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ABSTRACT 

consider a dyn~ieal system Who •• position i8 d~tlnad 

by D 
v 

oinca~-Ce~a.v yarlable •• L4~ ~hQ system ba subject to 

holO1'lca1ci a. v 11 •• ftOD11llea.r nonholonomio constraints. The 

llonllMul nonholona.ic cOoat:.raints are u .. ed to be of th 
I 

type of II. G. Cata..., [ 14 J. 
! 

." 

The author has obtaine4 ~&ny • different form of the 
I equ t.iO}!j oX mot.ion for a nonlinGar nonholoncmie.y-te1ll. '!'he 

8~artift9 !point 1. the oan.~ruetlon of infinitesimal displace­
I 

ftt C)pe~atortJ of the nonholof4omio t!ys tell\ in te.rtJlC of the 
! 

" 

op.rator", of the associated holonomic system o1:rtaifted by 19- , . 

Jlor1.nv , JonliOlonOllic coa",traints. The ' equat.ions of motion. ">..:.~-('~J' 
1 . 
I 

Invol.lag th4 &e aperatora, Ar$ obtained .by tt~ direct method 
I· 

b •• eeI Oft t.h tt8 of fundament.al (-ltquation of dynamic. yi th 

s1m.ultaJou.s allowance for all the impolJed constra.ints .. '!'h. 
I 

• tiona of mtltion &rQ alao dl!'triwd by the · JlCJthods of 
I 

. .' ChaplY9i~; HaKel and ~pell. It. 111 shown that th& equations 
i v 

of lDO~ion; in ~oinem-Cetaev vcu:iables ob~a1n~ by thea·a 
i 

,41ff.rent .. thode are equ!vllI.l lu,t. 
i 

~loytn~ thQ derivativ~~ ot the kinetio erqy of the 

s1st or, th energy of .ec~l~ration, the .t-.'1"Irti ons of mot.ion 
. . 1 ' 

are trMstormed to saverlll ::HlW forma .. A190 tI,llnq tho d fini-
'v' .' 

'. tioft of cyclic displacement Ot~rat.ors due to N. Q .. Cetaev [ I'), . ~:. 

. the 4tquat:ions of MOtion are trMsf.o~ ~ 8 ~o obf!a.ift a 

• I 

.1 
'I 

. . 
!",,'ff." 

" 
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lener.lisation of Chaplygin equations of IDOtion. 

It Is' shown ~hat a nonholon~10 system can be made 

tqulyalent ~o a hplonomic system by adjunction of snpple-
, 

Atary foro.. "bieh depend on tbQ par meters of. real 

U..plaCMIWDt. Tbi. allows t.o derive the aanonlcu equations 

tnt! Routhiaa equations of motion. It i. preTed ' that. under 

,uitabl. conditions th equattiODs of DIO~101l adlait certain 

~lr.t: integral". 
I , 
f 

Wit.h ~ vl.v t.o integrat.e the equations of motion, 
I 
I 

lamilton-Japml method i. disCUGtH'xl for the an800iated 

loiflftOlllic sy.tell. It 1. shown that t.hia JnQthod when suitably 
i 

~itied lSi .~pllcm.ble to int8'gr;ite the equations of ill linear 
! 

~holonomib Aystem when the con~trainta are of ChAplygin 
i 

:ype. In the qeneral CA. of a ncn lil\Gar nonholonO'dc system 

~oe •• ary and sufficient conditione .re oh~ained for ha 

Ipplicahl1ity of the Ha»11ton-Jucobi ~etho4. 
I 

" The ..... rioua ne" form for thQ equation II of motion 
I 

ift applied : to: solve a few problcom,e. 
, ! 

! ' 

, , , 
,. j .. 

• -J:-
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INTRODUCTlOll 

n. 14.. of HpplyiA(,J group thffloretdcr lMthodJJ to the 

,lat!on of :PhySiCal problem ori~in.~ed with F.lis X1eiD{~bl 
i , 

\0 firat .~li.d1t. ~o 9eometry .. Hove .. !.', probl ..... tal.-

1. fle14 04,9 ry do rille .in w?deb _Raitt f et-. can " 

u'Jll1l1a~" 1ft t.ezwa of ~. 1a.Ui~8 of • qfo.p of truna-
t ar 

)nt&ttiona. !m 'act., a wid. clA$~ ·o! prcblem- i~ dy.aamlc8 

mb lueuj ,to the grcup ~ rot,ie t atJaeDt.. 
. I . . 

. , In hi. lRv.st.19atiClll8 Gf tl'te 2'llot.ion of a rlqld body 

lYin9 a ~ity fIlled vi~ 1i~(ldi H.PoiDear4 {~6J applied 

Le qroaps o~ cm~tin~us tran.for~6~iona ~o obtain a qanoral 
I 

)EIl of , the ~qu t.iona . of , raoticm (,f a holoaotdet dynaaica.l 
. I 

,..t • x.t. :tha positioa of t.h0 ~}l'~t m, llavinq 1'1 a.9nl~S of , , 
c.e4oll, be ~fbe4 by ~ ao--callfic1 PeinelU'I " riablQ • 

. I 

,X ,.e •• ,x :. LGt ,. be the t1n<9t',l~ .:ncn:qy and U the force 
•• 11: " 

" 

mctiaa ofth .~te!ll\, and let X ,X , ... Wi'''n be th infin1te- : 
" . . 

La.l displacement ~ratorG of a transit.! .. group of pag Ible 
i 

I .. 

, .' 

.) 

; 1 

; 

1& an the, constanta of .t.rtllct~re .of the 9reap. 

I .' ~ 

'I 

, ',I 
, . 

,!.. .. 

... 

' .. 

-. ' 

'f"" , 

..• 

" .. ..:~." , 
" 

, . ~ 
. '). ~ ~: 
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In 1941, N.G.~et.ev [ 15 1 ext~nded the equat.ion" of 

)inea" t.o ~ cue wh.n t.h Tariabl •• x ,s. •••• ,xn are 
1 • 

• pen~ Ilt. 4118 t.o the presence of holoD ie const.ralnu • 

~ion. of motiOft in ~ form of Pcincar4" in C'aDOIlical fora 

and ia t.he form f equation. in partial d ri atives of fint 

,rdar. Be alao in,..t.igat... the qeneral prop.r~ie. of cyclic 

a.tapl aC!IM[l(I!ftte an4 properties ot RAmlt.on'. funt*ioD of action. 

Reeea~ly ram ~l~~ t~J hBB studied the problem of formu­

latinq ~he Poiacar4 eqa.~iOft. for a DORholonomia 4yanamical 

Iy.t .. vbeD the i~ .. 4 OOQ.t.r~iftt. are p rtly bolonomic and 

~ly linear nonholorwaic. Usln q the method of Poincare-
./ 

CeUeY ",arlabl •• , it 1. shown (~ I J that such • ~n.ral forma-

lat10ft of "h. eqlIations of mot.ion eoataias, .. particular 

ca ••• " the equations of Chaplygift aftd the equations ot 

Volt rra. In [ ~ ~ ~. equations of motion of a linear non-
. v 

holcnoaio dynMlieal _ .t .. ill Poincari-C.ta v .,ariable. are 

deriY84 dir ectly f the fund , ntal equation of 4ynamica 

wi th .1.ulta on. allowanca for all the tmpo.ed con traint • 

In the II'" p per the p r oblem of t.ll. equi Y&lence of the 

quaUon. of motion ob~ained by' dlff rent IMIthod. 1. al 0 

discus.ed. j 

T'he pre nt the.i. ia e<!Il"tcerne4 · wi th extending the 

ren.lt.a ~ t.a~. Ot~" a: d FMIl c..m t:o ~he c:"" wnen 
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the dynUllical ~ysteln :tU.OVea Rubjt-!c t to nonli:.)ear nonJlolonomio 

con.traints. But one i~ confrontoa with a serious difficulty 

wbile daalln9' with non.linear nonholonomic constraint.a. Con­

sidering auoh conetraint.~ tr~ ~':'; I '~ analytical point of view, 
1 

the t:vo. f\lndamental p~.inciplGf!! of" dyna;91icl! .- the principle 

of d' Al.1llbert-La9'ranq(~ and tho prinei.,,} of IGa8~ con.tr.1D~ , 

of aansll - are found to be l.n(JOn~i.t:ent .. , However.tnia diffi-

culty aaa' b$ urltK)Ufttet'i by in~T.O<1ucin9 the definit.lon of 

po.aible d1~plaC'eNl\t.. in the maF"..ner of JI .. G.Cet.aev (14 J. 

1'houqh a nat.ura.l lIyetelll Tid t.h nonUnear ftonholonordc 

usel •• s. In f3Ct, tntlJ C'jeneral t!-.eory i8 ,QnalytJ.4:mlly equi­

valent to tho problem of &.r!t:crJ'\'iilinq wit.h: t~e qreatest 
! 

pop 1.ble aCC11raey the motion <t.If a holono1.nio stBt-em in which 
i 

the fnrces are n~ ccm~letely kn~n thouqb certain first 

integral. are known. 

1'he !t.onholonOlQic dynam.1 {~e1 Bystfml. COIlsid'i!red In ttl!sJ work 

i. of a ftry gfmeral t:ype. t; .9h'?.a of too imposed oOtu,traint1S ant 

holcmomlCf' and ~e others lire r~l".lnllnear ftonholonomic .. The 

. of t.be tom 
, I 

! , 

(2) 

(8 II! m+.l,. it • I . r e n 1, 2 , ...... , n) , 

". ~. 
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c! t.h. ncmholonomic constrain~$ by \\\- .t dist.i.nct . quationa 

) ~11 (X , a ... $ • , x, i , . .... , x .... r ':r. f • 0 I' 
a ' , 1' 1 -. . . I. 

i . 

, 

(1) . 'iah~ st&rt.iftV po.ln~ i~ -; \,,<~ «1.Oftlltrnctloa of t.hf!i 

flJ\lt • • 1aa~ 4i.placement operat:(\t:~ Yo' Y J * "" '" Y I. .tor th~ 

'&lln.~I1Jr f'l~~ola~rym1f!! L§YBt~ '100'( '1 tj~' wlt.h fJ'!:rnftlt.raint (l! t-.hi!l 

I 
08 (2 ) 1( 3). In See. 2 . 2 th~'l (,, ~ , ·,".uraton Yo,Y , ... ~ .. 'Yi. l!l:.' 

. 1 

,resl!ied 1ft ,t.~nn~ ot t.h. di til'la\"~I-.. t;""nt. op~rt.'torG 40 ' :\ .. .. ""'"fa 

the __ ociab4 bol()ftOmic .yut-alA t:,])Uined by iC)ftori.n9 t~.l" 
I . i 

lholoacal0 Confrtraints (3). 
. I 

~ . 
DefiDl ? the functl04S1 Koi,j-' li'ijk," l{ci-a and 1'C1j a. aa in 

f. 2.3. th \ e qon.tlon.s of Jitot.io~ c,1: the nonhol'onalllio (;lystCl 

I 4eriw4 Ua' the to (SOlO. 2.4, 

d at \. aT 
rt('1ri7' r 'iTi-{~oik. fltj1'l:jik1-

1. I k 

I 
- Y1 (i+U) - 0 , 

.j " 

. . ' ~ . 

.. ~ . 
• c . I .tm~. for 1'1:'l~ and if e.~;t';'.<f.,~, as th(J )0, '1'1.,t10 eJlf!Y.'gy 'r 

I .l 

ained bJ' t4J!king into ~ccom1t:. ... ~·i'; (;lq~ iJ..t::hn,» or t.hQi 

., 

,I 



Itonholonomie conmt.raint'.s (3) e -,;:y.: ['t.,·:. AM in ttlrms of 'the \,,·11 . 
• equ"ti~. (4) are ife riV9d b:! ;;~~ inq ~ fundlAMt1\ul equat! 

of ·etynudCr . ift whlch the po •• ibh~ Ci.plat:!'e'ftent.SI aro defined 
v 

aeclOZ'4ift9 ~o lii.G.Cni!:aev. · " . . . 
I 

In at:-.trast t.o _hi direct: method," employ the method. 

of Chaplyg,{n .and of 1!bAl to ' obt-+.ll n tM equation. of motion in 

the to 

(5) t, 

(1 T 1,2, ••• ,1, B - 1.1 ; ~ _ .,M; qlr 1,2, ••• ,m). 

:.j' 

Finally, Appell's methnd i s uge4 in See. 2~7 ~o deri~e 

t.ba qu.~on. of DK>tio!l 11'1 th ..:. ;:"~l'ift 
. L 

l I 
.1 

" , 

(1 .. 1,2, .... ,t), 

, 

wber. i' denote th9 If1JMr'lYtlX i(( CQll.ox:a~lon of t.he nOl!holonomio 
! 

. sy te c610u ted by \il.81nq t.:~t ?; equetlon of noaholonomie COD-
,f 

atralat..J U S 4enot. 8 th ~ '!ill.rqy of ft\'1celq,u:-~tlon <of t ht! 
' I 

•• oclauid holonorde .yat ~ ~ . t hll eqtJation~ (6) are al'iown to 
! 

... tk. symmetric for.. 

' : 

. ' . '. , 

., .. . ..." 
~ ........ ,- .~. _ . .. 

" , 



, 

(7) ~ s ( ) [ 3 S 'V 11",) 1 (1 1 2 I, 1+1 m) l1i'1i- Xi n + aui a~Cl - "'«'" .. 0, -, , •••• 111- ~ •• ,.~. 

i 
I 

'1'b problMl of the equiv&l~noe of tb equ tiona of motion 

ObtalDe4 ~1 the .. 41tf.rea~ methode 1. dlaCU8.-4 in Geo.2.B. 

( i t ) IAat: If' (<7.) danote tl'.:#~ cth der! ~lltJ.vQ wlth resptu .. ~ to 
J, ! 

i 
the time t of the kinetic enoxv.l Y. In hc.l.' . ~M equation. 

( ) 

anet 

I~ 1. 

(9 ) 

• I 

! 
i 

~'1'(") 
cf (: 1"-:-1\ + ..... - - , 1 1 

i 

1'1~) + 'i " I 0 .. 

I 

I.e shown 
I 

j 
i 
I 
! 

~ I 
;! 

i 

i '. , 

, , 

that. t .he equ~i:ionB (9) are eqniv lent. t.o 

Vber. T~O') dEl!"!ftot~s tlh~ 

,- .. ' 

. ' 
..;, 
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by first ccn(lidaring it. &9 a f\"'4 ?1~ ~ion of n (ft-I) , i and thM 

u.1D9 the1nonholonomic con.trmi~~~ to elt.1nate tho depeftden~ 

1\ (~l) " ~" 

Letlf(a) denote th funeti¢n T(~) aftar u.in~ the 

nOfthOI_,..a cOftgtra1»t.. and let 'T (cr) Bsaote tbo tunat.ioa 

obtained From~ (0') !.Y ' flra~ C.,nSi~rlJ\9 itt .a a tUlflCtion of " 

, ~ Co) . ~.: an~ then taking nonholonomia · COlUl~T.aint.9 into account .. ' 
! 

The quatilen. (I) are shoiwn to &118 ,~fol:74 (he. 3. J) I . 
• ' I . 

. . .~(f1) 
(10) cr{- ~(.-ll 
. . '''11 

_Ii. j 

I 
I 
! . 

tr( 0) 

(11) . ~rl 
I 
I 

the equations 

, . [ 

I 
" 

. , 
. ' 1 

(10) an t.ra!u.l'~:~ to ' the fOr:l\i 

:, .. , 

" 

~ .. , 

,\ . ; .. -, 

-
/ " . 

; -

In t.he .~ s(;iction ~ difj.Ci.i~~r.; th. tranmfOrtz1~t.ioD of t he equatiOBS 

(5) to the' t"rm 



'1 ' 

8 

(Ill 

which are the"qeneral1IJed Maraqex'on··o.lemlls' .· equations ''-'8) 
I 

in Po1naaft~C.~aev variable • • ~e equations (ll) iftclade alii 
I 

speoial ca aee t.he equatf.ono ift t he fOX1SlS due to Rlelsen aDd 
, 

CeDOY for cPa1 and 2 re.p:tftl Yaly " 
! . 

, . 
. i 
It If i danot.a. the funotion ~j:' for flx.d It t s, va 1nt rod:acro 

o ! 

(Seo.3. 4) ·the r~:tlcn :. by tbw rela~lon 

• I 
r 

i 

.1 (cr - 2,3, .... 'pwrl "J , ..... ,Y.). 
I 

. ! 
i , 

ra term!of ~O' ~h. equation. (13) ~uurum1) the torm 

. J~ ' I . 
fJ . 

(14) a~G-l) + eB1 
, 1 I \ 

a~ .. 
<1 

a~(fJ-ll • Yi(U), 

• 
I . 

. ' . 

(1 - ~ # 2, •• _1; . CPt 1+1, . .. .. Jf lill, f1 - 2,3, ••• ). 
I 

" • I _. 
Let R denote tb. 'vnetl«'J11 wh1nh is obt.a i.ne.d from R(1 

.y f irat ClOIl.1t' .. riDg 1~ a f ,metion of q (0'-1) ~.,: ,e;'lQ than 

f ".; 

" . . . 

.,) 

, . 

, . 
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lS) 

)e equ tiona (15) re a generalis~tlon of th. Appell-OenOY 

lU&t16ns [17] iD Poinca:A-Ce~aftV variables • 

. ; . r..t I(O-2)d·onote S (cr-2) when the dopent!6nt 11 (0-1) .• 

~ eliminated w1 th ~ help of t.ha (l;jquatlona of nOMolonor,do 
, 

>nGtrain~ •• ! A qaneral1a.tlon of i\r~ll·. equations (6) 1s 

~, I , 
• " . \1. 

