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Preface 

The study of motions in a conducting fluid in the presence of a magnetic field has 

greatly increased due to its extensive applications in the cosmical and geophysical 

fluid dynamics. Rotation plays an important role in the cosmical, astrophysical and 

large scale circulations in the atmosphere and thus the concept of motion of a body 

in a rotating fluid is of great significance. In spite of the importance of the effects 

of rotation and electromagnetic force on the hydromagnetic flow the simultaneous 

influence of these factors appear to have been investigated in only a few specific 

cases. 

The effects of porosity on the hydromagnetic flow phenomena and the structures 

of the associated boundary layers, the initial value investigations of Newtonian and 

non-Newtonian problems in the presence of a magnetic field is of considerable interest 

in geophysical, astrophysical and cosmical fluid dynamics. The aim of this thesis is to 

contribute in this direction by studying some magnetohydrodynamic flow problems 

due to non-coaxial rotations of porous disk and a fluid at infinity. 

Considerable attention has been given to the boundary layers due to Newtonian 

and non-Newtonian fluids. Shear flows of non-Newtonian fluids are of special inter

est in engineering science. An illustrated example is found in chemical engineering 

science, where in industrial technological processes the steady flows and unsteady 

shear flows of non-Newtonian fluids of second and third grade are involved. Re

cently, with increasing interest in the production of heavy crude and conventional 



oils paraffin contents, it has become essential for oil reservoir engineering to have an 

adequate understanding of the rheological effects of second and third grade fluids 

on shear flow through porous media. The following four problems are discussed in 

this direction: 

1. The flow due to non-coaxial rotations of a porous disk and a fluid at infinity 

is considered in chapter 2. The velocity field for the case of Newtonian flow 

is presented and the effects of porosity and magnetic field are examined. It is 

found that boundary layer thickness decreases with the increase in magnetic 

field. 

2. The magnetohydrodynamic (MHD) flow of ::,;econd grade fluid due to non

coaxial rotations of a porous disk and a fluid at infinity is considered in chapter 

3. Exact analytical solution is found using Laplace transform technique. It is 

found that the boundary layer thickness increases with the increase in material 

parameter of the sec.ond grade fluid. Exact value of the material parameter 

exhibiting the property of second grade fluid is determined. 

3. Chapter 4 is devoted to the extended analysis of chapter 3 for third grade 

fluid. This analysis is important because a second grade fluid exhibits normal 

stresses but is not shear thinning; the shear viscosity is constant. The third 

order approximation of a simple fluid exhibits shear dependent viscosity. The 

governing partial differential equation is non-linear which is not amenable to 

an analytic solution and so numerical solution is constructed. It is observed 

that the boundary layer thickness increases much with the increase in material 

parameter of the third grade fluid. 

4. The problem considered in chapter 4 is generalized to the case of oscillating 

porous disk and a numerical solution is given using modified Crank-Nicolson 

implicit method with forward time difference and central space difference ap-



proximations. Unlike the hydrodynamic situation for the resonant oscillations, 

the solution for magnetohydrodynamic fluid satisfies the boundary condition at 

infinity for all values of the frequency parameter and the associated boundary 

layers remain bounded for all values of the frequency including the resonant 

frequency. 
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Chapter 0 

Introduction 

Rotation plays an important role in several important phenomena such as the cos

mical, astrophysical, large-scale circulations in the atmosphere etc. The concept 

of motion of a body or object in an unbounded rotating fluid is appropriate in 

these cases. These phenomena thus motivate the search for exact solutions of fluid 

dynamics equations in the rotating fields. However, there are situations in which 

the limiting values of the physical parameters such as kinematic viscosity, time and 

length scale etc. need to be invoked making the final results to depend upon the 

ordering of the limits. In other words the problems of this type may not be gener

ally well-posed. Flows generated entirely by rotary motion of solid boundaries have 

immediate technical applications (rotating machinery, lubrication, viscometry, heat 

and mass exchangers, biomechanics, oceanography), but quite apart from that they 

have intrinsic interest. Thus, the solution of many practical rotating flow problems 

in an unsteady flow created by a rotating fluid has been the subject of a large number 

of investigations which in turn depends upon the behavior of the unsteady boundary 

layers. The flow due to a single, infinite disk was first discussed by von Karman [1] 

, and later by Batchelor [2]. Reference may also be made to the interesting work 

of Greenspan and Howard [3] . After the initiation of this work several researchers 
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such as Holton [4], Walin [5], Siegmann [6] and Debnath [7] examined the spin-up 

mechanism in a rotating viscous fluid . 

The flow between eccentric rotating disks has been examined by a number of 

investigators. Berker [8, 9J showed the existence of an infinite number of non-trivial 

solutions to the Navier-Stokes equations between two infinite parallel plates rotating 

about a common axis or about different axes. Erdogan [10J found an exact solution 

of the time-dependent flow between eccentric rotating disks for a Newtonian fluid . 

Rajagopal [11] has considered the flow of a simple fluid in an orthogonal rheometer. 

Abbot and Walters [1 2J obtained an exact solution for classical incompressible fluid, 

and visco-elastic fluid. Rajagopal [13] introduced the concept of suction or blowing 

and studied the flow of a Newtonian fluid between two infinite porous parallel plates 

rotating about the same axis . 

The flow due to a single disk in a variety of situations has also been a subject 

of great importance. Berker [1 4J has considered the Newtonian flow due to non

coaxial rotations of a disk and a fluid at infinity with the same angular velocity and 

implied the possibility of an exact solution of the Navier-Stokes equations. After 

Berker, there have been many works on the flow due to non-coaxial rotations of a 

disk and a fluid at infinity. The unsteady flow due to non-coaxial rotations of a 

porous disk and a fluid at infinity rotating about different axes has been studied by 

Erdogan [1 5J. The flow due to a disk and a fluid at infinity which are rotating non

coaxially at slightly different angular velocities in an incompressible viscous fluid 

has been considered by Coirier [16J. Mention may also be made to the works of 

Gupta [17J and Erdogan [18, 19] . Gupta obtained an exact solution of the steady 

three-dimensional Navier-Stokes equations for the case of flow past a porous plate 

at zero incidence in a rotating frame of reference, subject to uniform suction. In 

[18, 19], Erdogan obtained exact solutions of the three dimensional Navier-Stokes 

equations for the flow due to non-coaxial rotations of a porous disk and a fluid at 
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infinity. Erdogan found that for uniform suction and uniform blowing at the disk, 

asymptotic solutions exist for the velocity distributions. 

The work of Berker [9] to unsteady case has been extended by Smith [20] . Ka

siviswanathan and Rao [21] obtained an exact solution of the unsteady Navier-Stokes 

equations for the flow due to non-coaxial rotations of a porous disk, executing non

torsional oscillations in its own plane, and a fluid at infinity. The unsteady flow due 

to eccentric rotations of a disk and a fluid at infinity which are impulsively started is 

investigated by Pop [22]. He assumed that the flow is two-dimensional, and both the 

disk and the fluid at infinity are initially at rest and that they are impulsively started 

at time zero. However, under the assumed conditions by Pop [22], the flow does not 

become two-dimensional, it becomes three dimensional. Erdogan [15] suggested a 

change in the initial condition and proposed that the disk and the fluid are initially 

rotating about the z' - axis and suddenly sets in motion; the disk rotating about 

z- axis and fluid about z' - axis. He showed that the problem is two-dimensional 

and presented an analytical solution for t he velocity field. 

An investigation of MHD boundary layers under t he influence of viscous forces 

is of importance in understanding a variety of cosmical, geophysical, astrophysical 

and engineering phenomena. The MHD effect on the Ekman layer over an infi

nite horizontal plate at rest relative to an electrically conducting liquid which is 

rotating with uniform angular velocity about a vertical axes has been studied by 

Gupta [23]. Murthy and Ram [24] have derived a,n exact solution of the steady 

three-dimensional N avier-Stokes equations and energy equation for the case of flow 

due to non-coaxial rotations of a porous disk and a fluid at infinity in the presence 

of a uniform transverse magnetic field. Magnetohydrodynamic flow of a Newtonian, 

incompressible, conducting fluid between eccentric rotating insulated disks with the 

same angular veloci ty in the presence of a uniform transverse magnetic field was 

investigated by Mohanty [25]. Ekman [26] examined the same problem including 
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the induced magnetic field . 

There is yet another area in which the rotating flow has drawn special attention 

to the researchers. It is the fluid dynamics of the non-Newtonian fluids. The flo'w of 

non-Newtonian (viscoelastic) fluids has gained considerable importance because of 

its applications in various branches of science, engineering and technology, partic

ularly in material processing, chemical and nuclear industries, geophysics, and bio

engineering. Most industrial fluid processing includes non-Newtonian liquids. The 

study of non-Newtonian fluid flow through porous media is of significant interest 

in oil reservoir engineering. In view of both industrial and technological applica

tions, considerable attention has been given to the flow of non-Newtonian fluids due 

to rotating plates and disks. These fluids can not be adequately explained on the 

basis of the classical, linearly viscous model. Several constitutive equations have 

been suggested to characterize such non-Newtonian behavior. Amongst there are 

fl uids of the differential type of grade n (TI:uesdell and Noll [27]), such as second 

grade (second-order) fluid, third grade (third-order) fluid, Maxwell fluid, Oldroyd B 

fluid etc, the incompressible and homogeneous fluid of first grade being the linearly 

viscous fluid. 

Srivastava [28] studied the flow of a R.einer-Rivlin fluid between rotating parallel 

plates. Bhatnagar [29] studied the flow between two disks of a Reiner-Rivlin fluid 

in which one disk is stationary and the other rotating. Erdogan [30] has studied the 

steady flow of a second grade fluid due to a disk and a fluid at infinity which are 

rotating non-coaxially at slightly different angular velocities. Later, Bhatnagar and 

Zago [31] studied the flow of a second grade fluid due to two rotating disks, about 

a common axis. The flows of Newtonian and non-Newtonian fluids between parallel 

disks rotating about a common axis has been reviewed by Rajagopal [32]. Maxwell 

and Chartoff [33] pointed out that it is possible to determine the complex dynamic 

viscosity of an elastico-viscous liquid by using the orthogonal rheometer. Blyler and 
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Kurtz [34] and Bird and Harris [35] established various studies to obtain the complex 

viscosity of the fluid. The inertia of the fluid was neglected in Refs. [33, 34, 35]. 

Abbott and Walters [12] both introduced an exact solution for a Newtonian fluid 

including inertia effects and examined the flow of a viscoelastic fluid. The same 

problem was investigated fo r a second grade fluid by Rajagopal [36]. The stabili ty 

of a second grade fluid between two parallel plates rotating about non-coincident 

axes was investigat ed by Rajagopal and Gupta [37], for a BKZ (Bernstein , Kears

ley, and Zapas) fluid by Rajagopal and Wineman [38], and for a K-BKZ (Kaye, 

Bernstein, Kearsley, and Zapas) fluid by Dai et al. [39] . Separately, Gogiis [40] 

obtained an exact solution for a mixture of two incompressible Newtonian fluids. 

Rao and Kasiviswanathan [41] extended work of Mohanty [25] by considering flow 

between eccentric rotating disks with the same angular velocity for micropolar fluid , 

in the presence of a uniform transverse magnetic field. Rajagopal [42] considered 

the flow of an Oldroyd-B fluid between two infinite parallel plates rotating about 

non-coincident axes. An exact solution for the magnetohydrodynamics flow of a 

conducting, incompressible Oldroyd-B fluid between two infinite parallel insulated 

disks rotating about non-coincident axes normal to the disks in the presence of a 

uniform transverse magnetic field was given by Ersoy [43]. Knight [44] investigated 

the inertia effects of the non-Newtonian flow between eccentric disks rotating at 

different speeds . Parter and Rajagopal [45] proved that when the disks rotate with 

different angular velocities about distinct axes or a common axis, there is a one 

parameter family of solutions. It has been shown by many authors that for some 

types of problems, in which the flow is sufficiently slow in the visco-elastic sense, the 

results given by the constitutive equations such as the Oldroyd type are not signifi

cantly different from those of second or third Rivlin-Erickson constitutive equation. 

Therefore, if this is the sense of solutions, to which the problems are interpreted, 

it is reasonable to use the second or third grade RivEn-Erickson equation for the 
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numerical calculations. This is partially so due to the fact, that the calculations will 

generally be simpler. A list of problems may be found in [46]. 

Keeping in view the importance of unsteady flows, Newtonian and non

Newtonian fluids, MHD, suction/blowing, boundary layer thickness due 

to non-coaxial rotations of a disk and a fluid at infinity under different conditions, 

we proceed to present our work as follows :-

In chapter 2 an exact solution for the unsteady flow of a viscous fluid in three

dimensions is derived for the case of non-coaxial rotations of a porous disk and a 

fluid at infinity in the presence of a uniform transverse magnetic field. It is found 

that the boundary layer thickness in the cases of suction/blowing decreases with the 

increase in magnetic parameter. This study helps us to know how the geophysically 

important suction/blowing velocity is effected by magnetic field and rotation. This 

work has been published in ACTA MECHANICA 151,127-134(2001) 

In chapter 3 an exact solution of the unsteady flow of a second grade fluid 

due to non-coaxial rotations of a porous disk' and a fluid at infinity in the presence of 

a uniform transverse magnetic field is investigated. The effects of magnetic field, the 

material parameters of the second grade fluid, suction and blowing on the velocity 

distribution are studied. From the solution of a rigid disk, it is found that for 

dimensionless normal stress modulus a > .01, a non-Newtonian effect is present 

in the velocity field and for a < .01 the velocity field becomes a Newtonian one. 

These observations have been published in ACTA MECHANICA 147, 99-

109(2001) 

The problem of magnetohydrodynamics (MHD) flow of a conducting, incom

pressible third grade fluid due to non-coaxial rotations of a porous disk and a 

fluid at infinity in the presence of a uniform transverse magnetic field is considered 

in chapter 4. An exact analysis is carried out to model the governing non-linear par

tial differential equation. Since the analytical solution for the equation of third grade 

6 



~': - c '.. 

\\~"\ .. if;-
~ . '?~ I} 

fluid is difficult , a numerical solution of the non-linear partial differential . ~!::~ti~p.~l v ~~~ 
-...... -~.-' 

has been obtained. Several graphs have been drawn to show the influence of poros-

ity, magnetic parameter and material parameters on the velocity distribution. It is 

found that when normal stress moduli are zero, we get solution for the Newtonian 

fluid, and results matched with the analytical solution with very small relative error. 

Numerically, we found the behavior of velocity components at different positions for 

various time corresponding to three types of flows (Newtonian, second grade and 

third grade), with and without suction and magnetic parameter. We observed that; 

for the Newtonian case boundary layer thickness increases with the increase in time 

before reaching steady state. For the second grade fluid boundary layer thickness 

increases with the increase in material parameter. Time taken to reach steady-state 

is also increased. Also boundary layer thickness increases with the increase in time 

in third grade fluid during the transient period and then becomes stable. The large 

material parameter of the second grade fluid increases the boundary layer thickness 

and also the time to approach its steady state. In third grade fluid boundary layer 

thickness increases further as compared to the results of second grade fluid and also 

time to reach steady state is increased but these values are small in comparison 

with the case when suction was not present in the third grade fluid. Magnetic pa

rameter is responsible for further reduction in boundary layer thickness as well as 

time to reach steady-state in all three cases. We also observe that the boundary 

layer thickness increases with the increase in material parameters. The magnitude 

of radial velocity component decreases near the disk while its value increases in a 

considerable amount at some distance away from the disk for the second grade fluid. 

These effects are enhanced further for the third grade fluid. 

Suction and magnetic parameter are always responsible for the reduction in the 

boundary layer thickness and also reduce the magnitudes of radial and azimuthal 

velocity components. The effect of the magnetic parameter on the azimuthal veloc-
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ity component is more prominent as compared to its effect on the radial velocity 

component. 

For blowing, boundary layer thickness becomes very large and it approaches the 

free stream at a very large distance (solution exists), and for the second and third 

grade fluids it increases further but by introducing magnetic parameter, boundary 

layer thickness is reduced drastically. The contents of chapter 4 have been accepted 

for publication in INT. J. NON-LINEAR MECHANICS. 

In chapter 5, a numerical solution of the time-dependent non-linear partial differ

ential equation for the magnetohydrodynamic incompressible flow due to non-coaxial 

rotations of a porous disk and a third grade fluid at infinity is given. Additionally, 

the disk is executing oscillations in its own plane. The solutions for three cases when 

the angular velocity is greater, smaller or equal to the frequency of oscillation are 

examined. The structure of the velocity distributions and the associated boundary 

layers are investigated including the case of blowing and resonant oscillations. Many 

known results are recovered as the special cases of the attempted problems. These 

observations are already submitted to ZAMM. 
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Chapter 1 

Preliminaries 

This chapter reviews the basic definitions and concepts used in the thesis. 

1.1 Porous Medium 

A porous medium is a continuous solid phase with intervening void or gas pockets. 

Natural porous media include soil, sand, mineral salts, sponge, wood and others. 

Synthetic porous media include paper, cloth fi lters, chemical reaction catalysts, and 

membranes. 

1.2 Constitutive Equation 

The constitutive equation is an equation of state under flow and deformation that 

differentiates the behavior of the rheologically different fluids, even when subjected 

to identical flow conditions. This is consistent with the physics of the liquids in

volved; not all fluids will behave similarly under the same flow conditions (geometry 

and pressure gradient etc). Some fluids, for example water, will flow easily even 

under infinitesimal pressure and stress gradients. But other liquids , for example 

ketchup, will require large such a gradient to flow. The equation that specifies how 
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a given fluid flows or deforms when subj ect to force gradients (such as pressure 

difference, gravity, or shear difference) is called the constitutive equation. The con

stitutive equation relates all the stress components to the velocity and therefore 

permits solution to equation of motion. The constitutive equation is not aconserva

tion equation. It is a relation between the stress and the velocity and its derivatives 

and is characteristic of the fluid alone. 

1.3 Torsional Flows 

Rotating solid boundaries in contact with liquids induces torsional flows . The liquid, 

due to the no-slip boundary conditions, has to follow the motion of the boundary, 

and therefore, a torsional flow is generated. These flows are important in mixing, 

agitation, and centrifugal separations. They are utilized by commercial viscometers , 

where viscosity can be deduced from the torque, T, necessary to turn a rod with 

angular velocity n. 

1.4 B oundary Layer 

The influence of viscosity for the moving fluid is confined to a very thin layer in the 

immediate neighborhood of the disk, known as boundary layer. In this thin layer 

the velocity of the fluid increases from zero at the disk (no-slip) to its full value, 

which corresponds to external frictionless flow. The thickness of the boundary layer 

increases along the disk in the down stream direction continuously, as increasing 

quantities of fluid become effected. The thickness of the boundary layer decreases 

with decreasing viscosity. On the other hand, even with very small viscosities (large 

Reynolds numbers) the frictional shearing stresses T = fJ, ~~ in the boundary layer 

are considerable because of large velocity gradient across the flow, whereas outside 
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the boundary layer they are very small. 

1.5 Boundary Layer Separation 

The decelerated fluid particles in the boundary layer, a thin region near solid bound

ary where the viscous terms are important , do not, in all cases, remain in the thin 

layer, which adheres to the body along the whole wetted length of the wall. In some 

cases the boundary layer increases its thickness considerably in the down titream 

direction and the flow in the boundary layer becomes reversed. This causes the 

decelerated fluid particles to be forced outwards, which means the boundary layer is 

separated from the wall. Separation is an undesirable phenomenon because it entails 

large energy losses. The most obvious method of avoiding separation is to attempt 

to prevent the formation of a boundary layer. For this reason methods have been 

devised for the prevention of separation. These can be classified as follows: -

1. Motion of the solid wall 

2. Acceleration of the boundary layer (blowing) 

3. Suction 

4. blowing of a different gas (binary boundary layer) 

5. Prevention of transition to turbulent flow by the provision of suitable shapes 

(laminar aerofoils) 

6. Cooling of the wall 

The simplest method from the physical point of view is to move the wall with 

the stream in order to reduce the velocity difference between them, and hence to 

remove the cause of boundary layer formation, but this is very difficult to achieve in 

engineering practice. Another very effective method for the prevention of separation 
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is boundary layer suction. The effect of suction consists in the removal of decelerated 

fluid particles from the boundary layer through a slit in the wall into the interior of 

the body before they are given a chance to cause separation. A new boundary layer 

that is again capable of overcoming a certain adverse pressure gradient is allowed 

to form in the region behind the slit. With a suitable arrangement of the slits and 

under favorable conditions separation can be prevented completely. Suction can also 

be applied to reduce friction. By the use of suitable arrangements of suction slits, it 

is possible to shift the point of transition in the boundary layer in the down stream 

direction, this causes the friction coefficient to decrease, because laminar friction is 

substantially smaller than turbulent friction . The effect of the delay in transition 

caused by suction is to reduce the boundary layer thickness, which then has a less 

tendency to turn turbulent. However, the velocity profiles in a boundary layer with 

suction, being fuller, have forms that are less likely to induce turbulent compared 

with those in laminar boundary layers without suction and of equal thickness. 

Suction has effects in two ways. First, it reduces the boundary layer thickness 

and the thinner boundary layer has less tendency to become turbulent. Secondly, it 

creates a laminar velocity profile, which possesses a higher limit of stability (critical 

Reynold number) than a velocity profile with no suction. It is possible to obtain 

any desired reduction in boundary layer thickness and hence to keep t he Reynolds 

number below the limit of stability, provided that enough fluid is sucked away. 

However, a large suction volume is uneconomical because a large proportion of the 

saving in power due to the reduction in friction is then used to derive the suction 

pump. It is therefore important to determine the minimum suction volume, which is 

required in order to maintain laminar flow. The saving in friction achieved through 

suction is greatest when this minimum value is used because any higher suction 

volume will lead to a thinner boundary layer and to an increase in shearing stress 

at the wall. 
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An alternative method of preventing separation consists in supplying additional 

energy to the fluid particles, which are being retarded in the boundary layer. This 

result can be achieved by discharging fluid from the interior of the body using slits. 

In this case additional energy is imparted to the fluid particles in the boundary layer 

near the wall. The boundary layer thickness in . the downstream direction increases 

with the increase in blowing. Blowing also reduces friction. 

1.6 Physical behavior 

Consider a flow on an infinite disk, which rotates about an axis perpendicular to its 

plane with a uniform angular velocity in a fluid otherwise at rest. Due to friction, 

the fluid in the immediate neighborhood of the disk is carried by it and then forced 

outwards due to the action of centrifugal forces. The fluid which is forced outwards in 

a radial direction is replaced by a fluid stream in the axial direction towards the disk 

to be in turn carried and ejected centrifugally. Thus the velocity in the boundary 

layer has a radial and a tangential component, and the mass of fluid which is driven 

outwards by centrifugal forces, is replaced by an axial flow. Thus the case is seen 

to be one of fully three-dimensional flow i.e. there exist velodty components in all 

three directions, u in radial direction, v in circumferential direction and w in axial 

direction. 

When the fluid rotates over the wall this is a similar effect but its sign is reversed 

(in the opposite direction). The particles, which rotate at a large distance from the 

wall, are in equilibrium under the influence of the centrifugal force, which is balanced 

by a radial pressure gradient. The peripheral velocity of the particles near the wall is 

reduced, thus decreasing materially the centrifugal force , whereas the radial pressure 

gradient directed towards the axis remain the same. This set of circumstances cautles 

the particles near the wall to flow radially inwards, and for reasons of continuity that 

motion must be compensated by an axial flow upwards. A superimposed field of 
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flow of this nature which occurs in the boundary layer and whose direction deviates 

from that in the external flow is quite generally referred to as a secondary flow. 

The secondary flow which accompanies rotation near a solid wall can be clearly 

observed in a glass of water with some grains: after the rotation has been generated 

by vigorous stirring and after that the flow has been left to itself for a short while, 

the radial inward flow field near the bottom will be formed. Its existence can be 

conformed from the fact that grains settled in a little heap near the centre at the 

bottom. 

1.7 Non-Newtonian Fluids 

The theory of non-Newtonian fluids is a branch of fluid mechanics based on the con

tinuum hypothesis that a fluid particle may be regarded as continuous in structure. 

