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ABSTRACT 

In t.his lhes i s we first. invest..igate the effect o f 

inhomogeneit-y on the propagat.ion of Love-t.ype waves in a 

layer tTapped bet.ween two half -s paces . The inhomoqeneit.y 

is due t.o linear variat.ion of density Cor rigidity) in t.he 

lower ha lf -space Cor layer) . The Love-t.ype waves are 

excit.ed in the l ayer due t.o a line source s itualed at. the 

int.erface bet-ween t.he layer and t.he lower half -s~Jace . 

Us ing 1..heFourieJ- t.rCl.nsform and Green's function method 

the dispersion relations are derived and it is proved that 

if we take t.he i nhomogene.i ty factr::.:w equal to zel-o. these 

dispersion I-elations to 

relat.ions. The analytic solution of the transmitted field 

in t.he layer is also present.ed. 

The discussion is furt.her ext.ended to a point. source 

excit.ation. The point source is taken at an interface 

between a homogeneous layer and inhomogeneous half-space. 

The upper surface of the layer is taken st.ress-free. The 

transmit.led wave and lhe dispersion relation for t.he Love 

waves are calculat.ed analyt.ically. 

At the and t.he wave-operat.or cor respondi ng to a 

horizont.ally polarized s hear wave travelling in a n e l astic 

layer tra.pped between t.wo haIr-spaces is s t .udied. The 

Green's runction fOI- t.he p,-oblem j. s derived a nd 1 :::; then 

used to obtain a spect.ral representat.ion of the operator. 
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CHAPTER ZERO 

GENERAL INTRODUCTION 

Seismic surface waves play an import.ant. role in t.he 

fi eld of sei s mol ogy. One of t.he principal aims of 

t.heoreLical seismology is t.o invest.igat.e l .he ef'fect..s of 

vel oci t .y changes and of di sconti nui t.i es or boundar i es on 

t.he propagat.ion of e last.ic waves t.hrough t.he eart.h and t.o 

i denli fy i t.s subsurface st.ruct.ure in t.erms of elast~ic 

paramet.ers by comparing t.he t.heoret.ical l' esul t.s wi th 

seismological observat.ions. 

import.ant. in this cont.ext.. 

The r 01 e of Love wa ves is 

Since the first. long-period seismograph measured 

hori zont.al mot.i on onl y, t.he PI' esence of 1 al- ge t.1- ansver SF.? 

component.s in t.he "main t.remor' was one of the fir s t. 

est.ablished fact.s of seismology. However, t.he homogeneo u s , 

semi -infini t.e el ast.i c solid model did not. admi t.. 

dist.urbances 01' t.his nat.ure, whose ef1'ect.. is conf'ined t..e:> 

t.he surface only. It. was not. unt.i 1 1911 t.hat. an 

expl ana t.i on of t.hese waves was PI' ovi ded by Love (29), '''''ho 

showed t.hat. t.hese waves consist.ed of hOI- i zont all y 

polarized shear waves in a surface layer overlying a 
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hal f - space whose 1- i gi di t Y i s less t -han t~ha t of the lower 

h a l f - s pace . Th ese waves ca n b e r e g a rde d as S H- waves 

c ontinua l y rei'lec ted between the oute r s urf a ce a nd t.h e 

i nt.er face. Love waves are t.ot.ally rei'lected at. the 

interface and therefore t.hey can t.ravel 

wit.hout. cont.inual loss of energy downwards. 

hOI- i zontall y 

St.oneley [ 37 ] proposed t.he propagat.i on of 

gener a l i zed type of Love waves ina homogeneous medi um of 

fi ni te depth sandwiched between two semi -i nfi ni t_e 

isotropic media. He s howed that the existence of Love-type 

waves is possible , if' the wave l e ngth is not very large or 

the thi ck ness of lhe mi ddl e 1 ayer is not too t-hi n. He a l so 

s howed t.hat. Love-t.ype waves can exi st. when t. h e 

di star t.i onal wave vel oci t.y in t.he upper semi -i nf i ni te 

medium i s more or is less t.han that in t.he lower 

s emi -i nfi ni t oe medi lJm. 

Hudson [22] investiga ted the existence of Love wa v e s 

in a layer of f'inite depth, wi lh uppel- SUI- face fl - ee from 

st.res s a nd t.he l o we r boundary r igidly f i xed . He found Lh t. 

Love waves exist for any variation in density, s u c h t hat 

it. i s int.egrable as a function of dept.h and any variation 

in rigidity s u c h that. it. i s a pi ecewi se cont.inuous 

funct~ion of' depth. He also pr oved that the per- i o d s of 

waves of' given wavel e ngth a r e reduced if' t.he r·igidity i ·=:

increased o r t.he dens ity decreas e d in s ome r a nge of depth . 

Finally he s ho,",'ed t.hat the l ast result. holds when t.he 
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dep~h of ~he layer becomes infini~e. 

Dut.~a [1 4 ,15,16), sol ved ~he probl em of propaga~i on 

of Love \illaves ina non-homogeneous f. .hi n 1 ayel- 1 yi ng ovel- a 

semi-infinite medium. In his first. paper he s howed ~ha~ 

the exi s~ence of' Love-~ype wave is possi bl e ina 1 ayel- of 

var i abl e r i gi di Ly and densi ~y. In t .he second , paper he 

discussed ~he problem in which ~he rigidi~y and the 

densi t y of f..he ~r apped 1 ayer var y exponenti all y, and in 

the ~hird, ~he possibility of propaga~ion of Love waves in 

a non-homogeneous in~ernal s~rat.um or rini~e depth lying 

be~ween ~wo semi-infinite iso~ropic media in two different 

cases. In ~he firs~ case the rigidity and densi~y vary as 

COSh2CZ/~) and in the second case as Cl+z/~)2, where ~ is 

a constant and z i s ~he depth measured from the common 

in~erface of the upper medium and the in~ernal stra~um. He 

showed t.hat. t .he Love-~ype wave is possible if t.he produc~ 

of ~he wave number and ~he dep~h of ~he internal s~ra~um 

is sufficien~ly large. Latel- on Sinha [34,35], 

Bhat-t-acharya [8], Chat~opadhyay [10] and Kar [26], amon(;/ 

o~hers, studied problems of ~he propagation of Love - t-ype 

waves propagating in a non - homogeneous layer lying d eep in 

~he ear~h, in which ei~her ~he rigidi~y or densi~y or both 

vary in differen~ forms. In all ~hese papers, ~hey found 

~ha~ ~he condi~ions under which Love-~ype waves can 

propaga~e are the same in each case, viz. the velocity of 

propaga~ion mus~ be greater than the s hear velocity in the 
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int.ernal stTat·um and is less t.han the s h ear vel c.cit.y in 

e a c h of t.he i s otTopic s emi - infinile me dia. The di s p e l-s ion 

equalions in al l lhese cases reduce t.o t.he st a nda rd 

di spersi on equali on for a homogeneou s i nt. e l- medi a.t .e 1 a.yer 

When l h e non - h o mogeneous faclors are vanishingly s ma ll. 

The propagalion of Love waves in a fluid sat_uraled 

porous layer lying belween lwo el aslic h a lf -s paces ha s 

been considered by P a ul [33). He found lhal in the case of 

small porosi ly .fact.or, lhe wavel ength of U,e Love wave 

propagaled in a .fluid saluraled porous layer increas es (or 

decreas es) in comparison wi lh t.he case of elastic 

int.ermediat.e layer accor ding as t.he density of the solid 

is great.er Cor less) t.han t .hat. of t.he .fluid filling t.he 

pores. 

VI aar [ 38 ) d e r i ved t_he expressi o n s for t.he f i el d 

from an SH·-point. source in a strat.ified het.erogeneous 

l ayer of fini t e d e pt.h. He found that for a periodic 

di st lwbance, the contri bution t.o the far fi e ld i s ma inly 

due to at mos t. a finit.e number of unat.t. e nuat.ed norma l Love 

modes. In a second paper [39), he studied t.he propagalion 

of waves due to t.he presence of an SH-point source in the 

of a piecewi se cont.inuously st.rat.ified 

hal f -space. He assumed t.hat t.he physi cal parameter s 

governing the wave pl- opagation i.e. the rigidity and t.he 

densit.y are arbit.ral-y piecewise cont.inuous funct.ions of 

dept-h wi th const.ant f i ni te Ii mi t_i ng val ues as t.he depth 
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goes to infinity. It is found t hat for the time harmonic 

case the final expression is given in the form of a finite 

residue series plus a branch li ne integral the first. 

representing the normal mode contribution to the field a nd 

f..he second gi vi ng t.he body waves. The f i el d expr essi on 

appears to have a symmet.rical form with respect to field 

point depth and source depth. 

Ghosh [1 9J developed a Green' s function technique to 

find t.he displacement field in the cas e of Love waves due 

to a line source placed at the interface between a 

subst.rat.um, consist.ing of a homogeneous half-spac e a nd a 

homogeneous surfac~ layer with a gradually s loping top . He 

also discussed the propagation of Love waves excited by a 

line source lying at. t.he int.erface of the t.wo by a ll o wing 

t.he laye)- or the subst.rat um to be inhomogeneous wi th 

linear variation of rigidit.y [20J. Chat~ t. opadhyay et al. 

(1 3 ) used Green's funct.ion met.hod to find the dispersion 

relations for Love waves in a h o mogeneous layer over a 

half -space in which the density i s v a rying s lowly wit~ h 

depth. 

We observe that the investigat.ions of calculat.ing 

dispersion relat.ions and the transmit.t.ed wave in a t.rapped 

layer model due to a line source has nolbeen made so far. 

This in mind, t.he model consist.ing of a trapped laye)

between two half -spaces i s considered. We st udy the effect 

of densit.y variat.ion in the lower h a lf -space for a trapped 
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layer model, "'''hen a Love-type wave i s generat.ed due t.o a 

line source at. t.he int.erface bet.ween t.he lower half - space 

and t .he 1 ayer. Green ' s funct.ion met h o d and F our i er 

transform i s used t.o calcul at.e t.he di s per s ion relat.ions 

and t.he t.rans mi t.ted fi 15'1 din t.he 1 ayer. We not.e t.h a t.. the 

dispersion relat.ions obt.ained in t.his problem reduce to 

di s persion reI at.i ons rOI~ t ·he layer over a n 

inhomogeneous half -space CChat.t.opadhyay [13 J ) and for the 

trapped layer (Ewing et al ( 17)), ""hen I-~ 
1 

(rigidity of the 

upper hal f -space) and &: ( i nhomogenei t. y) are taken t .o be 

zero respectively. As a second problem, we take layer to 

be of variable dens ity and calculate the transmitted field 

and the di spersi on reI at.i ons for the same model. The 

dispersion relat.ions so obt.ained reduc e t.o t.he di s per s ion 

relations for a t_ra pped layer if we put. &: equal t.o zero 

[1 7J . The field in t.he l ayer for both the cases is 

calculated a n alyt.ically. 

publ i s h e d [41 ] . 

These observat.ions have been 

Tha a ff ec t of i 1"lI"lomogaon 6'i t. y r i 9 ·i di t . y 

var i a ti on in the 1 owel~ hal f -space/l ayer , for a t·r apped 

layer model is also discussed. For the inhomogeneous 

half-space the dispersion reI at.i ons reduce the 

di sper s i on reI a ti ons obt.ai ned by Ghosh (20), if ""15' put I-~ 
J 

equal to zero and for t.he f..rapped 1 ayer <: EWl ng et. a1. 

[17]), when inhomogeneit.y becomes zero. For t.he 

i nhomogeneolJs 1 ayer t.he di sper si on reI a t.i ons al s o reduce 
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to the dispersion relations for trapped l aye r by t a king ~ 

e qll a l t o zero. The t.ransmit~ t.ed fi e ld i s a lso calcul a t e d 

analyt.ically. The inhomogeneous trapped layer problem (due 

to variable rigidity) has been published [5). 

Shear and expl osi ve poi nt sources have been used 

extensi vel yin geophysi cs C Ewl ng et al . [ 17); Bur ridge 

[9); Aki and Richards [ 2); Ben-Menahem and Singh (7)). The 

behaviour of the medium in the neighbourhood of an 

underground explosion can be regarded as perfectly elastic 

outside a cel-t.ain s phere s url-ounding t.he source. Thus, a 

t.horough understanding of mot jon in an elastic me dium 

s ubj ect to an applied force, is an essential part of wave 

propagation theory needed t.o int.erpret seismic waves. This 

will help underst.and the propagation of Love waves in the 

layer from a point. source, which is very important in the 

description of seismic sources and their effect.s . Thi s in 

view, we consider the propagat.ion of Love-type wave d!Je to 

line source and a point source placed at an int~erface 

between a layer and a lowe r inhomogeneous half -spacl3' . The 

upper surface of t.he layer is' stress free. We noLe that 

Chat.topadhyay [13J has attempt.ed t.hi s probl em but. onl y 

calculat.ed the dispersion relations for the case of a line 

source without present.ing the transmit~ted field in t.he 

layer. We compi et.e thi s probi em in the sense t.hat. the 

t.r ansmi tt.ed f i el dis al so cal cuI a t.ed in t.he 1 ayer . Usi ng 

the result.s obt.ained for the line source, the problem is 

7 



t'urt.her ext.ended a point. SOur ce 

Mat.hemat.ically t.he problem involves t.hree va.riables . The 

method a d opt.ed t.o solve it i s to t a ke an a dditi onal 

Fourier t.ransform and reduce the problem to t.hat of a line 

source . situation in the transformed plane. The extr.3. 

integral appearing in this process is solved analyti cally 

using asympt.ot-ic met-hods. The dispersion relations and t. h e 

transmi tted fi e l d are then cal cul at.ed. It is i nterestoi ng 

t-o note that this procedure can b e fai r 1 y easi ly 

ext.endabl e to the pr obl e ms of ot.-her conf i gur a t.-i ons, once 

the solt.ltion fl.. .. w the line source [5,11,12) incidence is 

known. I n a nut s hell, i t . has been obser ved tha t wa ve 

problems fO l- line source incidence differ :from t..hose of 

plane wave incidence [3,4,40) by a mult.iplicat.ive factor 

(25) in case the line source is t.aken t -o a far orr 

distance and the solution for a point. source can be 

obt.ained once the results for a line source are known. 

Therefore, a whole range of problems starting from a plane 

wave incidence to a spherical wave (point. source) can be 

tack l ed ina systemat-i c way by appl yi ng the t.echni que of 

solving t.his specific problem. For example the method can 

be used to find the results for some realist.ic mode l s such 

as [3,4,40). The point source solut.ion has been published 

[ 5J. 

The spectral representation of a n operatol" a l"ising 

from certain wave propagat.ion problems is very user ul in 
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deal i ng wi Lh L,- ansmi ssi on, r 13'11 ec t .i on and di f f r ac Li on of 

waves across a horizonLal di s conLinuiLy. Thi s a pproach i s 

ba s ed upon Lwo s t. .eps. the. (;,- ee.n ' s 

funcLion associo3.Led wi Lh Lhe Secondly, we 

inLegrat.e it.. a r o und a l a rge c ir c l e. e nclosin9 all the 

s ingu.l aritios. Tn case of finite dept.h problems, t.he sum 

of r esidues aL the p o les gives t.he r ep,-esent.at i on of the 

del t .a f unc Li o n as a ser i es in ei genf un c t.i o n s. However, i f 

we deal wit.h Lhe wave propagat.ion in media wiLh infinit e 

depLh Lhe Green's f' uncLion, in addiLi o n Lo poles, 

possesses branch point si ngul ar i t.i (;::>s . The res ul t.ing 

represent.aLion the n involves the s um or r' e s idues at the 

poles and a branch cut. int.egral over a port.ion or t.he rBal 

axi s (Fr i edman [18) and St~akgol d [36)). 

Kazi [27) has used this approach Lo obLa in s pe.ctral 

,' epresentaLions of t.he operat.or ari s ing from hori z on t.a l] y 

pol ar i zed shear waves propagat.i ng i II a sot" t. 1 a.y e. r o f 

uniform t.hickness ovel' lying a h a rdel' h a lf -spa.ce. Kazi's 

results were s ubsequently applied to various problems 

involving Love waves CKazi [28], Ni azi and Kazi [ 32 ) a nd 

Ma dj a, Chin and F o llowill [30]). 

Ho wever. t.he s pect.ral r e pr esent.ation of horizont.ally 

polarized shear waves in a t.rapped layer bet·ween t""o 

hal f -spaces had not. been at.t.empt.ed so far. S uch a model 

could adequat.ely descr ibe a soft lo3.Y6'I- lying deep unde r

t.he earth, which is most. general rrom a phys i ca l a nd 
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mathematical point. of view. In t.his thesis "'.Ie also present.. 

t.he spect.ral represent.at.ion of such model . we have 

obt.ained a complet.e set. of proper and i mp l-oper 

eigenf unct.ions belonging t.o t.he operat.or, in t.er ms of 

which t.he displacement. fiel d may be represent.ed generall y. 

we see t.hat. t.h6 s pect.rum of eigenvalues for t.rapped l ayer 

mode l i s t..he di s joint.. union of t..he di sc ret.e and continuous 

spect..l-a. Due t.o t.he similal-it.y bet~ ween the wa ve a nd the 

dispel'sion relation, we call it. a Love-t.ype wave and the 

operator, arising from the equation motion, a 

Love-t. ype opel- a t.OI- . 

Befor e going on t.o t.ha t. di sc ussion, in chapt.er one 

of this t.. hesis we present.. basic concept.s and 

definit..ions of Love and Love-t.ype waves. A brier 

descript.ion of t.he Fourier tJransform and Green's funct..ion 

t..echnique is al~o given. 

In chapt..er t.wo, we cal cul ate t.he field due to a line 

sourc e in a l ayer t..rapped bet.ween t.wo h a lf -spaces wh en t he 

dens it..y of t.he lower half -space Cor layer) varies linear ly 

wi th dept..h. 

In chapt.el- t..hree, t..he problems h ave b een t.ackled, 

when t.he r i gi di t.y of lower hal f-space (or layer ) changes 

wi t.h dept.h. 

Chapt.er four, is devot.ed t.o the problems o f line a nd 

point. s o u rce in a layer over an inho mogeneous medium . 
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rive is concerned wi~h ~he spec~ral 

representation of the two dimensiona l Love-~ype wave 

operator, associated with the propagation of monochromatic 

SH-waves in a layer trapped between two half-spaces. 
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CHAPTER ONE 

PRELIMINARIES 

1.1 LOVE WAVES 

The cr i l.el- ion lor surlace waves is t.hat t~ he. 

propagating di s turbance decays exponentiall y with distance 

Irom t.he surface. II the surface waves consist 01' pure. 

Rayleigh waves they s hould have bolh vertical a nd 

horizontal components, the former pr-edominating. Thi s is 

not found to be the cas e in practice.. the vertical 

component somelimes being complelely absent. For Rayleigh 

waves t.he direct.ion 01 vibrat.i on of the hor i zontal 

components should be paral.l. el the di recti on of 

propagation, whereas horizontal components parallel to the 

wave fronl a re of len found. However, exper i ment~ al data. 

[ 24,17 ), particularly collected Irom seismological obser

vations, h ave s hown that SH-surlace waves may occur a l ong 

Iree surfaces. An analytical solution of this question was 

provided by Love [29), who s howed that.. S H-waves are. 

possible iI the h a lf--space is covered by a layer of a 

diflerenl material as s hown in Li.gure 1.1. He s howed t.hat 

t.hese. waves can propagate through s u ch an outer l ayer 

12 



wi~hou~ pene~ra~ing in ~o the interior . Waves of ~hi s Lype 

h ave b ':;?come known as Love waves. 

To der i ve t.he per i od equati on (see Achenba.ch [1.1, 

Hudson [ 23] and MiklowiLz [31)), we consider lime hal- mo nic 

pI ane waves ina si ngl e homogeneous 1 ayel- over 1 :vi ng ·3. 

ho~~geneous half-space. Writing t.he rigidit.ies of t.he 

layer a nd half-space as 

and their densities 

p, 
1 

as Pj.' 

velocit.ies as p , 
1 

r espect.i vel y, the 

("1 , z 

y-

component; of the di spI acement. (v) sat. i sf ies t.he wave 

equation 

a2
v a2 v 

1 1 
k

2
v <) + + = 

ax z. az z 1 1 

in t-he l ayer 0 < z :S h and 

",2 __ a2
- -v v I V 

2 2 
k 2

v 0 + + = 
ax 2 az z z 2 

in t.he half-space z > h, where k. 
l 

the angular frequency. 

( 1.1 ) 

<: 1.2) 

= T' 
l 

i 1 , 

Fr ee s ur t'a ,9 
-----------------,-=-----------------+> x-axi s \0 

(1 
1 

1 
i 

z-axis 

Figure 1.1. Love Waves Model. 
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The wave mo~ion in ~he layer can be represented by 

V ::: [A cosy z + B s iny z) exp{~(Gvt-kx), 
1 1 1 

(1.3) 

a nd the s olut.i o n, lha l decays wi th d ep th, of the a qua ti o n 

(1.2) for ~he h a lf-space is given by 

where 

-v Z 
V ::: Ce • 2 exp{~(())t.-kx)), 

:<: 

The condilion of 

r 
2 

vanishing s~ress at 

s urface z ::: 0, yields 

V ::: A cos y z exp{i..(c,.,lt. -kx). 
1 i 

0.4) 

the f r ' ee 

<: 1 . 5 ) 

As lhe shear s tresses and displacement.s are continuous at 

Z ::: h, 

/--I I" A s iny h 
1 1 i 

and 

/--I I" C 
2 2 

-I" h e 2 , (1 . 6) 

-I" h A cosy h ::: C e 2 • ( 1 . 7) 
1 

From equalions (1.6) and C1.7), we have 

or 

t.anr h ::: 
1 

C1.8) 

which is t.he dispersion relat.ion for Lo ve waves. The l e ft 

hand s ide of equat.ion (1.8) is posi~i ve for c = (~ , 
z 

'vi/hi 1 e 

it.. is nega~ive for c ::: ("1. Apparen~ly, we can t .hlJs find a 
1 

real rool in ~he in~erval 0 < c :S f3. No real root exi s t s 
1 2 

14 



if {3 < r~. 
2 I 1 

Equa t..i on (1 . 8) shows t.ho. t~ Love wa ves 0. 1-· e 

dispersive and it is not.. possible to propagate Love waves 

ina hi gh vel oci ty 1 ayer. 