. I ' 
. I I 

i ," 

(i M 1 ,2, ••• ,1, • - 2,3, ••• ). 

Aft applleat.lon of ~ppAllts tr~nsformat!nn 

-
low. to write the equaticns (lS) ill ~e fora (Sec.3.6) 

" , 
." 

7) .. 0, , (i m 1,2, •••• 1, a - 2,3, ••• ). 
.' . , 

-'. 1ft Bec. 3. 7 1~ is shown that t.he fl1netinn k andt.he 
I 

ualan eOlut~ra1nt coincide Q t.ax as tho . termn of n' tit ant 

,"mad. 

v 
:or411l9' to .G.CctaaY r 15). U!Stn9' these oparntoJ:1I and 

:1n9 soma additional ... swnpti0Y13 , a ~enerali.r.~ation or 

, 
, ~ 4 • 

'-• " , I 

.'~ ,. ~ 
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tl plyqin quationa i. obta.1.ned t:! t.be form 

18) 

(i,j,k • 1,2 , ••• ," $ • 14l. v •• ,m). 
I 
j 
! 

11\""P11 4 t.o ' Slolv0 four v~11 l'mnr;f' e'X4Jn'plf)s of r.olluolononUc , 

dyn_1Gal ayste II. In t.he fir~t ~.)Xamp181 dna to Appell, the 

.~·tlOil ot ponlit~ar n.o».holQn ~rl· a omtstrilint arl~e. "'. a 

natwral con.equence of the e~h~ni.~ employed. In tho tither 

e XUlpl •• the eqv.tlone of oo£l'>tty.o:s.int, th()llqh fi~" ntially 

l1aear, an Ilulth~tlelllly txr_~~~:tonr4~ "to nonlinear f01:1lll$ 

with . a vl_ to 111u"trat.e tl'i.~': U~ry. 

. '1~) :IJa 9&0.5.2 it: i. lih~ ~~ th. #WIlholono io 

1'1rt .. wlt..h t.llM ~pet\4Gnt .e'-C:f'l !'i .. ~:r int.n ot the foX'll (~) and 

(J) is ro-duolble t:o an 8.ocillt~ 'rlolouomic eYf.:ltSl\ by 81<.1-

junction of certain 1JPplej.!', '1'~~.~'~1:i-ry' forc..*88 d~~ldin9 on the 

n ' G an~ adll'lit.tinq a int.eg'.l'<'I 'ts t.h~( · ti:q\1l!1.tion!'ll of nonholonOl'Jic 

constraint • If the ftonli n.~-'l ::: :r t.let'lhol()n~ll:t.{t C(}1'istr.i:nt.).1f (3) 
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f.(x ,x , •••• x. : n I ••• ,~~j~: - Of 
1 I o. I ~ 

(It) 

(a. - t~l, ••• ,lJ\1 p,q",l~ ,,;e 1,2, ..... ,.}, 

, : 

when 1'. ar the undet.e.rraiftl!ld :',ul t.1:pl!~ra. 

B: - a~s of (l~) the &quations of motion are obt.ained 

ir. the CAftOftic.al fontl (Sec., 5 .. ::n 

(20) 

I 

} : . 
(a III J.+.l, ••• ,lI\l ;' rq,r - l,l, ••. "m), ·. 

I , 

(p - 1,2, ••• , m) • 
" 

fora. 
'j ' 

\ . 
, ' 
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Se-e. 5.5 is cencerned witi' Ole inveat.iqo.tlon of e"rtaia 

first 1n~ec}ral. of the equationH (}f motiOft. 

(v) ,I . arb functiOft ot ac'~iif)n V ia introduced 1n Sea. .2 

for the ... oclat." holOftcnlc flY fl~\I!1D and it ia ahowft that V 

.aU.fi •• : t;~. partial dlff.ren~!81 .q1'1l\~ion . 

. ! 

, ' ... 
! 

:' ' . 

. I 
! 

i 

for asaooiaud holoaOJ!lic tJyllteflla '" 
. ! 
~or:oon~ralD~. of Chaply~1n type it ia ahowa (See.6.4) 

t:Aat the 8qt1aUon8 of IIOtionc ?1n ~ in~ergrated by tho Kamilu.n-
, 

JacobJ. method. 
I 

In $oe.'. 5 a qen.ral thfKil:'-I!m i. proved whioh furnleha. 

ne.aaary ! and. 8ufflei .. t. condltlODIl 1n order ~hat. the Hamilton-
) 

Jacobi theorem aay be appll d to a nonlinear ftOnholonamic 

8]'8t • 
;. 
i 

" ,I -
,j 
, \ 
I 

I 
: 

" , , 
1 

" 

i , 
I 

. J 
I 

1 

1. 

I , 
I 
I 

... 

, 

.. 
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COIl.icler ~. aaoti-. of • ¢1yrulIlical Bystem with ft C!Q9roaa 

of froedcca" LQ\:. z ,x , iii .... x M t.:hft parmaete:&"s which sp$cd.ty , , 
1 In · , 

~. position of tNt cysteDl at t.h,lI) tiP1t4 ~. 
i 

, 
Gall be _~~ OR u-a space of V'i1sdahles Xft ,x, , .... t~ in which . 

the lofl.lt._baal OIPsratora tu;-,.l 
- ' · ·1 . 

(1.1..1) 
i 

;" i II a 
}f tl fa' t'" lj_.' e Xf 

.b ... ~· t.f ia1:"$> ~~~iOM of x () ; ~, t •• " I J" __ • 
, it ;; •• 

"':'88 a ntfl" \11thf .• ~1!'~~ ':.,'!.;~l!') vill ~-t 1mply ~ll.Vdtlt.~ .. 

a1acM ~h. opera~or. (l.l ... U fOrM a 9rouP, t.he ~t .. tor. ' ' J 

/IX ..... Xf ' - It)t ,.. 1:' 1t '- .... '" ., t :~ eill' 

(1.1.2) 

, x.. f (a .zr ....... f. , be a~ ami trary flt\ .. c~f.O'fll of. t.he I. . 
peatU .. ef, th1) (i~1 .,y~:t~,;, .. Ac.:~lC'alnrs ~ li .. Po'bia&re{3 (~ J, 

Def1al'tl~.!. .... tho ~_y ;;.y &lr9'~~5 8'J& ,bd:'ll\i't~g:iJmll dis- '; , 

p1 t«z 8' ax.a, ..... " ;;,'t1[fl i 'tl tH t.t.. (it;,. t;he "iU~JVJ. l'.f i: tIte 

-, 
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(1.1.3) 

.~ 4x ,'~ •••• ,bx ot tho ,. n. 

8Yft ,theabBllge f 1a Ute fuaetioa f 1. fba4, bY' tile 
I . ". i . nlaUoa : 

• f 1 
• 'l.. • 

I 
(1.1.t)·' 1 . If -. %.(f), 

...... ' .:~ ":"-.'; 
, I ., . .... 

fte 'a ... . cal1 
t~\ .. . -. - ~,' ' .. 

. !t:. ~. k:dC1lrlJ't t:ha~ the otmcbr COIl Un~. Cetb, ooourbg ~ . __ < 

I .. , , ',' 
11. (1.1.2),. , 4«lJMr&4 t.ha choi,::,.~ of tbAt .U.9plaeement partmliQteZ'. - ' I" :,: 

",'. and •••• ~~ it WQ tak. f • lttt' th tonaulae (1.1.1) '. 
f 

Vi.,.. · t:he : dU'ln.tt~. t of J[ ~l'itl\ respect! to t.h8 tl ~. 
.! • t1.1 

81a11ar1y ~ fozaalaa (1.1.4) yield the posalbl • 

. - 1.2 + £9!Dtra!!!:!. 
I 

1ft.-! par ere x ,11: ,.; Ii .. o:1i eoseD u. IJpealfy t.be poeitJ.oa 
! •• ft 

of U. SJ'~ .... vtll be i~" .. i,~\~ if we ha'ftl tabm intto eoDslder-
f 

I 

n.l_ aU.: the equat::lon. of e(''f.\$C1:r.1D~. !Nt. iD -..,. ca •• s, ~r 

. I 
.;. • I \' 

I • 

1 

~. arG aot taltm lnto consider­

:%'e C!!Ot~tet.~~~, 1J,'1 ht~l!'.\\bl. e~ftat.lrm1!'l of th9 

.. 
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l.2 .. 1) 

wr.. A •• aDd As are fenoticma o f :t:. t .,Xa ,., ... ,Kit and 't. ?ht$ 

It'aaU ,1'ft;tJ rl_ ~ t:M pr.~~!m~~~ of redUD4 ~ eoordinateg. 

l thig as. th 9!'1rtilm 't.1U'$ Z. ,x~ i "'" ,x" Il%tt calle4 !t'ift~-
, 

rt 'lFari ab 148 .. 
I.A ..... .. 

" 

h lea 
. ' . I·:.t . 

__ 1n~1. equaU0D8 of tha f~ t _ f ' 
.J 

'1 \ 
I 

1 .. 2.2)' " .1' . (x #x , ••• ,ox, t lit !I ••• ,ft J t.) 
i an 1 ~ ~ 

. (a l+1~ .... '" t1H') • 

~ 

!l Gye t.M: equtlticmlr (1.2.2) a~til : linear 1. t.l'l«l 1'111/ the 

!JI'duaJ.D~. 1 are .aid 1:0 be li~"l ' · v'MOOl¢lnom..1c, ott,$l.'vin i ~ --~--.... ~ ....... .:... . , .... -......~_J. l.~ ..... _~ 

anl1n tar ac=holOBORie <lt .lUi a1rp~.:;'l.n~ . risinq at: a 91'YUB twt·l4I,. 
••• • "i -... .. ... WI'. • 

• _ ...... 1 o f . ftOIlltnear ll'l.t\'li~_·: .;~lo!l~;J.o ~-")f, .t1t'aL'l1e. 
I 

' . 

• I , 

•• 1 

Tho pr"6',~Oil o~ oloacuh, ~~~·::tr.t¥t.rllinu uf thil f orm (1.2 .. 1) 

Irpl1_ ~ t he pou$lbl •• 1e1t?l.c';! .... ~t.B 'a'," 

&~l.ty ~1 ~t~t1onQ 
I 

\ 

'. lAB. 'x. - 0)(8'" .+11l' .... ~,'" • - l,,~ •• "' •• n). 
I 

.... , ... MBll~.u .rml~o1cnom~.'(,T t.'OI\~raih~1I of t'he ' typo (1.2.2), 

v 
., •• lbl. 4J.ql~CGGe .. t.8 ax.. ,..~,i.t::»f1mJ Ie .. G..C~t.l'WV I I Lj 1 g 'Wi hQ.~ 

.f~~lon ,I. ax~ are aa14 ~~ ~~ poftalbl. 41$plA~t eon-
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.14 wh re 'x re infinitely maall arbitrary qaantiti ••• 
, . 

!'be C!OC.~r.l!!~. tor which l'~J" 4ltioa. (1.2.4' hold ar 

lUQl4 ocluttrah,ts of ~he._type ~{ _£~.!...(h~_t:aev. In ~b& e O') of 

, 
1 

.• 2.l) r ce ~o the ~al definition of ~ lble displace-

, Xt 

, i 
I 

,I 

; 

:. ft~t aatiafie4 by VoDry ' DODlin<i'ut~ .f1G\holcmOfdc:r eoaetr.ain~. 

.8.1I1o'foael.ov p f 1-bas 91.". aD QIUl:'Vpl. of" ncb a oonstraintt 
:. v ' 

dot. k aot, o~ Ceu.yl. type. 
, ,I ' 

~.. .. .. ,- , 
"-t- L • 

, III t:Jte: •• qel, wo coul~r tl~ .Yllbm Imbje~ to 

)lonoalo C'ClIduaints (1.2.1) lUt{" . .l>:l!10 to nonh o l t'J'llaDic CC'ft­

~aiftts Cl.2.2} .. IIcWflfttr. it ..,j. :U ~ ~Wt.l.lrt U. allow ~he 
I 

Ll tho IlOftholcmOUt.la constraints" 'ft •• SlY taB. Is t.hen r 61 fer.rad 
I , .. ~b. asaoolated holonomio u?~te •• 

_ I .... •• d' ..Jt1.b_ tM- ........ 

, 
I.apl t , ~\u:atorc teo .. t.be ,;,·:'!1:t.MI ~dorc c."'J ivd6e-ra 'l::i em. Let. 

I . 

rtroclQce "r- i lldwPWl4u par·?_"'."i.t.rs "\.+1.* "-+2' •••• 1'ln by the 

•• ualR~ eqsat lcc 
I 
I , 

1 ' 
I .; 

(1.2 ... 1" 

" 

',", 

. " " " ..... , .... 
• .1 t ;' • ~ .. ~J. 

. . . ... .,'" :~ .. 
/'. :! • . -

. " 
: .. "1' 

" 

" 

, " 



17 

.• 3.1) 

I DOW choo •• ~ny _ parmaeter fa, 11 "' ••• ,V} which ar~ i nil@p;.ua-tlent 
t ~ m 

Mlft9 ~MlYe. and. also il:ldepe!\Cl~~ with re.peet. to Y1m+l ~1lm+2 •••• ' 

a. LIi~ th ••• paraJMters be 9iv~ r,y t:he eq\J.stio:ul 

... 3.2) 

•• re '),. amd AI' are hOVft ftmct:iOY1 9 of XI ,¥.,. ••• ,x" and t. 

I'I&UOIlS (1.3.1, aftt'l (1.3.2) fu~nlsh ft1n4e~ent dlffettmtial 
I 

n:1U " dt .. i" c1t. ..... ,l'lHdt. 
I S U 

Since I any linear fora rela tlv. ~o dx .dx ~ ••• ,M,,' dt. can 
1 t 

•• ~ro •• e4 .a a 11..,~ i!l,met.J,m of Yl dt,., dt., ••• ,Y\ dt, dc, t.ba I. n 
!Jtal dltf.lteDt.h al ot the llI:bit -c.:u:,. funct.ion f !:n ,x , ••• ,xD.~) , . 
Ilft be ezp.r •• " 4 in the fOrA 

1 •. 1.3) d, - (Xo(f) ... ·~eX. (t·)1 ~1~;" (t'"t - 1 , 2 " ..... " .,n) 

• we re htAtre.ted In t.he t:lxpl .ieit: exprQ8 tOftS of the oper tor. 
I 

. ,-
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rro. (1.l~6) i~ follows ~bat 

(1.1.7) x • a 
h :) 

(8 "5i:"'" r 
h 

rel&~iOft. (1.3.6) and (1.3.7) ~ ob~tain 

(1..1.1) 

~ 

. 3...h a x ---+~~~II 
G 4J1: o."b 

- i 
. rh ''" . ; ' : 0 

~ 'Wt I':"" 1Wlk u,s. of q'Q~tlOft ,(1.2.1). BO that t..'wt 

ra~~ioft (1.1.3) rndaaa. ~ 

U .• l.', (p • l,2, ••• ,m). 

AaUOf01!.&ly we ltl.tr04u~ ~n ril paratOO'ter "~t'·"" '~Jl 

of w1l1ch -11+1 , fltm+2'- - - IP-n .. ir.<h. by ".in of eqtIation8 of 

(1.3.10, 

, , 

oporaton ; " 

(1.!.11) 

. , 
. '. 

'-' . . 

# ~fore" be ex- · 

(p-l .. 2 •••• ,ra). 

whero t~ '~ t: are fmu:tl~.!i '~'.li Xl 'Xl •••• '~,t. It. i s evidiDt 

t.b.a~ 'the opere~ Xo. \t & 1-': .l;~d 0lI\ t.be t!fte-i~!e of. the a l aVl& 

, par era lip aN!! ''Ill-

.. 
, ... 1 

.\ 

~. 

r 
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B.a.ba--. (/5] hall showa tha~ ~. cper.~or1l %0''), tom 

01011.. • 'ftlenfore we ban 

.l.U) , (~O"Xp). Copq'Xq • CXp.Xq ) :.)} CpqrX~ • 
, 

« ,q.r - 1.2 •••• ~~,. 

ere Copq'" Cpqr ara faRet.l g ef s, ........ ,sft"-

1.... !!!! PmtdaN'fttal .!9! .,'t.t~,rr 

~.l"r aYB 10 1 .yot~m ~~~ft.l.tlft~ of • partial ... 

d~. the eoordla~. of tl , prut'tiel.s." ref.rrM to 8Ol'J8 

i , 

.xed • t o~ ftetqqul.ar ax .. " b~ ~l"u,~ •••• a:nro ~ coor41-
I . 

ttetl ,.f ~ 9t.h partial. are . ','1'-2' 3p-1. \13". ,.he - .. ~ , 

~~. ~lel. 1 a.not..4 bl!C'H,f.:f~reatly by 1Il3~2i1 m3 j)-~. 

