are here thought of as bearing a certain deal of universality. It 

is thus believed that this work could be of some relevance to the 

twistor programme [4-6J. The unprimed and primed fields with which we 

deal here will be referred to as left-handed and right-handed fields, 

respectively. However, there will be no attempt at this stage to look 

upon them as quantum fields. 
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2. TWISTORIAL FORMULAE FOR MASS- SCATTERING NULL ZIGZAGS 

An MSNZZ is [1] a simple connected oriented colored graph (N 

in IRlrl, with N ;::: 2, whose vertex-set is 

oM' 1M' 2M' NAA' 
V ( ( N) = {x , x ,x , ... , x } , (2.1) 

b+1M' bM' 
where x is future-null separated from x ,b running over the 

values 0,1,2, ... ,N-1. In fact, it is this forwardness what defines the 

orientation of (N' By definition, the vertex ~M' is identified with 0 

1M' + 2M' 3M' NM' + NM' 
whence x E Co' All the vertices x ,x , ... ,x . belong to W 0' x 

being identified with the (fixed) point at which all the elementary 

fields are effectively evaluated. The edge-set of (N is defined by 

1 2 3 N 
E«(N) = {r,r,r, ... ,r}, (2.2) 

where each ~ is a suitable affine parameter on the generator y of t he 
m 

+ m-1M' mM' future null cone C of x that passes through x . It actually m-1 
m-1M' mM' connects the vertices x and x . For N > 2, anyone of the (N 

2) internal edges connects two vertices of different colors. Both the 

NM' starting-vertex (0) and the end-vertex (x ) of (N carry no color, 

while each of the vertices connected by internal edges carries either 

the white color or the black color, the allowable forward 

configurations accordingly being <white-black> and <black-white>. Each 

white (black) vertex represents the mass scattering of a left-handed 

(right-handed) field. Indeed the (colored) vertex N-X1M
' is the point 

at which the scattering process giving rise to an outgoing field of 

order N - 2 takes place. Evidently, the number of colored vertices of 
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V( ( N) is equal to N - 1 in any case. The cases for which N = 2 

correspond to the .. zeroth-mass-scattering processes". For cxid-order 

elementary contributions, the associated graphs carry the same number 

of white and black vertices which is, in effect, equal to 
N-1 

2 

1M' follows that the vertex x of each of these graphs bears the 

It 

white 

color or the black color according as the corresponding outgoing field 

is right- or left-handed. In the case of even-order (massive) left-

handed fields, the number of white (resp. black) vertices equals 
N 

2 

(resp. ~ - 1). For (higher) even-order right-handed contributions, 
2 

these numbers turn out t o be interchanged. Hence, in t he latter even-

1M ' order case, each relevant vertex x is white or black depending upon 

whether the outgoing field is left- or right-handed. It should be 

noticed that this prescription still works in the case of the massless 

free contributions. I t will become clear later (see Sec.5) that each 

colored vertex is i ndeed associated with the integral of a suitable 

differential form. Any elementary field thus appears to be 

unambiguously represented by an MSNZZ. Accordingly, we have the 

color ed-vertex structures 

1 N-l 

EVEN-ORDER LEFT-HANDED: 0. 0 •...• 0 
2 4 N -2 

z N-l 

ODD-ORDER LEFT-HANDED: • 0 • 0 ... • 0 
1 3 N -2 

2 " N-l 

EVEN-ORDER RIOHT-HANDED: • 0 • 0 ... 0 • 1 9 N-2 

1 3 N-2 

ODD-ORDER RIOHT-HANDED: 0 • 0 • ... 0 • z " N-l 
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We shall return to the description of the scattering processes in 5ec .5 

upon recalling the rules for building up the explicit field integrals. 

Our discussion together with the above- given prescriptions will allow 

one t.o B.chieve at once the graphical recovery of the complete fields as 

exhibited in Ref.l . 

We equip each MSN22 whose edge-set possesses N elements with 

a forward spin-basis set consisting of pairs of spin bases 

{{
b A b+1A {-A' -A'}} 
o , 0 --L 'g 'bS=\ ' (2.3a) 

bAA' 
which are suitably set up at the vertex x ,Wittl the conjugate spin-

inner prociucts 

b bA b+ 1 
Z - 0 0 A' (2.3b) 

not being necessarily held fixed, b r unning over the same values as 

before (see (2 .1 ». This procedure actually enables one to carry out 

[lJ the explicit evaluation of the graph that represents any elementary 

contribution. The suitability to which we have somehow referred above 

is particularly related to the fact that the flagpoles {b~~ b~1A'} are 

taken to be covar iantly constant a long the (null) geociesics {y b+l}' in 

addition to being future-pointing real null vectors. We shall see that 

t he inner products at 0 are relevant only to ocid-order fields. The 

abstract (compactified) space of such MSNZZ's is defined by 

lza . .. N-1 

[)( 
12 12 12 Z 

~ (S x 5 )x (5 x S )x ... x (5 x 5 )x S , (2.4) 