Non-Newtonian fluids are classified on the basis of their behavior in shear. A fluid 

that exhibits a linear relationship between the shear stress and shear rate, giving 

rise to a constant viscosity, is always characterized to be a Newtonian fluid. The 

constitutive equation of an incompressible Newtonian fluid is given by 

(1.1 ) 

where 

Tij stress tensor 

P - arbitrary isotropic pressure 

Oij - Kronecker delta 

fJ, viscosity coefficient that could vary with pressure and temperature 

D .. tJ - rate of strain (deformation) tensor, defined in terms of 
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velocity vector Vi, 

~ (8Vi + 8Vj) . 
2 8xj 8Xi 

as 

There are many real fluids, e.g. water, air, alcohol, glycerin, fluids with low 

molecular weight, etc. that are faithfully described by equation (1.1) 

But a constant viscosity relation is not always a Newtonian fluid relation because 

there are fluids like a second grade fluid, a convected Maxwell fluid and an Oldroyd 

fluid A and B that are certainly non-Newtonian, but also show a constant viscosity. 

A material under a given circumstances may fall in one category, yet the same 

material under different conditions may belong to a different category. Silly Putty, 

for example, will fracture like a solid under a sudden applied load, while it will flow 

freely like a liquid when subjected to a load of low magnitude. 

A fluid that is not characterized by equation (1.1) will be defined as a non

Newtonian fluid, e.g., solutions and melts of high polymers, suspension of particles 

in liquids, plastic and synthetic fibers, rubber, petroleum, soap and detergents, 

pharmaceuticals and biological fluids, paper pulp and printing materials etc. Non

Newtonian fluids can best be classified in response to their non-linear relationship 

between shear stress and the rate of shear, i.e. flow curve, is non-linear, may be 

divided into three broad groups. Time Independent (Visco-Inelastic) fluids, Time 

Dependent Fluids and Viscoelastic Fluids. 

1. 7.1 Time Independent (Visco-Inelastic) fluids 

These fluids are isotropic and homogeneous at rest. The rate of shear at any 

point of the fluid is solely dependent upon the instantaneous shear stress at that 

point. If 'Y is the shear rate and 'T is the corresponding shear stress at a point then 

for such fluids: 

15 



-y= f(T) (1. 2) 

Non-Newtonian viscous fluids and generalized non-Newtonian fluids are other 

names given to such fluids because their constitutive equation is similar to Newton 's 

law of viscosity; however the viscosity itself is a function of the shear rate. These 

liquids exhibit shear-thinning or shear-thickening viscosity, but no normal stresses 

in viscometric flows and no elasticity or memory. 

Depending upon the nature of equation (1.2), these fluids are conveniently subdi

vided into three distinct types: Bingham plastics, Pseudoplastic fluids and dilatant 

fluids. 

Bingham Plastics 

A Bingham plastic flows only if subjected to a shear stress bigger than a char

acteristic stress, the yield stress. This is characterized by a flow curve that is a 

straight line having an intercept to on the shear stress axis. The yield stress To, is 

the magnitude of the st ress that must exceed by the shear stress before the flow 

starts. A physical explanation for such behavior is that a Bingham plastic at rest 

contains a three dimensional structure with sufficient rigidity to resist any stress less 

than the yield stress To, which is characteristic of the material. Once this stress is 

exceeded, the structure disintegrates and the system behaves like a Newtonian fluid. 

If their yield stress falls helow To, these liquids behave like elastic solids. Paints, 

ketchup, mayonnaise, fiber suspensions are some examples of Bingham plastic. 

Pseudoplastic Fluids 

These fluids show no yield stress. A flow curve for these material shows that the 

ratio of shear stress to rate of shear falls progressively with the increase in the shear 
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rate. At very low and at very high shear rates, the slopes are almost linear. 

Dilatant Fluids 

These fluids show an increase in viscosity with an increase in shear rate and 

thus exhibit a shear thickening behavior. In older literature, the term dilatancy 

described the property of volume expansion with shear. Though early usage of the 

term meant volume expansion, the current more widely accepted definition is: di

latancy is the isothermal reversible increase of viscosity with increasing shear rate 

with no measurable time dependence. The process mayor may not be accompanied 

by detectable volume change. 

1.7.2 Time Dependent Fluids 

Some fluids in the presence of impressed steady rate of shear show an increase 

or decrease in viscosity as time passes. This is because the applied shear changes 

the whole sequence of structure of time dependent fluids. The fluids that show an 

increase in viscosity as time progresses are called rheopectic, i.e. shear thickening 

with time and the fluids that show a decrease in viscosity as time progresses are 

called thixotropic i.e. shear thinning with time. Rheopexy and thixotropy are time 

dependent effects not shear dependent effects. A detail study of such fluids requires 

molecular structure of the fluids. Because of this, the mathematical development 

of time dependent fluids becomes hopelessly complicated. The theoretical study of 

these fluids, therefore, is based on many simplifying assumptions. In a thixotropic 

material, if the flow curve is plotted in a single experiment in which the shear 

rate is steadily increased from zero to maximum value and then decreased steadily 

towards zero, a form of hysteresis loop is obtained. The criterion of reversibility is a 

necessary condition of this definition (the structure recovers upon setting), because 
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an irreversible decrease in viscosity would imply shear degradation [47, 48] . 

Rheopexy is essentially the reverse of thixotropy. In this case, gradual formation 

of a structure is accompanied by shear. Polymeric melts and polymeric solutions are 

examples of shear thinning while the examples of shear thickening are suspensions 

and emulsions. 

1.7.3 Viscoelastic Fluids 

These are the non-Newtonian fluids that possess a certain degree of elasticity 

and memory in addition to the shear-thinning or shear-thickening viscosity. As a 

result, in a flow, a certain amount of energy is stored in the fluid as a strain energy 

in addition to various dissipation in the form of heat. In a viscoelastic fluid, we, 

therefore have to consider the strain no matter how small it may be. On the removal 

of the stress, strain is responsible for the fluid's partial recovery to its original state 

and the reverse flow that ensues. During the flow, the natural state of a viscoelastic 

fluid changes continuously. It tries to attain the instantaneous state of the deformed 

state, but it never completely succeeds. This lag is a measure of the elasticity of 

the fluid or the so-called memory of the fluid. All liquids of polymeric origin (melts, 

solutions, suspensions) are viscoelastic. For Newtonian liquids the deformation and 

the stress are in phase, for viscoelastic liquids they are out of phase, and therefore 

viscoelastic liquids may continue to be under stress even under zero deformation or 

shear rate. The viscous character of viscoelastic liquids is controlled by their abil

ity to orient themselves differently under different flow conditions, which gives rise 

to shear thinning. The elastic character is controlled by the flexibility and ability 

of elastic macromolecules to respond to shear and extensional deformations. The 

simplest viscoelastic model is the Maxwell model, which is based on the assumption 

that a viscoelastic liquid exhibits both viscous resistance to flow, measured by its 

viscosity /-L, and elastic resistance to deformation, measured by relaxation time. 
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1.8 M HD Equat ions 

Magnetohydrodynamics (MHD) is the study ofthe motion of fluid in the presence of 

a magnetic field. The situation is essentially one of mutual interaction between the 

fluid velocity field and the electromagnetic field: electric currents induced in the fluid 

as a result of its motion modify the field; at the same time their flow in the magnetic 

field produces mechanical forces which modify the motion. Applications of MHD to 

natural events received a delayed motivation when astrophysicists came to realize 

how established throughout the universe are conducting, ionized gases (plasmas) 

and significantly strong magnetic fields. Geophysicists have considered the problem 

of explaining the earths field by motions of its postulated core of conducting fluid. 

MHD is important in astrophysics because the enormous scale of events makes up 

for the compactness of the conductivities and magnetic fields. MHD differs from 

ordinary hydrodynamics in that the fluid is electrically conducting. It is not mag

netic; it effects a magnetic field not by its mere presence but only by virtue of electric 

currents flowing in it . The fluid conducts because it contains free charges that can 

move indefinitely. The full nonlinear equations of MHD (including thermal and dif

fusive effects) are so complex that they often need to be approximated drastically 

by focusing on the dominant physical mechanisms in any particular phenomena. 

In the Magnetohydrodynamics approximation, the behavior of the continuous 

electrically conducting fluid is governed by a simplified form of Maxwells equations, 

together with Ohms law and equations of continuity and motion. 

1.8 .1 Maxwells Equations 

We begin with Maxwells equations in m. k. s. units, 
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c'Url B 

div B -

c'Url E 

div E 

1 BE 
p, J + c2 Bt ' 

0, 

BB 
- at' 
p* 

t 

(1.3) 

(1 .4) 

(1.5) 

(1.6) 

where B is the total magnetic field, E is the electric field, p* the charge density, 

J the current density, p, the magnetic permeability and t the permittivity. The 

first Maxwell equation shows that either currents or time varying electric field may 

produce magnetic field, whereas the third and fourth equations imply that either 

electric charges or time varying magnetic field may give rise to electric fields. The 

second equation assumes that there are no magnetic poles and implies that a mag

netic flux tube has a constant strength along its length. A fundamental supposition 

of magnetohydrodynamics is that the electromagnetic variations are non relativistic 

or quasi-steady. In other words, 

Vo «c, (1. 7) 

where Vo is a characteristic electromagnetic (or electrically conducting fluid) speed, 

while c is the speed of light. Thus one consequence of equation (1.7) is that the 
1 BE 

term 2!l may be neglected in equation (1.3). Another is that the equation of 
c ut 

charge continuity, which is obtained from the divergence of equation (1.3), becomes 

"V.J = 0; this implies physically that local accumulations in time of charge are 

negligible and electric currents flow in closed circuits. 

1.8.2 Ohm's Law 

Electrically conducting fluid moving at a non-relativistic speed in the presence of 

a magnetic field is subject to an electric field (V x B) in addition to the electric 
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field (E) which would act on material at rest. Ohm's Law asserts that the current 

density is proportional to the total electric field (in a frame of reference moving with 

the electrically conducting fluid ), and it may be written as 

J = a (E + V x B ), (1.8) 

where a is the elect ric conductivity 

1.8.3 Equation of Continuity 

The equation of continuity expresses the fact that for a unit volume there is a balance 

between the masses entering and leaving per unit time and the change in density and 

is independent of the nature of fluid . In the case of unsteady flow of a compressible 

fluid this equation is given by 

~~ + P divV = a;: + div(p V) = 0, (1.9) 

whereas for an incompressible fluid, with p = constant, the equation of continuity 

assumes the simplified form 

divV = o. (1.10) 

The symbol ~~ denotes here the substantive derivative which consists of the local 

contribution (in unsteady flow) aaP' and the convective contribution (due to trans-
t ' 

lation ), V . grad p. 

1.8.4 Equat ion of Mot ion for the Third Grade Fluid 

In this thesis we have considered non-Newtonian fluids particularly second grade 

and third grade fluids. The momentum equation for the MHD third grade fluid in 
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the vector form is: 

DV 
p- =J x B+\7.T 

Dt 
(1.11) 

with no gravity effects. The symbol DV denotes here the substantive accelera
Dt 

tion which, like the substantive derivative of density, consists of the local contribu-

tion (in unsteady flow) av, and the convective contribution (due to translation ), at 
(V . grad) V. The Cauchy stress tensor for an incompressible third grade fluid is 

T - -pI + /-LA1 + a1A2 + a2A~ 

+ (31A3 + (32 (A1A2 + A 2A 1) + (33(trADA1 , (1.12) 

where al, a2, (31, (32 and (33 are material constants. Cauchy stresses for second grade 

and viscous fluids are obtained by putting (31 = (32 = (33 = 0 and a1 = a2 = (31 = 

(32 = (33 = 0 respectively, in equation (1.12). 

The equations of motion are derived from Newton's Second Law, which states 

that the product of mass and acceleration is equal to the sum of the all forces acting 

on the body. In electrically conducting fluid motion it is necessary to consider the 

following three types of forces, the electromagnetic force Fern, the mechanical force 

Fin and the external force Fex. Electromagnetic field induced the charge and current 

density at the same time which lead to the electric force qE and the magnetic force 

J x B, respectively, which act on the substantial or moving element of the fluid . 

The electromagnetic force acting on a unit area is given by the equation 

Fern = qE+J x B (1.13) 

which is also known as Lorentz force and reduces to 
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F em = J x B . (1.14) 

Since, by dimensional analysis, it is readily seen that the electric and magnetic 

parts of the body force qE + J x B are in ratio equal to V} which is very small so 
c 

we neglect qE. 

The force acting on a unit area due to mechanical stress is given by the equation 

(1.1 5) 

where T is the sum of pressure and frictional forces. For viscous fluid 

(1.16) 

where pI is the indeterminate part of the stress, fl is the coefficient of viscosity and 

Al is a kinematical tensor defined by 

Al = (grad V) + (grad V)T. (1.17) 

If Fex is an ordinary gravitational force per unit volume, then 

F ex = pg, (1.18) 

where g is the acceleration vector due to gravity. External forces are usually ne

glected unless their effect is of special significance. 

The equation of motion in the vector form 

(1.19) 
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In equation (1.11) J x B is directed across the magnetic field, so that any motion 

along field lines must be produced by other forces , such as gravity, pressure gradient 

or frictional forces. The Lorentz force has two effects. It acts both to shorten mag

netic field lines through the tension force and also to compress electrically conducting 

fluid through the pressure term. 

For the second grade fluid 

where (Xl and (X2 are the normal stress moduli satisfying (Xl > 0, (Xl + (X2 = ° [49], 

Al is defined as equation (1.17) and A2 is defined by the equation 

(1.21) 

The tensors A3 used in equation (1.12) is defined through [50]: 

(1. 22) 

We shall not consider the model defined by equation (1.12) as an approximation 

to a simple fluid [51] in the sense of a retardation, but consider it to be an exact 

model in the sense described by Fosdick and Rajagopal in [52] (see also [53]). We 

require that the Clausius-Duhem inequality hold and that the specific Helmholtz free 

energy be a minimum when the fluid is locally at rest, which leads to the following 

restrictions on the material coefficients: 

11 2:: 0, (Xl 2:: 0, {31 = {32 = 0, {33 2:: 0, 

- ) 2411{33 ~ (Xl + (X2 ~ ) 2411{33. (1.23) 

24 



The model of equation (1.12) thus reduces to 

(1. 24) 

Left hand side of equation (1.11) can be written as 

DV 
(p Dt )x 

au au au au 
p( at + u ax + v ay + w a)' (1. 25) 

DV 
(p Dt )Y 

av av av av 
p( at + u ax + v ay + w az )' (1. 26) 

DV 
(p Dt )z 

aw aw aw aw 
p(Ft +u ax +v ay +W az )' (1. 27) 

where the subscripts denote the x, y and z-components. Also 

J x B = a [(V x B) x B] (1. 28) 

We make the following assumptions: 

1. The quantities p, II, J.L and a are all constants throughout the flow field . 

2. The magnetic field B is perpendicular to the velocity field V and the induceu 

magnetic field is negligible compared with the imposed field so that the mag

netic Reynolds number Rm is small [54]. 

3. The electric field is assumed to be zero . 

4. The velocity vector V is a function of z and t alone with w = - W 0 0 
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In view of these assumption, the electromagnetic body force involved in (1.28) 

can be written as [55] 

J x B = -o-B~V, 

where (0- B~) has the same dimension as p n. 

-pI 

grad V 

(grad vf -

2
8u 
8x 

8v 8u 
-+-
8x . 8y 
8w 8u 
-+ -8x 8z 

-p 0 0 

o -p 0 

o 0 -p 

8u 8u 8u 
8x 8y 8z 
8v 8v 8v 
8x 8y 8z 
8w 8w 8w 
8x 8y 8z 

8u 8v 8w 
8x 8x 8x 
8u 8v 8w 
8y 8y 8y 
8u 8v 8w 
8z 8z 8z 

8u 8v 
-+-8y 8x 

2
8v 
8y 

8w 8v 
- +-8y 8z 

26 

8u 8w 
-+-
8z 8x 
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(1.29) 

(1.30) 

(1.31 ) 

(1.32) 

(1.33) 



DAI aAl -- at + (V . \7) AI, Dt 

(D~l) xx -
( fPu a2u a2u a2u ) 

2 atax + u ax2 + v ayax + w azax ' (1.34) 

(DD~l ) 
xy 

a (au ov ) a (au av ) at ay + ax + u ax ay + ax 

+ a (au av ) a (au av) v ay ay + ax + w a z ay + ax ' (1.35) 

(DD~l ) xz - a (au aw ) a (au aw ) at az + ax + u ax az + ax 

+ a (au aw) a (au aw) v ay az + ax + w oz az + ax ' (1.36) 

(D~t - ( a2v a2v a2v a2v ) 
2 atay + u axay + v ay2 + w azay , (1.37) 

(D~t a (av aw) a (av aw) at az + ay + u ax az + ay 

+ a (av aw) a (av aw) v ay a z + ay + w a z a z + ay , (1.38) 

(DD~l) zz 
(~w ~w ~w ~w) 

2 ataz + u axaz + v ayaz + w az2 ' (1.39) 

(D~lt - (DAl) (1 .40) Dt ' 
x y 

(DD~l ) zx 
(DAl) (1.41 ) Dt ' xz 
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(Al (grad V ))xx -

(AI (grad V)) Xy -

(AI (grad V))xz 

(AI (grad V ))yX = 

(AI (grad V )) yy 

(Al (grad V)\z = 

(A l (grad V))zx -

(Al (grad V))zy -

(Al (grad V ))zz 

(
DAl) 
Dt ' yz 

(1.42) 

2 ( au)' + av (au + av) + aw (au + aw), (1.43) 
ox ox oy ox ox 0 Z ox 

2 OU OU + ov (ou + ov) + ow (ou + ow) 
ox oy oy oy ox oy oz ox ' (1.44) 

2 ou OU + ov (ou + Ov) + ow (au + ow) 
ax oz oz oy ax oz oz ox ' (1.45) 

. ou (ou + Ov) + 2 OV OV + ow (OV + ow) 
ax oy ax ox oy ox oz oy , (l.4G) 

au (au av) (av)' aw (av aw) - -+- +2 - +- -+-oy oy ox oy oy oz oy , (1.47) 

ou (au + (71 ) + 2 ov OV + ow (OV + ow) 
OZ oy ax oz oy oz oz oy , (1.48) 

au (au + ow) + ov (OV + ow) + 2 ow ow 
ox OZ ox ox oz oy oz ax' (1.49) 

ou (ou + ow) + ov (OV + ow) + 2 ow ow 
oy OZ ox oy oz oy oz oy' (1.50) 

OU ou ow ov ov ow ow ( ) ( ) ( )' oz oz + ox + oz oz + oy + 2 OZ , (1.51) 
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au (au + av) + 2av av + aw (av + aw), (1.53) 
ax ay ax ax ay ax a z ay 

((grad V)T At) xz au (au + aw) + av (ov + aw) + 2aw aw , (1. 54 ) ax az ox ax oz ay ax az 

((grad V)T At) yx 2au au + av (au + av) + aw (au + aw), (1. 55) ay ax ay ay ax ay az ax 

((grad V)T At)yy au (au + av) + 2 (av) 2 + aw (av + ow) ,(1.56) ay ay ax ay ay a z oy 

((grad V)T At )YZ au (au + ow) + av (ov + aw) + 2aw aw (1.57) ay az ox oy az ay ay az ' 

((grad V)T At) zx 2au ou + av (au + av) + aw (au + aw), (1. 58 ) 
az ax az ay ax az az ax 

( (grad V)T At) 
zy 

au (au + ov) + 2av av + aw (av + aw), (1.59) 
az ay ax oz ay az az ay 

((grad V )T At) zz _ au (au + ow) + ov (ov + ow) + 2 (ow) 2,(1.60) az az ax az az ay az 

4 (
au) 2 2 av (ou av) aw (au aw) + - + - - + - + 2- - + -ax ax oy ox ax az ax ' (1.61) 
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+ 
a (au ov) au au ov au 3 ov OV 

w oz oy + ax + 3 ax oy + oy oy + ax oy 

+ ow au + 2 ow ow + au ov + avow 
oy oz ax oy ax ax oz ax ' (1. 62) 

(A2)xz a (au ow) a (au ow) a (au ow) at a z + ax + u ax a z + ax + v oy a z + ax 

+ 
a (au ow ) au au ov au 2 ov OV 

w oz oz + ax + 3 ax oz + oz oy + ax oz 

+ 
ow au + 3 ow ow + au ow + avow 
oz oz ox oz ox ox ox oy , (1.63) 

(A2)yy 
( 02V 02V 02V 02V ) 

- 2 --+u--+v-+w--otoy oxoy oy2 ozoy 

+ 2 C'iu)' + 2 au av + 4 (av)' + 2 ilw av + 2 ( aw )' , oy oyox oy oyoz oy (1.64) 

(A2)yz - a (avow ) a (avow) a (avow) ot 0 z + oy + u ax a z + oy + v oy a z + oy 

+ w ~ (ov + ow) + 2 au au + au ov + 3 OV OV + ow ov 
oz oz oy oy oz oz ax oyoz oz oz 

+ 3 ow ow + ow ou + avow 
oy OZ ox oy oy oy ' (1.65) 

(A2)zz - ( &w &w &w &w ) 
2 otOz + u oxoz + v oyoz + W OZ2 

+ 2 Cu)' + 2auaw + 2 (av)' + 2aw av + 4 (ilw)' , OZ oz ax oz oy oz oz (1.66) 
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(A2 )yX - (A2 )xy' 

(A 2 )zx - (A 2 )xz' 

(A 2 )zy - (A2 )yz' 

(Ai) xx - (20U)' (au av)' (au Ow)' ax + ay + ox + a z + ax 

(Ai)Xy - 2 ou (ou + av) + 2 ov (ou + av) ox oy ox oy ay ax 

+ (ou + aw) (ov + ow) , oz ax oz oy 

(Ai) xz - 2 au (ou + ow) + (ov + ow) (ou + av) ox oz ax oz ay ay ax 

2 ow (ou ow ) 
+ az oz + ax ' 

(Ai)yy (au av)' (2av)' (avow), - - + - + - + -+-ay ox oy az ay 

(Ai)yZ - (au + av) (ou + aw ) + 2 av (ov + aw) ay ax oz ax ay oz ay 

+ - - + -2 ow (ov ow ) 
OZ Dz ay , 

(Ai) zz CU Ow)' (av aw)' (2ow)' - -+- + -+- + -
OZ ox oz oy az 

(Ai)yX - (Ai)XY ' 

( A2) 
\ 1 zx - (Ai)xz' 

31 

(1.67) 

(1.68) 

(1.69) 

(1.70) 

(1.71) 

(1. 72) 

(1. 73) 

(1.74) 

(1.75) 

(1. 76) 

(1. 77) 



(AnZy (1.78) 

(trAn _ (2 ou) 2 + (2 ov ) 2 + (2 ow) 2 + 2 (ou + ov) 2 
OX oy OZ oy OX 

(au aw ) 2 (avow ) 2 + 2 - + - +2 - + - , oz ax oz oy (1. 79) 

[(trAn Altx - (2~U)' +sau (av)' +sau (aw)' ax ox ay ox oz 

+ 4au (au + av)' +4au (au + aw)' 
ax oy ax ax a Z ox 

4au (av aw)' 
+ ox OZ + oy , (1.80) 

[(trAn AlLy - 4 (au)' Cu + av) +4 (av)' (au + av) ox ay ax oy oy ox 

+ 4 (aw )' (au + av ) +4 (au + av)' az ay ox ay ax 

+ 2 au + ov ou + aw + 2 OU + ov ov + ow ( )( )' ( )( )' ay ax oz ax ay ax oz oy , 
(1. 81 ) 

[(trAn Alt z = 4 (au)' (au + aw) +4 (av)' (au + aw) ox a z ax ay a z ox 

4 
aw au ow ou ov ou aw 

( )2 ( ) ( )2 ( ) + - -+- +2 -+- -+-
. OZ oz ox oy ox oz ox 
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_ 88v (8u) 2 + 8 (8V) 3 + 88v (8W) 2 
8y 8x 8y 8y 8z 