~ -3e». lAIt: j'9'; «1 oUt the "looit.y and aoaeleratioa.', 
I 

penl..-1 ,. cer:re.~ ~o t he coordiaate u, o'f t.'» 

it. a ,fo 

v 
L.~ x z •••• ,xn be ~e r oihcare-CetaeT yarl~l •• • • 

~eifying tho pe1'ilUo~ of the -r; y tjttW1t at. tJu~ time t. ~G" 

lecart .. i_ c:oordh, tea \\ ,. 'G. ", • • ,'0":) and t.he ' fore. !1'.'.:IUl-
1 £ ' ~ 

U v111 :b@ functi of H4y~~ , ••• ,XD 4 t. 

ft. at.ion. of action "ffn:;'.' .,t!1gh of the if ~u~ lcl~ 

." ... 
"','. I 
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[J 

t 

[ : 

I ' 

(1.4.1) 

20 

an the forCMts of C01l.~!'~.il\t.. ".. :ttlJl9 that th. p 

... ualab are icSeal (whie'h an !,~cppolltK1 to ~ DO vorld, 

._ .. ~l.fy the condition 
, ' 

(1.4.2) , : " .,4 • ., ~ 0, 

for aD arbitrary possible 4i.pla~t , •• ,a .' ••• '.-3W­
rna (1.4.1) arul (1",4.2) we 4ar1," the tmtdaaeat 1 equatiO'ft 

f~ a draa-leal yatea 

I au (1- AI •• ) I tID. _" - _\.Ift _ .... ~ _. ~ '. - (f)) -, lu" - -, -. 
p 

.... 11.4 for .. arbitrary po •• ible eliwp14oawmt. I~ i •• 111-

, 
.,~, for _ .1 'Jle rigid bOOy. ft. 8q1J8tice (1.4.3) 

wu tia~re4 by LaqrUlfJe in t'!1Z ~ 11'0 aM 

2r~olp1. o~_~.'~~t.-!!!9ra'!!1.!" 

'lbe fWldU'JOftt.al oq\1,.~iQ.~i~ til. })a_is oJ! t.ha wooeeeding 

, , 

pla~~ ..-rat:or. ~. 

r (1.l.10) we f ... 'tJ'f7' to obtain 
I 

(lc.C.', ; 'n~ •• pl'l'p("," ('-1,2, •••• JP-l.2 ...... ".).! 
Jar -- of (1.t.3) ADd (1. ~ ,;n" 'lOt 

.pt.(,,)G~xpr.J - {f~ tp(ltp'J .. 0, 
·t _ 

(1.4.5) , ~[~(B(iP)l"Xpf~i) ) - M($))it,t'~(:'(p{ll~)) - Xp(iJ)} ,. ct, 

(, ., 1.2."" , ... .,.lW' P 1_1" ..... ~.) .. 

,', 

~. ' 
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CHAPTER II 

EQUATIONS OF MOTION 

2.1. ~neral. CoD81c1~!l~i~!, 

In thia chapter we di seus 8 t.'h~ COft.~ruetion of " inf in! te­

mal diaplacement operators for a dJ~amieftl By.~em whioh 

we. 8tibjoct , to ~olonamie as el.l as nonlinear, nonholonomio 

matrainta of Cetaev' tltype. 'tTsh'l9' these !operators, different 

~~h04. are " ployed t,,) deri ve th~ general equ,at:tons of motion 

! tho .yatem. ' To begin 'with, Wf,I ~lse dire~t m.eUlod based on 

• lUI'! of the ftmdaental et}1l8.t L • ..,'C~ with sim'tl.ltan-eol3.8 &1. 'tovanoe ' 

~:' the constraints. Th.en ve mak,:~ \.we of the methods due to 

\aplY91n, Bam.,l ~nd Appell __ Wra :-,l,Lt:; ·:.i ~how t..he ttqu1valanc I! of 

, .... • f 

;" 

"., ,. 

t. ~, ....... 

\8 eqaatioa -of mot-ion obtain~ ,-'Y these different methods. -', -. 

2.2. ' ~ar.B!:-~eticm of Infln ~1,~silllal D.i.!lplaccuuepnt O;ee~~()r! ' 

Let tho position of a dynamical syut be ciefin@d by th . , -
'- . . 

)iDcaz4-c.~aev ,rariabl •• x .,x ",-u .. ,x # and let the system move 
) a n 

td)j.~ to n-m holonomic constraint- of the form (1.2.1) aad 

-1 IlODliltear ' ftonholonom:tc COIlstr if.i1ltsof the fona ., (1.2.2). 

I' 7akinq f(x , x , ••• ,-X ,t.)=:'t \~ ~! relation» (1 .. 3.9) ,and (1.3 .. 10) , 
•• D' i~ 

~ - vi.w of (1.3.11) , yield 

2.2.1) x. u ~a + e 
1'lp t p ' , 0 

DC! 
,_'f 

2.2.2) &x~ - e 
Mptp , 

~ 

, -
1 
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foX1'l 

2.3) f.(xl,1I:~ •••• ,~''Jt,1\t' ''' '' '' 11!' 1 It) • 0, (tI" '.1 ..... ." 
·n ' 

. f .. (1r ,x , .••• ,x ,,,.-q ..... "' .. ,ft ,t.) 
.. i "n ~, .. 

E F (x .x •••• , ft' t ~ ~ ~ ~¥~_,~). 
U I I . 1 •• 

• t.be SlllaUona- (2.2.2) we b..va 

" .,p "po Q , . 

. Tf'- 4x - ~ • t • . • .. x. p P 

lch, til. 'ri.~ vt (2.2.1j, iJVGv.-ieS 

~p. 

nseqaently t~ 4qa.tica • . {1.2.4l~ d.t1~1.9 ~ po.albl. 41.-

&c. __ ta, •• t.h term 
:': . af ft . . 

.2 •• ) .. ' ~_ ~ .. a~ 
. I. . 0 . 

. ! 1Ir t 

~f 
" If the J!ank of ~ watrix ,I t ~.~ t L i a - t, va caa 

.. ~ 
.1ft tlM ~t1oft. (2.2.3) for t'l ;\."1'f\1.+2' •••• TtPl in terms of 

l8 t puaJD$bra 1\ , 11 ~ ,,~ .,. "Tl.. '1'h-ru;, tile eq1Jlition. of 
i 1 ~ 6 

raholCllClD14l f.1Q!fUluodRt:a 1ft tM '7' ~ "f the pumetara of' real 

lap wt ~ 

2.'2.5) qt\~"G (x, ,x ....... xJlJft
1 
,~\, co •• q Ttl' t) .. (aal+1(!' ••• '.,.-). 

c.xx ..... 41a9 to\') tt .. eonat.%' 1~,t. :.~~~Is.tion~ (2 .. 2 ... 5', t.Ma r31aU 

2.2.4) 'ba<toae 

. .. 

.. . 
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.6, 
• 

·c · .. ' 01 

......... J fI 'fl 1 ••• 4'''1 lu'!4 t. 
lui a 

1a dar to coru.truft 41tapla~~nt. Opal:'~~(t.l'VJ" ... UaJO ' 

.5) to .1iBti.ftat:e ~. thp9ftdefJ1: ;'T.'J,r.ut4t.ftra "u frc;JG (1.1.9) • 

• ~ C'ha- df in Il1\ arbit.r.r.v:l~otioft r(x ,x t .... ,xnzt.) -.." '. a , 

8Sp<)lk'Unq tn t,(.~ r.al 4i~~1.aoec·j:~f: of t'h .. n(Jl!l.alo~omi(J 

fill 1e .:lfPX'tH#~ by tbe ntll'lt:ior;. 

. 1) cif - (:Jo{f') ~ '!,!~KJ.(f} ·ii.}t~{r)Jdt, 

(i.-1,2, •• "" I., Gql+lf ..... "'6 ~~ ) • 

• 8) . 

." 
{

''I '=' % ... ( 11 - 'c 1' . ) A 
: ~ ('it . a ad .~. (l ' 

'11 U xi {. ·C~~.Kfl,. . 

: (ill'lll,2 "' ..... f' I., a-.t+lf1~'"'' ~ra) • 
J r 

! the relation (l.l.7) b ~;; 

.10) f - fY .... (,f ' of· 11 'If (f' " '('''r . '" <3 ~ i i , ... . , 

.. 11) 

5.fj fiult ,nd .. 'lU.' 1. d.t. (~i;'S 1.\cer'l'~\lt - . _____ ... _ ... ___ .,~ __ ._, _ ........... _ .. _ ~.-...,._ ...... ,... ,,-.. 0.". -

. 
• u-.'. t.ypo. 
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2.3. ~~tation of tha ~tat~~! 

.. 'the rela~1 II (2.241 " to orapat. the oOlllmltatora 

, ' (Y.'Y,l' aD4 (yi,Yj ). We ·hama 
1 

(Yo'¥l) - YoYi - YiY~ 

.~': (XO+"',,-"j(t«j)Xa l '~f~1I1XB1-txl+CBlXBl ['~o+("a-1tjeoj)x 1, 
.. y • • 

. . which reduces to · ....... , . . . 

'. I 

.. ~ .' ~~o.Yl) - (Xo ,X1)+e,i (Xo,Xs)+C"'a-"jt:aj ) (1."X1' .. ~i (l'lCl-"jC~j) (Xa ,Xf 

. ' , 

( '" • i .. .:.. 
, .... 

, / . 

... .... ~;('" , ~ /".+YO~,c81)XS-Yl (tla-ll j c a.j)Xo # . :; . 

"" :.'.'.-'" (1,:1-1.2 ••••• I, a" j llal+1 •••• ., , 'p-l,2, ••• ,.). 

• 

H Y1(~ -a jqj)l ~~# .. ~ 
(2.3.2) oik - Coik+C(,~Co~t+(~a-~j~«j)(Cal~+C~iC~~k)* 

(1,'.k-l.2, •• ~." #"~1 ••••• ~} # 

.f 

~ :. I • ~, 

.... II[ 

. , ", '.' 

I. 
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* (2.a.J)Xo1• - Xoll+Yo(c~1)-Yl(~$-~je8j)-c8kXolk· 
.. 

~ ten elk oik' ocoarrlD9 1:11 the expn •• 101l for X 01. ~ 1-

h~ 110 tha~ (2.3.1) lIIay be.-.pr ee4 ira t.Z'WI of Yl,T" 

••• ,Y,- "bally U.e nlaUoa (J.3.1) beGGnlH 

• (2.3.4) ' :' (ro.Ti ) - ':oikl't+JtoipXR" ' (1,lt-I"2, •••• ",,,.,+l., .... ,.). ~ 
, 

Aqa1o. with ~'h.. help of (2.2.9', .. have 

(y!,1'j' - YiYj - YjYi 

- (Xi+CuiX~) (Xj+eBjX~)-(Xj+OejX_)(X1+0u1x.)~ 

which 1a flI.1,>,,;'valcnt t.o 

(Tl '.", ~ (Xi ,Xj)+C~j (Xi ,X~) "au ex .Xj ) +ecdcej (It ,x,> -i . 

,,' " : + 1'1 (caj)Xs-Yj (ccl)}:{l· 

. (yi,Y,' ~ Cijpxp+OBjCl.p~+O~lCajpxp+aGiC_jC a~~+ 

i .'. 

i 
, I 

.: . 

:+ 1'1 (eS') x" -Yj (GUlli Xu 

." [C1jk +CJjCiBk +c~i (C~:Jk +q\clC~F!k) JXk "''' 

+ tcijS+eQjei.a~6i(Caj~+eTjcQTE)+yi(oa))-yj(c.1)Jx • 

. . 

. - ... ,. 

' . ..' 
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(2 . 3.5 ) 

and 

(2 .3.6 , 

t.b.e l a.t. term in (2 . 3 . 6 ) is introd oed so aa to ex:pre fIJ 

(Yi , Y .. ) 1ft terms of Y ,1' # to . ... 1::" .. Hence VQ gst 
J a I ~ 

(2 .3 . 7 ) • (yi,Yj , ,- }\ijkYk+J;i;aX8' (i , j-l , 2, • •• ,1,fl-t+l, • ••• ). 

., . ....... ~a~~~A. ot ~~ion. in p?lEE~~e-~e~ae~ Vari~~~9a 

(. In tilis aectlon we obtain tho -eq'1at.ior..SI of mot.ion ot the 

Donholon~..ia frY.tela by 'Ilsinq t.hf:~ disl,lllcomont o~rator8 (2 .. 2 . 9 ) 

and t.M fundlllDl8ntal QQl:f,ation ; of dynI'L"aic9 with ei.!nultaneoufl 

ell owano. for all th& eOft8trA: ~nt8 impofHtd on t.he system. 

~~ D~ typify anyone o i ~h. threo rGotangular coordlft.~ •• 

of any part.lel>? of masa m(') arY.t let U be Ui~ {oroe funct..ion 80 

6U 
,~h.t. T. typifios a C'O!I!IponC!~t. e·f fore. correallOnding to up. ' 

p 
, Meo::-dinq 'to enG fu11dtJ~4mtal ~quAtion ' of dynamioo I 'i,1Ifj hav. 

(2 .4.1 ) 3U 
(m ( p) ii~ - au-) &\)6" • 0 , 

" 
(p- 1,2, ••• ,3N). 

Since tl18 syet lit 1s g:t;U;' J 'JOt. to cf»u.trn,ints 0 :.: 2: .. 1) 1at14 

reI timua ; 
, 

(2.4. 2 ) (i IlIA l " ~~ ••• f t) . 
I 

8Qb.tlt~~inq from (2. 4. 2) in (2 • • 1) and t3klnq in~o accoun~ 

, I, 

, ~ ..... 
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· 1..- .,1' •.• ..) '1 •• f atl of x,x ...... s.,. 1\ .;"' •• " ~ "l,~.tthe 
~ 1 all. -

4ler1Yft1".." ktYl ( " J, t1!il "law ef (2.2.10), are 91 .... 

. . , 
" " 

.' . 

· .. ·· 1· 

. . -, , 

. ' . . ~~ 

' ..... 

" -

"' ..... 
,,,.- ""':> ' • 

Old . ., eqaaUaaa (2.1.9) aD4 (2 .. 4.4) . t.he lut. laUoD b '- , ' _.... .• 

(2.4.5) ...• . ktr i (a,' J - tr .. , 1'1).,.":1 (7 j ,1',) .. P +Yi (6 pI •• /;:~. (.'~.' . 

(1" • J..2, ••• ,1, c - 1+1 •••• ,.). 

Ag-ala fn. (2.4.4) •• hne 
! 

", . Jl -
(2.4.1) ': ---=:.2.. _ 'f ( ). 

: '; 11fi _ , _ i '* 
I -
I 

18 tb terra 

, " 

.... ~ .. 

3d~ • »~* -r,-;; ... r.oi!X~ (til,} ~j~'l~, ~r!+T~:Jltjl'X' (., (2 ••• 7) 

~:';'H ' 
, .. '1'1 (6,,). j "~i-: %8 hlp)' 

J 

(i .. j.k-l.2, ••• • i-.; ~~. £+1 •••• " ). 
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" . 
.ti~~1a9 fraa (2.4_.) aDd (2~ •• 7) 1. (2.4.J)," Obtai_ , 

~ eqa.a~1_1I 

" " ;u a6 ' , 
rt(~(p) 6.,Ti,71 .... (", ..Iip~.!.~OlJt '"-j.jiltl--(p) l.,XJ C_,)tt 

. , ,~. " 1 k , ' ,.,." . . . , 
i' 

,.j . ! -. • 0, , . ., 
" • " "t' ! ! 

. ' :. " I " 

, " 

" 

J , .' 
: 

( -' , 

" :'." .' .' . , 
.... . ...... .. j 

er'9Y of ~ .,..t_. we' him ; ;,. ... , ~ '" ':'.' 
. . ... .- ~" 

;' ' . '. , If Y i. ~ ltiBet!" 

:' 1. tenaa , of t:he 1 4 ... ft4 .. ~ p:araJHtera i ll' n 2 •••• , ~,t' 80 ,tha_ y . ':'>' > 
, \. . 

be •• flmettoa of. x ,X ... .. ,s .... ' .n. , • •• , n,t ... ~.Let ru • . " .. 
I " 1 2 N 1 " ~ . 

. f..- of ~ be 4ea0t.4 bJ' f. , !'1 '" baWl '" . • 

(2.4.', 

". ,' .. =. ' I 

Le~ · .. pft 

I, 

C 
. i aT 

2 ••• 10) i 1 "7 ~ ~ 
" 

j 

! 

all'" the fOrDl 

i 
I' 

i I 

! . 

" ./, ; • ~ _ ., t" 

, ., ., 

.. , , 
, ' 

.. """ .' 
< • t: 

• > 
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".... are t.he equation of lBOtiOft of tIM DGithel~CJ 
. v 

'J'n- la .otftcar~ .... Yaria}~l ... 

XI we t: f - x. in eqaat.lcm 

cbt 
(2 .4.12) . • .. - +w 1'0 + .. ff 

': ~ -"0 " ' Jt~i ",."ca' 

(2.2.', w ob' in 

!~teraJ.l\. Z ,x , •••• ~ aD4.,.,~ ,. •••• 11 n • f'ua~OI1. ot the a I n 1. 1: L , 

3. .. t.. 

h. uMM!lat:ed holOll ;Y!'IttADt. Diff.hn~i.U 9 t:he kinetla 

nervY ., of the •• .ocl.~ holoaOll1o yet: t we ob~ 

i 
i )T \\ 
' r--r~ l~ 
. • " . ,' '~) 0 -1'\- • 

, " 8 

. (9 10 1.1, ••• ,., • 

, 

llbatint1ACJ frc:. (1. 4. ) we have 

18 .quat! (2.2.5) • 

, ' 

, " 
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particular ac •• , Le~ ~o i~o~tbol~le con t.raillu (1.2 ... 2) 

be U.-r b • ,A ......... '!'ben the equaU _ (2.2.5) &fK1 
1 2 

(2.2." reduce ~ 

(2.~.lJ) ... 

nlat _ 

.~ j 

. i 
I 

, (2 .... 16' 

--. 11 
I 
1 

I ' 
I. 

% ,x , .... ,x .... . and t~ ao tha. I. -

, . 

J[ijk - Cijk+a'j~~t:'(~+e(d. (C(lj):+c~jC"k) • 

• 
~ij8 . ·K1j -c.kU~jk·YIC·B"-Yj(o 1)' 

, 
' .. 
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.4. 7) 

... . are t • of· Uon 

• 
~. .fv"I_w.l~&I. ~ioa. . 