1 z 
wher e 5 and S stand for the usual one- and two-spheres. The number of 

(SiX SZ)-factors occurring in the topological prociuct (2 .4) is equal to 
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the number, N - 2, of internal edges of the relevant graphs. For N >2, 

these factors actually specify the topology that appears to be re levant 

to the integration of 51 three-differential forms set up at the 

1M' 2M ' N-2M' 
(eolored ) vertices x , x , ... , x of an element of (2.4), whereas 

the "end-factor" S2 is correspond i ngly associated wi th the i ntegration 

of a Kirchoff-D"Adhemar-Penrose (KAP) two-form [1,3] at 
123 ... N-l 

N-1M' 
x (see 

also Sec.5 below). Clear l y, d i m [J( = 3N - 4. In particu l ar, for 

N = 2 we have 

(2. 5) 

which is the re l evan t s t atement f or t he case of t he "zeroth-order 

s cattering processes" . 

To translate t he geometric properties of MSNZZ"s directly 
123 ... j 

into twistor terms, we take some e E DC, j E IN , with IN denoting 
J+1 

t he set of natural numbers. Introduce the set of conj ugate null 

twistors 

o (1 1 (1 j + 1 (1 
= {W , 7 , W , 7 , ... , W ,Z }, 

C( 5 C( 1 C( J+ 1 

where 

m 
. mM'm ) m rnA' 

W 
m 

= (oA' - lX °A = (oA'W ), 
C( 

Z{1 mAA' - -
) A -= (ix ~A' '~A' = (Z,oA')' m m m 

mM' pass through x E V(e. 1)' J+ 
with m = O,1,2 , ... ,j+1. 

(2.6) 

(2.7a) 

C2.7b) 

The spinors 

involved in (2 .7) enter into the definition of the forward spin-basis 
m 

set f or ( j+1 whence each twistor pair {WC(' ~(1} can be associated with 

the geodesic r whenever m takes on the values 1,2,3, ... ,j+1. The 
m 
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o 
elements of the pair {W~, 8~} are held fixed, and play an auxiliary 

r ol e when the transcription of the odd- order contributions i s 

explic itly carried out . It is obvious that the above twist~rs satisfy 

the following incidence relations at xAA
' 

n+ 1 n 

z/-L W II = 0 = Z/-L W , n = 0,1,2, ... ,j . 
n r- n+ 1 /-L 

(2.8) 

The set (2 .6 ) i s her e called the twistor set for (j+1' Thus, the (real) 

t nAA ' . d f' ed b [4J ver ex x 1S e 1n y 

nAA ' (-i) (61A 
n

A
, 

nA 
n+ 1

A
, 

) 
i CZA 'OA' ZA - A' 

x - W 0 W = o ), -
n n n+1 n+1 n 
Z Z (2.9) n 

where the 2- factors indeed the spin-inner products at 
nAA' 

A are x 

manifestly SI twistorial version of (2.9) is 

n n n+ 1 n n+ 1 

Xo,(1 = 2(I/-L
V

W/-L Wv )-1 W[ a W~J' (2.10) 

or, alternatively, 

(2 .11 ) 

with I/-LV and I being the usual infinity twistors [6J, and the square 
/-LV 

brackets denoting skew- symmetrization. 

Let us consider the connected-vertex relation 

hAA' 
x 

h-1AA' h hA - A' 
x = r 0 <g ,h = 1,2,3, ... ,j, (2.12) 

h 
h . h -1. 

were r E E((j+1 ) ' Transvecting (2.12) with 0A h~1A' and uS1ng 

together with the null- separation property 

8 
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A h~·M'- .hM' -
Z 

. ". ~ = 1 X 0 
h+:1 h+:1A' = 1X h~:1A' J 

we readily obtain the relation 

h l' r = 

h-:1 
ZA W 

h+1. A 

Obviously the complex conjugate of (2.14) is 

h 
r - (-i) 

(2.13) 

(2.14) 

(2.15) 

k 

We now contract the usual duality relation [4J between Xa~ and Q"-T with 
k-:1 k+ 2 

W cx W (J' k = 1,2,3, ... , j - 1, to obtain 

k+ z k-:1 
(7.cx W )( 2{1 Wn ) 

K cx k+:1 (J 

k k+:1 k+2 

W(1 Wy W6 

(2.16) 

where the relations (2.8) have been taken into account. Hence, 

combining (2.14) and (2.15) with (2.16) yields the structure 

k k+1. r r - (-1.) 
k-:1 k k k+:1 k+:1 k+2 ' 

(Icx(1 W W )(IYo W W ) (I 7. P 2 0 )(IAT W W) 
cx (1 Y 0 po K k+:1 A T 

(2.17) 

whose complex conjugate is written as 

9 



k k+1 
r r - (-1) 

k k+ 1 

( 1~ n zo. 7(5)(1
r

-" 7r ZO )(Ipo' W W )(1 ZA ZT) 
""1 -' k - 1 K u K k+1 P 0' ATk+1 k+z 

(2.18) 

In (2 .17 ) and (2.18), the £-twistors are indeed the alternating 

twis t ors for the standard frames [4J. For k=l the above expressions 
o (5 

carry the twistors W 0.' 8 ' and will actually appear as auxiliary 

structures in the twistorial integrals for odd-order fields (see 

Sec .5). Now holding fixed both the starting-vertex and the end-vertex 

of (. l' we derive the relations 
J+ 

and 

j+ 1 

ZA d W 
J A 

1 

ZA dW 
Z A 

along with their complex conjugates. 

