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Preface 

During the past many years the study of Peristaltic flows of Newtonian 

and non-Newtonian fluids have achieved lot of importance due to its 

technologies and physiologist applications.Some typical applications of 

such flows are urine from kidney to bladder,swallowing food bolus 

towards the esophagus,chime motion In the gastrointestinal 

tract ,vasomotion of small blood vessels and motion of spermatozoa in 

human reproductive tract. Peristaltic transport of a toxic liquid is 

utilized in nuclear reactor to retrieve permeation of the outside 

environment. Several studies are reported regarding the peristaltic 

flows of Newtonian and non-Newtonian fluids keeping different flow 

geometries. 

In the above studies .the concept of induced magnetic field is taken 

into account. There are only few studies in literature which discuss the 

peristaltic flows of Newtonian and non-Newtonian fluids with induced 

magnetic field effects. Actually when we consider the effects of 

induced magnetic field number of equations will increase and become 

complicated which are very difficult to so lve.Some recent studies on 

the topic are given in the refs[1-7].Keeping in mind the above 

importance,the dissertation is arranged as follows: 



In chapter one, we have examined the peristaltic flow of a nanof luid in 

a uniform tube with induced magnetic field.The problem is simplified by 

using the approximations of long wavelength and low Reynolds number 

and then solved by using HPM(homotopy perturbation method) and 

exact so lution method.The expressions for velocity, stream function, 

pressure rise,induced magnetic field and current density are computed 

and discussed through graphs. 

Chapter two is devoted to the study of the peristaltic flow of a 

hyperbolic tangent fluid in a uniform tube with induced magnetic 

field.The problem is simpli fied by using the approximationof long 

wavelength and then solved by using HPM(homotopy perturbation 

method) and exact solution methods.The expression for velocity, 

stream function, pressure rise,induced magnetic field and current 

density are computed and discussed through graphs. 
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Chapter 1

In�uence of induced magnetic �eld

on peristaltic �ow of nano�uid in an

annulus

1.1 Introduction

This chapter looks at the peristaltic �ow of nano�uid in an annulus. The �ow is investigated in

a wave frame of reference moving with velocity of the wave c. Temperature and nanoparticle

equations have been solved analytically by using Homotopy Perturbation Method while exact

solutions have been calculated for velocity, axial induced magnetic �eld, current distribution,

pressure gradient and stream functions. The e¤ects of various emerging parameters are inves-

tigated for sinusoidal wave. The phenomena of trapping has also been discussed at the end of

chapter.

1.2 Mathematical formulation

The basic equations of magnetohydrodynamics, neglecting the displacement currents and free

charges, are de�ned as [1]

(i) Maxwell�s equation

r �H0+ = 0 ; (1.1)
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r �E0 = 0 ; (1.2)

r�H0+ = J0 with J0 = �
�
E0 + �e

�
V0 �H0+�	 ; (1.3)

r�E0 = ��e
@H0+

@t0
; (1.4)

(ii) The continuity equation

r:V0 = 0 ; (1.5)

(iii) The Navier-Stokes equation

�
DV0

Dt0
= �rep0 +r:~� 0+�e(J0 �H0+

) + �f ; (1.6)

where V0 is the velocity vector, J0 is the electric current density, E0 is an induced electric

�eld, �e is the magnetic permeability while � is the electrical conductivity and D=Dt
0 denotes

the material derivative and ~� 0 is the stress tensor.

(iv) The energy equation

(�c)f
DȩT
Dt0

= kr2 ȩT+ (�c)Þ[dbreÇ:r ȩT+ (d ȩTȩT1 )r ȩT:r ȩT]; (1.7)

(v) The mass concentration

DeÇ
Dt0

= dbr2eÇ+ (d ȩTȩT1 )r2 ȩT; (1.8)

where ȩT and eÇ represent the nanoparticle phenomenon; db the Brownian di¤usion coe¢ cient
and d ȩT the thermophoretic di¤usion coe¢ cient.

(iv) On combining Maxwell�s equations, we get induction equation as follow

@H0+

@t0
= r�

n
V0 �H0+

o
+ �r2H0+ : (1.9)

where magnetic di¤usitivity is given as � = 1
��e
:
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1.3 Formulation of the problem

Consider unsteady �ow of incompressible and electrically conducting nano�uid through the

gap between two coaxial tubes. The inner tube is uniform and rigid, and sustained at tem-

perature ȩT0 and nanoparticle velocity eÇ0 while outer tube has a sinusoidal wave travelling
down its walls having temþerature ȩT1 and nanoparticle velocity eÇ1. We choose cylindrical
coordinates (R0; Z 0) such that R0 is the radial coordinates and Z 0 is the axial coordinate. An

external uniform magnetic �eld of strength H0R02=R
0 is applied radially which will give rise to

an induced magnetic �eld H0 �h0R0 (R0; Z 0; t0) ; 0; hz0 (R0; Z 0; t0)� and total magnetic �eld will be
H0+

�
H0R02
R0 + h0R0 ; 0; h

0
Z0

�
.

The stress tensor for viscous �uid is given as

~� 0 = �
�
gradV0 + (gradV0)T

�
: (1.10)

The walls of the tubes are assumed to be non-conductive and geometry of the walls surface

is illustrated in Fig(1:1)

Fig:(1:1) Geometry of the problem
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R01 = a1 ; (1.11)

R02 = a2 + b sin
2�

�

�
Z 0 � ct0

�
; (1.12)

where a1 ; a2 are the radius of the inner and outer tubes, b is the amplitude of the wave, �

is the wavelength, c is the propagation velocity and t0 is the time.

By assuming the �ow parameters independent of the azimuthal coordinates, the velocity

takes the form V0 =
�eU 0; 0;fW 0

�
where eU 0 and fW 0 are the velocity components in R0 and Z 0

direction, respectively. Temþerature, and concentration �elds take the form

ȩT = ȩT �R0; Z 0; t0� ; eÇ = eÇ(R0; Z 0; t0): (1.13)

The governing equations along with nanoparticles in the �xed frame are given as

@h0R
@R0

+
h0R0
R0

+
@h0Z0
@Z 0

= 0; (1.14)

@ eU 0
@R0

+
eU 0
R0
+
@fW 0

@Z 0
= 0; (1.15)

�(
@ eU 0
@t0

+ eU 0@ eU 0
@R0

+fW 0@
eU 0
@Z 0

) = � @ep0
@R0

+
1

R0
@(R~�RR)

@R0
+
@(~�RZ)

@Z 0
� ~� ��
R0

+�eh
0
Z

�
@

@Z 0

�
H 0
o

R02
R0
+ h0R

�
� @h

0
Z

@R0

�
; (1.16)

�(
@ eU 0
@t0

+ eU 0@fW 0

@R0
+fW 0@

fW 0

@Z 0
) = � @ep0

@Z 0
+
1

R0
@(R0e�RZ)
@R0

+
@(~�ZZ)

@Z 0

+ �e

�
@h0Z
@R0

� @

@Z 0

�
H 0
o

R02
R0
+ h0R0

���
H 0
o

R02
R0
+ h0R0

�
+ �g� ȩT(ȩT� ȩT1)

+ �g�eÇ(eÇ� eÇ1): (1.17)
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Energy and mass concentration equations are de�ned as

(eU 0 @ ȩT@R0 +fW 0 @ ȩT
@Z0 ) = �2(

@2 ȩT
@R02

+
1

R0
@ ȩT
@R0

+
@2 ȩT
@Z 02

) + �1fdb(
@eÇ
@R0

@ ȩT
@R0

+
@eÇ
@Z 0

@ ȩT
@Z 0

)

+
dT¾eT1 [( @

ȩT
@R0

)2 + (
@ ȩT
@Z 0

)2]g; (1.18)

(eU 0 @eÇ
@R0

+fW 0 @eÇ
@Z 0

) = db(
@2eÇ
@R02

+
1

R0
@eÇ
@R0

+
@2eÇ
@Z 02

) +
dT¾
T¾1
(
@2 ȩT
@R02

+
1

R0
@ ȩT
@R0

+
@2 ȩT
@Z 02

); (1.19)

in the above equations; eÇ is the nanoparticle volume fraction; dT¾ the thermophoretic di¤u-
sion coe¢ cient; db the Brownian di¤usion coe¢ cients of mass di¤usivity �1 =

(�c)p
(�c)f

depicts the

ratio of the e¤ective heat capacity in the case of nanoparticle material and heat caþacity of the

�uid, and the magnetic induction equations in component form is given as

"
@

@t0
+ (eU 0 @

@R0
+fW 0 @

@Z 0
)� @

eU 0
@R0

#�
H 0
o

R02
R0
+ h0R

�
� @

eU 0
@R0

h0Z

= �
@

@Z 0
[

�
@

@Z 0

�
H 0
o

R02
R0
+ h0R

��
�
�
@h0Z
@R0

�
]; (1.20)

