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PREFACE 

The hard sciences construct exact mathematical models 

of empirical phenomena and these models are then used to 

make predictions. However, some aspects of the real \vorld 

ahlays escape such precise mathematical models, and thus 

there is an e lusive inexactness as part of the original 

model. The purpose of fuzziness is to introduce a unifying 

point of view to th e notion of inexactness. The FUZZY in 

the sense used here was first introduced by Zadeh. 

Essentially, fuzziness is a type of imprecision 

that stems from grouping of elements into classes that do 

not have sharply defined boundaries. Such classes called 

fuzzy sets arise, whenever we describe ambiguity, 

vagueness, and ambivalence in mathematical models of 

empirical phenomena. The theory of fuzzy sets has as one of 

its aims the development of a methodology for the 

formulation and solution of problems that are t oo complex 

or too ill defined to be susceptible to analysis by 

conventional techniques. Because of its unorthodoxy, it has 

been and will continue to be controversial for some time to 
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come. 

The main aim of this dissertation is to define and 

study the notion of fuzzy almost linear spaces. This 

dissertation consists of two ch~pters, each beginning with 

brief introductions which summarize the material presented 

in that chapter. Chapter ONE is a survey aimed at 

clarifying the terminology to be used and recalling basic 

definitions and facts. this chapter is also devoted to the 

study of fuzzy vector spaces and almost linear spaces. In 

chapter TWO vIe present the notion of fuzzy almost linear 

spaces, sums and products of fuzzy sets, almost fuzzy 

subspaces, convex, balanced and absorbing fuzzy set sand 

results regarding fuzzy basis. 

ISLAMABAD, 

JANUARY, 1993. 

if 

MUHAMMAD ARSHAD 
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CBAPTER ONE 
DEFINITION AND BASIC CONCEPTS 

The aim of this chapter is to present some basic 

conc epts and to explai n the termlnology used t hr oughout in 

t hi s dissertation. In section 1.1 , He disc uss the conce pt 

of f uzzy sets and the members hip function. In s 2c tions 1 .2 

and 1.3 , a bri e f discussion on fuzzy linear spaces and 

almost linear spaces is given. 

1.1 FUZ ZY SETS 

Russel [10] gave the concept of Vagueni:.'SS, 

subsequently Zadeh [13J achieved a remarkable success by 

introducing the notion of fuzzy set and some related 

mathematica l concepts. 

1.1.1 DEFINITION [13]; 

Let X be a non mpty set. A fu zz y set A i n X is 

characterized by a membership fu nction ~ Hhich associates 
A 

to each x e X with its grade of members hip /.1 (x) e [0,1]; 
A 

~A is called t he membership f unction of A. 

For t he sake of simplicity, we shall oEten 

consider a fuzzy set in X as a fun cti.on JI : X-> [0,1 ]' or 
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equi valently, as th e set 

/1 == !( x ,i1( X)) :x E Xl 

of order ed pairs, where i1 (x ) E [0,1] for each x c X. 

NOTE; 

va lues 

If A is an ordinary se t , then /1 can take only two 
A 

0 and 1, 

i1 (x ) 
A 

,vi th 

={ 1 
0 

if x E A 
if x rt A, 

1n this cas e ~I == X 
A' the usual characteristic function of 

A 

A. 

1 .1.2 EXAMPLE [7]; 

Let X == N, the set of all natural numbers, and A be 

the set of small natural numbers . Then A is a fuzzy set. 

Here i1 may be given subjectively so that 
A 

i1
A
=! (1,1), (2,0 .8 ), (3,0.6 ) , (4, 0. 4 ), (5,0.2), (6,0), (7,0 ) 

, (8,0) , ......... 1. 

We may write 

1 E A, 2 E A, 3 E A, 4 E A, 5 E A, 
1 (l.B 0.6 0.4 0. 2 

and n E A for all n ~ 6. o 

1.1. 3 EXAMPLE [7 Jj-
Let X = R (The set of all real numbers ), .and let A = 

{x E R : x » 0 1 (the set of real numbers which are much 
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bigger than zero ) . Then A is a fuz zy set in X. A rn ewb ership 

funct ion ~ mi ght be subjectively defined by, say 
A 

2 

~ (X) ={ x~+ 1 
A 0 

if x ~ 0 

if x< O. 

Then j) (0. 5) = O.2,/J (l) =0.5, /J (2) = 0.8, .... 
A A · A 

Th e membership function has some resemblance to a 

probability function when X is a countable set. But there 

are es sential differences between these concepts. 

We next defi ne some notions which are analogous to 

those in the usual set theory. 

1.1. 4 DEFINITION [7]; 

Let /J and ~ be two f uz zy sets in X then, 

(a) /J is called empty if !J = x¢ i.e. if !J (x) = 0 for 

all x EX . 

(b) !J is called subset of ~ if !J ~ ~ i.e. if /J( x ) S ~ ( x ) 

for all x E X. 

(c) /J is equal to ~ if /J - ~ i.e. if M(x) = ~ ( x ) for all 

X E X. 

3 



c (d) The pseudo complement ~ of ~ is defined by 

~ c ( x ) = l - ~(x) for all x E X. 

(e ) The union (or supremum) ~ v ~ is defined by 

(/I v A) (x) = /J(x) v A(x )=max I~(x), :A(x)), x E X. 

(f) The intersection (or infimum) ~ A :A is defined by 

(/1 A A) (x ) = ~(x) A :A(x} = min{~(x) ,A( X}) , x E X. 

1.1.5 EXAMPLE [7]; 

fuzzy sets 

xl. Consider the 
4 

II ={ (x" 0.4) , (x ....." 0.2) ,(x, O) ,(x, 1}1. 
3 4 C. 

A ={ ( x, 0.3) (x, O.I},(x, O},(x, 0.5)1. 
1 2: 3 4 

Then ~ s ~ since 0.3< 0.4, 0.1 < 0.2, 0 = 0 ,0.5 < 1~ By 

Io1riting 

x = {( x
1

' 1),( x ,1},(x ,l),(x ,1}), X is a subset of 
x 23 4 

itself in the sense of the theory of fuzzy sets and in 
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th i s cas e 

)< < ). 
(/) 

Ii < Y , 1'I'he r e 
x' 

The nex t ex ampl e i s an illust r at i on for 

pse udo-compl emen t , union and int er s ection, this als o shows 

that i n gener al 

1.1.6 EXAMPLE [7); 

Le t X Ix , x , x ,x I . Cons i de r 
1 ~ J 4 

G 
jJ [( Xl ' 0 .8 ) ,( x ?" 0 .5 ) ,( x

J
, 1), ( x

4
' 0 ) 1. 