1.2 LOVE-TYPE WAVES 

Ewinq, Jardetsky and Press (17) have derive d a 

dispersion relation for the waves t .ravelling in a layer 

trapped between two half -spaces . Here , we complet.81y 

follow Ewi ng et.. al. We consi d e l- a homogeneous e 1 asti c 

layer 0 ~ z ~ h of uniform thickness h sandwiched b et ween 

two homogeneous half-spaces z < 0 and z > h. We choose the 

coordinate s ystem in s uch a way that the interface between 

the upper h a l f -space and t -he 1 ayer coi nei d es wi th the x-

axi s . The z-axis lies vertically downwa rd. The subscripts, 

1, 2 a nd 3 r efer respectively to the upper medium, the 

intermediate laye r and the lower mediulII. The rigidity, 

J..~ , p , 0 
111 

Inl..E>rfacE> 
--------------------------------~:(~J------------.------------------~~ x - axis 

! -
: 

z h 

/-'a' P3' {1 
3 

z-axis 

Figure 1. 2. Love-type Wave Model. 
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shear vel oci t y and densi t y or t.he r especLi ve medi urn ar e 

-denot.ed by ~ _, D. and p. for i 
- l l l 

== 1, -.., c, :3 r espect.ivel y. 

Assuming that all the di s pl acement s are inde pendent 

of t.he y-coordi nate and t.he t~i me val" i ati ons ar e gi ven by 

t.he fact.or exp(lwt). The equat.ions of mot.ion for t.he u pper 

and lower media reduce t.o 

a2 y 02V 
1,3 

+ 
1,3 

+ k
2 

== 0, y 
ax 2 itz 2 1,3 1,3 

C 1 _ g) 

and for t.he int.ermediate layer 

02y (t2y 
2 2. k 2 y 0, + + = (1. 10) 

iJx 
2. (tz 2. 2. 2. 

whEwe k. 
l 

== 
(0 

f3. ' 
i == 1 , 2, 3, w being the angular frequency. 

l 

The boundary conditions are 

Co.) At. z == 0, -00 < x < 00, 

y == Y 
1 2 

(ty (tv 
J Z 

/-./ i.1z . == /--f (tz 1 2. 
(1. 11 a) 

Cb) At~ z == h, -CI) < X < 00, 

y == Y 
2 3 

OY OY 
2 3 

/--1 
i.1z == I-l UZ 2. 3 

C 1. 11 b) 

(c) y ~ 0 as z ~ -(Q, 
1 

V ~ 0 as z ~ 00. (1.11e) 
3 

The solutions of the equat.ion (1.9) subject. t.o the 

boundary condit.ions (l.llc) for the upper and lower media 

are 



where 

V 
3 

0' 
1, '3 

<: 1 . 12) 

B -0' Z {c t k _. 
~ '" 6'Xp i. C,,) - - . :>Gl > , (1 . 1 3) 

a nd k i s lhe wave number . For lhe inle rmediale l ayer, t h e 

solution of e qualion (1.10) i s 

v = [C cc,sO'Z + D sinO'z) exp{ ~( w t. -k x), 
z z z 

(1 . 14) 

wi t -h 

As lhe di s pl acemo nls and s hear slresses are conti nuo u s a t 

z = 0 and z = h , l h erefore 

A = C, 

~4 0' A = /-' 0 D, 
1 1 Z Z 

C C:05C1 h 
2 

-0' h 
+ D 5i no h = B;;;. :a t 

2 

~ Cf C s i nO' h + /-' 0 D cosO' h = z z Z Z 2 Z 

-0' h 
/_1 0 Be 3 

'" a 

<: 1 . 15) 

<: 1 . 15) 

C 1 . 17) 

<: 1 . 18) 

Solving the above four equalions, we obtain the di spersion 

equalion for lhe trapped layer 

tano h 
Z 

IAO(~40 +po:) 
Z Z 1 1 3 3 

2 2 
PzoZ - '-'1 P 3

0
1

0
3 

Real rools of equalion (1.19) 

C 1 . 19) 

occur when (3 < G < (3 o r 
2 1 

(3. S ince lhe dispersion relalion (1.19) for the trapped 
3 

layer i s similar lo lhe di s persion r e l a tion for Love wa ves 

(equation 1. 8) the waves in the t r a pped l ayer a r e termed 

17 



as Love - t.ype wa ves. Love - t.ype waves exi st. w11en 

(3 > (3 > ('5, but. may al so exi st. when ('5 > ('5 > ('5 . 
321 3 J 2 

1.3 EXPONENTIAL FOIJRIER TRANSFORM 

I n sol v i ng par t .i a l di f f er e nt.i a l equa t.i ons Four i er 

a nd La pl ace t.ransforms a l- e v e l' y I.lse:ful. We u se the 

expon ent.ial Fourier t.rans form in t .hi s thes i s. Avo iding 

det.ai 1 s we s umma r i se some i mpor tantJ n oti o n s in the theo r y 

of th e exponent.ial Fourier t.ransform ( s ee Gr a ff [21)). 

The exponent.i al Four i er transfor m and i t -s inver S f? 

i s d ef ined by 

FC t;) = .7-" [fCx) ) 
E 

00 

= 1 r'c J ~1,'Xj 2rr ,:1 X J e '. x, <: 1. 20) 
- co 

00 

= J-'FC 'f ) e -l<': xd'f . , . (1. 21) 

-00 

The exponential Fourier trans form int.egral in eq u at i on 

(1.20) is frequent.ly expr essed as a s um of t.wo int.egr a l s. 

each d e fined in semi - infinit. e range, as follows: 

wh e re 

and 

FC Z; ) = FeZ;) + F ( Z;) , ( 1 . 22) 
-I-

F (f) + , . 

F C Z;) 
1 ,0 lex 
. ...., JfCx)e' 'dx. 
c..rr ' 

-00 

Depending upon t..he beha vi OUI' of fC x) as x --~) en and 

x -00, it. is possi bl e t.ha t. onl y one of the two 
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'~ 1 ~nvegra~s and F Cf,) exists while t.he o thEw 

does not. 

The expon e'n l:.i :31 ;'OUI- i e l- t l- a n s f or Jl) of a d e l- i v a t i ve i s. 

rel a ted ina si mpl e mannel- to tJh e exponenti a l F o ur i eT-

tran sfor m of t h e functic~ itself, Let u s confine o ur 

at tJent..ion to fUIlGtion fCx) which vani s hes as I x l ----;) 00, 

By e mploying t .he d e fi ni ti o n C 1 . ;~O) , the exponential 

df 
Four i er tr ansfor m of - i s tJhen g.i ven by 

d x 

00 

;;r [df) 1 fdf ~f,xd = crr " dx 
6' X. 

E dx 
- 00 

I ntegl-at.i ons by part.s, 

Thus 

Jr' [df) 
E dx 

l ' F 00 ' F -
f[- t.<,Xf ·C-"-- ) x= CI') .., J'-- - \,,,x j -= crr ~ b' ~"'") -i e:, . t L xJ 6' l :.<> . 

x=-o) 
-0) 

:;f' [Gd' :t:. J = -- (,r, FC f,) , 
E .X 

C 1.23) 

(1. 24) 

Si milarly, ass uming t.hat. all derivatives of fCx) up t.o the 

Cn-1)st vanish at ± 00, we find 

(1 . 25) 

1.4 GREEN'S F UNCTION TECHNIQUE 

The Gr een' s f unc ti on techni que ma y b e round in lllany 

s t.and a rd book s C see e. g. S t.. akgol d [ 36 ) ) . T o iII I-ls t. rate 

t..his technique, l et. u s con s ide r t.he o n e dimension al 

boundary value problem 
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= rcx), O<x<l; uCO) = a, 1.I( 1) = b, 

(1.25) 

where rex) is the source density. The t_hree qua l,LiLies 

{fex);a,b) are known collect.ively ,.;l.S t_he data for the 

problem. The daL=, consist.s of t.he boundary data ,~, band 

of the rorcing runct.ion fex). 

We are concerned not- only wit_h the sol ut.i o n of 

syst.em (1.26) ror the specific dat a but also with finding 

the solut.ion that exhi bi t s its 

dependence on t.he dat.a. Thus as we chanqe the data our 

expression for t.he solution remains useful. The feat.ure of 

system e1.26) that. e nables us t.o achieve Lhis goal i s its 

linearit.y, as reflect.ed in Lhe superposit.ion principle: If 

uCx) is a solut.ion for 
i 

t..he da t.a -( f C x) ; a ,b) and u <: x) 
i i:i 2 

t.hen .~u <: x) 
1 

+ Bu <: x) i s a 
:z 

solut.ion for t.he dat-a {Af Cx)+Bf ex); Aa +Ba 
1 Z 1 Z 

Ab +Bb ). 
1 2 

Thus t.he super posi t -i on pr i nci pl e per mi ts {.IS to decompose 

compl i cated dat.a i nt.o possi bl y si mpl e r pa.r t_s, t.o sol ve 

each of t.he si mpl er boundary value problems and t.o 

reassembl e t .hese sol ut.i ons Lo 1'i nd t.he solut.i on of t.he 

original problem. One decomposit.ion or t.he dat.a whi ch is 

oft.en used is 

{fex);a,b) = {fex);O,O) + {O;a,b). <..1 . 27) 

The problem wit.h dat.a {f(x);O,O) i s an inhomogeneous 

equation wit.h homogeneous boundary condit.ions; the problem 

wit.h data {O;a,b) is a homogeneous equat.ion wi th 
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inhcmogeneous bow1dary condi~ions . 

Since we want t.o solve t.he problem as compact l y as 

poss ibl e for a rbit-rary d a t a {fex) ;a, b), the diff(3'renti a l 

operator and t.he boundary operat.ors appearing on the left. 

side of t.he equality sign in s y s t.em e1.26) a r e kept fixed; 

no one i s proposi ng t.o s ol v e a ll di ff e r e nt.i a l equ a ti ons 

wit.h arbitrary boundary condit.ions at. one s t.rok e. 

To solve the system (1.26) fOl- arbilTary data, we 

introduce an accessory problem where, i nst.ead of a 

di s lr i buted density of sources, there is onl y a 

concentrated source of unit- strengt.h at x = r, and where 

the boundary data vanishes. This solution of the accessory 

problem i s known as the Green's function and is denoted by 

Gex,C). He re (, i s the position of the source and x is the 

observation point. We usually regard r, as a parameter and 

x as the running variable. 

Now we construct SCx, l; ) on the basi s of the 

information available so far. Since there are no sources 

in 0 < x < (, an d in (, < x < 1, we have 

o (1.28) 

in bot.h int.ervals. Therelore, we can \~n-ite 

GCx,() = Ax+B, 
:1 :1 

C 1. 29) 
=Ax+B, 

2 2 

Her e A, A, B, B ar e constants, whi ch ar e i ndepend6'n L 
1 2 1 2 

of x; they may however depend on t.he parameter (. Tak ing 
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'n~o accoLm~ ~he fact tha~ GCx,() vanishes a t x = 0 and 

x = 1 , we find that 

GCx, () = A x, 0 ,< x < 
r } 1 
' , 

= B C i -x) , 7: <. x ~ 1. 
2. 

( 1 , 30) 

The jump condit ion for G(x,() i.e. 

GC x, () I - GC x, () I _ = -1 
[ oj. x--Y,' x=:: ', '-

(1.31 ) 

and continuity of GCx,() at x = ( e n abl e us to calculate 

A and Bin equa ti on (1. 30) from s i Jl\UJ. t~a neous equ a t .i o n s 
1 2. 

- B 
z. 

A == 1 
1 

1 • 4. 1 

A == 
1 

- r ' , 

Ge x, () 

so 

= 

1 and 

t .hat 

( l-()x, 

C i -x) ( , 

A r = B (1 
l' 2 

0 < x < 

( < x ~ 

Delta Function Formulation 

(). Thus B == (' 
2. 

and 

r,,} c 1,32) 
1. 

The Green's function GCx,() associa~ed wit~ h the 

problem 

rcx) , O<x<l~ u( 0) = a, uC 1) == b 

C 1,26) 

satisfies the following equation 

O<x<l, o < t; <.1; 

GC 0 , ( ) = (3C 1 , r, ) = 0, C 1. 33) 

Ml.Il ~i pI yi ng the equation (1.26) by GCx,(), equation 

(1,33) by 1.1, s ubtr acti ng and i ntegrati ng from 0 t~o 1. we 

obtain 
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1 ., 1 1 

J CGu - u G )dx - JfC x)GCx, t,")dx + JcSc X-() ue x) d X, 
o 

""hi ch reduces t .o 

1 
1 

uCT,) frC x)GCx,r,) dx + CGu - uG') , . 
o 

S i n ee GC x , r,) vani s h es a t~ t. h e e nd poi nt.s , a nd 

GCx,r,) 1"=0 = 1 - r" GCx,r,) I = - r" 
;.\=1 

we have 
1 

uC() = ffC x) G(x,~·)dx + el-r,)a + (b. 

I nt.er changi ng t.he 1 abel s x and ( and u s i ng Lhe s ymmetr y o f 

t.he Green's runct.ion 

uC x) 
1 

JGC x,,~) rC()dt;' + Cl -x)a + x b. 
<:> 

<: 1 . :S:4) 

Now equ ation (1.34) sat. i sfies t .h e system (1 . 26) wit,h d ata 

{rc: x) ; a , b) . 
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CHAPTER TWO 

EFFECT OF DENSITY VARIATION FOR A TRAPPED LAYER MODEL 

2.1 INTRODUCTION 

We const.ruc1.. and solve f..wo problems her e. In t.h e 

first. problem a homogeneous layer i ": sanrj".rich E:·rj bet.we6'n 

homogeneous and inhomogeneous half -spaces Csee figure 2.1 ) . 

The i nhomogenei. t..y in 1..he lower h al f - s pace is due 1..0 t.he 

linear variat_ion o:f densi1..y. Th6' propaga1..ion of Love-type 

waves dt_I8 t. (~ a .li!")9 s ource lyin~J a t.... L.he int. e rr a. c e of' +'.h e 

1 a y e r and lowe r inhomogeneous hal :f -space i s s tudi ed. The 

disper s ion r e l a tion is obtained u s ing Fourier t.r a n s f o l' m 

and Green' s func1..i on met.hods . It. is :found t.h 3. t. the 

dispersion ralat.ion for 1..he layer over t.he half - space 

CChaL1..opadhyay [13]) and 1..he resul1..s for t.he t.r a pped layer 

(Ewing at. al. [17]) can be obt_ained, as special cases. 

In the second problem, t.he l ayer is considered t.o be 

of variable density a nd is sandwic h ed between two 

homogeneous hal:f-spaces. The Love - type waves are pI'oduced 

in 1..he inhomogeneous layer a line sour c e 

excitation. The dispersion equation of t.he Love-type wa ves 

so obtained i s :found t.o be in agreement. wi lh 
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homoge n eous case. Finally, t.he t.ransmit.t.ed wave in the 

l ayer i s cal cul at.ed analyt.i cally for bot.h t.he problems. 

2.2 INHOMOGENEOUS HALF-SPACE 

In t.hi s sec t.ion, inves tigat.ions a l-e pr esent~ ed ",!hen 

U)e d e n s i t .y of t.he lower hal f -space var i es linear 1 y wi t .h 

t.he dept.h. The effect. of t.he dens i ty var i a t.i on on ' t.he 

pr o pagati o n of Love-t.ype waves g e ner a t.ed from a line 

source in t.he laye r is st.udied. 

2 . 2.1 Formulat.ion of the Problem 

Cons ide r a homogeneous e l astic l ayer ° 5 z 5 h wit h 

uni form t.hi ckness h sandwi ched betwee n homogen eous and 

inhomogeneous h a lf -spaces given by z < 0 a nd z > h r espec -

lively. Po. line source of dist~ urbance i s ass umed to be 

sit.uat.ed at. (O,h). The geomet.ry of t.he problem is shown in 

figure 2.1. The s ubsc ript.s 1, 2 a nd 3 r efer l-espI?ct.ively 

I 

----------------+-----------------+~ x-a.X.l :; 

/-l , p +c:(z-h) 
3 3 

II 

III to. h
) 

Z ::: h 

z - axis 

Figure 2.1. Geomet.ryof t.he problem with an inhomogeneous 

lower h a lf-space. 
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t .o the u pper medi um, i nt.er me di aLe 1 ayer and lower 

inhomoge neous s ubs tr a tum . The rigidit y and d e n s it y o f 

media 1 to 3 are denot.ed by 

r espec: t.i vel y . The time h a rmoni c: 

/--1 . 
1 

a nd ,Oi 

variation 

(i =1 ,2, 3 ) 

i s t..a.kt?n 

exp( iu>t.) and can be s uppressed throughout. We can wrile 

the equations of moli on for the upper medium and the 

inler me diate l ayer as: 

a 2
y iJ2 y 

2 
P (,I 

1 1 1 
0, + -to v 

ax 2 
iJz 

2 1.-1 1 
1 

(2.1) 

a2
y a2

v 
2 

(-:;, ( . .\ 
4rr z :z :z 6c x) 6 c z - j-D + + y == , (2 . 2) 

ax 2 
iJz 

Z /-< 2 /--1 
Z 7. 

wher e w i s the a ngular frequency and 6 i s the us u a l Dirac: 

del l .a funct.i on. FOI- the l o,,'er inhomogeneous medi um, the 

equa ti o n of moLion i s 

a
2

y aZy Z p (-0 
a a a 

O . + + y = ( 2 . :3) 

(tx 
Z 

(1Z 
z 1-.1 a 

'" 
To study the inhomogeneity effect, p by 

a 

p +e(z - h), e b e ing a s mall parameter. Thus, we can I-ewrite 
a 

equations (2.1) to (2.3) as: 

== (), (2.4) 

ax2 

a2
y a2 

v 
4rr 2 2 kZY 6c x) .5C z - h ) , + + == (2 . 5) 

ax 2 
iJz 

2 2 2 i--J z 

aZy a2
v 2 

a a kZY 
c;:w 

(z - h) y + + = C2.6) 
ax 2 

i:1z 
2 a a 1-"' <) 

a 
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where 

2 
p. (0 

1 

1...1. 
1 

i = 1, '. c, 3 . ( c~. '7) 

The physical conside)-at.ions of' t.he problem lead t .o thf? 

f'ollowing boundary conditions: 

(a) At. z = 0, -00 < x < Cl), 

Y Y 
1 Z 

oy oy 
1 :z 

/-A 1 oz = 1..1 oz 2 
C 2. 8a) 

Cb) At. z == h, -00 < x < 00, 

y V 
2 3 

oy oy 
2 3 

/-Az oz == I-J oZ 3 
c: 2 . 8b) 

( e:) v ~ 0 a.s z ~ -00, 
;1 

y -----,) 0 as z ~ 00. (2.8e:) 
a 

2.2.2 Solution of the Problem 

Taking Fou)-ier t.ransf'ol-ms, t~ he equat.i o n s of' motion 

(2.4) to (2.6) become 

dZv 
1 c/'V 0, = 

dz z ;1 1 
(2.9) 

dZV 
2 Z 

C(
2 V 6Cz-h), = 

dz 
2 2 2 1..1 

2 

c: 2 . 10) 

dZV 2 
3 

(::1.2 V ,,::W (z - h)V - -- - C 2 .1 1) 
d z 

Z 3 3 /-A a a 
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with 

2 2 2 
cC = ( - k .. 

l l 
C 2.12) 

Let G (z,z ) be the Green' s fl.lnct.lon for 
2 0 

i nhomogenaous aqua ti on (2. 1 0), wher e Z i s an a rbi t.r al' y 
Co 

point in the layer. The equation sat.isfied by G (z,z ) i s 
2 c' 

" G C z, z ) - clG C z, z ) = 6C z --z ), 
2 0 2 2 0 0 

C 2.1 :3a) 

together with h o mogeneous boundary conditions 

G Cz,z ) = 0, at z = 0, h, <: 2 . 1 3 b ) 
2 0 

where prime d enoles t.he differentiati on with respect to z. 

As the boundary conditions in our problem a re of an 

inhomogeneous nature, we follow Stakqold [ 36 J and multiply 

equati on C 2.10) by G Cz, z ), 
2 0 

equat.i on (2.13a) 

subtract and integrate over ° ~ z S h to obtain 

GCh,z )[v'J - GCO,z )[v'J 
2 0 2 z= h 2 0 2 z=O 

2 G Ch, z ) 
2 <';) 

- V Cz ). 
2 0 

by v U;', z), 
2 

t: 2,14) 

Agai n, 1 et G Cz,z) and G Cz,z) be Green' s fun c tions 
1 0 3 0 

corres ponding to upper homoge neous and lower inhomogeneous 

half - spaces satisfying 

t3 (z,z ) = 0, at z = 0· 
1 0 

, 

G (z,z ) ~ ° as z --~~ -00, 
1 0 

G Cz,z ) 0, at z = h~ 
3 0 

G Cz,Z ) ~ 0 as z --~~ 00. 
<} 0 

2B 



By the same procedure as before , we obtain 
, 

G(O,z)[vJ 
.1 0 .1 z=O 

v ( z ), 
.1 0 

(2 . 1 '3) 

, (I) 

GCh,z )[V ] 
3 0 3 z = h 

v (z ) + 
3 0 

2: 
.~--: (.t) 

P 
3 

f CZ-h ) V CZ)G (Z, Z ).:I Z . 
3 3 0 

h 
(2. 1 (3) 

I nt..erchangi ng z and z 
o 

and using the symmetry of the 

Green's .funct.ion in equat.ion s (2.14)--(2.16). we obtain 

V Cz) 
2: 

v ( z) 
.1 

V (z) 
3 

. 
GCz,CJ) [ V J -

2: 2: z=O 

. 
G (z, 0) [V J ' 

.1 .1 z=o 

, 
G Cz, h) [V ] 

3 3 z=h 

2: 00 
C;::W 

J··c z -h) V C z ) G (z, z ) dz . 
o a 0 a Co 0 

h 

Now the boundary conditions C2.8a) give us 

• 1 
[ V ] -. 

z z = o - A { G (h, 0) [V' ] 
;z 2: z = h 

~ Go (h, O)}, 
/..I ;z 

2: 

where 

/-' 
A = G CO, 0) + ~ G (0, 0) . 