"
@

@t0
+ (eU 0 @

@R0
+fW 0 @

@Z 0
)� @

fW 0

@Z 0

#
h0z �

@fW 0

@R0

�
H 0
o

R02
R0
+ h0R

�
= �[

1

R0
@

@R0

�
R0
@h0Z
@R0

�
� @

@Z 0

�
@

@R0
+
1

R0

��
H 0
o

R02
R0
+ h0R

�
: (1.21)

In the �xed coordinates (R0; Z 0); the �ow between the two cylinders is unsteady. It converts

steady in a wave structure (r0; z0) moving with similar speed as the wave movement in the Z 0

direction. Both structures are connected through the following transformations

r0 = R0; z0 = Z 0 � ct0; eU 0 = u0;fW 0 = w0 � ct0; (1.22)
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where u0; w0 are the velocity components in the wave structure. Suitable boundary limits

in wave structures stands

w0 = �c; at r0 = r01; h0z = 0; h0r0 = 0;

w0 = �c; at r0 = r02 = a2 + b sin
2�

�
(z0); (1.23)

ȩT = ȩT0 at r0 = r01; ȩT = ȩT1 at r0 = r02; (1.24)

eÇ = eÇ0 at r0 = r01; eÇ = eÇ1 at r0 = r02: (1.25)

Introducing the dimensionless parameters

R =
R0

a2
; r =

r0

a2
; Z =

Z 0

�
; z =

z0

�
; W =

fW 0

c
; w =

w0

c
; U =

�eU 0
a2c

; u =
�u0

a2c
;

p =
a22p

0

c��
; � =

ȩT� ȩT1ȩT0 � ȩT1 ; t =
ct0

�
; �̂ =

a2
�
; Ry =

�ca2
�
; � =

eÇ� eÇ1eÇ0 � eÇ1 ;
r1 =

r01
a2
= �; r2 =

r02
H2

= 1 + � sin 2�z; � =
a1
a2
; hr =

h0r
H0
; hz =

h0z
H0
;

gr =
�g� ȩTH2

2 (
ȩT0 � ȩT1)
c�

; br =
�g�eÇH2

2 (
eÇ0 � eÇ1)
c�

; Nb =
(�c)p db(eÇ0 � eÇ1)

(�c)f �2
;

Nt =
(�c)p deT(ȩT0 � ȩT1)

(�c)f
ȩT1 �2 ; Pr =

�cp
k
; �2 =

k

(�c)f
: (1.26)

We de�ne Nt; br; Ry; gr; Nb; �̂; �, � are the thermoþhoresis parameter; local nanoparti-

cle Grashof number; Reynolds number, local temperature Grashof number; Brownian motion

parameter; wave number , � is the amplitude ratio and � is radius ratio respectively.

Making use of above non-dimensional parameters Eqs.(1:14) to (1:21) along with conditions

(1:23) to (1:25) take the form
@hr
@r

+
hr
r
+ �̂

@hz
@z

= 0; (1.27)

@u
@r
+
u
r
+
@w
@z

= 0; (1.28)
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�̂
3
Ry(u

@u
@r
¯
+ w

@u
@z
¯
) = �@p

@r
¯
+ �̂

2 @

@z
(� rz) +

�̂

r
@

@r
(r� rr)�

�̂

r
� �� + S

2Ry

�
�̂

�
1

r
@r2
@z

+
@hr
@r

�
�@hz
@r
hz

�
; (1.29)

�̂Ry(u
@w
@r
+ w

@w
@z
) = �@p

@z
+
1

r
@

@r
(r� rz) + �̂

@

@z
(� zz) + S

2Ry

�
@hz
@r

� �̂
�
1

r
@r2
@z

+
@hr
@r

��
�r2
r
+ hr

�
+ gr� + br�; (1.30)

where

� rr = 2
@u
@r
;

� rz = (
@u
@z
�̂
2
+
@w
@r
);

� zz = 2
@w
@z
;

� �� = 2
u
r
: (1.31)

Energy, mass and induction equations become

�̂a2c

"
u
@ ȩT
@r

+ w
@ ȩT
@z

#
= �2

 
@2 ȩT
@r2

+
1

r

@ ȩT
@r

+ �̂
2@2 ȩT
@z2

!
+ �1fdb(

@eÇ
@r

@ ȩT
@r

+ �̂
2@eÇ
@z

@ ȩT
@z
)

+
dT¾eT1 [(@

ȩT
@r
)2 + �̂

2
(
@ ȩT
@z
)2]g; (1.32)

�̂a2c

"
u
@eÇ
@r

+ w
@eÇ
@z

#
= db(

@2eÇ
@r2

+
1

r

@eÇ
@r

+ �̂
2@2eÇ
@z2

) +
dT¾
T¾1
(
@2 ȩT
@r2

+
1

r

@ ȩT
@r

+ �̂
2@2 ȩT
@z2

); (1.33)

�̂

�
@

@t
+ (u

@

@r
+ w

@

@z
)� @u

@r

��r2
r
+ hr

�
� �̂ @u
@r
hz =

�̂

Rm

@

@z

�
�̂

�
1

r

@r2
@z

+
@hr
@z

�
� @hz
@r

�
; (1.34)
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�̂

�
@

@t
+ (u

@

@r
+ w

@

@z
)� @w

@z

�
hz �

@w

@r

�r2
r
+ hr

�
=

1

Rm
[
1

r

@

@r

�
r
@hz
@r

�
��̂ @
@z

�
@

@r
+
1

r

��r2
r
+ hr

�
]: (1.35)

Using the long wavelength approximation and dropping terms of order �̂ and higher, it

follows from Eqs. (1:27) to (1:35) that the appropriate equations describing the �ow are

@hr
@r

+
hr

r
= 0; (1.36)

@u
@r
+
u
r
+
@w
@z

= 0; (1.37)

@p
@r
= 0; (1.38)

@p
@z
=
1

r
@

@r
(r
@w
@z
) + S2Ry

@hz
@r

�r2
r
+ hr

�
+ gr� + br�; (1.39)

1

r
@

@r
(r
@�

@r
) +Nb

@�

@r
@�

@r
+Nt(

@�

@r
)2 = 0; (1.40)

(
1

r
@

@r
(r
@�

@r
)) +

Nt
Nb
(
1

r
@

@r
(r
@�

@r
)) = 0; (1.41)

@w

@r

�r2
r
+ hr

�
= � 1

Rm

�
1

r

@

@r

�
r
@hz
@r

��
; (1.42)

where S2 = H2
o�e
�c2

and Rm = a2
� are Strommer�s number(magnetic force number) and the

magnetic Reynolds number respectively. Eq. (1:38) displays that p is not a function of r:
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1.4 Rate of volume �ow and boundary conditions

In the �xed coordinates volume �ow rate in the instantaneous position is speci�ed by

�Q = 2�

R02Z
R01

R0fWdR0; (1.43)

where R02 is a function of Z
0 and t0: Invoking Eq. (1:22) into Eq. (1:43) and integrating

produces

�Q = �q + �c(r022 � r021 ); (1.44)

where

�q = 2�

r02Z
r01

r0w0dr0: (1.45)

In the moving coordinates system the volume �ow rate is independent of time as mention

in Eq. (1:45). Here r02 is the function of z
0 alone. Using dimensionless variables we �nd

F =
�q

�a22c
= 2

r02Z
r01

rwdr: (1.46)

Over a period T = �=c the time-mean �ow at a �xed z position is de�ned as

�0 =
1

T

TZ
0

�Qdt0: (1.47)

Invoking Eq. (1:44) into Eq. (1:47) and integrating, we attain

�0 = �q + �c

�
a22 � a21 +

b2

2

�
; (1.48)

which can be inscribed as

�0

�a22c
=

~q

�a22c
+ 1 +

�2

2
� �2: (1.49)
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Dimensionless time-mean �ow can be de�ned as

� =
�0

�ca22
: (1.50)

With the aid of Eqs. (1:46) and (1:50) ; Eq. (1:49) takes the form

� = F + 1 +
�2

2
� �2: (1.51)

The consistent dimensionless boundary conditions for the problem under consideration are

de�ned as

w = �1 at r = r1 = �; w = �1 at r = r2 = 1 + � sin(2�z);

hr = 0; hz = 0 at r = r1;

� = 1 at r = r1; � = 0 at r = r2;

� = 1 at r = r1; � = 0 at r = r2: (1.52)

1.5 Solution of the Problem

1.5.1 Homotopy Perturbation Solution

To achieve the solution of above equations; we used homotopy þerturbation method. The

homotoþy þerturbation method advises that we write Eqs. (1:32) to (1:33); as [15]

H(�; x) = (1� x) [$(�)�$(�10)] + x
�
$(�) +

Nt
Nb
(
1

r
@

@r
(r
@�

@r
))

�
; (1.53)

H(�; x) = (1� x)[$(�)�$(�10)] + x
�
$(�) +Nb

@�

@r
@�

@r
+Nt(

@�

@r
)2
�
; (1.54)

or

H(�; x) = $(�)�$(�10) + x$(�10) + x
�
Nt
Nb
(
1

r
@

@r
(r
@�

@r
))

�
; (1.55)

H(�; x) = $(�)�$(�10) + x$(�10) + x
�
Nb
@�

@r
@�

@r
+Nt(

@�

@r
)2
�
: (1.56)
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The linear operator and the initial guesses are chosen as

$�r =
1

r
@

@r
(r
@

@r
); $�r =

1

r
@

@r
(r
@

@r
);

�10(r; z) = (
r� r2
r1 � r2

); �10(r; z) = (
r� r2
r1 � r2

): (1.57)

According to HPM, we de�ne

� = �0 + x�1 + x
2�2 + :::;

� = �0 + x�1 + x
2�2 + ::: (1.58)

With the help of above equations; Eqs. (1:55) and (1:56) after equating the like powers of

x give the following systems.