) 

I ; 

I ' 
I 

ol.onc:u:u.o .iYS'~mia 

f • i 

take 

( .4. 

(1.4. l)~ • 

tio. f 

.' 

1 
j 



II 

.5.1) 

-., 
l 

.- . ... 

Itr t.he 
' I ' 

,~of 1 ( tLtJ 

_ t .... 

.. t ..... _~&l UI'-R,,_~t.. tftai. is ...... il%y beea1nre for -
tlaa.le 

• • he14 'i. 5 J ~ tileDfh i~ doe. hoW for holaaa.1G ' 

rat.&!; [ Z7 ) . : 

Praa the relet! _ (l.J." and (1.3.10) it fol1owa 

IJ • .eq;.enee of (1.6.1). TA& h .... 

' d. 
'\IXp (f) ~ n!. Xp (f)"'p (Xo'''"p' -t""PU

q (Xp'XJ f", (p .. qol~2,." •• a) • 
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ano. XO.X1 ••••• x. fora • 010 ad ayat...a, the rola-tlons 

(1.3.U) yia1d 

" . 

,I 

We DOW tt •• the ral. (2.6.1) ~ tr .fOl'lK t ... Sm_ttaLl 

~t:J.OD (ll4.3). Thus" obtain: 

a -~ 
"r."t ( (r.) 6ft&n,..l - RI t 6ii - 1-- • • •• :;!-- ~ 

". 01; ,.' ,.. ... , (~) ~ p ~, " 
... .. ... 1 'Jo' 

" 

. ~(.. ;'l~ -) _ 4 (T+U) - .f 
GT; P "p 

when- 'I i~ th~ ltl~tie Gn#.t~v of th4!! ,,"weel ted bOlonomlc 

ter.a of tho Polnear&-Ce~.ey varla~l~c provi4od that the 

relation (2.'.1) holdB. 

,on""; 

.\ 
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~ I: +"p n(¥wL"' - f:.- ." ..... p.p'''W) ... " 
. p .. ' P 

• t "up of (2.8.2)"..-4 • t:o 
. .' 

I.C) 

•• ~ eqaatioD (1 ••• 11) • 

• tllJ.,. pol'1l~ , t.hp- derivation ef the equations of Jl\'o~l 

reMd ... ill Oulplnin',. meth~ explained J.a aoctioa ,.5. 

CM the eq-lIAtloaa of .ot1oa :all , 
. . I . . . 

" 

".5) -
3T ' !')'l" 

- Co1q art~ - llqC qlr a·~· - Xi ('.f+11) + 

- 0, 
, " 

i ' 

Y?lati~ar Ca •• I- , Le~ ._ ~ake !It ,x " ••• ,s. . aa the -- J.. -It 

.' , 

rrUCfiaft eOorcU ... t:e. ' aM a-upptMft tart the ayst:_ iaauh,eft 
I " 

.r ~o 1\-' j1'tOU11aear aonH10JloW,c GOIlllb'aiJlta o~ t.h fera 

t\\,l (XI ,X., ••• • K
ft
,' it' ••• ,"',~)-o, , ..... +1, •• • , ft). 

-tht" case:we ~ltlt" " ,ll ~.".i' n aB" .. :I: .. ~."l and 
: lan , I a D. 

,at , ..... ,.fOn , ' ft8 ~~ , 4x , • •• ,~x 7 so that the t!ipl nt. ', 
I , ,. ~ 

~ratorf1 (I t 3 . 11) ar give by 
I 

" :i . 
a " Xo ell 

Tt' Xo m 
rx~' (e - 1,2, .... ,.n). 

... operator~ e<XII.lute 1UICf' ~ all ~h. C' 1. (2.'.5) 

.. 

,-

, , 
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..... l.h. ~ l'. lat O. }I.. the q1&ner I1n4 foroe. t 

: nu ,: O.-l"X • 
• 

. ' 

(1 • 1.2, ••• , I I .. t+ 1. • ••• ,,, , 
I 
I i 
: 

hi ~lM eoortHJa~. 'fbu' •• 1:0 ~ eqv.at.iOIU •. : of aoU01l 

,b~aiae4 by f; . S .. P89~ t 35 ]. 
: ' 

'\. 
2.7. : !l?:?0ll~e .!i!8t.!!!'g '~f Mot!,£!. 

In UOO # P. Appel.l [ Lj ] UK!"" a g:enflral form of ~be 
I 

tqUtioaa ~f l!M>t.i of. qat .. ia ~91an GOOrCiiDat.ea" 
! 

~. eqa.aUQ\t.I i~ 1M • flU\c-td.Oft S" oalla4 t.hta --1'9T o~ 
lCeGlerat:i~ of the ayfItai. ~i\~ i'llpOrt.nco of ~hes equation. 

I 
tie. ill ~ fact! ~R ~y are applicable 1:0 rr aye~ 

OlODt.t.o or DOBholO1la.i~. 1ft t.hl. aet*lan .. dft'l 
I 

1~·. ~tloa. for acmholO'lR .. ic .ra~ .. iaPolacar&-

-t.aw variable •• 

Coaalder • dynDioal .Yllt. .. which 110ft. flUbjeat ~o • 

i010il 1. cQlu,t.r'a!Du of the rora (1.2.]) aDd m-r. nonlinear 
I 

tOIlholollf_l0 'CGftftraint:.s f tlt. folt"lll (1.2.4.)" ",\i.eh expns. 
; 

.b. varl..d.on 

'ar1ab ••• vx , •••••• 
I a ,III 

.',' 

, ' 

" .... 
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LDt ., t:yplf'y t:he • ~ • particle of tlM -:r--.. 
• of wtJoae 1er oecmU&ata# ... t1JBe _ 1. ,. 

r-aUca (2 . 4.2) 91 ..... 

~' '! 1Ja(,)G"Yi (ft_'-Yl (Ull",! - 0. , (1-1,2; •••• ~J p-l,.2 •••• # 

! 

, ' 

lffere!l~i.t.i'D9' with n~ t.o t t • thAt exprGS8icm 

" 

t. '7.J) ~ • Tt ( .,'. 

, v1_ ~ 1(2.7.3) the CI1<,.., .... ~ien s (2 . 7 . 1) be ... 

I t.7 •• ) 
~Hi ' 

ii y .... 2. _ 
I - (p) I) ·"-'1 
I 

I ,S " ' 11i7 .. 
, i 
I .. 

I -

I 

3u 
... f; 

( ") 1l ~'~ ,. 
P iTlj 

(1 - 1,,2, ••• ,1) • 

larat:l - of the 

.' . 

). , " 

I 
. ' I 

/ " ' ,' '.' I 
• I 

';', 

, . ~ 
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mparitMj tl\a la.~ la~iOD ith (2.7.4), ve obt fa tbe 

at1 of motlOft 

~i n7 ,. 'f i (U) , , 
, 1 

(1 .. 1.2 ••••• 1). 

UNw Yariabl«:s. , .'" '. .,' 

" 
, . U iDe 'ad of ' !:he hDftloa If we ~lol' I which 111, th.' 

leraUa of ' til .. tnld. ted hoI 10 ' try , 1M 
• '!- , ~ 

' .... , :;\ .. 
, " 

)~, . ' :' N , .. 

,7.1) 
I' , 

• ! ' ::~: • :-:' ; " • ' ", .. 

: ~ , il "'" . 

, " 

.. ". . ~ . . ,.- . 

rt!1 
faa all irt!! ~1 .. ~ . i.O-lt OORt"i,a1».~ fl' e .. 
I ' 1 , 

ihqueratly : I 

1.1) 

.' 

" . ' 

. ', ' 

'. 

" . 

U_ (2. , .ll ,.,. , flQbstU~ut.~ for ~ ~!'017A the at: r~la­
i 

!l u.4 ,for 1'i frftll (2 .. :1. ). w~ finally obtain H1. • t~ 
I 

IIOU.. in 'the .~lG flOm. 
! 
I , 

. ; 

, \ ' 

" " 

, " 

, , 
, ' 

i 

,." ii; -Xl(U)+Cal(~· ~X~:U)Ja o. (!wl,2, •• ~,tl &+1, ••• #-' . 
, .... 

> I 

l,' 
, . 

. ! 
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2.8. Bg!i".bmce ,of th 

IJa ~. preetM!l1a9 a.et • ""' Q hod •• 

IU .. 

l1Dftl1at. t.h. 9 ral equatioaa (sf ~iOD of a lIODl1Dcrar 

,1. t.anllr ra1.aes the prabltJm o~ ~h.i.rf-· 

'e pna t : ..m:iaa .. take \'lP till. proh14dl. 

YBriab1ea. 

iftltm_. Ia 

7ft. ~oc1. of at ,lnin and 8 .. 1 le .. to the 

l'IaU • ~ ot!.cm. r~ .. nfon naaias t.o prcma ~1r 

JDl"'le!!~ to '-be equation cf"llOUDn· ·~aine4 bY' tlW ~ 

atAod or by th.e a.th04 c! ~ Appell. 

1.1.1)' 

Iter of bal c1iaplaect:*:n1: «I- To ~i. " .. in 

",at.! • (2 .1.1) ~M 

into separate • f 

, 
~ ~.. 'rhllS we obi:aia 

. :1 

') 
I 

with reepect: w ~ indices q IlIIt! 

1 to i1. ed froa 1+1 to ., aa4 then 

i ' 

. " . 
·_·f 
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(2.1.2) kt~i)+Cfli~(i:$)a~rCOi~+c.aCOtTh ~"(I (Call +c:.1Catlk' + 

'"'j (Cjik +e.1c, ~k)} -;! ·rce,i,,,+o.iCcst+"_ (CG1Sfl!".c •• ' .. 8 . , 

.~ (Cj1a+C'o.lCjaB'}- ( jt1~'.t]Di X~) ('t+0) .... _ p 

I 

r. view at. tho nlationa (2.2. '), t.l'l.a 1. at f;era on ~. l.t" . l . . . . 
I • . 

ala. of (2:.0.2) 10 "f1 ('r+U). We now ftP~ each "~Y "o-1t j c caj 

La ,(2.8.2) ant! make , jut nt-a t.o obtain 

(COilt 09 C.,lCaek' fltj (CjHt-tcaiC:Hllt ",crtj (Calk +ep1CG~k) J -

. . 3T \ 
- 'Sll';[Coil\+eCliCo«e+(~v.-lljCOj) !Ql1iB+cTICoy.' + .:' .... 

" . , 
- c. ' . ~., 

By vi~~aa ,ot the ~lat.~Oft~ (l~3~2) arid (2.'.5), ~~la ~ 
I 

, I 

eqaatima lbe~ 

(J . 8.4) 

(i .. j,k-l,2, ... _,I..'1 e.l+1, .... ,).' 

In t:he .t\mftion ". vo :t'~ ''f'l'l&ee t.h0 ~I'GaHt:.lti""t+l * ••• '''m 
I 

by their cn:psr~$$Iion'i!J 91 ft ~)~l ;~2.l .. 5) ~ lfln-d d£1i)\~~~ 'f.:.h'l~ )!·"':H':( t;'l;lt.iJf\lJ 

" 

. " 
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[U&tion 
1 : 

2.1.5) 

lnee c Q ! 1JIi'J:f/t ftlt"otiOt"., (\'f x , ~ t' ~ •• ,x 1 n , •••• ll"t.. Iflld t, 
p I 2 n) -x, 

h. 4.rlY~~iVe ~~(C8i)' occurring in the fira~ relation of 

2 . 1.5), can be oalaalatad by m~~n. at ~a relation (2.2.10). 

hus,WtiJ vet 
j '. 

I -
i d aCe! 

2 . 1.6) -. '_, ' 4t(ca1, - _--s1ij nj + Y (J (CS1) + "j Y j (oai) • 

ub.t.lt.lIUJ\9 frO'ftl (2.1.5) aJld (2. 8.6) . i n - (2 '. e', 4)- , we obtain 

'I 
£{ l!iJ .. ~ (ltoilt +tl j Itj lIt) -~~e'I~:Oi8 +tl, Itj 18 + a;~ 4j + 

- I ' 

, 

YO(e:Bi)'"'jYj(C!t11 ) -eBkl'olk-\~etlk~jU.-Yi("'S)1-Yi(T+u) - (), 
I : 
I ' 

... 

" 

I 

, " I : 
,I . ! 
l ,-: 
; : 
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a ~T Tf aT. ) _ 
l£(~- ~-(~oik~jXjik)~~;{XOiP-c~kXott+Y~(O'l 

. IOSI 
- Yl(~$-~jCSj)+~j(Xjl~-C6kXjik+Yj(opl)-Yi(c~j)+~j S~jl 

", 

U lnq the rel.~iOft. (2.3.3) .r.~ (2.3.6) in ~ l.at equ.~lOft •• 

fi.ally ubuin the equ.ationll 'Of .otion of the systea b 

~f __ 
'. ' 

,-

- Yt(T+u)-o, (l,j#k - 1,2, •••• 1' ~!+l, ••• ,m), 

Which &ra the equ&tian. (2.4.11) • 

. 'thi. e.t.lthl1shu t:.hit· I 9qu1val nO'4!t of t.hG oqu.t:l~ of 

.oUon. o~.lD" by the 4irc.d Bet:N.~ aDd by ~ eet.h04. of 

Cbap1nift eJW.1 .... 1. 

' We aelrt GCMGlder thtt1 A'Ppt'Itll ta etfQlri:lCDS til the 

fora 

: ; 
() oS _ 'l (tT) +, c 1 ( ~ - X tU) J - o~ 

. ~ a an.a a ' 
(2.I.a, 

I , , 

~.t) prove th ir equ!val.rnC8 to eqe tiona (2. ft 1) \t& esi"..abl1.h 

~ ic1_t.lt.y 
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(2.3.9) 

, . (p,q,r ; Ul 1,2, ••• ,.,. . , 
" , . 

' . We tiffera tiat •• partiall, 'With nspeet " 'p ~o obtala . ... . . 
. I ,or", • ~ \ 

, 

(2.1.18 , " 
I . .~, 

. . . \ . 
," . ' .' ... 

' .. , .. ' (1 . ... 6) ,for .,. w. ba " . . , .. ,' , 

" 

" 

- ~ 

&, - . ~pXp (. ) +' ~ __ ROt COfttabWiV ~ •.•• . -; 

I. .. 
. ' . '" 

. " 

.. , 

bG(lJCIIM" .. , ...... 
" 

I "":':. :. 

ab~ by "t.rt. of ~ .qaation (1.4.9,., 1 equlYaleat. u .," . . ,,' -
, , 

.: S d:-:: 
'. ". ' , ~ - niB,.." 

. a a · · at " 
pl~:~ll,,,, .. IXp (6 '+oopq ~ +rtqCqpr I~I~.'., '. 

..,. 1 .. 

i ~1t.1' (2. I. 9'. . 

:. ' 1Ib.~ltftiOft tro. t.he ~ tl_ (2 •• 9) .law (2.1. ) 

.&&IIIilllDu.la 11' 1 ds t.o ~ fJqttl1uon. (2.1.1). 

YIlt. ..blbll. • th-lJ equiYa1_ of Appell'. eqaatlO1la 

, u tl .-qaaticma o~ain4tc.t })Y' t.ba ... tboa o~ Chaplygln. 

, ~tl\\'S, t.he proof' of ~Hl equlvalen of • 'flai0tl8 foraa 

o the equaUCM8 of ·~1fi.lf\ ia ~ld •• 

. ' .. , . " 
'--

'. I • I 
, ~ ~ 1 

.' 

" 
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Clt.APTml I II 

'l'JlAMPOlt ~IOW: ' or TAP.: !'!OUATIONS OF fIIO'rI05 

3.1. Gftfte-ral Con1l1don.tiOl$ ..... . .....--,.-.""-~ 

Tn this chapter w hall tra sfora tho eq~~lOft. (2.5.1) 

to ebtaia .IlTioua "herfonn of the eqoatlOftll of motl_ of . ' 

ftOlllt.n •• r ft~hol.oacJlio ~tl 'lJ$'blch aov .. aubjem to GOa traiau 
", t 

" ' 

l of tl'VI foX"nUI (1.2.1) and (1.2.2) .. In ~.ra. of tlta Poift -C.tM'Y " 

v riablefl p the 4ifferent. fo~. of the equation., 62r 1I!lO't1OD iuYol .. 

of t.he energy of n.c:ce16rat:i«:m of the syates. 9ft_idell, W& • 

Appell' II tr~.n:lfo)."'ftWlt.lon to ir.t.rodoort il\ flmQ\.!on XI'1 and vri" U. ; ~~l< 

~at:ioD(IJ of .ao1!.ioh iltvolvib~" 'thi8 tnr:.ctioa. W. 190 ir.t~_ 
. v 

eycll0 di8~la~i: open.to~m in Ut« uJm~r of N.C.Cetaev ... 

derlv. a «} Gralt ... fora of i:hG Ch&l'lnift Y ~ equati4)'lult of 

tiOft. 

1.2. !~nant ldent !~.!e'!. 

Lot: 4l (~) dcmot.a the qth derivatift with r'8ii1 crt:. ~ the ..u. 1 

'I.ot an IU1: It:rary f'lIncrtlC\, $ h: .x , ••• , x ... 1 1l , ••• ,n:.'; t) 1l'! ," 

1 I .~ I , '. , 

prove the follcwll'l'.g' idan t.h.:.i~iU 

I 

(3.2.2 ' 

,.' .. '" .. 
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""!!tm .0 i. t.he function • x:#)qarded as a funct.iO!'\ of the x· II 

• .a t. 1 •• f.r fixed va lues of the ~ •• 

Diftereftt:iating aqabt and DOt1n~ that ~ ad the X'. ere 
! .~p 

• .. ~ ~ , l 

. 11wl1arl:v 
., .: 

~n.c!, DOre qeD.rally, 

(1.2.3) 

+ X C.)yt (a-I) + !.t ... t'1 (0' + 
p p anp p .... .. 