~I V 
c 

~I =: 

1.1.7 THEOREM [7, Th eorem 2.7); 

Let ~ ,jJ,v be fuzzy sets in X; Th en 
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(i) ( 'A v II) co::: Ar. A c 
II 

(i i) (I, /\ I I ) !-:::'A , : V 
,-

II 

(iii) /J V (A /\ p) ::: (p V A) /\ ( p V 11) • 

(i V) p /\ ( 'A V /1) ::: ( f! /\ A) If (p /\ II) . 

(v) (jlc ) (: = jJ. 

PROO F; 

(i) For any x f -- X, 

( 'A V jJ ) l: ( x) = 1 - (A If /1) (x ) = 1 - ( 'A (x ) V I' (x ) ) 

(l -A (x) ) /\ (1 - /1 (x ) ) ='AC (X) 1\ 1/ : (x ) . 

Thu s ('A V ~I) c= A
r

/\ 
( ' 

/1 

(ii) The proof i s s i milar to the abov e part , It us e s t he 

r elat ion 

l-(A(x ) /\ II ( X ) ) -::: (l - A(x))V (l-li(x)). 

(iii ) This follows from t he relation 

p(x) V ( 'A(x ) /\ IJ(x)) = (p(x) V ).(x)) /\ ((p(x) V /-J(x )) . 

(iv ) This f ol lows from the relation 

p(x ) /\ (A. ( x ) V J.l( x ) ) = (p( x ) /\ A (X) ) V ( (u( x ) /\ /I(X )) . 

(v ) Th is is t r ivi al. 

1.2 FUZZY LINEAR SPACES 

Thr oughout t his articl e E wil l denote a vector space 
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nVG r K , wh e r e Kisth .::: ft c- ld of ['ced ("It" (. omplcx n'l !nLt:: rs, 

1..2 .1. DEFINITION [6J; 

Let A , A , ..... ,A be fuz zy sets in E. w ~ defi ne A x 
1 r' TI 1 

A x .•.. • .• x 
:l 

A to 
" 

be th e fuzzy se t A in Hhose 

members hi p function is given by 

II (X , x , . .• . , x) = min[ 11 ( x } , II ( x }, .. .. ,IJ (x )1 . 
" 'I 7. n A 1 ,,? "" 

1 G " 

n 
Let I/:E ->E , It{x , x , ...•• ,x) =x+x+ .... +x. 

1 2 n -1 2 II 

We define A + A + . ... . + A ::: / I(A) . For '~ a scalar and B a 
1 r. n 

fuzzy set in E, He define J...{B} = g(B), IVhere g:E-- -> E, dd-

jned by g(X)=AX. 

Let T be a mapping from X to Y. Le t B be a fuzzy Sc t 

in Y ",ith membership function ~I .The 
u 

111V '. rse mapPing 

ind uces a f uzzy set A whose membe rship function is defi ned 

by 1-' (x) = 1·1 (y) = {I (Tx ). 
A D IJ 

If A is a fuzzy set i n X "l 't h membersh i p fun tinn ilA, then 

t he members hip function for the fu zzy set B i n Y whi ch is 

ind uce d by this mapping T is 

!.lo (y) = max i1 (x ). 
- 1 A 
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x _T (y) 

- '1 
I[ T is one-on e th e n T (yl 15 5illqleton ancl 

- 1 
= 11 ( T - (y}). 

/I 

Fo r a f uzzy set A of X, the set Ix e x: ~I (x l ) O} is 
A 

called s upport of A and i s denoted by SIlPP A or A . 
LI 

1.2.2 LEMMA [6 , Le mm a 2 .1]; 

For A t 0 IJA&x l = IJ &(I/ A} x ) f or a ll x (:: E . For A 0, 

{ 
0, 

1\ (x ) 
IJ 

Sup 11f) (yl , 
y 

PROOF ; 

We kno\~ that 

- 1 
!-l A[~X ) =~I f3 (g ( x} ) , 

Ivhere g (x ) =. AX, 

- 1 
g (x l ~( 1/ A } X if A t 0, and x t O. 

:. !-lAB ( x ) = IJ
R 

((I/A) x ) . 

If x = 0, the n 

g(O} = A. O = 0, 

g -1 (O) = 0 and 

11AB ( O) = !-lB (O) = O. 

If 'A = 0 then 

8 
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g(x ) 0 am1 

g (y) == 0 for all y c E. 

I\B (x) 
- I .. == iJ

B 
(g (0) 

= liB (y) 

== sup /' (y) . 
y I) 

1 .2.3 COROLLARY [6, Corollary 2.3]; 

~(A + B) = ~A + ~B for all fuz zy sets A, Bi n E, and 

all scalars A. 

1 . 2 . 4 LEl·1l1A [ 6 Lemma 2.4]; 

Let A , . .... . A , B , ..... ,B be fuzzy sets i~ F J nd 
1 11 1 fII 

pu t, 

A :;: A
1
+ A~+ ....•. + An ' B == B + B + ......... t B , 

1 2 III 

F A + A + . ... . + A + B + B + ..... +B . 
1 2 11 1 ? ,,1 

Th en F = A + B. 

An ordinary subset A of E can be consider ed as a 

fuzzy set with membership function equal to characteristic 

function of A. In thi s way we may conside r th e su ms of the 

form A+B where one (or both) of A, B is an ordina ry subset 

of E. For x F X and a fuzz y set, We def in ~ x+B=!xl+B. 

