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Abstract 
Multiplication rings play an important role in ring theory. Multiplication rings 

have been extensively studied by Gilmer and Mott [4J, Griffin [5J, Mott [JOJ etc, and 

have been characterized using powerjitl ideal theoretic techniques. In this dissertation 

non-commutative multiplication semigroups without identity are characterized This 

dissertation consists of three chapters. 

Chapter one is devoted to preliminaries, it provides introductory concepts for 

semigroups its ideals, prime and semiprime ideals, regular, simple and semisimple 

semigroups. 

In Chapter tvvo we have reviewed the paper [4]. In this chapter we have studied 

the conditions when a multiplication semigroup containing identity is a regular 

semigroup or a principal ideal semigroup. 

Chapter three is about non-commutative multiplication semigroups without 

identity. In this chapter we have determined conditions when the different classes of 

semisimpie semigroups are right multiplication semigroups. We have also provided 

sufficient conditions for right multiplication semigroups to be right regular or regular or 

union of groups. Also we have characterized left cancellative right multiplication 

semigroups. 
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Chapter 1 

INTRODUCTORY IDEAS 

In this introductory chapter we shall give some basic concepts of semi groups and review some 

of the background material that will be of value for our later pursuits. For undefined terms and 

notations, we refer to [1], [2] and [6]. 

1.1 Basic Concepts in Semigroups 

In 1916 O. J. Schmidt introduces the term semigroup in his book" Abstract Group Theory" 

(in Russian) and means semigroups which are cancellative from both sides and possibly with­

out identity. After that again more then ten years passed before semigroups became a direct 

object of investigation. In the first papers various different names were used like" group", "ker­

nelgroup", "abstract composition system", "Ubergroupe", "Schief", "abstract transmutation 

system" , "Mischgruppe" . Today we can say that the beginning of the theory of semigroups is 

marked by A. K. Suskewic, D . Rees, and P. Dubreil. 

In some respects t he theory of semigroups has very close relation with group theory and 

in some other respects with ring theory. It is quite understandable that the early major con­

tributions to the theory were strongly motivated by comparisons with groups and wit h rings. 

In more recent years the subj ect has developed its own characteristic problems, methods and 

results. 
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1.1.1 Definition 

A gro'upoid is a system (S, .) consisting of a non-empty set S together with a binary operation"." 

on S. A semigTOup is a groupoid (S,.) such that the binary operation"." is associative. We 

shall write xy instead of x.y, and usually refer to the binary operation as multiplication"." on 

S. If a semigroup S has the property that for all x, y in S, xy = yx, we shall say that S is a 

commutative semigroup. 

1.1.2 Definition 

An element a of a semigroup S is said to be left (similarly right) cancellative if, for any x, y 

in 8" ax = ay (xa = ya) implies that x = y. A semigroup S is called left (Tight) cancellative 

if every element of S is left (right) cancellative. We say that Sis cancellative if it is both left 

and right cancellative. 

1.1.3 Proposition 

A finite cancellative semi group is a group. 

1.1.4 Definition 

An element of a semigroup which commutes with every element of S is called a central element 

of S. The set of all central elements of S is either empty or is a sub semigroup of S and in the 

later case is called center of S. 

1.1. 5 Definition 

. An element e of a semigroup S is called a left (Tight) identity element of S if ea = a(ae = a) 

for all a in S. An element e in S is called two - sided identity (or simply identity) element of 

S if it is both left and right identity of S. 

If a semigroup S contains an identity element, then it is unique and we say that S is a 

semigroup with identity or S is a monoid. 
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1.1.6 Definition 

An element z of a semigroup S is called a left (right) zero element if za = z (az = z ) for all a 

belonging to S. An element z in S is called a zero element of S if it is both a left and right 

zero element. 

The semigroup S has at most one identity element. If S has no identity element then, it is 

very easy to adjoin an extra element 1 to S to form a monoid by defining Ix = xl = x for all 

x in Sand 1.1 = 1. Then S U {I} becomes a semi group with an identity element 1. We shall 

use the notation Sl with the following meaning. 

1 { S, S -
S U {I}, 

~f S has an identity element 

otherwise 

We refer to Slas the monoid obtained from S by adjoining an identity element if 

necessary. If a semigroup S with at least two elements contains a zero element a i.e., for all x 

in S, Ox = xO = 0, then S is called a semigroup with zero. 

Again, if S has no zero, it is easy to adjoine an extra element 0 to S to form a semigroup 

by defining Ot = to = 0, for all t in Sand 0·0 = O. This makes the set S U {O} a semigroup 

with zero element 0 .We shall use notation SO with the following meaning. 

° { s, S -
S U {O}, 

~f S has a zero element 

otherwise 

and refer to SO as the semigroup obtained from S by adjoining a zero if necessary. A 

semigroup with a zero element 0 will be called zero or null semigroup if ab = 0 for all a, b in S. 

An element e of a semigroup S is called idempotent if ee = e. If every element of a semigroup 

S is idempotent we shall say that S itself is idempotent or that S is a band. 
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1.2 Examples of Semigroups 

1.2 .1 Example 

N, the set of natural numbers is a semi group with respect to the usual operation of addition 

and also with respect to the usual operation of multiplication. 

1.2.2 Example 

Let N be the set of natural numbers and NJnxn be the set of all n x n matrices with entries 

from N. Then NJnxn is a semigroup with respect to the usual addition of matrices. Also Mnxn 

is a semigroup with respect to the usual multiplication of matrices . 

1.2.3 Example 

Let S = [0,1]' then S is a semigroup with respect to the operations 

a * b = min { a, b} for all a, b E S 

a 0 b = max{ a, b} for all a, b E S 

1.2.4 Example 

Let X be a non - empty set. Define 

a * b = a for all a, b E X 

a 0 b = b for all a, b E X 

Then (X, *) and (X, 0) are semigroups. 

Every element in (X, *) is a left zero and right identity. This semigroup contains no 

two - sided identity and also no two - sided zero. 

Similarly, in (X, 0) every element is a right zero and left identity. This semigroup contains 

no two - sided identity and also no two - sided zero 

1.2.5 Example 

Let X be a non - empty set. T x be the set of all transformations of X (set of all functions from 

X to X), Then Tx is a semigroup with respect to composition of functions. This semigroup is 

called "full transformation semigroup on X". 
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1.2.6 Example 

If A, B are subsets of a semigroup S then AB = {ab : a E A, b E B}, it is easy to verify that this 

product is associative . Thus P(S) (the collection of all non - empty subsets of S) is semigroup. 

1.2.7 Example 

Let X be a non - empty set and P(X ) be the collection of all subsets of X. 

Then (P(X), n) is a commutative monoid with identity X. The empty subset of X, ¢ is the 

zero element of (P( X), n). 

1.2.8 Example 

Let X be a non - empty set and P(X) be the collection of all subsets of X. 

Then (P(X), U) is a commutative monoid with identity ¢, X is the zero element of (P(X), U). 

1.3 Subsemigroup 

1.3.1 Definition 

A non empty subset T of a groupoid S is called a subgroupoid of S if ab E T for all a, bET. 

If S is a Semigroup, then any subgroupoid of S is also a semigroup and we shall use the term 

s'ubsem'igroup rather than subgroupoid. 

1.3.2 Definition 

The intersection of any set of subsemigroups of S is either empty or a subsemigroup of S. If A 

is any non - empty subset of S, the intersection of all subsemigroups of S containing A (S itself 

being one self) is a subsemigroup of S containing A and is contained in very other subsemigroup 

of S containing A. We denote this subsemigroup by < A > and is called the subsemigroup of 

S generated by A. 