, rem (3.2.1) ve obt.ain 

fl.2.t) !(a) ~ ~ a2l - ,- • (X ( ) +11 X ( ) +~ . , - .. J + an (G'-l) 0 ~p q q IIp "'l ~ '\;r 
. p 

• I 

. , . ' 
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(3.2.5) 

(p,q - 1,2, •••• Il). I, 

I' 

SiD_ • e 1. the f'(QlcUon • oaraaUend .. 

• ' faetiOD o~ x'a BDC1 1: only" ¥II 'keep ",'8 , filurlxi. Ifb.n (3.2.') , '-"., 

an.... .. ~o wriu , ', 
j J 

', I 

I t4J\ ' Itr-1\ . ~ 
'," ,.-. - ".- -·X (t, ....... . 

' lOP P 

; 1art nlaUo. 

~cb .. tabllabeu the iaeatl~y (1.2.2). 

3~ 3.. Tran.toraa~lo!};~! .. the !qQat.1OD8 of Motio_ 

•• n we tUl til ldenti~;Ut (3.2.1) _d (3.2.2) to traaa­

tom the e<yWat:iona of lIOt:iml (2.5 .1) ~o four ott,..r fonul _lch 

.. « t:h.4erl ti .... of ld_~J.a eMqy of t.be .yata .. 

Al~gh thea. fonut of t.h~ ~llti01Ul ot tioa 1.".,1918 derl­

U.,.. of •• 'of order hi~;'ll&i" t)um one, ,.~ • physical iD't8X­

,re-tatioa of 'the .. deri"at,1""". 1fi po.l!Jlblcr.~ Por Lagro-9ta 

_or4ia.~es q ,q , ••• ,q"" 'Vb;,:al ~'s be 4' .. , D .. naikovlU' (37) , 
I a ... 

;, 
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baA 91Yen aft esa-.ple eoatrib tin9 to tb Physical reality of 

tile Inper aeceleraticm •• ",., •• 

(1) Per a aGOholcaa.ic a&y1It:_ .aYiftq nbjetc* to 

. a.st.raiBt. of tho lora. (1.2 .. 1) · and (1.2.:1). itIM equtlou 

of .ot1_ obt:a1ne4 iD eect.loa 2.5 aN 

(J.3 .1, 
: 
I 

I ., • I , . 

, 
. ~ . 

. ~ . 

.. . ~' .. c",,: t'~"; . ~. '_. ') . 
< , 

I 

In t.be 1 IfItntity (3.2., ~. ~ 'ttS ~t. ... IS.' t!J Gbt.ain 

(3.3.2) d (~T) 1 aT(~' 
Cli 1~ - ~~i~a.;1T - Xp (T) I. 

aa4 nplaeiAv fI by (cr-1) 1ft' (l.3.:n . ... kaYe , : 
I ! . 

. ,' . (J.l.3) · 
. .' - , I 

4 ~ 1 aT(a-l) 
~(~) .. --v{'" . ,. - X (Tl!, 
au ---p . 1fI-J., a" ( 0-"") p 

p 

b .1..., or (3 . 3 . 2 ') and (3.3 .. 3) , we ob~.ia 

(! ~'l' . ~'J. (tJ) 3'1' (a-I) 
ft(ltf-l - -'~':1c;::rr - .... 'lC1-21 ~ 

p '/~ 911p 

(3. 3. 4) 

" 

", ". ' 

. .' . ... .. " 

. ,1, 

.' . , 



(J.3.5) 

(p - 1,,2, •••• , (J .. 2.1 •••• ) • 

. (J.3.I, , 

.. 

f ( ,. , 

p _ c a-r c 1'1' ' ( 
ep . opq ill~ .. 1'&q qpr i"r- . p,q,r, 

r.t .. inU041tce • :hmatirm ; (cr) which 1. obtaifte4 ~raa 

!' (.) by! ~l1"8t conaJ.derinv it: 51 • ructioll of It <3-1) 1/ ad thea 

.. _189 *he ROftholeftCiWlc c07JiJelltra.!ftts (2.2.5). ha'ft 

l\l(e-I) 
t1 (3.'. ) 

~ l • i 

" . 

.. 
I • 



We I\OV eonslder t.he oonatrair,t, *t ... tiGlla (2.2.5) aDd 

lifferentiate the .,-1 times with :r:eapect to the t.iDe t. 'l'bea 

q!~l) _ ::~ qI--l, + t.~ Rot CDRtaiD1B9 q~"l' •. 
tly 

111' _ Cl_ 

1"1 

(3.3.9) aDd (l.3.10) ; 1~ followa''dsaf: . 

• 1 .-

(I.S.') All 

(I.l.ll) . 

tlw ~ 

a~(CJ) 

"i;lMT 
1 

(11) ' La~ f(u, cltmct. t.h~ tUft«ioa. ,.~CI) after ueinq cbe 
I 

nOfthOloaoalc conat.raiftt.. (2.2.5) ul4 'l~f1) .. DOte ~ fuotiOll 

obta1ne4 froa T (CJ) by firat e<>':1.1derlluJ it ao a fURCtioD 0 
I 

It (0) '. awl t.h Uld~ cOIlstraiDt. (2.2.5) iBt:o aCCOlUlt. Th 

we ha ... 

(l.l.U) 

, 
" 

" 
" .: 

, .. - ..... 

. . 
" .;,' 

• .. J 
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( .4, ,, 
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:onMqWen~lr the Ctq\latloJls of l'i()1~i01\ (3.3.13) ara tr&fuJfGDlOd 

Ln'to tht.i .'1 mt. lon. 

. , 
' .. ' " u. • 1,2, ••• ,1, .. 2,3, ••• ) • '. ' ! ". . '. 

" 
, ' . ' ,: . .,-' '~ 

,.' ." If w. t;aks fI .. 2 in th.G'if';·~tions of mot;ion o£ t.be for. ' 

(3. 3.11) . '('.3.1 ) or (3.3 .. 16) limit OOftll.lidor t;n. x'a 'to'" the 

r.ft9ftt~ian COO'f'd1Nlt48 'IA oht.lllin . • .pee! 1 CB.fUi the equat! • 

M riO"f'ttl forma ~ouc:lh, in fa:ct.~, t:'lBY repr.'CfJent. ('.illly • aa'thema­

t;ical uausfora.ut.io& of t.it9rdJl~i S.t1~ .~at.imts ~f ~lcm. 

(1-) ~ ohtdn ifL~hur tttl:i'la1.anft:lltiml of t.be equ.atlaaa 

tf -*loa ~ nblltJ.~ute froa (3 .. 3.2) in C3.3.1) ad tat. 

(J . I.') ,lilt-eo at1~,~\Ul~. ~.a ~ 7.1: 

~.. ra 'the '1 ral.ls-tJ{?, Ma.ftc.ferma-DelallD · aq a~lonstZ~J 

Ln PoiAcen~:&tJ);O't" VM"1ahl •• ." 

,i. , 
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. , . 
(3.3 . 18) ~T _ 2X (T) - ~ +0 "i~!- -2X t~)-P J - Yt(U), 

S"1 1 01 (H ~ tl" CI os 

(1 - 1,2, .. "' ... 1.'. ·'+1 w • •• ,.' • 

. . I'or .• - 2, the .qaacion. (' .. l.11) y1.14 thea 'QanCW" • 

..-HOIUI ( JI 1 . 

. ' . (1 - 1 .. 2i"" • • ~J. ,. -1+1 ••••• ). I 

i 
'. ' 

. 3.4:0: . The ntftct:1on fJ aDd the RqaatiOJldl of Motion 
...... j 

ra the lc.1eatlty . (3.2. 2) wa yut: • - 'I' to obtai. 
I 

(3.4.1) 
,,.(Cf) 

! - ~G'-!f - Xp('t):- . Cpa-I,2, ••• "" CJ-l~2~l, ••• ) . 
allp . 

ty -,.. .f (3.4 . 1) ~M .q\tat.ie-ll~ of lftOt.iOll (l .. 3.1') McOMe , 

I-
! 
I • 

i ..... r 
I :. 

~ ,-r f 

_ P flf - 1) • 
opp 

(i-' "J! 1 , 2>11 • • • m) . 

'.' 

.. , ~ ... 

• J ~ 

.. ~ 

.. . 
< • , ~ , 

'. 
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• • 4.1) - p • op 

lew of (3.4.3), the equations 

...... ) 

.... 
We ·DOW 'lnU'cduoe a f\Uletlnn , Rcr whieb is obt:a1nd fro. 1l. 

r flr.~ oonaitll.r1av it: ••• flmat.iOft of II (a-1) '8 f!i!l4 thu 

11a9t.he oollstrd.nta (2.l.5). ~".r:nttom have 

l.4.5) 
3R a _ 

a,,{tJ-T) 
- 1 

BDl!kr.iftCJ (l.4.4) amcl (3.C.5) Jt we fiDally CJ.~ the equa~lm. of 

.u. 1a the foz:. 

, 
v 

1aUaIuJ I j 71 I'll Poiaoam-Cet-MV riftble8. 

3,,5 • . i _.!.~~ of ;pt'.;I~ .Xftyo!ving !Je.!!. a-t.lves of the 

851 or ~!e....!~~1~l! 
X.a eect.iOll 2 .. 7,. 1M ob~L"'JQd the Appell~9 Qquatiooal of 

tioa 1ft t.ho OZ'JrJ 
, 

,~ ' . 

. " 
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5.1) as 1~ 
~ + C.i~~; - Yi(O) ~ 

•• 1. t.~ '(,. ?lbr«JY o~ a~lor ti~l of tho aasooiated b 1 0 

~. J)lff~t.l till9 S .accea.l~ly. (8-2) t: • with rupaO't. 

t ana ~9 tb.~ 8 1 •• f~loft of x ,x , • • '. , x.',, •••• ,IL " " . " • I ... 
, ". I. 

t' ,, ~, nm ' and rt , we h ave " " Y ' 

,\ ' " " 

. , :. Xo(S) • '\0'),(8). ~ i\p + ;r;". " 
. , • I " - , ts _ 

" " " , S , . 1~"0" ~ .. .._, 
, , . I 

i ., " , 
" ' 

I 
. ' .... ,' I 

,,': >, . .. . .... . ..... . . . 
,.,' . . 

eq\1GIltly 

.2) 
. . '8 (0'-2) " as, ' 

"t,,:..oo • 11- • 
~p p 

• 

OOCnDl't. of ' (3.5.2) ~' qaat.io-i~~ (l.S . l) bacame 
! 

, to aaooaat:. ell ha110 

as (a-2) 
+ cui a", {a-=Ir • 

tI 

l •• ~ nlatt. ~t.her with (3.5.3) Ie 

~ J • i J 

1 , '" ", . 

" 



( i - 1,2, ••• 1;. - 2,l, ••• ). 

a. l' ri.lW)n of (3. t. " wf.th (3.5 •• ' a1low8 ~hat tit. 

!l~14'Jl8 i I ~n4 i (0-2) an t.he it ~ 8a far aa the tara. 1a 
CJ 

C1-1) •• are' Oon ... 
1!'Be4. 1ft pani_Lar, ~. eoil'lCd.dea wIth the 

tqy of ... ltf~ ... ~~lOft S of tite no')!holf!mO'l1U.c uystaa. 

, 3.'.' !.FJ2!.Y ~" ;tE!!!!..~ma~~(;;,&!, 
.' , 

, , 

..... . ~ . ~ 

.... ~ 1 ')~ 

" ., 
" 

al:(J ~R .... 
~- .. r"=If'" ---rf~)~ - Xp(o) ,. (pul,2, .... fft ICJlllol2_'IO .... ). 
' ~ltp (J ""p CJ 

S tINt equ.tJ..QD'fJ ' (J .... 4) ~ 

.6.1) 

we .. t;h
1

8 function i" whioh ia obt.ain'!d from X. by tuiD9 

, t.raiat. !(2.1. 5) lnt:o &c-om:.'u·'it. 1f we bave 

.G.2) :. O. 

.... '~ .... 

" . 
, 
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t f :1''t h 

lOti .. O'()l!)pU wi~ aay cone!\ilyabl. motiOD (conetReat. 

.,l~h ~he . atraiata) obtaiaet by •• ry1.ncJ ~he 11 (.-1) • fS 1ft Kcr-

. J. 7. !&nlt!tfiea1:ica of ~ wit.h tile ca •• 1M Oofttltra1nt: 
• 

Let:. 6nou the u. of "* parde of til. flY 
p 

'f 'whose nctliD9lllU' ooodiaa ~ . ie .,. Let ." be the acaa1e-

eat.i and' t~· the x~et:Jl.l foreQ correllpOn\Un~ to .p. Ybe 

" the Ca •• 1.~ ~;;ti;iiin~ G 1. dGfiuW« b1 
I I 

" I I 
i 

' .. 

('be expnnion for G eaA be 'in; .1. ~t::m 1n lobe fom '., 

(I. ,. U G - i II fi) ) i; - i:- li 1) + tel'1a1l Dot CODt.alftillCJ ; i IS .. , 
rite fi. .... u .. t:.~f(l'!t 0'4 the riC] t.-h,&M 01 of (3.7.1) 1 t.... ; 
• ern- 'of l ~l.r UOIl obtaJ., ed by UklD9 ~e «mt'ltrainU ' .,; 

12,,2.5) bto &eCount. %1 bt. t:~e sfteCftd term.l'; 'we. 

~oJ:' ii, l~.i .xpn".ltm . {yeo by (2.7.2) . va ba.,. 
; 

,W
e ._ ~lrl(t1) + .... ~ 
• I . 

i : 

.tit 

III a'llolm btl ~lCft 3.', ~i)4t f'W\Ci;icns 5 and i.... oolac1". _ 
I I -2 

". 

'ar .. ~ teraa iD ,,-0 an tirJ'(olc.rne4. ~foro Vl>.a t'Jy wr.l tie 
., 
" 

I 
, I 

, ,. 
I . . \ ~ 

i. ,I • 
. • ...... - J '~. 
~ ,y -~ .... 



sc 

-
I~ . + ••• • 

. follows ~hat t!he fUJ'let.ioa ~ ~1u..~ ~ho Ga.. :lfm eon8traiat. Q 
I 

14 ~ie.l.. far 8 U. tora5 :1.", • w. ara concerned.. 

3. • . g:clit: Dt.!pla~!!:L~3rat.or .• · 

l.ocla~e4 hoi 

.tapl t par . t ere ti an4 t~ b. cyclic 1n the sen.. of «n . 
IG.C.t~ ',i5 i, and let! Xo c~mutQ "i.t.h XI +1 ' ••• 'l\.- 'theu t:h~ (t 

follcw1n9 eotli~l.an are at.l lil fl~d, 

t.l.l) : CXp,Xu) 
i 
I 

i 
f • 

(0 - 1+1, ••• ,mf p - 1,2~ ••• ,.). 

- .'0" 

• 1~h the help of the rala~ion. (3.8.1) &ad (3.8.2) .. 

If .... ,.,. ~~-,,.. of: 1IOtiOtl\ in t:iu~ tODD (2.4.11). 1f'o t.'tlia 

M " ~b.4s ... tha prc)1lt!fut. eaae t.."w !ollowinq catl41U " 

... 'i.' OIl. 
I 

, (: 



59 

r T1 (T+O) - Xl(~+U)' 

! 

Cjik• 
",' -Coik• Itjik 

;.w 
t.> I 'f.'. 

1.3) • K018 - Co1S- eSkcolk + Xo (cS1'- Xi(~J- jCaj', 

It 

Cj1B- c"kCjik + Xj(~Bi) - X1 (Gej '· JCj1 f! • 

8.4) 

• 

n equt.ioJg 91" a 90Dera1is~t1oA of' the ChaplRin equat.lcm. 

Poill~i"l..;k-, .. <c •.•• ,',:,' v.u:iablea for. e.:~-iO nonlinear nonl\olonom1c 

t • 

W. aon8148r ~b8 followihq ~illrticu18~ cases of tho 

aU .. (3$8.4)t 

(1) If tb.Q non.hola-tomic C'~:lnmtr.aints are IJ.near, they are 

bYeq1IaUc.ms of the fana {2 .. 4.13). CODs(tQl.Jtmtly t.hG 
, 

Slt10ba (~18.2) becoaa 
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(3.1 (l.I •• ) reduces t o the form 

(3.8.5) 

.' 

, 

i:+ ~j(Cji8 - CakCjik + Xj(cSi) ~ X1 (Caj») - 0, 

(l,j,k - 1,2, ••• ,1., tl .. 1+1, ••• ,tn). 
" . , 

~re '.I'M •• are tlie equations of .otlO1'J obtained by F Gun [:~ J • 

(11) Let ' the paramet:.ors x 'F ~ , ••• ,x .... be tb.e LI.1granqiaa 
2. J. .. 

coordinate., and 1st ~oo constraint.s lmponed on the syst_ b 

C3.1.6, ' I f,.(x,x ....... t· , *- , ••• ,i J t.) - 0, ! .... , • a n 
(a-I..l, ••• ,n) • 

Rara 

tA.C 

~ ' , 
Xo .. 1£' X. - "b ~ Yl. - t. 

," 0 

, (.-1,2, ••• ,n). 