(2.19) 

( 2 . 20) 

We must emphasize that the above formulae have been derived 

independently of whether the graph taken as prototype represents an 

even- or an odd-order field of a given handedness. Nevertheless, it 

should be particularly pointed out that the type of the twistor inner 

products carried by the denominators of (2.17) and (2.18) is intimately 

related to the color of the vertices at which these inner products are 

defined. For k > 1, there are six colored vertices that are connected 

by the edges entering into the structures, the forward configurations 

being <white-black-white> and <black-white-black>. Actually these 
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configurations are appropriate for higher even-order fields, with the 

former ( l atter) being relevant when (. 1 represents a left- (right- ) 
J+ 

handed field . In either case, the element ~AA' of V(r:. j+1) evidently 

appears as a middle vertex, the internal edges of E«(j+1) being the 

on l y affine parameters allowed for. Thus the corresponding denominator 

kAA' carries the (conjugate) inner products at x along with the ones 

which are set up at the other two vertices of the relevant 

configuration . These t wo inner products actually carry W -
C( 

or 

Z{1-twistors depending upon whether the vertices at which they are 

1 
def i ned bear the white color or the black co lor. When k = 1, the edge r 

comes into play, and the (uncolored) origin accordingly contributes a 

suitable inner product to each of the expressions. This is indeed the 

case wherein C. 1 represents an odd- order field of either handedness. 
J+ 

Of course, simi lar considerations are also applicable to (2.14) and 

(2.15). We will make one f urther point concerning this latter situation 

in Sec .5. 

We end this section by considering the SI two-form of 
h 

surface area ~ of the (space-like) intersection of the future null cone 

+ h-1AA'. - h+1AA' . C
h 

of x wlth t he past null cone C
h 

of x ,wlth h running 
-1 +1 

over the same values as in (2.12). In fact, these two-forms are always 

set up at t he colored vertices of V(r:. j +1 ), the relevant defining 

expr ession being 

h 

v~ = i 
h -
Z ~ 

(2.21) 

Differentiating (2.7a) and making adequate contractions, we obtain the 

structure 
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h 

v'P - (-i) (2.22) 

Clearly its complex conjugate is 

h+ 1 h 

W dZ"" "" W d ZT 
"" h T h+ 1 

(2.23) 

3. TWISTOR NULL INITIAL DATA 

The formal simplicity of the mass-scattering formulae 

exhibited in Ref. 1 rests upon the choice of C: as the NI D hypersurface 

for all the elementary fields (see also Sec.5). This fact enables us to 

use a definition of the relevant twist or NID which is similar to that 

given earlier by Cardoso in connection with the problem of deriving 

twistor integrals for massless free fields [8J. In the left-handed 

case, we thus have 

1 2 012 

01-'1/WI-'WI/)2 'l'L(Wot,Wot ), (3.1) 

as the twistor {l,O;O,O}-NI datum. This complex scalar function ~s 

defined on the product space:1)* of two subspaces :1)* and :1)* of the 
02 0 2 

Riemann spheres ~* and ~* that represent the dual projective lines [9J o 2 

2M' associated with 0 and x respectively (see (4.10». The actual 

evaluat i on of the massive contributions involves particularly 

integrations along the generators of appropriate null cones [lOJ. Such 

integrat ions actually produce an enlargement of the subspace :1)* 
z' but 
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* leave :D ff ted It o una" eo"", .. follows that :n* 
02 

in these cases is not 

precisely the srnne as that associated with the evaluation of the 

massless contributions, In any case, the twistor-function kernel 
1 Z 

carried by (3.1) is a holomorphic function in both Wa and Wa , 
1 

homogeneous of degrees -1 in W and-2 
a 

2 

in Wa , and has a 

singularity set. It also possesses the symmetry property 

a o 1 Z 

tI'L(Wa,Wa ) - O. 

suitable 

(3.2) 

Similarly, the holomorphic {O,O;O,l}-NI datum generating right-handed 

fields is defined on t he prcx:luct space 1) - J) x 1) as 
02 0 2 

(3.3) 

It should be clear that the relevant projective lines lie now in the 

(unstarred) nu 11 port ion [P[N of proj ect i ve tw istor space. 

At this stage, it is convenient to introduce the twistor 

1M' + IT-NID. These NID involve certain spin operators [8J defined at x E Co 

which, in the case of spin ± 1/2, are given by 

o 1 Z 

IT tIt (W W ) 
1/2- L a' a 

1 

Actually the IT-operators are defined so as to act on l y on t he 

twistor-function kernels of (3.1) and (3.3). When multiplied by 
1 2 

(I~VW~Wv)2, the datum (3.4) gives rise to the holomorphic twistor 
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{O,-l;O,O}-NI datum on ~:2' while (3.5) similarly turns out to be the 

hololliorphic twist~r {O,O; - l,O}-NI datum on ~ 
oz' the appropriate 

inner-product factor for the latter datum being evidently (I~vi~~v)2. 