The subsemigroup < A > can also be described as the set of all elements of S expressible 

as finite product of elements of A. If < A > = S then A is called the set of generators for 

S or a generating set of S. Particular interest attaches to the case where A is finite, say 
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A = {aI, a2, ... , an} we shall write < A > as < aI, a2, ... , an >. Especially interesting is the case 

where A = {a}, where < a > = {a,a2,a3 , ... }. we refer to < a> as the monogenic or cyclic 

subsemigroup of S generated by the element a. The order of a is defined as the order of the 

semigroup < a >. S is called cyclic if S = < a > for some a E S . 

If A, B are subsets of a semigroup S then AB = {ab : a E A, b E B} = U {Ab : b E B} = 

U{ aB : a E A} . If a is an element of a semigroup S without identity element, then as or Sa 

will not in general, contain a. In this situation, we use the following notations 

SaU{a}, 

as U {a}, 

SaS U Sa U as U {a}. 

Note that Sla, aSland SlaSI are all subsets of S (which do not contain 1) . 

1.4 Semigroup homomorphism 

1.4.1 Definition 

Let (S,.) and (T, *) be two semigroups. A ftmction f : S ~ T is called a semigroup homo­

morphism if f(a.b) = f(a) * f(b), for all a,b in S. Semigroup monomorphism, epimorphism, 

isomorphism and automorphism are defined as usual. 

1.5 Ideals in Semigroups 

1.5.1 Definition 

By a left(r-ight) ideal of a semigroup S we mean a non - empty subset A of S such that SA is 

contained in A ( AS is contained in A) . A is called two - sided ideal or an ideal of S if it is 

both left and right ideal of S. Evidently every ideal (whether right, left or two - sided) is a 

subsemigroup but the converse is not true. Among the ideals of S are S itself and (if S has a 

zero element) {O}. An ideal I such that {O} c I e S (Strictly) is called proper. 
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1.5.2 Proposition 

Let S be a semigroup. Then 

(1) Intersection of any number of right (left) ideals of S is either empty or a right (left) 

ideal of S. 

(2) Union of any number of right (left) ideals of S is a right (left) ideal of S. 

(3) If I, J are ideals of S, then I J = {ab : a E I, bE J} is an ideal of S. Also I J ~ In J. 

1.5.3 Definition 

If a is an element of a semigroup S, the smallest right (left) ideal of S containing a is as U {a} 

(SaU {a}),it is convenient to denote it by aS1(Sla). We shall call it the pTincipal Tight ideal 

(pTincipal left ideal) genemted by a. 

1.5 .4 Definition 

If a is an element of a semigroup S, the smallest two - sided ideal of S containing a is SaS U 

SaU as U {a} , it is conveniently denoted by SlaSI. We shall call it the princ'ipal ideal genemted 

bya. 

1.5.5 Definition 

An ideal A of a semigroup S is called idempotent if A2 = A. 

1.5.6 Definition 

An ideal M of a semigroup S is called a maximal ideal of S if J is any ideal of S such that 

M ~ J ~ S then either J = M or J = S 

1.5.7 Definition 

A right (left) ideal M of a semigroup S is called a maximal Tight (left) ideal of S if for any right 

(left) ideal J of S such that M ~ J ~ S then either J = M or J = S 
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1. 6 P rime ideals 

1.6.1 Definition 

An ideal I of a semigroup S is called a pTime ideal of S if AB ~ I implies that eitherA ~ I or 

B ~ I for ideals A, B of S . 

1.6.2 Proposition 

The following conditions on an ideal I of a semigroup S are equivalent: 

(1) I is prime; 

(2) aSlb ~ I if and only if a E I or bEl; 

(3) If a, b are elements of a semigroup S satisfying < a >< b > ~ I then either a E I or 

b E I.(Where < a > is the ideal generated by a and < a >= SlaS I) 

Proof. (1) ==> (2) : Let a, bE S and consider the set I' = aSIb. 

If a E I or b E l then I' ~ I since I is an ideal. 

Conversely, let SlaS I and SlbSI be the ideals of S generated by a and b respectively. 

if aSIb ~ I then 

Hence, 

By (1), either SlaS I ~ I or SlbS I ~ I, 

this implies either a E I or bEl. 

(2) ==> (3) : Let a, b be elements of S such that < a >< b >~ I. 

As, 

so, 

Thus by (2) either a E I or b E l . 
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(3) ===? (1) : Let A and B be ideals of S such that AB s::;; I, suppose that A I and a E A 

such that a 1:- I. 

Let b be any arbitrary element of B then 

< a > < b > s::;; AB s::;; I. 

By (3) 

ei ther a E I or b E I. 

As a 1:- I so b E I, that is B s::;; I _ 

1.6.3 Corollary 

If a and b are elements of a semigroup S then the following conditions on a prime ideal I of S 

are equivalent: 

(1) If ab E I then a E I or b E I. 

(2) if ab E I then ba E I. 

Proof. (1) ===? (2) : Suppose that ab E I then b(ab)a E I, since I is an ideal of S. 

Thus 

(ba) ( ba) E I. 

By (1) ba E I. 

(2) ===? (1) : If ab E I. 

This implies that (ab)Sl s::;; I 

===? a(bS1 ) s::;; I 

By (2) bS1a s::;; I. 

Since I is prime, so b E I or a E I. _ 

1.6.4 Proposition 

An ideal I of a commutative semigroup S is prime if and only if ab E I implies that a E I or 

b E I for all a and b in S. 

Proof. Note that by commutativity, ab E I if and only if aS1b ~ I. 

The result follows from the above Proposition. _ 
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1.6.5 Definition 

A non - empty subset lvI of a semigroup S is called an m - system if and only if a, b E lvI 

implies that there exists an element x E Sl such that axb E lvI. 

1.6.6 Corollary 

An ideal I of a semigroup S is prime if and only if S\I is an m - system. 

Proof. Suppose that I is a prime ideal of S. Let a, bE S\I. 

Suppose t hat there does not exist x E Sl such that axb E S\I, this implies that aS1b ~ I. 

By Propositiori 1.6.2 , either a E I or b E I, which is a contradiction. Hence there exists an 

x E Sl such that axb E S\I. 

Conversely, assume that S\I is an m - system. Let a, b E S such that aS1b ~ I. If a ~ I 

and b ~ I then a, b E S\I and as S\I is an m - system so there exists an x E Sl such that 

axb E S\I that is aS1b * I, which is a contradiction. 

Hence either a E I or bE I .• 

1.6.7 Proposition 

Let S be a monoid, then every maximal ideal of S is a prime ideal. 

• 

Proof. Let P be a maximal ideal of S. Let A, B be ideals of S such that AB ~ P. 

Suppose that .A * P 

then, 

AuP= S. 

As 1 E S, so 1 E A uP. Since 1 ~ P, so 1 E A. 

Thus, 

A=S. 

Now, 

B = SB =AB ~p. 
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1.6.8 Proposition 

If I is an ideal of a semigroup Sand H is an ideal of S minimal among those ideals of S properly 

containing I then K = {x E S : xH ~ I} is a prime ideal of S. 

Proof. First we show that K is an ideal of S. Let x E K and s E S then xH ~ I. 

Now, 

implies that, sx E K. 

Also, 

(sx)H ~ si ~ I, 

(xs)H = x(sH) ~ xH ~ I, 

implies that as E K, so Kis an ideal of S. 

Let A, B be ideals of S such that AB ~ K. Suppose that B * K. We have ABH ~ I and 

BH *1. 

Therefore , 

I c lUBE ~ H 

and by the minimality of H, we have 

IUBH=H. 

Therefore, 

Al U ABH = AH ~ H 

and so A ~ K . • 

1. 7 Semiprime Ideals 

1. 7.1 Definition 

An ideal I of a semigroup S is called a semipr'ime ideal if A 2 ~ I implies that A ~ I for all 

ideals A of S. 
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1. 7.2 Proposition 

The following conditions on an ideal I of a semigroup S are equivalent: 

(1) I is semiprimej 

(2) aSIa ~ I if and only if a E 1. 