2: /.A 1 1 

Si mi 1 ar 1 y, t .he boundal~ y condi ti ons (2. 8b) yi e1 d 

wh ere 

B 

/-' {AB - G
2

C h , 0» 
3 2: 

00 

:< f C z - h ) V (z ) G C h ,z ) d z , 
... 03 Q 3 (."10 

h 

G ( h , h ) + 
2: 

29 

G (z, h ), 
2: 

C 2 . 17) 

(2. 1 8) 

<: 2. 1 g) 

(2.20) 

(2.21 ) 

(2.22) 

<: 2 . 2:3) 



C = G C h , h) A - G
2

C h ,0) . 
2 2 

C 2.24) 

, , 
Subs li L uli nr.;J the val UIS' of [ V J a nd 

2 z=O 
[ V ] in C c; . 17) , 

2- z= h 

t .he expr' ess.i on .f o r V (z) 
2 

is 

\.,1here 

V Cz) 
2 

{\ C Z , h) D - l\ <: z , 0) ~} + 

AB-G
2

C h, 0) 
2 

co 

'2 2 
{

G e z , 0) G <: h , 0) 

J·'CZ - h) 'I Cz )G Ch,z )c\z , 
. 03 (;0:3 00 

(2.25) 

D G <:h, h)A, 
a 

h 

E = G (h, h ) G C.h, 0) . 
a 2 

(2.26) 

«~ . 27) 

, 
The conlinuily condili o n and lhe value of [V 2] :z =}-. ' 

g1 ves 

V Cz), which can b e wrillen as 
:3 

/-.1 E-(~12{ G <: z, h ) A} (l) 

+ 2 a Jezo-h ) 
/-/ AB-'G

z <: h , 0) 
:3 2 h 

2 00 
x V C z ) c'; (h, Z ) dz - .!::( ... ~ 

:3 0 3 0 0 ~3 f cz - h ) V Cz ) 
o :3 0 

h 

x G Cz. z )dz . 
3 0 0 

C2 . 28) 

Now , V (z) is to be delel- mined from equa t~ion ( 2.28) 

'" 
by Lhe melhod or successi ve approxi mali ons. The v a l u e of 

V Cz) derived from (2.28) when s ubs tiluted in (2.25) gi v e s 
'" 

t.he val IJe of V ( z ). S.i nee we ar e interested onl yi n the 
2 

value of V Cz), which will give lhe di s pl acement. at. any 
2 

point. in t.h e l ayer a nd since square a nd highe r p o wer s of £ 

a r e lo b e n egl ected, as a first. a ppr oxima tion we t ake 
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2 V Cz) = 
:;J 

G CZ,h)C {a }-
AB - G:c!Ch,O) 

z 

(2.29) 

Put.Ling this vallJe. back in the I- ight h a nd side. of l3·q l.1 al.iof"l 

C2. 25), we obtain V Cz) in t.he following form 
2 

V (z) 
2 {

G 2 C z , h) D-G 2 ( Z , 0) E} + 

AB - c:;2 Ch ,O::> 
2 

{

G C Z, 0) C-; <: h, 0) 
2 Z 

-CAB-G2 C h , 0) 2 
z 

- GzCz, h)A} 00 
------- J'{CCz -h)(:; (z ,h)(3 Ch,z ) d z . 

o a 0 a 0 0 

h 
(2.30) 

In order t .o det.ermin e t.he value of V Cz) fl-om e.qualion 
z 

(2.30), t.he expressions fc~ G , 
1 

C:j and G a r e. need e d. 
·2 a 

To find these Green's functions, 

procedure. outlined by St.akgold [36) . 

consider t.he solutions of t.he equation 

d
2 u 2 
-- - C~ U 
dz 

Z 2 
o. 

we follo'# the 

To sol ve it, 

C 2 . 3 1) 

Two independent solutions of equation (2.31) vanishing at 

Z = - 00 and z = ~ r~sp~ctivaly are 

U 
1 

C( z 
e 2 , U 

1 

-C( z 
e 2 

Thel-ef'ol-e , the solution of' 

infinite medi um is 

u (z)U Cz ) 
1 Z 0 

w 

U (z ) U (z) 
1 0 Z 

W 

for z < z , 
o 

for z > z , 
o 
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where the W,-onski an W is given by 

W = U (z)U (z) - U Cz)U Cz) = - 20( 
1 2 2 1 z 

Thus t..he s olut.i o n of equat.ion (2. 13a) for a n inf .init.. e 

medium i s 

2a 
z 

S i n ce L.he condi t.i ons G ( z, z ) = 0 at.. z = <) and 
Z 0 

a l so t.o be sat. i sfied, we take 

GCz,Z) 
Z 0 

1 
2C;-

z 

-C< Iz-z I e Z 0 

Us ing t.he a b ove conditions , we g et.. 

G ( z,z ) = - _ l _ [ e-C<z lz-z
o l 

Z 0 2c< 
Z 

{ 

-0( (h+ z ) 
C(Z e 2 0 

+ez C/, h 
e 2: 

Tha rai'o,-a 

G Cz, h) 
Z 

G Cz, 0) 
Z 

(;, C [ ) , 1")) = 
2: 

G (0,0) 
2: 

-C< C h-z ) C< C h- z ) 
+ e Z o} -0( Z {e Z 0 + e Z 

-C< h ex h 
e Z e Z 

1 (r",C<zz 

C( _ G( h 
z t. e z 

+ e -G(zz) 

-C< h. ' 
e z.J 

-G( ( z-h >. 
+ e z ) 

G( 
2 C 

C< h 
e 2 

(13' 
G( h -G( h 

1 2 + e z) 

h -G( h 
, 

C< 
(e 

0( 
Z z e 2) 

1 (e 
G( h -C< h 

2 + e 2:) 

ex 
(G-

G( h -c.:( h . 
2: 2: e 2 .) 

S imil a rl y, it can be s hown that 

G <: z, z ) 
1 0 

(.'{ (z+z ) ] 
+ e 1 0 , 
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and 

G (z,z ) 
a 0 

G eel, 0) == 
1 

G (h, 11) 
<I 

1 
Ot 

1 

1 
C~ 

3 

G Ch,z ) 
3 0 

+ e. 3 0 • 
-(;l( <: Z+Z -Zh)] 

1 -(;( (z - h ) 
0( 

3 

13' 3 0 

C 2. 34) 

Usi ng t~ he val ues of G, 
1 

G 
2 

a nd G 
3 

in e quation (2. 30) , we. 

o r 

where 

v (z) 
2 

-

v (z) = 
z 

F <: f, ,h) 
1 

T 
'-" 

1 

-2( J...I Ot coshOt z + /-1 Ot 5i nhOt z) 
Z Z 2 1 1 2 

P J.! Ot (leI. {AB-G
2

( h, 0) C 1 -c: J ) s i nhGl. h 
13123 2 1 2 

-2C , .. 1 Cl. coshCl. z + I.~ e< si nhe< z) 
2 Z Z 1 1 Z 

F C~,h) 
1 

(,,} (J...I Ot c:oshe< h + ~ Ot s1 nhex h) 
Z Z 2 1 1 2 

<: 2. 35) 

2.2.3 Transmi t.ted Waves 

The transmitted wavIS's in t.he layer can be calcu12l.t. ed 

by t_ak i ng the inver se Four i er t .l-ans rorm of equation 

(2.35). Thus , the displacement in the layer is given by 

v Cx, z) 
Z 

00 -2C p Ot cos hOt Z + 1.4 1;( si nhCl. z) . '" 

.J
' 2 2 2 1 1 2 o=? -\. ' , X :If 

FCEI"') - C , . 
-00 1 " J _ 

<: 2. 3 6) 

The expression in t.he denominator equat.ed t.o zero gives 

t.he dispersion rel ati on of Love-type waves for a 

homogeneous trapped layer due. to the presence of the. 

i nhomoge.nei l .y in t .he low€w hal f-space. Thi s 1 s 
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where 

t.-ant;' h 
2 

A _ 

'..J CI. C I--l 0: + i-A Q( ) 
'22 11 33 . 

C 2 . 37) 

z r, . 

the disper s ion rel a ti on (2.37) reduces La 

the dispersion rel ation by Chat-Lo p a dhyay [1 3 ], and Ewin g 

et a l . [17] , in the Ii mi t-s 1_" 
.1 

and .~ eq u a l 

,- es p ec: t .i vel y. 

The trans mitte d waves can n o w b e obtaine d by solving 

the integr a l in e quat i o n (2 . 36) . We n oLe tha t the p o l es of 

the integr and a re the roots p ( n =1,2, 3, ... ) 
1,n 

of the 

e quat i o n F Cf" h ) == O. Thus, calculating thi s int. e gI- a l",t 
.1 

U ,ese pol es, !.ls i I1g t~ he I-es i due meth od, the t-ransmi ttecl 

Love-type wave is given by: 

v Cx ,Z) 
2 

_ A A 

m2:ll-" Cl( cos C< Z + 1-" C< == 4 22,.1,n 2,.1,n .1 .1,.1,n 

IT dF C r, ,h) I 
n=.1 .1 

;< si n~ Z) 
___ z-,--,1. ,n 

A 
= C( 

2,1,n 

~:-----

df, F, ==p 

expC - t.p X), 
.1,n 

C<1 1r,==p 
1.n 

Q( 
.1,l.n 

1, r, 

(2 . 38) 

Equation (2 . 38) gives the trans mi Lled travelling waves in 

the laye r in the x-axis dir ect- i o n. 

Besides the poles, we h ave l -h e branch poJ.nt s whi c h 

give rise to body waves a nd are o f no inter es t to u s for 

the present study . However, t h ese cal c ul ations ca n b e made 
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wi~h ~he help of ~he saddle poin~ mG~hod cons idering Lhe 

as ympt-o ti c beha vi our of t-h e i ntegr a l s . 

2.3 INHOMOGENEOUS LAYER 

For the .i nhomogeneous tr apped J. ayel- pr obI e m, the 

Love-type waves are genera~ed in a l ayer due to a. line 

source whose densi~y varies linearJ.y Csee figure 2 . 2) wiLh 

the dep~h. The effect. of var i o.bl e density on the 

propaga~ion of the Love-type waves is discussed . 

2.3.1 Formula~ion and solution of the Problem 

The for Jl1l.ll a ti on is the same as 

probl,=, m, except t.ha~ t.he equation of 

inhomogeneous layer is 

+ + 

2 
P2W V 2 

f.-Iz 

4n oC x) oC z - h) , 

wher e vis the di spl acement~ in t-he 1 ayel
z 

t -hat 

and 

of fi r sL 

the 

C 2. 39:; 

0) is 

angular frequency. Due to the inhomogeneity in the layer, 

pis t.aken t.o be p +c:z, £. bei ng a s mall par amet·er . We ca n 
2 z 

rewrit.e equat.ion (2.39) as 

a
2

v aZv 
4n 

2 
z 2 k 2

y 6Cx)6Cz-h ) 
c-:. Z(!} 

(2 . 4 0) + + = y 

ax 
2 uz 2 2 2 P ~4 2 

2 2 

The equat.i ons of mot.i on for t.he upper and lower 

s ubst.ratllm are 
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iJ
2 v aZV 

1 1 
k

2
v 0, + + 

iJx 
z 

(tZ 
Z 1 1 

(2.41) 

a2
V 0

2 
V 

a a 2 
0, -- + + k v = 

(yx 2 
OZ 

2 3 3 
C 2 .42) 

where in ~he above equa~ions k~ (i=1,2,3) are lhe same as 
l 

gi ven by equa ti C::'ln (2. 7) . The boundar y condi t.i ons or the 

problem are same as ~hal of first problem . 

Tr a nsf or mi ng t .he equ a t,i ons of 

(2.42), we have 

c"zv 2 
= 

z z 

wh Ewe 

T Cz) 
1 

2 = -- 6(z-h) 
1-12 

for ~he layer and 

I 

6( z-h) -
Z 

S:Zr)) 

V, 
2 

/-1 
2 

v 
2 

mot, i on C 2. 40) t.o 

= T C z) , 
1 

(2.4::-3) 

(2.44) 

--------------+---------------~) x-a.xj. s 

1-1 , P +,5:Z I I 
2 2 

seo, h) 
z = h 

III 

z-axis 

Figure 2.2. Geome~ry of ~he problem with an inhomogeneous 

layer. 



for the upper and lower substratum. 

as given by equalion (2.12). 

Were 2 
~ . 
~ 

As the boundar y condi t.i ons or t.hi s pr obl em ar e the 

same as t h at. of problem one, t.herefore by same procedure, 

we arri ve a.t 

and 

v (z) = G (z, 0) [ V ] G (z, h) [V ] 
2 2 2 z= 0 2 2 z= h 

v (z) 
:1 

V Cz) 
a 

h 

-I- J'T (z ) G ( z , z ) d z , 
1 0 Z 0 (:> 

o 

- G (z , 0) [V] , 
1 :1 z=o 

G C z , h ) [V] . 
a <I z= h 

Now the boundary conditions (2.8a) give us 

<: 2 . 45) 

(2 . 46) 

(2.47) 

r " , 
L Y J 

2 z=o A~ 1.f G CO, h) (V' J -
2 2 z=h 

h 

J
r, c z ) G (0, z ) dz '\.. 

1 0 2 0 oj 
<:> 

(2.48) 

where A is given by equation (2.21). S i mi 1 ar 1 y t.. he 

boundar y c ondi t~ i ons C 2. 8b) yi el d 

[ V ] 
Z z=h 

-I-

h - G C h , 0) 
2 fT ( z ) G (0, Z ) dz 
2 ... 10 Zo:>o {AB-G C h , O)} .=-
z 

A 

{AB-GZC h ,O) 
2 

h 

J'T C Z ) G <: h , z ) dz , 
1. 0 2 0 0 

o 

C 2. 4GO 

whe r e B i s give n b y equa ti o n (2. 23) . Usi ng e quation s 

( 2. 4·8) a nd ( 2 .49) in e qua tion (2 . 45), s u bst. it.uti ng back 

value of ,Cz) 
1 

f unc\:' i o n , we get. 

and us i ng t h e propert.y of t h e del La 
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V Cz) 
z 

z 2 
{

G C z, h) G C h. 0) 

- G
2
CZ,0)B} 2 h 

we f Z V C z ) G <: 0, z ) dz 
~2 0 0 Z 0 Zoo 

h 

{

G C Z , 0) G (h, 0) - G C Z , h) A} 
2 2 2 

AB - GZ(h,o) 
2 

2 
We. j 'z V c: z ) 

o Z 0 

x G C h, Z )dz 
Zoo 

Z 
(A) e 

o 

h 

Jz V (z ) G (z, z ) dz • 
'-' 2 0 Zoo 

o 
(2.50) 

whel-e 0 a nd E are given by equat.ions C2.26) and (2.27) 

respect.i vel y. 

The ser i es so obtai ned can easi 1 y be s hown Lo be 

conver ge t .o 

equa t.i on and 

V Cz). 
2 

V Cz) 
2 

Now equa t.i on C2.50) i s an i nt.egr al 

may be det~ermined from this equation 

using successive substit.t.lt.ions. ,t:...s a first approximat_ion, 

we n e gl ec t. t. e rms invo lving & t.o obt. a in 

V Cz) 
2 

{Gz <: z , h) 0 : G z C z , 0) E} 
AB - G (h,O) 

2 

<: 2.51) 

Put.ting t.his value back in the right h an d s ide of equation 

(2.50), we obtain V (z) in t.he form ;z 

2 'v (z) = 
Z J../~ 

Z z x G C h, 0) -G (z, 0) B} 
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{

8 C Z , 0) 8 C h , 0) -8 C z , h) A} h 
z t-.j C z _, z Z Z J' 

AB - (;;2 C}-j .. 0) . ::~ 0 1 0 

where 

M (z ) 
1 .::. 

x G (h, z )dz 
Zoo 

2 

{

G (Z , h ) 0 -- G C z ,0) E} 
2 0 2 0 

AB - G2 Ch,O) . 
2: 

We not e t.hat. V (z) 
2 

i s compl etel y determined 

(2.52) 

through 

equation (2.52) provided that G, 
1 

G and G are known. 
2 3 

Th e Green ' s functions G G and G are the same a.s 
1 2: "3 

given by equat.ions (2.32) tr o (2. 3 4), u s ing their val u es 

and after some manipulat.ions, we h ave 

or 

where 

and 

V Cz) ::::: 
2 

V Cz) = 
z 

-2C I-J G( coshG( Z + 1.-1 G( s1 nhC/. z) 
22211 2 

F ([,h) 
2 ' 

J 
z 

= <A\ 2 [/-J3 0(3 - /-J 10(1 

4{AB-Gz Ch,0) /-J ~ a 4 a 
21"323 

+ /_J C~ C /-J C{ p C~ ) cot. ha h} 
2211 33 2 + 
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Now, we det.ermi ne t.he transmi t.t.ed waves in the 

inhomogeneous l ayer t.rapped bet.ween t...v./o homogeneo l.l ~. 

h a II -spaces. The Four-iEn- inve r s ion formul a, when appli'?'d 

to equat.ion (2.54) gives 

v ex, z) 
2. 

= - 2 
co (/.4 ,)( coshOt z -t- 1../ C~ 5 i nh Ot z) 

.. 1
' 2 2 2. :1:1 2. 

F t ~ , }))-------
- I)) 2. 

dr,. 

<: 2. 5t3) 

The expression in the denominator equated t.o zero gives 

t.he dispersion equation or Love-t.ype waves Ior a. ll'apped 

I ayer due to t.he pr esence or the .i nhc'mogenei t yin t. he 

layer. I t- is 

where 

".., -
p C~ C.IA C.:< -t- 1_4 Ot) 

2. 2. 1 1 3 3 

P c.:.{ ) t.an8 h 
3 3 2. 

.... ~ .... 2 
G( 

2. 

....... 
104 <:;l( (;.,./ G( 

2 2 :1 1 

+ 

2. 
W c; 

h fc 2"..,2 --- P'~ 
-"'2, 2 2 

1.-1 /)( 
2. 2. 

+ 1.4 C'( ) tanS h + C p29,2 -- 104 I.J C'( Ot )}] , 
33 2 22 13:13 

+ 

<: 2.57) 

It i s imperat.ive to not.e tha t in the case oI 

a homogeneous medium & = 0, and t.his dispersion relation 

reduces t.o t.he dispersion rel at.ion obtained by Ewi ng [17 ) 

Ior t.he homogeneous case. 
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In order to ~.Gtain the tr a n s mitt e d wave, we n eed t.o 

calculat.e the intJegra l in equalion (2.56). Not.e t.hat. the 

poles of t.he int egr and a re the root. s or the e qua ti o n 

F (1; ,h) = O. This equ a tion yields the dispersion r e l at. i o n 
z 

given by the e quat.ion (2.57) . The solut.ions of t.hi s 

equa~ion are in ract. t.he poles of t.h e integr~nd, which ca n 

only be calcul at.ed numerically and are denot.ed by 

= p . 
2, r, 

Calculating t.h e pole cont.r ibution 

poles, we find t.hat. 

wher e 

v (x, z) 
z 

(X) 

411 :2:: 
{

A A 
I.~ 01. cos 01. Z + /-A 01. 

2 2.2,n 2,2, n 1 1,2,n 

n=1 

. A } x S l nOl. Z 
2,2,n 

A 
= 01. 

2,2,n 

dF (r. , h ~~) 2: . 
------
d~ f, = p 

exp( -i,p X), 
2,n 

= 01. 
1,2:,n 

2,n 

at thes e 

(2.58) 

Equation (2. 58) r epr esent.s t.he t.ravelling wave in the . 

l ay~r in the direct.ion of x-axis. 

In order to provide a feel few the problem in r ea l 

life we pl~esentJ t.he valul?-s of t .h e pal- ameters ir.vo l ved . 

This i ncl udes the 1- i gi di t.i es, dens iti es and 

velocit.ies in the t.hree regions . It. i s furt.her not.ed that. 

f.-I > f.-I which is essent.i al f'01- t.he propagat .. ion of' Love-
3 2 

tJype waves in t.he 1 ayer. The t.ypi cal value of t .he depth h 

of the intermediat.e l ayer is 6 . 0 km. 
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TABLE 

Medium Rigidit.y Densit.y sheaJ- velocit.y 

dyn/c rn 2 g m/c m 3 
k Jll /S - -

I 4 . 67x10
u 

5 .1 4 3. 104 

II 2. 1 2><1 0
11 

4.52 '-' 165 c., • 

III 5. 32x1 0
11 

3.29 4·. 021 
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CH.~.PTER THREE 

EFFECT OF RIGIDITY VARIATION FOR A TRAPPED LAYER MODEL 

3.1 INTRODUCTION 

Th e effect of ,- igidit.y variation on propagation o f 

Love-type waves for a trapped laye r mode l i s consi d e red in 

th.i s chapter. The Love-type wave is generated due to a 

line source lying at the interface between l ayer a nd l ower 

h a lf - s pace and the rigidity varies wi t.h d epth. Two 

problems are a ddr essed corr e sponding to: 

(b) rigidity variation in the layer. 

The dispersion r e l ations for the Love-t ype waves a r e 

obtained and the transmitted wave in the 1 ayer is 

calc~l ated analyti cally for both the problems. 

:3.2 INHOMOGENEOUS HALF-SPACE 

For t.he inhomogeneous h a lf -space problem, t.he 

rigidity of the l ower h a lf -space v a ri es linearly with Lhe 

d e pth (sep- f.igure 3 .1 ) . The e ff ec t of thi s ,- iqidit.y vari

at.ion o n the pr opagation of Love-type wa ves due to a line 
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source in the trapped l ayer is prRsen ted h e r e . 