4. HOLOMORPHIC MASS-SCATTERING DIFFERENTIAL FORMS 

We shall next be concerned with deriving two holomorphic 

expressions for the scattering differential forms that enter explicitly 

into the [R[M-fie ld integrals [l ,lOJ (see also Sec.5). As was mentioned 

before, each of these structures carries twistors of the same type. 

What happens here is, in effect, that for one handedness the spin-inner 

products involving spinors of the other handedness are all canceled 

when the intermediate stages of the transcription process are 

effective ly worked out. The pertinent Minkowskian pattern carries SI 

differential forms which are defined only at colored vertices of 

MSNZZ's. Whenever the scattering integrals are actually performed, 

these forms thus provide the contributions emanating from all the 

relevant vertices. We will carry through the procedure for deriving the 

structure that involves W - twistors without specifying explicitly the 
ex 

colored-vertex structure of the graphs involved. The corresponding 

structure carrying Z(5_ twistors will then be obtained by taking a 

complex conjugation. 

For the MSNZZ involved in (2.6), we have the defining 

expression 

123 ... j 

')( 

j-1 

- ( A (~ 
k=1 ~ 

(4.1) 
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which is indeed an SI (3j-1)-volume form on 
k 

1Z3 ... j 
IK This volume- form 

h 
1, dI' kAA' 

involves the one-form;:: = -k- at x E VCr. j+l) along with the f- forms 
r 

j 

cons ide r ed befo re ( s ee C2 . 22) and C2. 23». In fact, f enters into it 

°AA' through the SI two- form at ic 

j 

f 
~ 

']( --
,l,-
062 t j+1. 

r 
J 

where t arid j+r1 belong b tl t EC r ) o 1 0 ..... j+l . Now, working out 

kAA' 
steps, we arrive at the following SI expression at x 

k-1 n 

(4.2) 

successive 

k r - (-1) + i 2:: f, dr ) , C 4 . 3 ) 
n=1 

n 

with f, being the real scalar 

(4.4) 

In addition, a straighforward calculation yields the relation [10J 

k+ 1 k+ 1. 
(I Zl-l Zv) 

A k+2 k+1 k+ 1. J-ivk+ 1. k+z 
~()(d Wex A z(1d W A ZYd W = C~ WA)ll W k+ 1 (1 k+z Y k+ 1 k+z 

(Iex(1 W W(1) C4.5) ex 

where 

k+1 k+ 1 k+ 1 k+ 1 
II W Wex d W (1 A d Wy (4.6) 

is the standard dual projective twistor three-form [4,7J. Thus 

replacing both C2.22) and (4.3) into C4.1), and making use of (2.19), 
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(2,20 ) and (4,5), we obtain the SI holomorphic structure 

123 , , , j 

ex , j 
- 1 

1 1 

r Ol(1w dW 
01. (1 

j - 1 k + 1 j + 1 J+ 1 

'" ( A A W )'" r/-i
v 

W d W 
k=l /-i v 

--------------, (4.7) 
J h h + 1 

n (Ipo'W W )2 
h=l P a 

It is useful to note that the wedge-products actually "annihilate" 

those terms of (4 . 3) involving the (-scalars when the r e levant blocks 

are fitt ed together. Evidently, the conjugate of (4.7) is given by 

where 

123" , j 

ex 

A Z 
k+1 

- (-i)j 

j - 1 

I Ol~ Old~(1 '" (k~\ Ak~l)'" r/-iVj~~dj~~ 
----~----------------, (4.8) 

j p a 2 

h~/Ipo'~ h~l) 

(4.9) 

is the projective three-form corresponding to (4 .6). We notice, also, 

t hat a ll the twistors carried by the above A-forms are associat ed with 

t he internal edges of C , l' 
J+ 

The differential form (4 .7) can be defined on the product 

space 

:1>* 
012, , . j+l 

(4.10) 

where "X" stands for topological product. Each :1)* is a subset of the 
m 

R' * l emann sphere:R.. that 
m 

represents the (dual) projective line x* 
m 

associated with the vertex 'XAA ' . We thus have :1)* c :R.* ~ x* and, in the 
m m m 
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null portion [P[N* of dual projective twistor space, the product :1)* x:1)* n n+1 n+:1 
consists only of points representing W . For j > et. 1, the number of 

two-factor products entering into (4.10) is equal to the number (j-1) 

of internal edges of E«( j+1)' Each such product actually contributes a 

three-real-dimensional contour to the integration of any "higher-order" 

twistorial scattering differential form. This contour is, in effect, 

involved in the integration of the twistor three- form associated with 
n+ 1 . n+:1 

the lnternal edge r of the relevant graph (namely ~ W ). Moreover, it 
et. 

2 
does not appear to be the product S x S1 associated with xAA', but 

" :1 
P1Cj{S out the S -factor of the structure for this vertex. Its required 

three-dimensionality turns out to be made up by S1-contributions coming 

" nAA' n+1AA' appropriately from the structures associated wlth both x and x . 