Let f :E--)E, f (y)==x+y. 
x x 
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1.2.5 LEMMA [6 , Lemma 2.5J; 

Let A be an Ordinary subs e t of E and B be a fuzzy 

s et . Then 

(i) x +B= f (B); 
x 

(ii) II ( z ) = II (z -·x); 
x +D B 

(iii) A+B=U (x+n ) . 
xCfl 

1 . 2.6 PROPOSITION [6,Proposition2.6]; 

Let A,A, .... ,A be fuzzy sets In E and A, 
1 2 n 1 

A , . . . , A scalar. Th e follO\~ing assertion ar e equi va] en t: 
i: n 

(i) A A +A A + ...... +A A c A. 
1 1 2 2 n n 

(ii) For all x ,x , .... ,x in E, and we have 
1 2 n 

f.1 (A x +A x + .... +A x ) ~ min!II (x ) ..... 11 (x )\ . 
A 1 1 2 2 [, n A 1 A n 

1 n 

1.2.7 LEMMA [6, LEmma 2. 7]; 

(i) 

(ii) 

Let A, B be fuzzy subsets of E. Th en, 

A + OB c A; 

A + 0 B = A i ff sup E f.1 ( x) ::;; '" 1I P tl ( x) . 
x - C A xEE 0 
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1.2.8 DEFINITION [6]; 

A fu zz y set F in E IS called a fuzzy subspace if, 

(i) F + F C F, 

(ii) AF C F, for every scalur A. 

1 .2.9 PROPOSITION [6, Proposi ti on 3. 1]: 

Le t F be a fuzzy set in E. Then, the fall oHing are 

equivalent: 

(i) F is a subspace of E. 

(ii) For all scalars k , m, we have kF +mF C F. 

(i ii ) For all scalars k, m and all x , y F E, we h av~ 

Il l' (kx + my) ~ min! / IF (x ), ~IF (y) I . 

1.2.10 PROPOSITION [6,Propos ition 3.3]; 

If A, B are fuzzy subspaces of E and k is a scalar, 

then A + Band kA are fuzzy subspaces. 

1.2.11 DEFINITION [6] ; 

A fuzzy set A in E is said to be: 

(a ) Conv ex if kA + (l -k) A A for all k E [0,1] . 

(b) Balanced if kA C A for all scalars k \~i th I k I .5: 1. 

(c) Absorbing if E = U kA 
k " () 
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1.2.12 PROPOSITION [6, Proposition 4 . 1] ; 

Let A be a fuzzy set in E. Th en the following 

assertions are eqlli valent: 

( i ) A is convex. 

( j :i ) I) (kx+(1-k)y ) <=c minlll l\ (x ) , II (y) I f or all x,y (. X 
A · 1\ . 

anel all k c: [0,1]. 

(j i i) For each d , .. [0,1] , th e s et Ad == I x E" X: II ix) ~ dl 

1S convex. 

1 . 2.13 PROPOSITION [6, Prciposition 4.1]; 

Le t A be a fuzzy s et in E. Then th e following 

assertions are equivalent: 

(i) A is balance d. 

(ii) p (k x ) ~ /1 (x) for all k with Ik I :$ 1. 
A A 

(i ii) A == Ix E X: f.1 (x) ~ ell for ea ch d F [0,1] is 
d 1\ 

balanced . 

. 1.2.14 PROPOSITION [6, Proposition 4 .4] ; 

For a fuzzy set A of E, the following are 

equivalent: 

(i) A is absorbing. 

12 



(i i ) For each x c X, s up tl (lex ) 
1\ 

k '' ., 

(ii i) Fo r eac h d c [ 0 , 1], t he Sc:t A 

is absor bin n. 

1.3 ALMOST LINEAR SPACES 

1. 

d 
Ix ( E: I I (x) 

A 
2. d l 

An almost linear sp ace is a non emp t y s e t X t oge th er 

Hith two mappings s : XxX -) X and m: RxX--) X s ati s fying 

the conditions, gi ven belo\f: For x,y c.: X and A t:: R we 

denote s (x , y) by x+y and m(A , x ) by AX. 

A, II E". R, 

L) (x+y)+z = x+(y+z ) ; 
1 

L ~ ) x+y = y+x ; 

Le t x,y, z F X and 

L) t her e exists an e l ement 0 F X such t hat x+O x ; 
. 1 

L 1 Ix = x ; 
' I 

Lr l 'A (x+yl = AX+AY; 
. J 

L) Ox = 0; 
L 

L 7 ) 'A (J..lX ) = P-ttl X; 

LO ) ( A+J.l ) X = Ax+ llX for A, p ~ O. 

We denote - lx by -x when this will not l ead t o 

mis understand ing , and in the sequel x-y means x+(-yl. A non 

emp ty set Y of an almost linear space X is call ed an almost 
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linear subspac e of X, i f for e ach Yl'Y ~ ( Y and ), ( R, Y1 + 

y (" Y and AY ( Y. 
1 

F'ur an a lmos l 1 i 1l 2a r S Ddce :<, t h e set s 

V and Ware defined as: x x 

NOTE; 

v x 
[x (" X 

w = [x EO X 
X 

x-x=OI, 

x = -x I . 

Th ro uqhou t i n secti.on (1. 3 ) , and chap l·er 2, X Hill 

deno t e an almost linear space (als). 

1 . 3 . 1 DEFINI TION [2 J; 

A subse t B of X is called a bas is of X i f f or ea ch x 

c X\ {O I there exi s ts unique s et s [b , . .. , b I e B, 
1 " 

{A , .••• , A 
1 fl 

I E: R\[OI (n dependinu on x ) s uch t hat, 

n 

X = L A b . , ,,'here A > 0 for b .1- V 
i 1 i I X 

j ~ 1 

Clearly, if B 1S a basis of X th en 0 rt B. 

1.3.2 LEMMA [2. Lemma 2.2]; 

If th e als X has a basi s B, t hen the se t s b f 

B, tX > 0 for r, if V I are als o basi s of X. 
l> x 

1.3 .3 LEMM A [2 , Lemma 2.3); 

Le t X be an als with a basis and x , x E X. If x + X.,F 
1 L! 1 <-
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If th en x E" If . 
x i x 

PROOF; 

Suppose x + X _,E" If and l et x = -x and x = - x . s ince 
1 c, x J 1 4 ? 