Proof. (1) ==> (2) : Let a E S and set I' = aSIa. If a E I then I' ~ I, since I is an ideal. 

Conversely, let SlaSI be the ideal of S generated by a. If aSIa ~ I 

then, 

By (I), SlaS I ~ I :::} a E I. 

(2) ==> (1) : Let A be an ideal of S such that A 2 ~ I. Let a E A then a E SlaSI and 

SlaSI ~ A. 

Also, 

By (2) a E I . Hence A ~ I .• 

1.7.3 Definition 

A non - empty subset A of S is called a p - system if and only if a E A implies that there 

exists an element x E Sl such that axa E A . 

1. 7.4 Corollary 

An ideal I of a semigroup S is semiprime if and only if S\! is a p - system. 

Proof. Suppose that I is a semiprime ideal of S and a E S\!. If there does not exist x E Sl 

such that axa E S\!, then aSIa ~ I. By above Proposition a E I which is a contradiction. 

Hence there exists x E SI such that axa E S\!. 

Conversely, assume that S\!, is a p - system. Let a E S such that aSIa ~ I . If a ~ I then 

a E S\! , so there exist x E SI such that axa E S\!, this implies that aSIa * I, which is a 

contradiction. Hence a E I . • 
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1.7.5 Remark 

(1) Clearly every prime ideal of a semigroup S is a semiprime ideal of S, but the converse is 

not necessarily true; 

(2) Every m - system in a semigroup S is a p - system but the converse may not be true; 

(3) Intersection of prime ideals of a semigroup S is a semiprime ideal. 

1. 8 Prime Right (Left) Ideals 

1.8.1 Definition 

A right (left) ideal I of a semigroup S is called a prime right (prime left) ideal of S if AB ~ I 

implies that either A ~ I or B ~ I for all right (left) ideals A and B of S. 

1.8.2 Proposition 

The following conditions on a right ideal I of a semigroup S are equivalent: 

(1) I is a prime right ideal; 

(2) aS1b ~ I :::} a E I or b E I; 

(3) If a, b are elements of S satisfying (a)r(b)r ~ I then either a E I or bE I. 

Proof. (1) ==> (2) : Let a, bE S such that aS1b ~ I, then aS1bS1 ~ lSI = I. 

By (1), either aS l ~ I or bS l ~ I. 

This implies that either a E I or bEl. 

(2) ==> (3) : Let a, b be elements of S such that (a)r(b),. ~ I. 

As 

so by (2) either a E I or bEl. 

(3) ==> (1) : Let A and B be right ideals of S such that AB ~ I. Suppose that A * I, then 

there exists a E A such that a t/:. I . 

Let b be any arbitrary element of B then, 
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By (3), either a E I or bEl. As a ~ I so bEl, 

that is B s:;; I .• 

1.8.3 Proposition 

Let P be a prime right ideal of S. Then s(P) = {s E S: SIs s:;; P} is the largest two sided ideal 

of S contained in P. Also s(P) is a prime right ideal of S. 

Proof. First we show that s(P) = {s E S : SIs s:;; P} is the largest two sided ideal of S 

contained in P. 

Let s E s(P) and x E S,then 

===> sx E s(P) and 

===> xs E s(P). 

So s(P) is a two-sided ideal of S. 

Clearly s(P) s:;; P. 

Let J be a two-sided ideal of S such that J s:;; P. 

Let x E J, then 

===> x E s(P). 

Hence J s:;; s(P). 

Sx s:;; JS:;; P 

Thus s(P) is the largest two-sided ideal of S contained in P. 

Let A, B be right ideals of S such that AB ~ s(P) ~ P. Now, 

As P is a prime right ideal, so either SI A ~ P or SIBS:;; P. 
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Since s(P) is the largest two - sided ideal of 8 contained in P, so either 8 1 A ~ s(P) or 

8 1 B <;;; s(P). 

This implies that 

Hence s(P) is a prime right ideal of 8 . 

• 

1.8.4 Proposition 

If I is a prime ideal of 8 with zero, then (I : x) = {s E 8 : x s E I} is also a prime right ideal 

of 8 for any xES. 

Proof. Clearly (I: x) =1= <P because 0 E (I: x). 

Also if s E (I: x) and t E S then st E (I: x). Hence (I: x) is a right ideal of S. 

Let A, B be any right ideals of the semigroup S such that AB ~ (I : x), 

then, 

xAB <;;; 1,* x(AS)B <;;; 1,* (xA)(SB) ~ I. 

~ (xA)(xB) ~ I, 

~ xA ~ I or xB ~ I . '.' xA and xB are right ideals of S, 

and I is a prime right ideal of S. 

~ A ~ (I: x) or B ~ (I: x) .• 

1. 9 Regular semigroup 

1.9.1 Definition 

An element x of a semigroup S is said to be regular if there exists an element x ' E S such that 

XXi x = x, 8 is called regular if every element of S is regular. 

1.9.2 Definition 

An element x of a seroigroup 8 is said to be right (left) regular if there exist an element a E 8 

such that x = x 2a (x = ax2); S is called right (left) regular if every element of 8 is right (left) 
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regular. 

Let a be a regular element of a semigroup S and a = axa for some XES, then 

e = ax = axa.x = ax.ax = e2. 

and 

f = xa = x.axa = xa .xa = f2 

that is , e = ax and f = xa are idempotent elements in S with the properties ea = axa = 

a = af 

Conversely, assume that for an element a there exist elements e, f and b in S such that 

a = ea = af 

and ab = e, ba = f 

then a = af = aba 

thus a is a regular element. So we have the proposition. 

1.9.3 Proposition 

An element x of a semigroup S is regular if and only if there exist elements t, u and y in S such 

that a = ta = au and t = xy, u = yx. 

1. 9.4 Remar k 

If x is a regular element of a semigroup S, then the above property implies that the principal 

left (principal right ideal) of S generated by x has the form Sx (xS). 

1.9.5 Proposition 

The following conditions for a semigroup S are equivalent: 

(1) S is regular; 

(2) For every right ideal R and left ideal L of S, 

RL=RnL 
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Proof. (1) ==} (2) : Let Rand L be right and left ideals of S respectively. Then RL S;;; RnL. 

For the reverse inclusion, let x ERn L. Since S is regular, so there exist yES such that, 

x = xyx = (xy)x E RL 

, .' R is a right ideal. 

Therefore we have R n L S;;; RL. 

Hence RL = RnL. 

(2) ==} (1) : Let a E S. Let R be a right ideal generated by a and L be the left ideal 

generated by a. 

Then R = aSl and L = Sla. 

By hypothesis , 

l.e. a = axa for some xES. 

Hence a is a regular element . • 

1.10 Simple Semigroups 

1.10.1 Definition 

A semigroup without zero is called simple if it has no proper ideal. 

1.10.2 Definition 

If S has no right (left) ideals other than itself, then S is said to be a right simple (left simple) 

1.10.3 Definition 

Let S be a semigroup with zero. Then S is a z ero - simple or 0 - simple if the following 

conditions hold: 
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(1) S2 i= {O} 

(2) S has no ideal except {O} and S itself. 

1.10.4 Proposition 

A semigroup Sis 0 - simple if and only if SaS = S for every a i= 0 in S, that is if and only if 

for every a, b in S\ {O} there exist x, y in S such that xay = b. 

Proof. Suppose first t hat S is 0 - simple. Then S2, being an ideal of S, and being by 

definition distinct from {O}, must coincide with S, and it follows that S3 = S2 .S = S.S = S 

also. Let a be a non - zero element of S. Then SaS is an ideal of S and so either SaS = S or 

SaS = {O} . If SaS = {O} the set I = {x E S : SxS = {O}} contains the non - zero element 

0.. Since I is easily seen to be an ideal of S it follows that I = S, and so SxS = {O} for every 

x in S. But this implies that S3 = {O} , in contradiction to the already noted fact that S3 = S. 