+ 4 8v ( 8U + 8V) 2 + 4 8v ( 8U + 8W ) 2 

8y 8y 8x oy 0 z 8x 

4
8v (OV 8w)2 

+ 8y OZ + oy , 

+ 4 (8w) 2 (8V + 8W) + 2 (OU + 8v)2 (8V + 8W) 
8 Z 0 Z 8y 8y 8x 8 Z 8y 

2 (8U 8W) 2 (8V 8W) 2 (8V 8W) 3 
+ Bz + 8x Bz + By + OZ + 8y , 

_ 88w (8U) 2 + 80W (OV) 2 + 8 (8W)3 
8z Bx 8z oy 8z 

48w (OU 8v)2 48w ( 8U 8W)2 + - -+- + - -+-8z By ox 8z OZ 8x 

48w (8V 8w)2 
+ 8z 8z + By , 

[(trAO AI]yX - [(trAO AlLy' 

[(trAO A ILx - [(trAn A t)xz ' 

[(trAn A lLy - [(trAn AI]yz' 

(1.82) 

(1.83) 

(1.84) 

(1.85) 

(1.86) 

(1.87) 

(1.88) 

Substituting equations (1.30) , (1.33) , (1.61 - 1.78), (1.80- 1.88) into (1.24), we 
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obtain 

Txx ( -p 1+ J-tAI + a IA 2 + a2Ar + (33 (tr An Al t x 

( au) [ a2u a2u a2u a2u 
-p + J-t 2 ax + 2aI atax + u ax2 + v ayax + w azax 

+ 2 (au)' + av (au + av) + aw (au + aw) 1 ax ax ay ax ax a z ax 

[( )' ( r ( r] au au av au aw 
+ a2 2- + - + - + - + -ax ay ax az ax 

[( r (r ()' ( )' au au av au aw au au av 
+ (33 2- +8- - +8- - +4- -+-ax ax ay ax a z ax ay ax 

+ 4au (au + ow)' Hau (av + aw)'] , 
ax az ax ax az ay (1.89) 

Txy (-pI + J-tAI + a IA2 + a2Ar + (33 (trAO AI ) XY 

( au av) [a (au av) a (au av) - J-t -+- +al - -+- +u - -+-ay ax at ay ax ax ay ax 

+ a (au av) a (au av) 3 au au av au 
v ay ay + ax + w a z ay + ax + ax ay + ay ay 

+ 3 av av + aw au + 2 aw aw + au av + av aw 1 
axay ayaz ax ay ax ax az ax 

[2 au (au av) 2 av (au av) ( au aw) (av aw) 1 + a2 - -+- + - -+- + -+- -+-ax ay ax ay ay ax a z ax a z ay 

34 



[( r( ) ()'( ) ou ou ov ov ou ov 
+ /334- -+-+4- -+-ox oy ox oy oy ox 

+ 
ow ou ov 4 ou ov 2 ou ov ou ow ()'( ) ( r ( )( )' 4 - -+- + -+- + -+- -+-oz oy ox oy ox oy ox oz ox 

+ 2 ou + ov ov + ow ( )( )'] oy ox oz oy ) (1.90) 

Txz (-p 1+ P,Al + a 1A2 + a2Af + /33 (trAf) Altz 

( OU OW) [0 (OU OW) 0 (OU OW) P, -+- +al - -+- +U- -+-OZ Ox ot OZ OX OX OZ OX 

+ o (OU OW) 0 (OU OW) 30U ou 
v oy oz + ox + w oz oz + ox + ox oz 

+ ov ou + 2 ov ov + ow ou + 3 ow ow + ou ow + ov ow ] 
oz oy ox oz oz oz ox oz ox ox ox oy 

+ [ 2 ou (OU OW) ( ov OW ) (OU OV) a2 - -+- + -+- -+-ox 0 z Ox 0 z oy oy ox 

+ 2
0W (au + ow)] +(J3 Hou)' Cu + ow) oz oz ox Ox oz Ox 

+ 4 (ov)' (au + ow) +4 (ow)' (au + aw) oy oz ox oz oz ox 

+ 2 (au ov)' (au ow ) ( au aw)' -+- -+- +2 - +-oy ox oz Ox oz ox 

+ 2 (au + ow) (av + aw)'] , oz ox oz oy (1.91) 
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Tyy - ( - p 1+ P,AI + a lA 2 + a2A~ + /33 (trAn AI )yy 

- ( BV ) [ B2
v B

2
v B

2
v B

2
v 

-p + P, 2 By + 2al Btay + u BxBy + v By2 + w BzBy 

+ - + -- + 2 - +--+ -( OU)' ou ov ( ov )' ow & ( ow)'] 
By By Bx By By Bz By 

[ ( )' ( )' ( )'] Bu Bv Bv Bv Bw 
+ a2 - + - + 2- + - + -

By Bx By Bz By 

+ f3, [8 0V (Ou)' + 8 (ov)' + 8& (OW)' 
By Bx By By Bz 

+ 4 & Cu + OV)' +4& (OU + OW)' 
By By Bx By Bz ax 

+ 4 OV (OV + ow)'] , 
By Bz By 

Tyz - ( -p 1+ P,Al + a l A 2 + a2A~ + /33 (tr An A I) yz 

(BV BW) [a (BV BW) B (av BW) - p, - + - + al - - + - +u - - + -
Bz By at Bz By ax Bz By 

+ a (BV aw) a (BV aw) au au 
v By az + ay + w Bz Bz + By + 2 By Bz 

+ au av + 3 av Bv + aw av + 3 Bw aw + Bw Bu + Bv aw 1 
8z 8x ayaz 8z 8z ay az ax ay ayay 

+ a2 [ (au + av) (BU + BW) + 2 av (av + BW) 
By ax az Bx ay az ay 
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[()'( ) ow av ow au avow 
+ 2 a z (a z + ay)] + f33 4 ax a z + oy 

+ 4 (av)' (av + ow) +4 cw)' (av + iiw) ay az ay az a z ay 

+ 
au av avow 2 au ow avow ( )'( ) ( )'( ) 2 ay + ax az + ay + az + ax az + ay 

+ 2 (avow)'] az + ay , (1.93) 

Tzz (- pI + /-LAl + O!lA2 + 0!2A~ + f33 (trAn Al)zz 

(Ow) [~w ~w ~w ~w - p + /-L 2 az + 20!l ataz + u axaz + v ayaz + W az2 

+ ( au)' + au ow + (av)' + ow av + 2 (ow)'] 
az az ax az ay oz oz 

[( )' ( r ( )'] au ow av ow ow 
+ 0!2 - + - + - + - + 2-az ox az oy az 

+ 4{3, [2 ow (au)' + 2 ow (av )' + 2 (ow)' oz ox az oy oz 

+ ow (au + av)' + ow (au + ow)' + ow (av + ow)'] , 
oz oy ox oz az ox az az ay (1.94) 

Tzx Txz , (1.95) 

Tyx Txy, (1.96) 

Tzy Tyz. (1.97) 

Using equations (1. 25 - 1.27), (1. 29), (1.89 - 1.97) in equation (1.11) , we get 
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[
8U 8u 8u 8U ] 2 8p 2 

P 8t + U- + v- + w- = -aB u - - + fJ, \1 u 8x 8y 8z 0 8x 

+ a l - + U - + v- + w- \1 U + \1 v - + \1 w -[ ( 
8 8 8 8) 2 2 8v 2 8w 
8t 8x 8y 8z 8x 8x 

+ 168u ( 8U 8
2
u + 8v 8

2
v + 8w 8

2
w ) + 8'ljJ ( 8U 8

2
u 

8x 8x 8x2 8y 8y8x 8z 8z8x Z 8x 8x8y 

+ 8v 8
2
v + 8w 8

2
w ) + 8'ljJ ( 8U 8

2
u + 8v 8

2
v + 8w 8

2
w )] 

8y 8y2 8z 8z8y Y 8x 8z8x 8y 8y8z 8z 8z2 ' 
(1.98) 

[ 
8v 8v 8v 8V ] 2 8p 2 P - + U- + v- + W - = - aB v - - + fJ, \1 v 
8t 8x 8y 8 z 0 8y 
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[ ( 
8v 8v 8v 8V) 2 2 8u 2 8w 

+ al 8t + u 8x + v 8y + 'W 8 z V' v + V' u 8y + V' w 8y 

8w 82w 8u 82u 18'¢;] [ 2 8v + 2---+2---+-- +(3al+2a2) V'v-
8z 8y8z 8x 8x8y 2 8y 8y 

+ 8v 8
2
v + 8w 8

2
w ) + 8'¢ ( 8U 8

2
u + 8v 8

2
v + 8w 8

2
w)] 

8y 8y2 8z 8z8y x 8x 8z8x 8y 8y8z 8z 8z2 ) 
(1.99) 

+ al - + U- + V- + W- V' w + V' V - + V' U -[(
8W 8w 8w 8W ) 2 2 8v 2 8u 
8t 8x 8y 8z 8z 8z 
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+ 8'ljJ (a'u a2U + aV a2V + aW a2W ) + 8'ljJ (au a2u 
Y ax ax2 ayayax az azax x ax axay 

+ av a2v + aw a2w) + 16aw (au 82u + 8v a2v + 8w 82w)] 
ayay2 az azay az ax azax ayayaz az az2 ' 

(1.100) 

where 

(av aw ) az + ay , 

(au aw) 
az + ax ' 

(au av) 
'ljJz = ay + ax . 

Equations (1.98) , (1.99) and (1.100) are the components form of the momentum 
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equation for the third grade fluid. 
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Chapter 2 

Unsteady MHD Flow Due to 

N on-Coaxial Rot ations of a Porous 

Disk and a Fluid at Infinity 

In this chapter an exact solution of the unsteady three-dimensional Navier-Stokes 

equations is derived for the case of flow due to non-coaxial rotations of a porous disk 

and a fluid at infinity in the presence of a uniform transverse magnetic field. An 

analytical solution of the problem is established by the method of Laplace transform 

and the graphs are sketched. The boundary layer thickness is found to decrease with 

the increase in magnetic parameter for both suction and blowing. 

2.1 The Basic Equations and Boundary Condi

tions 

We consider a semi-infinite expanse of homogeneous, incompressible, electrically 

conducting viscous fluid which occupies the space z > 0 and is bounded by an 

infinite non-conducting porous disk at z = o. The axes of rotation, of both the disk 
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and the fluid, are assumed to be in the plane x = 0, with the distance between the 

axes being l . The disk and the fluid at infinity are initially rotating about the z' 

-axis with the same angular velocity n and at time t = ° the disk starts to rotate 

suddenly about the z-axis with the same angular velocity n and the fluid at infinity 

continues to rotate about the z' -axis with the same angular velocity as shown in 

figure 1. The fluid is electrically conducting and assumed to be permeated by a 

magnetic field Bo having no components in the x and y directions. The boundary 

and initial conditions are 

u = -ny, v =nx, at z = 0, t> 0, 

u = -n(y - l), v = nx, as z -+ 00 for all t, (2.1) 

u = -0, (y - l), v = nx, at t = 0, z> 0, 

where u, v and ware the components of the velocity. 

The boundary and initial conditions show that the motion is a summation of the 

helical and translatory motion with the velocity profiles being [15] 

u = -ny + f( z, t), v = nx + 9 (z, t). (2.2) 

The unsteady motion of the conducting viscous fluid is governed by the conser

vation laws of mass and momentum which are obtained from equations (1.10) and 

(1.11) 

div V - 0, (2.3) 

BV . at + (V.\7)V 
1 2 1 

--\7p + 1/\7 V + -J x B, 
p p 

(2.4) 
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In above equations, V is the velocity vector, p is the pressure, p is the density, J 

is the electric current density, B is the total magnetic field so that B = Bo + b, b 

is the induced magnetic field and v = !!:.. is the kinematic viscosity. 
p 

The condition of incompressibility along with equation (2.2) yields W = -woo 

Clearly Wo > 0 is the suction velocity and Wo < 0 is the blowing velocity. With the 

help of equations (1.98 - 1.100), equation (2.4) can be written in component form 

as 

OU ou ou OU 
-+u-+v-+w
ot ox oy oz 

ov ov ov ov 
-+u-+v-+w
ot ox oy oz 

(2.5) 

(2.6) 
1 {)p 02W {)2W 02w a 2 

---;'l + v(!'i'2 + ~ +~) - -BoW. 
puz uX uy uZ P 

(2.7) 

Substitution of (2.2) in above equations yields 

lop 2 of of 02 f a 2 

pox 
o X + Og + wo- - - + v- - -B (f - Oy) OZ ot OZ2 po, 

(2.8) 
1 {)p 2 {)g {)g {)29 a 2 

p {)y 
o Y - Of + wo- - - + v- - - B (g + Ox), {)z {)t {) Z2 p 0 

(2.9) 
lop a 2 (2.10) 
p {)z - - Bowo. 

p 

Differentiating (2.10) with respect to x and y respectively, we get 

1 {)2p 1 {)2p 
---=0=---
p f)xf) z p f)yoz . 

(2.11) 
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Now differentiating (2.8) and (2.9) with respect to z and using (2.11) we have 

(2. 12) 

(2. 13) 

Substituting (2.1) into (2. 2), the initial and boundary conditions take the 

following form 

1(0, t) = 0, g(O, t) = 0, for t> 0, 

I( z, t) = fa , g(z, t) = 0, as z --+ 00 for all t, (2.14) 

l(z ,O) = nt, g(z ,O) = 0, for z > 0. 

Defining 

F* = 1 + ig (2.15) 

equations (2.12 - 2.14) give 

83 F* 82 F* a2 F* a 8 F* v-a 3 + W o - a 2 - -8 8 - (in + - B;) -a = 0, z z t z P z 
(2.16) 

F*(O, t) = 0, F*(oo, t) = nz, F*( z, O) = nt, (2. 17) 

2.2 The Solution of the Problem 

The problem [(2.16) and (2.17)] can directly be solved by the use of the Laplace 

transform pair [56] 
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'ljJ(z, 8) (2.18) 

F*(z, t) = - . 'ljJ (z,8 )e8td8, A > O. 1 l A
+

ioo 

2?TZ A-ioo 
(2. 19) 

Multiplying equation (2.16) throughout with e-8t , integrating from 0 to 00 with 

respect to t, and using definition (2.18) we have 

//'ljJ'1I (z, 8) + Wo'ljJ" (z, 8) - (8 + in + ~ B~ )'ljJ' (z, 8) = 0 
p 

with conditions 

'ljJ (0, 8) = 0, 
nl 

'ljJ (00, 8) =-, 
8 

where primes denote differentiation with respect to z . 

Thesolution of the differential system (2.20) is of the form 

'ljJ(z, 8) - + -+-+-- Z ( W O) 2 (8 in aB'/,)) } 
2// // // P// 

+ cexp { - (~> ( WO)2 (8 in aB'/,)) } - + -+-+-- z, 
2// // // P// 

(2.20) 

(2.21) 

(2.22) 

where A, Band C are arbitrary constants. Using conditions (2.21), we obtain 

A= nl, 
8 

B = _ nl 
8 ' 

C=o. 

Making use of the values of A, Band C, equation (2.22) takes the following form 
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'l/J(z s) = nl [1 _ exp {_ (wo + 
, S 211 ( W O)2 ( s in aB;)) }] - + -+-+-- z . 

211 1I 1I pll 

(2.23) 

Laplace inversion of (2.23) yields 

F* (z, t) nl 1A+iOO est - -ds 
27ri A-ioo s 

nl 1A
+

iOO 1 {(wo --. -exp--+ 
27rz A-ioo S 211 

U sing the results 

\: . 

1 1A+iOO erJt -. -drJ 
27rz A-ioo rJ 

1, 

e-
a2t 1MiOO erJ

2t 
- brJ 1 { ab .f (b + 2at) -ab.f (·~;at)} rJdrJ = - e erJc ..ji + e erJc ..ji 27ri A-ioo rJ2 - a2 2 2 t 2 t 

in the above equation we arrive at 

Wo --z 
f . g e 211 + z- = 1 - ---
nl nl 2 

w2 in aB2 

x [e-Z _0 +_+_0 ( 
4112 1I pll erfc _z __ 

2VVt 

w2 in aB2 
z _0 +_+_0 ( 

+ e 4112 1I plI erfc _z _ + 
2VVt 

47 
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where erfc(x) is the complementary error function defined by 

100 2 
erfc(x) = 1 - erf(x) = x e-Y1dYl' (2.25) 

We note from (2.24) that Wo = 0 gives the impermeable case while Wo = 0 = Bo 

gives Erdogan's problem [15J. The real part gives ~l and the imaginary part gives 

~l' Equation (2.24) can also be rewritten as 

where 

Wo 
--z 

f . 9 e 2// + ~- = 1- ---ru rll 2 

x [e <~~ (cos ~ - isin ~) eric C~ -(<> + ifJ)v't) 

+ e~ (cos ~ + isin ~) eric C~ + (<> + ifJ)v't) ] , (2 .26) 

(w~ aB;)2 (")2 (w; aB;)}] ~ -+- +H + - + -
4// P 4// P 

(W~ aB;)2 (")2 (w; aB;)}] ~ -+- +H - -+-
4// P 4// P 

and erfc(x + i y) can be calculated in terms of the tabulated functions [57J. The 

tables given in [57J do not give erfc(x + i y) directly but an auxiliary function 

H(x + iy) which is defined as 

erfc(x + i y) = e-(x + iy)2 H( -Y + ix), (2.27) 
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where 

H(-x + iy) H(x + iy) , 

H(x - iy) = 2e- (x + iy? - H(x + iy), 

and H(x + iy) is the complex conjugate of H(x + iy). For large times, we can write 

(2.26) as 

where the first term of the right-hand side corresponds to the steady state and the 

second one denotes the deviation from it. 

For z « 2M and t » 1 the velocity field (2.28) has the approximate form 

f 
D.l 

x 

Wo ((32 2) _ Wo Z _ a z - - z + - a t 
2// Iv (3z e 2// 1 - e v v cos - - -~=-:--:----:--:---

Vv v'1fi( a 2 + (32) 

[ 
.. a z (3z 

(a cos 2a(3t - (3 sm 2a(3t) smh Vv cos Vv 

49 



g 

Ol 

az . (3z 1 + ((3 cos 2a(3t + a sin 2a(3t) cosh Vv sm Vv ' 

x [( 
.) a z • . (3z 

a cos 2a(3t - (3 sm 2a(3t cosh Vv sm Vv 

az (3z l - ((3 cos 2a(3t + a sin 2a(3t) sinh Vv cos Vv . 

(2.29) 

(2.30) 

Blowing:- Here Wo < 0, say Wo = - w oo The solution in this case is given by 

f 
Ol 

g 

Ol 

- - Wo -2 2 
_ Wo Z _ a z - --z + ((3 - (i )t 

21/ Iv (3z e 21/ 1 - e Y v cos - - _ 
Vv Virt((i2 + (32) 

x [ ( ii cos 2iipt - P sin 2iiPt) sinh ~ cos ~ 

+ (il cos 2&ilt + & sin 2&ilt ) cosh ~ sin ~ 1 ' 

- - Wo -2 2 
_ Wo Z _ az - --z + ((3 - (i )t 

21/ Iv. (3 z e 21/ e yv sm- - _ 
Vv Virt( (i2 + (32 ) 

[ ( 
- 2 - (3- (3- ' (3- ) h &z . il z a cos a t - sm 2& t cos Vv sm Vv 

((3- 2 - (3-t _. 2 - (3- ) . h (i z ilz 1 cos a + a sm a t sm r,; cos r,; , 
y1/ y1/ 
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where 

(W; aB;)2 n2 (W; aB;)}] ~ -+- +H + -+-
4// P 4// P 

(2.33) 

(W; aB;)2 n2 (W; aB;)}] ~ -+- +H - -+-
4// P 4// P 

(2.34) 

It is found that an asymptotic solution exists for the velocity distribution unlike 

the case of a porous disk subjected to uniform blowing in the case of non-rotating 

frame. The existence of asymptotic solution is due to the fact that the vorticity 

layer thickness decreases with increase in rotation. It is interesting to note that 

the velocity boundary layer has thickness of order (~: + :fo) -1 in the case of 

suction and of order (~: + ::v) -1 in the case of blowing. It is clear that the layer 

of thickness of order (~: + :fo) -1 decreases with increase in Wo and Bo and the 

layer thickness of order (~: + ::v) -1 decreases with increase in wo and Bo. The 

solution with zero magnetic field and a nonporous disk obtained by Erdogan [15] 

can be recovered directly from (2.29) and (2.30) with Wo = Bo = O. 

Introducing the non-dimensional quantities 

7 = Ot, 
A f 
f(~, 7) = Ol' g(~, 7) = ~l' 

W o 
to = --;::::= 

\.12//0 ' 

v Wo 
to =--== 

v2//0' 
(2.35) 
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expressions (2.29 - 2.30) for suction become 

j 

~2 2 7 
-€~ + ((3 - & ) -

1 - e-(€ + &)~ cos /3~ _ /2 e ~ 2 V;:; (&2 + (32) 

x [ ( & cos &/37 - /3 sin &/37) sinh &~ cos /3~ 

+ ( /3 cos &/37 + & sin &/37) cosh &~ sin /3~] , (2.36) 

9 

x [ ( & cos &/37 - /3 sin &/37) cosh &~ sin /3~ 

- (/3 cos &/37 + & sin &/37) sinh &~ cos /3~] , (2.37) 

and for blowing yield 

j 

VI: ((3v2 V 2) 7 
-€." + - a -

( V V) I: V a e 2 1 - e - E + a ." cos (3~ - - v 
7r7 (a2 + (32 ) 

x [(acosa~7 - ~sina~7) sinha~cos~~ 

+ (~ cos a~7 + a sin a~7) cosh a~ sin ~~] , (2.38) 
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x [ ( a cos a/3T - /3 sin a/3T) cosh a~ sin /3~ 

(/3 cos a/3T + a sin ri/3T) sinh a~ cos /3~] . (2.39) 

The effect of suction, blowing, and zero porosity without magnetic field at time 

T = 12 is presented in figure 2.1. Figures 2.2 and 2.3 show the variations of f 

and 9 for N = 2 for different values of time. We observe that the boundary layer 

thickness steadily increases and takes a steady state after some time. In absence of 

porosity and magnetic field, steady state is achieved at T = 8. In the presence of a 

magnetic field and no porosity we get steady state rather quickly at T = .5. In case 

of suction and no magnetic field, it is at T = 2. Also the boundary layer decreases 

with increase in the suction parameter. This is in line with the fact that suction 

causes reduction in boundary layer thickness. In case of blowing and 0 magnetic 

field, steady state is obtained after T = 10. Further, it is seen that the influence of 

the magnetic parameter for both the suction and blowing is to decrease the velocity. 

However the effect is more marked in blowing than suction. 
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Chapter 3 

Unsteady MHD Flow of a Second 

Grade Fluid Due to Eccentric 

Rotations of a Porous Disk and a 

Fluid at Infinity 

In this chapter, we extended the analysis of chapter 2 for the case of non-Newtonian 

fluid. The fluid considered is second grade. An exact solution of the unsteady flow 

due to non-coaxial rotations of a porous disk and a fluid at infinity in the presence 

of a uniform transverse ma.gnetic field is investigated. The main purpose of the 

analysis is three fold. Firstly, to discuss the flow of a second grade fluid produced 

by a. disk which rotates non-coaxially with the fluid at infinity. It is shown that 

equations of motion have an exact solution. Secondly, to examine the influence of 

an externally applied magnetic field on the velocity distribution. Thirdly, to include 

the effects of porosi ty by taking into account the porous disk. It is observed that in 

the case of a rigid disk, non-Newtonian effect can be observed in the velocity field 

when material parameter of second grade fluid a is greater than .01. However, for 

54 



a < .01 the velocity field becomes a Newtonian one. 

3.1 Basic Equations 

We introduce a Cartesian coordinate system with the z- axis normal to the porous 

disk, which lies in the plane z = O. The axes of rotation, of both the disk and the 

fluid, are assumed to be in the plane x = 0, with th8 distance between the axes being 

l. The common angular velocity of the disk and the fluid is taken as O. The fluid is 

electrically conducting and assumed to be permeated by a magnetic field Bo having 

no components in the x and y directions. For the problem under consideration, we 

seek a velocity field of the form (2.2), subject to the conditions (2.1). 