X has a basi s B, there exist b , .... , b C 8 ,b f. b f or i f. i. 
') fI J 

n 

s uch t hat x = ') IX b , , "There 0: ° if b ,r! V , 1.$ i .$ 4. 
'-' j .i J ij J x 

j = 1 

4 n ~ 

hypoth es is we get that \' x,= 
L. \ o and so L (L (X , , )b= 0. 

j '" 1 i = 1 \.J J i = 1 

Suppo se b
1 

~ V
x

' Then, 

'1 n '1 

b = (1 + \' IX ) b + \' (\' 0:, ,)b = 0. Si nce b ( 8, it 
1 L. i1 1 L. L. 1 

i=l j= 2 i =1\.J 

4 

fo llows tha t 1 + L ~1 = 
i = 1 

1 . But (X 
j 1 

~ 0, 1 .$ .$ n , and so 

8y 

a = 0 , 1 .$ j .$ 4, Cons equently for e ach b , ~ V , 1 ~ j .$ 1, 
i 1 J x 

we ge t 0: = 0, 1 .$ i .$ 4, which shows that x E V , 1.$ 1 ~ 4. 
i j i x 

1.3.4 LEMMA [2, Lemma 2.4] ; 

Let X be an als with a basis B. Then B n V 1S a 
x 

basis of V . 
x 

PROOF; 
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Le t x r V , th en x F X. Si nce X has a basiR B ,so f or 
x 

each x F X th e r e exists unique I b , ... , b 
1 " 

( B , 1\ , ... .. . 
1 

, A I c R\ I OI s uch t hat, 
ro 

" 
x = L A.b. , wh ere A ) 0 for b . V V . 

I , I X 

i = ·1 

n 

So , L '\ b c If =;. I- b [ V , by IJcmma 1. 3.3 . Furthe r 
x x 

i = 1 

1/1- ( Ie. b . ) r: V (Becaus e V IS a l inea r sp ace ) . 
I ! x x 

~ b F V , so b F B n V 
x x 

Henc e B n V is a basis of V 
x x 

1 . 3.5 LEMMA [2, Lemma 2.5]; 

Le t X be an a l most linear space . Th e s e t B ( X is a 

~a si s of X iff B 11 V is a ba s is of V and f or eac h x <, 
X X 

X\ V the r e ex is t s un ique 
x 

I b , . .. , b J 
1 " 

A ..••• , A ) 0 , s uch t ha t 
1 n 

n 

X = ~ A.b + v . 
i = 1 1 i 

PROOF; 

v ( V and x 

Suppos e that B c X is a basi s of X . By Lemma 1.3.4 

B n If is a basis of V . Now suppose t hat x E X\ V and by 
x x x 

definition of basis for each x E X there exists unique Ib , 
1 
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..... ,b B\V 
n 

x == \' L. 
i = 1 

x 

A b 
i j 

II.. , .... ,A I e R\IOI such that 
1 n 

,wher e A ) 0 for b V V . 
1 X 

NO H su ppose for i == 1 , .... , m, b ¢ V , and b .~ V for i 
x x 

mtI, .... ,n. For b ~ V , we may have A < O. 
i x i 

n 

x == \' LJ A.b + L A b . 
1 i 

i " 1 

II 

i 
i " 1 + III 

As b .E V , then A band E Ab E V 
xiI i x 

i=l+m 

n n 

.. V is a linea r 
x 

spaces), put Ii A.b. ,then x = L A.b.+ V. 
I 1 1 I 

i=l+rn i = 1 

Conversely; 

Suppose that x ~ X,th en either x ~ V or x 1 V . 
x x 

If x E V , then B n V is a basi s of V , by gi ven cond ition. 
x x x 

If x ¢ V , then x X\V and again by given conditi on f or 
x x 

each x E X\V th ere exist~ un ique [ b , . . .. ,b I E B\V [A
1

, 
x ·1 fI x 
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. . .. , A I EO R\IOI such that 
n 

n 

x = >: A b . + V 
i = 1 I I 

'" 
As v c V so v = >: A b 

xi.=. 1 I i 

Henc e B is a basis of X. 

1.3.6 LEMMA [2, Lemma 2.6); 

Let B he a basis of the als X. Then for eac h b E B\V 
x 

th e r e ex i stu n i qu e Ip ( b ) E B \ V , V ( b ) E V an d A ( b ) ) 0 5 U c h 
x x 

that - b = A(b) 1J.l(b) + V(b). 

PROOF; 

Let b F B\V . Then -b ~ V and by Lemma 1.3.5 we get 

k 

-b = L 

x x 

A b + V 
i i 

(i) 

wh e re b , ... ,b C B\ V , k ~ 1, b . t b for i i j, V E V and 
1 k x I i x 

A.> 0, 1 SiS k , a r e uniquely determined. Cl e~ rly the 
1 

Lemma i s proved if we show that k = 1. Le t e , ... ,e E B\ V , 
1 III X 

e . ie. for i t j , V F V , U . . ~ 01 S i ~ k ,1 S j S m , s.t 
I J i x I J 

m 
- b .= L 

j = 1 

U 
i j 

e + v 
j 

18 
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l111ltiplying (i) by -1 and using (ii)vle get 

II, k k 

(E A. u . ) e . + E A.v . + v 
I = 1 I l J .1 j = I I I 

(iii ) b E 
j = 1 

Sinc e b (0 B\ V , t he r e ex ist s an index j ( ,. 11 , ... ,II,j -
x II 

s ay j = 1 such t ha t b = e and we must have o 1 

0, 2 ~ j :::; m. 

Since ~ . ) 0 and U .. ~ 0 it follows that u . . 0 f or each I S i 
I J I J 

:::; k and each 2 s j S m . Cons equ ently . we get by (iiI 

- b .= U 
i 1 

e + v 
1 

(1 ~ i s k) (iv ) 

and u ~ 0, si nce - b ~ V , 1 S i / k . Suppose k >1 . By (ivl 
i j j x 

for i = 1 , 2 '~e get t hat e = ( -b - v )/ u = ( -b .. .. - V )/ ll 
1 1 1 'J • ~~ ...: 1 

and so b = (u lu )b + ( ( v lu I -Iv l u I I , cont radic t i ng 
1 1 1 21 Z Z?1 I 11 

IJ emma . 1 . 3 . 5 . 