Hence So.S = S as required. 

Conversely, suppose that SaS = S for all a i= 0 in S. Then certainly S2 i= {O}. If A is an 

ideal of S containing a non - zero element a then 

S = SaS ~ SAS ~ A, 

and so A = S. Thus S is 0 - simple _ 

1.10.5 Corollary 

A Semigroup S is simple if and only if SaS = S for all a in S, that is, if and only if for every 

a, bin S there exist x, yin S such that xay = b. 

1.10.6 Proposition 

Let S be a semigroup. if S is simple and a E as for all a E S, then every right ideal of S is 

prime. 

Proof. Let S be a simple semigroup and a E as for all a E S. 

Let I be a right ideal of S and supp ose that A and E are right ideals of S such that AE ~ I . 

As SE is an ideal of S and so SE = S. 
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Hence, 

A = AS = ASB = AB ~ 1. 

Thus 1 is a prime right ideal of S. • 

1.11 Semi-simple semigroups 

1.11.1 Definition 

A semigroup S is called semisimple if all its ideals are idempotent that is 12 = 1 for every 

two - sided ideal 1 of S. 

1.11.2 Definition 

A Semigroup S is called right (left) semisimple if all of its right (left) ideals are idempotent. 

1.11.3 Proposition 

The following assertions for a semigroup S are equivalent: 

(1) Sis semisimple; 

so 

(2) for each pair of ideals 1, J of S, 1 n J = 1 J; 

(3) for each right ideal R and two - sided ideal 1, R n 1 ~ 1 R; 

(4) for each left ideal L and two - sided ideal I, L n 1 ~ L1. 

Proof. (1) ===> (2) : Let 1, J be any ideals of S, then 1 J ~ 1 n 1. As 1 n J is an ideal of S, 

1 n J = (1 n J)2 ~ 11. 

Thus, 

1J=1n1. 

(2) ===> (3) : Let R be a right ideal and 1 be an ideal of S, then Sl R is a two - sided ideal 

of S. Now 
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S. 

Thus, 

RnJ ~ JR. 

(3) =? (4) : Let L be a left ideal and J be an ideal of S, then LS1 is a two - sided ideal of 

Hence, 

(4) =? (1) : Let 1 be any ideal of S then 1 n 1 ~ 1.1 i.e. 1 ~ 12. But 12 ~ 1 always. 

Hence 1 = J 2 .• 
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Chapter 2 

MULTIPLICATION SEMIGROUPS 

In this chapter we review the paper [8). 

The semigroups considered in tilis chapter are commutative which are not groups. 

2.1 Important Concepts in Semigroups 

Throughout the chapter semigroups are semigroups with identity having a unique maximal ideal 
00 

lvI . For any ideal A of S we denote n Ai by AW. Z denotes the set of all non - cancellative 
i = 1 

elements which is a prime ideal. 

Since if a, b E S, such that ab E Z, then since ab is non-cancellative.Suppose a, b 1. Z and 

a and bare cancellative elements of S. We show that ab is also cancellative.Let (ab)x = (ab)y 

===> a(bx) = a(by) ===> bx = by ===> x = y. Thus ab 1. Z, a contradiction. Hence a E Z or b E Z, 

that is Z is a prime ideal. 

2.1.1 Definition 

A commutative semigroup S is called a multipZ,ication sem'igroup if whenever A and B are ideals 

of S with A contained in B, there is an ideal G of S such that A = BG. 

2.1.2 Definition 

A prime ideal Q containing an ideal A is called a minimal prime div'isor of A, whenever P is a 

prime ideal with A ~ P ~ Q then P = Q. 
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If P is a prime ideal containing an ideal A, using Zorn's lemma it is very easy to verify that 

P contains a minimal prime divisor of A. 

2.1.3 Definition 

The Radical of an ideal A is the intersection of all its minimal prime divisors, denoted by -lA. 
Equivalently, -lA = {x E S I xn E A for some natural number n}. 

2.1.4 Definition 

An ideal Q of a semigroup S is called a primary ideal if A and B are ideals of S such that 

AB ~ Q then either A ~ Q or B ~ yIQ. 

2.1.5 Definition 

Equivalently, an ideal Q is a primary ideal if a, b E S such that ab E Q then either a E Q or 

bE V(J. 

2.1.6 Definition 

An ideal Q of a semigroup S is called P - primary for any prime ideal P, if Q is primary with 

We note that the radical of any primary ideal is a prime ideal 

2.1. 7 Definition 

For any two ideals A and B of S, we define (A: B) = {x E S: xB ~ A} . 

For any prime ideal P of S we define the semigroup of fractions Sp = {a/b : a E S , b E S\P 

'is cap,cellative element} . By defining map 7) : S -t Sp by 7)( s) = s /1 (s E S), S can be identified 

with !a subsemigroup of Sp. For any ideal A of S, the ideal generated by 7)(A) in Sp is denoted 

by ASp . ASp n S is an ideal of S; moreover, if A ~ P then ASp n Sis P - primary in S. 

2.1.8 Definition 

We say d'imension of S is n, and write dim S = n, if there is a chain of prime ideals Po C PI C 

.. . C Pn = Iv! of length n, and no chain of prime ideals of length greater than n exists, where 
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M is the unique maximal ideal of S . 

2.1.9 Definition 

If P is a minimal prime devisor of an ideal A, then the intersection of all P - primary ideals 

containing A is called Isolated P - primary component of A . 

2.1.10 D efinition 

The intersection of all Isolated P - primary components of A, as P runs through all minimal 

prime divisors of A, is called KerA. 

2.1.11 Definition 

If every ideal of a semigroup S is principal, then S is called a principal ideal semigroup . 

2.1.12 Definition 

If every ideal of a semigroup S is finitely generated, then S is called a Noetherian semigroup. 

2.1.13 Proposition 

For a multiplication semigroup S with unique maximal ideal lVI, the following are true: 

(1) If P is a prime ideal and A is any ideal such that PeA, then P = PA; and P = AWol' 

P = PAW. 

(2) Every ideal with prime radical is a primary ideal; in particular if P is a prime ideal, 

then pn is a P - primary ideal for any positive integer n. 

(3) If P is a prime ideal with p n :I pn+1 for any positive integer n, then pw is a prime ideal. 

(4) Every prime ideal is a power of its radical. 

(5) If P is a proper prime ideal and A is any ideal such that A ~ pn, A * p n+l for some 

positive integer n, then pn = (A: yS) for some y E S\P. 

(6) If A is an idempotent ideal, then A is a multiplication semigroup not necessarily con­

taining identity . In particular, for any x E A we have x = x y for some Y E A. 

(7) Every homomorphic image of S is a multiplication semigroup. 

(8) If dim S ::::; 1, then A = leer A for every ideal A. 
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(9) If P is a non - idempotent prime ideal, then there is at most one prime ideal Q c P 

with the property that there are no prime ideals between P and Q. 

(10) If prime ideals are linearly ordered, then every non - idempotent prime ideal P is 

principal. 

Proof. (1) By the multiplication property P = AB for some ideal B of S. 

Since P is a prime ideal with A * P, so P = AB =} B S;;; P 

Now if Be P then, 

AB S;;; B c P 

Which is a contradiction, as P = AB, 

so B = P and thus P = AP. 

We have then, 

P = AF = A 2 P etc. 

Now since Ai is an ideal of S for each i, 

so Aip S;;; Ai for each i and also P = Aip, for each i 

Thus P S;;; Ai for each i. 

so that, 
00 

P S;;; n Ai = AW. 
i = 1 

If P i- AW, then AW * P then it follows from above that, 

(2) Let Q be any ideal with ..jQ = P, where P is a prime ideal. 