1.5.2 Zeroth-order problem

$(�0)�$(�10) = 0;

$(��)�$(�10) = 0; (1.59)

�0 = �0 = 1 at r = r1;

�0 = �0 = 0 at r = r2 = 1 + � sin 2�z: (1.60)

1.5.3 First-order problem

$(�1) = �$(�10)�
Nt
Nb
(
1

r
@

@r
(r
@�0
@r
));

$(�1) = �$(�10)�Nb
@�0
@r

@�0
@r

�Nt(
@�0
@r
)2; (1.61)

�1 = �1 = 0 at r = r1;

�1 = �1 = 0 at r = r2 = 1 + � sin 2�z: (1.62)
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1.5.4 Second-order problem

$(�2) = �Nt
Nb
(
1

r
@

@r
(r
@�1
@r
));

$(�2) = �Bm
�
@�1
@r
@�0
@r

+
@�0
@r
@�1
@r

�
� 2Nt

@�0
@r
@�1
@r
; (1.63)

�2 = �2 = 0 at r = r1;

�2 = �2 = 0 at r = r2 = 1 + � sin 2�z; (1.64)

We can write the solutions of these problems as

1.5.5 Zeroth-order solution

The zeroth order solution is de�ned as

�0(r) = (
r� r2
r1 � r2

);

�0(r) = (
r� r2
r1 � r2

): (1.65)

1.5.6 First-order solution

With the help of expression (1:65); solution of �rst order system (1:61) subject to boundary

condition (1:62) is directly de�ned as

�1(r) = �r2b12 �
r
b1
+ b7 ln(r) + b13;

�1(r) = rb16 + b14 ln(r) + b17 + b15: (1.66)
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1.5.7 Second-order solution

Making use of zeroth and �rst order solution, the solution of second order problem is de�ned

as

�2(r) = r3b40 + r2b38 + rb39 + b41 ln(r) + b42;

�2(r) = r2b28 + rb27 + b32 ln(r) + b31: (1.67)

Using all these solutions into Eq. (1:58); and setting x! 1; we �nally arrive at

� = b28r2 + rb35 + b34 ln r+ b33; (1.68)

� = b40r3 + r2b43 + b39r+ b44 ln r+ b45: (1.69)

From Eq. (1:36) ; and boundary condition (1:52) ; we come to know that hr = 0 i.e the

continuity of the normal component of the magnetic �eld across the boundary gives that induced

magnetic �eld in the radial direction is zero. Eqs. (1:39) and (1:42) take the form

@p
@z
=
1

r
@

@r
(r
@w
@z
) + S2Ry

@hz
@r

�r2
r

�
+ gr� + br�; (1.70)

�Rmr2
@w

@r
=
@

@r

�
r
@hz
@r

�
: (1.71)

Integration of Eq. (1:71) with respect to r takes the form

@hz
@r

= �Rmr2
r

w � c1
r1
; (1.72)

where c1 is constant.

To determine the constant c1; we �nd from Eqs. (1:3) and (1:72) that

J0 = �
@hz
@r

=
Rmr2
r

w +
c1
r1
; (1.73)
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since J0 = 0 at r = r2; so c1 = Rmr2; which gives

J0 = �
@hz
@r

=
Rmr2
r

(w + 1) : (1.74)

Eliminating @hz
@r from Eqs. (1:70) and (1:74) ; we get

@p
@z
=
1

r
@

@r
(r
@w
@z
)� S2Ry

Rmr2
r

(w + 1)
�r2
r

�
+ gr� + br�; (1.75)

i.e
@2w
@z2

+
1

r
@w

@r
�M2 r

2
2

r2
w = �@p

@z
+M2 r

2
2

r2
� gr� � br�; (1.76)

where M2 = S2RyRm:

The homogeneous and nonhomogeneous solutions of the above equation are de�ned as

wc = c2r
B + c3r

�B; (1.77)

wp =
@p
@z

r2

(4�B2) � 1� gr
�
b40r

5

25�B2 +
b43r

4

16�B2 +
b39r3

9�B2 +
b45r

2

4�B2 +
b44
B2

�
�br

�
b33r

2

4�B2 +
b35r

3

9�B2 +
b28r

4

16�B2 +
b34
B2

�
: (1.78)

The general solution �nally takes the form

w = c2r
B + c3r

�B +
@p
@z

r2

(4�B2) � 1� gr
�
b40r

5

25�B2 +
b43r

4

16�B2 +
b39r3

9�B2 +
b45r

2

4�B2 +
b44
B2

�
�br

�
b33r

2

4�B2 +
b35r

3

9�B2 +
b28r

4

16�B2 +
b34
B2

�
; (1.79)

where c2 and c3 are constants.
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Using the boundary conditions, we �nally arrive at

w = rB

0@b46 +
�
r2+B1 � r2+B2

�
r2B1 � r2B2

@p/@z
(B2 � 4)

1A+ r�B  b47 + rB1 rB2 �rB1 r22 � r21rB2 �
r2B1 � r2B2

@p/@z
(B2 � 4)

!

+
@p
@z

r2

(4�B2) � 1� gr
�
b40r

5

25�B2 +
b43r

4

16�B2 +
b39r

3

9�B2 +
b45r

2

4�B2 +
b44
B2

�
�br

�
b33r

2

4�B2 +
b35r

3

9�B2 +
b28r

4

16�B2 +
b34
B2

�
: (1.80)

The axial induced magnetic �eld is given as

hz = �Rmr2[
�
rB � rB2
B

�0@b46 +
�
r2+B1 � r2+B2

�
r2B1 � r2B2

@p/@z
(B2 � 4)

1A� b47 + rB1 rB2 �rB1 r22 � r21rB2 �
r2B1 � r2B2

@p/@z
(B2 � 4)

!
 
r�B � r�B2

B

!
+
@p
@z

�
r2 � r22

�
2 (4�B2) � gr(

b40
�
r5 � r52

�
5 (25�B2) +

b43
�
r4 � r42

�
4 (16�B2) +

b39
�
r3 � r32

�
3 (9�B2)

+
b45
�
r2 � r22

�
2 (4�B2) +

b44
B2

(ln r � ln r2))� br(
b33
�
r2 � r22

�
2 (4�B2) +

b35
�
r3 � r32

�
3 (9�B2)

+
b28
�
r4 � r42

�
4 (16�B2) +

b34
B2

(ln r � ln r2)]): (1.81)

From Eqs. (1:80) and (1:81) ; the current density distribution become

Jo = Rmr2[r
B�1

0@b46 +
�
r2+B1 � r2+B2

�
r2B1 � r2B2

@p/@z
(B2 � 4)

1A+ r�B�1 b47 + rB1 rB2 �rB1 r22 � r21rB2 �
r2B1 � r2B2

@p/@z
(B2 � 4)

!

+
@p
@z

r

(4�B2) � gr
�
b40r

4

25�B2 +
b43r

3

16�B2 +
b39r

2

9�B2 +
b45r

1

4�B2 +
b44
rB2

�
�br

�
b33r

4�B2 +
b35r

2

9�B2 +
b28r

3

16�B2 +
b34
rB2

�
]: (1.82)

From Eqs (1:46) ; (1:51) and (1:80) ; the pressure gradient takes the following form

@p
@z
=
� �

�
1 + �2

2

�
+ �2 � b48

b49
: (1.83)
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The pressure rise P 0 and the frictional forces on the outer and inner tubes F(0) and F(i) in

non-dimensional form are de�ned as

P 0 =

Z 1

0

@p
@z
dz; (1.84)

F (0) =

Z 1

0
r22(�

@p
@z
)dz; (1.85)

F (i) =

Z 1

0
r21(�

@p
@z
)dz: (1.86)

The exþression for pressure rise P 0 and the friction forces are considered numerically by

mathematica, where as constants are de�ned in aþþendix I.