The formulation of the problem is the same as lha L 

g i ven in t .h e first probl e m of c h apt.e J- Cwo, except. t .h 3.t Lhe 

equation of moLion for t h e l ower inh omogen eous medi u m is 

repl aced b y : 

(} ( i}Va) 
+ (1z I-Ia az 0. C 3 . 1 ) 

F o r t h e inho mo g e n e ity in the lowe r me dium, Lh e coeffi c i e nt 

o f i s r e pl aced b y /-J + e C z - h ) , 
3 

E: b e i n g a s ma ll 

p a r a rne t .e !' . The wave e qua tion ( 3 .1) r o r thi s case then 

t a kes the form 

a2
v a2

v 
<I <I 2 

+ + k v 
OX 

z OZ 
2 <I <I 

.s=C z - h ) 
a

2
v av 

3 c-:' 3 
----

i;}z 1-1 2 . ~ 
3 0 2 ,. 3 

eC 2-h) 
a 2 v 

3 C3 . 2) 
J-I ax 2 

3 

subject to the boundary conditions C2.8a) to (2.8c), where 

p, 
1 

. ~ 

/- 1 I ---- --------------:'""": ----------.--------+. x-·3.xi S 

P z ' IAZ i 

p, 
3 

/A +s:C z - h) 
3 

z = h 

z-axi s 

Fi gur e 3. 1. Georne lry o f the pI' obI em wi Lh an inho mo g e n eou s 

l o we r h a l f -s p ace . 
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II . 
vSl. ng t.he t.ransform, equat.ions of 

mot.ion (2.4), (2.5) and (3.2) for L.he uppe r medium , 

i ntel- medi ate 1 ayer and for U,e lowe r j nhomogeneoLJs llledi urn 

where 
Z 

0:. 
.1 

c/v 
1 1 

elv 
2 Z 

elv 
a a 

== 

;:: 

0, 

JA 
2 

6Cz-h), 

s:Cz-h) 

I-< a 

= T (z) say, 
2 

C i =1 ,2,3) are the same 

<: :3 . :3) 

(3 .4) 

.&: 
.. _.2 

+ &t. z-h .)l; \I 
1 .. 1

3 
1.< a a 

<: 3. ~3) 

a .s given by equa t.i o n 

(2.12) . 

Si nce t.he boundar y condi t.i ons in t.hi s PI' obl em ar e 

t.he same as t.hose of t~he probl ems of chapt.er t . wo, u s i ng 

t.he same procedure we arrive at 

V Cz) = 
2 

2 

I·~ a 

2 2 

{

G (z, 0) G (h, 0) 

00 

f"·T C Z ) G C h ,z :; dz , 
". 2 0 a Co 0 

C 3.0) 

h 

2 { GaCz,h)C } f.A AG Cz, h) 00 

V ( z) 
2 3 fT Cz ) ;:: -

3 1-<3 AB-G
2
Ch,0)' I-< a {AB-G2 Ch,O) 

. 2 0 

2 2 h 

00 

;" G C h , z ) dz + J'T C Z ) G C z , z ) d z , 
a 00 "20 a 00 

(3. 7 ) 

h 

where A, B. C, D a nd E are given by equat~ions (2.21), 
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(2.24), (2.26) and ( 2 .27) respec tively. Af t..er 

substitution of t~ he value or T (z) in equations (3.6) a nd 
2 0 

<: 3. 7), we ha ve 

and 

2 V (z) = 
2 Z 

{

G C z , 0) G (h, 0) 

V 

2 f-.J a AB - c;,z( h , 0) 
2 

<: z) 
3 

oo{ r Cz -h) 
, 0 dz 

dV (z ) 

'" 0 

Co 
h 

c z - h ) r, 2V C z )} G (h, z ) d z , 
o 3 0 3 0 c-' 

(3 .8) 

2 { G3 (z,h)C } &/·Jz 
AG Cz, h ) 

3 
+ 

/.-1 AB-G2
Ch,O) 

2 {AB-C32 (h,O) 3 /.J 
2 3 2 

co d 2 y(z) dV(z) 

r {c l- - 3 0 3 0 C I- - r 2,/ - - } x Z - ) I) + - z - u .)" (. Z .J 
'. 0 d- z dz _ 0 3 0 
h '"'- 0 !-' 

x G Ch, z )dz 
300 

O){ d;\l Cz ) 

f· C z -h) 3 Co + 
, 0 Z 
h dz o 

- Cz -h)r,Zy Cz )} G CZ,Z )dz . 
o 3 0 3 0 0 

dV (z :; 
3 Co 

dz 
o 

(3.9) 

The fi e l d Y C z) in l.he 1 aye!" can be del.er mi ned from 
2 

the e quation (3 . 8), if we s ubs ti tul.e the val u e o r V c z ) 
3 0 

from equation (3. g) in equation ( 3.8). Equation (3. ~;J) i s 

an i nt.egr a l equa ti on and V (z) ma ybe deler mi ned f J- 0 10 t hi s 
3 . 

equation usi ng s u ccessive approximations . 

a.pproximat-i o n, we n egl ect. t .e J- ms involvi ng & t.o cJbt..ain 

2 V (z) = 
3 /'~3 

(3. 1 0) 

Putt.ing this value back in t.he right h a nd s ide of eq uation 
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(3, 8), we obtai n V C z) in t.h e foll owl ng f o r m: 
2 

whe re 

v (z) 
2 

= 

CI) r {C z -h) 
, 0 

h 
dz

2 

o 

- Cz -h)~ZM Cz J}' G Ch,z ) d z I 

o 2 0 3 Co c· 

M (z ) = G (z ,h) C. 
2 Co 3 Co 

{

G (Z, 0) <3 C h, ( I ) 
2 Z 

_. -- ~ 

(AS -- C;
2 Ch ,o))L 
2 

+ 
dH C z :; 

2 c> 

d z 
o 

(:3 . 11) 

To calcul a t.e t .he value of V (z) from e·quation ( 3 .11 ~), the 
2 

expressions for G, G and G are required. 
1 2 3 

The Green' s funct.ions G, G and G are the s ame as 
1 2 3 

given by equations (2.32) to (2.34), s o we insert t. hem in 

to equation (3.11), a nd after some calculati ons obtain 

'-2C P C( coshC( z + I-~ Cl! s i nhc~ z ) 
V Cz) = 

2 

22211 2 

F Cf h) 
C 3 . 12) 

where 

and 

3 " 

F C~ ,ll) = I.~ I.~ C.l( CJ,.2CJ,. {AB-G
2 Ch,O)C1 +c:.J )sinho h 

3 13123 2 3 2 

J 
3 

We 

= 

d etl9rmine the tr ansmi t. t.e d waves in t.he 

homogeneous l ayer. This can be done by t.aking t.he i n ver s e 

FoUl- i er transform of equation (3.12) . Thu s , the 

di s placement. in the l ayer i s given by 
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v (x , z) 
2 

--2 

I)) 

J
-. C /-l ot c osh.:>: z 

2 2 2 

• _ - t r ; A~ 
+ I.~ c( S ln llC( z)e -

1 1 2 dr, . 
F C ( , h) 

3 

(:3. 1 3) 

The di s per s ion equat.ion for' t.h e pJ-opaga li cln of Love ·- t ype 

waves for a h o mogeneou s t.r app ed l ayer b e t.ween h o moge n eou s 

a nd i n h o mogen eol.ls h a l f -s p a c>'3s i s obt.ai n e d by e qua t~ i ng the 

e x pr e ss i o n in t. h e d e n o mina t.or wit.h zer o a nd i s 

...... 

+ 
{ 

/-./ 1.")( 
F- :7.: 2 

2 2,,· ... 2 
1 .. 1 1.;( 

:7.: 2 

( 3 . 14) 

v"h e r e 

W Ei n o t.e tha t. the di s p l3'r . o n r e l at.ion givl3'n by <-:;quat.i o fl 

( 3 .14) r e duces t.o t .he di s p e r s i o n rel a tion o f Ghosh [ 2 0 J , 

an d E wi ng et. a l. 

zero respect.ivel y . 

[ 1 7 J, in t.he 1 i mi t. s I_~ .3. nd £" e q lJ.3.1 t.o 
1 

To find t.h e t. r a n s mit.t.ed wa v es in t he l ayer we h ave 

t. o solve Lhe int. e gr a l in t.he I3'ql.la t.ion ( 3 .1 3) . We find t. h a t. 

Lhe poles of t.he inte gr a nd a r e r o ots p (n =1,2, 3 , .. . ) o f 
3, n 

e qua tion F C~ , h) = O. In addition, the re a re branc h p o int. s 
3 

whi c h give ri se to b o d y waves in whi c h we a r e n o t. 

int.e r es t. e d . Thus , cal c ul a t.ing Lhe inLegr a l aL Lhese p o l e s , 

Lhe t.r a n s mitt e d Love-type wa v l3's a r e gi ven b y 
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where 

v (x, z) 
z 

A A 
IX) C J-J (.'II COS ()( Z + /..1 ()( 

4 '\ :2 2.,3, n 2. , 3 , rt 1 1, 3, n 

n L dF Ce. h) I 
n=l 3 

dl: ------ ( ~p 

~( s i n~ z) 
Z,3,n 

A 
C( 

2 ,a,n 

expC -i.p X), 
3,n 

C( 
1,3,n 

3,)t 

(3, 15) 

Equation (3 ,1 5) represent.s t~ he tr a n s mit_t e d waves in the 

l ayer, 

3.3 INHOMOGENEOUS LAYER 

In t-hi s sect-ion, we cal cu l at-e th e trans mitted fi E .. ld 

due t-o a line sour ce in a n inhomogeneous l ayer whose 

rigidit-y is var'ab l e Csee figure 3 .2) , The inho mogeneou s 

l ayer is t-rapped bet-ween t-wo homogeneous half-spaces. 

J-J , p I 
1 1 

-------------------J-------------------~) x-axi s 

J-J + c;::z, p I I 
2. :2 

SCO,h) 
z = h 

III 

z--axi s 

Figur e 3,2 . Geometry of t-he pr oblem with a n inhomogeneou s 

1 ayel- . 
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The formulation of the problem is the same 

given in chaptel- two, except t.hat t-he equat-ion 

for Lhe inho mogeneous l ayer i s of t h e few In 

op 
OX

XY 
+ 

op 
yz 2 az- + P2"'l v

2 
:::: 4no<: x) oC z - h) , 

the displacement component, p 
xy 

as t.hat 

or motion 

C3. 16) 

st. r ess components. pis t.he d e n s i t.y of t.h s 1 ayer a nd (0) i s 
2 

t-h e a ngul a r frequency. We t h at 

inho mogen eou s layer the c o eff i cient of rigidity ~ 
2 

as ~2+&Z, & being a s mall p aramet.er. Th en equat.i o n 

b ecomes 

a7. v a2 
v a2 v (}2v av 

2 2 2 2 7. 
i-I -- + ez--- + /...1 --- + ez--- + &-- + /'J (.l) 

20X7. ijx 
2 20Z2 OZ 

2 az 2 

4noC x) 6C z -h) . 

in the 

C 3 . 16) 

7. 
V 

2 

(3.17) 

Dividing equation <:3.17) t.hroughout. by and re -

arranging, we have 

a2 v a2 v 
2 2 

+ + 
ax 7. az :2 

The eq uat.ion s of 

k
2

v 
7. 2 

4n 
/-./ 

2 

& 

~2 

mot.i o n 

semi -infinit. e medi a are 

7. o V 
1 

::> 2 
u X 

+ 

7. o V 
1 

0, 
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6C x) OC z -- h ) 
/-~2 az 2 

av a7. v 
2 &2 2 (3. 18) 

OZ 
/-./ ax 7. 

7. 

for l h e upper and 

C 3 . 19) 



wh e r e z 
k. 

.1 

+ 

(i =1 ,2,3) 

= 0, (:3 .20) 

a re t.he same as give n by e.ql..la t i or. 

(2.7). The boundary condi t.ions 01' t.he problem a l- e same a s 

t. h at., i'irst. probl e m or c h apt.er t .wo, except. t.hat. t. h e 

boundary condit.ions (2.8b) are. replaced by t.he condit.ion s 

a t z =: h, -0) < X < 0); 

v = v , 
2 a 

iJv iJv 
z a 

iJz = I--'a iJz . (3.21 :; 

Us ing t.he Fouri er t.ransform, the e quat.ion s of mot ion 

( 3. 18)--(:3.20) r e duce to 

d 2 V 
2 G~2v 2 

6Cz-h) 
E-Z 

dz 
2 Z 2 

= -
I~J 

2 
/--1 

= T (z) (say). 
a 

i'or the laye r and 

- c/' V = 0, 
:1,3 :1, a 

2 

d 2 V dV 
2 

d z 
2 

E 2 ·!::z ? 

+ 'E~" 
dz ' , 

I...J /.J 2 
2 2 

( :3 . 22) 

(3 . 23) 

i'or t.he uppe r and lower s ubs t.rat.a. In equat.i ons (3.22) a nd 

(3.23 ) c/ (i=1,2,3) are t. h e same as given by eq u a t.i o n 
l 

(2.1 2). Us ing t.h e boundary conditions (2.80.), C2.8c) and 

(3.21), adopting the procedure o f chapt.er two, we get 

, 
V (z) = C3 ( z , 0) [V ] - C3 ( z , h ) [V ] 

2 2 2 z=o 2 2 z=h 

h 

+ fT C Z ) G C z ,z ) d z , 
.. ::J 0 2 0 0 
o 
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v (z) 
1 

v (Z) 
3 

, 
G (Z, 0) [V] , 

1 1 z=o 

, 
G (" z, h ) [V] . 

3 3 z=h 

Applying ~he boundary condilions (2.8a), we ob~ain 

(3.25) 

(3.26) 

h 
, 1 {' } [V ] = 'J: G (0, h) [V] - J'T (Z ) G (0, z ) dz , 
2 ";:=0 .'-\ 2 2 z = !' , . 3 0:2 C> 0 

<:> 

(3.27) 

~~ere A is given by equalion (2.21). Si mi 1 ar 1 y the 

boundary conditions (3.21) yield 

, 
[V ] 

2 z:: h 
_________ l~-------{-G. ( h , 0) J~ _ c z ,_;) 
J •••• llB-{-;!'Zl..-- 1-1 , 0" +s:h A ~ -- I- 1- ' - Z 3. ... "...... 1; ~ t.;r t_ j.i , j , __ : .... ~ .-:' 

2 1--13 3 

h . 

;~ G CO,Z )dz + A JT Cz )G Ch,z )dz }, 
2 00 ·302 00 

o 

(3.28) 

where B is given by equation (2.23). Usi ng raq!,!"'. ti ons 

(3.27) and (3.28) in equation (3.24), subs tituting bac k 

value of T (z) and using the proper~y of ~he della 
<I .;;. 

funct~ i on, we get~ 

V (z) 
2 

= 2C /.-1 2 +eh) {. __ G_;_z_C_Z_,_h_J_D_-__ G_2_C,..-__ Z_'_O_J_E ___ } 

~2~3 AB - GZCh.O) + &h AG (h,h) 
2' ~ a 

3 

G C h • h ) } G (z. \.1) 
3 ' 2 

AG (h,h) 
3 

} 

h d 2
V (z ) dV (z ) 

£'. J {Zo 2 0 2 Co 
'[2V( J} x - + - z , z _ 

/-,1 
dz 

2 dz o 2 c) 
2 0 0 

0 
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x G CO, z )dz 
Z .-;:, 0 {

G (z, 0) G (h, 0) 
z z 

'AS - G:2 ( h , 0 ) + 
:2 

- GZCZ . h )A} 

.=_ h A ~ -1 l ' -- ,,,,,G <. '1, . _ 

x 

,', G (11., z ) cl z 
2 00 

d \! C z ) 
:2 .:;, 

+ 
d z 

h 

J {z,=. 
o 

G C z , z ) (:J z , 
200 

/.../ a 
3 

dV Cz ) 
Z Q 

d z 
o 

where D a nd E are given by equ a Lions C2.26) and (2~ , 27) 

Equa t.i on <: 3 . 2<;J) i s a n inte-(;wal v <: 2) 
2 

ma y b e deL e- I- mine d fromt.hi s equa Li o l1 u s j . ng s ucc l:.':?s ~ ive 

s ubst. iLut.i ons . As a firsL approximat.ion, we n egl ec t.. t.f:.1 rmS 

invol v ing &: t.o obt.ain 

V Cz) == 
z 

. ..., 
c. 

'~ 
I- <I 

c: 3. 30) 

S ubs t_it..uLing t.hi s value back in t.he I- ight. s ide of equation 

C 3. 29) , we obt.ai n V ( z ) in t.he :foIl owi nq for m 
2 

V Cz) 
z 

2( ;"1 +&:h) 
2 

G C Z , h) D - G C Z , 0) E }' 
Z :2 

z s:h G (h,O) + AG (h, h ) 
z fAa 3 

G C z , h) G C h , 0) - {8 + £1.:: G (h, h ) ) G <: z , 0) } 
z 2 /.~ 3 :2 

~:fA3{ AS - GZCh,O) + ~ AG (h,h) 
Z /..J

a 
a 

dM (z ) 
3 0 

dz 
o 
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whe r e 

M (z ) 
a 0 

_ c; <: z , 0) c; ( h , 0) 
2& {2 2 xG CO, z )dz -

Zoe. 1--1 2 1--1 3 , AB _ C;;ZCh,O) + 
2 

j 
2 

'-2 
o 

+ 
dJvl C z ) 

3 Co 

d z 
o 

z (2M (z )} 
o 3 0 

h 2£ J { zo G (h,z )dz x 
2 0 0 1--121--13 0 

- Z ~ 2M C z )} G (z, z ) c1z , 
co a 0 2 0 

= {

G (z , h) D - G (z , 0) E} 
2 0 2 0 

AB - C;2Ch ,0) 
2 

.-::l2 )'1 C~ • L. ) 
a 0 + . 

d z 
2 

c' 

elM 

d z 

We note t..h a t.. V C z) i s compl e~ely de~er mined 

equa~ion (:3.31) provided G, 
1 

G and 
2 

G are known. 
3 

(z ) 
a 0 

0 

(3.31 ) 

t..h e Gr een 's fl..lnct.ions given by equat. i o n5 C2 . 32) to (2.34) 

in equation (3.31), si mplifying and neglecting square and 

higher power s of &, we arrive at 

where 

V Cz) :::; 
2 

-2( 1_' 0( cos h O( z + I.J 0( 5i nhO( z) 
22 2 11 · z 

a a 1 1 + 1 [C i-~ 0( -1-' 0( ) 

. 2 Z 4{AB-G (h,O) ~ ~ 0( a 0( 
2 13123 
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h
",Z Z 2 ') 
" C fA J.A Q( Q( -I-~ Q( ) +1-' Q( C I-J 0( - / . .1 Q( )cothQ( hj 

131322 223311 2 

2.Z{. ') . 2 2, tl h}] h 1; 1-.1 Q( C 1-1 O! +I-J O! • +C I-J I-J O! O! + I-J O! -' CO . -,0( 
221133 131322 2 

-I- • . 

" / . .1 1 /,.12 1-1 3 i;:J 10./'\" 

Taking Lhe inver se Fot.n-ier t.Tansform of equation 

(3.32), t h e d i splaceme n t in t h e inter mediate l ayer i s 

wh ere 

v (x, z) 
z 

F (~,h) 
4. 

';0 

J 
-- lev 

-2( 1-1 Q( cos h Cl( Z + / . .1 I:;{ s inh <..'>( z)e . ,'> 
2 2 2 1 1 2 

F C~,h) -----. 
4-

dr, 

In the expression for v (x,z) contour integraLion i s Lo be 
2 

per f 01- med > The poles of t.he integrand are obtained by 

equaling the expl-ession in t .he denomina t..or Lo zel-o. The 

resultant relat..ion gives us t..he dispersion relat.ion t.·hat. 

t.he Love-type wave propagating in the inhomogeneous l ayer 

must sa t.-isfy. Replacing Ot 
2 

by 
. ...... 
\, c'( , 

2 
t.he dispersion relation 

in OI,W case can be reduced t.o t h e for m 

tan~ h 
2 

-' /", Q( ) tan8 h 
1- :I. Z 

2A2 
4( IA C( -/,1 IA 0. 0( ) 

221313 

h {., I=> 3 2A2, t A ) A C'·- ~. ' . } -- l :_JI-J I-' 0( Ot -. I--l 0( , J ~ a n Ot ) + /.1 C( . ,:j /.J ('-~ + .,J/ .. / l;/ .J 
/.1 13:1. 3 ZZ Z 22 1133 

2 

1-,28 
z{~ ZAZ A A } _. --- C_IA JA 0( ex - JA ex ) -p c/. ( / . .1 Ct. +/_1 C( ) t"a.J")c;{ h 

1-.1 1. a 1. a Z 2 Z Z 1. 1 d '" Z 2 . 
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2 2 . h < {' 2""-2. A. ) t A h}J -- t /-1 J.-I at Ot --1-1 at ) -/-1 Ot C/-1 Ot + /-' Ot ,anOt . 
""- 131322221133 2 

P Cl 
2 2 

(3 . 34) 

It i s important~ to n ote thal in the case o f a 

h o mogeneous moa>di um c; o a nd t. hi s di spel- si o n 1- e l a t .i o n 

r e duces to the di spersion r e l ation obtained b y Ewing [1 7 ) 

for the h o mogeneous case. 

In order to obLain lhe tr a n s mitted wave. we n eed lo 

cal c ul ate the integral in equ a l.ion ( 3 . 33) . Not~E:' that the 

poles of t h e integr and are root s P ( n~1,2,3, 
4,n 

) o f 

Cal culating the contribu tion by these poles, we find that 

.. ",he r e 

v ex, z) 
z 

81 .2 
1';=p 

4 ,r. 

co 

= 417 = n=:t 

{

A A 
/-1 C'I COS(,:( Z + /-1 C:~ 

.2 2.4-,n .2 , 4-, n 1 1,4-.n 

. dF' • C ~ • h) I 
dt F=p 

> > 4, n 

. A } x S.l nO( z 
.2 , 4-,n expC - q::o x) , 

",n 

A 
::: c~. 