The unsteady motion of the electrically conducting, incompressible second grade 

fluid is governed by the conservation laws of mass and momentum. For the conve

nience of the readers we can write from (1.10) and (1.11) as 

V.V 0, (3.1) 

DV 
P Dt = V. T + J x B, (3.2) 

The Cauchy stress T in an incompressible fluid of second grade is given by 

equation (1. 20) 

(3.3) 

where Al and A 2 are the kinematical tensors given by 

Al (grad V) + (grad V)T, 

55 



(3.4) 

DAI ) ( )T A2 = -- + Al (grad V + grad V AI. 
Dt 

If an incompressible fluid of second grade is to have motions which are compat

ible with thermodynamics in the sense of the Clausius-Duhem ineqnality and the 

condition that the Helmholtz free energy be a minimum when the fluid is at rest, 

then the following conditions must be satisfied 

Using equation (2.2) , equations (1.98 - 1.100) for the case of second grade fluid 

becomes 

P [~~ - n
2
x - Og - We ~~] oP 02 f 2 

- -- + p,- - aB (f - Oy) OX OZ2 e 

+ [ 03f 03f 02g] 
al otf}z2 - We OZ3 + 0 oz2 ' (3.5) 

[Og 2 Og] oP 02g 2 
P ot - 0 y + Of - We Oz - -- +p,--aB (g+OX) oy OZ2 e 

+ [ 0
3 
9 0

3 
9 0

2 
f] 

a l otoz2 - We 8 z3 - n az2 ' (3.6) 

aB~We 
oP (3 .7) 
oz ' 

where 

P (3.8) 
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subject to the boundary and initial conditions (2.14). 

Differentiating equations (3.5) and (3.6) with respect to z and then using (3.7) 

in the resulting expressions we get 

Integrating above equations and then using the boundary condition (2.14), we 

oLtain 

(3.9) 

(3 .10) 

With the help of equation (2.15), equations (3 .9) and (3.10) can be combined 

into the following partial differential equation 

57 



al 03 F * --- -
P otoz2 

alWo 03 F * ( ,aID) 02 F * of* ----+ V-z- --+Wo -
p OZ3 p OZ2 OZ 

of· n(' aB~)F* _ n2l( ' aB~) 
- - H Z + - - - H Z + -
ot pO pO 

with the initial and boundary conditions (2.17). 

Defining dimensionless parameters 

~ = {f;Z' T = Dt, 

N= aB~ 
po' , 

Dal Wo 
a=-, E= , 

vp J2vO 
F * 

F(~, T) = Ol - 1 

equation (3.11 ) takes the following form 

of of 
+ 2E o~ - 2 OT - 2(i + N)F = O. 

Introducing 

H(~, T) = F(~, T) eiT 

equation (3.13) and conditions (2.17) become 

H(O , T) = -eir, H(oo, T) = 0, H(~, 0) = O. 
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(3.14) 
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3.2 Solution of the problem for suction 

Let us suppose that H(~, T) is an arbitrary function that has a Laplace transform 

in the variable T. That is, 

(3.17) 

The initial-boundary value problem in the. transformed s-plane can be rewritten 

as 

aEHIII 
- (1 - 2ia + as)H" - 2EH' + 2(s + N)H = 0, 

- 1-
H(O, s) = --., H(oo, s) = 0, 

S-2 

where primes denote differentiation with respect to ~. 

(3.18) 

(3.19) 

Before proceeding with the solution of the above problem it would be interesting 

to remark here that although in the classical viscous case (a = 0), we encounter 

differential equation of order two [15]. The presence of material parameters of second 

grade fluid increases the order to three. It would, therefore, seem that an additional 

boundary condition must be imposed in order to get a unique solution. The difficulty, 

in the present case, is however, removed by seeking a solution of the form [58] 

- - - 2 
H = HI + aH2 + O(a ) (3.20) 

which is valid for small values of a only. 

Substituting expression (3.20) into equation (3.18) and boundary conditions 

(3.19) and then collecting terms of like powers of a, one obtains the following systems 

of differential equations along with the appropriate boundary conditions: 
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3.2 .1 System of Order Zero 

H~' + 2cH~ - 2(8 + N )Hl = 0, 

- 1-
HI(O, s) = ---., HI (00, s) = O. 

8-'/, 

3 .2.2 System of Order One 

cHt - H~ - (8 - 2i) H~' - 2cH~ + 2(s + N )H2 = 0, 

3.2.3 Zeroth order Solution 

The solution of equation (3 .21) is 

where 

m = c + J c2 + 2 (8 + N), 

n=c-Jc2 +2(8+N). 

Making use of boundary conditions (3.22), we can write 

3.2.4 

.:. 1 -mc 
HI = ---.e <" 

s-'/, 

First order Solution 

With the help of (3.27), equation (3.23) takes the form 
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(3 .22) 

(3.23) 

(3.24) 

(3. 25) 

(3.26) 

(3.27) 



by 

H~ + 2cH~ _ 2(s + N)H2 = (c m3. + (s - 2i). m
2 

)e-m ( (3.28) 
s-z s-z 

The solution of equation (3.28) satisfying the boundary conditions (3.24) is given 

(3.29) 

where 

x c m 3 (s - 2i) m2 

--.+ . , 
s-z 8-Z 

y = m2~ - 2m - 2cm~ + 2c - 2(8 + N)~. 

Using value of m in the solution (3.29) we have 

~e - (c + Jc2 + 2(8 + N))~ - J [2c4 + 3c2 (8 + N) + (c2 + 8 + N)(8 - 2i) 
(8 - i) c2 + 2 (8 + N) 

+ c(2c2 + 28 + N - 2i) J c2 + 2(8 + N)] . 

Substitution of equations (3.27) and (3.30) in (3.20) yields 

H(r;" 8) __ l_.e -(c + J c2 + 2(8 + N))~ 
8-Z 
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+ (E2 + 8 + N) (8 - 2i) 

+ E(2E2 + 28 + N - 2i)JE2 + 2(8 + N)] . (3.31) 

Note that the first term in equation (3.31) corresponds to zeroth-order solution 

while all the other terms correspond to first order solution. The inverse of II is given 

by 

H(~,7) 
1 l).+ioo - 87 

-2 . H(~, 8)e d8, 
7r~ >.-ioo 

,\ > O. 

1 l>.+ioo e - (t + J E
2 + 2(8 + N))~ + 87 

-- ~ 
27ri >.-ioo 8 - i 

a~(2E4 + 3E2N _ 2i(E2 + N)) r>.+ioo e-(E + JE
2 + 2(8 + N))~ + 87 

27ri J>. -ioo (8 _ i)JE2 + 2(8 + N) d8 

a~(4E2 + N _ 2i) r>.+ioo 8 e - (E + JE
2 + 2(8 + N))~ + 87 

27ri J>.-ioo (8 _ i)JE2 + 2(8 + N) d8 

a~ r>.+ioo 82 e - (E + JE2 + 2(8 + N))~ + 8T 

-. J~ d8 
27r~ >. -ioo (8 - i)JE2 + 2(8 + N) 

a~(2E3 + E(N - 2i)) l>.+iOO e -(E + JE
2 + 2(8 + N))~ + 87 

2 . . d8 
7r~ >.-ioo 8 - ~ 

2a~.E r>.+ioo 8 e -(E + JE
2 + 2(~ + N))~ + 87 d8, 

27r~ J ).-ioo 8 - 't 
,\ > O. (3.32) 

With the help of [59], we have 
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1 lA+iOO e- (E + Y)~ + ST 
- ds 
27ri >.-ioo S - i 

1 lA+iOO S e- (E + Y)'; + ST 
- ds 
27ri >.-ioo S - i 

i e - 10'; + iT [ Y C .; If Y C .; If 1 = e - <" erfc( - - Y - ) + e <" erfc( - + Y - ) 
2 V2T 2 V2T 2 

e T 
-10'; - - - (102 + 2N)-

.; e 2T 2 
+--------==~------

V27rT3 
(3 .34) 

1 lA+iOO e-(E + Y)'; + ST 
- ds 
27ri >.-ioo (s - i) Y 

e-
E
'; + iT [ YC .; If yc .; If 1 = e- <"erfc(- - Y - ) - e <"erfc(- + Y - ) 
4Y V2T 2 V2T 2' 

(3 .35) 

1 lA+iOO S e- (E + Y)'; + ST 
- ds 
27ri >. -ioo (s - i) Y 

i e-
E
'; + iT [ YC .; If yc .; If 1 = e- <"erfc(- - Y -) - e <"erfc(- + Y -) 

2Y V2T 2 V2T 2 

e T 
-10'; - - - (102 + 2N)-

e 2T 2 
+------~==~----

V27rT 
(3.36) 
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1 l>.+ioo S2 e- (c + Y)C; + sr 
-2 . ( ')Y ds 1fZ A-ioo S - Z 

e-cC; + ir [ _yc C; f£ yc C; f£ ] = - e <"erfc(- - Y -) - e <"erfc(- + Y -) 
2Y V2T 2 V2T 2 

e r 
-cC; - - - (c2 + 2N)-

(c2 - 2(i - N)) e 2r 2 

2";21fr 
(3 .37) 

where 

Y = J c2 + 2 (i + N). (3 .38) 

Substitution of equations (3.33 - 3.37) into equation (3.32) give 

H(c;,r) 

c;a( 4 2 .(2 ic;a( 2 .) - - 2c + 3c N - 2z c + N)) - - 4c + N - 2z 
4Y 2Y 

+ c;a _ ic;ac] + e-(C - Y)C; + ir erfc(-C;- + Y E.) [-~(1 
2Y V2T V2 2 

+ c;a(2c3 + c(N - 2i))) + 1; (2c4 + 3c2 N - 2i (c2 + N)) 

ic;a( 2 .) c;a . ] + 2Y 4c + N - 2z - 2Y - zc;ac 

e r 
c;a -cC; - - - (c2 + 2N)-
~(4C2 + N - 2i)e 2r 2 

v 21fr 
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+ 

e T 
2Eea -E~ - - - (E2 + 2N)-

- e 2T 2 
J27rT3 

(3.39) 

Using equation (3.14) and F = f ~/g -1, we obtain 

(3.40) 

where 

t:+ a, Z2 = E - a, 
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For large time solution (3.40) become 

+ 

+ [e-Zl~ (cos b~ - i sin b~) erfc (Jr -(a + ib) Ii ) 

{ 
1 (3 fN (a - ib) (4 3 2 . 2 )) } -- - ~a f + _ . + f + -f N + 3Zf + 1 
2 2 2(a2 + b2 ) 2 

{ 
1 ( 3 fN (a - ib) (4 3 2 . 2 )) } - - - ~a f + - - f + - f N + 3Zf + 1 
2 2 2 ( a 2 + b2 ) 2 

e T 
-f~---(f2+2N)-

e 2T 2 {7f2 2~f} + ~a(cosT - isinT) --+i-- , 
J27rT 2 T 

(3.41) 

where the first term in bracket [ . ] on the right-hand side corresponds to the steady 

state and the second denotes the deviation from it. 

For ~ < < V2T and T > > 1 we get the approximate form as 
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f 
nl 

9 
nl 

( 
b ( 3 EN ) ab(, a ( 4 3 2 ) + 2" + b(, a E + 2 - (a2 + b2 ) E + 2" E N + 1 

(3.42) 
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(
b 3 EN abE;,O'. (4 3 2 ) 

+ 2 + bE;, 0'.( E + 2) + (a 2 + b2 ) E + 2 E N + 1 

3(a2 
- b2

) ) 
2(a2 + b2 ) E;,O'.E

2 
cos(bE;, + abr) 

( 
b (3 EN) abE;, a (4 3 2 ) - - + bE;,O'. E + - - E + -E N + 1 
2 2 (a2 +b2 ) 2 

(3.43) 

3.3 Blowing solution 

In the case of blowing E < 0 and we take E = - 0 so that 0 > O. The asymptotic 

solution is given by 

~l + L~l - 1 + e- x1E;,(cosdE;, - isindE;,) erfc(~ - (c + id) Ii) 

[_~ CO'. {63 oN _ (c - id) (-'4 362 
N 3io2 I)}] 

2 + ... + 2 2 (c2 + d2 ) u + 2 + + 
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[_~ C {.\"3 oN (c-id) (04 30
2
N 3 "0 2 I)}] 

2 +., a u + 2 + 2 (c2 + d2) + 2 + ~ + 

f,2 r 
of, - - - (02 + 2N)-

e 2r 2 [ 70
2 

2f,0 ] + V2irT f,a(cosr - i sin r) -2 + i + --:;:- , 

(3.44) 

where 

c - 0, X2 = c+ 0, 

For large times, equation (3.44) can be written in the following form 

+ [e-X1f,(cOSdf, - isindf,) erfc(~ - (c - id) r;,) 

{ _ ~ C (03 oN _ (c - id) { .\"4 30
2
N 3".\"2 I})} 

2 +.,a + 2 (c2 + d2) u + 2 + ~u + 
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+ eX2
( ( cos d~ + i sin d~) erfc (J:r + (c + id) [!;) 

{ _ ~ t: (1'3 8N (c - id) {1'4 38
2
N 3.82 I})} 

2 +.,a u + 2 + (c2 + d2) u + 2 + 'l + 

e 7 I 8~ - - - (82 + 2N)-
e 27 2 { 7 82 2~ 8 } + V2iIT ~ a ( cos 7 - i sin 7) - 2 + i + -;:- . 

(3.45) 

The approximate form of the solution for f; < < ..../2T and 7 > > 1 is 

f 
nl 

( 
d (3 8 N cdf; a 4 3 2 

- 2 - d~a 8 + 2) + (c2 + d2 ) (8 + 28 N + 1) 
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(3.46) 

(3.47) 
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3 .4 Discussion 

In order to get the nature of the velocity distribution near the disk the expressions 
f g 

for nl and nl are plotted. 

When suction and magnetic field are absent i. e., € = 0, N = 0 in equations (3.42) 

and (3.43) , the effect of material constant a is shown in figure 3.1. We note that for 

small values of a we get the same velocity profile and fluid behaves like Newtonian 

fluid which is in agreement with [60]. However, a starts influencing the flow field for 

its values near .01. We further observe that the boundary layer thickness increases 

with the increase in a. 

Figure 3.2 shows the effect of a in the presence of suction € = 2 without magnetic 

field (N = ·0). We found that boundary layer thickness is controlled by the suction 

parameter i. e., it decreases with an increase in suction parameter. 

In case of blowing 6 = 2 and N = 0 the boundary layer thickness becomes very 

large as is expected physically and is shown in figure 3.3. 

Figure 3.4 gives the variation in £ and !u for the cases when a = 1, N = 2. 

Comparing figures 3.3 and 3.4, we observe that boundary layer thickness is dras

tically decreased by introducing magnetic field. Magnetic field thus controls the 

boundary layer structure of a fluid which is enhanced by introducing suction param

eter. 
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Chapter 4 

MHD Flow of a Third Grade Fluid 

Due to Eccentric Rotations of a 

Porous Disk and a Fluid at Infinity 

In this chapter, the analysis of second grade fluid is extended to the case of third 

grade fluid. We consider the magnetohydrodynamic (MHD) flow of a conducting, 

incompressible third grade fluid, due to non-coaxial rotations of a porous disk and 

a fluid at infinity in the presence of a uniform transverse magnetic field. An exact 

analysis is carried out to model the governing non-linear partial differential equation. 

Numerical solution of the third order non-linear partial differential equation has 

bp.en obtained. Several graphs have been drawn to show the influence of porosity, 

magnetic parameter and material parameters on the velocity distribution. 

4.1 Basic Equations 

An incompressible third grade fluid filling the semi-infinite space z > 0 in contact 

with an infinite porous disk at z = 0 is considered. The disk and fluid at infinity 
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are initially rotating about the z'-axis with the same angular velocity 0, and at 

time t = 0, the disk starts to rotate impulsively about the z-axis with the angular 

velocity 0 and the fluid at infinity continues to rotate about the z'-axis with the 

same angular velocity. The axes of rotations of the disk and that of fluid at infinity 

are assumed to be in the plane x = 0 and distance between the axes is l as shown 

in figure 1. The fluid is electrically conducting and assumed to be permeated by a 

magnetic field Bo having no components in the x and y directions. The boundary 

and initial conditions are of the form (2.1), leading toward the solution of the form 

(2.2). 

The incompressible, homogeneous and thermodynamic fluid of third grade is a 

simple fluid of the differential type whose Cauchy ~tress tensor T is represented by 

equation (1.24). 

Using equation (2.2) into equations (1.98 - 1.100), we obtain 

P [it -n
2
x - ng - Wo ~~] 8P 821 2 -- + /-L- - aBo(J - ny) 

8x 8z2 

+ [ 8~1 8
3
1 82g] 

0:1 8t8z2 - Wo 8z3 + n 8z2 

+ a [a f { (a f)' Cg n 1 2/33 8 z 8 z 8 z + 8 z ' (4.1) 

[89 2 89 ] 8P fJ2g 2 
P 8t - n y + nl - Wo 8z - -- + /-L- - aBo(g + nx) 

8y 8z2 

+ [ 8
3 
9 8

3 
9 821] 

0:1 8Wz2 - Wo 8z3 - n 8z2 

+ 2P3 :z [~~ { (~~)' + (~~n 1 ' (4.2) 
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(4.3) 

where P is defined by equation (3.8). Elimination of P from equations (4.1 - 4.3) 

yields 

P [~~ - Dg - Wo ~~ ] [J2! 2 
p, 8z2 - aBo! 

+ [ 8
3 f 8

3 ! 8
2 
9 ] 

al 8t8z2 - Wo 8z3 + D 8z2 

+ 8 [8 f { ( 8 f)' ( 89 n] , 2(33 8z 8z 8z + 8z + aBoDi, ( 4.4) 

[89 89 ] P 8t + Df - Wo 8z 
fj2g 2 

P, 8z2 - aBog 

+ [ 8
3 
9 8

3 
9 8

2 f] 
al 8taz2 - Wo 8z3 - D 8z2 

+ 2~3! [~: {(~~)' + (~~n] +pn'l. (4.5) 

With the help of equation (2.15), equations (4.4) and (4.5) can be combined in 

the fo llowing form 

- +iDF*- w -[8F* 8F*] 
8t 0 8z 

+ al [ 8
3 F* _ W 8

3 F* _ i D 8
2 F* ] 

P 8taz2 
0 8z3 8z2 

+ 2(33 ~ [(8F*) 2 8F*] , 
P 8z 8z 8z 

(4.6) 
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where F * is the complex conjugate of F * and the initial and boundary conditions 

are given by (2.17). 

We note that for al = Bo = W o = {33 = 0, equation (4.6) corresponds to the 

differential equations for classical viscous fluid and Bo = Wo = {33 = 0, for second 

grade fluids, respectively. 

Introd ucing dimensionless parameters 

~= {fz, T = nt, Wo nal 
a=- , € =--== 

) 2/.10,' p/.l 

F * 
F (~ , T) = nl - 1, 

- F* 
F (~, T) = nl - 1 

equation (4.6) and conditions (2 .17) can be rewritten as 

o3F {)2F of 
a€ oe + (1 - ia) {)e + 2€ o~ 

of 0 [( OF) 2 OF] 
2 OT - 2 (i + N) F + {3 o~ o~ o~ = 0, 

F(O, T) = - 1, F(oo, T) = 0, F(C 0) = 0. 

(4 .7) 

(4.8) 

(4.9) 

We note that the equation (4.8) is a third order partial differential equation. 

Moreover, this equation is highly non-linear as compared to case of second grade 

and Newtonian flow equations. As a result, it seems to be impossible to obtain the 

general solution in closed form for arbitrary values of all parameters arising in this 

non-linear equation. Further, the choice of an appropriate numerical technique is 

closely related to the mathematical behavior of the partial differential equation (4.8) . 

The equation (4.8) is parabolic with respect to time which allows a time marching 
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solution to the equation. Dealing with parabolic equation, there is only one charac

teristic direction. The information at one point influences the entire region on one 

side of the vertical characteristic and contained within the two boundaries. There

fore, lend itself to marching solution. Starting with the initial data, the solution 

between the two boundaries is obtained by marching in the T direction. The above 

equation is non-linear. The non-linearity must be suppressed in applying the Yon 

Neumann stability analysis. This is done by treating solution-dependent coefficients 

multiplying derivatives as being temporarily frozen. The modified equation ap

proach to analyzing non-linear computational algorithm is applicable [61] but the 

appearance of products of higher-order derivatives makes the construction of more 

accurate schemes less precise than the case of linear equations. 

As this problem is time dependent and has mixed derivative with respect to 

time and space coordinates so we are forced to use an implicit scheme. Applying 

implicit scheme to nonlinear equation (4.8) is not as straight forward as for linear 

equations. To convert partial differential equation (4.8) to a system of algebraic 

equations a number of choices are available. If this parabolic partial differential 

equation is discretized in space first, it becomes an initial value problem of coupled 

ordinary differential equations. Therefore, numerical methods for a parabolic partial 

differential equation include both 

1) a boundary value problem and 

2) an initial value problem. 

For these reasons, numerical methods for a parabolic partial differential equation 

can be developed by combining a numerical method for the initial value problems 

of ordinary differential equations and a numerical method for the boundary value 

problems. Most of the numerical methods for initial value problems may result 

in very complicated or, at least, inefficient methods e. g. higher order Runge

Kutta methods or predictor-corrector methods. This limitation leads us to the 
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consideration of the simplest group of numerical methods for initial value problems. 

A modified Crank-Nicolson implicit formulation with forward time and central finite 

difference space approximation is commonly used to solve problems governed by 

parabolic equations, so equation (4.8) is transformed into algebraic equation of the 

form 

_a_ [( pn+1 _ 2pn+1 + pn+1) _ (pn _ 2pn + p,,:,- )] 
!:lTh2 )+1 ) )-1 )+1 ) )-1 

+ (1 - ia) [(p,,:,-+1 _ 2pn+1 + pn+1) + (P":'- _ 2pn + pn )] 2h2 )+1 ) )-1 )+1 ) )-1 

(4.10) 

Consider equation (4.10) , the unknown Pp+1 is not only expressed in terms of 

the known quantities at time level n, namely, PP+2' pr+1' pr, P}:"l' and pr- 2' but also 

in terms of other unknown quantities at time level n + 1, namely, P}1/ and pp-+r In 

other words, equation (4.10) represents one equation with three unknowns, namely, 

ppl/ , Pp+1, and Pp-V . Hence, equation (4.10) applied at a given grid point i does not 

stand alone; it cannot by itself result in a solution for Pp+1 . Rather equation (4.10) 

must be written at all interior grid points, resulting in a system of algebraic equations 

from which the unknowns Pp+1 for all i can be solved simultaneously (an implicit 

approach). Because of this need to solve large systems of simultaneous algebraic 
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equations, implicit methods are usually involved with the manipulations of large 

matrices. The implicit methods are unconditionally stable unless non-linear effects 

cause instability, which is controlled by suitable choice of 6.T and h. Equation (4.10) 

can be rearranged as 

(4. 11) 

where 

d:J ( c¥ (1 - iC¥)6.T) (pn n n) 
j - h2 + 2h2 HI - 2Pj + Pj - 1 

(4.12) 

with initial-boundary conditions 
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F n+1 - - 1 1 - , Fn+l - a M - , F} = 0, j=1 , 2, 3,·· ·, M. ( 4. 13) 

Here discrete domain is considered instead of continuous one. Only two concli

tions are needed on two boundaries (z = 0, and z = 00) contrary to the case of an 

analytical solution of continuous function [62J. 

The right hand side of this equation (4.11) , dj , is considered in some fashion as 

known, say from the previous time step and left hand side as the uependent vari

able in a computational solution of an unsteady flow problem. The steady state 

approached asymptotically at large times. 

Here ~ = [~j J;~~[ is taken as strictly increasing sequence of discrete points such 

that a = 6 < 6 < 6 < ... < ~M and h = ~i - ~i- l = E~=t, where M is the 

number of grid points in space coordinates and D.T = Tn+l - Tnis time interval. 

The equation (4.11) must be written at all interior grid points resulting in a system 

of algebraic equations of order M from which the unknowns Fjn+l for all j can be 

solved simultaneously. 

Now apply equation (4.11) sequentially to grid points 2 through M - 1. At grid 

point 2: 

(4.14) 

Here, Fr+l, F~+l and F;+l represent three values at time level n + 1, and d'2 is 

a known value. Moreover, boundary condition at grid point 6 is known, so is Ff+l . 