The velocities in terms of stream functions are de�ned as [1]

u =
��
r
(
@	

@z
) and w =

1

r
(
@	

@r
): (1.87)

Making use of Eq. (1:80) into Eq. (1:87); we get stream function as

	 =

 
rB+2 � rB+21

B + 2

!0@b46 +
�
r2+B1 � r2+B2

�
r2B1 � r2B2

@p/@z
(B2 � 4)

1A+ r�B+2 � r�B+21

�B + 2

!
 
b47 +

rB1 r
B
2

�
rB1 r

2
2 � r21rB2

�
r2B1 � r2B2

@p/@z
(B2 � 4)

!
+

�
r4 � r41
4

�
@p/@z
(4�B2) �

�
r2 � r21
2

�
�gr(

b40
25�B2

�
r7 � r71
7

�
+

b43
16�B2

�
r6 � r61
6

�
+

b39
9�B2

�
r5 � r51
5

�
+

b45
4�B2

�
r4 � r41
4

�
+
b44
B2

�
r2 � r21
2

�
)� br(

b33
4�B2

�
r4 � r41
4

�
+

b35
9�B2

�
r5 � r51
5

�
+

b28
16�B2

�
r6 � r61
6

�
+

b

B2

�
r2 � r21
2

�
): (1.88)
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1.6 Results and discussion

1.6.1 Pumping characteristics

This subsection explains the e¤ects of various parameters emerging in the anaylsis on pressure

gradient @p@z , frictional forces F
(0) and F (i) and pressure rise per wavelength P 0. These e¤ects are

shown in Figs: 1:2� 1:5: In Fig 1:2, the variation of pressure gradient versus axial coordinate

z is shown for di¤erent values of M and � and by �xing the remaining parameters. As M and

� increase, the maximum amplitude of pressure gradient increases. It can be seen that in wider

part of annulus z 2 [0; 0:5] the pressure gradient is small and in the narrow section z 2 [0:5; 1] the

pressure gradient is relatively large i.e. in wider portion �ow can easily pass without imposition

of large pressure gradient where as in narrow part a much larger pressure gradient is required to

maintain the same �ux to pass through it, especially at the narrowest point z = 0:75. This agrees

with the physical situation. The variation of pressure rise P 0 with volume �ow rate � invested

for di¤erent values of Hartmann number M and radius ratio � is presented in Fig: 1:3: It is

seen that there is inverse relation between pressure rise and �ow rate i.e increase in �ow rate

reduces the pressure rise and thus maximum �ow rate is achieved at minimum pressure rise

and maximum pressure occurs at zero �ow rate. Also due to increase in M and �; pressure rise

increases. The pumping regions, peristaltic pumping (� > 0 and P 0 > 0) ; augmented pumping

(� > 0 and P 0 < 0) and retrograde pumping (� < 0 and P 0 > 0) are also shown in Fig: 1:3. It

is obvious that pumping region become wider asM and � increase. In Figs: 1:4 and 1:5 friction

forces for inner and outer walls versus �ow rate are described. These forces posses opposite

behaviour to that of pressure rise where as inner friction force behaves similar to outer friction

force for the same values of pararmeters, moreover outer friction is larger then inner friction

force for same value of various parameters.

1.6.2 Nanoparticle Phenomena

The nanoparticle phenomena � for di¤erent values of the Brownian motion parameter Nb and

the thermophoresis parameter Nt is shown in Figs: 1:6 and 1:7. It is seen that with increas-

ing Brownian motion parameter Nb the concentration decreases in the region r 2 [0; 0:2] and

increases in the region r 2 [0:2; 1]: It can be analyzed through �gures that Brownian mo-
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tion parameter Nb and the thermophoresis parameter Nt have opposite e¤ects on nanoparticle

phenomena. E¤ects of temperature pro�le have also been discussed in Figs: 1:8 and 1:9: We

observe that the temperature pro�le decreases in the region r 2 [0; 0:2] and increases in the

region r 2 [0:2; 1] for increasing Brownian motion parameter Nb: Similar behaviour is seen for

thermophoresis parameter Nt:

1.6.3 Magnetic Field Characteristics

The distribution of axial induced magnetic �eld hz at line r = 0:4 and for other �xed set of

parameters with di¤erent values of M along axial coordinates z is displayed in Fig:1:10: It can

be seen that by increasing the Hartmann number M the axial induced magnetic �eld hz also

increases. In Fig:1:11, the e¤ects of magnetic Reynolds number Rm on axial induced magnetic

�eld is shown. It is observed that axial induced magnetic �eld hz increases as magnetic Reynolds

number increases.

The Figs:1:12 to 1:14 present the variation of axial induced magnetic �eld hz across the

annulus for several values of �; M and Rm. By increasing the Hartmann number M , the axial

induced magnetic �eld hz increases. The graphical results shown in Fig:1:13, present that an

increase in magnetic Reynolds number Rm results in an increase in the magnitude of axial

induced magnetic �eld hz. Fig:1:14 depicts the e¤ect of mean volume �ow rate � on hz: Clearly

an increase in � is followed by an increase in axial induced magnetic �eld hz:

The variation of the current density Jo at the inlet of annulus i.e. at z = 0, for di¤erent

values of Hartmann number M and magnetic Reynolds number Rm is observed in Figs:1:15

and 1:16. It is observed that for increase in both M and Rm result the increase of current

density.

1.6.4 Fluid Trapping

Trapping is the phenomena in which an internal circulating bolus of the �uid by closed stream-

line is formed and this bolus is pulled forward along with the peristaltic wave. E¤ects of

Hartmann number M and radius ratio � are shown in Figs:1:17 and 1:18: In Fig:1:17, the

e¤ect of Hartmann number M on trapping is shown, it is seen that the volume of the bolus �rst

increases with the increase of Hartmann number M and for M = 1, the bolus decreases. It is
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also observed that as M increases more trapped bolus appear. Similar behaviour is observed

for the variation of � in Fig:1:18:

0 0.2 0.4 0.6 0.8 10
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z

dp
/d

z

ε=0.3,M=0.5
ε=0.3,M=1
ε=0.2,M=0.5
ε=0.2,M=1

Fig. 1:2 : The variation of pressure gradient dp=dz with z for di¤erent values ofM and �

at � = �0:5; � = 0:32, Gr = 0:3; Br = 0:2; Nb = 0:3; Nt = 0:3:
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4
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θ

P
'

ε=0.1,M=2
ε=0.1,M=1
ε=0.3,M=2
ε=0.3,M=1

Fig: 1:3 : The variation of pressure rise P 0 with � for di¤erent values of M and � at � =

0:32; Gr = 0:3; Br = 0:2; Nb = 0:3; Nt = 0:3:
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Fig. 1:4 : The variation of friction force F (i) (on outer wall) with � for di¤erent values of

M and � at � = 0:32; Gr = 0:3; Br = 0:2; Nb = 0:3; Nt = 0:3:
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Fig: 1:5 : The variation of friction force F (0) (on inner wall) with � for di¤erent values of

M and � at � = 0:32, Gr = 0:3; Br = 0:2; Nb = 0:3; Nt = 0:3:
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Fig: 1:6 : The variation of concentration pro�le with r for di¤erent values of Nb and � =

0:32, Gr = 0:3; Br = 0:2; Nt = 0:3 and z = 0:5:
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Fig: 1:7 : The variation of concentration pro�le with r for di¤erent values of Nt and � =

0:32, Gr = 0:3; Br = 0:2; Nb = 0:3 and z = 0:5:
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Fig: 1:8 : The variation of temperature pro�le with r for di¤erent values of Nb and � =

0:32, Gr = 0:3; Br = 0:2; Nt = 0:3 and z = 0:5:
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Fig: 1:9 : The variation of temperature pro�le with r for di¤erent values of Nt and � =

0:32, Gr = 0:3; Br = 0:2; Nb = 0:3 and z = 0:5:
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Fig. 1:10 : The variation of axial induced magnetic �eld hz with the axial coordinate z for

di¤erent values of M at � = 2: � = 0:2, � = 0:5; Rm = 5; Gr = 0:3; Br = 0:2; Nb = 0:3; Nt =

0:3 at r = 0:4:
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Fig. 1:11 : The variation of axial induced magnetic �eld hz with the axial coordinate z

for di¤erent values of Rm at � = 2: � = 0:2, � = 0:5; M = 0:5; Gr = 0:3; Br = 0:2; Nb =

0:3; Nt = 0:3 at r = 0:4.
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Fig. 1:12 : The variation of axial induced magnetic �eld hz across the annulus for � = 0:5;

� = 0:2,� = 0:05; Rm = 0:5 ; Gr = 0:3; Br = 0:2; Nb = 0:3; Nt = 0:3 and z = 0:4 and di¤erent

values of M where r 2 [�; r2]:
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Fig. 1:13 : The variation of axial induced magnetic �eld hz across the annulus for � = 0:5;

� = 0:2, � = 0:05; M = 0:5; Gr = 0:3; Br = 0:2; Nb = 0:3; Nt = 0:3 and z = 0:4 and di¤erent

values of M where r 2 [�; r2]:
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Fig. 1:14 : The variation of axial induced magnetic �eld hz across the annulus for M = 0:5;

� = 0:2, � = 0:1; Rm = 0:7; Gr = 0:3; Br = 0:2; Nb = 0:3; Nt = 0:3 and z = 0:4 and di¤erent

values of M where r 2 [�; r2].
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Fig. 1:15 : The variation of current density distribution Jo across the annulus for � = �0:5;

� = 0:2, � = 0:5; Rm = 1; Gr = 0:3; Br = 0:3; Nb = 0:3; Nt = 0:3 and z = 0 and di¤erent

values of M where r 2 [�; r2].
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Fig: 1:16 : The variation of current density distribution Jo across the annulus for � = �0:5;

� = 0:2, � = 0:5; M = 6; Gr = 0:3; Br = 0:3; Nb = 0:3; Nt = 0:3 and z = 0 and di¤erent

values of Rm = 1 where r 2 [�; r2]:
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(b)

(c)

Fig: 1:17 : Plot showing streamlines for di¤erent values of Hartmann numberM = 0:5; 0:75; 1

(a; b; c respectively) for � = 0:03; � = 1; � = 0:2 and Gr = 0:3; Br = 0:3; Nb = 0:3; Nt =

0:3:
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(a)

(b)
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(c)

Fig: 1:18 : Plot showing the streamlines for di¤erent values of radius ratio � = 0:05; 0:1; 0:15

(a; b; c respectively) for � = 0:03; � = 1; M = 0:5 and Gr = 0:3; Br = 0:3; Nb = 0:3; Nt =

0:3.