If P = S, trivially Q is primary. 

We assume P i- S. Now suppose Q is not primary. Then for some p E P\Q and r E S\P 

we can have pr E Q . 

Let A = Q U (pS)P' We note that p rJ. A. For otherwise, p = pp' for some pi E P. Now 

pin E Q for some 71" so that we have p = pp'n E Q, which is a contradiction. 

Now, 

A UpS S;;; P, because Q S;;; VCJ 
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so by multiplication property Au pS = P L for some ideal L of Sj 

and PCP U rS implies P = P(P U rS) by (1) . 

Therefore, it follows that 

AUpS = P(PUrS)L = (AUpS)(PUTS) S;;; A , 

i.e., pEA, 

which is a contradiction. Hence Q is a primary ideal. 

N ow since, for any prime ideal P, 

fin = {a E S: :3 mEN such that am E pn} = P 

Thus from above pn is P - primaTY for any n . 

(3) Let x, Y 1: pw. If x, Y 1: P, since P is prime 

therefore xy 1: P 
00 

i.e. xy 1: n pi = pw. 
i = 1 

So it suffices to consider the case when x 1: P and yEP. 

Now since pn =I=- pn+l 

so 

P :::l p2 :::l ... :::l pn :::l pn+l :::l ... 

Therefore y E p r \P"+1 for some positive integer T. 

Now xy 1: pr+1, since P"+ 1 is P - pri maTY by (2). 
00 

Thus xy 1: n pi = pw .. 
i = 1 

Finally, if x, yEP then x E p"\pr+1 and y E p s\ps+1 for some positive integers rand s . 

Now since xS S;;; pr and yS S;;; ps so by multiplication property 

xS = P" A and yS = ps B with ideals A, B >;: P. 

If, 

xy E p r+s+l, 

then, 
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therefore, 

But pr+s+l is P - primary by (2), so that pr+s ~ pr+s+l since AB * P. 

Thus 

pr+s = pr+s+l , 

Which is not true. 
CX) 

Hence xy ¢ pr+s+l, i .e., xy ¢ n pi = pw. Thus pw is a prime ideal.. 
i = 1 

(4) Let Q be a primary ideal with ..j(J = P. If P = S, clearly Q = S. 

We may assume P =I S. 

Suppose Q ~ pw. 

If pn =I pn+l for any n, then by (3) pw is a prime ideal. 

This implies, 

which is a contradiction. 

For if P ~ pw, since pw ~ p2 therefore p ~ p2 but p2 ~ P so P = p2 which is contrary 

to our supposition that pn =I pn+l for any n . 

Hence we have the following possibilities: either Q ~ pw with pn = pn+l for some positive 

integer n, or Q ~ pn, Q * pn+l for some positive integer n . 

In the first case, for any x E pn, 

since xS ~ pn so by the multiplication property we have xS = pn A for some ideal A. 

Then, 

so that x = tx for some t E P. Since P is radical of Q so t k E Q for some positive integer k, 

now since Q is an ideal of S so we have x = tkx E Q i.e. pn ~ Q, but by our hypothesis 

Q ~ pn so Q = pn. 

In the second case since Q ~ pn so by the multiplication property we have 

Q = pnc for some ideal C of S where C * P. 

Since Q is P - primary, clearly pn ~ Q; because C * P = ..j(J, but by our hypothesis 
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Q c:;:; pnso Q = pn. 

(5) We have A = pnB with B * P 

Let y E B\P. 

Then, 

so that, 

If x E (A : yS), then 

xy E A c:;:; pn. 

pn c:;:; (A: yS) 

But pn is P - primary by (2), so that x E pn since y rt P . 

Thus 

(A: yS) c:;:; pn . 

(6) If B is any ideal of A, then since A is an ideal of S so BS c:;:; A 

by the multiplication property, 

BS=AC 

for some ideal C of S. 

Now we show that B is an ideal of S. 

To show this we have to show that B S c:;:; B 

Now since BS = AC and A is an idempotent ideal of S, so 

BS = AC = AAC = ABS = ASB c:;:; AB c:;:; B 

it is proved that B is an ideal of S. 

Hence B = AD for some ideal D of S, sin ce A is idempotent, so 

B = AD = AAD = AB. 

Let Bl and B2 be any two ideals of A with Bl c:;:; B2 . 

Then Bl and B2 are also ideals of S, so by the multiplication property, Bl = B2L for some 
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ideal L of S. 

Now since B2 = AB2 = B2A so Bl = B2AL, where AL is clearly an ideal of A. 

Hence A is a multiplication semigroup. 

If x E A, then since I E S so, 

xS = (xS)A = x(SA) = xA 

so that x = xy for some YEA. 

(7) Let ¢ : S --) T be a semigroup homomorphism, then ¢( S) is a subsemigroup of T. 

Let A and B be ideals of ¢(S) such that A ~ B then there exist ideals C and D of S such 

that ¢(C) = A and ¢(D) = B 

and ¢(C) ~ ¢(D) which implies that C ~ D . 

Now since S is a multiplication semigroup so by the multiplication property C = ED for 

some ideal E of S. 

This implies that, 

¢(C) = ¢(ED) = ¢(E)¢(D) 

Now since ¢(E) is an ideal of ¢(S), therefore ¢(S) is a multiplication semigroup. 

(8) Let A be any ideal. 

Suppose A i= ]{er A . Let a E ]{er A \ A . Set B = (A : as). 

Let P be a minimal prime divisor of B. Clearly 

A ~ B ~ P, 

so that P contains a minimal prime divisor Q of A. 

Suppose Q = P. Now ASQ n S is an ideal of S with radical Q and thus is a Q - primary 

ideal in view of (2), so that a E ASQ n S. 

Now we can write a/I = b/x where b E A, x E S\Q. 

Then ax = b E A, from which we obtain 

x E (A : as) = B ~ Q, 
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which is a contradict ion. 

Therefore, Q c P. Now if dim S < 1, we must have Q = P and thus A = ]( er A . 

If dim S = 1, then P = M . 

By (2) and (4), B = Mk for some k. Since a E Q, we have as = QC for some ideal Cj 

moreover Q = QMk by (1 ). 

Thus 

as = M k (aS ) = B(aS) ~ A , 

i. e., a E A , which is a contradiction. Hence A = K er A. 

(9) Suppose Q and Q' are prime ideals such that Q C P and Q' C P. 

Now assume that there are no prime ideals between Q and P, and Q' and P. 

Clearly Q U Q' = Pj because 

Q c Q u Q' c P and Q' C Q u Q' c P 

Now since Q and Q' are prime so Q U Q' is also a prime ideal, 

but since there are no prime ideals b etween Q and P , and Q' and P , and also Q i= Q' so, 

QUQ' = P 

moreover Q = PQ and Q' = PQ' by (1) . 

Now it follows t hat, 

P = Q u Q' = PQ u PQ' = P( Q U Q' ) = P F = p 2, 

i.e., P = p 2 ,which leads to a contradiction and hence Q = Q'. 

(10) Let x E P\P2 . . 

Since prime ideals are linearly ordered , P is the only minimal prime divisor of x S, 

that is P is radical of xS so that by (2) xS is P - primary and by (4), xS = pr for some 

positive integer r , and thus x S = P . • 
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2.1.14 Proposition 

If S is a multiplication semigroup with unique maximal ideal NI, then the following are true: 

(1) For every ideal A of S either A = M n for some non - negative integer n or A ~ MW; in 

particular, if M W = ¢ then the set of ideals of S is dually Well - ordered. 

(2) If x and yare cancellable and non - cancellable elements respectively then yS C xS; 

consequently Z C xS. 