Le t t/' B\V --) B\V be de fin ed as in Lemma 
x x 

1 .3.6.Then ~ is we ll-defined and we have : 

1.3.7 LEI1MA [2. Lemm a 2.7 ]; 
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Th e mappi ng t/l : I3\V --) B\V defi ned ,15 ahove is 
x x 

injective and l/l( t//(b) ) = h for eac h b l B\V . i n particular ~) 
x 

is surjective , 

PROOF; 

Let b / b E V, such tha t tp(b ) = t/l (b "_") = b ( B\V . Th en 
1 L x 1 x 

- b = ' \ b + v, / A,> 0 / v F V / i = 1 / 2 / and simi l ar ly 
J x 

with t he proof giv e n at t he end of Lemma 1.3.6 this contra -

dicts Lemma 1.3.5 / 

Let now b E B\V . Then -b = A ~(b ) + v / wh er e A ) 0/ 
x 

v ell and I!'(b) <::: B\V are gi ven by Lemma 1.3.6. Th en - 1}.I(b) 
x x 

(b/\) + (V/A) / and so, again by Lemma 1 .3. 6 we get 

l/l( t/l( b )) = b. 

1.3.8 THEOREM [2 / Lemma 2.8]; 

Le t B be a basis of the als X. 

Th en t here ex iist s a ba s is B of X Hit'h t he property that 

for eac h b E B \ V / we have - b F B \ V . 
x x 
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CHAPTER TWO 

FUZZY ALMOST T J I NEAf'( SPACES 

Cod i ni [2] gave t he no t i on of almost ll near spaces . 

Th e a im of this chapt e r is to d,; fin . and stucly th e fuzzy 

almost linear spaces . Section 2.1 contains sums and 

product s of fuzzy s e ts in almost li near spac es. S~ction 2 . 2 

deals with the almost fuzzy subspaces . Sec tion 2 .3 contains 

convex, balanced, absorbing fuzzy s e ts , in a lmos t linear 

spaces. Section 2.4 includes th e de finition of fuzzy basis 

and its relevant r esults. Throughout this chapter :p I-rill 

denote a fuzzy subset of X. 

2 .1 SUMS AND PRODUCTS OF FUZZY SETS IN 
--------~------------------------ ----~~---

ALMOST 

LINEAR SPACES 

2.1.1 DEFINITION; 

A be fuz zy s e ts in X .... \~e uefin e 
n 

A xA x .. . xA to be the fuzzy set A in X "'hose members hip 
1 t-~ [1 

f lln ction is given by 

x ) = minl~ I x ), 
n A 1 

1 

Let f: X" ~ X, be defined by 

21 

. ... , /1 (x) I . 
A f' 

1\ 

f (x l' .... I X ) = 
" 



y. + . .. + x . 
11 

De[ine A + ... + A = t(A) . If A and n a r( fuzzy so t s t h ~n 
I 1\ 

t he membership funct i.on of A+13 i s ~i.vLn by 

I I (x) = s up Imi n l IJ ( a ),11 (b)IJ. 
A+ II A II 

x=d+ h 

For ~ a scalar and B a fu zzy se t i. n X, define ~B 

g( B) wh ere g : X ---7 X, g( x ) == AX and 

( - 1 
111:l(g (X) ) =: IJ

u
( ( l / ~ ) x ) if ~;t:O and all xCE 

Il.All ( x ) = ~ 0 iE A - 0 3nd x ;t: 0, 

sup IJ (y) 
II 

i f A ° and x == 0. 

L 
y 

Le t f . X ---7 X be de fin ed by f (y) =: x + y. 
x x 

2.1.2 LEt·1HA; 

Let A be any s et and B a fu zzy set in X. 

Then for x E X, 

(i ) x + B f (B ) , 
x 

(ii ) }J ( a ) 
x + ll 

(ii i ) A + B = U x + B . 
xE A 

PROO F; 

I I,, (Y ) , 
J. 

i f a t x + y, 

(i ) . As x + B - Ix l + Br th er e f or e by de f i nit ion of s um 
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of two fuz zy sets 

/1 (a) = s up I minll' }(z), 1.1 (y)11 
x + B < x !l 

a = z ;· y 

On the o ther h and 

/.1 f (lJ) (a) s up 
x - 1 

y E r (B) 
x 

/1 ( y ) 
.[1 

if II (z)= 1 , 
{ x 1 

if 0 ( z ) =o, and a t 
( x 1 

x+y for y E X 

/1 (y ) if a = x +y for some y <-: X, 
f) 

if a t x+y fo r any y 0 X. 

Thu s I x l + B = f (B) . 
x 

(ii) It follows from th e proof of ( i ). 

(iii) Since 11 (x) = sup Iminlll ( a ), /1 (b) II 
A+ B A [I 

Henc e A + B 

x =a+ l, 

u x + B . 
xE A 

2.1.3 PROPOSITION; 

Let A, At' • . • , An be fu zzy sets in X and 'A
1

, A ~~ , ... 
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Th e n th e following ar equivalent: 

(j ) A A + ... + A A ( A 
1 1 " n 

(ii) For all Xl ' • . • , X" C X vTe have 

~I (A x + . .. H . x ) ~ min ( 1.1 (x ;), .. .. , IJ (x) I . 
A 11 fI" A A" 

1 11 

PROOF ; 

(i) '* (ii): 

Now (ii) '9 (i): 

~ min III~ (A X , •• , l i, ( A x ) I 
/I. A 11 AA 1:11 

1 1 II n 

~ min (p ( x ), 
A 1 

1 

I' ( x ). 
A Il 

11 

By rearranging the order if necessary, we may assume 

t hat II t 0 for = 1, 2 , ...... , k, a lld A = 0 for 

k < i ~ n.Let X l' X , • •• •• , x be eleme nts of E. 
2 11 

For 

all y , y , ....... , y in E we have 
1 2 n-k 

p ( A. x + .. . + A x ) ~ (,.1 ( X ) , ••• , J I ( X ), 1.1 (y), •... 
A 1 1 II n A 1 A k A 1 

1 k 1 

, p (y ) I. 
A n-k 
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1\ 

Si. nce,ll (0 ) 
CIA 

/1 (A x + . .. +\ x ) ;:: mi nl/' (x ) , 
A 11 li n A J 

1 

/1 (X ), 
A k 

k 

/1 (0) , ... • . , /' (0) I . 
Oi\ (JA 

k + 1 n 

How, 

1\ A + •• • . + A A( Z ) 
1 1 fI n 

=: SUp [min!/,,, A (Xl) ' · ····, 1\ A (X Ill] 
x + x + + x =Z 1 1 fI " 

2 . 1 . 4 LE1'lHA; 