Hence, in equation (4.14) the term involving the known F{"+l can be transferred to 

the right-hand side, resulting in 

(4. 15) 
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I I 

Denoting d~ - a~Fl+1 by d~, where d~ is a known value, equation (4.15) is 

written as 

(4.16) 

At grid point 3: 

anp,n+l + bnp,n+l + cn F n+1 - dn 
3 2 3 3 3 4 - 3' (4.17) 

At grid point 4: 

( 4.18) 

and so on 

At grid point M - 2: 

n Fn+1 + bn Fn+1 + n F n+1 dn 
aM-2 M-3 M-2 M-2 CM - 2 M-l = M - 2' ( 4.19) 

and at grid point M - 1: 

n F n+1 + bn Fn+1 + n F n+1 dn 
a M - 1 M-2 M-l M-l cM- l M = M-l' (4.20) 

Here again boundary condition at grid point ~M is known, so is FM+l. Hence, 

in equation (4.20) the term involving the known FM+1 can be transferred to the 

right-hand side, resulting in 

n F n+1 + bn Fn+1 _ dn n Fn+1 
aM-l M-2 M-l M-l - M-l - CM - 1 M , (4.21) 
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or 

I 

n F n+1 + bn F n+1 dn aM - 1 M-2 M - l M - l = M - ll ( 4.22) 

I 

where dM- 1 is a known value. 

Equation (4.16) to (4.19) and equation (4.22) are M - 2 equations for M - 2 

unknowns F:f+l, F;+l, F;+l , ... , FJ.:r~\. This system of equations can be written in 

matrix form as follows 

C ' J 

d~ 

Here, we have dropped the superscript for convenience. aj, bj , Cj and dj are 

given by equation (4.11), non-zero values of dj are associated with source terms or 

for d1 and dM with boundary conditions. All terms in A other than those shown 

are zero or we can write 

AF=B, ( 4.23) 

which can be solved by using the generalized Thomas algorithm. 

The matrix A is typically sparse and the non-zero terms are close to the diagonal. 

As in our case A does not depend on F, so only one step of outer iteration is required. 
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When the non-zero elements lie close to the main diagonal it is useful to consider 

variants of Gauss elimination that take advantage of the banded nature of A. 

T he Thomas algorithm for solv.ing above matrix consists of two parts: 

First, the aj coefficients have been eliminated and bj coefficients normalized to 

unity. The equations are modified in a forward sweep. 

The second stage consists of a backward-substitution ( backward sweep) . 

The Thomas algorithm is particularly economical; it requires only 5M-4 opera

tions (multiplications and divisions) . But to prevent ill-conditioning it is necessary 

that Ibjl > laj l + lej l. 

4.2 N umerical Discussion 

Equation (4.11) has been solved by using a modified Crank Nicolson implicit for

mulation with forward time and central difference space approximation using 100 

grill points (~ = 10) for sufficient accuracy when the case of suction or no porosity 

is considered but for the case of blowing 1000 grid points (~ = 100) are used. For all 

computations we have taken h = .1. For the case a = 0, {3 = 0 we get solution for 

the Newtonian fluid, and results match with the analytical solution with very small 

relative error. 

Figures (4.1 - 4.8) show ~l and ~l at different values of ~ for varying time 

corresponding to three types of flows (Newtonian, second grade and third grade), 

with and without suction and magnetic parameter. Results described below report. 

solutions up to ~ = 6, where free stream velocities have not yet been reached in most 

cases. We observed that; initially fluid moves with the disk, so the magnitude of ~l 
is large near the disk. With time the magnitude of ~l decreases and then increases 

to become stable that can be observed in figure (4.1), which shows the effect of time 

011 Newtonian fluid . At time T = .5 the magnitude of ~l is relatively large and 
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the magnitude of ~l is small. After that ~l decreases in its magnitude with tim~ 
and then increases to become ::itahle after 'T = 10, while ~l keeps on increasing and 

then becomes stable. Boundary layer thickness increases with time and steady state 

approaches after T = 10. 

F igure (4.2) illustrates the effect of time on ~l and ~l and boundary layer 

thickness due to second grade fluid i. e. when 0: "I- O. By introducing 0' = 1 at 

the begining i . e. at T = .5, fluid adj acent to disk moves with the disk and ~l 
and ~l are very high. "\iVith time the values of ~l decreases while the values of ~l 
increases and then approaches its steady state condition. For the steady state case 

the values of ~l near the disk are small as compared to figure (4.1) in which a = 0, 

while the values of ~l are large and they keep on increasing with time untill steady 

state condition is achieved. Boundary layer thickness increases with Q . Time taken 

to reach steady st ate is larger as compared to its t ime for Newtonian fluid. 

Figure (4.3) shows the effect of time on ~l and ~l for the third grade fluid i. e. 

a "I- 0, (3 "I- 0 and Q = 1, /3 = 1. We observe that with (3 the values of ~l and S~l 
near the disk decrease with the increase in time. The values of ~l decrease near the 

disk but increase at small distance away from the disk and then decrease to become 

free stream. Time'T also increases to approach its steady Rt ate condi t ion. Boundary 

layer thickness increases with the increase in t ime in third grade fluid. 

By introducing suction in Newtonian fluid there is a considerable decrease in 

boundary layer thickness and steady st ate is achieved quickly i. e. after 'T = .5, 

which can be observed from figure (4.4) . 

The effect of suction on second grade fluid is shown in figure (4.5). Boundary 

layer thickneRs decreases due to suction but in comparison with the Newtonian fluid 

its value is high and steady state is achieved after 'T = 2. It means that a increases 

the boundary layer thickness and also time to approach its steady state. 
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In third grade fluid i. e., for a = 1, /3 = 1, boundary layer thickness increases a 

little as compared to the results of second grade fluid. Its steady state approaches 

after T = 2. This shows that the effect of suction is prominent here and inclusion of 

/3 doesn't have much effect on values of ~l and ~l as shown in figure (4.6) . 

Figure (4.7) represents the effect of suction and magnetic parameter on viscous 

fluid. Boundary layer thickness decreases further as compared to figure (4.4) and 

steady state is achieved before T = .5 

The effect of suction and magnetic parameter on the second grade fluid is shown 

in figure (4.8). Boundary layer thickness decreases while comparing with the case 

of second grade fluid when only suction is present (figure (4.5)) or the case where 

suction or magnetic parameter, both are absent (figure (4. 2)) and becomes steady 

state very quickly i. e. at T = .5 

When we proceed from Newtonian fluid to non-Newtonian fluid the effect of a 

and /3 can be observed in figures (4.9 - 4.19). In figure (4.9) the effect of a in steady 

state condition is presented. We observe that the boundary layer thickness increases 

with the increase in a. Also the magnitudes of ~l and ~l increase with the increase 

in a. 

Boundary layer thickness increases further in the presence of /3. By increasing /3 

boundary layer thickness increases. The values of ~l and ~l near the disk become 

smaller due to /3 and their magnitude decreases with the increase in /3 which is 

shown in figure (4.13). 

In the presence of suction parameter boundary layer thickness decreases and 

the magnitudes of ~l and ~l also decrease in a considerable amount but with the 

increase in a, boundary layer thickness increases and the value of ~l is decreased 

further while ~l increases with the increase in a, which can be depicted in figure 

(4.10). In the presence of suction and magnetic parameter boundary layer thickness 

decreases further. The effect of N on ~l is more prominent as compared to its effect 
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on ~l as shown in figure (4.11). 

Figure (4.12) depicts the effect of 0: in the presence of magnetic field only. Mag

netic field reduces boundary layer thickness and the magnitudes of ~'l and ~l in 

a considerable amount when compared with figure (4.9) (the non-magnetic case). 

With the increase in 0: boundary layer thickness increases. Also 0: effects the mag-

ni tudes of ~l and ~l' 
Figure (4.13) shows the effect of (J on the boundary layer thickness and the 

magnitudes of ~l and ~l . Boundary layer thickness is increased with the increase 

in (J and magni tudes of ~l and ~l decrease. 

The effect of (J in the presence of magnetic parameter on boundary layer thickness 

and on ~l and ~l is shown in figure (4.14). 

The effect of (J in the presence of suction velocity on boundary layer thickness and 

on ~l and ~l is shown in figure (4.15) . Boundary layer thickness and magnitudes 

of ~l and ~l increased with (J but considerably reduced as compared to the case 

when suction is absent (figure (4.13)). 

The effect of (J in the presence of suction and magnetic field is shown in figure 

(4.16). Boundary layer thickness and the magnitudes of ~l and ~l reduced due to 

suction velocity and magnetic parameter but boundary layer thickness is increased 

due to (J and ~l and ~l decreased due to the increase in f3. 
When magnetic parameter is induced boundary layer thickness is reduced dras

tically. Figure (4.17) shows the effect of (J. Magnetic effect is so dominant that 

blowing and variation in (J is negligible. 

Figure (4.18) represents the effect of (J in the presence of blowing. Boundary layer 

thickness increases drastically when compared to suction (see figure (4.15)), without 

suction (see figure (4.13)) and approaches free stream at a very large distance from 

the disk. 

Keeping (J = 1, the effect on boundary layer thickness for different D'S in the 
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presence of blowing is shown in figure (4.19). 
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Chapter 5 

MHD Flow of a Third Grade 

Fluid Induced by Non-Coaxial 

Rotations of a Porous Disk 

Executing N on-Torsional 

Oscillations and a Fluid at Infinity 

In this chapter, the analysis of chapter 4 is extended to the case of oscillating disk. 

The oscillatory flow plays an important role in many engineering applications. The 

study on the flow of a semi-infinite incompressible fluid caused by the oscillation of 

a disk is not only of fundamental theoretical interest but it also occurs in many con

texts of applied problems such as in acoustic streaming around an oscillating body. 

Another example is boundary layer with an imposed fluctuation in the free stream 

velocity. Since the flow is incompressible, it is immaterial whether the plate oscil

lates or the fluid oscillates. Unsteady problem of this type has practical importance 

in shock-tube applications. One of the fundamental solutions of such unsteady flow 
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was presented by Stokes [63] ; it is concerned with the flow of a Newtonian fluid 

near an oscillating plate. Lighthill [64] studied the effects of free stream oscilla

tions on the boundary layer flow of a viscous, incompressible fluid past an infinite 

plate. Turbatu et al. [65] generalized the fluid flow problem of an oscillating plate 

in two directions. They discussed . first the oscillating porous plate with superim

posed blowing or suction. The second generalization is concerned with increasing or 

decreasing velocity amplitude of the oscillating plate. More recently, Erdogan [66] 

discussed the flow of a viscous fluid produced by a plane boundary oscillating with 

a sinusoidal variation in its own plane. In another paper Erdogan [67] considered 

non-coaxial rotations of a porous disk executing sinusoidal oscillation and a fluid at 

infinity. 

In this chapter, numerical solution of the time-dependent non-linear partial dif

ferential equation for the magnetohydrodynamic incompressible flow due to non

coaxial rotations of a porous disk and a third grade fluid at infinity is given. Addi

tionally, the disk is executing oscillations in its own plane. The solutions for three 

cases when the angular velocity is greater than the frequency of oscillation or it 

is smaller than the frequency or it is ectual to the frequency are examined. The 

structure of the velocity distributions and the associated boundary layers are inves

tigated including the case of blowing and resonant oscillations. Many known results 

are recovered as the special cases of the attempted problems. 

5.1 Governing Equations 

In this section, the geometry of the problem is the same as in previous chapter 

except that now the disk is performing oscillations. Therefore, the governing partial 

differential is (4.6) with the following initial and boundary conditions 
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- Sly + Ucosmt 

u - or 

- Sly + Usinmt 

u = - Sl(y -l), 

u = -Sl(y - l), 

, v = Slx, 

v = Slx, 

v = Slx , 

at z = 0, t > 0, 

as z -t 00, for all t, 

at t = 0, for z > 0, 

(5.1) 

where m is the frequency of the non-torsional oscillations and U the reference ve

locity. 

In terms of F, the governing initial-boundary value problem can be written as 

8F. 8 [( 8F )28F] 
2 87 - 2(2 + N)F + (3 8~ 8~ 8~ = 0, (5. 2) 

F(0 ,7) Uo cosmt - 1, or F(0,7) = Uo sin mt - 1, 

F(oo, 7) - 0, F(~, 0) = 0. (5.3) 

We are now interested to solve the above initial-boundary value problem. For 

that we follow the same numerical techniques as in the chapter 4. In order to avoid 

repetition, the details of the numerical method is omitted and the governing initial

boundary value problem consist of equation (4.11) with coefficients defined as (4.1 2) 

with initial-boundary conditions 
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Uo cos m*7 - 1, 

0, 

m 
where m* =-o 

or F n+1 TT· * 1 I = U 0 SIn m 7 - , 

F} =0, j = 1,2,3,·· ·,M (5.4) 

5.2 Numerical Discussion 

Equation( 5.2) with boundary and initial conditions (5.3) has been solved by using a 

modified Crank Nicolson implicit formulation with forward time and central differ

ence space approximation using 100 grid points (~ = 10) for sufficient accuracy. For 

all computations we have taken h = .1 and Cl7 = .001. For the case a = 0, {3 = 0 

we get solution for the Newtonian fluid , and results matched with the analytical 

solution [67]. Numerical solutions confirm that for large times the starting solutions 

tend to the steady-state solutions. For some times after the initiation of motion, the 

velocity field contain transients then these transients disappear and steady state is 

achieved. 

The time required to attain steady flow for the cosine and sine oscillations is 

obtained for m > 0, m = 0 and m < O. The value of this time for cosine oscillation 

is shorter than that for sine oscillation and it depends on the ratio of the frequency 

of oscillation to the angular velocity of the disk ~ and the ratio ~. 
In the case of m > 0, the oscillation of the disk dominates, then the time required 

to attain steady flow both for the cosine and sine oscillations becomes very short. 

However, in the case of m < 0 the time required to attain steady flow for the sine 

oscillation become large. 

Numerically, we have computed the magnitudes of ~l and ~l with the distance 

from the disk for cosine and sine oscillations keeping amplitude constant ~ = 4 at 
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~ = .5,1,2,5 with varying time corresponding to three types of flows (Newtonian, 

second grade and third grade), with and without suction. The full lines denote 

starting velocities and dotted lines show steady-state velocities. Results described 

below report solutions up to ~ = 2, where free stream velocities have not yet been 

reached in most cases. 

For Newtonian fluids, we observed that without oscillations steady state is achieved 

after r = 10. When cosine or sine oscillations are introduced, time to reach steady 

state is reduced. 

With the cosine oscillations, when suction (c = 2) is introduced, its value is 

reduced further and boundary layer thickness is also reduced due to suction. Mag

nitudes of ~l also reduced but the magnitudes of ~l near the disk are increased 

due to suction. 

When only disk is rotating then time to reach its steady state is r = 10. Intro

ducing cosine oscillation ~ = .5 < 1 this time is reduced to r = 5, and for sine 

oscillation its values is 7. For ~ = 2 > 1 due to cosine oscillation the value of r 

when we get steady-state is 4.5 while for the sine oscillation its value is 5.5. For 
m n = 5 > 1 system with cosine oscillation approaches to its steady-state at r = 2 

and for system with sine oscillation the value is r = 3 (By introducing oscillations 

time to reach steady-state is reduced. This time is shorter for cosine oscillations 

as compared to sine oscillations). No oscillatory behavior can be observed for the 

Newtonian fluids with and without suction. 

For the second grade fluid (a =I 0) time to reach steady-state is increased antI 

also oscillatory behavior become visible in fluid velocities (~l and ~l)' Near the 

disk the magnitudes of the velocities (~l and ~l) is also increased. Boundary layer 

thickness is also increased due to a. 

By introducing suction (c = 2) in the second grade fluid, time to reach steady

state is decreased but oscillatory behavior becomes very prominent, boundary layer 
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thickness is increased. That is to say, that the oscillatory behavior is due to both non

Newtonian fluids and suction (become visible for non-Newtonian fluid and enhanced 

by suction, in our case). By increasing the value of a time to reach steady state 

is also increased. Boundary layer thickness is also increased due to non-Newtonian 

nature of the fluid and oscillatory behavior. 

For the third grade fluid (a =1= 0, j3 =1= 0) time to reach steady state is delayed 

further but oscillatory behavior diminish when j3 is introduced. Inclusion of suction 

increases oscillatory behavior. By increasing oscillation of the disk steady state is 

achieved much earlier. Increasing oscillations reduces boundary layer thickness. For 

the third grade fluid (a =1= 0, j3 =1= 0) time to reach steady state is increased further 

but due to oscillations its value is reduced. When ~ = .5 steady-state is achieved at 

T = 3, for ~ = 2 we get T > .5 and when ~ = 5 its value becomes = .3. The time 

to reach steady state for the third grade fluid in the presence of cosine oscillations 

is reduced. In the presence of suction (€ = 2) time to reach steady state is increased 

ill considerable amount. When ~ = .5 its value is T = 5, for ~ = 2, T becomes 4 

and for ~ = 5, T = 1. i. e. time to reach steady state is further delayed in the third 

grade fluid (when suction is applied, perhaps this is due to oscillatory behavior). 

When we consider the sine oscillations then we note that the time to reach 

steady-state is again reduced and with the increase in oscillations the time to reach 

steady-state is decreased further. By introducing suction (€ = 2) time to reach 

steady-state is reduced in a considerable amount. Boundary layer thickness is also 

reduced. The magnitude of ~l is reduced by suction while the magnitude of ~l are 

increased near the disk. 

For the second grade fluid the time to reach steady-state is increased. Oscillatory 

behavior can be seen near the disk. The magnitude of Land JL near the disk is 
o'l o'l 

increased. Boundary layer thickness is also increased for the second grade fluid . 

When suction is applied to the second grade fluid oscillatory behavior becomes 
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prominent and can be seen up to considerable distance from the disk. Boundary 

layer thickness is increased due to t his oscillatory behavior. Time to reach steady

st ate is reduced. For m > n boundary layer thickness is also reduced but oscillatory 

behavior is prominent and with the increase in frequency the value of boundary 

layer thickness is red1J.ced further . 

For ~ = 1 (resonant case) boundary conditions at infinity for the steady case 

are not met when fluid is Newtonian or non-Newtonian. When suction is applied 

then condition at infinity is fulfilled but for blowing, the condition at infinity is not 

satisfied. If we consider electrically conducting fluid then boundary condition at in

finity is also satisfied for blowing and resonance. It is likely that the magnetic field 

provides some mechanism to control the growth of the boundary layer thickness at 

the resonant frequency. 

Concluding Remarks 

From the graphs we observe that suction and blowing have opposite effects on 

the boundary layer flows. Indeed, the suction prevents the imposed nontorsional 

oscillations from spreading far away from the disk by viscous diffusion for all values 

of the frequency parameter m. On the contrary, the blowing promotes the spreading 

of the oscillations far away from the disk. In the case of blowing and resonance, the 

oscillatory boundary layer flows are no longer possible. The most distinctive feature 

is that unlike the hydrodynamic situation for the case of the resonant oscillations, 

the solution satisfies the boundary condition at infinity for all values of the frequency 

parameter m, and the associated boundary layers remain bounded for all values of 

the frequency including the resonant frequency. The physical implication of this 

conclusion is that for the case of resonance and blowing, the unbounded spreading 

of the oscillations away from the disk is controlled by the external magnetic field. 
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Figure 2.1 The influence of porosity in the absence of magnetic field 
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Figure 2.2 The influence of suction (8=0.5) in the presence of magnetic 
field (N=2) on f and g with c; for different values of r 
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Figure 3.1 Variation in f and g with S for 1 = 12 without suction or 
magnetic field for different values of a 
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Summary. An exact solution of the unsteady three-dimc:nsional Navier-S tokes equations is derived for 
the case of now due to non-coaxial rotations of a porous disk and a nuid at infinity in the presence of a 
uniform transverse magnetic field . An analytical solution of the problem is established by the method of 
Laplace transform. and the velocity fi eld is presented in terms of the tabulated functions. It is found that 
the boundary layer thickness in the cases of suction/b lowing decreases with the increase in the magnetic 
parameter. 

1 Introduction 

An investigation of MHD boundary layers under the influence of viscous forces is of impor
tance in understanding a variety of geophysical. astrophysical and engineering phenomena 
such as those that occur at the core-mantle interface of the earth. The possibility of an exact 
solution of the Navier-Stokes equat ions for the flow due to non-coaxial rotations of a disk 
and a fluid at infinity has been implied by Berker [I]. He [I] has considered the flow between 
two disks which are rotating with the same angular velocity. Coirier [2] studied the flow due 
to a disk and a fluid at infinity which are rotating non-coaxially at a slightly different angular 
velocity. The work of Coirier [2] for the case of a porous disk assuming that rotations are with 
the same angular velocity has been discussed by Erdogan [3]. He established. as did Gupta [4]. 
that for uniform suction or uniform blowing at the disk an asymptotic profile exists for the 
velocity distribution. Murthy and Ram (5) have considered the magnetohydrodynamic flow 
oue to eccentric rotations of a porous disk and a fluid at infinity. Rajagopal [6) has considered 
the flow of a simple fluid in an orthogonal rheometer. The flows of Newtonian and non-New
tonian fluids between parallel disks rotating about a common axis have been reviewed by 
Rajagopal [7]. 

The unsteady flow created by a rotating disk in otherwise quiescent or rotating viscous 
fluid has been the subject of a large number of inves tigations. The solutions of many practical 
rotating flow problems hinge on the understandi ng. of the behavior of the unsteady boundary 
layers. Mention may be made of the interesting work of Greenspan and Howard [8) . T he 
unsteady flow due to non-coaxial rotations of an oscillating disk and a fluid at infinity has 
been studied by Kasiviswanathan and Rao [9] . Further. Pop [10] presented the flow due to 
eccentric rotations of a disk and a fluid at infinity which are impulsively started. He assumes 
that the flow is two-dimensiona l. and both the disk and the fluid at. infinity are initially at rest 
and that they are impulsively started a t time zero . More recently. it has been pointed Ollt by 
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Erdogan [Ill thut if the disk ,Ind the fluid al infinity are initially at rest the probl.:m becomes 
three-dimensional, and the solution cannot be obtained easily. To overcome this difficulty 
Erdogan [II] suggested a change in the ·initial condition and proposed that the disk and the 
fluid at infinity are inithilly rotating about the z'-ax is and suddenly set in motion, the disk 
fotnti ng about the z-ax is and the fluid at infinity about the z'-axis with the same angular 
velocity. He [II] showed that now the problem is solvable and presents an analytical solution 

for the velocity field. 
The aim of the present paper is to discus3 the influence of an externally applied magnetic 

field on the velocity distribution in both sllction and blowing cases. It is assumed that both 
the porous disk and the fluid at infinity are initially rotating about the z'-axis and suddenly 
set in motion. We assume that the fluid is electrica lly conducting but the porous disk is not. In 
Sections 2 and 3 the formulation and the solution of the problem are given. 

The present motivation comes from u desire to understand, at least qualitatively, the effect 

of porosity and its role on the boundary layer likely to exist at the core-mantle interface to the 

earth where rotation and magnetic field effects are simultaneously present; in particular, to 

know how the geophysieally important suction velocity is effected by the magnetic field and 

rotation. 

2 The constitutive equations and boundary conditions 

We consider a semi-infinite expanse of homogeneous, incompressible, electrically conducting 
viscous fluid which occupies the space z > 0 and is' bounded by an infinite non-conducting 

porous disk at z = O. The axes of rotation , of both the disk and the fluid, are assumed to be in 
the plane x = 0, with the distance between the axes being l. The disk and the fluid at infinity 

are initially rotating about the i-axis with the same angular velocity n, and at time t = 0 the 
disk starts to rotate suddenly about the z-axis with the same angular velocity n, and the fluid 

at infinity continues to rotate about the i-axis with the same angular velocity. The fluid is 

electrically conducting and assumed to be permeated by a magnetic field Bo having no 
components in the x - and y-directions. Following Erdogan [II] we take the boundary condi
tions as 

u=-ny, v=nx,,, w= - H't) at z = 0 . for t > Q, 

u = -n(y - I), v = nx, w = - lVo as z --+ 00 for all t , (2.1) 

. u = -n(y - l), v = nx, t = 0 for z> 0, 

where u, v, ware the components of the velocity. The boundary and initial conditions show 
that the motion is a summation of the helical and translatory motion with the velocity profiles 
being 

u = -{Jy + /(z, t) , v = flx + g(z, t) , w= -Woo (2,2) 

The unsteady motion of the conducting fluid in the Cartesian coordinate system is 
governed by the conservation laws of momentum and of mass which are 

BV 1 1 
7ft + (V.V) V = -ll J1p + vV2V + llj x B, (2.3) 

divV = 0, (2.4) 
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where V is the velocity vcctor, 1) is the press ure, {! is the density, j is the electric current 
density, B is the total magnetic field so that B = BII + b, b is the induced magnetic field, and 
v is the kinematic viscosity. 