1.7 Concluding Remarks

Peristaltic �ow of a nano �uid through an annulus is studied theoretically under the e¤ects of

the induced magnetic �eld. The expressions for axial pressure gradient, current density, axial

magnetic �eld and stream functions are obtained analytically. Graphical results are shown for

pressure gradient, pressure rise per wavelength, frictional forces, axial induced magnetic �eld,

current density and trapping. The main points are summarized as

(i) As the radius ratio and Hartmann number increase, the maximum amplitude of pressure

gradient increases.

(ii) With increasing �ow rate the pressure rise decreases i.e. there is an inverse relation

between P 0 and �:

(iii) The behaviour of inner and outer frictional forces is opposite to the pressure rise.

(iv) The e¤ects of Brownian motion parameter Nb and thermophoresis parameter Nt are
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same for temperature pro�le.

(v) The Brownian motion parameter Nb and thermophoresis parameter Nt have opposite

behaviour for concentration pro�le.

(vi) The axial induced magnetic �eld hz increases along axial coordinates as Hartmann

number and magnetic Reynolds number increase.

(vii) The axial induced magnetic �eld hz increases across the annulus by increasing the

Hartmann number and �ow rate, and it decreases with increasing magnetic Reynolds number.

(viii) Current density and magnetic Reynolds number behave likely i.e. by increasing the

magnetic Reynolds number, the current density also increases.

(ix) The volume of trapped bolus increases as Hartmann numberM increases and atM = 1,

this behaviour is reversed.

(x) By increasing the radius of the inner tube more trapped bolus are seen.
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1.8 Appendix I

b1 = r1 � r2; b2 = ln r1 � ln r2; b3 = Nb +Nt; b4 = r
2
1 � r22; b5 = b4b3; b6 = 4b21;

b7 =
1

b2
+

b5
b2b6

; b8 =
r22b3
4b21

; b9 = b7 ln r; b10 = b8 � b9; b11 =
r2

r1 � r2
; b12 =

b3
4b21
;

b13 = b10 + b11; b14 =
b3
Nbb2

; b15 = �b14 ln r2; b16 = �
b3
Nbb1

; b17 =
b3b11
Nb

; b18 =
Nt
Nb
;

b19 = b4b12; b20 = b7b2; b21 =
b18
b2
; b22 = �b21 � b21b19 + b21b20; b23 = b12r22;

b24 = b7 ln r2; b25 = b22 ln r2; b26 = b18 (�b11 � b23 + b13 + b24 � b25) ; b27 =
b18
b1
;

b28 = b18b12; b29 = �b18b13; b30 = �b18b7; b31 = b29 + b26; b32 = b30 + b22;

b33 = �b11 + b17 + b15 + b31; b34 = b14 + b32; b35 =
1

b1
+ b16 + b27; b36 = b16 �

1

b1

b37 = b14 + b7; b38 = �
Nbb36
4b1

+
Nt
2b21
; b39 = �

Nbb37
b1

� 2Ntb7
b1

; b40 =
2Nbb12
9b1

+
4Ntb12
9b1

;

b41 =
b38
�
r22 � r21

�
+ b39 (r2 � r1) + b40

�
r32 � r31

�
ln r1 � ln r2

;

b42 =
b38
�
r22 ln r1 � r21 ln r2

�
+ b39 (r2 ln r1 � r1 ln r2) + b40

�
r32 ln r1 � r31 ln r2

�
ln r2 � ln r1

; b43 = b38 � b12;

b44 = b7 + b41; b45 = b13 � b11 + b42;

b46 =
1

r2B1 � r2B2
[gr(b40

 
r5+B1 � r5+B2

25�B2

!
+ b43

 
r4+B1 � r4+B2

16�B2

!
+ b39

 
r3+B1 � r3+B2

9�B2

!
+

b45

 
r2+B1 � r2+B2

4�B2

!
+ b44

�
rB1 � rB2
B2

�
) + br(b33

 
r2+B1 � r2+B2

4�B2

!
+ b35

 
r3+B1 � r3+B2

9�B2

!

+ b28

 
r4+B1 � r4+B2

16�B2

!
+ b34

�
rB1 � rB2
B2

�
)];

b47 =
rB1 r

B
2�

r2B1 � r2B2
� �gr �b40�rB1 r52 � r51rB2

25�B2

�
+ b43

�
rB1 r

4
2 � r41rB2
16�B2

�
+ b39

�
rB1 r

3
2 � r31rB2
9�B2

�
+

b45

�
rB1 r

2
2 � r21rB2
4�B2

�
+ b44

�
rB1 � rB2
B2

��
+ br(

�
b33

�
rB1 r

2
2 � r21rB2
4�B2

�
+ b35

�
rB1 r

3
2 � r31rB2
9�B2

��
+b28

�
rB1 r

4
2 � r41rB2
16�B2

�
+ b34

�
rB1 � rB2
B2

���
;
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b48 = 2

"
b46
B + 2

�
r2+B2 � r2+B1

�
+

b47
�B + 2

�
r2�B2 � r2�B1

�
�
�
r22 � r21

�
2

� gr
�
b40

�
r72 � r71

7 (25�B2)

��
+ b43

�
r62 � r61

6 (16�B2)

�
+ b39

�
r52 � r51
5 (9�B2)

�
+ b45

�
r42 � r41
4 (4�B2)

�
+ b44

�
r22 � r21
2B2

�
� br

�
b33

�
r42 � r41
4 (4�B2)

�
+ b35

�
r52 � r51
5 (9�B2)

�
+ b28

�
r62 � r61

6 (16�B2)

�
+ b34

�
r22 � r21
2B2

���
;

b49 = 2

24 r42 � r41
4 (4�B2) +

r2+B2 � r2+B1

B + 2

 
r2+B1 � r2+B2

(B2 � 4)
�
r2B1 � r2B2

�!+
�
r2�B2 � r2�B1

�
�B + 2

�
rB1 r

B
2

� �
rB1 r

2
2 � r21rB2

�
(B2 � 4)

�
r2B1 � r2B2

�
35 :
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Chapter 2

In�uence of induced magnetic �eld

on peristaltic �ow of hyperbolic

tangent �uid in an annulus

2.1 Introduction

This chapter deals with peristaltic �ow of hyperbolic tangent in an annulus. The �ow is inves-

tigated in a wave frame of reference moving with velocity of the wave c. Velocity and pressure

gradient have been solved analytically by using Homotopy Perturbation Method . The e¤ects

of various emerging parameters are investigated for sinusoidal wave. Streamlines have been

displayed at the end of the chapter.

2.2 Basic Equations

The basic equations of continuity, momentum and magnetohydrodynamics including magnetic

induction equation in the absence of displacement current and free charges are

r:V0 = 0 ; (2.1)
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�
DV0

Dt0
= �rep0 +r:~� 0+�e(J0 �H0+

); (2.2)

r �H0+ = 0 ; (2.3)

r �E0 = 0 ; (2.4)

r�H0+ = J0 with J0 = �
�
E0 + �e

�
V0 �H0+�	 ; (2.5)

r�E0 = ��e
@H0+

@t0
; (2.6)

@H0+

@t0
= r�

n
V0 �H0+

o
+ �r2H0+ ; (2.7)

where V0 is the velocity vector, J0 is the electric current density, E0 is an induced electric

�eld, �e is the magnetic permeability while � is the electrical conductivity and D=Dt
0 denotes

material derivative, magnetic di¤usitivity is given as � = 1=��e and ~�
0 is the stress tensor. The

stress tensor is given as

~� = [�1 + (�0+�1) tanh(�e_
)n] e_
i]; (2.8)

in which �0; �1; m; �; denotes the zero shear rate viscosity, in�nite rate of shear viscosity;

power law index, and time constant respectively and e_
 now de�ned as
e_
 =s1

2

P
i

P
j
_
ij _
ji =

r
1

2
�; (2.9)

where

� = trace(gradV0 + (gradV0)T )2; (2.10)

in which � is the second invariant strain tensor. We study Eq. (2:8) in the case for �1 = 0
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and �e_
 �1: The element of extra stress tensor so inscribed as
~� = �0[(�

e_
)n] e_
i = �0[(1 + �e_
 � 1)n] _
i = �0[1 + n(�e_
 � 1)] e_
i; (2.11)

e_
i = L+ LT : (2.12)

2.3 Formulation of the Problem

Consider unsteady �ow of incompressible and electrically conducting hyperbolic tangent �uid

through the gap between two coaxial tubes. Inner tube is uniform and rigid while outer tube

has a sinusoidal wave travelling down its walls. We choose cylindrical coordinates (R0; Z 0) such

that R0 is the radial coordinates and Z 0 is the axial coordinate. An external uniform mag-

netic �eld of strengthH0R
0
2

R0 is applied radially which will give rise to an induced magnetic �eld

H0 �h0R0 (R0; Z 0; t0) ; 0; hz0 (R0; Z 0; t0)� and total magnetic �eld will be H0+
�
H0R02
R0 + h0R0 ; 0; h

0
Z0

�
.