.2.4, n i c.:( I 
[=p 
) " ,n 

O( 
.1,4,~, 

<: 3 . 35) 

Equation ( 3 . 35) represents a travelling wave in lhe l ayer 

in the direction of the x-axis. 

Besides t h e poles , we h ave br a n c h point s whi c h give 

rise to body waves a nd are of no interest for the pres e nt 

st udy. However, t h ese calc ul a tions can be easi l y ma d e wit h 
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Lhe help of Lhe saddle poinL me Lho d considering Lhe 

asympLot-i c bella vi our of the i nLegr a l s . 
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CHAPTER FOUR 

FIELD DUE TO A POINT SOURCE IN A LAYER 

OVER AN INHOMOGENEOUS MEDIUM 

4.1 INTRODUCTION 

In t.hi s c h apt.er, we rir st. cons_ide r a. .Line source. 

s it.uated at. the interface between a h o mogen eous layer and 

an inhomogeneous hal f -space. The upper surface of the 

layer is st.ress free. The tTansmi l. t-ed wave and the 

dispe.rsion reIdt-ion for the Love W 3 _V8'S are cal cul"d. E?d 

analyt.ically. Furt.her, t.he problem i s ext.ended t.o t.hE? case 

of point. source excit.at.ions. ThE? wavl?- equat.ion govel- ning 

t.he point source j:::.robl em con s i sts or t.hr ee spati a1 

dependence on one variable. The t.ransf o rmed equations lhE?n 

correspond to t.he line source problem and the point source 

field is recover e d by appl i co. t -i on or t.he i nveJ -se 

This procedure c_an be applied t.o 

configur ations, once t.he lin E? sourCE? excitation i s known. 
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4.2 LINE SOURCE PROBLEM 

Suppose t~ha t a h or i zon1 .. a l homogeneous 13'1 as ti C JIledi um 

or thi l.: kness his over ]. yi n g a semi -- i I1 fi ni te i nho mog e n eou s 

s ubs t r at um. T h e or i g i n of lhe coordi nates i s chosen along 

t.h e f r ee s ur face wi t h t~ he z-axi s vert ical l y d O'wn wa r ds 

(see figur e 4.1 . ) . A line source di s t~ ul- ba n c\.;> h <3.s b E-·en 

taken as S( O , h ), wh e r e '-.h e z-axis t h e 

inter !~ ace . S u bscri pt.s 1 a nd 2 will r e f e r CCo '-.h(:;- l ay&r a nd 

t .h e semi - inf i ni t.e s ubst. r a t.um r G·s p ect. i v'3-l y . I l' oe )- , t) be. 

the sour ce d e n si t y di s lribuli o n in the l ayer . t h e g 8 n e r a l 

e qua tions of mol .ion in the a nd t h G 

inho~~geneous me dium a r e g iven b y : 

aZv aZv 
? 

p irv 
4rr 1 1 1 1 

Cl C r ) t .) , + ( 4.1::> 
;;: 2 P .., 

/...11 ,1x iJz 1 in -

aZv aZ 
v Pz 

aZv 
Z Z Z O. + = (4.2) 

ax Z az z 1 .. 1 aZt. Z 

Co n sidering t h e time h a rmo nic d e pende n ce a. nd t.he l i ne 

i.wt. 
sour ce, we can r'epl ace v. by v. e C i =1 ,2) ", n d 0 '( r ,t.) by 

.1. .1. 

Fr ee S 1.U- f ac e 
--------------------:--=------------.---~> ~: - d.)_=i s 

!O 

p , p +& Cz-h ) 
z z 

1 
i 

s 

z-axi s 

Int e l- face 

F i gur e 4.1. Geomet. r yof the ~r obl em . 

z = h 



.s:: ~ - .s:: - _ - i. v.)t. 
vC x) .A. z-lJ) e . FI- o m equat.i ons C 4.1) and (4 . 2) thi s qives 

a Z y i}Zy :2 

i 1 
P 1 (.0 

4" 6 (x)c,Cz- h ) , + + y ( 4 . 3) 

ax :z 
d Z 

Z }.I 1 /-1 
1 i 

OZy (~Zy 2 
P w 

2 Z :z 
0, + + v 

ax Z az Z J.-1 z z 

where w i s t.he a ngular frequency a nd 6 is the us u a l Dirac 

delta t'unct.i c'li. I Ii ordel~ t.o st.udy t. 1 e inhomoge n e it.y 

erIec t, we r epl ace P
z 

by P
z 

+ 6"Cz-h ), 6" b e ing a s ma ll 

par a me t .e r . Thus, we can r e writ e equ a t ion s ( 4. ::0 a n d (4 . 4) 

as 

O Z y a
2

y 
411 1 1 

kZY 6Cx)6Cz-h) , + + = (4.5) 
AX Z az z 1 1 }.J 

1 

OZy aZv Z 
z 2 :2 t;:w 

Cz-h)y + + k y = , (4.6) 
ax 2: oz 2: 2: Z fA 2: 

Z 

where 
2 

k
Z 

p . W 
l. 

i 1 , 2. = = (4.7) 
l. ;...J. 

1. 

The boundary condit.ions for t.he det.erminat.ion or v and y 
1 2 

ar E.' g1 vem by: 

C a) At z = 0, -00 < x < 00, 

ov 
1 

0. C 4. 831.) oz = 

(b) At. z h , -00 < x < 00, 

y = Y 
2' 1 

ov oy 
1 2 

/-J az = }.-I az 1 Z 
<: 4. 13b) 

( c) y ~ 0 as z --~~ 00. (4. 8c) 
2 
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Taking ~he Fourier ~ransform of equa~ions C4 .5) and 

(4.6) wi~h respec~ ~o x , we get 

d 2
V 

2 1. 
v

2 V 6(z-h) , = 
dz 

2 • 1. 1-1 
1. 

C 4. 9) 

d 2 y :2 
2 2V S:W 

C z-h) V Yf :2 = , 
dz :2 /--1 Z 

2 

(4. 1 0) 

wh e r e 
2 <:2 :2 Z ~Z k Z . 'r = - k , TI = -

1. 2 

Le~ ~he Gr een' s func ~i on f o r ~he inho mogen eous 

equa~ i on ( 4.9) be G Cz , z) , whe r e z i s a n arbi ~ r ar y poi n l 
1. 0 Go 

in ~he medium 1 . The e qua lion sali s fi e d b y GC z,z ) i s 
1 0 

" ~ C ) zG ( ~ 1..-:> Z , z - r _2 , Z ,) 
1 0 1. 0 

= 6 c z-z ) , 
o 

( 4 . 11 d.) 

~ogelher wilh l h e h o mogen eou s boundary condilions 

G Cz,z ) = 0 al z = 0, h . C 4.11 b) 
Co 

Here prime denoles differenlia~ion wilh res pec t to z . 

Mulli pI yi ng equali on C 4. g) by G Cz, z ), 
1. Go 

equati on <: 4.11 a) 

by Y1C~,Z), s ubtrac~ing and in~egral i ng over 0 ~ z S h, we 

obtain 

G Ch ,z ) [V] 
1 c· .1 z=h 

= 

S imi 1 a rl y, we s uppose 

2 
j..-l 

1 

GCh ,Z) - V(Z). 
1 .;:; 1.;:; 

G Cz , z ) 
2 c· 

be 

f unc li o n f o r lhe l o we r s ubs tr a tum sa ~i sfying 

G Cz , z ) = 0 
:2 0 

z = h , 

a nd 

G Cz,z ) --~) 0, as z --_)(0. 
:2 0 
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A s imi l ar procedure ~ o ~h9 above lea d s to 

How , 

, 2 

[ ] 
&W 

G Ch,z) V = V (z ) + 
2 0 2 z=h 2 0 /.4 

2 

00 

rC z-h)V Cz)G Cz,z )dz. 
J Z 2 0 

h 
<: 4. 1 3) 

int erch anging z and z 
o 

a nd using the symmetry 

pr operty of Green's functions in equations (4.12) a nd 

(4.1 3) , we obtain 

V (z) 
1 

2 ' 
G (z, h) - G C z , h) [V] , 

j.A 1 1 1 1 z=h 
(4.14) 

, 00 

y (z) 
z 

= G (z, h) [V ] 
Z 2 z=h J'C z - h ) V (z ) G <: z , z ) d z . 

. c> Z G ' Z .~ .:,; 

h 
(4. 1 5) 

The boundary conditions (4.8b) yield 

, 
[V ] 

1 z=h = 
2/--1 G (h,h) 

Z 1 

j.A {/-IG Ch,h)+j.A G Ch,h) 
1 2 1 1 2 

, 
<: 4.16) 

S ubstituting the value of [V] from equa t i on <: 4. 1 6) i n 
1 z=h 

equation (4.14), we obtain 

V (z) = 
1 

2G C Z , h) G C h , h) 
1 2 

{/--I G Ch,h)+/--I G Ch,h) 
2 1 1 2 

00 

x fcz -h)V Cz )G Ch,z )dz . 
o 202 0 0 

h 

{/.J G C h, h) +/-J G C h, h )} 
2 1 1 2 

C 4 . 17) 

, 
The continuity condition and the value of [V] , 9i ves 

1 z = h 

V (z), which can be written as 
2 

v (z) 
2 

2G (h, h) G <: z , h) 
1 Z 

{J.-I G ( h,h)+J.-I G (h,h) 
Z i 1 2 
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00 2 00 
- &00 

;~ J-e z -h) V C z ) G C h, z ) dz -
o 2 0 2 0 0 ~2 J-'c z - h) V (z ) 

o 2 Co 

h 

;( G (z, z ) d z . (4 .1 8) 
2 0 c· 

The field V(z) in the layer can be determined from 
J. 

equation (4.17), if we subst.i t.ut.e t.he val ue of V (z) 
2 

given 

by equ at. i on (4.18). Since equat.i o n (4.18) is a n int~egral 

equat.ion a nd V (z) may be determined fro m thi s equation by 2 . 

th e meth od of s u ccessive approxi mat. i ons . A s a first. 

approxi mat.ion, we n eglect. ter ms involving & to obtain 

V (z) = 
z 

2G (h, h) G (z, h) 
1 2: 

{ ~ G (h,h)+~ G (h , h ) ' 
2: 1 1 2 

( <1. 19) 

Subs t~ituting t h e value of V (z) from equation (4 .1 9) in the 
2 

expression (4.17) for V ( z), we geL 
1 

2G
1 

C Z • h) G C h • h) 
;;; 

2&e,} G C z , h) G C h , h) 
V Cz) 

1 

:! ! 

{~ G Ch,h)+~ G Ch,h)) 
Z 1 J. 2: {~ G C h, h) +~ G (h, h))- 2 

2: J. 1 2: 

00 

x j'c z -h) G C z ,h) G C h ,z ) dz . 
02:0 2: 0 0 

C 4.20) 

h 

The value 01' V (z) is fully specified by equation (4 .20) 
1 

provided we know the values of G a nd G 
J. 2: 

To find t h ese Gree n' s functions , we adop t t h e 

procedure used in chapter 2 . Thus, equat.ions C4 . 11a,b) 

would give us 

-y(h+ z ) 

G (z, z ) - _ 1 [e- y I z-zo I + eYz { e 0 
1 0 - 21" J r h 

e 

+ e -YZ{ 

63 

-1"( h -z ) 
+ eo } 
-rh 

e 

C 4.21) 



Si mi 1 ar 1 y 

GCz,Z) 
2 0 

= 1 [ -I) I z - z I 
- 2 " e c> + 

- DC Z+Z -211)] 
eo. C 4. 22) 

Usi ng t.he v a l u es or G and Gin e qua t.i on C 4. 20) a nd af t.er 
1 2 

some manipulat.ions, we arFive a t 

v C f, , z) 
1 -yh ' 

e ) 

* = /.' '7C·~Yh -yh y h -yh) B., '='" + e ) + I.J yC £";;0 - e . 
2 1 

C 4.23) 

The di s placement v(x,z) in the layer i s obtained by 
1 

t~al<ing t.h e inverse Fourier t.rans rorm o f equaLion (4.23 ). 

Thi s gi ves 

00 .. - - r V - "" - - ~;:: x d '" v t_ .)(, z_) = - c:; l.. <, , z ) 6' _ ~ . 
1 '. 1 

(4 .24) 
- (1) 

The dispersion e qua tion for the propagati on of Love wa ves 

in t .he layered s tructure consist.ing of a semi - infinite 

inhomogeneous medi l..lnl of covel-ed by a 

homogeneous s urfac e layer of uniform thickness h. ri g idit y 

1--11 and wit.h a free upper surface i s r;,1iven by s ett.ing t. he 

deno minat.or of V (c: ,z) in equat.ion (4.23 ) e qua l t.O ZEWO. 
1 

It i s 

A 
t .a nrh 

1 
{ 

c;:v . .l2 } 
A VT/ - ---2 ' 

I" 4 1.J n 
1 

( 4.25) 

wh e r e 

-,,2 
I" 
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The equation (4 .24) can be rewritten as 

where 

\l ( X ,Z) 
1 

F Cr:,h) 
::; 

00 ,...., r .... -~r, x ==:. cos , q"Z ~ 
/.-/ per: , h) 

1 0. !5 

df" 
-00 

= ysinhyh + (vn -
:2 

&Gt) 
---.) cosh yh, 

2 
4 1·~ n 

1 

I·~ 
2 

I-' == 
/-< 

1 

The poles or the integrand in equati o n (4.26) are the real 

roots A of 
m 

the equation F (~,h) 
:"J 

== O. there 

a re branch point.s -"" hi c h give ri se to l.::.ody waves in which 

we are not interested . the 

can b(;:? sol ved at l.h e br ?-nch poi nt. s 

asymptotic methods. Thus, calculating t hi s integral at the 

poles, by indenting the contour and u ~:i ng the residue 

met.hod, t.he f i e 1 din t.he 1 ayer can bi'? easi 1 y wr i t. t~ en in 

t..he :f'orin; 

v (x,z) = 
1 

2 
(-.-

m 

-iA x cos,,' Z e m 
m 

dF C~,h) ::. . 

df, 

Equation (4.27) can also be written as 

v ex, z) 
1 

00 

.- -8rr~L 
m=i 

~ -iA x 
n y cosy h cosy Z ~ m 

m m rn Tn 

. {4 h 2 a - 2 2 \...} A . ~ 'D Y + ~c::w Y cos Y " 
m 1 m m m m 

(4. 2'7) 

C 4. 28) 

The above e quation repr esents the trans mitted field in the 

layer due t.o a line source exc it.at.ion . 
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4.3 POINT SOURCE PROBLEM 

We cons i del- a poi nt. S OI.lI- c e o cc upyi ng t.h e pos i ti o n 

(O,O , h ). The wave e quations in t.his cas e take the form 

i}Zv 2. i}zv Z 
i} v P () 

411 1 j 1 1 eSc x) eSc y) 6C z - h ) , + + + y = 
Z Z az2 fA1 1 fA 1 i}x ay 

(4 . 29) 
2 07. i}2y :.2 o V v p W 

2. Z Z 2 
O. (4. :30) + + + --- v 

i}x 
Z 

i}y 
z 

i}z 
Z IA Z 

2 

By inLroduc ing t.he inhomogeneit.y efrecL, equaLion (4.:30) 

becomes 

(j2 0
2 oZ Z 

v V \r p tv 
Z Z 2. 2. + + + v == 

2 
l::(~) <: z -h) v 

AX 2. oy .z 
aZ 

.z I..J 2. 
Z 

IA z 2 

C4.::H) 

L e t . us deli ne L h e F()lwier translor'm p a ir wi th I-espect~ t o 

y: 

~ .<: x,w,z) 
J. 

(1) 

,I' v.Cx,y,z)exp(~k . wy)dy, 
J. ' J." 

-00 

k . ()) 
vi C x, y, z) = 2~ f ~i (x, w, z)exp( - i.k i wy)dw, 

-Q) 

i = :l., 2. 

Using the a bove Lransi'orm, equat.ions (4.2Q) and (4. :31) 

reduce t .o 

oZ~ 
Z 

+ 
ax z 

Z ~. 

i} V 
1 

OZZ 

z ~. a v 
Z 

oz Z 
+ 

411 ::: 6(x)6Cz-h) , <: 4. 32) 
;.. .. '1. 

2 
:2 2 '" k (1-w )v 

<>-V) 
Cz-h):::' <: 4. 3 3) 

2 2. ;'A 2. 
Z 

where k
2 

(1 =1,2) are t.he same as given by equation (4.7). 
i 



We ma t .h e ma t..i ca. l giVBll 

e quations (4 . 32) and (4 . 33) i s t.h e s a me ·3. S in the t .wo 

dime n s ional Cc.ls e gi ven by r~q ll at.i ons (4. 5) a nd ( 4-. (3) 

except. that. 
~ z 

k~( l '- \ll) r epl aces k
Z 

replaces k. a nd v. v . 
J. J. . J. J. J. 

( i=l,2). Thus , the field in the t.ransformed plane i s given 

by (see e qua ti o n 4. 24) 

where 

and 

v Cx,w,z) 
1 

v (1: ,w, z) 
1 

~ r h 
'J •• - ( R ,.. Z'! ' -

00 

- 2 J \'T (1" .. -~[ X H ' { • <, , W, z) e . c,,; , 
1 

-((l 

-' ··h. e r .J 

~ Z 

k ), 
2 

<: 4. 34) 

The dispersion ,-elat.ions fo,- the point source in the 

l ayer i s given by 

A 

t . a n,vh = C 4 .. 35) 

The ,-esult.s of sect.ion 4.2 for t .he line s our ce j..'w cJblem 

will be used giving the field in t .he tTansformed pl a ne. 

Thus t .h e fi el d due to a poi nt. sour ce in t.he t,- ansfoJ- me d 

pl a ne will be 

\f e x , w,z) = 
1 

(1;' 

-81T~L 
m=1 

'.4- '" 
" r cos r h m rn m 

~ .{4/.1 h 
m 1 

~ Z •• <3 
17 r 

m rn 
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w 0, t.he fS'Xpression (4. :35) I-",·duces t.o t.h e di s pel-s i on 

relation obtained by Ch at.t.opadh yay [1 3J d nd equa t..i on 

(4.36) gives t.he t.ransmit..t.ed f'ield r o r- t.h e case of' linG 

sour ce excitat.ion (see equation 4.2B). 

The field v (x,y,z), can be f .inall)' o btaine d by 
1 -

taking inverse t.. J-ansfcwm of' equat.ion (4.:31:0. Thi s 9 .i ves 

k 
v (x,y,Z) 1 

= 
1 -

-~k wy 
x e 1 - dw, 

where 

I C w, h) 
2 '" 2 N 

+ 3ew r cos r h). 
m n"t 

The poles of the int.egral in equat.ion (4.37) a re the root.s 

o f the eqt.!.3. t' n 1Cw,h) = O. If we denot. e t.hese poles by 

p , the t.ransmit-t.ed field v Cx,y,z) in the la.yer is 
n 1 -

by 

v(x,y,Z) 
1 . 

(l) 

- 4rr ~ 
n :; 1 

" l~ k T/ 
L 1 m,n 

m :: l 

r m,n 

- iA X -i.lc. p y 
x e m,n e 1 n - , 

;. I 
m w=p 

n 

= r 
rn,n 'ry I m 

..... =p 
n 

CQ'Sr- h cosr z 
m, r, m,n 

dIC w, h ) 
dw 

I,. I rn 
',:,,'=p ... 

gi ven 

( 4. 38) 

Thi s complet.es the solution for the propa gaLion o f a 

spherical ""ave, i . e . for a point. s our c e excit.. a. ti o n, 
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CHAPTER FIVE 

SPECTRAL REPRESENTATION OF A LOVE-TYPE OPERATOR 

5.1 INTRODUCTION 

Thi s c h a pt.er i s d evot .ed 

repr esent aLion o f t h e two d ime n s i o nal 

operator, a.ssoc i a ted with the pr· opa qat .l o n of" mo n oc hr o ma t. ic: 

S H'- waves i n a l a yer lrapped b et.we-en t.wo h a l f ·-space-s . It is 

fo u nd that the spectr um of e ige n value s for a trapped laye r 

continuous sp(3'c t.rum, giving ri se to propel- and impropEw 

ei genfl.lnct. .i ons. Thes e ei qenfun c tl ons ( propel- as "vel 1 ·3.S'· 

improper) Illay be general.ed from a (keen's funct..ic:)n. Th e 

essen t~ i al s tr::?p i s t..h e const.ruc l .i o n of a Green' s f unc;tion G 

as a fu n cl.ion of a certain parameter A. a nd inteqr d. t..i o n 

around a l a r ge circ l e R in t .. h e compl .~x /-" '- pl d. n e. For 

a trapped l ayer, we have in a dditJi o n t. o poles, branch 

point s ingl.ll a l- lt .. l es . Th,,,, s um of' r es idl..l es at. th e pol es .:'f. J-,d 

t .h e cont.l- i but i on f r o m t.h e b,-a n c h -c uL s y ields t.he 

r epresentat i on o f th e d e lta funct.i o n in t~erms of pr o per 

a nd i mpr o pc? J' e 1 qen fu ncti o n s . 
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5 . 2 EQUATION OF MOTION 

i s ass ume d ~ o b e sandwi c h e d be ~ ween I, wo h o mo g e n eCi u s 

h a lf -s p a ces z < 0 a nd z > h. The rigidit y, s h ear vel ocit y 

a nd dens i ~y 01 ~he res pecti v e me dium a r e deno~ ed by ~ . , 
- l 

(~ . 
l 

c~ < r < r ) a n d p. f o r i 
1 2 3 l 

= 1 , 2, 3. Th e SUbSC I~ i p t s 1 , 

a n d 3 ref e r t-o t-h e. upper me-di um, U1 8 in t.-e l- llie.d j. 3. t._e 1 ayer 

and t h e l owe r me dium r e s p e cti vely. The qeome t-r y of t h e 

pr obl e m i s s hown in t.h e 1 i gur e 5. 1. LI3' t . v ( x, z, t . ) be t h e 

h o ri zon tal compon e nt. 01 di s pl aceme nt , th e n Lh e e qual i o n o f 

mot. i o n fo r h o r izon t.all y p o l ar i zed s h ear waves i s 

~ [ c ") ave x , z , t .. ) ] ax I..I _Z~ ax + ~_ [ (...,.. ") avc x , Z , t ) J az 1..1 · ~ - az 

a2 c ~~. = p ( z ) v~:x: , z, ~ 

a t. 
2 

C 5 .1 ) 

1--1 , 
1 r 1 ' 

p 
1 . ~-L----- x - .... :r:i :o 

I·," , 
2 

(~ , 
2 

(:::1 

/J! , 
3 

(~ , 
3 

,0 

I I 
2 

II I 
3 

i 
! 