Neglecting the displacement currents. the Maxwell equations and the genera li zed Ohm's 

law are 

divB = 0, cudB = ILj , 

j = C1(E + V x B), 

DB 
curlE =-

DI. ' 
(2.5 .1 - 3) 

(2.G) 

where Ji. is the magnetic permeability, E is the electric field and C1 is the electrical conductivity 
of the fluid. 

We make the following assumptions: 

(i) The quantities 0, V,ii and C1 are illl conslUnts throughout the flow field. 
(ii) The magnetic field B is perpendicular to the velocity field V, and the induced magnetic 

field is negligible compared with the imposed field so th a t the magnetic Reynolds number 
is small [12). 

(iii) The electric field is assumed to be zero. 
(iv) The velocity vector V is a function 01" z and t alone with 10 = - VVi" 

In view of these assumptions, the e lectromagnetic body force involved in (2.3) takes the 
linearized form [13) 

~ j x B = ~ I (V x B ) x B] 
{] (l 

C1 = - IBo(V . Bo) - V(Bo . Bo)] 
g 

C1 2 = --Bo V, 
(l 

where (~B02) has the same dimension as n. 

Substituting (2.2) and (2.7) in (2 .3) we obtain 

1 8p ~ 8 f 8 f {}2 f C1 2 e 8x = [h; + ng + II'l, 8z - at + V {)z'1 - (j flo [fe z, t) - ny] , 

1 8p:2 {)g 8g 82 9 C1:2 . e 8y = n y - nf + Wo 8 z - 8t + V {)z2 - ~ Eo [g( z, t) + nx] , 

l8p C1 2, --=- Bo a,o. 
f) 8z {} 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

E liminating p from (2.8) and (2.9) by differentiating with respect to z and combining them 
with (2. 10), we get 

ffJ F 82 F 82 F . ( C1 2) {) F 
V--. + Wo - - -- - in + - Eo - = 0 8z3 {)z2 {)tEJz {] oz ' 

(2.11 ) 

where; 

F = f + ig. (2.12) 

By (2. 1), (2 .2) and (2.12) we have 

F (O ,t) = 0, F(oo,t) = m, F(z,O) = m. (:1 .13 ) 
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3 The solution of the problem 

The problem given by (2 . 11) and (2. 1 J) can be solved direct ly by the use of the Laplace trans-
form pair [\ 4] . 

00 

1/J(z, s) = J F (z, t ) e- ·' dt , 
o 

>.+ioc 

F (z,t) = 2~i J 1/J(z,s )e'" ds, )... > O. 

>.-ioo 

(3.1) 

(3.2) 

In view 'of the Laplace transform (3.1 ), the solution of the above differential system is 

obtained in the form 

nl [ {(WCl 1/J(z,s ) = -; 1- exp - 2; + 

where 

N 'n "B02 
=t +-- . 

f} 

(3.3) 

Using (3.3) in (3.2) and then making reference to the table of Campbell and F oster [1 5], 
the solutio n fo r the velocity fi eld can be eva lua ted exactly and is obtained as 

[ 

j!rJi "n. , ~ iU ( 
I\' e-: ,..:z +" + ' erfc _z __ 

f . 9 e-~z 2..;vt 

nl + t m = 1 - - 2- : ~+~ .. 'tl ( z. 
+e ,..:z f.'" erfc __ + 

2..;vt 

(3.4) 

where erf c(x) is the complementary error function defined by 
x 

erf c(x ) = 1 - erf (x) = J e- r2 dr . (3.5) 
z 

We note from (3.4) that Wo = Q gives the impermeable case while Wo = 0 = Bo gives 

Erdogans problem [\ I]. The real part gives ~, and the imaginary ~Iut ' gives ~ . For that it is 
better to write (3.4) in the fo llowing form:' J l l 

. 1. + i.!!.... = 1 _ e-~z [ e -~ ( cos j;; - i sin j;;) erf cC-ivt -(a + i,B)v't) 1 (3.6) 

nl m 2 +e~ (cos ~+iSin ~) erfc (2~+ (Q+i.B~ Vt) I 

where 

n~ [~ { 

p ~ [~ { 
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a nd erf c(x + iy) ca n be calculat t:d in te rms of the ta bula ted functions [\ 6). The ta bles given in 
[16] do not give erf c(x + iy) directly but an auxiliary function H(x + iy) . which is defined as 

err c (x + iy) = e-(r +iy)' H( - y + ix ) , 

where 

H (-x + iy) = H (x + iy), H (x - i y) = 2c- (:r+iu)' - H( x + i y) , 

(3 .7) 

a nd H(x + i y) is the complex conjuga te of H(x + iy). For la rge times, we can write (3.6) as 

f . 9 [ - !,!j! :- . ( (3z .. fJZ)] e-!1,\t: 
ill + l ill = 1 - e'· ~ cos.;v - t SlTI.;v + - 2 -

. [ _ .... ( {3z .. (3z ) r ( '(3) Ii z ) 1 e 00/- cos - - t SlTI - er c a + t Y t - --
.;v.;v 2v'Vt (3.8) 

x -e~( cos ~ + isin j;) crr c( (C\' + i(3 )Vi + 2~) , 
where the first term of the right-hand side corresponds to the steady state and the second one 
denotes the deviation from it. 

On introducing the nondimensional quantities 

(= ~Z'T=ilt, 
Eq. (3.8) becomes 

f 9 rn· " p.-v'2S( - + i - = 1 _ e- v2S(- (o+./I)( + -'--m m 2 

s=~ 
2~' 

[

e- (O+iP)( err c( (& + i/J)A - Jr) 1 
x -e(n+i#)(erfC(& +i/J)~ + ~) , 

&-~o:= [~+NI)2+1+ (S2+Ndr , 

f; =~f3 = [J(S2+ Nd2+1~ (~+ NI?r· 
For z <: 2VVt and t » 1 the velocity field (3.8) has the approximate form 

f !!.it ll,i, {3z - = 1 - e- ~"- :- o/- cos -
ill .;v 

_ e- ~:+((II-02)t [ (acos2o:{3t - {38in2a{3t)sinh ~cos~ ]. 

y'1rt(o:2 + (32) . O:Z . {3z ' 
+({3 cos 2a{3t + asm 2a{3t) cosh r.. sm r.; 
. yV yV 

9 -~:-j),i,. {3z -=e v· sln -m ..;v 
_ e- ~:+(p2-n')t [ (o:cos2a{3t - (3sin2a(3t) cosh ~ sill ~ 1 

V1rt(o:2 + (32) .. az {3z' 
- ({3 cos 2a{3t + a sm 2a{3t) smh .;v cos .;v 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

(:i.13) 
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BlolVing: In this case Wo < 0, say Wo = - l,iro. The solutions of (2. 11) satisfying conditions 
(2.13) are 

f _!!.l!._ A:. /3z 
- = 1 - C 2. .t. cos -
ill .jV 

!!.l! (ill -' \t (0 cos 20,6t - /1 Sin 20,6t) stoh ~ cos ~ e-2.t+ ,,- - 0, yV yV 

[

- - - -. - - . liz /3z 1 
- .,fifi(li2 + iF ) - - _. _ - liz . {3z ) 

+U3 cos 21i,6t + 0 Sill 20,6t) cosh .jV sm .jV 

9 -~z-li.i.. ,6z - = e '" .t. sin -
ill . .jV 

e- ~Z+(ril-Q? (0 cos 20,6t - ,6 Sin 20,6t) cosh .jV sm ~ 

[

- - - -. - - liz . {3z 1 
.,fifi( li2 + ,B2) - - - liz ,6z 

where 

& = [~{ 

p= [~{ 

- (,6 cos 21i,6t + Ii sin 21i,6t) sinh .;v cos .;v 

(3.14) 

(3.15) 

(3.16) 

(3.17) 

Once again it is found that an asymptotic solution exists for the velocity distribution 
unlike the case of a porous disk subjected to uniform blowing in the case of a nonrotating 
frame. The existence of an asymptotic solution is due to the fact that the vorticity layer 
thickness decreases with an increase in the rotation. It is interesting to note that the velocity 

boundary layer has a thickness of order (~ + :;v) - 1 in the case of suction and. of order 

( Wo + Ii) - I i~ the case of blowing. It is clear. that. the layer of thickness of .order 
2v .jV 

-.J? + ~ decreases with an increase in Wo and B o. and the layer thickness of order (
W, )-1 
2v ..;v 
- - 1 

. (~ + 3v) decreases with an increase in Wo and Bo. The solution with zero magnetic field 

and a nonporous disk obtained by Erdogan [11) can be recovered directly from (3.12) and 
(3.13) with Wo = Bo = O. 

The influence of suction (S = 0.5), blowing (S = - 0.5) and no porosity (S = 0) on the 
boundary layer thickness at T = 12 and Bo = 0 is shown in Fig. 1. Figures 2 and 3 depict the 
variations of f and 9 in the case of a rotating permeable disk and NI = 2 for different values 
of T, i.e. T = .005, .05, .5,2,4,6,8,10,12,14. We observe from these figures that the boundary 
layer thickness steadily increases and then givt:s the behavior of a steady state after a certain 
time. In the absence of porosity and a magnetic field, a steady state is achieved at T = 8. But 
when there is a magnetic field and no porosity, we get a steady state rather quickly, i.e. after 
T = .5. In the case of suction and no magnetic field, a steady state is achieved at T = 2. Also 
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Fig. 1. T he inn uence o f suct ion a nd inject ion in the 
a bse nce of a m agnetic fie ld (N = 0.) on f a nd 9 with ~ 
when T = 12 

Fig. 2. The innuence of suction (S = U.5) in the pres· 
cnce of a magnetic field (N = 2) on f and 9 with ~ for 
different values of T 

Fig. 3. The innuence of inject io n (S == - 0.5) in th e 
presence of fa magne tic fie ld (N = 2) o n f a nd 9 with ~ 
for di ffe rent va lues of T 

the boundary layer decreases with an increase in the suction parameter. This is in line with the 
fact that suction causes a reduction in th e ~oundary layer thickness. In the case of blowing 
and no magnetic fi eld. a steady state is obtained a ft er T = 10. Further, it is seen that the influ
ence of the magnetic pa rameter for both suction and blowing is to decrease the velocity. 
However. the effect is more marked in blowing tha n suction. 
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a fluid at inImity 
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Summary. An exact solution of the unsteady flow of a second-order nuid due to non-coaxial rotations of 
a porous disk and a fluid at infinity in the presence of a uniform transverse magnetic field is investigated. 
H is once again shown that for uniform suction or uniform injection at the disk an asymptotic profile 
exists for the velocity distribution. The elTects of ' th>! magnetic field, the matc\ial parameters of the 
second-order fluid, suction alld injection on the velocity distribution arc studied. Further, from the 
solution of a rigid disk, it is found that for parameter (J> .01. a non-Newtonian elTect is prese nt in the 
velocity field. However, for (J < .01 the velocity field becomes a Newtonian one. 

1 Introduction 

An investigation of MHO boundary-layers under the influence of viscous forces is of impor
tance in understanding a variety of geophysical, astrophysical and engineering 'phenomena 
such as those that occur at the core-mantle interface of the earth. An exact solution for the 
flow due to non-coaxial rotations of a disk and a fluid at infinity has been implied by Berker 
[1]. He has considered the flow between two disks which are rotating with the same angular 
velocity. A general case in which rotations are perfonued with slightly different angular velo
cities has been carried out by eoirier [2]. After the initiation by Berker, there have been many 
works on the flow due to non-coaxial rotations of a disk and a fluid at infinity. Mention may 
be made of the interesting works of Erdogan [3], [4], Murthy.and Ram [5], Kasiviswanalhan 
and Rao [6], Rajagopal [7], [8], and Pop [9]. Recently, Erdogan [10] pointed out that flow due 
to eccentric rotations of a disk and a fluid at infinity which are impulsively started is three
dimensional and not two-dimensional as assumed by Pop [9] . T o make the !low two-dimen
sional Erdogan [10] suggested a change in the initial conditiQn and proposed that the disk and 
the fluid are initially rotating about the z' -axis and suddenly set in motion; the disk rotating 
aboul z-axis and fluid about i-axis. He showed that the problem is two .. dimcnsional and pre
sented an analytical solution for the velocity field. 

In view of both industrial arid technological applications, considerable attention has been 
paid to the flow of non-Newtonian fluids due to rotating plates .and disks . Srivastava [II) 

studied the flow of a Rciner-Rivlin fluid between rotating parallel plates using a perturbation 
approach. Dhatnagar [12J studied the flow bctwcen two disks ora Reiner-Rivlin fluid in which 
one disk is stationary and the other rotiltin~. This model was introduced by Reiner [\3] to 
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describe the behavior of wet sand but was at one time considered as a possible model for non
Newtonian fluid behavior. T he model does not accou nt for the possibili ty of bo th nonnal 
stress d ifferences or shear-thinning or shear-thickening and is not current ly considered as a 
viable model for viscoelastic fluids. Erdogan [14] seems to have been the first to study the 
steady flow of a fluid of second order, a model [15] whkh allows for both the Donnal stress 
differences, due to a rotating ,disk, with the fluid at infinity also rotating with an angular 
sPeed . Later, Bhatnagar and Zago [16] studied the flow of a fluid of second order to two rotat
ing disks, about a common axis. The flows of Newtonian and non-Newtonian fluids between 
parallel disks rotating aqout a common axis have been reviewed by Raj agopal [17] , 
, T he p urpose of the present investiga tion is th reefold. F irstly, the flow of a second o rder 

fl uid produced by a disk which rot,ates non-coaxially with the fluid a t infinity is considered. It 
is shown that the equations of m otion have an exact solution. Since the equations governin g 
the flow of non-Newtonian fluids are more complic~ted than the Navier-Stokes equations, to 
solve the equationsof motion of a non-Newtonian Ouid is important, Secondly, to discuss the 
influence of an externally applied magnetic field on the velocity distribution. Thirdly, to 
include the effect of porosity by taking into account the porous disk instead of a rigid disk. 
The, solution of Erdogan [101 can be obtained as a special case of the presented analysis by 
taking the magnetic parameter, suction/ injection velocity and material parameter of the 
second-order fluid to be zero. 

2 The governing equations 

We in troduce a Cartesian cQ,ordinate system with the z-axis normal to the porous disk, which 
lies in the plane z = O. T he axes of ro tation, of bo th the d isk and the fluid , are assumed to be 
in the plane x = 0, with the distance between the axes being I. T he common angular velocity 
of the d isk and the fluid is taken as n. The fluid is electrically conducting and assumed to be 
penneated by a magnetic field Bo having no components in the x - and y-directions, We seek a 
solution for the velocity filed which is of the form : 

. u = - fJy + !(z"t) , v = nx + 9(z, t), w = - W o 

u = -ny, v=nx, w = - tlJo , at z = 0, t > 0 , 

w = -wo , as Z -+ 00 for a ll t , u= -n(y-l ) , 

u = - n (JI - I) , 

v=nx , 
v=nx , w = - W o , at · t = 0, Z >: 0, 

(1) 

(2) 

'where U ,l1 and w are the components of the velocity. Obviously W o > 0 is the suction velocity 
a nd Wo > ° is the injection velocity. T he unsteady motion of the electrically conducting, 
i~compressibl~second order fluid is governed by t he conserva tion laws of momentum and of 
mass which are 

DV . 
U -

D 
= V ·.T + Jx B , . t . 

V· y= O, 

(3) 

(4) 

where -gt is th~ usual m~terial time derivative, {} is the density, V is the velqcity vector, J is the 

electric current density, B is the total magnet ic field so that B = Bo + b, where b is the induced 
magnetic field . The magnetic Reynolds number Rm [18] is assumed to be small a s is the case 
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with most of the conducting fluids, and hence the induced magnetic field is smalf in compari
son with the applied, magnetic field and is therefore not tak.en in'to account. The magnetic 
body force J x B now becomes CT(V x B) x B. Here CT is the electrical conductivity qf the 
flui9' The Cauchy stress T in an incompressible fluid of second order is given by . 

(5) 

where the spherical part of the stress - pI is due to the constr41int Of incompressibility, ~(~ 0) 
is the viscosity, 01 and 0:2 are the normal stress moduli satisfying 0.1 ,> 0,01 + 02 = 0 [19], 
and Al and A2 are the kinematical tensors [20] given by 

Al = (grad V) + (grad V{ , 

DA ' 
A2 = v/ + Al (grad V) + (grad V )T AI . 

In v iew of lpe assumption of small Rm, Eqs. (I) and (5), we have from Eq. (3) 

~[8f _ n2:r; _ ng _ Wu 8f ] = _ 8P + jJ. 82
f _ CTB02(f _ ny) 

at az ax Oz2 

2 8P 
CTBo Wo = 8z ' 

together with 

J(O,t) = 0 , 

f(oo,t) = nt, 

l(z ,O) = nl, 

where 

g(O,t) = 0, fo r t > 0, 

g(oo,t) = 0, forall t, 

g(z,O) = 0, fat z > 0, 

, {(81)2 (ag)2} p = p - ( 201 + (2) az + 8z . 

. Eliminating P from (7) to (9) and using boundary condition (10), we get 

(fir &'r a2r 8r 8F· ( ) 
, o :at8z2 - OWo ail + (v - ion) az2 + Wo az -7ft - n ~ + e~ Bo2 r 

= _n2l (i + e~ B02) , 

with the following initial and boundary conditions: 

P (O,t) =O, F" (oo,t) = nt, F· (z, 0) = nt', 

(6) 

(7) 

(8) 

(9) 

(10) 

(ll) 

(12) 

(13) 

.' ' 
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where 

JJ v=-, 
{} 

r = /+ig. (14) 

We note that for 01 = Bo = Wo = 0 Eq. (12) corresponds to the differential equation for 
chissical viscous fluids [10]. 

Introducing 

r = nt, n /3=-0 , 
v 

ll(e, r ) = F (e, r ) eiT , 

Eq. (12) and conditions (\3) become 

W u 
e=--

V2vn ' 
q 2 

N = en Bu , 

fflT[ fi'H . &H aff all . 
/3 f)rlJ{" - /3e D{3 + (1 - 2l/3) D{'l + 2e D{ - 2 ar - 2N H = 0, 

H(O, r ) = _eiT , ll(oo, r) = 0, I/((,O) = O. 

3 Solution of the problem 

(15) 

(16) 

(1 7) 

Let us suppose th~t Jl({, r) is an arbitrary function that has a Laplace: transform in the vari
able r. That is, 

00 

ii({,.s ) = J He-ndr. (18) 
o 

Using (IS), the initial-boundary value problem in the tran,sformed a-plane can be written as 

/3eiil/l - (1 - 2ifJ + f38) fill - 2efi' + 2(8 + N) fi = 0, (19) 

- 1 
J-/(O 8) = --, . , 

8-& 
fi(oo, s) = 0, PO) 

where primes denote differentiation with rcspcd to ~. 
Before proceeding with the solution of the above problem it would be interesting to 

remark here that although in the classical viscous case (0:1 = 0 =,0:2 ) we enco~nter a differen
, tial equation of order two [10], the p,resence of material parameters of the second order fluid 
. increases the order to thre,e. It 'would, therefore. seem that an additional boundary condition 

must be imposed ,i!1 order to get a uniq lie solution . The difficulty. in the present case, is how
ever removed by seeking a solution of the form [21] 

(21 ) 
, ' , . 

which is valid fur small values of {3 only. 
Substituting expression (21) into Eq, (19) and boundary conditions (20), and then coll~ct

jng terms of .like powers 9f f3. one obtains the following systems of differential equations 
along' with ,thl.: appropriate boundary conditions: ' 
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3.1 System of order zero 

H I" + 2dfl ' - 2 (.~ + N) HJ = 0, 

- 1 -
Hl (O, s) = ---. , ll\ (oo , s ) = o. 

8 - 1. 

(22) 

3.2 System of order olle 

. (23) 

Solving the systems (22) and (23) and then using Eq. (21) we arrive at 

1 ) f3t: .- «+Yc2+2(.+N»){ . 
H(~ 8) = - -- e- (n..rc'+2~ { - .. t. [2e4 + 3e2(s + N) 
's-i (s -i)ve2 +2(s+N) 

+ (e2 + 8 + N) (8 - 2i) + e(2e2 + 28 + N - 2i) ve2 + 2(8 + N)] . (24) 

Note that the first term in Eq. (24) corresponds to the zeroth-order solution while all the 
other terms correspond to the first -order solution. The inverse of FI is calculated and is given 
by 

/l({ T) = e- (C+Y )(+iT {'.7·fc ( - {- - Y fT\ [- 2. (1 + {f3(2e3 +'e(N - 2i»)) , . ' ..ffr V?:) 2 

f.(J (,>-4 -I 3 21\ 1 n .( 2 • '\T '\ if.f3 (4 2 • N 2" £.13 '''/3 1 - 41' \",e . e J'i - ",L e .,.. H J) - 2Y 1;.,.. .- t ) + 2Y - t<; eJ 

+ c- (C-l-')(I iTerfc (Jr + y Ii) [- ~ (1 + f.f3(2e3 + e(N - 2i» )) 

+ !~ (2e
4 + 3e:lN - 2i (e2 + N») + ~E.[!. (4e2 + N - 2i) - ~~ - if.f3e] 

- ~ (4e2 + N'- 2i ) e-£{ -·~_ ( · 2 +2NH + (f3 (e2 + 2N _ 2i ) e-£(-~- (r+2N>i 
v'27rT . 2 ./27rT . 

(25) 

where Y = "';e2 + 2(i + N). 
With the help ofEqs. (1 4), (15) and (25) we have: 

!1l + i hl = I + e-='«cos bE. - i sin lJ{ ) er fe (Jr - (a + ib) If) 

(26) 
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[_~_f.r3{e2+eN +~-ib) (C'4+~e:2N+3i==2+1)}] 
2 2 2(a:l + b2 ) 2 

(2 3 
e-C{-r.- (l +2N ), . [7C'2 2~C'] 

+ {{J(cosT-isinT) --+i--, 
-121fT 2 T 

where 

%\ = e + a, Z2=C'-a , 

1 

• = (~ +2N)':4+ «' + 2N»), 

1 

b = ('/« ' + 2N)': 4 - «' + 2N»), 

(26) 

(27) 

where the first term ill bracket [.] 011 the ribhl-hand side corrcspolld~ to the steaJy state and 
the second denotes the dcvh\lion from it. . 

Fol' ~ « V2'T and T :;P 1 we gel Ih.: approximal~ f'orm: 

L = 1 - e-~I{cusu{ - c - ZI{ __ UJ.:._ [{a(2 e:4 + 3r. 2 N + 1) - beN - 2e::l)} cusu( m (/12 + b2 ) . 

- {l1(2e:4 + 3f;'JNI· 1) + (l(N - 2e:2 )} Hill "f.I- (ilc-: I £(2e::1 + e: N) ('()s/J{ 
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(a2 
- b2

) (1 3 2 ) 3ab~{3e;2) . (b . (:I eN) 
- 2(a2 + b2 ) f.{3 e +"2 e N + 1 - (a2 + b2 ) cos (bf. - abr) + 2 + b~{3 e. + "2 

abf.{3 ( 4 3 2 ) 3(a
2 

- b
2

) 2). ] 
- (a2 + b2 ) £ +"2 £ N + 1 + 2(a2 + b2) ~{3c sm (b f. - ubr) , (28) 

4 Injection 

In the case of injection e < 0, and we take f: = -0 so that 0 > O. The asymptotic solution is 
given by . 

~l +, ~l = 1 + e-:r,{(cos eLf. - i si~ eLf.) erIe (Js. - (c + id) ~) 

[ 
1 {3 oN (c - id ) (4 30

2 
N . 2 ) }] -"2 + f..a 0 + 2' - 2(c2 + d'2) 6 + -2- + 3t6 + 1 

+ e%2{(cos eLf. + i sin df.) erIe (Js. + (e + id) ~) 

[_1. f3t{oa 6N (c -id) (0.1 36
2
N 3'b'2+1)}] 

2 +.. + 2 + 2(2 + cP) + 2 +. t 
e6{-~-(62+2Nli [752 2f.6] + ..;r:;;. ~,6(CQS r - i sin T) - -2 + i + - I 

kr . r 
(30) 

where 

Xl = C - 0 I X2 = c + 6, 
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and 

I 

d= {#+ 2Nl':4 - <O'+ 2Nl}' 

For large limes, Eq. (30) can be written in the form: 

.L + i .!L = [1 - e-ZI«cos ~ - i sill c~) { 1 - ~f3 (2c53 + oN m m . . ~ 

_ (c - id) (2fJ4 + 362N + 1 _ i(N _ 282»))}] 
(c2 + d2) . . 