The geometrical shape is already de�ned in previous chapter however for the sake of easiness

we de�ne it again in Fig: ( 2:1)

R01 = a1; (2.13)

R02 = a2 + b sin
2�

�

�
Z 0 � ct0

�
; (2.14)

where a1; a2 are the radii of the inner and outer tubes, b is the amplitude of the wave, � is

the wavelength, c is the propagation velocity and t0 is the time.
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Fig:(1:2): Geometry of the problem

Eqs. (2:1) to (2:12) in component form for an incompressible tangent hyperbolic �uid with

induced magnetic �eld take the following form

@h0R
@R0

+
h0R0
R0

+
@h0Z0
@Z 0

= 0; (2.15)

@ eU 0
@R0

+
eU 0
R0
+
@fW 0

@Z 0
= 0; (2.16)

�(
@ eU 0
@t0

+ eU 0@ eU 0
@R0

+fW 0@
eU 0
@Z 0

) = � @ep0
@R0

+
1

R0
@(R~�RR)

@R0
+
@(~�RZ)

@Z 0
� ~� ��
R0

+�eh
0
Z

�
@

@Z 0

�
H 0
o

R02
R0
+ h0R

�
� @h

0
Z

@R0

�
; (2.17)
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�

 
@ eU 0
@t0

+ eU 0@fW 0

@R0
+fW 0@

fW 0

@Z 0

!
= � @ep0

@Z 0
+
1

R0
@ (R0e�RZ)
@R0

+
@ (~�ZZ)

@Z 0

+�e

�
@h0Z
@R0

� @

@Z 0

�
H 0
o

R02
R0
+ h0R0

���
H 0
o

R02
R0
+ h0R0

�
; (2.18)

"
@

@t0
+

�eU 0 @
@R0

+fW 0 @

@Z 0

�
� @

eU 0
@R0

#�
H 0
o

R02
R0
+ h0R

�
� @

eU 0
@R0

h0Z

= �
@

@Z 0

�
@

@Z 0

�
H 0
o

R02
R0
+ h0R

��
�
�
@h0Z
@R0

�
; (2.19)

"
@

@t0
+

�eU 0 @
@R0

+fW 0 @

@Z 0

�
� @

fW 0

@Z 0

#
h0z �

@fW 0

@R0

�
H 0
o

R02
R0
+ h0R

�
= �

�
1

R0
@

@R0

�
R0
@h0Z
@R0

�
� @

@Z 0

�
@

@R0
+
1

R0

��
H 0
o

R02
R0
+ h0R

��
: (2.20)

In the �xed coordinates (R0; Z 0) the �ow among cylinders is unsteady. It converts steady in

a wave structure (r0; z0)moving with similar speed as the wave movements in the Z 0 direction.

Both structures are connected through the following transformations.

r0 = R0; z0 = Z 0 � ct0; eU 0 = u0;fW 0 = w0 � ct0; (2.21)

where u0; w0 are the velocity components in the wave structure. Suitable boundary limits in

wave structures stand

w0 = �c; at r0 = r01; w0 = �c; at r0 = r02 = a2 + b sin
2�

�

�
z0
�
: (2.22)
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Introducing the dimensionless parameters

R =
R0

a2
; r =

r0

a2
; Z =

Z 0

�
; z =

z0

�
; W =

fW 0

c
; w =

w0

c
; U =

�eU 0
a2c

; u =
�u0

a2c
;

p =
a22p

0

c��
; t =

ct0

�
; �̂ =

a2
�
; Ry =

�ca2
�
;We =

�c

a2
;

r1 =
r01
a2
= �; r2 =

r02
H2

= 1 + � sin 2�z; � =
a1
a2
; hr =

h0r0
H0
; h0z =

hz
H0
: (2.23)

We de�ne We; Ry; �̂; �, �are the Weissenberg number, Reynolds number, wave number , �

is the amplitude ratio and � is radius ratio respectively.

Using Eq.(2:23), the non-dimensional form of Eqs. (2:15) to (2:20) take the form

@hr
@r

+
hr

r
+ �̂

@hz
@z

= 0; (2.24)

@u
@r
+
u
r
+
@w
@z

= 0; (2.25)

�̂
3
Ry(u

@u
@r
+w

@u
@z
) = �@p

@r
+�̂

2 @

@z
(� rz)+

�̂

r
@

@r
(r� rr)�

�̂

r
� ��+S

2Ry

�
�̂

�
1

r

@r2
@z

+
@hr
@r

�
� @hz
@r

�
hz;

(2.26)

�̂Ry(u
@w
@r
+w

@w
@z
) = �@p

@z
+
1

r
@

@r
(r� rz)+�̂

@

@z
(� zz)+S

2Ry

�
@hz
@r

� �̂
�
1

r

@r2
@z

+
@hr
@r

���r2
r
+ hr

�
;

(2.27)

where

� rr = 2�̂[1 + n(We _
 � 1)]
@u
@r
;

� rz = [1 + n(We _
 � 1)](
@u
@z
�̂
2
+
@w
@r
);
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� zz = 2�̂[1 + n(We _
 � 1)]
@w
@z
;

� �� = 2�̂[1 + n(We _
 � 1)]
u
r
; (2.28)

_
 = [2�̂
2
(
@u
@r
)2 + (

@u
@z
�̂
2
+
@w
@r
)2 + 2�̂

2
(
@w
@z
)2 + 2�̂

2u2

r2
]
1
2 : (2.29)

�̂

�
@

@t
+ (u

@

@r
+ w

@

@z
)� @u

@r

��r2
r
+ hr

�
� �̂ @u
@r
hz =

�̂

Rm

@

@z

�
�̂

�
1

r

@r2
@z

+
@hr
@z

�
� @hz
@r

�
; (2.30)

�̂

�
@

@t
+ (u

@

@r
+ w

@

@z
)� @w

@z

�
hz�

@w

@r

�r2
r
+ hr

�
=

1

Rm

�
1

r

@

@r

�
r
@hz
@r

�
� �̂ @

@z

�
@

@r
+
1

r

��r2
r
+ hr

��
:

(2.31)

Under the assumption of long wavelength and dropping terms of order �̂ and higher, Eqs.

(2:24) to (2:31) take the form

@hr
@r

+
hr

r
= 0; (2.32)

@u
@r
+
u
r
+
@w
@z

= 0; (2.33)

@p
@r
= 0: (2.34)

@p
@z
=
1

r
@

@r

�
r
�
1 + n

�
We
@w
@z

� 1
��

@w

@r

�
+ S2Ry

@hz
@r

�r2
r
+ hr

�
; (2.35)

@w

@r

�r2
r
+ hr

�
= � 1

Rm

�
1

r

@

@r

�
r
@hz
@r

��
; (2.36)

where S2 = H2
o�e
�c2

and Rm = a2
� are Strommer�s number (magnetic force number) and the
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magnetic Reynolds number respectively. Eq. (2:34) displays that p is not a function of r:

2.4 Rate of volume �ow and boundary conditions

In the �xed coordinates volume �ow rate in the instantaneous position is speci�ed by

�Q = 2�

R02Z
R01

R0fWdR0; (2.37)

where R02 is a function of Z
0 and t0: Invoking Eq. (2:21) into Eq. (2:37) and then integrating,

we obtain

�Q = �q + �c(r022 � r021 ); (2.38)

where

�q = 2�

r02Z
r01

r0w0dr0: (2.39)

In the moving coordinates system the volume �ow rate is independent of time as mention

in Eq. (2:39). Here r02 is the function of z
0 alone. Using dimensionless variables ,we �nd

F =
�q

�a22c
= 2

r02Z
r01

rwdr: (2.40)

Over a þeriod T = �
c the time-mean �ow at a �xed z position is de�ned as

�0 =
1

T

TZ
0

�Qdt0: (2.41)

Invoking Eq. (2:38) into Eq. (2:41) and integrating, we get

�0 = �q + �c

�
a22 � a21 +

b2

2

�
; (2.42)

which can be inscribed as
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�0

�a22c
=

~q

�a22c
+ 1 +

�2

2
� �2: (2.43)

Dimensionless time-mean �ow can be de�ned as

� =
�0

2�H2
2 �s
: (2.44)