1 
z-xi s 

Fi g ur e 5. 1. Geome~ry 01 ~ he pr o bl e m. 
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wher e. 

I-J( z ) 1-1 , Z < 0, h,} 1 

::= 1--1 , 0 < Z <: 
:2 

IA , Z > h, 
3 

('--j . 2) 

and 

pCz) p, Z < 0, 

h.} 1 

::= p, 0 < z < 
2 

Pa' z > h, 

2U- 8 pi 8c8wi se. constant functions and vCx,z,l) = v.(x,z,t) 
~ 

d e.n o t e.s the. displace.ment in the. respe.c tive medium for 

i = 1, ? '-' , 3 . We assume the motion to be. time harmonic a nd 

wri Le 

v(X,z,t) ::= vCz)e.xp[iCr>.lt-kx)), (5.4 ) 

where w is t-he anqu.lar f'requency and k is wave number . 

Omitting the time factor 
ivA 

e Vie Gan write the equa t i o n 

of' nlot. i on as 

whEwe 
- -
vC z) ::= V. C z) , 

l 

2 2-
+ Cw p - k J-l )-V 

i ::= 1, 2, 3. 

v.Cz) satisfy the following equations 
~ 

2-
d v 2 

1 2-
0, 

2 CA ~) 0 v 0 = - - , 
dz 

2 1 1 1 rl 
1 

rl 
I-~ 

1 

1 P 
1 

2-
d v Z 

Z z-
0, 

z (w A) .t- 0' v ::= (7 ::= - , 
dz 

2 2 Z Z Z 
~2 
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A z 
k , 

z < 0, 

1--1 

ri" 
2 

.' 2 P 2 

0 :S z 

(5.5) 

<: h, C ~3. 7) 



7,
d'v 

3 

dz
Z 

2-
- 0' V 

if a 
0, 

2 
0' 

a 

Th e interface condi t i o n s are 

- -

z > h . 

v (0) v (<)) , ( ~"::J. 9=<~· 
1 Z 

- -
/-.1 V (0) = /.1 V (0), 

1 i :2 7. 

a nd 

v C h ) = v C h ) , 
7. 3 

(5. 1 (12<.) 

-
/...1 V C h) = /.J v C h ) . 

7. 2 3 :3 
(~) . lOb ) 

He l'e prime d e n o l es differ e nt.i a L-i o n wi t h r espe ct.. l o z . The 

c onditi o n s a t ± ro a r e 

a nd 

co 

J~ ! I "~C z) I G d z " 0 7', 

--(I) 

(1) 

. .rl-~ I '~( z) I Z d z <; I». 
o 

(S . 1 1 ) 

We t.hus h ave a self-adjoint. St. l.II'Ill -Liou v i ll e's system that 

i s s ing ul a r in t h e h a l f-s p ac e s z < 0 a nd z .> h and is 

r eg ul a r in the l ayer 0 S z S h. As n o t e d b y Kaz i ( 27 ) , t.. h ~ 

pr obl e m in the half -spaces i s in t.he l i mit p o int case a t 

infinity a n d so t.he requir e me nt. tha t t h e solut ion mus t be 

of 1'i ni t.e , .. I- nann i s adequate for d e fi ni ng the sol uti o rJ 

p r ec i sely. 
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5.3 THE GREEN'S FUNCTI ON 

Let. GC z , (" ; .).,.) c i , j = 1 2, .:> be t.he <31- een ' ",. - :? . , , .. ' 
lJ 

ru n ct.ion a ssoc i a t~ed wi t~ h t.he probl e m. Here lhe first. 

subscr' i pt. refers t.o t.he z-i nt-erval and t.he second 

s ubscript. refer s t.o t.he ( - int. e rval. Thus G 
13 

for exampl e, 

would ref e r t.o t.he Green' s fun c t.ion GCz,(~;'.) for z in t.he 

haIr-s pace z < 0 and C lying in t.he halr -s pace z > h. 

sat.isry t.he following condit.ions: 

CG ) 
1 

G .. Cz,(~~) i s a cont.inuous runction or z ; 
lJ 

G . . 
lJ 

G .. poss esses a cont.inuous rir s t. or der derivative at 
lJ 

each point. z of the ith medium except that whe n i = j, at. 

z ~ it. has a jump di scont.inuit.y given by 

CG ) 
3 

CG ) 
4 

+ 
G .. C( ,(~~) - G .. C( ,(~X) 
II II 

ZCG .. ) = 6Cz-()6 .. 
lJ lJ 

1 
/ /-4. C () ; 

l 

GCz,(~X) sat.isfy t.he int.erface condit.ions C5.Qa) Lo 

C5.10b). 

We determine G .. as follows. 
lJ 

G G 
13 33 

G 
12 

G 

/' 

32 

(h,O) 
G G 31 

21 

Figure 5.2. The Charact.er of Green' s Funct.ion. 
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(1) For j = 1, ( is in ~he half-space z (0 and G 
1 1 

G and G sati~fy ~he differen~ial equations 
21 a1 

and 

- r."ze:; 
. 3' 31 

= 0, 
dz

Z 

together with the following condilions 

and 

o 
JI-ICZ) IG

11
(z) 12dZ < 00, 

- 00 

G = G at. 
11 21 

8 C at I-~ I~I :> , 
1 11 Z 21 

G = C :> at 
21 31 

J..~ G = 1.4 G , at 
2 21 '" 31 

Z = 

Z _. 

Z = 

Z = 

G (r,' ,(; A) , 
11 

(:i' (1'"+ y '.'» 
'11''> ,L"t' .. 

00 

JI-ICz) 183/z) \ :.o:dz < 00. 

o 

We find 

0, 

0, 

h, 

h, 

1 
/I·~ 

1 

(5 .1 :3) 

C 5.14) 

C 5.15) 

(5.16a) 

(5.16b) 

(5.1t3(':) 

(5.16d) 

C5.16e) 

(5.161) 

(5.16q) 

(5.1Gh) 

o a (z+[) 1 [0' (z-() H ([ .... G (z,{,' " .>,) = =--~ e 1 ' - 2- e 1 -Z j 
11 21-1 0 I:l /-A 0 . 

1 1 1 1 

-0 (Z-()HC [ - ] + e 1 _ Z-.) , C 5. 1 7) 
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o /.J O' (/ol C/ t_a n ,,"" h - /ol C/) + j.J (;I (/-J 0' t.an O' h + ,.J 0' ) , 
2222 2 33 11 aa 2 22 

(~i. 18) 

!J. == /ol 0' ( I-' 0' t. a nC/ h - I-' C/) - I-' 0 (I-' 0 t .an o h + I-' 0' ) , 
2222 2 33 1133 2 22 

C 5.19) 

and HCx) i s a u s ual Heaviside Junc t.i o n. 

where 

(2) 

G (z, (" ~ ) ... ) --
21 

o' r,- PC- ) e 1 z. 
!J.cosC/ h ' > 

2 

PC z) == /-1 (Y coso' (h-z ) + /.J C/ s i no (h - z) , 
2 2 2 3 a z 

("3 C z , r, ~ i-... ) = 
31 

If( is in 

0' [ -cr (z-h) 
1.-10' e i ~ 6: 3 

2 Z 

iJ.cos cy h 
2 

o ~ z < h, 

sa t.i s fy t.he diff e r e nt.ial equat.ions 

dz
2 

d
2

G 
22 O'ZG o(z-() , + == 

dz 
2 2 22 

d
2

G 
32 

O'ZG 0, == 
dz 

2 3 32 

t.oget.her wit.h t.he condit.ions 

o 

JI-'(z) IG
1
/z) 12dz < CO, 

-(1) 

G = G at. z = 0, 
12 22 

C G at. 0, 1-'1 :> I...J , Z 
12 2 22 

C G at. h , :::> uZ' Z 
22 

75 

<: 5 . 20) 

<: 5. 21) 

(5. E~2) 

(-.? G a nd (~ 
12 22 32 

<: 5.23) 

<: ~3. 24) 

(5. 2 5) 

('3. 2 !3a) 

('3. 26b ) 

(~3. 2 1:3c ) 

<: 5. 26d) 



and 

~.I G -- /_~ G , 
z ZZ CJ 32 

at 

00 

f'J.AC z) I G C z) 12dz " (1), 
'. 32 
o 

C3 C r + , l,' " A) 
22 ' 

z = h, 

(~ c r + 1-. \."") - G C r, - , .'," " ") = 1 ,.-." I • 
-'22' ',>,'- 22 . A.. 1"'2 

c: 5. 258) 

<: 5. 26q) 

C 5. 2£:,h) 

",'e ri nd lha t-

wh ere 

G (z, (,' ~ A) 
12 

PC [,')e O 
1 Z 

Ll.coso h ' 
2 

PCr,') ::: /_.1 0 coso Ch -C) + 1-' 0 sinO' (h-C) . 
2 2 2 a a 2 

<: 5. ;::7) 

(5.28) 

KI...J 0' sinO' (sino z + L/_J 0' cosO' (coso Z 
11 2 2 22 2 2 

G (z, t " A) ::: 
22 ' /-1 0' .6.cosO' h 

2 2 2 

+ 1 Ll. l- r (K/_-I 0 si no' C coso z + L/-' o· 
!-./2 0' 2 '-' os 0'2' : L 1. Z 2 2 2 ~ 1 

x coso [si ncr Z}HC l;' -z) + {KJ.A 0 si no ZCCJSO ( 
z' Z z z Z 2' 

+ LI-.I o· si no (cosO' Z }HC Z -[)] , 
1 1 2 2 ' 

K ::: 1-.1 0' si nO' h 
Z 2 2 

J.-I 0' cosO' h, 
3 3 2 

L ::: /-1 0' cosO' h + 1-.1 0' si nO' h, 
2 2 2 a 3 2 

G (z, (,' ~ !\.) -
32 

C
- y' . • -- - 0 (z-h) 
_/A O' COSO' '> + 1_·/ 0' Sl n(:t (.) e. 3 

2 2 2 1 i 2 ' 
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.6.COSO' h 
2 

C5. 2~d) 

<: 5. :30) 



( 3 ) If ( lies in ~he lowe r h a lf -spac e z ) h , 

G a nd G sati s fy the differential e quat ion s 
23 33 

2 
dz 

= 0, 

= 0, 

togethe r ~dth the conditions 

o 

JI-~(z) IG
1
/z) 12dz < 00, 

-00 

C ::> :::: C ::> a t . 
13 23 

/...1 G :::: I·,! G a t 
1 13 2 2 3 

G :::: G at 
23 33 

~2 G :::: JA G , at 
23 <I aa 

00 

f';.A z) IG ( z) 12d z < c.o , 
. 33 
o 

Z 

z 

z 

z 

:::: 

:::: 

:::: 

:::: 

+ 
G <: z;- ,("; A) :::: G <: r: ,r:; x.) , 

33 3<1 

a nd the j~mp condition 

I l foll OWS lhat~ 

0 , 

0, 

h , 

h, 

- 0' C r: -h) 0' Z 
/-IO'e 3 81 

G (z, I," ; " .) 
13 

2 2 

D.coS O' h 
2 

77 

~hen G 
13 

(5.31 ) 

( ~:; . 32) 

( 5 . 33) 

(5 . 34a ) 

<: 5. 3 4b) 

(5. 3 4c ) 

(5 . 34d ) 

(5. 34e) 

(~;; . 3 4f) 

(5 . 3 4g) 

c: 5 . 34h ) 

(5.35) 



G C z.~·:'>-') = 
23 . 

. _ -0' C (" - h ) 
+ P OSl.nO"z)~ <I 

:1:1 2 
--------------~b-c-. c-JS--O h -------------

C 1..1 0 COSO" Z 
2 2 2 

2 

(5 . :36) 
and 

G c· t ' .... J 'IV p. -0 (z +( -2h) _ 1 [0 C z -C) 
33 Z, ' . • A.· - 2 0 b - 3 2~ e 3 

I-A3 3 I 3 3 

HC''''- ) -0 CZ-() HC' _ "')] x ',Z +e3 Z I" (5.37) 

where 

W = 1 . .1 a C 1-.1 0' t .anO' h + 1 . .1 0') + 1-./ a ( 1,.1 0' t.anO' h - I-.{ C/ ). 
2222 2 33 1133 2 22 

(5.38) 

We h ave thus determined GijCz,l~;'>-') and therefore GCz,(;/-..) . 

We not.e t .hat G .. = G so that the Green's fun c tion i s 
1. .J j i 

symmetric as should be expected. 

5.4 SPECTRAL REPRESENTATION 

We n ow use the following formula CStakgold [ 36 ) ) to 

obtain the discrete and continuous spectrum along ~dth the 

corresponding eigenfunctions (¢ (z), imprope r eigenrunct
n 

ions < ~Cz,.>-.) and <XCz,.>-.). 

Lim 
R_CO 1 f 2TT~ ~) GC z • C ~ .>-.) d'>-' = 

1.>-. I =R 
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~,+.nc ) ¢nc ,' L'r . Z J . <,) 

n 

(5 . 39) 



We s hall 

G .. (z,e"-) . 
.lJ 

USC';;> t.his rormula, 

(i) First., We con sider 

st.ep by st.ep, l' or' 

R-.. Hl) 2n~ f 1 
2/..-1 i;'· 

I 
11 

Lim -1 f -._- G ( Z , t ~ A.) d~. = 
R-.... O:; Gn~ 1:1. ' 

Lim -1 

'. 1 1 

each 

{ 

0' (z+() 
De :I. 

x .6. 
e -0'1. I z -( I } .i.>,. , (5.40) 

.... "here 0 and .6. are gi ven by equat.i ons (5.18) and (5.1 g) 

respect.i vel y. We not.i ce t.ha t. 0' = 0 gi ves ,- i se t.o l h e 
:I. 

branc;;h 
(j) 

poi nt. i .. . -
z 

0' = 0 giv~s t.h~ branch point X 
3 

Z 
c') 

and t.he poles or t.he int.egrand are root. s or t.he equat.ion 

.6. = /--f 0 (I-J 0' tanO' h-I.J 0) - I.J 0 (I~I 0' t.anO' h+I·J 0') = 0, 
22 22. 2 33 11 33 Z 22 

which is t.he dispersion relat.ion ror Love-t.ype 

propagating in a l ayer or unirorm t.hickness sandwiched 

between twb h aIr-spaces. The poles are all si mpl e, rinit.e 

2 

in number, and are l ocat.ed in t.he open int.erval 
v) .. 
-J . 

rl 
1 

( + 1 L: o· = is poles + 
3 3 l 0' i .. S 

; 1 1 

x ----~ , -'9 \ 
( 2 

L 
- 2 (;.; l o· -

: 0- = -is (J) ./ .. 2 :I. 
3 3 /rl- I·' 

I ' 
:I. 

<') 

Figure 5.3. The cont.our or i n t eg'- at i on in the compl ex 

'><.-plane . 
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The se~ of these poles cons~i~u~es ~he di sc rete spe c trum. 

The continuous spectrum arises from t~ he int.e9r.3.1 over the 
2 2 

bl- anc h c ut s at 
(.I) 

a nd 
(v 

The s um of the r esidues at t h e 
..,2 12 () f-a 1 

poles {X ) i s given by 
n 

< n) [I, 0' = 
1 n 

and 

-

. (n.l .. 
ex'''){O' (. 2 +[) 

J- 1 ' 

a 
.",,-[ LU, . 
(If'. f\=A 

1 2 J/2 W 

_2 
(:: 

1 

n 

( n> 
0' 

2 

== 

== 
(

. 2 

~ 

-rl 
2 

1 . 

~ 1 {O } J" ./ 2 -(n) -- IdXPl.O·1 Z). 

-.. (n) ~ -11') X=t. 
1--1 1 0'1 itA . 'n 

(5. 41 ) 

(5.42) 

The contribu~ion from ~he branch cuts for the two br a nch 

2 2 

poin~s 
Lu Lu 

(01- -) 

rl rl 
i OIl 

can be evaluated by taki n g 

+ 
{ReCo ') > 0) on L 

a 
+ 

put. t .ing o· == is on L and 
1 1 

+ 
on L Cor 0' 

:3 
is on L an,d 0 -is on 

3 :3 3 

1 

S = [-:: A J/2 

1 
() 

1 

i s real and positive 

S 
3 

== [

2 J1 /2 (.1) • 
-- A 

2 
,8 

is real and pos i t .i ve for 

:3 

80 

ReC 0) :> 0 
:1 

0- == -i .. S 
1 1 

-
L ) , \Mher e 

2 

? 
(3--

1 

)I. < 



These co~~ribu~io~s respec ~1vel y, ca~ be sho~~ ~o b e 

whe.re. 

a nd 

where 

00 

I ' = f((:':'+ - G ) dA 
11 11 11 , 1

- 1 . -e ) -- SlnC +s z 
I-J S 1 

Z-· 1 1 

1 

t;.) / 

- 52 
( :1 

(1) 

x sinC8+s ()dA = 
:1 1

-11-' (z, X) 11-' ((", X) d A_ , 
:1 :1 z -

tan 

If' C z, i\) 
:1 

" I = 
:! i 

= 

fA> 
/ (52 

:1 

-:1{ 

I_I S C 1-1 Ct ~anCt h + 
:1:1 3 3 2 

/--i Ct (/--i Ct Laner h 
z 2 Z Z 2 

/-A CI ) 

2 2 } 
P (Y) , 

3 3 

1 
IT 

2 
w/ 

1 

-fn/--i S 
:1 :1 

rl Z 2 r 3_/--i_2_0_·_2_/--i_a_S_a_e_;; ... _~r-:_'_{_C_i1_(_: _Z_+_t_~ ) )-

J - 2 2 2 
'. C P +q ) COS (j' h 

-00 2 

2 
(~\ _ .. -., 2 

(5 
-- 3 

J X ( z, A) A:: ((" , X) d/'._ , 
1 1 

-00 

p COStp I-J (Y C /--i 0' ~ano' h 
2 2 2 2 2 

/--i 0' ) , 
1 :1 

q = s i ntp = 1-1 S (p .O' Laner h + IA CI ) , 
3311 2 22 

x Cz, i\J 
:1 

= 

O'z 
/--iZO'ZP3S3 e :1 

~ S coso· h 
3 3 Z 

81 

dX, 

(5 . 4:"~) 

(5 . 44) 



TheJ~efore 

I 
11 

N 

l ,'+,n>., - J r~n)C' ~. J 
'f"' <. z,. 'Y' <, J 

1 1 
n=1 

(..1) 

,- 1'1/' (z , A.) II' ( r; , A.) d'>, .. 
1 1 

2· 
0) ./ 

-- (32 
1 

Cii) Next, we cons i d e l-

I = 
21 

Lim - 1 
::;--:

R~(l;. cITt· 
(f~ G C z or " A) dA 

21 ' 

1'\. 1 =R 

Lim 
R '-~OO 

1 f Ct r, p" J 
- r 6' 1 t, z, d ', 
2IT~' .t.COSCt h "" 

, 2 

11-.1 =R 

( '3. 45) 

( 5.46) 

where P(z) is given by equation C5 . 21), The branch line 

contr i buti on at, A = 
2 

W 
Cor = 

2 
W 

) is given by putti ng 

rl 
1 

+ + 
and Ct = is on L a nd Ct = -is on l- Cor 0' = is on L 

1 1 1 1 :3 :3 
;z 

L ) , that !'c.r j-, 
(J... ... 

0- = -~s on so = 
3 3 rl 

1 

2~( 1i1 sins r, + n coss r,)P(z) 
1 1 

= 
2 2 

m + n 

where 

m = IA CI CIA CI tanCt h-IA Ct), 
2222 2 33 

n = I-~ S CIA CI tanCt h+.u CI ), 
1133 2 22 

He nce 

I 
21 

= 
1 
IT 

00 

r 
;z '.' 

w 
/ _2 

/; 
1 

s inC8+s (')PCz) 
1 d A, 

cosO' h 
2 
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here 

co 

s i nC 8+s () 
1 

i-JS 
1 1 

- ['III C t,' , >") VI C Z , A) dA , 
1 Z 

2, 
w / 2 

(5 
1 

/.4 S PC z) 
G 1 1 

A coso h 
2 

PCz) 

coso h 
z 

d .;"", 

For the branch line contribution at A = 

where 

" I == 
21 

= 
- 0) 

x (z, A) = 
' 2 

i-J s QCz) 
<1 '3 

-vn;"-i s coso· h 
. '3 '3 2 

O't,' !-Is 
e 1 }I~ Q(z) }d> 

cosO' h ~ cosO' h " 
2 n/.-IaS'3 . 2 

QCz) == /.-1 0' CosO' Z + 1--10' sino z. 
2 2 2 1 1 2 

The contribution from the poles i s given by 

n ~ 
n=l 

-. ( n>._ - [ p r - ] b'Xpt. Cl () _) .. \._ z) _ _ 
1 A=A 

= a 
;,.:-[ L'I) . _ 
vA A=A 

n n 
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C~3. 47) 

(5 . 48) 



x 

where 

He n ce 

(iii) 

I 

~ . 
n =1 

[

.? (n>{ 
'--'I-i 1 0

1 
o 

00 

n 

- 0) 

[ PC z) J . . 

n 

.r ... ::::}-.... 
r, 

- fill <: z, ",) 1/1 C~· , A)dA, 
;: 1 

2·· 
w 

./ .,2 
f:> 

1 

Following a similar procedure we ob~ain 

31 

:=: 

Lim 
R~OO 

Li lil 
R~oo 

2
- 1 . i G C z , (,' ; A) d,\, 

TH J ,H 
IA I=R 

- 2 2 

0' t -0 (z-h) 
b' l' b' 3 

1 f
" / .. 1 0-

--- ) --------------~------
211'i. f:.c os 0 h 

2 

P'·I=R 

(5,49) 

(5,50) 

<: 5 , 5 1 ) 

The poles are zeros or ~ as above while lhe branch points 

are also the same, We can calcula~e ~he res idues a~ poles 

and the br a nch poi nts contr i bu~i on t~o \.\w i ~e 
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where 

00 

- f'lll (Z, ,,) VJ (C. ,A.) d ,)" • a l ' . 
Z·· 

:t C z, ,,) 
:3 

1/-' (z, ,,) 
3 

sin{lp - s (z - h) 
a 

-{n/;-S-
a 3 

-0' C z-h) 
i..l O'pse 3 

= G Z Z 1 1 

" cosO' h 
2 

-1 q 
tp = t.an C /p). 