Additionally, the subspace in which it lies has to be suitably enlarged 

so as to accommodate the relevant singularities. For j = 1, the subsets 

:J)* and:J)* coincide with those given by Cardoso [8J, the product 
o J+1 

(4.10) being accordingly reduced to :J):2 = :1): x :1)* 
2' Of course, the 

former (latter) case appears to be of relevance when we consider 

massive (massless) e l ementary fields. In either case, :1)* and :1)* 
0 " J +1 1 J+ :1 

consist only of the dual projective twistors {Wet.} and { Wet.} , 

respectively" Each of these twistors contributes a one-real-dimensional 

(closed) contour to any integration which is actually an S:1 coming from 

2 1AA' "AA' the splitting of the S -parts of the structures for x and * . For 

(4.8), a similar prescription can be given. Now the projective lines 

lie all in [f'[N, the pertinent product-space structure being essentially 

the same as that for (4.7). In fact, the integration of either of the 

forms (4.7) and (4.8) does not play any important role here, but the 
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above prescri pt i on wil l be used to some extent in Sec . 5 f or def i ning 

the explicit contours for the twistorial scattering integrals. There we 

wi ll have necessarily to take into account the singu l arities of the 

i ntegrands when const r ucting the re l evant product spaces. 

5. TWISTORIAL MASS-SCATTERING INTEGRALS 

Our ma in a im here is t o carry out the actual twistorial 

transcription of the Minkowskian scattering integrals [lJ, making 

exp lic i t us e of the formulae exhibited in the foregoing sections . In 

this connection, we shall first briefly review the prescriptions for 

building up these [R!:H - integrals , but only the left- handed expressions 

wi ll be s hown. As far as our translation method is concerned, it will 

suffice once again t o carry through explicitly only the procedures 

yielding t he l eft- handed t wistorial i ntegr a l s. Ther eafter the r ight-

handed holomorphic structures will be directly introduced on the basis 

of trivial handedness rules. 

According t o what was mentioned ear lier , the colored- vertex 

struct ures of the graphs r epres enting two e l ementary contributions of 

j-l A' 
the s ame order { If'A (x ) ,x (x )} can be built up from one another by 

J - 1 

applying a s i mple white-black interchange rule . These contributions are 

obviously the outgoing fields involved in the scattering processes of 

order j - 1 . It turns out that the scattering integrals for such fields 

ar e t aken over spaces of MSNZZ's carrying the same number of edges. It 

i s evident that this result amounts to the same thing as saying that 

the s cattering data for both fields carry explicitly the same 

affin e-paramet er structures. Indeed the vertex configurations not only 
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specify the spin-inner products carried by these data but also 

constitute a l abe l dev ice whereby each fi e ld may be clearly identified. 

The denominator of the expression for either scattering datum actually 

carries the product of the affine parameters corresponding to the 

internal edges of some suitable r together with the " j+1 spin-inner 

products that are set up at the colored vertices of V«(j+1)' Each of 

these inner products appears to be unbarred or barred according as the 

vertex at which it is defined carries the white color or the black 

color. In the case of either process, the inner product at 
1M' . 
x 1S 

suitably carried by the appropriate n-NI datum on C+ 
0 

which enters 

explicitly into the numerator of the relevant scattering datum along 

with the mass-factor (J.-l/2n )j-1 and the differential form (4.1) . 

j+ 1 -
{ °A' ,0 A'} J+ 1 , 

Therefore the numerators carry also the "outgoing" spinors 
J 

which are r eally taken up by the KAP integrals of the two-form 'J(. 

Actua lly, when j = l ( "zerolh-order processes"), the "scattering" data 
A + 

appear to be nothing else but the n-NID on Co Consequently, in the 

even-order left-handed case, the general pattern of the scattering 

integrals is 

o 1M 1 
123 .. . 21<+1 

rr 1fiL (0 ; x) 'J( 
1/Z-

c 1 
21< I< f 21<+2 ,(5.1) 'tfA(x) := 

°A ZIT I< I< ZI< 

123 .. . ZK+ 1 ( n zn;1)( n z)( n P~1) 
[K n= 1 m= 1 Zm p=1 

2K where j=2K+1 and cK = (J.-l/2rr) ,with K E u {O} . Evidently 

denominator of each scatt er ing datum entering into (5.1) carries 

pairs of affine parameters. Hence, using (2.17) and noting that 
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1 1 
ZK ZK-Z 

( n P~1) ( n 
p=1 even p=o 

we readily obtain the expression 

p+Z p+3 
r r) 

ZK h h+ 1 
( n Io.(1W W ) 

(5.2) 

1 h= 1 0. (3 
---K---------K--------Z-K----- = (-l)K z -K----Z---------p-+-1---p-+-Z--p-+-3--p-+-4--

(n~1 2nz1)(m~1 2~)(p~/r1) even p~o e t-J
VAT 

Wt-J Wv WA WT ) 

(5.3) 

where the twistors involved belong all to the twistor set for some 
1Z3 ... ZK+1 

a~~ro~riate C2K+2 E . It is obvious that the affine parameters 

carried by (5 . 3) belong to E( C2K+2 ) whenever K takes on values 

+ The cou~ling of the l eft - handed IT-datum on C o 

1 1 

with I /-f!,)W dW 
t-J v 

in [N. 