(3) SIZ is a Dedekind semigroup (with zero adjoined if Z =1= ¢) . 

( 4) If M =1= Z, then NI = x S for some cancellable element x; and Z = MW. 

(5) Z = Z2 or Z = yS for some non - idempotent element y. 

2.1.15 Corollary 

Let S be a semigroup with unique maximal ideal NI as MW = ¢. Then S is a multiplication 

semigroup if and only if ideals of S are powers of NI. Furthermore, if M =1= Z then the 

multiplication semigroup S is a dedekind semigroup. 

2.1.16 Theorem 

If S is a regular semigroup or a principal ideal seroigroup, then S is a multiplication semigroup. 

Proof. Consider any pair of ideals A and B with A ~ B. 

We know that, 

AB ~ AnB 

If S is a regular semigroup, 

then for x E An B, there exists ayE S 

such that, 

x = xyx E AB 

this implies that, 

AnB =AB 

Now since A ~ B, 

so A n B = A and A = AB. 
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Therefore S is a multiplication semigroup 

On the other hand, if S is a principal ideal semigroup , then A and B are of the form as 

and bS respectively for some a and b where a E A and b E B . 

Now since A ~ B so a E B = bS, so a = bs for some s E S, so that as = (bS)(sS). 

That is A = B(sS) . Now since sS is an ideal of S so S is a multiplication semigroup. _ 

The following example shows that the converse of the above theorem need not be true. 

2.1.17 Example 

Let S = {l,x,x2 , ... ;e,f,ej} with ex = x = fx = efx, e = e2 , 1 = 12. It can be easily seen 

that S is a multiplication semigroup which is neither a regular semigroup nor a principal ideal 

semigroup . 

2 .1.18 Theorem 

Let S be a multiplication semigroup in which every ideal is a product of primary ideals. Then 

S is regular if and only if every prime ideal is idempotent. 

Proof. In a regular semigroup, every ideal is idempotent . 

For, A be an ideal of the semigroup S. 

For a E A there exists an xES, such that a = a2x = aax = a(ax) E AA = A2 ==? A ~ A 2, 

also A 2 ~ A so A = A 2 . Thus trivially every prime ideal is idempotent. 
n 

Conversely, if A is any ideal then A = I1 Qi, where Qi 's are primary ideals. 
i = 1 

By (4) of Proposition 2.1.13, Qi = Pti where Pi = V?Ji is a prime ideal for every i. 

Since every Pi is an idempotent ideal, we must have then, 

n n 

A = II Pl'i = II Pi = A 2 . 

i= l i=l 

Hence S is a regular semigroup. _ 

2.1.19 Corollary 

A noetherian multiplication semigroup S is regular if and only if every prime ideal is idempotent. 
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Proof. In view of above theorem, It suffices to show that every ideal is a product of 

primary ideals in a noetherian multiplication semigroup S. 

As in commutative rings, in a noetherian semigroup it is easy to check that every ideal is a 

finite intersection of primary ideals. 
n 

Now, for any ideal A, A = n Qi where each Qi is a primary ideal. 
i = I 

By (4) of the Proposition 2.1.13, Qi = Pt i for some positive integer ni, where Pi = VQi is 

a prime ideal for every i. 
n 

We can write A = n Pti with Pi * Pj for i =/=- j. 
i = I 

n 
Since n Pt i ~ Pt; for every i, by multiplication property we have 

i = I 

i = I 

Where Al is some ideal of S. By (2) of Proposition 2.1.13, p:;2 is P2 - primary so that 

Al ~ p:;2 since P;l * P2. 

• 

Then Al = p:;2 A2 for some ideal A2. 

So, by induction 
n n n Pt' = II PtiB 

i =1 i = 1 

where B is some ideal of S . 

Hence , 
n n 

A = n Pti = II Pti 

i=1 i=1 

2.1.20 Theorem 

Let S be a multiplication semigroup satisfying anyone of the following conditions: 

(a) S contains no idempotent prime ideals. 

(b) Every idempotent prime ideal of S contains at most a finite number of prime ideals. 

(c) No idempotent prime ideal is equal to the union of all the prime ideals properly contained 

in it. 
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(d) Every idempotent prime ideal of S if finitely generated. 

Then S is a principal ideal semigroup if and only if prime ideals of S are linearly ordered. 

Proof. It can be easily verified that ideals are linearly ordered in a principal ideal semigroup. 

Conversely, if prime ideals of S are linearly ordered, then every ideal has only one minimal 

prime divisor, so that the radical of every ideal is a prime ideal. Hence by (2) of Proposition 

2. 1.13, every ideal is primary and by (4) of Proposition 2.1.13, every ideal is a power of a prime 

ideal. 

So, it suffices to prove that every prime ideal is principal in order to show that S is a 

principal ideal semigroup. 

Now by (10) of Proposition 2.1.13, if prime ideals are linearly ordered, then every non -

idem,potent prime ideal is principal. 

Therefore we have to prove only that every idempotent prime ideal is principal. 

Now if S satisfies (a), clearly S is a principal ideal semigroup. 

Let S satisfy (b) . 

Let P be an idempotent prime ideal. 

If P does not contain any prime ideals then for any x E P, P is the only minimal prime 

divisor of xS. 

That is P is the radical of xS, by (2) of Proposition 2.1.13, xS is P - primary. By (4) of 

the Proposition 2.1.13, 

xS=pn 

for some positive integer n. Since P is idempotent so, 

P=xS 

Suppose P contains prime ideals. Let Ql, Q2, .. . , Qn be the set of all prime ideals with each 

Then, 
n 

U Qi C P. 
i = 1 

n 
Now for any x E P\ U Qi, then P is the only minimal prime divisor of xS. 

i = 1 
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That is P is the radical of xS, by (2) of Proposition 2.1.13 xS is P - primary. By (4) of 

the Proposition 2.1.13 

xS=pn 

for some positive integer n. Since P is idempotent so, 

P=xS. 

Let S satisfy (c) . 

If an idempotent prime ideal P does not contain any prime ideals, then P is principal as in 

the preceding paragraph. 

On the other hand, if P contains prime ideals and if {QaJa is the set of all prime ideals 

with each Qa C P 

• 

then, 

and hence P = xS for any x E P\ U Qa as in the preceding paragraph. 
a 

Finally we show that (d) implies (c) , which completes the proof. 

If P is a finitely generated idempotent prime ideal then we can write 

Let {Qa} a be the set of all prime ideals with each Qa C P. 

If U Qa = P, then ei E Qai for some i , 
a 

so that, 
n n 

i = 1 i = 1 

which is a contradiction. 

Therefore, 

34 



The following example shows that a multiplication semigroup S is not necessarily a principal 

ideal semigroup if it does not satisfy anyone of the conditions (a) - (d) stated in the above 

T heorem even though its prime ideals are linearly ordered. 

2.1.21 Example 

Set S = {I, Xl , X2, ... } with XiXj = Xi for i ::::; j . 
00 

The ideal U XiS is not a principal ideal. 
i = 1 

2.1.22 Theorem 

For a finite dimensional multiplication semigroup S with unique maximal ideal M, the following 

are equivalent. 

(1) S is a principal ideal semigroup. 

(2) Every idempotent prime ideal of S is principal. 

(3) Prime ideals of S are Linearly ordered. 

Proof. (I):=:::} (2) : is evident. 

(2) :=:::} (3) : Let dim S = n. 

Then there exists a chain of prime ideals 

Po C PI C ... C Pn = M 

with no prime ideals between Pi and Pi _ I for every i ~ 1. 

If Pi is a non - idempotent prime ideal, 

then by (9) of Proposition 2.1.13, Pi contains properly at most one prime ideal Q with no 

prime ideals between Pi and Q 

so that Pi _ I is the only prime ideal properly contained in Pi with no prime ideals between 

Pi and Pi _ I for i ~ 1. 