12 k 

x + •• • • x =Z 
°1 k 

[min f /\ (x ) 
A °1 
1 1 

=: sup 

/ I (I A ( 0), . . .., I ' ~ ° ( 0) I J 
.... lIA 

k+l n 

=: sup [minlfJ (( l/,, )x), 
A 1 I 

~+. ·.+ ~ = l 1 
1 k 

I' , (x), 
1\ A I< 

k k 

/1 ((1 /" ) xk ),)1 (0), 
A k n A ... , /1 (0) I J 

(l A 
k k • 1 

.:>.; sup 
x ........ + 'x 

1 k 

25 

/1 (A (1/" ) x + .. .. 
All 'I 

z °1 

+;\ (1 / A )X ) 
k k k /' ( Z ) 

A 
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L e t A alld n b e tlw f\l z zy se t s 11l X ~ 1']10: n 

(i) A + 05 < ' . n, 

(i j ) A + 013 A iff sup il", (x) :., sup I/IJ ( x) . 

xC x Xl X 

PROOF ; 

( i ) 11 (x + OY ) == I I ( X) L mi nlll (x), jJ (Y)]. Henc e (i) 
'" "' : A U 

f ollows from·p r oposi ~i on 2 .1.3 . 

(ii ) Suppos e that sup p ( x ) ~ sup II (x) ::; I I . ( 0 ). 
/\ IJ (l 1J 

1'h2n II ( z ) ::: sup [ m inl~1 ( x ), l.l (y) I] == 
/\+ OFl x+y=<. 1\ (Iii 

mi n II I ( z), p (0 ) 1 :::: 11 ( z ). 
A 08 A 

On the other hand , if IIA (z) ) sup /1 (x) 
I) 

~ (0) for some z , then 
on 

II ( z):::: mi nl,u ( z ), I I ( 0 ) 1 ( II ( z ), 
"'+(llJ A ()I~ A 

and h en ce A + OB t A. 

2.2 ALMOST FUZZY SUBSPACES 
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2.2.1 DEFIN I TION; 

A no nempty fuzzy set F i n X J. S called a fuz ?y almost 

li n e ar SubspAce of X if 

(i) F+ F c F, 

(i i ) AF \ F f or a 11 A (' R. 

2 . 2 . 2 PRO POSI TION; 

Let F be a £ u z z y set i. 11 X. Th e n th e f 011 (II, i II gar e 

equivalent: 

(i) F is a fuzzy almost linear s 1\ bspac e of X. 

(i i ) For al} k, 1I1 C R, kF + mF ,. F . 

PROOF; 

For all k, m ( R a nd x , y l X, 

(i) (ii ) : /.1 ( x ) 
kr + n.F 

::: sup 
x=a+b 

/1 ( b ) II 
rnF 

Imin {/I (a), 
kF 

::; S l\ P {mi n 1/·1 F (a), / 1 r: ( b) I I 
x:::d+ b 

== /.1 ( x ) ~ /1 ( x ) . 
I '~ + r: F 

Therefore kF + mF ~ F. 

(i i ) 9 (i ): Ta ke k = 1 = m, t h en F + F C F . Also if 

m = 0 , t h en by Lemma 2 . 1. 4, k F = k F + of C F. 
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(ii) ¢oj (iii): Fo llo,.,s fr om Pr opo s ition 2 . 1. 3. 

2.2.3 LEMMA; 

If A is an almost linear subspac e of X th e n 11 
A 

(characteristic function of A) is a fuzzy a lmost linear 

s ubspace of X. 

PROOF; 

Let x, y E X and k, m E R. If kx + my E A, then 

J-l
A 

(kx + my) = 1 L minllJ
A 

(x), fJ
A 

(y) I . 

If kx + my ¢ A then either x or y does not be l ong to 

A and so min/fJ (x), fJ (y) I = O. The r efore 
A A 

fJ (kx + my) ~ min/ll (x), ~l (y) I 
A A A 

Thus by Proposition 2.2.2, A is a fu z zy almost linea r 

subspace of X. 

2.2.4 LEI1MA; 

If F is a fuzzy almost l inear subspace of X, then 

the following s e ts are almost linear subspaces o f X; 
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(i) 

(ii) 

PROOF; 

F 
1 

i x ( X: II I ( X) := II ( 0) I . 
F 

F := ( X ( 0 X: 
(l 

(i) .Obviously, 

/1
1
, ( X) ) 0 I . 

F is n011" IOp ty. 
1 

If X , Y \ F 
I 

th en 

/1 . (x) "" II (y) 
I· I· 

/1 1 (0 ) and 1\ (x+y) ~ minlll ( x ), II (y)1 
I ! j. 

:= Ii ( 0 ). 
F 

Thu s x +y EO Fl' Also IJ
1
.' (Ax) ~ III ( x) "" 1\. (n ). I t impli e s 

t 11 a t /1 F ( AX) = ~I F (0). Th U s AX E: 

linear s ubspace of X. 

f . 
1 

Hence F 
1 

is a n a l mo st 

(ii ) .Obviously F is nonempty . Let x , y E F th en 
o 0 

/Ir (X) ) 0 and IJ
F 

(y ) ) O. Thus I.I
F 

(x+y) ~ min ( / I
F 

( x ), /11' ( y) I 

> o. 

Th erefore x+y E: F • Also III:' ('Ax ) ~ Ilr: (x) ) O. 1'11\\$ AX t F . 
( ) (I 
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Hence F is an a lmost lin ear s ubspace of X. 
o 

2.2.5 PROPOSITION; 

If A and B ar e fu zz y almost lin ea r 

sllbs pac es of X and k is a non zero r ea l nu mber, tlll:ll A I-B 

and kA ar e f uz zy a lmos t linear sub sp ac es. 

PfWOF; 

Le t X, Y E X, then 

II (x ) = sup 1{1
A

{a) I\Po{b)I , A+D 
x=a +b 

and 

I_I (y) = sup 11_1 A ( c ) 1\ 1.1 0 (d) I . A+O 
y= c +d 

It furth er impli es that, 

{I ( X ) 1\ 1.1 (y ) = in f [ sup [ /_1 A ( a ) 1\ 11 0 ( b ) I , A+B A+B 

sup [/1 ( c) 
A 

y =c+ d 
1\ 11 0 ( a ) II . 

sup sup [/1 (a) 1\ 1.1 (b) I 1\ 
A U 

x=a +b y =c+ d 

[/1 (c) 
A 

1\ /1 (a) I I . 
II 

~ sup 
x +y= e +r 

30 
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Also , 

Ii (x +y) . 
/\+0 

11 (x ) ::: sup II) /I ( a) 1\ IJ. 8. (b) I 
, /I + II 

.~ sup {II (k a) 1\ II (kb) I 
A IJ 

x=a +b 

s up 
l<x = k a +kl> 

::: I) (kx) 
/\+11 

III (ka ) 1\ I I (kb)l 
/I n 

From ( 1) and ( 2) 

II (kx+my ) ~ mint /1 ( x ), II (y) I . 
/I A+D /\+U 

Thus A+B is a fuzzy almost li near subspace of X. 