~. ~tem haa %1+1' •••• xn a. cyclic eoordiaatea aftd 

~.;ond,1.tlollS (l.I.l) nd (3. I. 2) be(lOl!ls 

'I 

" . ; . 

i ,(Xe,Xa)lIIO, XCl(T+U)WO " (Xo,Xa)-o, ( .. 1,2, ••• ,nlCl-1+J. •••• ,1 

• 1 r 

i I 
Con."q1IOfttlY the e~atiOft. (J .. 1!. C, 8.8 __ the fOnl 

i 

' I I 
I 

! 0" 
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CHAHBR IV 

UPLI IOlfS · 

4.1. era! COJUd~ ra~i.s 

·'lbe eqaationa of motio 4arl ,d 1 chapt.er 2 a.sd ] are 

applle to sol.... Ii!: lea cf ~ .otl of cubol OlDie 

4fl\ma1cAl .:f. . In all. four exampl •• have bael 1I01Tect to 

1.11Wlt.t;ate ~ thooxy. 

Th01ICJb tbe impurtlmt case 1a praatic& 1s that in 1 

tM IlQllholoD~e con8UdAt.. are Un ar 1n the Yelociqr COD­

pGIlentta, ~an 40 ari problema 10 alykical 4yaudcs la 

tdlitCh the aODholc oa!ceon traf.ai:a are nonlla ar in til 

.. locl~le.. Ia 1'11, Appell gave aa ezampie of • DODhol oaomlc 

COD.t.ra1n~ 1dU.ch.1 exp... ....... 4 br aq1IAtim which 1. BOD-

. lin. with reapect. to the veloeiUe~. 

ht.Onllnoar nonholcmomJ.e e traift'ta CAD be introd 

8IUllyt.iea11y 1a pr 18 of d:rn_icsJ. Such coDatraint ca."! 

alao be reall.... in problema ccmcerniAg- the r89u1.~ioD of 

the lIDt.iOD, or 1a ot; r pro 1 of techllieal isit a~ 

vbere the traJ.nt .• be ft the mcv1aq parts are r U ,4 

by a of eleetramagn tie devices. X~ i. exp~ that with 

to ieal lopa t the Wlhiiil ~ liDear ncmbolODOIlle conn.-

ralata "Ill a1ao 1. crease. 

4.2. !!! !Fl. ~ P . Apl1 

In 1 U, P.~ll ( 3 ) '.1a .. t • following 8JUUI1Ple of il 

1near 1 ca1.c. Btraiot.. SltPpoM ~ t • le9 of All 
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of the \ c t:m:n. 
i 

d • her!. tal a 1 
i 

~t be 
\ 
I 

flx in the fork . 

chan! t.o 110 t a~ th 

heel 

1 

~cal pivot. which 1. fixed 'in the 

~ ita d p tiele M. 

I 
X",. 

f re~"'lar x. 1n wblch the :1- xia 1 ftrtleal. Let th 
I 

, 1.lr. be such th t tb rel ~10ft CIs - bd •• 1 •• t1.fie4 whem 

b(>o) IJ a constant and • i. the &ngl of ro~atloft of t.he vheel. 
I 

ay. Ith n~ • coor41nat.: of~. Partie 

M i p~portloJ181 to th 
I 

qle of rotat.iqa of 1. 

If t.h ahoulde of the fon 1 
! I 

11~ the coordinat of the 

Ant o~ t «* of the· W 1 will 
i 

a1 to the 000 in t • x.y 0 

t. pari:ial M. 
! 

A :.k ~n of the 
,i 

ex H !i. shown in t 

f1 n.;1 
;1 ' 

i 
I I 
i 

, 
' . 

t 
' . • r 

\ l , 

1 of thi 

adjoin i ft9 
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!'be it.! of 

+ t* • 
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o .114J.nq f 

a·' ~ . , 
tr 

the 

1. 

I , 

i (>0). ' 'I • 
; 
I, , 

1 at 

II .' 

,-

tPt'loblLem ' 1a to fin4 tite 

:. ... :' . " 
. , 

- , 11· 
, . 

-. - , X -. , 
, " 

, I 

. , 
• "I 

: ' 

, 

apply 

" .... . 

• 

, I 
~ .~.,. ...... I 

- i. " . 
, , 

ratozw are ..." , .. . " 

'/' , 

.' , ' , ":' 
X-~.X-~. • , -r ' . .z " 

ftrunt: (4.2.1) b 

-• 

I , 

r 

. 

. ~ .' 

j 
'1to. ! 

! 

~, 
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wid 71_1«1. 
I 

b~ 

• 

I I . 

'''. 
, t. -'In 

'.. tl -, , 

Ip of nla~ 

Yo - Xo -

t . .... I" 

, 
. j. , 

I 

n 
y ' - x+ .. • 

» -=====- X _ + __ ....c._ 
• X 

Y - x+ a • 
'-, " . . 

.• ~U"tI X ,x ,x ,X 
o 1 2 3 

0CI1IRl~ • . ·the ct... ft • 

_I ... • ..... that. all . tM x'. 91," (2~J.2) 

IIIilNf_r, nlR (4.2.() ' ,i • . 1 

rBI:.1~~ X, y,. • t:iae t:. it 'f U 

(2.3.5) an 

t: of tJ\e ' 

• ~~ all tile It '. 

'. ' 

i 
!(2.'.3) 
I 

I Jtlauic 

T -

t.h. ,( 

Z'9Y' ," of ,the .. 

.... r ~lcle M • 

k eUc ~llrtlrY ~ 

'. ' 

~ forn • 

! . 
" 



- lor .. ~, 

66 

'r (Tl .• Y i) 
. 1 . • 

•. I - • 

' \ " . . ' r . 
. . .... _ - - I '." I 
~ . .,. ' '. , 

' . ~. (Il •• !l) il.- .~ ' 
. • ' . ' . I .. • : f 

. . 
1. _' , 

01. 1. the 
.. 
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tb .1 .. of (4.2.9), (4.2.10), (4.2.11) ad ( .2.12) the 

1 

,. 

of aot1 (2.4.11) 91ft 
\ 

It " -It ft -mva -- • f I a & • J • a 
(,. ....... ) iii '(.,.'+111, 

, 
• I I a I 

• 1'l " 
-.ga" . 

·(&i+1)", 
( ~ .- 1 I j +- - I .. 

I • (1+,,') S/a ' ~I+I\I) , . . a I I • 

Yal .. of • f (4 .. 2."" 
I -aCJ11'! I _-.a [ ........... _~L). 1,. ~ f-

I 1(1'I1~1) • •• 

. -~ • .- 'f. . ~ 

-. -o 
g. 

~ , '" 1+_1 

;. . 

" 

.' , -t: 

" 

" . 

I '~' , " 

~ - ~ "0 1. the iDIUal .... 1 .f 

" ,t.2.t,. we obua 
t· • 



• .• 14, 

•• - a(y 
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i 

t ~-
-

8 

( 

( - ~--

• i 

'. J , 

, , 

I 
.1 

I • .. 

-,-... ·r.-i y 

i • 

I 
I 

! . 
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.. !...c. + 
• . a· • 

• 

• 
• +Sly) • 

.. 

a 
• )1. 

actift9' 

~"ftP__ of 

luea of Y (0), Y ( , . ; , . 
y ( ). 
• • 

1a I, 

I 

• i 
r 
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- X + • y + •• + •• + • o. I. .. 

! 

- • (X + R, + . ! ( 
• • • • • 

. . 

- X + R _ (a) . - y - ! • a . • • 

) 

.. 
• -OX, 

t· " 
" Jo ~ 1.. 

1. 
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tre of the apbere (p. Q - a - 0). Prom (e.3.10) 

e for the -*10 of the 

.. 
B + AOYt 

1 • 

where B ( _ A + ... ) i. ft of i r 1. aboa • taI~ftlft 

• For. ito 1I011d.p re 

A _ B _ .,. .. -
5~ 

• I 

2 5 
"2 -, I - <10 

I 'fake the c or. 1fo field, where t i. a poai~i .. 
I 

.t u -

i. ~ oris ~ 1 
I · j ' ~He t 

(. , ~t e._l 

J if ~. • b A 1. arf and t:h turntable 

inet 

of qreat IIJPtt, 

• + V" - s, the (4.3.12) 1 

• i 

i -1:1C -X, 

nal uta, IC ::t- 2 aD4 X • ;.t . 
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1 Uon La 

. 
(4.3~14) 

\ 

• !-IA~~ )(l_~C~)+ ~ (K~)_ 
C. 0 c. 

-...... -. -. o I •• ft t. • 0. lfh o 
traehold, 

rolling' of • eirele on • Ii t rlqh~ i' 
aDg'lft8 t.o 

I 
fle1ch 1n problem of th i c1i.Decl t.U1I-

~abl" t.hitIJ 18 horls t 1 • 1 

of ad 1. blportant:l the l'tOtion nla* . to the Iftiti 1 pob~ de-

pe 4 • I'or ttUti-

we et. . eye 014 

I 

5) __ Ko"(l __ iK~)~t~~ . ~ 

9 flCJUX'G. 'fhe r84111 of 

th . r 11!JUI circle is, for 

tho at 1- of the iIIcl1n tum-

tabla I , 1 • .1. ¥!r in • 

observe th t: th .. 1 

'1-'10 

T 
f'lKt) 

1.4-~--~'----"'" )(..-)(0 

I 

; 4. 4. Moticm of a Sy!t. of '.rwo Wh 
; 

d 'l'helr Axle 

on • It riKOIltal Pl 
, 
I 

I .... '1 
tb axle 0 0 be a h-rvw~-oft.. ro4 f 1 ~ 2a u4 

I • 

"beet. be 110 h07t!l~tmflt012t1 dI.cs,. cf raal a 

liS • • , 2 nonaaii 0 th ro4 at: the eeDt.~ 
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fixed in .pa.ce and. let 

the nee 1s !I09a on the plan • 

• - 0 which i. hart.antal. !'he ! 
I 

wheel · with centre 0 ha..,iftq a 
I 

aontaot without friotioD and 

that with centre 0 haYin~ per­• 
ftte*l,. ro\tC}h eontact. 

I 

; z , 
I 
I • 

q> 

Buppos we introduce an InterRlediat trlhe4ron au..,. at 

the ae t~. G of the rod with Gtl along the rod, G'Y horizontal 

1lIl4 ~..rp~C!lc:ular to au and. G:z vertieal. The para .. eters char.e­

~eri.1n9! the' · ~.teJll are the coordinate. (x ,'1 ) of G, the 
, f 

angle • which Gu aka_ with Ox , and the anql •• of rotatioD • • 
aD4 * o! the tvo dlsca with the centres 0 and 0 re8peCtlftly. '/ 

a I , 
POr the rolll~ o-f the wh .. l "i th centre 0 we Ila~ the 

I 

aoa4itida that the point of COfttact P ha. 1\0 ftloe1ty. But the 
I 

Yeloeity of P i. tile relnlltaJlt of the vwloeity af G and of 

.(~, . parallel ~ GV, 41ae to ~atlcm.. u4 •• Henee we hne 

(C.4.1) 

I 
I 
j 

it + t! -
I I 

I 
-L - - taD ~. 'a 

are the equations of COft9traint ot which the first is 
I ' • • 

IKIIllbe'r 1a i , t ,., •. 
• 1 

I 
'I 
! 
! I 



1 • • • • . (4.4.2) \ 
. I " -I 1' ,"'-Y.-

I .. ...-- ~.ly obtai • 

(4 .... 3) 

r.~or. CGI!D11~. al.l the C' • ..aiah. 

r4. eqaatio • of constraint. ('.« .1) • expre •• ed ia 

~. • of 1\18 be 

l- I 
I I 

Il' I t ,,, + l'I ) I , 
+ 

\ I 

q -• • I .-

1 ~ " - - ~ 
\ 

, 
• 

• ~. , SOl in9 fox 11. an4 ns' y1e1 

\ q - - a ( + n )!tin t ~ 
- . I I (4.4.4) 
,,- a(q + ~ )cos f. 

• . 1 I 
" ; 

In\ ~cJ.r ~o obtain the 80111t:1on of the pro 1-. we us 

eq1Uld.cm. ' (3.3.11) ~or - 2, th t: we .... 

. i 

I I 

- ... 
- it 

2g:... - ~ • "1 (0) + a'll -11l1 
01. # 

(1 ... 1 .. 2,3). 
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I 
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Ie -'."PlPllrv 

(J. • ) 

- a. . . 

'C ...... , 

. - ( +A). 
I • 

-
. . ) 

. ... 
• 5 • ).s 

• 

1,2, ). 

aka~. on 

,al +-4i-­
t 

(~.4.2) .. 

.( + ) 
I I 

, 

a" • f\ + ).1 • I • 

( .4.1' 

• • • 

, .. 
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-• I 

IT ___ !a.:.... ..; + a l ( + 2m ) (fa +ft ). 
~ 2 • t I. I 

-
-, 

• • 
1.4.8' 

~ - a .Iq + 2.1 (a + 2m ) (. ~ ). : .q. I I • e ".. 

Dally ~. 
I I 

: . 
. ("I.-Qa) t-. +2a., + ?- ~ 1 • 0, 

(,";'.)(a,+2II) + (m +ia.)~ .0" 
i I 

- o. t : 

til .... ad , 

I 

- (11 + ) (11 
I • • 

+2a ) (" + •• cj'.;'''1 - + • • I ~ , I. , 
I 

0 , - _,f 
:\ I 

• I 
.1 
I 

9t 

)~" 
)e ... )+(;'+1-) ~, 
111 • 

,; . 
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where " , " ". ar. ~. iBit i •• 1 .. _ of " ,- ". ..a q 
I • • 

n8pecrU'hl),. !'be 1 t: UoDS 1 •• 

(4.4.t) 0 _ ,,0 _ ,,0. -" , I • I .' • • 
S .tl~ ~inq for • n'. f~ (4.4.2) in (4.4.', ... h 

. I ... "., • - ,,:, . i . ": . I ' a 
I ' 

Int.evratia9 • ~ nut!,' Ubi : I 

If f 

. 

I, - ~ 
- I ,t - "1: ' . - . ,,-~ . X • I a # I ' 

~. 
· I 
· I 
--I 
i 
I 

•• • • ~ X - o. 

J • • • 

• - - aCt + .,.18 a 
• • 

• t - C. + .)008 •• 
I 

¥bleb an t __ l~ fx. (4.4.4), we , 

• • • ., . 
i • - • ( +It 0, ala ( t.), 

. I ' • • . 
I • 
i y : _ . a( +11°) 

I "",' I ~ I , ,. ~., . 
CQ!lnfl1l1m tly 

I a( ) 
' il • 

I 
I , 

at 
3

1 
:: -"=" 

l • 
rela~l 

• .l i .. 

• 

,I 
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'lbl. abotq t.ha~ the tta'~ of ~ eeat.re CI la • cd.rel.e 

of ra4la ,. 11\: ...,: I , ... eru.. vltll ~ _if on ft1oei~ 
It. 

«.5 . aoUl!!CJ !I09P. 
Let _ .twty the .otlOD of • haa~ cirCNlar hoop, of 

_It .... l1li4 radi_ ., which roll. vlthe1tt .1141.., .,. • fl ... 
I 

horia.tal, pl_ Ox.y... '!'he ." .. tn of i .. rU. G of ~ hoop 
• • 

u. of t f19U'8 a4 t.be tral ellipsoi4 of 
, 

inenl i •• ...race of ft¥0111U0ft aho1It tiua axi ... of ~ 

hoop. All .~ la~ fi~. let H be ~ point of eoabGt: 

of __ hoop with ~ f1se4 pl_. 

en an , ~ eoor4iftat •• x,y of the 
I • 

point G nlaU ... ~ the .paoe ff..n4 8Yft- Ox Y • • an4 the • • • 
1_ aDg1ea '. ., t. fta coor-

cU.nata. of~. point. 8 U , .... 
\ 

9i... .. • f1mcRiOD of • by the 

relatt_ I 
(C . 5.1) : •••• iIl I. 

I 

III a6lJ.tloa the ~lr~t of 
i 

DO .1141., .~ B 91 .... rl_ to 

bo .,..dl tiona of GCJft8UaiDt. 

oz. 

Il 



(3.3. ) 

o • 
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• 
'. 

• p - ,. .. a1 • t. , 

1 • 

1. "PrltllZAl"~4 or . ' 

.... 1 of 1 

I - ar, ,. • 
··1 

oj. • 1 , 1 

I i 
I +t +r ) . ~ , 

I 
I 

I 
I I j = ~ I J 

I 
! 

vhi 

1n , ia ,. 
« .5. ) -- • t. 

1 
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Let c •• 8, ., ., x , y , z as the CIln-C t.aev 
I i 1 

• to ~ 10 .~r t (4.5.1) t 1-

t cl olcmc:lIII1o a,..t._ 

a1 d1 

(4.5.3) 

I 

'fo find til 

ho Oft 
i 
I 

r aft r ltr 

f(t, '.'.'*l'Y"~I) for whlch ~ h 
I I 

41 ,af + t .... !!· af • - t i, 
3f 

Wit 

(4.5.4) 

i .5.5) 

(4.5.3) 

I t 3. 
I 

·1 

-lit , 
o ,4.5.1) the 1 

i ' ; I , f,'. t (I) . 0 

.~.+ 3f • 
Js" it 

I 

• atltate ~ .. 1 • f 

and t:h ref 

f. troll 

.. 
l 



( .5.6 

(4.5.7) 

3 

X. - aiD i 1f-

ex ,x ) - -
I • 

+ x • • • 
ftft1~'lrDi.bl ct. era 91 

e --c --CfGt. 
.1. 1.1 

, 

C --c -I • 
• 1. ' I.a 

• 8rJ' •• '~ .. m. of 

I ' 

I ' 

by 

• cJ ia Uz1U t 
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'-t 
.. a .iD • ala • - a eo. . , 

I ~ 
(4.5. ) 

" 
...... • • . - 11 .iD •• 

• I ~ 

the ....,. lahin9 ct. 

c - ~- •• iD .1n • -, "1 , 

3 

'J • TJtL ~ - a cos 1jI, 

t 

a" " I 

c -Trf-- ~ co.. aiD I I 

.1 
., 

I 

o -~--a. • • . '. .!"!> ~. :. 