can be 

immediately achieved [8J by using the following formal relation at 

1AA' 
x E VCr. 2K+2) 

(5.4) 

which, when combined together with (3.2) and (3.4), yields 

o 1 Z 1 1 

IT '*'L(W ,W )It-J
v

W dW 
1 1/2- 0. ()( t-J v 

o 1 Z 

= '*'L(W ,W ) = - ()( ()( 

a 0 1 Z 1 

---2-- '*'L(Wo.,W()()dWA 

aW A (5 .5) 

the invo lved twistor one-form possessing the homogeneity-symmetry 

~ro~erty 

o 1 

wit h ;., E <C and /-1, 

1 2 
-3 = T 

012 

'l'L(W ,W ), 
- ()( 0. 

(5.6) 

T E <L - {O}. In (5.4), 
1AA' 

v is a one-form at x which 

20 



automatically carries the appropriate spin-weight, but it does not 

enter into (5.5) because of the property (3.2). It should be observed 

that (5.6) is a massless-free-field property for the case of spin 

1/2 . Now, combining (4.7), (5.1), (5.3) and (5.5), we are led to the SI 

twistorial scattering integral for z~A(x) 

c 
K 

zrr i 
123 . .. ZK+2 

1 
X (5.7) 

ZK-Z p+ 1 p+Z p+ 3 p+4 

(even 
n C;!-,VAT W 

Wv w" W
T

) 
p=o J.-L 

whose integrand accordingly carries K alternating-twistor pieces. The 

corresponding [R[M-integral expressions for the odd-order left- handed 

fields (j=2K+2) are given by 

C 
ZKiP~ (x) = K 

2rr f 
1Z3 ... ZK+ Z 

[)( 

A -H' 1 
rr Y (0 'x) 
1 

1/z+I1R 1 ' 

Zm 
Z 

1Z3 ... ZK+Z 

9( 

ZK+1 

Z )( n Pr1
) 

Zn+1 p=1 

(5.8) 

with CK = (J.-L/2rr)2K+1 In order to transcribe these (latter) elementary 

+ contributions, we have to modify the NI datum on C . In fact, there two 
o 

obvious r easons for carrying through this procedure. The first reason 

rests upon the fact that each scattering datum in t his odd-order case 

involves explicitly an odd number of affine parameters in its 
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denominator whence, as the situation stands at this stage, we cannot 

form any number of r - pairs. The second reason is that, towards building 

up expressions carrying only independent twistors, it is imperative to 

- A' convert the information carried by the spinor 0 into information 
1 

zA' 
carr ied by W . A suitable prescription consists in using the following 

1AA' 
twistor relation at the element x of an appropriate V«(2K+3) 

(5.9) 

according to which the 
1 

parameter r e E«(2K+3) is effectively brought 

about. It follows that 1AA' x appears now as a (black) middle vertex in 

(2.17), and we end up with K+1 pairs of relevant edges provided that 

~ - H' 1. 
TT Y (0 . x) 

1./z+oR 1. ' 1. 2 
1 1 diA 

2 °A 0 = ( - i)------------- XR(W ,W ), 
0123 ~ 0. 0. 

( e cq1yo W W W W ) 
0. ~ Y 6 

r 
(5.10) 

where 

1 Z o 1 Z 1 

X R(W 0.' W 0. )dWt-. . (5.11) XR(W ,W ) = 
~ 0. 0. 

It is of some interest to remark explicitly that this modified one-

form possesses the same homogeneity degrees as those for twistor 

functions generating massless free fields [8,11] of spin -1/2. It thus 

carries a (holomorphic) homogeneous twistor function on ~* satisfying 
02' 

1 o 1. Z 

-- X R( W ,W ) - O. 
zo.o. 

(5.12) 

oW,,-
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Hence , invoking (5.10) and adopting a procedure similar to that 

ZK+1 
yie lding (5 . 7), we obtain the S1 structure for rA(X) 

1 2 
(IATW W )2 

1 2 2K+1 m+1 2K+3 2K+3 

XR(W ,W )A ( A A W )A rJ.lV WJ.l dWv A T ~ a a m=1 

2IT i (12K+Z 2K-t-3 ZK + 1 n n+ 1 

era w w )2 ( Il IPOW Wo) a (1 n=1 P 
123 . .. 2K+3 

r L 

J.lVAT q q+1 
( Il e WI/ W" even q=O r .... 

2K 
(5.13) x 

which obviously involves twistors belonging to T(C
2K

+
3

). 