Now if Pj is an idempotent prime ideal, Pj = eS for some idempotent element e. 

Suppose Q' is a prime ideal such that, 

35 



Q' C Pj, with no prime ideals between Pj and Qf. 

Then, 

so that e E Q'or Pj - 1, 

i .e., Fj ~ Q' or Pj ~ Pj _ 1 which is not true. 

Thus every idempotent prime ideal Pj also contains properly at most one prime ideal Q 

with no prime ideals between Pj and Q, 

so that Pj _ 1 is the only prime ideal properly contained in Pj with no prime ideals between 

Pj and Pj _ 1 for j 2': 1. 

It now follows that there are no prime ideals in S other than the Pi I s of the above chain. 

Thus prime ideals of S are linearly ordered. 

(3) ==> (1) : Since dimS = n, clearly every idempotent prime ideal of S contains properly 

at most a finite number of prime ideals. 

Now by Theorem 2.1.20 (b), the result follows . • 

2.1.23 Theorem 

If S is a finite - dimensional semigroup with unique maximal ideal M, then S is a multipli­

cation semigroup if and only if S is anyone of the following types. 

(1) S is a Dedekind semigroup containing only cancellable elements. 

(2) S is a principal ideal semigroup. 

(3) There exists an idempotent prime ideal P which is not principal, which is a multiplication 

sub - semigroup of S (P mayor may not contain identity) such that every ideal of S not 

contained in P is principal. 

Proof. If S contains only cancellable elements then from Corollary 2.1.15 it follows that S 

is of type (1). 

Suppose S contains non - cancellable elements also. 

If every idempotent prime ideal is principal, then S is of type (2) by the Theorem 2.1.22. 

On the other hand, Suppose there is an idempotent prime ideal which is not principal. 

If {Pa} is the set of all idempotent prime ideals which are not principal, 
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then 

and if x E U Po< then x E Pao for some ao, since PO<o is idempotent so x E P~o ==} x = yz 
0< 

for some y, z E P 0<0 • 

Thus y,x E UPo< such that x = yz, i. e. x E (UPa)2. Hence 

Consequently 

0< a 

Clearly U Pa is a prime ideal. 
a 

Let U Pa = P, also U Pa = P is not principal. 
a 0< 

for if P is principal then, 

P=UPa=xS, 

for some xES 

==} x E Paa for some a o 

==} xS ~ Pao 

but Paa ~ xS, Hence Paa = xS, which is a contradiction since each Pa is not principal. 

By (4) of Proposition 2.1.13, P is a multiplication subsemigroup of S . 

We claim that prime ideals not contained in P are linearly ordered. 

Since S is finite - dim,entional we can have a chain of prime ideals 

P = Qo C Q1 C ... C Qt = M 

with no prime ideals between any two consecutive prime ideals. 

If Qi f. Q; in view of (9) of Proposition 2.1.13, Qi _ 1 is the only prime ideal properly 

cont ained in Qi with no prime ideals between Qi and Qi - 1. 

If Qj is an idempotent prime ideal, since Qj is a principal ideal, 

it follows from the proof of Theorem 2.1. 22 that Qj _ 1 is the only prime ideal properly 
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contained in Qj with no prime ideals between Qi and Qi - 1. 

It is clear that Q1, Q2, ... , Qt = NI are the only prime ideals not contained in P, which are 

linearly ordered. 

Now Using a similar proof as in (10) of Proposition 2.1.13, we conclude that every non -

idempotent prime ideal not contained in P is principal. 

Also by choice of P every idempotent prime ideal not contained in P is principal. 

Clearly every ideal not contained in P has only one minimal prime divisor, which is principal. 

I-Ience in view of (2) and (4) of Proposition 2.1.13, every ideal not contained in P is principal. 

Conversely a semigroup of type (1) is a multiplication semigroup by Theorem 12 of [3]. 

From Theorem 2.1.16 it follows that a semigroup of type (2) is a multiplication semigroup. 

Now suppose S is of type (3). Let A and B be any two ideals of S with A ~ B. We have 

the following possibilities: 

1. A,B ~ Pj 

2. A ~ P,B * P j 

3. A,B * P. 

In the first case A = BC for some ideal C of P, since A and B are trivially ideals of P with 

A~B. 

Now we can write A = (BS)C = B(SC) so that SC is an ideal of S. 

In the second case B = yS for some Yj so that it is easy to verify that A = B(A : B) where 

(A : B) is clearly an ideal of S. 

Finally, in the third case since 

A = as ~ B = bS 

we have a = be for some e E S so that, 

A = as = (be)S = (bS)(cS). 

where eS is an ideal of S. 
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Thus S is a multiplication semigroup. _ 

In Proposition 2.1.13 we have seen that the conditions (2) and (4) are necessary for any 

multiplication semigroup S, while (8) is seen to be a necessary condition when dim S :S 1 . Even 

with this restriction on dimension of S, the above three conditions are not sufficient. However, 

with some additional hypothesis the sufficiency is established in the following theorem. 

2.1.24 Theorem 

Let dim S :S 1 and every non - max imal prime ideal be idempotent. Then the semigroup 

S with unique maximal ideal M is a multiplication semigroup if and only if it satisfies the 

following conditions: 

(1) Every ideal with prime radical is primary 

(2) Every primary ideal is a power of its radical. 

(3) For every ideal A, A = ker A . 

Proof. One implication is evident . 

Now, suppose S satisfies (1) , (2) and (3). 

Let A and B be any two ideals with A ~ B . 

Since A = AS for any ideal A, it suffices to consider the case when A c B with B of S. 

If M is the only minimal prime divisor of both A and B then by (1) and (2), 

for some positive integers k and l where k > l. 

Setting C = Mk - I we have A = BG . 

Now if {Po,} is the set of all minimal prime divisors of A where each Pc< C M, then it is 

easy to verify that {Pc<} is the set of all minimal prime divisors of AB too. 

By (2) , for each CY, Pc< is the isolated Pc< - primary component of A and AB, since every 

non - max i mal prime ideal is idempotent. 

In view of (3) , 

Hence S is a multiplication semigroup. _ 
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The following theorem shows that the conditions (1) and (2) of Theorem 2.l.24 are enough 

to determine a sub - class of one - dimensional multiplication semigroups. 

2.1.25 Theorem 

If S contains only two prime ideals which are different from S, then S with unique maximal 

ideal NI is a multiplication semigroup if and only if it satisfies 

(1) Every ideal with prime radical is primary 

(2) Every primary ideal is power of its radical. 

Proof. One implication is obvious. 

Now suppose S satisfies (1) and (2). 

If P and M are the only prime ideals, clearly P C M. 

To show that S is a multiplication semigroup, as before it suffices to consider any pair of 

ideals A and B such that A C B with B ¥ S. 

If A and B have the same minimal prime divisor P or M, in view of (1) and (2) the 

multiplication property for the pair of ideals A and B can easily be verified. 

Suppose P and M are minimal prime divisors of A and B respectively, Then by (1) and (2) 

we can write 

A = pk and B = Ml 

for some positive integers k and l. 

Since P is the only minimal prime divisor of the ideal pk Ml, by (1) and (2) we obtain 

pk NIL = pn for some positive integer n . 

By (1) pn is P - primary, so that we have pk ~ pn since Ml * P. 

Thus pk = pn and hence pk NIL = pk, i.e. AB = A. • 
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Chapter 3 

NON - COMMUTATIVE 

MU-LT I P LICAT ION 

SEMIGROUPS 

The semigroups considered in this chapter are non-commutative and are without identity. 

3.1 Some Properties of Non-Commutative Multiplication Semi­

groups 

3.1.1 Definition 

A Semigroup 8 is called a right (left) multiplication semigroup if for any pair of right (left) 

ideals A and B of S with A ~ B, there exists a right (left) ideal C such that A = C B (A = B C). 