(5.52) 

n 

All t.he other i nlegr al s can be mani pul a t.ed in the 

same manner as (i) to (iii). Thus we can writ.e 

I . . = 
l.J 

(i , j =1 , 2, 3) 

Lim 
R~CI) 

Z 
(,) 

/rl 

-1 f . 2~ ( G, ,C z, ( ~ ),.) d), 
nt· l .J 

I" I =R 

, 3 

Jx. c z , A.) :t ,U; , 1-,) d."-
l J 

-(1) 

wi t.h G" gi yen by equ a t.i ons ( 5. 27) , 
l.J 

(5. 30), (5. 35), (5.36) and (5. 37). 
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in~egra~ing wi~h r espec ~ ~o ". from -00 ~o 00 

00 

JrC( )6Cz-()d( 
- I)') 

= ~ 5t.,n>( ) J'OOc r') i'C' r ') 51-,n;'C'I" ') d( L'r z I·J·,· <,- 'r' '-", 

n = 1 -co 

2 
C,) 

/ 2 
I~ 

0) 

J~C: , 1-,) d/'- J/.·I« ()fC()X«( ,A)d( 
.. co 

. , 00 

()) 

J 't-A r.:) fC r,) lIfe r, , "A) elT.. ' 
-00 

<: 5 , 58,) 

I f we wr i t. e 

!)) 

f 
{ II ) 

= < f,¢' .> = .fl.A()fC()/Pr.'C()d( , (~3 , 59) 
n 

-0) 

00 

f < f, XC £; , I,.) = JI.~( r,)fC () ,1.< T, , )") dT, , (5,60) 
--(1) 

00 

,r~~o( r;) f( Z) !fl( I: , .:u dl: , C~j , 61) 

-OC1 

then eq u al ion (5.68) becomes 

N 

f Cz) l f ic n >(-(P z')-
n 

n =1 

<: 5. [:';2) 

I n p ar ti c ul a r, we can wr i Le the fol l owi ng ort.honor 1112;1 i t.. y 

rel at. ions : 

00 . 

J 
.... -1(rn>- _ 5J.n> - -d 

.: 1_ll. Z ) 'J l. Z ) 'p l. z), Z 

-1;1) 

87 

= < ;prn.> , i~n» 6 , 
mn 

1 -< m , n -< N, <: 5, 6:3) 



From equations (5.39) and (5.53), vIe ob t. -3.i n t. he 

following represent..at-ion of the delt21. function: 

~ 
' I =- i 

-()) 

00 

- I',·J( (," ) V,C z , /-.) V'C ( , ,,) d.), , 
2, 

(.) .-

"' r/' 
1 

where ~(() i s given by e quation (5.2) and 

;pn>c z) = ipn>( ) .z , 
1 

Z < 0, 

(n). ') 

° -< z -< h, 1> <. z~ , 
2 

= !t,n) ~ -
Z > h, l' \,. z~) 

<I 

c: 5 . 54) 

(5 . 55) 

are the norma li zed eigenf unctions . The improper eigenfun-

ct-ions are 

XC z , /-.) = :t Cz, ".) , z < 0, 

h,j 
. 1 

= Xz 
C z, "'.) , ° <: z -< (5 . 56) 

= XaCz, /,.) , z > h, 

and 

II-Ie z , /-.) lf' C z, / .. ) . z < 0, 

h,} 1 -

= V' Cz,;"') , 0 .5 z <: (5. 57) 
2 

= ljJ C z, ;...) , z > h. 
3 

If fC z) is of fi ni te ~-nor m over the i ntegr al <: -I)_~ , (0) , 

then the representation of fez) in terms of eigenfunctions 

.r 5+..1'1> . '" d ~y Cz~> a n improper eigenfunctions XCz,;"') and y.;( z, I,) can 

be obtained by multiplying equation (5.54) by t'C( ) and 
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00 

f ' ,;-',' -', -.(--.- ",lr. -', - ,-(- - ' !L _-'. d~'.' " 1-4 .... .::... .•• ...t'- L. , ..... .,.' . ...t'\.o .L- , ,' \,. -

--(1) 

00 

J~JC z) 11-'( Z, .") '!f /C Z , A. ) cJ z 
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CONCLUSION 

Love -lype wave propagalion in a tTapp(?d layer. T h e lra!=Jpt';:-c! 

l ayer ex.i sls beLw{3en lwo hal f-spac'3' s . The Love v,ave i s 

ass u med t~o be I~fene l-a t 0 d by a l .i. n o:::- source (Cyl i n dl' i c:"d 

\~'ave) a t a n i nlel- .face b~3l ween a l O\.\le l' h al f -s pat::e and a 

1 a y e r. Th e d i s p e r s i o n r e I a ti ons b y 

in t r o duc i n g i nh o lllo g e n e i l yin the l o we r h a l f' -5 p a t:: e a. nd th e 

l a y er r es p ect... i vel y. These i nho me 'gent? i ti es a r e i nt ,- o duced 

i n lerms of d e n s ily v a ri a li o n a nd r.i g idi t y vari a \~ i Cln . 

Fur t .h e J- , t. h e t~ r a n s mi t . ted wave h as 0.1 so been obt.a i ned i n 

t.h e l ayer. The di sc u ssion i s lhe n car ried over t.o t... h~ mos t 

general case of' t h e p oi nt. sou rce <: Sph er i cal w;..~ve) 

exci t .ali on of Love waves. For l .h i sal ayer over an 

i n h omog e neol..l s hal f -space model is cons i der ed. A point.. 

sour ce is assumed at. t. h e in t.er face bel ween t. h e h a l f-spa ce 

a nd t. h e l ayer. A s impl e pr ocedure i s devi sed t.o cons truct. 

f..h e sol uti o n for the poi nt s ource fr o m t .h e l.i. n e sour ce 

s olut ion o bt a ine d earli e r. The di s p e r s ion r e l a t.i o n a nd t h e 

t.r a n s mitted wave ar e then c a lcul a ted in t.he l a y e r . Thi 5 

me th o d c a n b e e mployed to ot.h e r confi gUl-ati o n s s u c h as 

t.r a ppe d 1 a yer mo d e l a nd the wave pr o p aga t. i o n p h e n o mena l n 

ac ous ti cs . In t.hi s wa y a wh o l e r a nge o f pr o bl e ms s t. a rti ng 

fr o m a pl a n e wave t~ o line s our c e -3Tld p o int sour ce <;1/- 1-;;' 

ror esent. e el s ys t. e rn 2t. t.i call y fo r a tr a pped l ayer 
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introducing inhomogeneiLy in Lhe trapp.3-d l ayer a nd the 

h a lf-space through density and rigidity variat.ions . 

In many r::w obI e ms , we nee d to expres s t he 

di s placement of fi e ld functions on si de o f 

disconLinuit~y in t-he earth crusL in t~ el' 1l1S of compl ete se t 

of ei genfl..1I1ct i o n s or i mpr opel' ) . This can be 

ac hi eved thr o u g h t.he s p ecLral r epr esenta t.ion uf Love-type 

oper ator associated . with mono _hr o matic SH wave . Thus , the 

specLral repres ent~a Lion enables t.o t.ack l e t.h e pl'obl e ms 

assoc i a ted wi t .h tr a n s llli ssi on and ref lee t i o n of Love wa ves 

at a h o ri zontally di scontinuous c h ange e ither i n elevation 

o r in ma ler i a l PI' opel' ti es of l .h e tT apped ma tel' i a l . Thi s 

in mind , Lhe spec tral representation i s obtained for the 

two dimens iona l Love-type opel'ator associated wi t.h 

monochromaLic SH waves for Lhe trapped l ayer model. 

In a nuts hell, the following observations have been 

made: 

Ca) The dispe rsion r e l at ions and the transmitted Love 

wave generaLed by a line SOl..lrc e a t~ Lhe inL'""rf ace br.:d .. ·w""'e n 

the h a l f -s pace e nd th lays l' are obt. ilLd fei a t..r app_. d 

l ayer model, when t... h e l o wer hal f-space a nd the 1 ayel- a r e 

Laken to be inhomogeneous in Lerms of d e nsity a nd rigidit y 

val' iations . 

Cb) The di s persi o n rel a t.ions and tr' a n s mitl e d wave are 

obtained whe n a poi nt. sour ce i s s itua t. e d at the int e rf ace 

between an inho mogeneous h a lf -space a nd a l ayer. The 
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analysis can be ex~ended ~o a ~rapped layer model. 

(c) The spec ~ral representation c~ a Love-~ype operat0r 

for .::t tl-apped layer model is obtained. 

Thus, it. is hoped that a complet8 pi cture of 

propaga~ion phenomena for a ~rapped l ayer model for line 

source/ point. source excita~ion of Love-~ype waves 

i nt_roduci ng i nhomogene.i t i es ha s been achi eyed in t hi s 

l- h esi s. 
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Dispersion of Love-Type Waves in a Vertically 
Inhomogeneous Intermediate Layer 

Saleem Asghar, * Fiazuddin Zaman, and Masud Ahmad 

Department of Mathematics, Quaid-i-Azam University, 
Islamabad, Pakistan 

The problem of excitation of Love-type waves in an inhomogeneous layer lying 
between two half-spaces is studied. Using the Fourier transform and Green's function 
method, the dispersion relation for propagation of such waves is derived. Finally, the 
transmitted wave in the layer is presented. 

I. Introduction 

The propagation of Love waves in an inhomogeneous layer is of considerable 
importance in earthquake engineering and seismology because of occurrence of 
inhomogeneities in the crust of the earth. Many authors have studied propagation of 
Love waves in different media . A few interesting papers are by Sezawa (1935), Lapwood 
(1948), Takahashi (1955), Harkrider (1964). Hudson (1962) considered different models 
of a layer changing either density or rigidity and established existence of Love waves 
in each case. Ghosh (1970) showed that a point source can produce Love waves in each 
case. Ghosh (1970) showed that a point source can produce Love waves in a homogeneous 
layer over an inhomogeneous half-space. Chattopadhyay e/ al. (1984) employed Ghosh's 
method (1963, 1970) to study Love waves excited by a source in a layer overlying an 
inhomogeneous half-space. The problem of propagation of Love-type waves in a layer 
deep in the earth , where the layer is either porous or inhomogeneous, has been studied 
by Paul (1964), Chattopadhyay (1975), and Kar (1977) among other. Sinah (1966) also 
considered this problem for variable rigidity in the layer but he reduced it to a Bessel's 
equation. The analysis, however, in th is case becomes a little complicated. 

In this paper, we have solved the problem of propagation of Love-type waves in 
a layer of variable rigidity lying between two homogeneous half-spaces. The Love-type 
waves are excited in the layer due to the presence of a line source at the interface of 
the layer and the lower half-space. We use the Fourier transform and Green's function 
method to derive dispersion equation for Love-type waves excited by the source. In the 
end, the transmitted wave in the layer is calcu lated. 

Received March 8, 1990; Accepted September I, 1990 
* To whom correspondence should be addressed. 
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214 S. Asghar et al. 

2. Formulation of the Problem 

We consider an elastic layer O ~z~H of uniform thickness H, with upper and 
lower homogeneous half-spaces given by z< O and z>H, respectively. A line source of 
disturbance is situated at x=O and z=H. The geometry of the problem is shown in 
Fig. I. Subscripts I , 2, and 3 refer, respectively, to the upper medium, intermediate 
layer, and the lower substratum. Assuming that the source is time harmonic and taking 
the time dependence eico1 to be understood throughout, we can write the equation of 
motion for the inhomogeneous layer as 

apxy apyz 2 ~ ~ 
- + - +P2OJ u2=4nu(x)u(z-H) , ax az (I) 

where U2 is displacement component, PXY ' PyZ are stress components, P2 is the density 
of the layer, and OJ is the angular frequency. We suppose that in the inhomogeneous 
layer, the coefficient of rigidity tt2 varies as tt2 + ez, /; being a small parameter. Then 
Eq. (I) becomes 

a2U2 a2U2 a2U2 a2U2 aU2 2 
tt2- - +ez - +tt2- 2 +ez - 2 +e - +p2OJ u2=4n[)(x)[)(z-H). (2) 

ax2 ax2 az az az 

D ividing Eq. (2) throughout by tt2 and re-arranging, we have 

~1 ' P
1 

I 

I x-axis 

~ +ez, Pz II 
2 

Z = H 
S(O, H) 

~3' P
3 

III 

z-axi s 

Fig. I. Geometry of the problem. 
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a
2
V2+ a2V2+k~V2= 4n D(X)D(Z-H)-~ a2V2_~ aV2_~ a2

v2 . (3) 
ax2 az2 

J.!2 J.!2 az2 
J.!2 az J.!2 ax2 

The equation of motion for the upper and lower semi-infinite media are 

a2VI a2Vl 2 
--2 +--2 +klvi =0, (4) 
ax az 

where 
2 

k 'f= Piw 
I i= 1, 2, 3. 

J.!I 

The geometry of the problem leads to the following boundary conditions: 

(a) at z= O, -co<x<co , 

VI =v2 , 

aV I aV2 
J.!1 - =J.!2 -· 

az az 
(6a) 

(b) at z=H, -co<x<co , 

V2 = V3 , 

aV2 aV3 
(J.!2 +eH)-=J.!3-· 

az az 
(6b) 

(c) vI-+O as z-+-co , 

V3-+ 0 as z-+ co . (6c) 

3. Solution of the Problem 

In order to find the solution ofEqs. (3) to (5), the following transforms are used : 

V(~, z)=- vex, z)ei~Xdx, 1 f '" 
2n - '" 

(7) 

Vex, z)= f~", V(~, z)e -i~X d~ . 
Using these transform, the equations of motion-Eqs. (3), (4) , and (5)- reduce to 

d 2 V 2 2 2 eZ d 2 V 2 e d V 2 eZ 2 
---C(2V2=- D(z-H)-------+-~ V2=U2(Z) (say) (8) 
dz2 

IL 2 J.!2 dz2 
J.!2 dz J.!2 
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216 S. Asghar et al. 

for the layer and 

for the upper and lower substrata . In Eqs. (8) and (9) 

cxl=e-kl· 

(9) 

(10) 

We suppose that Green's function for the inhomogeneous. Eq. (8) is G2(z/zo). The 
equation satisfied by G2(z/zo) is 

d 2G2(Z/Zo ) 2 
---=-2- cx 2G2(Z/Z O) = (j(z-zo) , (1Ia) 

dz 

together with homogeneous boundary conditions 

at z= O, H. (11 b) 

Here Zo is an arbitrary point in the med ium 2. Multiplying Eq. (8) by G2(z/zo), Eq. (11a) 
by V2(~' z), subtracting and integrating over o 5..z 5.. H, we obtain 

[dV2] [d V2 ] fll G2(H/zo) - -G2 (0/zo) - = 0'2(z)G 2(z/zo)dz - V2(zo)· 
dz z = J/ dz z = 0 0 

( 12) 

Similarly, we suppose tha t G1(z/zo) and G3 (z/zo) are Green's fun ctions corresponding 
to upper and lower media satisfying 

at z= O; 

and 

as z .... co. 

Adopting the same procedure as above, we get 

(13) 

(14) 

Replacing by z by Zo and using symmetry of Green's function, Eqs. (1 2) to (14) take 
the form 

(\5) 

J. Phys. Earth 



Dispersion of Love-Type Waves 

Using the boundary conditions Eq. (6a) in Eqs. (15) and (16), we obtain 

where 

[
d V2 ] 1 { [ dV2 ] fH } - =- G2(0/H) - - 0"2(ZO)G2(0/zo)dzo , 
dz == 0 A dz == 1/ 0 

A = G2(O/0) + /12 G 1 (0/0) . 
1-/1 

Similarly Eq . (6b) yields 

where 

B=G2(H/H)+~G3(H/H) . 
/13 

217 

( 16) 

( 17) 

(18) . 

Using Eqs. (18) and (19) in Eq. (15), substituting back value of 0" 2(ZO) and using property 
of the delta function , we get 

2(/12+eH) { G2(z/H)C-G2(z/0)D } 

/1 2/13 AB-G~(H/O)+ eH AG3(H/H) 
/13 

_ {G2(Z/H)GiH/0)- {B+ !!f; G3(H/H) }G2(Z/0)} ~ 
AB-G~(H/O)+ eH AG3(H/H) Il 2 

/1 3 

fll { d2 V2(ZO) d V2(ZO) 2 } 
X Zo 2 + ZO ~ V2 (ZO ) G2(0/zo)dzo 

o dzo dzo 
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218 s. Asghar el (1/. 

(20) 

where 

Equation (20) is an integral equation and V2(z) may be determined from this 
equation using successive substitution. As a first approximation, we neglect terms 
involving e to obtain 

v (z) =~ {G 2(Z/H )C - G2(Z/0)D} . 
2 J.i.3 AB-G~(H/O) 

(21) 

Substituting this value back in the right side of Eq. (20) , we obtain V2(z) in the 
following form: 

2(J.i.2 + eH) { G2(z/ H)C - G2(z/O)D } 

J.i.2J.i.3 AB-G~(H/O)+ eH AG3(H/H) 
J.i.3 

where 

J. Phys. Earth 



Dispersion of Love-Type Waves 219 

M(z )={GZ(ZO/H)C - GZ(ZO/O)D} . 
o AB- G~(H/O) 

We note that Vz(z) is completely detrermined through Eq. (22). provided Gl> G z• and G3 

are known. 
In order to determine these Green's functions , we follow the procedure outlined 

by Stakgold (1979). Thus Eq. (1I a, b) would give us 

I [ {e -a2(f1 + zo) + e -a2(H - ZO)} 
G (zlz ) = - - e-a2Iz-zo l+ ea2z - -------

2 0 2 a2 H -a2 H Ct z e - e 

+e - a2z . {

ea2(H - zo) + e -a2(I1 - ZO)}] 
ea2H _ e - a21l 

(23) 

Similarly 

(24) 

and 

I G
3
(zlzo) = - - [e -a3Iz-zo l +e- a3 (z + zo-ZH)] • 

2Ct3 
(25) 

Using Eqs. (23), (24), and (25) in Eq. (22), simplifying and neglecting square and higher 
powers of e, we arrive at 

where 

V,(z} = -2(J.lzCt~ COShCt2~ +J.lICtI sinh Ct2Z) , 

- IIIJ.l3Ct I Ct ~Ct3 tAB - G 2(H/O )} E(e) sinh Ct2H 

E(~)=I+ e [(P3Ct3-/IICt I) 
4{AB-G~(H/O)} PI/13 Ct I Ct~Ct3 

H {(5J.l l/t3Ct I Ct 3 + 3J.l ~CtD + J.l 2Ctz{3 J.l ICt I + 5J.l3Ct3 ) co th Ct2H} 

PIJ.l2J.l3CtI Ct~Ct3 

H 2 {/12Ct l (J.lI Ct I + 113Ct 3) + (,I I 11 3Ct I Ct 3 + J.l ~Ct n coth Ct l H} 

J.lIJ.llI13Ct I Ct lCt 3 

He 1 {CIt 1J.l3Ct I Ct 3 - fl ~Ct D + J.ll Ctl (J.l3Ct 3 - J.l1 Ct I) eoth CtlH} 

J.l1J.l l J.l 3Ct ICt iCt3 

H le 2 {,I lCtl (J.lI Ct I + J.l3Ct3) + (J.l I 113Ct I Ct 3 + J.l ~Ct Death Ct2 H} 
+ 3 

J.lIJ.l l J.l 3Ct ICt l Ct 3 
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4. Transmitted Waves 

Taking inverse Fourier transform of Eq. (26), the displacement in the intermediate 
layer is 

(27) 

where 

F(e, H)=J-t1J-t3IXIIX~(X3{AB-G~(H/O)}E(e) sinh(X2 H . 

In the expression of v2(x, z), the contour integration is to be performed. The poles of 
the integrand are obtained by equating the expression in the denominator to zero. The 
resultant relation gives us the dispersion relation that the Lover-type wave propagating 
in the inhomogeneous layer must satisfy. Replacing (X2 by i&2, the dispersion relation 
in our case can be reduced to the form 

" J-t 2&2(ft I IX 1+ J-t3 (X3) e [ " 
tan(X2H = 2"2 + 2 "2 (J-t3 (X3- J-tI (X I)tan(X2 H 

J-t21X2 -J-t1J-t3IX I(X3 4(J-t2(X2 - J-tdt3(X11X3) 

-~ {(5ft lJ-t3(X I (X3 - 3fd& n tan &2 H + ft2&2(3fl l (XI + 5J-t3(X3)} 
J-t 2 

H2&2 2 " 2 " " 
--- {(J-t1J-t3(XIIX 3 - J-t 21X 2) - J-t2(X 2 (J-t I (XI + J-t3 1X 3) tan (X2H} 

f /2 

He {r 2" 2) "H I ~ { . • )1 +~ ,J-td/3(Xl(X3 -I- ft21X2 tanIX2 ,J-t21X2\J-t31X3- J-t 11X 1 f 
J-t21X 2 

e2 

-~ (J-t3(X3 - J-tI(XI)tan&2H] . 
(X2 

(28) 

It is imperative to note that in the case of homogeneous medium F. = 0 and this 
dispersion relation reduces to the dispersion relation obtained by Ewing el al. (1957) 
for the homogeneous case. 