The rL 's appearing beneath the integral signs in (5.7) and 

(5.13) mean that all the integrals are taken over suitable closed 

contours lying in appropriate product spaces . In either massive case, 
"1+1 

the integration of any "internal" twistor Wa is performed in three 

2 steps. The 5 -part of the factor associated with any colored vertex is 

suitably replaced by 5
1x 51 . Hence the relevant three-dimensional 

111 
contour turns out to be 5 x S x S . Two of these factors are indeed 

involved in two steps of the integration under consideration which are 

carried out by holding fixed (one at a time) the vertices 
MAA' 
x 

M+1AA' 1 
X ,one S thus lying in 1)* and the other in:1)* . The third 

M M+1 

and 

step 

* * is carried out on the product space:1) x:1) ,and involves integrating 
M "1+1 

over a contour (~ S1) which is associated with the ~~- integration 

MAA' M+1AA' 
a l ong the generator y . At this stage, both x and x move such 

M 

that this 
1 

S -contour moves continuously without crossing any 

singularity. The relevant singularity set is essentially provided by 
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~ he structure of the denominator occurring explicitly in the integral. 

In the even- order massive case (K~l), the appropriate prociuct space for 
:1 2 :1 

the integrations of W and W is :1)*x:1)*x:1)*x:1)*x:1)* The W - integration is 
a.. a.. 0 1 2 3" a.. 

taken along a one-real-dimensional closed path r 1 ~ S1 contained in .1):, 
Z 

while the W -integration is taken over a three-real-dimensional contour 
a.. 2K+:1 2K+Z 

r 2~ SiX SiX S1 contained in :1):x :1):. The integrations of WOI and WOI 

are performed over contours lying in the product space 

For the 

* P 
K 

ZK+1 

ZK+Z 
X :1)* 

n=ZK-Z n 

W~-integration, we have the contour r ~ SiX SiX 
CA ZK+:1 ZK+2 

(5.14 ) 

* * is contained in:D x:D ,whereas for the W ~ - integration ZK ZK+:1 . '-" 

which 

the 

con tour is a one-real-d imens ional c losed path r ~ S:1 contained in ZK+2 

* JJ . Notice that, for K=l, (5.14) coincides with the prociuct space ZK+Z 
1 Z 2K+:1 

for the WOt- and WOt-integrations, but the contour for the W -
01 

. * * integral, for instance, is now contained 1n 1) x 1) • Whenever K> 1, both 
Z 3 2N-1 ZN 

the W - and W,....-integrations are carried out on the space 
()( '-" 

p* 
N-1 N = 

ZN+Z 
X ",* 

h=ZN-" J..Jh , N=Z,3,4, ... ,K , (5.15) 

the contours rand r being accorciingly contained in :1)* x:1)* ZN-1 ZN 2N-2 2N-:1 

and:1)* x :1)*ZN' respectively. In particular, for K = 0, we have ZN-1 

0 :1 Z Z Z 
0 1 j) Z IJlL(W ,W ) ....... IJ.-lVW dW 1I'A(x) -

2rri 0 A - 1,....)' ~ a.. a.. J.-l 
(5.16) 

1Z 

lL 

which is the twistorial integral for the left-handed massless free 
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elementary contribution . In particular, this integral is taken over a 
:12 

. bl r '" :1 S:1 l ' . ~* s Ulta e contour . L= S X Yll1g ln " 
02 

General expressions for the 

case of arbitrary spin are given in Ref .8. 

In the case of odd-order massive fields (K ~ 0), the vertex 

prescription given above still applies. The arbitrary (fixed) twistor 
o 

W comes now into play through C( 
o 

2)* = {W}, 
-:1 

(5.17) 

o 0 

where W l S the point of [f'[N* defining the equivalence class [f,W C(l , A E 

:1 

<[-CO}. The product space for the WC(- integration turns out to be * :D X 
-:1 

.,..,* * -~. x :n x 
0 ~ 

:n*x 2)*. For higher odd-order contr ibutions, the integrations of 
2 <) 

2H 2H+:1 

W and C( Ware taken over contours r and r (~S1X S i X S1) C( 2H 2H+1 

lying, respec!tively, in the subspaces :D:
H

_
1

X :D:
H 

and :D:
H 

and :D:
H

+1 

which are contained ln 

H H+1 

ZK+Z 

2H+3 

= X n=2H-<) 
:J)* 

n' 
H=:1,2,3, . .. ,K . (5.18) 

The WO(-integration is taken over a closed contour r ~ S
1
x S

1
x s1 

21<+2 

* * lying in:J) x :D which enters into 
2K+1 2K+2 

while the 

in :n * 
2K+3 

J>* 
K+1 

ZK+3 

ZK+3 

X 
m =21<-1 

(5.19) 

W - integration is taken along a closed path r ~ S1 lying 
0( 21(+9 

c J>* . It is worth remarking explicitly tllat the 
K+1 

subscripts 

borne by the left-hand sides of (5.14), (5.15), (5.18) and (5.19) can 

effectively label the alternating- twistor pieces carried by the 

integrands of (El. 7) 811d ( .5.13). 
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In either case, all the integrations involved in the actual 

evaluation of any contribution are carried out independently of one 

another. The viability of this procedure is due to the fact that the 

IR01-integration along a suitable edge ~ is expressed as an integral of 
k+ 1 

the twistor W 0( (see (4 .3 », To any order , tlle c:ontours suitably avoid 

t he singularities of the integrand, separating them into (closed) 

subsets of the relevant product spaces, These contours cannot be 

continuously shrunk to a point without crossing some singularity, In 

addition, we should emphasize that the singularities of both 

twistor-datum one-forms appear to be relevant only to the integrations 
1 2 

of the twistors WO( and WO(' 