(1) 

(2 ) 

Now we s how that kA is a fu zzy almost linea r s ub space 

of X. Le t x , y E X and m, n E R, t hen 

p (mx+ny) 
1<11 

::: (m + n ) 
iJ/\ k x k Y 
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= In i n Iii ( X) , '.1 ( y) I . 
kA kA 

Thus by Proposi tion 2.2.2 kA is a fuzzy almos 1 1 inear 

subspace of X. 

2.3 ~_<?!!Y.~.~ , BA~A!,,_~ED ,!ND .A._BSORJ3_~~UZ~~_.~ET~ __ .! N 

LINEAR SUBSPACES 

2.3. 1 DEFINIT ION; 

A fuzzy set A in X is said to be : 

(a) Convex if kA + (l - k) A c A for all k E [0,1) . 

(b) Balanced if kA <- A for all scalars k Hith I k I 

(e ) Absorbing if X = U kA. 
k>o 

2.3 .2 PROPOSITION; 

AL}10ST 

.::; 1 

Let A be a fuzzy set in X. Then th d fol loHing 

assertions ar e equi valent : 

(i ) A is convex . 

(ii ) /1 (kx+(l - k)y) ~ mi nl!J (x) , /.1 (y) I f or aJl x, y ('" X 
A A A 

and all k " [0 ,1 ]. 

(iii ) . For each c1 E [0 ,1] , th e set Ad 
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i~ co nv ex. 

PROOF; 

(i) ~ (ii): Fr om \' h e ch, tin i. ':ion o f con l/,,' :'; f uzz y 

se t, kA+(l-k)A ( A f o r an k < [O,l] . Pr oposi t i :)n 2 .1.3 

f urther implies 

1/ (k x + (l- k ) y) ::.: minl ll ( x ), II (y ) I . , " " A 
(ii) =} ( i ): FOUOH S from Proposl hon 2 .1. 3 . 

(i i) ~ (iii): Lot x y ~ . A then II (x l and ,II (y l ,.: d 
I d ' /\ /\ 

Gy hyp o thes i s 

Th2 r e f o r e 

II (kx+ ( -l- k) y) 

" 

kx + ( l - k )y ( Ad' 

Hence A is a convex s e t. 
" 

-- mi n ! /1 ( :<l , 
.-\ 

/1 (y); " . 
d . 

(ii i) =9 ( i i): [, et X I y l:: X and II (x) :s; II ( y) . 1' :;1'. 12 II (x ) 
A A II 

= c1 t hen x, y E A" and so by (i i i) kx+(1 - J; ) y l '\1' Thus 

II ( k x + (1 - k ) y) ::':c1 • 

" 
H (~ ne e I ' A ( k x + ( 1 - k ) y ) ::.: min {J..l ( x ), ~J ( y) I . 

A A 

2.3.3 PROPOSITION; 

Let A be a fuzzy set i n X. Th en th e f oll o wing 

Jsse rtions a r e equival ent: 

(i l . A is balanced . 

( ii) . 1/ (k x ) ~. II ( x ) 
I A I A for all Y. Vl ith !k I .$ "] . 
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(j i. i) . A 
d 

Ix E X: /1 (x) ~ d l for each d ( [O,lJ IS 
A 

ba l a nced. 

PROOF; 

(i) ~ (i i): By the d e finition of bala nced fuz zy 

se t kA C A. Th e r e for e /' (J~ x ) ;:: I' (kx ) f or a ll x co X and 
A k A 

scalars k with Ik l s 1. He nce ~A( k x ) ~ MA(~ (kx)) = 11 ( x ). 
A 

( i i) ~ (i): By hypot hesis , M ( }{x ) ~ /1 (x ) for all k ",it h 
A A 

1. Therefore I) (x ) ~ p ((11 k ) x ) = 
A A 

A f or all scalars k \.,i t h Ik! s 1. 

p (x ) . Hence kA C 
kA 

(ii ) ~ (iii ): Let x E Ad then PA( x ) ~ d. By hypothesis, 

1/ (kx ) ~ I.~ (x). Therefor e l.l (kx ) ~ d for I k I .::; 1. Thus kx (:': 
, A A A 

A for Ikl .::; 1. He nc e A is balanc e d. 
d d 

(iii) ~ (i i ): Le t x E X and tak e d {J (x ) the n A is 
A d 

ba lanc ed and x E A. Therefore kx E A for all sc alar k 
d d 

I·lith Ik l s 1. Thus M (kx ) ~ d. He nce l.l (kx ) ~ II (x). 
A A A 
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2.3.4 PROPOSITION; 

For a fuzzy set ~ of X, t he following are 

equivalent: 

(i ) A is absorbing. 

(i i) For each x E X, sup /.1 (kx ) = 1 . 
A 

k > o 

(iii) For each d E [O,lJ, the set A - I x E X: {I (x) 2. iJ 
d A 

is absorbing. 