+ [e-;LIC(COSc1{ - i sill c1{) t:rJe (_e_ - (c - iu) ~) 
. ffr V"2 

{ 1 ~{3 (63 fJN (c - id) { c54 315
2 IV 3 ·fJ2 I}) } -"2+ " +"2- (c2 +J2 )· + - 2-- +.1 + 

+ e%2~ (co:; ~ + isin d{) cr fe (Js. + (c + i tl) Ii) 
{

. "1 t{3(r3 oN (c -id) {'4 38'J.N 3-·,,2 I})} - - + .. u + - ,. u + -- + "/u + 
2 2 (c2 + ell) 2 

e6<-F,-(cr +2NJi 76"'J 2{fJ} 1 + _ . ..;;;;;; e{3(cos r - i :;in r ) - - ,- + i + - . 
21l"r. 2 T 

(31 ) 

For ~ « .;2T and r » 1 we get the apPlOxima te form: 

1. = 1 - e- z l ( co~~.:. - e-:r l ( ~- [(C(204 + 36 2N + 1) 
Dl . . . (e2 + cP) 

- deN - 2c2
)} cosd{- {d(264 + 'Jb2N -I- 1) + c(N - 2( 2 )} l;in cl{] 

(32 ) 
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. (d (- 3 -ON) cd1.f3 (rt 3 2 ) + "2 - df.f3 6 +"2 - (c2 + d2) 0 - + "2 0 N + 1 

. 3(c2 - cP) 2)' ] + 2{c2 + d2) f.f36 sm(df. - cdr ) , 

~l = e-~I( sin df. + e-~I( (c2 e: d2) [{ c(2ot + 302 N + 1) - deN - 202)} sin df. 

+ {d(2~ + 362 N + lY + c(N - 262)} cos df.} - ~f3e-~I( ( 203 + 6N) sin df. 

S D1sc:ussloD 
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(32) 

In order to get the nature of the velocity distribution near the disk the expressions for f and 9 
are plotted. 

When suction and a magnetic field are absent, Le., e = 0, N = 0 in Eqs . (28) and (29), the 
effect of the material constant f3 is shown in Fig. 1. We note lhat for small values of f3 we get 
the same velocity profile, and the fluid behaves like a Newtonian fluid which is in agreement 

0. ' 

0.1 

0.4 

0.2 

- 0. 2 

Fig. 1. Variation in f and 9 with ~ for 
T = 12 without suction or magnetic field 
for different values of /3; 
- - - • {3 = o. - - - - {3 = .1. 
--- /3 = .5. -_ - /3 = 1 
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1 i~ . 2. Vuriation in f a nd y wilh ( :.'. 
T = 12 and 0: = 2, N = 0; 
·.·· {J = O, --- -· ,/3 = .1, 
- -- - - fJ = .5 , --13 = 1 

Fig. 3. Variation in f anu !l with ~ for 
T = 12 and e = - 2, N = 0; 
· ···{3 ~ O, ---- {l = .l, 
- - - {3 = .5, -- /t = 1 

Fig. 4. Variatiun ill f anJ !J with ~ fur 
T = 12 for JilTcT\:nt valucs of 0:, N = 2, 
and {J := 1; 
•. - - - £ = - 2, - -- - e = 0, 
-- 0: = 2 

with [22]. However, {3stnrts innuencing the now lidd for its values ncar .Ot. We funil<;;r 

observe that the bOtlildury~laycr thickness increases with the increase in /3. 

f'igur~ 2 shows the effect of {3 ill the prcscnce of su~tion, e = 2, wilhollt magnelic fidJ 
(N = 0). \\'~ 'fo~lld Ihnt the b0undary· luycr thickness is contwllcd by the suction parameter, 
i.e., it decreases. with an increuse in the su..:tion parameter. 

In the cu.s..: of il1jcction. {j = 2 and N = D, the buundary. layer thickness becomes very large 
as isexpe~tcd l'hysically which is shown in Fig. 3. 

Figure 4 gives the variation in f and 9 for the cases when {3 = I, N = 2 (---' for 

suctioll'€ = .2, - - - - wilhout suction or injection, ~ - - - - for injection 8 = 2), 
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Comparing Figs. 3 and 4, we observe that the 'boundary-layer thickness IS drastically 
decreased by introducing a magnetic field. The magnetic field can control the boundary-layer 
structure of a fluid which is enhanced by introducing a suction pa'rame~er. 
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9 The problem of magnetohydrodynamics (l'v1HD) flow of a conducting, incompressible third-grade fluid due to 
non-coaxial rotations of a porous disk and a fluid at infinity in the presence of a uniform transverse magnetic field is 

11 considered. An exact analysis is carried out to model the governing non-linear partial differential equation. A numerical 
solution of the third-order non-linear partial differential equation has been obtained. Several graphs and tables have 

13 been drawn to show the influence of porosity £, magnetic parameter N, material parameters IX and f3 on the velocity 
distribution. C 2001 Elsevier Science Ltd. All rights reserved. 
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1. Introduction for this type of flow have also been investigated. 
Maxwell and Chartotr [5] pointed out that it is pos-

The flow between eccentric rotating disks has sible to determine the complex dynamic viscosity 
been examined by a· nwnber of investigators. of an elastico-viscous liquid by using the orthogo-
Berker [1] first found an exact solution for a New- nal rheometer which is an instrument consisting of 
toni an fluid in this type of flow which he defined as two parallel plates which rotate with the same an-
"pseudo plane motions" when the disks rotate with gular velocity about two axes normal to the plates 
the same angular velocity. However, this study by but not coincident. Blyler and Kurtz [6] and Bird 
Berker was omitted in later papers and this mis- and Harris [7] established various studies to obtain 
take was corrected in [2]. Berker [3,4] showed that the complex viscosity of the fluid. Tho inertia of 
there is the existence of an infinity of non-trivial the fluid was neglected in Refs. [5 -7]. Abbott and 
solutions to the Navier-Stokes equations between Walters [8] both introduced an exact solution for a 
two infinite parallel plates rotating about a common Newtonian fluid including inertia effects and exam-
axis or about different axes. He asswned the flow ined the flow of a viscoelastic fluid assuming that 
is symmetric with respect to the origin for a sin- the distance between the axes is small. The same 
gle solution. The studies on non-Newtonian fluids problem was investigated for a second-grade fluid 

by Rajagopal [9,10], Rsjagopal and Gupta [11], for 
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Abstract 

The problem of magnetohydrodynamics (MHD) flow of a conducting, incom
pressible third grade fluid due to non-coaxial rotations of a porous disk and a fluid 
at infinity in the presence of a uniform transverse magnetic field is considered. An 
exact analysis is carried out to model the governing non-linear partiai differential 
equation. A numerical solution of the third order non-linear partial differential 
equation has been obtained. Several graphs and tables have been drawn to show 
the influence of porosity E, magnetic parameter N, material parameters Q and {3 on 
the velocity distribution. 

1 . Introduction 

The flow between eccentric rotating disks has been examined by a number of inves
tigators. Berker [1] first found an exact solution for a Newtonian fluid in this type 
of flow which he defined as " pseudo plane motions" when the disks rotate with the 
same angular velocity. However, this study by Berker was omitted in later papers 
and this mistake was corrected in [2J. Berker [3, 4J showed that there is the exis
tence of an infinity of non-trivial solutions to the Navier-Stokes equations between 
two infinite parallel plates rotating about a common axis or about different axes. He 
assumed the flow is symmetric with respect to the origin for a single solution. The 
studies on non-Newtonian fluids for this type of flow have also been investigated. 

1 
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Maxwell and Chartoff [5] pointed out that it is possible to determine the complex 
dynamic viscosity of an elastico-visc'ous liquid by using the orthogonal rheometer 
which is an instrument consist ing of two parallel plates which rotate with the same 
angular velocity about two axes normal to the plates but not coincident. Blyler and 
Kurtz [6] and Bird and Harris [7] established various studies to obtain the complex 
viscosity of the fluid. The inertia of the fluid was neglected in Refs. [5, 6, 7]. Abbott 
and Walters [8] both introduced an exact solution for a Newtonian fluid including in
ertia effects and examined the flow of a viscoelastic fluid assuming that the distance 
between the axes is small. The same problem was investgated for a second grade 
fluid by Rajagopal [9, 10], Rajagopal and Gupta [11], for a BKZ fluid by Rajagopal 
and Wineman [12], for a K-BKZ fluid by Dai et al. [13]. Separately, Goglis [14] 
obtained an exact soh.,ltion for a mixture of two incompressible Newtonian fluids . 
Erdogan [15] found an exact solution of the time-dependent flow between eccentric 
rotating disks for a Newtonian fluid. 

Exact solutions for the flow due to a single disk in a variety of situations have 
been obtained by a number of workers. The flow due to a disk and a fluid at 
infinity which are rotating non-coaxially at slightly different angular velocities has 
been studied by Coirier [16]. Exact solutions of the three dimensional Navier-Stokes 
equations have been obtained by Erdogan [17, 18] for the flow due to non-coaxial 
rotation of a porous disk and a fluid at infinity. Erdogan established that for uniform 
suction or uniform blowing at the disk, asymptotic solutions exist for the velocity 
distributions. Non-Newtonian flow due to a disk and a fluid at infinity which are 
rotating non-coaxially at slightly different angular velocity has been investigated by 
Erdogan [19]. Murthy and Ram [20] have considered the magnetohydrodynamic flow 
and heat transfer due to eccentric rotaiions of a porous disk and a fluid at infinity. 

The flow of a second order fluid between rotating parallel plates was considered 
by Rajagopal [21] . T he stability of this type of flow was investigated fo r a New
tonian fluid by using the energy method [3, 4] and fo r the second order fluid [11] . 
Magnetohydrodynamic flow between eccentric rotating disks with the same angular 
velocity was investigated by ~f0hantj' ~22;, for the symmetric case. Rao and Ka
siviswanathan [23] extended this type of flow to a micropolar fluid. Other extensions 
of this type of flow to an Oldroyd-B fluid and to an electrically conducting Oldroyd-B 
fluid were given by Rajagopal [24] and Ersoy [25], respectively. Knight [26] investi
gated the inertia effects of the non-Newtonian flow between eccentric disks rotating 
at different speeds. Parter and Rajagopal [27] proved that when the disks rotate 
with different angular velocities about distinct axes or a common axis, there is a 
one parameter family of solutions. 

The unsteady flow of an incompressible viscous fluid between two eccentric ro
tating disks for which the streamlines at a given instant are concentric circles in 
planes parallel to a fixed plane and where each point on the plane is performing 
non-torsional oscillations is considered by Rao and Kasiviswanathan [28] . In an
other paper, Kasiviswanathan and Rao [29] investigated the unsteady flow due to 
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non-coaxial rotations of a disk, executing non-torsional oscillations in its own plane, 
and a fluid at infinity. The work of Berker [4] to include time-dependent terms has 
been extended by Smith [30] . The unsteady flow due to eccentric rotations of a disk 
and a fluid at infinity which are impulsively started was investigated by Pop [31]. 
He assumes that the flow is two-dimensional, and both the disk and the fluid at 
infinity are initially at rest and that they are impulsively stared at time zero. Later, 
Erdogan [15, 32] pointed out that under the assumed conditions by Pop [31] the flow 
becomes t hree dimensional. He suggested a change in t he init ial conditions which 
makes the flow two-dimensional. 
In the present paper, t he MHD flow of a conducting, incompressible third grade 
fluid due to a disk which rotates non-coaxially with the fluid at infinity is studied 
and a numerical solution is obtained for this case. Since the equations governing the 
flow of third grade fluids are more complicated than the Navier-Stokes equations, 
to solve the equations of a third grade fluid is important. The work is more general 
and corresponds to the specific cases of practical interest : because of the study of 
the motion of non-Newtonian fluids in the absence as well as in the presence of a 
magnetic field. A few examples are the flow of nuclear slurries, flow of liquid met
als and alloys such as the flow of gallium at ordinary temperatures (30°C.) , flow 
of plasma, flow of mercury amalgams, handling of biological fluids, flow of blood-a 
Bingham fluid with some thixotropic behavior, coating of paper, plastic extrusion 
and lubrication with heavy oils and greases. 

2 Basic Equations 

An incompressible third grade fluid filling the semi-infinite space z > 0 in contact 
with an infinite porous disk at z = 0 is considered. The axis of rotations of the 
disk and that of fluid at infinity are assumed to be in the plane x = a and distance 
between the axes is l as shown in Fig. 1. The fluid is electrically conducting and 
assumed to be permeated by a magnetic fie ld B o having no components in the x and 
y directions. T he disk and fluid at infinity are initially rotating about the z'-axis with 
the same angular velocity 0, and at time t = 0, the disk starts to rota te impulsively 
about the z-axis with the same angular velocity 0 and the fluid at infi nity continues 
to rotate about the z'-axis with the same angular velocity. Therefore , the boundary 
and initial conditions can be written in the following form 

u = - Oy, v = Ox, W = - We' at z = 0, t > 0, 

u = - O(y - l), v = Ox, W = - We' as z --t 00 , Jor all t , (1) 
u = - O(y - l), v = Ox , W = - We' at t = 0, for z > 0, 

where u , v and w are the components of the velocity. Obviously W o > 0 is the 
suction velocity and W o < 0 is the injection velocity. The boundary and the initial 
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conditions given by equation (1) suggest that the components u and v of the velocity 
can be written in the following form 

u = - D.y + f(z, t), v = D.x + g(z, t ), W = - W00 (2) 

The equations governing the unsteady MHD flow are 

DV 
"V . T + J x B , (3) p Dt -

"V.V - 0, (4) 

\7.B - 0, (5) 
\7 x B = J.Lm j, (6) 

\7 x E 
8B 

(7) - - at ' 
J - a(E + V x B), (8) 

where p is the density, g, the material time derivative , J the electric current 
density, JJm the magnetic permeability, E the electric field, B the total magnetic 
field so that B = Bo + b, b the induced magnetic field, a the electric conductivity 
of the fluid, displacement currents are neglected. In equations (5 - 8) the magnetic 
Reynolds number Rm [33] is assumed to be small as is the case with the most of the 
conducting fluids and hence the induced magnetic field is small in comparison with 
the applied magnetic field and is therefore not taken into account. The magnetic 
body forces J x B now becomes a (V x B ) x B. 

The incompressible, homogeneous fluid of third grade is a simple fluid of the 
differential type whose Cauchy stress tensor T has the representation [34J: 

T - -pI + J.LAI + a l A2 + a2A~ 
+ f3lA3 + f32(A lA 2 + A 2A I) + f33(trADAl' (9) 

where -pI is the indeterminate part of the stress due to the constraint of 
incompressibility, IL, aI , a2, f3l, f32 and /33 are material constants, and the tensors 
Ai, i = 1,2,3 are defined through [35J: 

Al - (grad V) + (grad V )T, 
DA i - 1 T 

Ai - Dt + Ai- 1 (grad V) + (grad V ) A i - l , i > l. 