It has become manifest that the Minkowskian integral 

expressions for right- handed contributions can be at once derived from 

those for the corresponding left-handed fi e lds by taking a complex 

+ conjugation and replacing adequately the rr-data on Co' In accordance 

with this result, explicit calculations show us that the right- handed 

twistorial integrals can be obtained from (5.7) and (5.13) by making 

the simultaneous replacements 

o n 

\11L --) ~R' XR --) qtL' WC( --) ~(1, (5.20) 

where n runs over the values 1,2,3, ... ,2K+2 in the case of even-order 

contributions, and over the values 0,1,2, ... ,2K+3 in the case of 

A' 
odd- order fields. We thus have for X ex) 

2K 
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(I ZAZT)Z X R ( l' , z (3 ) ,., 

ZK 
( A t. z ),., I ZJ.-l. dZ

1.' 
c 

-A ' 
AT 1 2 o 1 Z m= 1 m+ 1 J.-I.1.'ZK+Z ZK+Z 

K g; 211 i 0 
2K+2 2K 

123 .. . 2K+Z (I ZCX Z(3) Z ( n I Zp ZO') 
r

R 
CX{3ZK+1 ZK+Z n =1 pan n+1 

1 
X ( 5 . 21) 

2K-2 

ZA ( n $ 
J.-I.1.'AT 

ZJ.-I. Z1.' Z T) 
even p=o p+1 p+z p+3 p+4 

and for A' 
X (x) 

ZK+1 

{3 {3 2K+1. 

(I ZAZT)Z '!'L(Z ,Z ),., ( A t. Z )A I ZJ.-I. 
. AT1. a ~ 1. 2 m=t m+-t JJV2K+9 -A' ,.... 

o -------------------------------------------------------ZK+3 ZK+1 

(ICX{32K~~ 2K~~)Z ( n~t 123 . .. ZK+3 

X (5.22) 

ZA 
q+2 

ZT) 
q+3 

The right-handed massless free eont.ribl1t.ion is partiel1larly given by 

= _1_. ,h '2:,A' X (Z(1 7.(3)A I 7.J.-I. d7.l,· . 
2rrl ~ 2 ~R 1'2 J.-I.1.'2 2 (5.23) 

12 
r

R 

The r R' s bear a mean ing similar to that of the left- handed case. All 

the basic prescriptions are essentially the same as the previous ones, 

but the relevant projective lines lie now in [P[N 
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6 . CONCLUDING REMARKS AND OUTLOOK 

The twistorial transcription presented here exhibits some 

remarkable features. One of these is the correspondence between the 

handedness of the fields and the valence of the twistors involved in 

the respective field integrals. All the left-handed contributions are, 

in effect, given as integrals carrying only [ 0] -twistors, 
1 

while · the 

field integrals for all the right-handed elements involve only 

[ :] -twistors. It is believed that this feature would eventually play an 

important role In a quantum description of the fields [5J. Another 

feature of the holomorphic differential structures occurring in the 

explicit twistorial scattering integrals is their invariance under both 

Poincare transformations and arbitrary rescalings of the elements of 

the relevant forward spin-basis sets. 

Host noteworthy is the relationship between the nullity of 

the graphical Minkowskian structures that describe the scattering 

processes and the total skew-symmetry of the holomorphic scattering 

differential forms. This insight has actually emerged from the 

transcription procedures given here. Moreover, it seems to indicate 

that standard sets of twistor formulae arising directly from the actual 

transcription of NID expressions must consist of SI integrals that 

involve skew-symmetric holomorphic projective structures. 

In respect of the desirable independence of the W­
at 

and 

zlS-twistor subsets involved in the definition of the twistor set for 

some MSNZZ, it is worth pointing out that the inner products carrying 

the elements of the associated spin-basis set can be effectively 

introduced regardless of whether they are held fixed at the outset. 
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Indeed t his result appear s to be an immed i at e consequence of t he fact 

tha.t the spinol's entering into their definition are not so lutions of 

the underlying f i e ld dens ity equat i ons. In case we had initially held 

t hem fixed, we might t hi nk of each corresponding twistor inner product 

as a ( hol omorphic) two-variable twistor function after carrying through 

the pertinent procedures. 

The exi s t ence of the (closed) contours over which the 

scattering integrals appear to be taken, has indeed been assumed from 

the beginning. This assumption rests upon the fact that our scattering 

forms are intimately associated with essentially null graphs in [RQ1. A 

fo rma l proof of the relevant statement is still required, however. We 

believe, also, that a representation of the scattering integrals in 

t erms of twistor diagrams will afford us new insights into the theory 

of tw istors . It s hould be emphaz i sed t hat our prescription for 

specifyi ng t he topo l ogy of t he contours was based only upon t he 

simplicity of a ll pol es occurring in the integrands of the twis torial 

fi e l d i ntegral s. In particular, this has allowed us to carry out the 

splitting of the space-like S2- spheres in a trivial way. Nevertheless, 

we mus t observe that an alternative contour prescription can well be 

used without making it necessary to call for other product-space 

structures. 
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