PROOF; 

(i) ~ (ii): Let A be an absorbing fuzzy set, th en 

by definition U kA = X. Therefor e f or each x E X 
k>o 

/..Iu kA (x) = {..Ix (x) • 

k >o 

Thus sup /.1 (x ) = /.1 (x) = 1.In particular sup /.1 Ik 2x ) = 1. 
kA X k A 

k >o 

Henc e sup /.1 (kx ) = 1. 
A 

k > o 

1< > 0 

(ii) ~ Ii): By hypothesis for each x EO X, sup ~I (kx) 1 
A 

, k > () 

Therefore s up J..I ((l/ k)x ) = 1. Thus sup p (x ) = 1. 
A kA 

k > o k > o 

Hence U kA = X 
k > o 

(ii) (iii ) : Clearly U kA ~ X. Let x E X then sup 
d 

k > o k > o 
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II (l<x ) 
1\ 

l.Ther e f ore th e r e ex i s t s k > 0 s uch th a t 
' 0 

111\ ((l/k
o

)x) = 1. It f l1 rth er impli es tha t ~ X <:" A . Th us x 
oJ 

o 

l - k A Henc e X U kA 
() d d 

k >o 

(iii ) =9 (ii) : Since A 1 S absorbing therefore U kA 
d <I 

~ :~ 0 

X. If d = l, then II kA = X. 
1 

Le t x E X then x c lJ kA 
1 

\; > 0 k ' o 

Thu s there ex ists k > 0 s uch that x EO k A It f ollows 
0 () 1 

Ther efore 1 
111\ (Y) 1. that x = k Y Vlhere Y E A J-i (j{ x ) = 

0 1 A , 
0 

Hence sup 0 (kx ) 1. 
A 

k > o 

2.4 FUZZY BASIS 

2.4.1 DEFINITION; 

Let F be a fuzzy almost linea~ subspace of 

X. A fu zzy subset B of X is said to be a fuzzy basis of F 

if for each 0 :f; x f: X, vii th J-iF(x) 0 t her e exist unique 

sets I b l ' b .. .. , b c X, I A l' A I c R\[OI 
2 ' n II 

(b ,depending on x) with J1 (b ) ) 0 such that 
I B i 

n 

X = 6 A,b where A ) 0 for b rt V 
i = 1 1 i j j x 

Clearly if B is a fuzzy basis of F then B is a basis for 
0 

F . Conversely; if for some fuzzy set B, B is a ba s is for 
<) u 
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F th en B i s a fu zzy basis for F. 
o 

2 . 4.2 LEMMA; 

If a fuzzy set B is a fu zz y basis for a fuzzy 

almost linear subspace F of X th en aB is also a fuzzy 

basis for F, wh er e a ) O. 

PROOF; 

Le t 0 t x E X such that ~ (x) ) 0 th en th er e exis t s r 

I A. , ).. ... , A I ~ R\IOI a.nd {b l' b 
2 ' . .. , b I c X "'ith 1 2 ' n n 

n 

IJ o (b
i

) ) 0 such that x = 2:: A b 
i = i i i 

and A. 
j 

) 0 for b rf-
j 

V x 

Take C = ab . If b rI V t hen ab = C , rf- V Al so {J (C ,) j x .i .I x· a D 1 

1 n n 

A. (1:. IJ ( - C , ) = 1l
0

(b
i

) O. Thus x = l:: A b = l:: D a 1 i = 1 i j i = 1 i a 

n A n 

C , ) = l:: C = l:: 11 C where D, = A .Ia. Henc e , the re 1 i = 1 a i = 1 1 i 1 1 

C I c X ",ith 
n 

p (C ,) ) 0 and 
a B 1 

n 

X = j ~ l DjC
i 

and D
j 

) 0 for C
j 

rI Vx. 
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2.4.3 PROPOSITION; 

Let B be a fuzzy set and F be a fuzzy almost 

linear subspace of X. If B is a fuzzy basis of F and ~ (x) r 

~ minl~1 (b.)]'.' wher e b. are elements \vhich satisfy x = 
o 1 1 = 1 1 

n 

E ~.b .. Then B is a basis for F where 0 ( d ~ ~ (0). 1=1 'J d d F 

PROOF; 

If 0 ( d ~ V (0) then F is an almost linear subspace r d 

of X. Suppose x E F .. then p (x ) 
u F 

~ d. Then there exis t 

I I- , ... , I- ] and I b l' ... , b ] with 1·1 (b ) 0 such that x 
1 n n B i 

n 

E ~ b ,,,here ~ ) 0 for b rt. V . As I1F (x) ~ 
i = 1 i i j j x 

minIJ..lu(bi )]~ =1' tl1erefore ~IB (b i) ~ d. Hence b E B 
cI 

Thus B is ·a basis for F . 
d d 

Let F be a fuzzy almost linear subspace of X. Define 

= V A F = Ix E F : x-x = 0]. Then VI'. x 0 0 
is an almost 

o o 

linear subspace of F . 
o 

2.4.4 LE~n1A; 

If a fuzzy set B of X is a fuzzy basis for a fuzzy 

almost linear subspace F of X then B n V is a fuzzy basis 
F 

o 

for V 
F 

o 
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PROOF; 

If B is a fuzzy basis for F th en B is a bas is f or 
o 

F . Hence by Lemma 1.3.4 B n V is a basis for V . Thus B 
o () F r 

o 0 

is a fuzzy basis for V 
F 

(considered as a fuzzy 
o o 

almost l i near subspace ) . 

2.4.5 LEMMA; 

Let B be a fuzzy set of X and F be a f uzzy 

almost linear subspace of X.Then B is a fuzzy basis for F 

if and only if B n V is a basis for V and for each x 
oFF 

o o 

r;. V 
F 

and flF (x ) ) 0, th ere exist b 1 t b B \V , A-
o r 

o 
n 

o 
n 

0, v CV and A , •• • , A such that x = L: A.b + v. 
F 1 n i =1 1 i 

o 

PROOF; 

The fuzzy set B is a fuzzy basis for F if and only 

if B is a basis for F Thus by Lemma 1.3.4 the Lemma 
o 0 

follows. 

2.4.6 LEMMA; 

Let B be a fuzzy basis of F.Then for each b r;. V 
r 

o 

the r e ex i s t sun i que lp ( b ) r;. V io ' v (b) E V and A(b) ) 0 
F 

o o 
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such that -b A ( b ) l/J (b ) + v ( b) . 

PROOF; 

This is a consequence of Lemma 2.4.5. 

2 . 4. 7 THEORE}!; 

IJet B be a fuzzy basis of F, th en th ere ex ists a 

fu zzy basis B' of F such t hat for each b' ~ B'\V , - b' E 
l'l F 

o 

B' \ V 
o F 

o 

PROOF; 

If B is a fuzzy basis of F then B is a basi s of 
o 

F . By Th eorem 1.3.8 there exists a basi s B' of X with the 
() 0 

property that f or each b ' E: B/\V I 

() F 
~I e hav e - b I 

o 

B~\VF Hence the fuzzy set B' is a basis of F such th a t for 
(I 

each b ' 6 B/\V we have _b' E b/\V . 
o F 0 F 

o 0 
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