We shall not consider the above model as an approximation to a simple fluid [36J 
in the sense of a retardation, but consider it to be an exact model in the sense 

~~~ 

~
~~ c,r.:;: 
~ ~>- " ~ ~ N .~ 1.1) 

It::! ~ r.! Il.l 
i ~ ... ~ ';.) y 
\(, . ' - f:/ 
\ \"1· .' . ::, .':' 
\', 'f" r 

"'.,!, '~ " A 
~~'t ~ ~ 
-~;.;;.~ 



5 

described by Fosdick and Rajagopal in [37J (see also [38]). We require that the 
Clausius-Duhem inequality hold and that the specific Helmholtz free energy be a 
minimum when the fluid is locally at rest, which leads to the following restrictions 
on the material coefficients: 

J.1. ;:::: 0, 0'1;:::: 0, f31 = f32 = 0; f33;:::: 0, 

- .; 24J.1.f33 :S 0'1 + 0'2 :s '; 24J.1./33' (10) 

Therefore, the model of equation (9) reduces to 

(11) 

Using equation (2), equation of continuity is identically satisfied. Further in view 
of small Reynold number, equations (2) and (11) one obtains from equation (3) as 

P [~~ - 02x - Og - Wo ~~] ap {)2 f 2 
- --+J.1.--uB (f - Oy) ax {)z2 0 

+ [ {)3 f {)3 f {)29 ] 
0'1 fJtf)z 2 - Wo fJ z 3 + 0 az2 

+ 2P3:' [~~ { (~~)' + (~!)'} 1 ' (1 2) 

rag 2 {)g] {)P {)2g 2 
P at - 0 y + Of - Wo {)z - - - + J.1. - - u B (9 + Ox) {)y {)Z2 0 

+ [ {)39 {)39 {)2 f] 
0'1 {)t{)Z2 - Wo {)Z3 - 0 {)Z2 

+ 2P3 :z [~: { (~~)' + (~:n 1 ' (13) 

uB;wo 
{)P 

-
()z ' 

(14) 

where 

(1 5) 

Now eliminating P from equations (12) to (13) and then using boundary condi
tions (1) we obtain 



p [~~ - Og - Wo ~~] 

[89 89 ] P 8t + Of - Wo 8z 

By (1) and (2) we have 

Introducing 

f(O, t) = 0, 

f (oo, t ) = OZ, 

f (z,O ) = nz, 

82 f 
- j.L 8z2 - (7 B; (J - nz) 

+ [ 8
3 f 8

3 f 8
2 
9 ] 

0'1 8t8z2 - Wo 8z3 + 0 8z2 

+ a [af {(af )' (ay
)')] 

2/33 8z 8z 8z + 8z ' 

82
9 2 2 - j.L - - - (7 B g + 0 l 8z2 0 

+ [ 8
3
g 8

3
g 82 f] 

0'1 8t8z2 - WO O Z 3 - 0 oz2 

+ 2~3 :z [:; { (::)' + (:; n ]. 
g(O , t) = 0, 

g(oo,t) = 0, 

g(z,O) = 0, 

for t > 0, 

for all t, 
for z > O. 

F - = f + i g, 

equations (16) and (17) can be written in the following form 

[
oF- . f'"'IF- OF. ] 
-+tH -w-
ot 0 oz 

6 

(16) 

(1 7) 

(18) 

(19) 

(20) 

where v = ~, P* is the complex conjugate of F· and the initial and boundary 
conditions (18) become 

F · (O, t) = 0, F · (oo, t) = nt, F · (z, 0) = nz. (21) 
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We note that for Ql = Bo = Wo .= (33 = 0, equation (20) correspond to the 
differential equations for classical viscous and Ql = 0, and second grade fluids, 
respectively. 

Defining 

e= ~z, r = Ot, 

0 3[2(33 
f3 = 2' pLl 

(22) 

equation (20) and conditions (21) become 

a3F a2F aF 
Q€ ae + (1 - iQ) a~2 + 2€ a~ 

aF . a [(aF) 2 aF] 
2 ar - 2(i + N)F + (3 a~ 7i{ a~ = 0, (23) 

F(O, r) = -I, F(oo, r) = 0, F(e,O) = o. (24) 

We note that the equation (23) is a third order partial differential equation. 
Moreover, this equation is highly non-linear as compared to case of second ' order 
and Newtonian flow equations. As a result, it seems to be impossible to obtain the 
general solution in closed form for arbitrary values of ail parameters arising in this 
non-linear equation. Further, equation (23) is parabolic with respect to time which 
allows a time marching solution to the equation. Dealing with parabolic equation , 
there is only one characteristic direction. The information at one point influences 
the entire region on one side of the vertical characteristic and contained within 
the two boundaries. Therefore, lend itself to marching solution. Starting with the 
initial data, the solution between the two boundaries is obtained by marching in the r 
direction. The convective terms are non-linear in the above equation. The convective 
non-linearity must be supressed in applying the Von Neumann stability analysis. 
This is done by treating solution-dependent coefficients multiplying derivatives as 
being tempoarily frozen. The modified equation approach to analyzing non-linear 
computational algorithm is applicable [39J but the appearance of products of higher
order derivatives makes the construction of more accurate schemes less precise than 
the case of linear equations. 

As this problem is time dependent and has mixed derivative with respect to 
time and space coordinates so we are forced to use an implicit scheme. Applying 
implicit scheme to nonlinear equation (23) is not as straight forward as for linear 
equations. To convert partial differential equation (23) to a system of algebraic 
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equations a number of choices are available . A modified Crank-Nicolson implicit 
formulation with forward time and central finite difference approximation is used, 
so equation (23) is transformed into algebraic equation of the form 

a~ F n+1 + b~ F!1+ 1 + c~ Fn+1 = d~ ) )-1 )) ) )+1 ) , (25) 

where 

an 
j - _ ( .::.. (1 - iQ )6.T ) 

h2 + 211,2 ' 

bry ( Q (1 - iQ )6.T ) 
J - 2 h2 + 2h2 + 1 , 

c~ _ (.::.. (1 - iQ)6.T) 
J - . h2 + 2h2 ' 

d~ - _ (~ (1 - iQ)6.T) (F" _ 2Fr:' Fr:') 
J h2 + 2h2 J+l J + J- l 

f~~T (FP+2 - 2FPI-l + 2FP- l - FP_2) (26) 

+ f~T (FP+l - Fj"-l) + 2(1 - D.T(i + N))FP 

+ {3D.T (( pn Fn )2(pn 2pn pn ) 411,4 )+1 - j-l )+1 - j + j - l 

+ 2(FF+1 - Fj":_I) (FJ'+l - 2Fp + FP_l) (F]'+l - FT-l))' 

Here e = [ejJ~~~ is taken as strictly increasing sequence of discrete points such 

that 0 = el < 6 < ea < ... < eM and h = ei - ei-l = 'j}:i1
, where M is the number 

of grid points in space coordinates and 6.T = Tn +1 - Tnis time interval. The right 
hand side of equation (25) is considered in some fashion as known , say from the 
previous time step and left hand side as the dependent variable in a computational 
solution of an unsteady flow problem. The steady state approached asymptotically 
at large times. 

The implicit methods are uncoditionally stable unless non-linear effects cause 
instability, which is controlled by suitable choice of D.T and h. The equation (25) 
must be written at all interior grid points resulting in a system of algebraic equations 
of order M from which the unknowns Pp+l for all j can be solved simultaneously, 
which can be solved by using the generalized Thomas algorithm. 

For this let us consider system of equations 

AF=B, (27) 
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where F is a vector of unknown nodal values in equation (25 ), A contains the 
algebraic coefficients arising from discretization and B is made up of algebraic co
efficients associated with discretisation and known values of F e. g., values of F on 
previous time step and given by the boundary conditions. 

The matrix A is typically sparse and the non-zero terms are close to the diag
onal. As in our case A does not depend on F only one step of outer iteration is 
required. When the non-zero elements lie close to the main diagonal it is useful to 
consider variants of Gauss elimination that take advantage of the banded nature of 
A. Consider equation (25) which when repeated for every node gives 

b1 Cl Fl d1 

a2 b2 C2 F2 d2 

a3 b3 C3 F3 d3 

-
aj bj Cj F j dj 

aM-l bM- 1 CM-l F M - 1 dM - 1 

a M bM FM dM 

where aj, bj , Cj and dj are given by equation (26), non-zero values of dj are 
associated with source terms or for d1 and dM with boundary conditions. All terms 
in A other than those shown are zero. 

The Thomas algorithm for solving above matrix consists of two parts: 
First, the aj coefficients have been eliminated and bj coefficients normalized to 

unity. The equations are modified in a forward sweep. 
The second stage consists of a backward-substitution ( backward sweep). 
The Thomas algorithm is particularly economical; it requires only 5M-4 opera

tions (multiplications and divisions). But to prevent ill-conditioning it is necessary 
that Ibj l > laj l + ICj l· 

3 Numerical Discussion 

Equation (25) has been solved by using a modified Crank Nicolson implicit formu
lat ion with forward time and central difference space approximation using 100 grid 
points (~ = 10) for sufficient accuracy when the case of suction or no porosity is 
considered but for the case of injection 1000 grid points (~ = 100) are used. For 
all computations we have taken h = .1. For the case a = 0, {3 = 0 we get solution 
for the Newtonian fluid, and results matched with the analytical solution with very 
small relative error. 
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Numerically, we found the behvior of Iu and m at different values of ~ for varying 
time corresponding to three types of flows (Newtonian, second grade and third 
grade), with and without suction and magnetic parameter. Results described below 
report solutions up to ~ = 6, where free stream velocities have not yet been reached 
in most cases. We observed that; for the Newtonian case boundary layer thickness 
increases with the increase in time and steady state approaches after r = 10. Initially 
fluid moves with the disk, so the magnitude of Iu is large near the disk. With time 
the magnitude of Iu decreases and then increases to become stable, while m keeps 
on increasing and then becomes stable after r = 10. 

For the second-grade fluid when (Q i: 0) boundary layer thickness increases 
with the increase in Q . Time taken to reach steady-state is also increased. Initially, 
fluid adjacent to disk moves with the disk and Iu and m are very high. With time 
the values of Iu decreases while the values of m increases and then approaches its 
steady-state condition. For the steady state case the value of Iu near the disk are 
small as compared to the case of Newtonian fluid . Time taken to reach steady state 
is larger as compared to its time for Newtonian fluid. The values of m are large 
and they keep on increasing with time untill steady state condition is achieved. For 
the third grade fluid (when Q i: 0, (3 =/: 0) the values of Iu and m near the disk 
decrease with the increase in time. The values of Iu decrease near the disk but 
increase at small distance away from the disk and then decrease to become free 
stream. Time increases to approach its steady state condition also boundary layer 
thickness increases with the increase in time in third grade fluid during the transient 
period and then becomes stable. 

By introducing suction (€ > 0 ) in Newtonian fluid there is a considerable de
crease in boundary layer thickness and also in the time to reach steady state condi
tion i. e. just after r = .5, we get steady-flow. Boundary layer thickness decreases 
due to suction in second-grade fluid but in comparison with the Newtonian fluid its 
value is high and the time to achieve steady state is also increased. It means that 
Q increases the boundary layer thickness and also time to approach its steadY state 
while suction decreases the boundary layer thickness and also time to approach its 
steady state. In third grade fluid i. e., (for Q =/: 0, (3 =/: 0) boundary layer thickness 
increases further as compared to the results of second grade fluid and also time to 
reach steady state is increased but these values are small in comparision with the 
case when suction was not present in the third-grade fluid. 

We also considered the effect of suction and magnetic parameter on all these 
three types of fluids. Boundary layer thickness decreases further due to magnetic 
parameter also the time to reach steady state is reduced further. It means that 
magnetic parameter is responsible for further reduction in boundary layer thickness 
as well as time to reach steady-state in all three cases. 

When we proceed from Newtonian fluid to non-Newtonian fluid the effect of Q 

and {3 can also be observed in steady state condition. We observe that the boundary 



11 

layer thickness increases with the increase in a as well as in /3. The magnitude of ~ 
decreases near the disk while its value increases in a considerable amount at some 
distance away from the disk with the increase in a these effects are enhanced further 
by the increase in /3. The magnitude of m increases near the disk and decreases away 
from disk with the increase in a but (3 decreases the magnitude of m near the disk 
and increases away from the disk. 

Suction and magnetic parameter are always responsible for the reduction .in the 
boundary layer thickness and also reduce the magnitudes of m and m. The effect of 
magnetic parameter on m is more prominant as compared to its affect on m. 

When injection is applied, boundary layer thickness becomes very very large and 
it approaches to free stream at a very large distance (solution exists), and with 
the increase in a and (3 it increases further but by introducing magnetic parameter 
boundary layer thickness can be reduced drastically. 
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Summary 

The problem of magnetohydrodynamics (MHD) flow of a conducting, incom
pressible flow due to non-coaxial rotat ions of a porous disk , executing oscillat ions 
in its own plane, and a fluid at infinity is considered in the presence of a uniform 
transverse magnetic field. The porous character of disk and the non-linearity of the 
fluid increase the order of the differential equation. The solutions for three cases 
when the angular velocity is greater than the frequency of oscillat ion or it is smaller 
t han t he frequency or it is equal to t he frequency are examined. T he structure of the 
velocity distributions and the associated boundary layers are investigated including 
the ' case of blowing and resonant oscillations. It is found that unlike the hydrody
namic situation for the case of blowing and resonance, the hydromagnetic steady 
state solution satisfies the boundary condition at infinity. T he inherent difficulty 
involved in the purely hydrodynamic problem associated with the case of blowing 
and the resonant frequency has been resolved in this paper by the addition of the 
magnetic fie ld. 

1 Int roduct iort 

Exact solutions for the flow due to a single disk in a variety of situations have 
been obtained by a number of workers . Berker [lJ has considered the flow due to 
non-coaxial roatations of a disk and a 'fl uid at infinity and implied the possibility 
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of an exact solution of the Navier-Stokes equations. Thornley [2J has studied the 
flow due to non-torsional oscillations of a single disk in semi-infinite expanse of 
fluid in a rotating frame of reference. The MHD effect on the Ekman layer over an 
infinite horizontal plate at rest relative to an electrically conducting liquid which is 
rotating with uniform angular velocity about a vertical axes has been studied by 
Gupta [3]. The flow due to rotations of a porous disk and a fluid at infinity rotating 
about a different axes has been studied by Erdogan [4]. Murthy and Ram [5] have 
considered the MHD flow and heat transfer due to eccentric rotations of a porous 
disk and a fluid at infinity. Rajagopal [6J has considered the flow of a simple fluid 
in an orthogonal rheometer. 

In order to generalize the work of Berker [1], Kasiviswanathan and Rao [7] dis
cussed the flow due to non-coaxial rotations of a disk, executing non-torsional oscil
lations in its own plane and a fluid at infinity. The unsteady flow due to non-coaxial 
rotations of a disk and a fluid at infinity which are. impulsively started was inves
tigated by Pop [8] . Later, it has been pointed out by Erdogan [4] that if the disk 
and the fluid at infinity are initially at rest the problem becomes three dimensional 
and the solution cannot be obtained easily. To overcome this difficulty. Erdogan [4J 
suggested a change in initial condition and proposed that the disk and the fluid are 
initially rotating about z'-axis and suddenly sets in motion; the disk rotating about 
z-axis and fluid about z'-axis. He showed that now the problem is solvable and 
presents an analytic solution for the velocity field. In another paper, Erdogan [9] 
found an exact solution of the time-dependent Navier-Stokes equations for the flow 
due to non-coaxial rotations of an oscillating disk and a fluid at infinity. 

In this paper, numerical solution of the time-dependent equations is given for the 
magnetohydrodynamic incompressible flow due to non-coaxial rotations of a porous 
disk and a third grade fluid at infinity. Additionally, the disk is executing oscillations 
in its own plane. The porous disk and non-linear fluid behavior considered in this 
study results in the increase of the order of the non-linear differential equation 

. with constant complex coefficients obtained by inserting the velocity field into the 
equations of motion. It is apparent from physical considerations that suction and 
blowing have opposite effects on the boundary layer flows. Indeed, the suction 
prevents the imposed nontorsional oscillations from spreading far away from the disk 
by viscous diffusion for all values of the frequency parameter n. On the contrary, 
the blowing promotes the spreading of the oscillations far away from the disk. In 
the case of blowing and resonance, the oscillatory boundary layer flows are no longer 
possible. Thus, it remains to answer the question of finding a meaningful solution for 
the case of blowing and the resonant frequency. An attempt is made to answer this 
question by posing a hydromagnetic boundary on initial-boundary value problem. 
It is shown that unlike the hydrodynamic situation for the case of blowing and 
resonance, the hydromagnetic steady state solution satisfies the boundary condition 
at infinity. 
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2 Basic Equat ions 

We introduce a Cartesian coordinate system with the z-axis normal to the porous 
disk which lies in the plane z = O. The region z > a is occupied by an incompressible 
third-grade fluid. The axis of rotation, of both the disk and the fluid, are assumed 
to be in the plane x = a, with the distance between the axes being l. The disk and 
the fluid at infinity are initially rotating about the z'-axis with the same angular 
velocity !l, and at time t = a, the disk starts to oscillate suddenly along the x-axis 
and to rotate impulsively about the z-axis with the same angular velocity !l and the 
fluid at infinity continues to rotate about the z'-axis with the same angular velocity. 
The fluid is electrically conducting and assumed to be permeated by a magnetic field 
Bo having no components in the x and y directions. The velocity field is chosen as 
follows: 

u = - Oy + f(z, t), v = Ox + g(z, t), w = - Wo, (1) 

where u, v, ware the components of the velocity vector V, in the directions 
x, y, z respectively. Obviously Wo > 0 is the suction velocity and Wo < 0 is the 
blowing velocity. 

As it is seen, the velocity field satisfies \l . V = 0, directly which is nothing 
else than the incompressibility condition. For the problem under consideration, the 
boundary and the initial conditions can be written in the following form 

- Oy + Ucosnt }, u - or v = Ox, w = -Wo, at z = 0, t> 0, 
- Oy + Usinnt 

u = -O(y - l), v = Ox, w = - Wo, as z ~ 00 , for all t, (2 ) 

u = -O(y - l), v = Ox, w = - wo, at t = 0, f or z > 0, 

where n is the frequency of the non-torsional oscillations and U the velocity . 
. The hydromagnetic equations of motion for an electrically conducting, incom

pressible fluid are 

DV 
\l . T + J x B, P Dt = 

\l . B - 0, 

\l x B = 11m J, 

\l E 
aB 

x = - at ' 
and Ohm's law for a moving conductor 

J = cr(E+VxB). 

(3) 

(4) 

(5) 

(6) 

(7) 
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In above equations, p is the density, gt the material time derivative, J the 
electric current density, /-Lm the magnetic permeability, E the electric field, B the 
total magnetic field so that B = Bo + b, b the induced magnetic field, (J the electric 
conductivity of the fluid. In equations (4 - 7) the magnetic Reynolds number Rm [10] 
is assumed to be small as is the case with the most of the conducting fluids and 
hence the induced magnetic field is small in comparison with the applied magnetic 
field and is therefore not taken into account. The magnetic body forces J x B 
now becomes (J (V x B ) x B. 

The constitutive equation of third-grade fluid is 

T - - pI + /-L A 1 + a1A2 + a2A~ 
+ f31 A 3 + f32(A 1A 2 + A 2A 1 ) + f3:i(trA~ )A1' (8) 

where T is the stress tensor, I is the identity, Al the Rivlin-Ericksen tensor of the 
first order, A2 and A3 the Rivlin-Ericksen tensors of the second and third orders, 
respectively, p the static fluid pressure (p = p(x, y, z )), /-L the dynamic viscosity 
coefficient,Ct1, Ct2, {31, {32 and {33 are material constants. The first, second- and third
order Rivlin-Ericksen tensors are respectively: 

- (grad V ) + (grad vf, 
DAi - 1 ( ) ( )T Dt + A i - i grad V + grad V A i - 1 , i > 1. 

The thermodynamics of fluid modeled by equation (8) has been object of a 
detailed study by Fosdick and Rajagopal in [11] and Dunn and Rajagopal [12]. 
They show that the equation (8) to be compatible with thermodynamics and the 
free energy to be minimum when the fluid is at rest, the material constants should 
satisfy the relations 

/-L ~ 0, a1 ~ 0, {31 = {32 = 0, {33 ~ 0, 

-J 24/-L{33 ~ a1 + a2 :::; J 24p.f33 (9) 

and specific Helmholtz free energy 'l1 has the form 

(10) 

In above expressions 

L = grad V. (11) 
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In our analysis we assume that thefll1id is thermodynamically compatible; hence 
the stress constitutive relation (8) reduces to 

( 12) 

Substituting equation (12) and J x B = -(]" B~V into equation (3) and then 
eliminating the modified pressure one obtains 

+ al [83 
F * _ W 83 

F * _ i n 82 
F * ] 

P 8taz2 
0 8z3 8z2 

~ [(8F* ) 2 8P*j + 2{33 8z 8z 8z' 

where 

F * = f + i g, 

where II = ;, P* is the complex conjugate of F*. 
From equations (1), (14) and conditions (2) we have 

F*(O, t) = U cos nt 

F*(oo, t) = nl, 
or P*(O, t) = U sin nt; 

P*(z,O) = nl. 

On introducing non-dimensional parameters 

p . pce, T) = nz - 1, - P* 
F (e, T) = Ol - 1, 

equation (13) and conditions (14) becomes 

Wo 
€=-== v!2I1n' 

83F 82F · of 
a€ 8~3 + (1 - ia) O~2 + 2€ o~ 

2- - 2(2 + N)P + {3- - - = 0 8P. 8 [(8F)2 8Fj 
OT 8~ 8~ 8~ , 

(13) 

(14) 

(15) 

(16) 

(17) 
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F(O, r) = Uo cos nt - 1, F(co , r) = 0, F(f.,O) = o. (18) 

We note that the equation (17) is a third order partial differential equation. 
Moreover, this equation is highly non-linear as compared to case of second order 
and Newtonian flow equations. As a result, it seems to be impossible to obtain 
t he general solution in closed form for arbitrary values of all parameters arising in 
this non-linear equation. Further, equation (17) is parabolic with respect to time 
which allows a time marching solution to the equation. Dealing with parabolic 
equation, there is only one characteristic direction. The information at one point 
influences the entire region on one side of the vertical characteristic and contained 
within the two boundaries. Therefore , lend itself to marching solution. Starting with 
the initial data, the solution between the two boundaries is obtained by marching 
in the T direction. The above equation is non-linear. This non-linearity must be 
supressed in applying the Von Neumann stability analysis. This is done by treating 
solution-dependent coefficients multiplying derivatives as being tempoarily frozen . 
The modified equation approach to analyzing non-linear computational algorithm is 
applicable [13] but the appearance of products of higher-order derivatives makes the 
construction of more accurate schemes less precise than the case of linear equations. 

As this problem is time dependent and has mixed derivative with respect to 
time and space coordinates so we are forced to use an implicit scheme. Applying 
implicit scheme to nonlinear equatiull (17) is not as straight forward as for linear 
equations. To convert partial differential equation (17) to a system of algebraic 
equations a number of choices are available. If this parabolic partial differential 
equation is discretized in space first , it becomes an initial value problem of coupled 
ordinary differential equations. Therefore, numerical methods for a parabolic partial 
differential equation include both 

1) a boundary value problem and 
2) an initial value problem. 
For these reasons, numerical methods for a parabolic partial differential equation 

can be developed by combining the numerical methods for the initial and boundary 
value problems of ordinary differential equations. Most of the numerical methods for 
initial value problems may result in very complicated or, a t least, inefficient methods 
e. g. higher order Runge-Kutta methods or predictor-corrector methods [14]. This 
limitation leads us to consideration of the simplest group of numerical methods for 
initial value problems. A modified Crank-Nicolson implicit formulation with forward 
time and central finite difference space approximation is used, so that equation (1 7) 
is transformed into algebraic equation of the form 

(19) 
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where 

a~ -J 
_ (~ + (1 -2~)~T ) , 

bry -J 
2 (~ (1 - ia ) ~T 1) 

h2 + 2h2 + , 

c~ -J 
_ (~ + (1 -2~~)L':.T) , 

dry -J 
_ (~ (1 - ia)~T) (Fr:' _ 2Fr:' Fr:') 

h2 + 2h2 . )+1 J + J - 1 

€~~T (FT+2 - 2FT+1 + 2FP_1 - FT-2 ) (20) 

+ €~T (FP+1 - FP_1) + 2(1 - ~T(i + N))FP 

{3~T ((F" F" )2(1'" 21'" 1'") + 4h4 j+1 - j-1 1+1 - j + j - 1 

+ 2(FP+1 - FP-1)(FP+1 - 2Ft + FP-1)(PP+1 - FT-1))' 

Here ~ = [~jJ;:~ is taken as strictly increasing sequence of discrete points such 

that 0 = ~1 < 6 < 6 < ... < ~M and h = ~i - ~i-1 = ez.:i! , where M is the 
number of grid points in space coordinates and ~r = r"+1 - Tn is time interval. 
The right hand side of equation (19) is considered in some fashion as known, say from 
t he previous time step and left hand side as the dependent variable in' a numerical 
solution of an unsteady flow problem. The st eady st ate approached asymptotically 
at large t imes. 

The implicit methods are uncoditionally stable unless non-linear effects cause 
inst ability, which is controlled by suitable choice of t:l.r and h. T he equation (19) 
must be written at all interior grid points resulting in a system of algebraic equations 
of order M from which the unknowns Fp+1 for all j can be solved simultaneously, 
which can be solved by using the generalized Thomas algorithm especially, when a 
single equation is discretized using an implicit algorithm [15] . 

Let us consider system of equations of the form 

AF = B . (21) 

In above equation, F is a vector of unknown nodal values, A contains the alge
braic coefficients arising from discretization and B is made up of algebraic coefficients 
associated with discretisation and known values of F e. g., values of F on previous 
time step and given by the boundary conditions. 

The matrix A is typically sparse and the non-zero terms are close to the diag
onal. As in our case A does not depend on F only one step of outer iteration is 



8 

required. When the non-zero elements lie close to the main diagonal it is useful to 
consider variants of Gauss elimination that take advantage of the banded nature of 
A. Considering every node, equation (21) yields 

b1 Cl FI dl 

a2 b2 C2 F2 d2 

a3 b3 C3 F3 d3 

-
aj bj Cj F j dj 

aM-l bM - 1 CM - I F M - 1 dM - 1 

aM bM FM dM 

where aj, bj , Cj and dj are given by equation (20), non-zero values of dj are 
associated with source terms or for d1 and dM with boundary conditions. All terms 
in A other than those shown are zero. 

The Thomas algorithm for solving above matrix consists of two parts: 
First, the aj coefficients have been eliminated and bj coefficients normalized to 

unity. The equations are modified in a forward sweep. 
The second stage consists of a bc.ckward-substitution ( backward sweep). 
The Thomas algorithm is particularly economical; it requires only 5M-4 opera

tions (multiplications and divisions) . But to prevent ill-conditioning it is necessary 
that Ibj I > laj I + ICj / . 

3 Numerical Discussion 

Equation( 19) has been solved by using a modified Crank Nicolson implicit formu
lation with forward time and central difference space approximation using 100 grid 
points (~ = 10) for sufficient accuracy. For all computations we have taken h = .1 
and !:l.r = .001. For the case a = 0, {3 = a we get solution for the Newtonian fluid, 
and results matched with the analytical solution [9]. Numerical solutions confi rm 
that for large times the starting solutions tend to the steady-state solutions. For 
some times after the initiation of motion, the velocity field contain transients then 
these transients disappear and steady state is achieved. 

The time required to attain steady flow for the cosine and sine oscillations is 
obtained for n > n, n = nand n < n. The value of this time for cosine oscillation 
is shorter than that for sine oscillation and it depends on the ratio of the frequency 
of oscillation to the angular velocity of the disk R and the ratio fi,. 
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In the case of n > n, the oscillation of the disk dominates, then the time required 
to attain steady flow both for the cosine and sine oscillations becomes very short. 
However, in the case of n < n the time required to attain steady flow for the sine 
oscillation become large. 

Numerically, we have computed the magnitudes of -!rr and m with the distance 
from the disk for cosine and sine oscillations keeping amplitude constant XI = 4 at 
~ = .5,1,2,5 with varying time corresponding to three types of flows (Newtonian, 
second-grade and third-grade), with and without suction. The full lines denote 
starting velocities and dotted lines show steady-state velocities. Results described 
below report solutions up to .; = 2, where free stream velocities have not yet been 
reached in most cases. 

For Newtonian fluids, we observed that without oscillations steady state is achieved 
after T = 10. When cosine or sine osci llations are introduced, time to reach steady 
state is reduced. 

With the cosine oscillations , when suction (€ = 2) is introduced, its value is 
reduced further and boundary layer thickness is also reduced due to suction. Mag
nitudes of fa also reduced but the magnitudes of m near the disk are increased due 
to suction. 

When only disk is rotating then time to reach its steady state is T = 10. Intro
ducing cosine oscillation R = .5 < 1 this time is reduced to T = 5, and for sine 
oscillation its values is 7. For R = 2 > 1 due to cosine oscillation the value of T when 
we get steady-state is 4.5 while for the sine oscillation its value is 5.5. For IT = 5 > 1 
system with cosine oscillation approaches to its steady-state at T = 2 and for system 
with sine oscillation the value is T = 3 (By introducing oscillations time to reach 
steady-state is reduced. This time is shorter for cosine oscillations as compared to 
sine oscillations) . No oscillatory behavior can be observed for the Newtonian fluids 
with and without suction. 

For the second-grade fluid (a f. 0) time to reach steady-state is increased and 
also oscillatory behavior become visible in fluid velocities (fa and stz). Near the 
disk the magnitudes of the velocities (Iu and m) is also increased. Boundary layer 
thickness is also increased due to Q. 

By introducing suction (€ = 2) in the second-grade fluid, time to reach steady
state is decreased but oscillatory behavior becomes very prominent, boundary layer 
thickness is increased. That is to say, that the oscillatory behavior is due to both non
Newtonian fluids and suction (become visible for non-Newtonian fluid and enhanced 
by suction, in our case). By increasing the value of Q time to reach steady state 
is also increased. Boundary layer thickness is also increased due to non-Newtonian 
nature of the fluid and oscillatory behavior. 

For the third-grade fluid (a . f. 0, f3 f. 0) time to reach steady state is delayed 
further but oscillatory behavior diminish when f3 is introduced. Inclusion of suction 
increases oscillatory behavior. By increasing oscillation of the disk steady state is 
achieved much earlier. Increasing oscillations reduces boundary layer thickness. For 
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the third-grade fluid (a -:j; 0, f3 -:j; 0) time to reach steady state is increased further 
but due to oscillations its value is reduced . When fi = .5 steady-state is achieved 
at r = 3, for fi = 2 we get r > .5 and when fi = 5 its value becomes = .3. The time 
to reach steady state for the third-grade fluid in the presence of cosine oscillations 
is reduced. In the presence of suction (€ = 2) time to reach steady state is increased 
in considerable amount. When IT = .5 its value is r = 5, for fi = 2, r becomes 4 
and for li = 5, r = 1. i. e. time to reach steady state is further delayed in the third 
grade fluid (when suction is applied, perhaps this is due to oscillatory behavior). 

When we consider the sine oscillations then we note that the time to reach 
steady-state is again reduced and with the increase in oscillations the time to reach 
steady-state is decreased further. By introducing suction (€ = 2) time to reach 
steady-state is reduced in a considerable amount. Boundary layer thickness is also 
reduced. The magnitude of lIT is reduced by suction while the magnitude of fit are 
increased near the disk. 

For the second-grade fluid the time to reach steady-state is increased. Oscillatory 
behavior can be seen near the disk. The magnitude of lIT and fit near the disk is 
increased. Boundary layer thickness is also increased for the second grade fluid . 

When suction is applied to the second grade fluid oscillatory behavior becomes 
prominent and can be seen up to considerable distance from the disk. Boundary 
layer thickness is increased due to this oscillatory behavior. Time to reach steady
state is reduced. For n > n boundary layer thickness is also reduced but oscillatory 
behavior is prominent and with the increase in frequency the value of boundary 
layer thickness is reduced further. 

For li = 1 (resonant case) boundary conditions at infinity for the steady case 
are not met when fluid is Newtonian or non-Newtonian. When suction is applied 
then condition at infinity is fulfilled but for blowing, the condition at infinity is not 
satisfied. If we consider electrically conducting fluid then boundary condition at in
finity is also satisfied for hlowing and resonance. It is likely that the magnetic field 
provides some mechanism to control the growth of the boundary layer thickness at 
the resonant frequency . 

. Concluding Remarks 

The most distinctive feature is that unlike the hydrodynamic situation for the 
case of the resonant oscillations, the solution satisfies the boundary condition at 
infinity for all values of the frequency parameter n, and the associated boundary 
layers remain bounded for all values of the frequency including n = 2. The physical 
implication of this conclusion is that for the case of resonance and blowing, the 
unbounded spreading of the oscillations away from the disk is controlled by the 
external magnetic field . Consequently, the hydromagnetic oscillations are confined 
to the ultimate boundary layers. 
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