In order to obtain the transmitted wave, we need to calculate the integral in Eq. 
(27) . For that, we note that the poles of the integrand are roots P 2." (n = I , 2, 3, ... ) of 

F(e , H) = ft I J-t3(X I (X ~(X3 {A B - G ~(H/O)} E(e) sinh (X2 H . 

Calculating the pole contribution at these poles, we find that 

( ) 2 
~ exp( - iP2 "X){ J-t 2&2 " cos &i lIZ + fll (X I "sin &2 "z} vxz=1tL, . . . . . 

2 , ,,=1 . dF(e, H) i . 

de ~=P2 ... 

(29) 
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where 

Equation (29) represents the travelling wave in the layer in the direction of x-axis. 
Besides the poles, we have the branch points which give rise to the body waves 

and are of no interest to us for the present study. However, these calculations can be 
easi ly made with the help of the saddle point method considering the asymptotic behavior 
of the integrals . 
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Field Due to a Point Source in a Layer 
over an Inhomogeneous Medium (*). 
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(ricevuto il 31 Agosto 1990; revisionato il 21 Febbraio 1991; approvato il 30 Aprile 1991) 

Summary. - A point source at an interface between a homogeneous layer of finite 
depth and an inhomogeneous half-space is considered. The transmitted wave and 
the dispersion relation for the Love waves is calculated analytically. 

PACS. 91.30. - Seismology. 

1. - Introductipn. 

ShE::ar and explosive point sources have been used extensively in geophysics fl -4]. 
The behaviour of the medium in the neighbourhood of an underground explosion can 
be regarded as perfectly elastic outside a certain sphere surrounding the source. A 
thorough understanding of motion in an elastic medium subject to an applied force is 
an essential part of wave propagation theory needed to interpret seismic waves. 

The study of propagation of SH waves due to a line source in a homogeneous layer 
overlying an inhomogeneous half-space has been discussed by Chattopadhyay [5J. He 
used the method developed by Ghosh [6] and calculated the dispersion relation for 
Love waves due to the presence ofihe inhomogeneity in the lower medium. Ghosh l7J 
solved the problem of propagation of Love waves exciied by a line source lying at the 
interface of the two media by allowing either the layer 01' the lower substratum to be 
inhomogeneous. Sato L8] solved the problem of Love waves in case the surface layer is 
variable in thickness. Kazi [9] discussed the problem of diffraction of Love waves by 
perfectly rigid and pel'fectly weak half-plane located in a layer ovel'lying an elatilic 
ha.!.f-space. 

We observe that Chattopadhyay [5] has discussed dispersion relation in the layer 
for the Love waves without calculating the transmitted fie ld . In this paper , Chal
topadhyay's [5] problem has been completed in the sense t hat the analyt ic solution of 
the t ransmitted wave is presented. Using the results ::;0 obtained, the pl'oulem is ful'
ther extended to the case of a point soul'ce excitation, which is the maill aim or this 

(*) The aut hoI's of this paper have agreed to not receive the proofs for correctioll . 
(** ) Also at: Department of Mathematical Sciences, KFUPM Dhahran, Sa llCli Arabia. 
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paper. Thus the corresponding theory for three-dimensional problems (a point source 
in a layer over a half-space) is developed. This will help understand the propagation 
of Love waves in the layer from a point source, which is very important for the de
scription of se ismic sources and seismic effects. 

2. - Formulation of the problem. 

We consider a homogeneous and isotropic elastic layer ° ~ z ~ II of uniform thick
ness 11, overlying a semi-infinite inhomogeneous medium. A point source is assumed 
to be situated at (0,0, /1). The geometry of the problem is shown in fig. 1. The sub
scripts 1 and 2 refer, respectively, to the layer and the lower inhomogel\(!ous nwdi
lim . The rigidity and density of media 1 and 2 are denoted by fl.j and pj (i = 1,2) respec
tively. The time harmonic variation is taken as exp [i(ui.] and can be suppressed 
throughout. We can write the equations of motion in the layer and the lower inhomo
geneous medium as 

(1) 

(2) 
a2V2 a2V2 a2V2 P2 (,} 
-- + -- + -- + -- Vl! = ° 
ax2 ay2 az2 fJ.l! ' 

where (V is the angular frequency and a is the usual Dirac delta function. To study the 
inhomogeneity effect, we replace P2 by P2 + E:(z -II), E: being a small parameter. Thus, 
we can rewrite eq. (2) as 

(3) a
2

V2 a
2

V2 a
2
V2 P2 (0)2 E:W 2 ( II) -- + -- + -- + --112= --- z- V2' 

ax2 ay2 az2 fJ.2 fJ.2 

Let us define the Fourier transform pair with respect to y: 

( ~ 

Vj(x, w, z) = J Vj(x, y, z) exp [ik; wy] dy , 

i = 1,2. 

Vj(X, y, z) = ~~ f ii;(x, w, z)exp [-ikjwy] dw, 

-----°T-i ---_-...,.-_. x-axis 

: H 

-------l----~ S ( O,O,H} 

z-axis 

Fig. 1. - Geollwtl'Y of the pl'oblem. 
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Using the above transform, eqs. (1) and (3) reduce to 

a2 Vl a2Vl' _ 411' --, + -- + M(l - w 2
) VI = -a(x) a(z - JI), 

ax 2 3z 2
. 1-'-1 . , 

(4) 

(5) 

where 
q 

k~ = Piw~ 
I I-'-i' 

i = 1,2. 

3. - Solution of t he problem. 

We observe that mathematical problem given by eqs. (4) and (5) is the same as in 
the two-dimensional case [5] except that kf = kr(l - w2

) replaces M and i\ r e·places Vi 

(i = 1,2). Thus, we can apply the results of[5] directly to write the field as 

(6) 
_. _ _ f (exp faz ] + exp [ -az]) exp [- 'ifa; 1 clf 
VI (a" w, z) - 2 , 

-00 B - (Ec}(exp [all] + exp [ -all ])) / 4{j2 

where 

B = 1-'-2,B(exp [all ] + exp [ -all]) + 1-'-1 ex(exp [all] - exp [ -all]) , 

and f (real) is the Fourier transform variable with respect to x. Equation (6) can be 
rewritten in the form 

(7) - -2 J' V I(X,W,Z) =-
1-'-1 

cosh exzexp [-ifeJ elf 
F(f, w, II) , 

with 

F(f, w, II ) = ex sinh all + (Y/3 - ~(~~) cosh all , 

The poles of the integrand in (7) are the real roots Alii of the equation F(f, w, II) = o. 
In addition, there are branch points which give rise to body waves in which we are 
not interested. However. we remark that the integral can be solved at the branch 
points using the asymptotic methods. Thus, calculating this integral at these poles, 
by indenting these poles and using the residue method, the transformed field can be 
easily written as 

(8) _ -2rci {cos a". z exp [-iA,,, a:l} 
V 1 (x, W, z) = -- -'---~--=--"----'''-'''':''' 

1-'-1 dF(f,w,JI)/dfIJ ;) .... ' 

39 - II NllOVO Gilll ellio C 
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where ~;" = (M - ),;,,) and ), '" is a function of the transformed variable 10. If we simplify 
the relation F(),,,,) = 0 we arrive at 

(9) 

Equation (!J) gives the dbpersion equation for the propagation of Love waves in the 
layered structure consisting of a semi-infinite inhomogeneous medium of rigidity 1~2 
covered by a homogeneous surface layer of uniform thickness II, rigidity 11.1 and with 
a free upper sllrface. After some effort, eq. (8) can be written as 

(0) -. (. . . ) _ -8 ' ~ (1~, a lll cosa ll, lI cosalllzexp l -ii" ,, :c l 
VI X, lV, Z - ITt ~ 2 ~ 2 ,2 . 

111-1 )'m{411. I II[3",a ll,+3c:cu am cos !7. mH} 

If we put w = 0, expression (9) reduces to the dispersion relation obtained by Chat
topadhyay [5] and eq. (10) gives the transmitted field for the case of line source 
excitation. 

The field 1'1 (~:, y, z), corresponding to the point source excitation, can be finall y ob
tained by taking inverse transform of eq. (10) . This gives 

(11) VI(;l:, y, z) = 

where 

The poles of the inlegral in (11) are the roots of the equalion 8(10, ll) = O. If we de
note these poles by ]JII' the transmitted field 'VI (x, y, z) is given by 

(12) 
'" " 

VI (x, y, z) = 4;:- 2.: 2.: 
'1 = 1 m = 1 

k, [3~"", 0:"" ,', cos 0: "" ,,11 cos am ,,, Z 

dE(w, 11) / dw 110 ~ 1'" 

. exp 1-' i)'111 x]exp [-ikllJ" y], 

where 

13m I", ~ p" = {Jill, II • 

,1. - Conclusion. 

First, we would like to compare our method of solution with earlier works. For 
example, Vlaar [10] considered a point source in a heterogeneous layer of finit e depth. 
The field is calculated using classic Sturm-Liouville theory and Green's function 
working in cylindrical polar coordinates. We, on the other hand, consider two-rebrions 
problem consisting of a layer overlying a half-space. This r epresents a more realistic. 
model in the Earth crust and needs a separate discussion. The half-space is assumed 
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Lo be inhomogeneous along the depth. The field is calculated due Lo a point source 
lying on the interface. 

The wave equation goveming this problem consists of three spatial coordinates. 
The Fourier transform is used to reduce the dependence on one variable. The lram;
formee! equation then corresponds to the line source problem discm;sed by Chattopae!
hyay [5] and the point source field is then recovel'ed using invel'se trallsform . The in
tegral appearing in the prOCCHS is solvl~d analytically using asymptotic nwlho(lH. This 
procedure can be fairly easily extendable to the problems of' other configurations (Jnee 
lhe solution for the line source [11-13J ineidcnce is known. It is further remarked that 
the solut.ion of wave problems for a line source incidence differs from that of planl!
wave ineidcnce [14-16J by a mUltiplicative facLor[ 171, in .case the lille SOllree is taken 
to a far off distance. Therefore, we eonclucle that a whole range of problems slarling 
from a plane wave to spherical wave (point source) can be tackled in a Hy:-;temaLic way 
for realistic models such as [14-16]. . 
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F.D. ZAMAN, S. ASGHAR and M. AHMAD 

LOVE.TYPE WAVES DUE TO A LINE SOURCE IN AN INHOMOGENEOUS 
LAYER TRAPPED BETWEEN TWO HALF SPACES 

Ab8tract. The propagation of Love-type guided SH-waves due to a line source in an inhomogeneous 
layer with variable density sandwiched between two half-spaces has been studied. Using the Fourier transform 
and Green's function method, the dispersion relations are obtained. The field in the layer is also presented. 

INTRODUCTION 

Love-waves are known to propagate as horizontally polarised shear (SH) waves in a layer 
overlying a half-space. Various authors have studied propagation of Love-waves in different 
heterogeneous media. Hudson (1962) considered different models consisting of a layer with 
changing density or rigid ity, and established the existence of Love-waves in each case. ~ater, 
Sinha (1967), Chattopadhyay (1975), Paul (1 970) and Kar (1 977), among others, studied 
problems of propagation of Love-type waves propagating in a layer lying Jeep in the earth , 
where the layer is ei ther inhomogenea.us or porous. Ghosh (1963) showed that a point source 
could excite Love-waves in a homogeneous layer lying over an inhomogeneolls half-space. His 
method was used by himself (1970) and Chattopadhyay et aI. (1984) to study Love-waves excited 
by a source lying at the interface of the two by allowing either the layer or the substratum to 
be inhomogeneous. 

In this paper, we have considered a layer with variable density sandwiched between two 
half-spaces. The propagation of Love-type waves is studied in the presence of a source lying 
at the interface of the layer and lower substratum. Using the Fourier transform and Green's 
function me thod, we derive dispersion equations of the Love-type waves exci ted by the source_ 
The disp rsion relutions are found to be in agl'eenHlnt with the homogeneo lls case. Finally, 
the wave in the layer is calculated analytically. 

FORMULATION OF THE PROBLEM 

Consider an elastic layer 0 5 z 5 H with uniform thickness H sandwiched between two 
homogeneous half-spaces z < 0 and z> H . A line source is assumed to be situated at x = 0 and 
z=H. The geometry of the problem is shown in the Figure. The subscripts 1 , 2 ~lI1d 3 refer 
to the upper medium, intermediate layer and lower medium respectively. The rigidity, shear 
velocity and density are denoted by P-i' 13i, Qi (i = 1, 2, 3), respectively. Assuming that the 
source is time harmonic, and taking the time dependen'ce eiw1 to be understood throughout, 
we can wtite the equation of motiun in the layer 0 5 z 5 H as 

© Copyright 1990 by OGS, Osservatorio Geofisico Sperimentale. All rights reserved. 

Manuscript received May 5, 1989; accepted March I, 1990. 
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Z - Qxis 

Figure - Geometry of the problem. 

(1) 

where V2 is the displacement in the layer and", is the angular frequency. Due to the 
inhomogeneity in the layer, e2 is taken to be e2+tz, t being a small parameter. We can re
write equation (1) as 

ifV2 ifV2 2 41r (,l 
ax2 + a~ + k2 V2= -;;0 (x) 0 {z-H)-tz P2 V2 . 

The equations of motion of the upper and lower substratum are 

where in the above equations 

2 
.2 = ei W 
Kj , i=l, 2, 3. 

Pi 

The physical considerations of the problem lead to the following boundary conditions: 

(a) At z=O, - oo<x<oo, 

(2) 

(3) 

(4) 

(5) 

(6a) 
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(b) A t z=H , - oo <x< oo, 

(6b) 

(e) Vj ---+ O as z- oo , 
(6c) 

SOLUTION OF THE PROBLEM 

Let us introduce the Fourier transform pair 

1 f 00 
Vi (r, z)= -2 Vi (x, z) eijx dx, 

7r _00 

(7) 

Vi (x, z)= f 00 Vi (r, z) e- ijx dr, 
_00 

where i = l , 2, 3 . The equations of motion (2), (3) and (4) then transform into 

(8) 

where 

2 tJ)z 
(Tz (z) = - 0 (z-H) -fZ - Vz , 

pz pz 

for the layer and 

J2Vj ,3 2 
d~ - OJ, 3Vj, 3=0, (9) 

for the ullper and lower substratum. In (8) and (9) 

df=~-kf. (10) 

We suppose that the Green's function for the inhomogeneous equation (8) is G2 (z/zc), 
where Zo is an arbitrary point in medium 2. Since we choose the source to be at the interface 
between the layer and the lower half-space, the value of the Green's function so introduced 
will depend upon the depth of the layer H (see equation (23)), Also this choice of the position 
of the source guarantees that the field produced will travel in the layer only and not in the 
lower half-space, The equation satisfied by G2 (z/zc) is 

G"2 (z/z,) - ~ G2 {z/z,) =o (z- z,) (lla) 

together with homogeneous boundary conditions 
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G'2 (zlzc} = O at z=O, H. (lIb) 

Here prime denotes differentiation with respect to z. As the boundary conditions in our problem 
are of an inhomogeneous nature, we follow Stakgold (1979) and multiply equation (8) by 
G2 (zlzc), equation (l1a) by V2 (t, z), and substract and integrate over 0:$ z:$ H to obtain 

G2 (Hlzc) [V'2} z_/-IG2 (Olzc) [V'2] z_,,= r (72 (z) G2 (zlzc) dz-V2 (zO> . (2) 
o 

Similarly, we suppose that G j (zlzc) and G3 (zlzO> are Green's functions corresponding to upper 
and lower substratum satisfying 

G' I (zlz(J=O al z=O; GI (zlzc) -> 0 as z -> -00 

and 

G'3 (zlzc} =O al z=H; G3 (zlzc) -> 0 as z -> 00 

A similar procedure as above leads to 

Gj (Olzc) [V' j] z_ o=-Vj (zo> , 

G3 (Hlzc) [V'3] z-H= V3 (zc). 

(13) 

(14) 

Interchanging z and Zo and using the symmetry of Green's function in (12), (13) and (1 4), 
we get 

and 

H 

+ f (72 (zc) G2 (zlzc) dzo. , 
o 

Now the boundary conditions (6a) give us 

where 

H 

[V 11 z- O= ~ {G2 (OIH) [V;] z - H - f (72 (zc) G2 (Olzc) dzoJ 
o 

A=G2 (010) + P2 Gj (010) . 
PI 

Similarly (6b) yields 

H 
-G2 (HIO) J 

[ V;Jz _H= 2 (72 (zc) G2 (Olzc) dzo 
AB-G2 (HIO) 0 

(15) 

(16) 

(17) 

(18) 
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A fH 
+ 2 0'2 (Ze) G2 (Hlze) dzo , 

AB-G2 (H/O) 0 

(l9) 

where 

B=G2 (HIH) + 1t2 Ga (HIH) . 
Ita 

Using (IB) and (19) in (15) , substituting back the value of 0'2 (z) and using the property of 
the delta function, we get 

2 G2 (zIH) C-G2 (zIO) D J _ { G2 (zIH) G2 (HIO)-G2 (zIO) B J 
V2 (z) = -;;; { AB-G~ (HIO) AB-G~, (HIO) 

CJi E f H G2 (zIO) G2 (HIO)-G2 (zIH) A 
X -- Zo V2 (ze), G2 (Olze) dzo- { 2 J 

1t2 0 AB-G2 (HIO) 

2 JH 2 JH W EWE 
X -- Zo V2 (ze) G2 (Hlze) dzo - -- Zo V2 (ze) G2 (zlze) dzo , 

1t2 0 1t2 0 

(20) 

where 

C= 1t2 Ga (HIH) A, D= 1t2 Ga (H IH) G2 (HIO). 
Ita 1t3 

The series so obtained can easily be shown to be a conveq;ent ~eries which converges to 
V2 (z) . Now equation (20) is an integral equation and V2 (z) may be determined from this 
equation using successive substitution. As a first approximation, we neglect terms involving 
E to obtain 

2 G2 (zIH) C-G2 (zIO) D 
V2 (z) =- ( J . 

1t2 AB-G~ (HIO) 
(21) 

Putting this vulue back in the right hund side of (20), we obtain V2 (z) in the following form 

V ) =
2. { G2 (zlH) C-G2 (zIO) D J _ 2w2 

E { G2 (zIH) G2 (HIO)-
2 (z 

1t2 AB-G~ (HIO) It~ AB-G~ (HIO) 

H 
G2 (zIO) B J G2 (zolH) C-G2 (zolO) D 

J 0 { AB-G~ (HIO) J Zo G2 (Olze) dzo 

2w E G2 (zIO) G2 (HIO)-G2 (zIH) A G2 (zolH) C-2 JH 
- It~ { AB-G~ (HIO) J 0 { AB-G~ (HIO) 
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H 

X f { 
o 

G2 (zo/H) C-G2 (Zr/O) D 
AB-G~ (HIO) } Zo G2 {zlzJ dzo . (22) 

We note that V2 (z) is completely determined through (22) provided that GI , G2 and G3 are 
known. 

In order to determine these Green's functions, we follow the procedure outlined by Stakgold 
(1979). Thus (lIa, b) would give us 

Similarly 

and 

+ 
e - a2z { ea2 {H- zlY + e-a:iH-zlY } 

] . 

G3 (zlzJ = __ 1_ [ e- a3 I z- .o I + ea3 (z+zo-2HJ ] . 
2a3 

Using (23), (24) and (25) in (22), we obtain after some manipulations 

or 

where 

and 

V
2 

{z} -2 (P2 a2 cosha2 z+PI a l sinha2 z) 

= PI P3 al ~ a3 sinha2 H {AB-G~ (HIO)) (1+tE) 

F (r, H) = #1 P3 a l ~ a3 sinha2 H {AB-G~ (HIO)) (I + t E), 

E = "l [ #1 al - ~3 a3 
4 {AB-G~ (HIO)) PI #3 a2 a3 

+ P2 a2 (PI al - #3 a:J cotha2 H ) 

H { (P~ ~ - PI al #3 a:J 

PI P2 #3 al a~ a3 

H2 { P2 a2 (PI al + #3 a:J 

PI #2 #3 al a1 a3 

] . 

TRANSMITTED WAVES 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

In this section , we determine the transmitted waves in the inhomogeneous layer trapped 
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between two half-spaces. The Fourier inversion formula, when applied to (27), gives 

V2 (x, z) (29) 

The expression in the denominator equated to zero gives the dispersion equation of Love 
waves for a trapped layer due to the presence of the inhomogeneity in the layer. It is 

(30) 

where 

It is imperative to note that in the case of a homogeneous medium, E = 0 and this dispersion 
relation reduces to the dispersion relation obtained by Ewing, et al. (1957) for the homogeneous 
case. 

In order to obtain the transmitted wave, we need to calculate the integral in (29) . For that, 
we note that the poles of the integrand are the roots of the equation F (j, H}=O. This equation 
yields the dispersion relation given by the equation (30). The solutions of this equation are 
in fact the poles of the integrand, which can only be calculated numerically and art' denoted 
by j =P2,n . Calculating the pole contribution at these poles, we find that 

00 

, (31) V2 (x, z) E 
n- J 

where 

1t2 1 = 1t2,n ,crJ I : crl,n 

j =P2n j-P2,n 

Equation (31) represents the travelling wave in the layer in the x-axis direction. 

Besides the poles, we pave the branch points which give rise to the body waves and which 
are of no interest to us for the present study. However, these waves can be easily calculated 
with the help of the saddle point method considering the asymptotic behaviour of the integrals. 

In order to have a feeling for the problem in concrete terms real life, we would like to 
quote the realistic values of the parameters involved (see the Table). This will include the values 
of the rigidities, densities and shear velocities in the three regions. It is further noted that #3 
> #2, which is essential for the propagation of Love-wave in the layer. 
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Table - Parameter8 of the model 

M~cliulII Itigidily dynu/cm2 Demlity gm/cm3 Shear "duchy lunl .. 

I 1.6x 10" ,5. 14 :1.101 

II 2. 12x 10" 4.,52 2. 16,5 

III 5.32xlO" 3.29 1.021 

We assume that the depth of the intermediate layer H IS 6 .0 km. 
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