With the aid of Eq. (2:40) and (2:44), Eq. (2:43) take the form

� = F + 1 +
�2

2
� �2: (2.45)

The consistent dimensionless boundary conditions for the problem are de�ned as

w = �1 at r = r1 = �; w = �1 at r = r2 = 1 + � sin(2�z):

hr = 0; hz = 0 at r = r1: (2.46)

2.5 Solution of the Problem

From Eq. (2:32) ; and boundary condition (2:46) we come to know that hr = 0 i.e the continuity

of the normal component of the magnetic �eld across the boundary gives that induced magnetic

�eld in the radial direction is zero. Eq (2:35) and (2:36) become

@p
@z
=
1

r
@

@r
(r
�
1 + n

�
We
@w
@z

� 1
��

@w

@r
) + S2Ry

@hz
@r

�r2
r

�
; (2.47)

�Rmr2
@w

@r
=
@

@r

�
r
@hz
@r

�
: (2.48)

Simpli�cation of Eq. (2:48) takes the form

@hz
@r

= �Rmr2
r

w � c6
r1
; (2.49)

where c6 is constant.
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The value of constant c6 can be determined with the help of Eqs. (2:5) and (2:49) as

J0 = �
@hz
@r

=
Rmr2
r

w +
c6
r1;
; (2.50)

since J0 = 0 at r = r2;so c = Rmr2; which gives

J0 = �
@hz
@r

=
Rmr2
r

(w + 1) : (2.51)

Elimination of @hz@r from Eqs. (2:47) and (2:51) ; yields

2nWe

�
@w

@r

��
@2w

@z2

�
+
1

r
(1� n) @

@r

�
r
@w

@r

�
+
1

r
nWe

�
@w

@r

�2
�M

2r22
r2

w =
@p

@z
+
M2r22
r2

: (2.52)

where M2 = S2RyRm:

2.5.1 Homotopy Perturbation Solution

To achieve the solution of above equation; we used homotopy þerturbation method. The ho-

motoþy þerturbation method advises that we write Eq. (2:52) as [15]

H(w; x) = (1� x) [$(w)�$(w20)] + j
"
$(w)� @p

@z
� M

2r22
r2

+
1

r
nWe

�
@w

@r

�2
+2nWe

�
@w

@r

��
@2w

@z2

��
: (2.53)

The linear operator and the initial guesses are chosen as

$ =
1

r

@

@r
(r (1� n) @

@r
)� M

2r22
r2

;

w20(r; z) =
@p00
@z

�
a4rk + a5r�k + a2r2

�
� 1: (2.54)
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According to HPM, we de�ne

w = w0 + xw1 + x
2w2 + :::;

p = p0 + xp1 + x
2p2 + :::; (2.55)

with the help of above equations, Eq. (2:53) after equating the like powers of x give the

following systems.

Zeroth-order problem

$(w0)�$(w20) = 0;

w0 = �1 at r = r1; (2.56)

w0 = �1 at r = r2: (2.57)

First-order problem

$(w1) = �$(w20)�
1

r
nWe

�
@wo
@r

�2
+
@p1
@z

+
M2r22
r2

� 2nWe
@wo
@r

@2wo
@r2

; (2.58)

w1 = 0 at r = r1;

w1 = 0 at r = r2 = 1 + � sin 2�z: (2.59)

We can write the solutions of these problems as

Zeroth-order solution

The zeroth order solution is de�ned as

w0(r; z) =
@p0
@z

�
b4r

k + b5r
�k + b2r

2
�
� 1: (2.60)
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First-order solution

With the help of expression (2:60); solution of �rst order system (2:58) subject to boundary

condition (2:59) is directly de�ned as

w1(r; z) =
@p1
@z

�
b4r

k + b5r
�k + b2r

2
�
+ b54r

k + b55r
�k + b43r

2 + b44r
2k�1

+b45r
�(2k+1) + b46r

3 + b47r
�1 + b48r

k+1 + b49r
�k+1: (2.61)

Using all these solutions into Eq. (2:55); and setting x! 1; we �nally arrive at

w =
@p

@z

�
b4r

k + b5r
�k + b2r

2
�
+ b54r

k + b55r
�k + b43r

2 + b44r
2k�1 + b45r

�(2k+1)

+b46r
3 + b47r

�1 + b48r
k+1 + b49r

�k+1 � 1: (2.62)

and pressure gradient takes the following form

@p

@z
= b58

�
� �

�
1 +

�2

2

�
+ �2

�
+ b59: (2.63)

The axial induced magnetic �eld is given as

hz = �Rmr2[
@p

@z

 
b4

�
rk2 � rk
k

�
� b5

 
r�k2 � r�k

k

!
+ b2

�
r22 � r2
2

�!
+ b54

�
rk2 � rk
k

�

�b55

 
r�k2 � r�k

k

!
+ b43

�
r22 � r2
2

�
+ b44

 
r2k�12 � r2k�1

2k � 1

!
� b45

 
r
�(2k+1)
2 � r�(2k+1)

2k + 1

!

+b46

�
r32 � r3
3

�
� b47

�
r�12 � r�1

1

�
+ b48

 
rk+12 � rk+1
k + 1

!
+ b49

 
r�k+12 � r�k+1

�k + 1

!
]:(2.64)
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From Eqs. (2:62) and (2:64) ; the current density distribution take the form

Jo = Rmr2[
@p

@z

�
b4r

k�1 + b5r
�k�1 + b2r

�
+ b54r

k�1 + b55r
�k�1 + b43r + b44r

2k�2 +

b45r
�(2k+2) + b46r

2 + b47r
�2 + b48r

k + b49r
�k]: (2.65)

The pressure rise P 0 and the frictional forces the outer and inner tubes are F(0) and F(i)

in non-dimensional formsare given by

P 0 =

Z 1

0

@p
@z
dz; (2.66)

F (0) =

Z 1

0
r22(�

@p
@z
)dz; (2.67)

F (i) =

Z 1

0
r21(�

@p
@z
)dz: (2.68)

The expression for pressure rise P 0 and the friction forces are computed numerically by

using mathematica; where as constants are de�ned in aþþendix.

The velocities in terms of stream functions are de�ned as [1]

u =
��
r
(
@	

@z
) and w =

1

r
(
@	

@r
); (2.69)

Making use of Eq. (2:62) into Eq. (2:69); we get stream function as

	 =
@p
@z

 
b4

�
rk+2 � rk1
k + 2

�
+ b5

 
r�k+2 � r�k+21

�k + 2

!
+ b2

�
r4 � r41
4

�!

+b54

 
rk+2 � rk+21

k + 2

!
+ b55

 
r�k+2 � r�k+21

�k + 2

!
+ b43

�
r4 � r41
4

�
(2.70)
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+b44

 
r2k+1 � r2k+11

2k + 1

!
+ b45

 
r�2k+12 � r�2k+1

�2k + 1

!
+ b46

�
r5 � r51
5

�

+b47

�
r � r1
1

�
+ b48

 
rk+3 � rk+31

k + 3

!
+ b49

 
r�k+32 � r�k+3

�k + 3

!

�
�
r2 � r21
2

�
]: (2.71)

2.6 Results and Discussion

2.6.1 Pumping Characteristics

This subsection explains the e¤ects of various parameters emerging in the analysis on pressure

gradient @p@z , frictional forces F (0) and F (i) and pressure rise per wavelength P
0. These e¤ects

are shown in Figs: 2:2 � 2:13: In Fig: 2:2, the variation of pressure gradient versus axial

coordinate z is shown for di¤erent values of radius ratio � by �xing the remaining parameters.

As � increase, the maximum amplitude of pressure gradient increases. The e¤ect of Hartmann

number M by taking various values is depicted in Fig: 2:4 and it shows that by increasing

M pressure gradient decreases. Fig: 2:5 describes that by raising the value of Weissenberg

number We, pressure gradient also elevates. It can be seen that in wider part of annulus

z 2 [0; 0:5] the pressure gradient is small and in the narrow section z 2 [0:5; 1] the pressure

gradient is relatively large i.e. in wider portion, �ow can easily pass without imposition of

large pressure gradient where as in narrow part a much larger pressure gradient is required to

maintain the same �ux to pass through it, especially at the narrowest point z = 0:75. This

agrees with the physical situation. The variation of pressure rise P 0 with volume �ow rate

� invested for di¤erent values of Hartmann number M , radius ratio � and Weissenberg number

We is presented in Figs: 2:5�2:7: It can be seen that there is inverse relation between Pressure

rise and �ow rate i.e. increase in �ow rate reduces the pressure rise and thus maximum �ow

rate is achieved at minimum pressure rise and maximum pressure occurs at zero �ow rate.

Also due to increase in M; � and We pressure rise increases. The pumping regions, peristaltic

pumping (� > 0 and P 0 > 0) ; augmented pumping (� > 0 and P 0 < 0) and retrograde pumping

(� < 0 and P 0 > 0) are also shown in Figs. It become obvious that pumping region become wider
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as M , We and � increase. In Fig: 2:8� 2:13 friction forces for inner and outer wall versus �ow

rate are described. These forces posses opposite behaviour to that of pressure gradient where

as inner friction force behaves similar to outer friction force for the same values of pararmeters,

moreover outer friction is larger then inner friction force for same value of parameters.