(2.2. ) ala 

Y, - h +a.1a 
a 1 

8 lie -a co ... l • ,;- + a coal .,. 
I .&, ' 1 

(4.5.1' 

i y. 1 a 
t . , .Ift. 
I I 

I a 
~ . 

• 
a " •• Tf- a 

Z9Y of 1a 

- .1 
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.-". Ct •• 10) . 4f • II (II + eoaa.).1 t+ ---I. .. t"I+"I+q ). 
I " ' I ··· 2 • • 

,4.S.11) 

l~lu~ f I 

~ ~ , I 
", : . . . 1 . 

IA~ i I 
(4.1.1 ) l- I · 

". 

CC.S.I) ',4.5. ) 

I' . " ! 
" 11 co •• " . 'i 

• I I l; -." ••• 
• " a , 

_ , . l ' • l 

(4.5.12) i~ toll 
1 , • 

: " ~ 

I.in'co. + (~+ eost
". ~ • 

16 ' • 

-aT •• .. • • 

. ~, 

." 11 GO •• 
1 I ' -.,. eoa •• lllt-a .1D •• 
S' I • 

In.t of (4.5. ) 
I 
I 

I 

(4.5.10), 
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x (~) • - .Inlsinl e, 
• 1 

(t.5.1&) 

x (T) - x (7) - x (If) • x (7) - • I • , • 

the o~ (4.5.1'7, ~ - val s of .Ol'.O.-POt'.o.and .0. 
I .. 91 br (l.l.l) ,an 

1 
I 
I • 

l-r 1f _ 1 
. , 

. ; r
Pal 

... , 
~. -.-,,' ~ . - ~ I~ 

,1'1 
I 

I 
" . :' .. 

aT • - f·· " GOt, •• -", ..... (e. .1Si ·0 - -. (lD -cot I. ' • I . 

p - p - p - o . 01 O. O. 
I .' 

if 18 

I . 
! . u · -9- - 4Ja sia .. 
I 

, 
t.rbe ta.~ ral t'.i toga er vlt.h ,4.!S.', 71.1~. 

I 
I 

(4.5.16, 

• 

(t.S.l', 

I 
II 

f or (u, .. -a GOa 
t ' 

i 

• (J.3.1 ) 

~. + 2n - - I . . • • a 

- -.,. • 
• - "I • - 0 , 

. ' 
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Xf ill p .f t. 

~1 .. "i ". 
vba the prbe. a~ ... ~'t:c!MI • 
'!be 8IttCC:nu,'1 1 of (4.5.17) 

(4.5.11) ' I + 00' - 2~ • ,.' . . 2,,- • ft ., . 

(4.5.1') 

(4.5.2 ) 

(<&.5.21) 

cllt a 

I . 

,I 
, 
I 

o (4.S.11, ' 

-

• 
f... f • (4.5.1 , 1 • ~o nlaU 

,; tl -
; 

. . -
- . 

t 
• · ,2" ." -". . '- . . .. 

of tlal eqH1~" Ct.5.19) • 

_ .... of • h:YPltn:eotatric ri , 111 tif the 

, . 

by l~! re ~latloa. fir t. 
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CIIAP'l'B V 

\ooftl:wvp .CAL BQUA'l1 S OP 

5.1. 

ystem. ' Finally 

qaat:i • of 

ra1 Consl ratlcm8 

to. ol,Oft(Bi,·c 

.11\9 til... tlOlUl. "'flc1fm~ 

or t.' uta of certa! 

f .,Uoa. I 
f • .-mabol 

01 

poa.1blU~y of re4ac 

by adj tloa of 

of ~1. f ctioD. ' 

dill0 8 are oat liSba4 

'UGIl8 

c By.tea 

.... . :: 
.' :' 

r a ftOJlIb.Ol c aal a~_ wbo8e 

,X •••• , . ' t the , . . 

pze 

y.t:e. ' .. 

re D~ ta_*Ulea 

be 

I 

I I 

'II I' 
L 

I I ~ < 

,! ' 
I 

.1 
I 

'i 
11 

I 

by Poi~-Cata •• . ftriab1e. 

holomD1.CJ 

• (1.4~11). Since ••• in (1.4.11) . 



(5.2.1) 

(5.2.1) W. 0 t: 

(5.2.2) 

of D+Z __ I 

89 

equ t:lon of' 1:1 1 the fom 

r t2e2$ ) and (2.4.12) to a ya 

,.-'1'_1.1. Z "X ••••• x If} f ••• f 1 aft4 
I • 1 

sof ~ t. : 

t: fa~ i~ 1s po.aibl to 

liar l u . ctlODs of 

:It ,x , ••• # : , ; 1l •••• , t.. 
t • I 

aot. that: 

the ti Ie : rvY" 1 of the f rr 
I 

I I I ., . 1 
- -2 i 

I I 

'i 
I 
I 

I I 
I i 

be apq •• 

;uenttlr ~. ~ 
I 

.~ (p,q- 1,2, ••• # i, 

(5.2.2) n . 

of til It' 

·CL_ -. J. . pq qp 

d t. COIUIe-

writtcm 1ft ·the form 

(5.2.3) -~ b - • -"""'_'"C_ ; ap p' (~ 1+1 •••• ,' ,q - 1.2, •••• ), 

II I 

I - ., 
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where 

-

r-· 

Diften.U.atiacJ the eqaat.iOM of connraiat. (2 . 2.3) "lttta 

ntlpeft ~ t.he ~.iJIe t. , 1M h.~ 

(5 . 2 . 4) - t •• (0. 1+1, ••• ,., q - 1.2 •••••• " 

". ,; 

(S.2. ,) and(S. 2 ,. oS) fftJa a IIYft8a of 2a-' 1J.aear 

equat.loaB in the ~t aftkaOWftS:~I.~., ••• ,ft.,l'+l •••• ,lm. 

Their "tera1ftan~: 
, 1 

I ' 

! i 
~ '!' t 

·1 
i ; 
I , 
; 
! I 

I, I 
,j 

'! 
'I 

a ••• a 
! r:~. . ,- ~'+l,l ••• It i 

~ ......................•... 
-.. , ••• a b I+a •• ••• 

• • •• D 
. "+14 1+1'~ 

o ••• 
'w 

••••••••••••••••• • ••• •• •••• 

b . • a .... ... o • •• o 
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• ""'U>L . ..... 

+ ••••• ,aY.+b1+, ,~,+. + ••• + b.,S • ..... •......•......... ............ ~ ........... . , 
• k + ••• + .,r I 
, 

.... + +' . 
'+I.'~1 ••• '+1,- -

- 0, 
j. 

.~~ ...... ~ .............•. ..•..•................. 
i 

b.~r. 

lItO 14 trl tal ].Qtt b·,."., •..• ., ,a'+l' ••• 'Z.J. 
Monowr, t all t.M ,. ,y , • • • , y ..... in thi. 801 t:loa coul4 

,I I. ... 
nniab, tor \ ¥ ahoul 1I~ 

I 
.I 

I ..a.. • z49+1 + ••• . ,.....1. .. - 0 

••••••••••••••••••••• • ••••••••• 
I 

... 
~I.+ ••• a,., 
! 

i 

i d 
i 

. . "-
...... ~ D iii o. 

ly t:b 

ftIt1t-ric'" 1 " " . .-1. • 1. 1.+" •••••• of pi i 

801 tl a ~sh vb! is. contradict! • , 
n , I~ ~1 1y the ptb quatlOll (5.2.5) by Yp ' 

p - 1.2, ••• ,_, in +1'..... drop out 

boca of the 1 t. & of the equation (5.2.5), d 80 

. -~ . 
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ra Of: all : the or ,Y 1- •• '7: an: a 
I • 

ac1ra~io fMB .8pqYpYq i 

Sino. 'p and ._~, .. _ 

(p, - 1,2, ••• ,.) , 

j ••• " 

, ,..'. ' 'GuS t, 

luati (5.~.J). 4· ' (.2.4) ~, rofore, • aolut.i I 

I 
. ~ I ~ ." . . ... ,. _ . ~ . ...... . .. ~ ••. ~ . .. .. .. • . . t • f .. . . ~ ' :: ' : i . ' i' • • 4 

I I , . 

'(4q -I: q(~i',X~' •.•• 'X.7,ll~, ••• ,Tt J t),(q ~ 1,2, ••• , ). 

) I ' , 
•• 2.6 , 1 ., .: " 

I . 

. ). - Y/(x ,x , ••• ,x .. '" , ••• , • l:).,(<<1 - 1+1, ••• , ). ' 
I. .. 1 

I 

qwa~ft. (2.4.12) " (5.2.2), which lo' 

be replaoe4 by Jt_ l MN'B f the 

by . (5 .2. (;) , sti t. eyst to 

I 

t.i 

rgy 1. If 

x's and ,,'s. 

• (5.2.2) ca 

••• oci 

aide « •• the _.uatl • 

i c sy teft who 

by force. '), (U) 

aQGI)OJl·4ently of • con i rations of the ft 8-

(l.2.3) , 

, I 

l"8 t. of . i' ,fo 

lr.t ifttegra ~. 

f ' (x ,s , ••• ,x 
1 t 

ti • (5.2.2) amit. m-I 

i:,(a-l +1 , ••••• ,. 

. i 
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~ t.h 1Ili~1al GOI~tl a an a as i:o.a atr 

• 

1 folu..la9 

5.3.1) 

f ."at- (5.2.2) 14 Uy 

• (2.2.3). 

1 c _ vi til tt.. 6e 

eibl. ~ • bol 

tore.. dl 

-c 

10 po ~1al. of t.ha -r­
tOI'll 

IL fll; -

.(a - 1 1 •••• , p~q,r - 1,2, ••••• ). 

sty 

of 

for 

r 
~r l -

par tara of real ap1 t. " '. . 
.3.2) 

I 
i I 

r 

lea y'. 

IL '" . 
fla b y the. U 
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• t 

""J ; .. : ..... 

wtd 801ft(! yield ,,'a .. fancUoDso~ tiMt •••• Y· .... t. _~~., 

l ' . 

I 

vhlab, iIa riew o~ (5.3.2), is equivaleat: to 

(5.J •• , 

(5.'.5) 

I. • _ Iy -. X (L). 
p p p p 

IR ,. - ~ 'l'p + .pxpun. 
p 

1ac:e • 1. ,. az!d~ d t:M ]f-.... y ••• we o ... ;n. 

U. eJLpJ:c"", n.3.4) ... (5.3.5) to obbla 
I 

(5 . 3. 7) ~ (L) - - X, (8) , (p - 1,2, • • • ,a). 
I 
I 

.' 
~,~, ., . 

i I 
SQb~lt~~ for XP(L) fro. (5.3.1) 1n (5.1.7) aDd usiRq (5 . 3. 2), 

we ~ ~ ~ADOftieal eqaaUOftSl in the fora 
I 

(5 . 3 . 1) 

I 

ft • aft 
" p lY ' p 
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, .3. ) 

III part! lar •• of ~ 1 cr 

nbj mU- of the 

fcml 
\ ... ··all' 1 ~o •• ro. e u!' (1.2,1) .... 

1 
I ' 

~ f ti are 

.. -
(5.3.10) ." - • 

: p . ~. 

(S.3.U) • Cpq7, +"c rY - X ( )~ q r p 

(p#q~r. 1,2, ••• •• ). 

If ~ba 1.~:D1o COI181:·ra (:1.2.1) are t:iaa 1D(lepenCI8Dt 

all the C \ 
· fCI 

.. obt:a 
v 

.G.Cet: .... ( .1 5 ),. 

.- H 

P 

1,2, ••• ,.) .. 

fOJ:1a 

. I 



fiw 

(5.4.2) 

. . . II .. 

.1 

I 
I 

by ! 
I , 

, 

r , 
I 

,c 

a(x # , ••• ,x t 
I 

:-

. It -
IL 

"i1\ • • 

j aL 
(S.C.3) 'R •• p%p(L). ~ 'n~-q. y , ( 

p 

(5.4~ ) - .pXp(1l) + 2a , 
Yl ''lp +ry-:-

P ., 

, 

II .'l:. 

.. 

;t) 

.. 

, . ~, ... , , 
1 •••••• , • 

~ 

a .. 

.. , , 
,j 



( .4.5) 

:5.4. ) 

:5.4.7) 

• 

( 
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-

, . 

( •• 1) r 1th (5.4.1) 4 ( ~4.S) 

-- tv:' ' a 7t/ 

cJy 
+ a p 

If - + lea tiL ' ~ 'lCJ 

( , • ., . . 

"opq 

I 

1. " , ... ,., 

c 

manner • 1. t 

II I 
I , 

1, ••• ,.), 

, 

-I • (5.3.1) iYe 

CD - X,(Il) -A , 

' .. 1+1 •••• ,.). 



•• 

• of 

(2.2.l) 

98 

~1 • (5 ••• ), (5.4.7) 

(2 ••• 12) ! nl . er-

'~r._ II ,x , •••• • • 
t . --.-. ..... 

c1 (5.C.I) 

211-1 

• (S.4.', (5 ••• ', 

fo wi B .... l~aai 

1~ 

.quat1 

(5 . 4.1, an 1 

. Lagr 91- 'l.. 

(5.3.1) with It 1a pI f the 

I 
.5. ! .1ra~ In 4 be re4u~i of the order , 

41 pl.a'-tnt: 

inq of re 1 ].a t 1t , 
I 

to w. C. c.~ {) 5" J and l.t Xo oa_1te wi 

.a 

n'r- . 
I X.(L) - 0, C - o. C • 0, I otrq rcrq 

u, 

I 1, ••••• ) .. 

of tie~l..-_-t.e I'···' ~, 

u (2.2.3) ue inda n t 

that: 
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(5.5.2) • 0, 
( -

lith t.he 

rielA. 

(5.5.1) and (S.S.2) the. at! • (5 ••• 7) 

:5.5.3) 

.2. Z. 3) _an ___ .... ;,;;;;;;:;;~;;;;.:;;.;--=;....;;;;o,.;;.f_t.;;;he;;;;:;.. ... P!X';.;;;,..;;;;;;;;;..;.:;;.;;.;;.. 

Q!!~ 1~ 

• firat. t.~ra~. 
I 

• aJ:u 1ar _ of the pr.aaediftg 

Y c. Aqoet Ill! , 1 wh tl 

aqr a~ •• 

/.. 
(0 - 1,2 •••• .,. 

; ., 

(0 - 1,2 •••• , a1 • 

th-

11' to· 

5.5.4) (1 Q 1,2, ••• ,1, 1+1, ••• , ). 

, 



t· 

I • . 

, . 
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eoord1 •• ~e •• ,s , ••• ,xL. Ia Yi .. of (5.5.1) and (5.5.2) it ... -
ton- tII.~1 ~ nffletAm~ UODa for ~ .xi"-. of ... ~. 

I 

..... bIa 1at~ (5.5.3, ana . (1) L 1. ~ of tile 
I 

coord1n.~ .. ~I' •• ' ••• '~' and (i1) the COD.tra~ftt. (5.5.C) 
I ' 

40 ~ fa1'01" ~ .. loclt,. ta I' ,1 ,. ~. ,t~ 
, I a , 

I.e~ _,BOW ... 1 .... tile equ.ftti_a of IIOUoa (5.4.", 

(5.4.1) 1(5.4.1). tft .. 1 .. of the oa.c11tl ... (5.5.1) ... 

(5.5-2) ~_ ~ z.411ee t:o ' 

(5.5.5) 

(5.5.') 

I 
Iv -

I· t f!:,,) -' 7:rcoPSl ""vCv".l - 1~ (Co,~ +~ .. Cwpvl - , 

at 
.;. X.,(Il) -1. Sllp - 0, 

~. equation. (5.5.5) (5.5. 5)* together with (2.2.3) and 
I ' 
, ' / 

(2.4.12), t-Utat •• aye-=- of n+,... .. -. ~tlon. ~ deter-

Ida. s"Xa'-I-.'''' "m41' .... ,~,1.t+l' ••• ' .. fuction. of 

the t.t.e. ~lao " .. ', , ••• ,n ~' ere detJeDl1ne4 f~ (5. S .5) • 
: .. "". 

Th_, • url ... e of the ., fint ifttecJftll. (S. 5.3) , nduo. 

the aywt __ /Of eqaatl~ (5 ••• 1) and (5.4 •• ) f order _ to 

anotller erit.- (S.5.1) of orde= f4--.~ 

....... ,. ... . .' 

J " _ i',. 

~ t" 4 
l)i : 

~ # • 
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It ia 1aterea laC} too leal ayst; 

of 

• ot pres t; 

rat: 
, I I 

I 
I 

eon. U!' 
I 
I 

like .. 1n~~~la..t 

1.1 

ln 

1J..1·····X •• 

! • 

( 

by the 1l0111t111..111 %1I1DCn'. 
, 

If 
-x ) -1.. -. ITtp 

/ 
1 ••••• " 1+1 ••••• ). 

rOrM of Cbap1yqin Ecp!tiona In a 

• 
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C'l'tft·l~ ... _t Y the eqa ti • of loa (3 1.5) e 

fo 

Let-I, 

.. al 

aOGOWlt. 

nOD 

~ L DOte ttl 

ad u an t n into 

i 
I . 

L - '1' + U, L - T + U. 

'1' ecn:aat.J.mI. (5. .1) b,eetBtJ .. , 

(5.6.2) 4 (.L ) L ' L" V\ at '''1 -"jCjit 3"k -l1j 1li7 Ajl - Xi ( .... , - 0, , 

I 

qaat:l • 
'. 

(5 •• ) 

: j 
I (l~j,k - 1,2, ••• ,1, a-I+1, •••• '. 
i 
I " 

, I , 

ft .. --a t:o rift lca1 font f the 

at 
1ii7 ' 1 

(1 - 1,2, ... ,1), 

, .. 



103 .. 

(5.' . 4) (6 - +1 ..... ,m) • ... 

(s • • 5) 

w •• 1Y1 + t'Yi­ 1" 

which, by I rt o~ (5.6 c: 3), ~ake. ~ • tOIla 

(5 . 6 . ) , U.-l.2 •••• ,I) • 

cdnditi • (3.8.3) it tol l 'that 



,hich bee 

(5.'.9, 

• rin~ , 

t5.'.1 ) 

lith t. 

UI • CODa 

[5.'.10) 

(5.6.11) 

! 
" 

104 

• of (5 .. 6.1) 

o- wI >\1 ( 
a - + ~Y1 oY1· , 

(S~'. ') d (5. ." ,. 981: 
I 
I 
I - 1Y.'" ' 1 . 
, 11 (I)- -Xl cJ, 

1~1.2, •••• r.) • 

lJ of (5.G. ) (5. .4) , 

aoe of ~. last rei U _ the. 

1 - ai' . 
1Yt ' 

leal f, 

1,j,k - 1,2, ••• ,1, a-I+1, ••• , ). 

.. 
; 

i ' 

:' , . . ~ . 
, 

• of InO • 



• • 
1941, •• 

olonCm.1G .... ~." 

~~ , 
l'h1s f 

~ cip. 

rariable. , if L Is 

• 
r I ,:x I I • • , xD I • i 

,f the ( ~1.2.1', • 
I . , 1 
I t 
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VI 

• 

-..,"" ............ 0 • bo:l.O!tOI!li.C ". .............. ~a 

era in il~Oft • 

1 1: a1 i. kept 

·Y· 
1 .. 

• t. f oti of act! 1. 

[6.2.1, ex ,x ••••• x , '. . o x I •• a 

n x IS , 
I • 

I 

,0 an 

, .. , ....• ,I I . 

I 
I 

, 
o 

ot x ,x , ••• , 
I • 

pu:rmaetera of Diblo 
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diaplaceDlll1lt lUlel X ,X , ••• ,X th corre ., operaton I. --. 
000 -000 

~ • ,. ,...... X·,X , •••• X~ eorx. re .. H!'t:1W-
1 • 1.--' 

. ; .-. and X'. at the t ~ - t.O. YIMI Yarlatl of 

ft~OD v, ill 'yl of (1.1.1 ). 18 91 ftJl by 

('.2.2) (p - 1,2 •••• ,al _ 

t i t. 'f L "" , ,I (Yp"P-BI 

t.e ; ~ 

s 

o 

ieal ~t.1 

i . ! 
I 
I 

I I 
I ! 

( - 1,2, ••• , ,. . '..: 

(5.3.10) 

81 u jeetory, the 

- (5.].11) hold at each 

J 
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1Jt·A1I~l ( ., • • 

., 1 

5.2.4) _ 41 
P ~V) ~ (p .. 1.2~ .... , ). (V), - J: ... . f 

r ~ 1. • ( .2 •• ) 

om 

l. .1) • 

p i . 

r • ( . 2.4) 'the 

L.J.l) • 

• ~l.Ll by , 
( . tb tl ~to ta1rl 

~ .. 

(V) . 
~pXp ) .. L, (p - 1,2 •••• , ). 

0 

n "of re ~ 91 

~ 2.5) +".f. .... L - • p . 

t t in b:r la~io 



n nlat1 

yield • tiffe 

I 

'1'bia i .. 11 
I 
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(x ,x ••••• x , y , ••• ~y..' ~)~ ~ - L laD, 

(6.2.5) (6.2.", ~~ wl~ (5.2.4), 

atioD ¥hi i. ~l.fie4 7 VI 

'. uti.l cUff tlal equatJ. .. 

f 1 ~ expre.. 1a ttmu vf x'. (1 ~ _4 the ' Z) 

par ten: .0,. i. • leta 1atxgral _. with t 1 .... 

of V U'.*,tr -_ _ .-ft , __ ~o • tl .. I is ~ be Dote4 ltere 

1.08':.10 , 

11 1D:_I~~MIlt: 

u (1.2.1) at. Wtl 

ow Im~tR • ifta • VRe 
I 

i.~ of campl.~ 1a 

of • part.al diff.. tla1 dIP if 
I 

K..tl '. 41ffez.atlal 18 
! 
I 

rala 

inte9-

ral of 1 ~ aha t this integral 

dbe tor t ctloa Vb! ve see):. t 

the at! - tii U:Hlt. rill e:r&y 
I 

1"ft I Pll%pO ., 'the.. r i. 

1. the h.~ ft. B lton-Ja 

4 this fact 

whidl 1. dilJC!ldl1cad 

below. I i 
'·i-! 
.. prOft t • foUovinq 

olonomic Sxs 

~orea. It 

(1.3.1) v- V(x ,s , ••• ,~ ~ • ,. I • • ,eo ' ~J ,a ~ I • 

"'-... ". 



; I 
I 
I 

i. a caapl." inmra1 of Jtas11 ~ . par~i.l 41fferential 

!qU!t OIl 

(6.3.2) 

tor . Iay. 

,. 

(x ,x , ••• , 
• I 

subject to bo l 

, (. - , ... 1,. ~. ,n, ~al. _ •• ,0) , 

-_\ 

the integr.la of the B l1toD'. 'eq!!at l a 

I 

.1 

a - -, 
~p i ' ,: \ 

• I 
L ,~_, !' 

, " 
, " ", .. 

• • .. 0-

.. , " 

.. (p,q,r • 1,2, ••• , ), !:.' It ' " 

. ':!'- • - . ~ '. 

- . . ~ . 
I "'. • . 

• 
! ' 

(6 • • 5) (p-l,2, •••• )" "' _ 

___ ~, ~ ........ .-.;;.~...;t.he;;;;..;.;;-..'! __ O!R~;;... .. _o;..;f;...,;;;;Li;;;:;;,f.;;;.ia;;;1=.te~.;.:;;:;;;;;;.;.;;;;1;......;;;di;;;..,;;;;£,;1:;.;.:;.;"~;.;;:en~t 

operator. tor the arblt.rnry COR ants. ' 

• equ to. (6 . 3.5), ~oq4D'tlt.Z' with ation (.3.3). 

'! 
Proof. S! 

I 
1\ 

I 
I 

I 
I 

a 

y' as f · ~~.1 • o f the ",'. v b'. ~. 

i~ral i •• bneUo of cl c • 
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tain 9 m arbi~ .a , ••• , 
I • 

41.-

pl.llC_.Jat 

• 1 ant 

( . 

1n 

( .3.7) 
.,. 

AlIlO .t • 

i at! 

('.3.') t I 

(I.'. ) 

r ~ora X ,X , •••• 
1 • 

are e dater-

) I , . (p,q - ~,2, ••• ,.), . 

1 •• • 

(a., I ••• ., , . , 
( , •..... • • 

, 

• I . 

.... ~-.....~& of xt. 04 a' •• 

I ~ i 

,b ••••• It),( - 1.2 ••••• ). 
1 

t"a. ,'.3.3, (' •• 5) •• Laf the tiona 

ltroy .. 1 • fa b' • 

• att.f1 .. ('.3.2) f r all a1 of x'. a' • 

app ria d ,.as ft1 tu~hlC1 t:h leta 

('.3.2) 9 tor ApI haft 

A Xo( ) - 0, (p,q • 1.2 •••• ,.). 

' . 

b
p -- p 

141 tl lly it ubt ute for x tr 

batit tinq the .-1 8 aDd 41 fl • t1atinv 

t, 

Xo m + "qXq~ V) • • 
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tN.58 va a, d dirt 

Ith th 

( . 3 .. 13) 

dy 
-.::..1?. oX«) dt 

t6.. .11) 

!.lp of (1..l.12) 
,I ' 
I : d . 
I ' D 

t ;ar--
i 

1. th re t' ot t:o t., h 

(q • 1,2, •• ", ). 

( ). ( ,q-l. , .... , ). 

(6.3.5), the 1a ~ huco 

(p,q,r-l,2, ••• , , . 

(6.3.10) and (6.3.13) th the f etion 

by ( .3. ) 

for ar of a' d b' , t 0 iB pr d .. 

tiona 

cat!es t.h 

to in~r Hilton' 

at: .:It 

follow. 
i ; 

y 0 at • pplic hI 

C '. of Donbol B . In ~ .. 1 v con ider 

f c tion -J applied i 
i 

t:o lnt ~h ynamicul. quat-lon ( _6.11) of a 11n fton-

hoi • 

or I leo 1 1 in ctloa 
: 

• of 
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IDW .SA Vee 

(V) - .. ... xoCVl. 

(V) - ~x (V), 
• ~ 

(I.'.') va 
.. 

'i 

} ('.3 . ' ) ;.. ~x A (V) - o. 7, q p 
l 

-I' ara ill - . . 
,.,.r,: .J.Cn!O , , 
I 

,ach ~, an4 !til 4eteDdnan1! 
I 

I 
• ! i 

Iltq~ (\').1 . 
.f t cae f~alenta 1. noa-Yanlahl 

[6.3.10) 

i i 
l I. 

" I _ 
p 

au 
tY:'" ' p 

I .. 

• 

.-
i 
I 
I 

. . .. 

. 
" 

to 

" (p 1.2, ••• ,.). 

• I 

.. 

I ! 
1'1 xt ".again subat.i tuu ~h. 

ct t 

plat integral1n (6.3.2), 

md DOW ve app17 the operator '), to obt~ln 
! , 

(6 . 3 . 11) 

I I 

I 
.pXo(V} + Xp ( ) '+ ' ~ X X (V) , • 0 • 

-rq p q 

.,.. 

~, 

" " 
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" 
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I "1 
ai 

- 5y!' 
(C.4.1) 

Let u COJlS1~n~ the first order partial if xeJlt:ial aU 

('.4.2) 

vb ra we aU11U hne the 

:ollow 

ifheo 

of eq 

,x •••• ,xD' • , ...... ' t) ia a CG!Ple~ inteqral 

(1.4.2) ,!q!'als of tile equtions of .,u.. 

(6.4.1) at t nonholoD a dInGNical slst 

. !CI!at:1ODsJ 
• 

'6.4.3) 

(6.4.4) 

U'. ,iftD by t~ 

(p 1,2, •••• ). 

"her!! a f ,_ .. fa, b, ••• ,b are arbitrary COD.t~tl.ts · compa-
III m 

tibIa wit 'the co."'lrtra1n~ qu ~ions and operators 

" 

X's eorrJ~d1nq to a ,a •••• c •• 

Proof. t~ .quau~ (: •• e21 :. aub.tit t.. the ccmplete iat.,n 

V and 0 



I, 
E il·, 

I : 114 
I 

t ·1 , 

(' .... 5) I 1'0 (V) 1. Ap'fl (V) - o. I 

.1 
tl 
I 

faaJ~tJ..t. (1 ••• 4' .1 

('.4.', " YoApM + 'lt1'iAp'.V) ., o. 
I 

au the oo-plete tegraJ. .. i8 of elan e # • 
Y A (V) - Yom, op 

11'1'P (Y) - ~Yl (V), 
, 

I I ' 

I . 
I 

I· 

! :. 
< • 

•• t 

" . I 

(' ... " , aii 
1,( 1 - ~l'i~(V) - , 0, (1-1,2, ••• ,t, 1,2, ••• ,., .. 
o l 1 . 
I I 

'!'he tl. ( • 4.1) fon a syft 

i ::.-trlx 1I
I
IY1-"(V) II 1 of raDk t. 

~ "-:-'1 ,, " .J , I , .. 
. I i 
(6.4.1) · I " - ali , "1 571 ' 

lj 

of 11 equation. _4 .laee 

equations (6.4.7) 91 .. 

(1 - 1,2, •••• 1) 

Aqata 8lIb~lt,*1 ~ integral for V la' (6.4.2, anel 

operaUaq by Y l' we 9et: 

I ' an 
I '11 Yo (V) + '1'1 (I) + iY 'I'I1'j (V) - 0, 

I j 

w lch, la ~ of '6 .... 8), De1I:t1iiIQIJ 

I 
(s .... " 

1

1 '1'11'" ) +Yl( + j~iYj(V) ·0, 
, I 

.j 
I 

(j • 1,2 •••• ,1). 
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i' 

6.4.10) 

&1.1 

,I 

a 
- 'it 
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- Y. . 0 

I • 

" 

rGOVi r, Xo CCI.-.ate. ..1 th X , X , .... it X 1 t: 
I I • 

fo11owa ~at. Yo 

ea:mm:ate18 ~1 Y . , Y •••• , Y f. This .f ~et •• abl •• 
• •• • 

t.o tain frem · 

( .4.11) 

8utfort!le 

in • c on 

I ~ 

('.4.10) t: relation 
. . I 

, 

(2.2.9) .,. ha 

(Xj+C,jX$),Xi+ca X )-(X1+e lXa) (X +oajX), 

(~;~ • ~+l, ••• ~m). 

r iderati bav. s la1Ded 

i ona 

ex .Xp~ - 0, Xw(c.l' - 0, ~!-1,2 •••• ,I;a, -1+1, ••• , Jpal,2, •••• J 

In 'f'1 

I I 

, . 
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' .. : ; 

, . I' , 

'(1 - 1,2, •••• 1) • 

i 't 

(C.4.14, 

Slaee 

: \ 

' \ . (l,j,lt. 1,2, ••• ,11,.1+1, ••• ,11) • 
. ;. I': . 

• i i 
1 • 

, ', ': 

. .. ,-

tile eqaa~lG1l. , (1.4.14) 1.act Ut th • .• ~a half of eqaa~lOD. 

,S.4.1). Yht. ' aaapl~. the proof. 

H the x'. are ~he Lac.Jnm;iu eoordlllat •• , the ~eonll 

41.cnaned hen i olll4e.· as a .J"Gcial ca.. aft aaalOCj'OWJ theo 

prCYf'e4 by ...... • 1 918. (3q). 

'.5. Baailtoa-3aoobi !'beorem for JIonholOllOlU.c Sy.t 
\ 

Ia the ; 1a.~ aeetlon v. eonaid8re4 the mod!fle~t1on. 

i \ 
. ; 

- :'.,11 ." -;- 1 .. !-

" 
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R 1 -3 bf tllft01C'l!!l!m It to 11 • linear 

• 
",,_ •• SHy tfioi ~ eon ition. for ppllcabl1 t: 

of Ittl!l-.o:J .t!clObl ~.beC,re!fil 

( .3. ) 

.. . I,: 
_ . . r 

x,x . ; •• , 
I I 

H l~ . a1 41 an ~i 1 

. " 

'nnl'1'!ft1GlUIml,C ayat: 

In. 

UY1Dmnc:'a1 

(5 ... ) 
.j 
i 

-

(1 2.2) ... 

f h. 1iJ'8 
. i 

f'a 
+ 1 ~ .. 

p 

• 

I 

place of the 

,'.3 .. 2) f1 

( .S.2) j I X tv) + 
I,' 0 

(x ,lEi', •• ""x I X (V), •• , C'), t) + • - o. 
I a . 1 , 

Thaf at1 
I 

V (1I: .X I i 
,.~. :, • , 

~ 
, ' 
I 

I 
I • 

( .. 5.1) 
I 

r ! 
I 

. I ' 
I 

• 1. 

I 

f 

• 
Yp -

" .... -, t) 

Xp( , 

is 

haw y th t: if v .\ 1_ 

~ 1 f ('.5.2), 

• ( •• ) r qlv bJ' , 
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('.5.4, - - A (V), p 'P 
(p • 1.2, •••• ). 

Dlft.rent1a~ (1.5 •• ) .1t~ m pact: to t:. we vat. 

( . . ) 
, 

bRit in th 

(q • 1.2, ••••• ,. 

iAt..q%al for V 1D (G •• 2). ana 
.pplyln~ the operator A we h 

('.5.6, 

• 
ev) '" 

'1'benfon ,th hi U 
j I 

(4.5.51 a~d ( .S.6, 91ve 

. (q • 1,2 •••• , ). 

Ata! 41tfe ntiatb'9 (1.5.3) rit:h re~~ to ~, ... 9 i: 

I I 

Appllaati or th ~r.tor~) · 4) (6.5.2) 91 • 

I 
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I 
I 
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( •• 5.9' 
a xpxo (V, + 2L (8) + - , '( x (V) + pan p q tt) - o. 
~ 

JIow ~ nlatJma (.5 •• ) , 
( .5.". yle14 . 

. '. It. 'i 

~ " 
., 

,.1.. ' If' 

.~:JCmd of • 

i' .. ' 1 • 

(a • " +1 ••• t.' 
-3. bi th 

c • 
",. • 1 

• • "1 

noaholo- " 

of t:he fora (1.2.1) 

rtd 1 fl. Ual eqaa~l (1.3.2) by _ • of • fanct.1 • 

• t:.be amM!.l..U • (6.S.7) (6.5.11) • 

f 

x". are t 

1 I 

• ! . 

. .. 
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