2.6.2 Magnetic Field Characteristics

The distribution of axial induced magnetic �eld hz at line r = 0:22 and for other �xed set of

parameters with di¤erent values of M along axial coordinates z is displayed in Fig: 2:14: It

can be seen that by increasing the Hartmann number M the axial induced magnetic �eld hz

also increases. In Fig: 2:15, the e¤ects of volume �ow rate � on axial induced magnetic �eld is

shown. It is observed that axial induced magnetic �eld hz increases as volume �ow increases

and similar behaviour is seen for magnetic Reynolds number Rm in Fig: 2:16:

The Figs: 2:17 to 2:20 present the variation of axial induced magnetic �eld hz across the

annulus for several values of �; M and Rm. By increasing the Hartmann number M , the axial

induced magnetic �eld hz �rst decreases in region [0; 0:5] and then it increases in region [0:5; 1]

and it is shown in Fig: 2:17: The graphical results shown in Fig: 2:18, present that an increase

in magnetic Reynolds number Rm results in an increase in the magnitude of axial induced

magnetic �eld hz. The graphical results shown in Fig: 2:19, present that an increase in volume

�ow rate � results in an increase in the magnitude of axial induced magnetic �eld hz. Fig: 2:20

depicts the e¤ect of Weissenbregs number We on hz: Clearly an increase in We is followed by

an decrease in axial induced magnetic �eld hz in region [0; 0:5] and then it increases in region

[0:5; 1] :

The variation of the current density Jo at the inlet of annulus i.e. at z = 0, for di¤erent

values of Hartmann number M and magnetic Reynolds number Rm is observed in Figs: 2:21

and 2:22. It is observed that increase in both M and Rm results in increase of current density.

2.6.3 Fluid Trapping

Trapping is the phenomena in which an internal circulating bolus of the �uid by closed stream-

line is formed and this bolus is pulled forward along with the peristaltic wave. E¤ects of Hart-

mann number M and radius ratio � are shown in Figs: 2:23 and 2:24:
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In Fig: 2:23, the e¤ect of Hartmann number M on trapping is shown, it is seen that the

volume of the bolus increases with increasing value of Hartmann numberM . It is also observed

that asM increases more trapped bolus appear. Similar behaviour is observed for the variation

of � in Fig: 2:24:
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Fig. 2:2: The variation of pressure gradient dp=dz with z for di¤erent values of � at � =

�0:121; � = 0:13, M = 2; n = 0:3 and We = 0:16:
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Fig. 2:3: The variation of pressure gradient dp=dz with z for di¤erent values of M at � =
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�0:121; � = 0:13, � = 0:01; n = 0:3 and We = 0:162:

0 0.2 0.4 0.6 0.8 1
40

50

60

70

80

90

100

110

z

dp
/d

z

We=0.1
We=0.2
We=0.3

Fig. 2:4: The variation of pressure gradient dp=dz with z for di¤erent values of We at

� = �0:121; � = 0:13, � = 0:1; n = 0:4; M = 2:
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Fig: 2:5: The variation of pressure rise P 0 with � for di¤erent values of � at � = 0:3; n =

0:3; M = 2 and We = 0:162:
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Fig: 2:6: The variation of pressure rise P 0with � for di¤erent values of M at � = 0:3; n =

0:3; � = 0:01 and We = 0:162:
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Fig: 2:7: The variation of pressure rise P 0with � for di¤erent values of We at � = 0:3; n =

0:3; M = 2 and � = 0:2:
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Fig. 2:8: The variation of friction force F (i) (on outer wall) with � for di¤erent values of

� at � = 0:3; n = 0:3; M = 2 and We = 0:162:
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Fig. 2:9: The variation of friction force F (i) (on outer wall) with � for di¤erent values of

M at � = 0:3; n = 0:3; M = 2 and We = 0:162:
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Fig. 2:10: The variation of friction force F (i) (on outer wall) with � for di¤erent values of

We at � = 0:3; n = 0:3; M = 2 and � = 0:2:

­1 ­0.5 0 0.5 1­12

­10

­8

­6

­4

­2

0

2

θ

F(
0)

ε=0.05
ε=0.10
ε=0.15
ε=0.20

Fig. 2:11: The variation of friction force F (i) (on outer wall) with � for di¤erent values of

� at � = 0:3; n = 0:3; M = 2 and We = 0:162:
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Fig. 2:12: The variation of friction force F (i) (on outer wall) with � for di¤erent values of

M at � = 0:32; n = 0:3; � = 0:01 and We = 0:162:
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Fig. 2:13: The variation of friction force F (i) (on outer wall) with � for di¤erent values
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of We at � = 0:3; n = 0:3; M = 2 and � = 0:02:
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Fig. 2:14: The variation of axial induced magnetic �eld hz with the axial coordinate z for

di¤erent values of M at � = �0:121; � = 0:13, � = 0:25; Rm = 1; n = 0:99 and We = 0:162

at r = 0:22:
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Fig. 2:15: The variation of axial induced magnetic �eld hz with the axial coordinate z for

di¤erent values of � at Rm = 1, � = 0:3, � = 0:25; n = 0:99; M = 1:5; We = 0:162 at r = 0:22:
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Fig. 2:16: The variation of axial induced magnetic �eld hz with the axial coordinate z

for di¤erent values of Rm at � = �0:121 � = 0:13, � = 0:25; M = 1:75; n = 0:99; We =

0:162 at r = 0:22:
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Fig. 2:17: The variation of axial induced magnetic �eld hz across the annulus for � = 0:3;

� = 0:3, � = 0:05; Rm = 3; n = 0:39; We = 0:2 and z = 0:5 and di¤erent values of M

where r 2 [�; r2]:
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Fig. 2:18: The variation of axial induced magnetic �eld hz across the annulus for � = 0:5;

� = 0:2, � = 0:05; Rm = 0:5 and z = 0:4 and di¤erent values of Rm where r 2 [�; r2]:
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Fig. 2:19: The variation of axial induced magnetic �eld hz across the annulus for � = 0:5;

� = 0:2, � = 0:05; Rm = 0:5; and z = 0:4 and di¤erent values of M where r 2 [�; r2]:
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Fig. 2:20: The variation of axial induced magnetic �eld hz across the annulus for � = 0:5;

� = 0:2; � = 0:05; Rm = 0:5 and z = 0:4 and di¤erent values of We where r 2 [�; r2]:
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Fig. 2:21: The variation of current density Jo across the annulus for � = 0:5; � = 0:2; � =

0:05; Rm = 0:5 and z = 0:4 and di¤erent values of M where r 2 [�; r2]:
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Fig. 2:22: The variation of current magnetic �eld Jo across the annulus for � = 0:5;

� = 0:2; � = 0:05; M = 0:5 and z = 0:4 and di¤erent values of Rm where r 2 [�; r2]:
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(b)

(c)

Fig: 2:23: Plot showing streamlines for di¤erent values of Hartmann numberM = 0:25; 1; 2

(a; b; c respectively) for � = 0:3; � = 0:6; � = 0:4 and We = 0:16 and n = 0:6:
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(a)

(b)
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(c)

Fig: 2:24 : Plot showing streamlines for di¤erent values of radius ratio � = 0:2; 0:3; 0:5:

(a; b; c respectively) for � = 0:3; � = 0:6; � = 0:4 and We = 0:4 and n = 0:6:

2.7 Concluding Remarks

Peristaltic �ow of hyperbolic tangent �uid through an annulus is studied theoretically under

the e¤ects of the induced magnetic �eld. The expressions for axial pressure gradient, current

density, axial magnetic �eld and stream functions are obtained analytically. Graphical results

are shown for pressure gradient, pressure rise per wavelength, frictional forces, axial induced

magnetic �eld, current density and trapping. The main points of performed analysis are as

follows

(i) As the radius ratio and Weissenberg number increase, the maximum amplitude of pres-

sure gradient increases.

(ii) With increasing �ow rate the pressure rise decreases i.e. there is an inverse relation

between P 0 and �:

(iii) The behaviour of inner and outer frictional forces is opposite to the pressure rise.

(iv) The axial induced magnetic �eld hz increases along axial coordinates as Hartmann
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number, Weissenberg number and magnetic Reynolds number increase.

(v) The axial induced magnetic �eld hz increases across the annulus by increasing the

magnetic Reynolds number and �ow rate.

(vi) Current density and magnetic Reynolds number behave likely i.e. by increasing the

magnetic Reynolds number, the current density also increases.
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k + 3

!
+ b49

 
r�k+32 � r�k+31

�k + 3

!
+ b54

 
rk+22 � rk+21

k + 2

!
+ b55

 
r�k+22 � r�k+21

�k + 2

!

+b43

�
r42 � r41
4

�
;

b58 =
1

b7
+
1

b56
; b59 =

b6
b7
� b57
b56
:
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