3.1.2 Proposition 

For a right multiplication semigroup S, the following are true. 

(1) 8 = 8 2 and a E a8 for every a E S. 

(2) For any right ideal A, A S; SA . 

(3) If M is a maximal right ideal, then M = M2 or M = SM. 
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Proof. (1) Since S ~ S, by the multiplication property of S, we have 

for some right ideal B of S. 

Now, 

i.e., S ~ S2 

but S2 ~ S 

Hence S = S2. 

S=BS 

S = BS ~ SS = S2 

Since for every a E S, {a} U as is a right ideal of S. As {a} U as ~ S, 

so by the right multiplication property of S, {a} U as = C S, for some right ideal C of S. 

Now since S = S2, so 

{a} U as = CS = CS2 = (CS)S = ({a} U as)S = as U as = as 

thus a E as. 

(2) Since A ~ A, so by the right multiplication property of S, we have 

for some right ideal D of S. 

Now, 

i.e., A ~ SA. 

A=DA 

A= DA ~ SA 

(3) Since lVI ~ lVI, so by the right multiplication property of S, we have 

lVI = NM 

for some right ideal N of S. 
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If N ~ M, then 

M=NM~MM=M2 

But 

i.e., M = M2. 

If N * M, then 

McMUN~S 

but since M is maximal so M U N = S 

Now, 

M2 U M = M2 uN M = (M U N)M = SM 

But since M2 ~ M, so M U M2 = lVI. 

thus M = SM .• 

3.1.3 Proposition 

In a semigroup S if a E as as for every a E S, then S is a right multiplication semigroup. 

Proof. Let A and B be two right ideals of S such that A ~ B, 

Let a E A, then a E as as by our hypothesis. 

Now since A ~ B, so 

a E as as ~ AA ~ AB 

i.e. , A ~ AB. 

But since A is a right ideal of S, so 

AB~A 

This implies that A = AB. 

Therefore S is a right multiplication semigroup. • 
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3.1.4 Corollary 

If S is a right regular semigroup or a regular semigroup, then S is a right multiplication 

semigroup. 

Proof. Let S be a right regular semigroup, then for each a E S, there exists xES such 

that 

a = a2x = a(ax) = a2xax = aaxax = a(ax)a(x) E aSaS. 

i.e. a E as as. 

So by the Proposition 3.1.3, S is a right multiplication semigroup. 

Let S be a regular semigroup, then for each a E S, there exists xES such that 

a = a(xa) = axaxa = a(x)a(xa) E aSaS 

I.e. a E as as. 

So by the above Proposition 3.1.3, S is a right multiplication semigroup. _ 

3.1.5 Theorem 

Let S be a simple semigroup. Then S is a right multiplication semigroup if and only if a E as 

for every a E S. 

Proof. Let S be a simple semigroup and a E as for every a E S. 

Let A and B be two right ideals of S such that A ~ B, 

since B is a right ideal so SB is a two - sidded ideal. 

But since S is a simple semigroup so it does not contain any proper two - sided ideal 

therefore S B = S 

Now, 

Since a E as for every a E S, 

we have A ~ AS, 

AS = A(SB) = (AS)B 

but since A is a right ideal of S so AS ~ A 

i.e., A = AS. 
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Thus A = AB and hence S is a right multiplication semigroup. 

Conversely, let S be a right multiplication semigroup, 

then by (1) of Proposition 3.1.2 a E as, for every a E S .• 

3.1.6 Theorem 

The following conditions on a semigroup S are equivalent: 

(1) every proper ideal is an intersection of prime ideals; 

(2) A2 = A for every ideal A of S (i.e. S is semi - simple); 

(3) for every a E S, there exist x, y, z such that a = xayaz. 

(4) the product in any order of a finite number of ideals of S is equal to their intersection. 

Proof. (1) =} (2) : Let A be any ideal of S, then A2 is also an ideal of S. Let A2 = nQi, 

where Qi I S are prime ideals. 

Then A2 ~ Qi, for all i. 

i.e. AA ~ Qi, for all i 

Now, since each Qi is a prime ideal, so A ~ Qi, for all i. 

Thus, 

This implies that A = A2. 

(2) =} (3) : Let a E S, then by (2) 

implies that, 

implies that there exist x, y, z E S1 

such that a = xayaz 

if x, y, z E S, then we have proved (3), 

If x = 1 then 

a = ayaz = (ayaz)yaz = (ay)a(zy)az 
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Similarly if y = 1 or z = I, then again a = tasaq where t, s, q E S. 

(3) =} (4) : Let I and J be two ideals of S, 

then I J ~ I n J. 

Let a E In J, this implies that, a E I and a E J. 

Then by (3) a = xayaz , for some x, y, z E S 

Now, 

a = xayaz = (xay)(az) E I J. 

Thus, 

InJ=IJ 

This result is true for finite number of ideals. 

(4) ==> (2) : Let A be any ideal of S, then by (4) 

A 2 = AA = A n A = A 

l.e. A2 = A 

(3) ==> (1) : Let A be an arbitrary proper ideal of S. 

Then for a E S such that a ~ A. 

Let 

A = {J is an ideal of S : A ~ J and a ~ J} 

Then A f ¢, because A E A. 
Then (..4, ~) is a partially ordered set. 

Since every chain in A is bounded above, so by the Zorn's Lemma there exists a maximal 

ideal in A, say M. 

We claim that M is prime. Let X and Y be two ideals of S, such that XY ~ M, with X 

and Y * M. 

Then by the maximality of M, a EMu X and a E MUY. 

But by the hypothesis a = xayaz, for some x, y, z E S 

i.e., 

.a = xa(yaz) E (M U X)(M U Y) ~ M, 
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which is a contradiction, therefore M is a prime ideal. 

Thus we have find a prime ideal which contains A but does not contain a. 

Hence if {Po,} is the collection of all prime ideals that contains A, 

then A = nPc<, • 

3.1.7 Theorem 

A semisimple semigroup S is a right multiplication seroigroup if and only if a E as as, for 

every a E S. 

Proof. Let S be a right multiplication semigroup . 

Now by (2) of proposition 3.1.2 

{a} UaS ~ S({a} UaS) 

but {a} U as = as!, so 

Now by the right multiplication property of S, 

for some right ideal T of S. 

Since S is a semisimple semigroup and since every ideal in a semisimple semigroup is idem­

potent so, 

Thus a E as as. 

Conversely, a E as as, for every a E S, 

then by Proposition 3.1.3, S is a right multiplication semigroup. _ 

3.1.8 Theorem 

For a left cancellative semi group S, he following are equivalent. 
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(1) 8 is a semi - simple right multiplication semigroup. 

(2) S is a simple semigroup with a E as for every a in 8. 

Proof. (1) ==? (2) : By Theorem 3.1.7. 

a E as a8, for every a E 8 

i.e., 

a = axat, for some x, t E 8 

a = axat ==? as = axats for all s in 8 and since by our hypothesis 8 is a left cancellative 

semigroup so s = xats for all s in 8, i.e. xat is a left identity. 

Thus every ideal of 8 contains a left identity and hence is equal to 8 . 

Therefore S contains no proper ideals and hence is a simple semigroup. 

Since 8 is a simple right multiplication semigroup so by Theorem 3.1.5, a E a8 for every a 

in 8. 

(2) ==? (1) : 

Since 8 is a simple semigroup so it contains no proper ideals so the ideal 8 2 of S is equal 

to 8. 

i.e., 8 2 = 8 

i.e. all ideals of 8 are idempotent and hence S is a semi - simple semigroup. 

Since 8 is simple and by (2) a E as for every a in S, thus by Theorem 3.1.5, S is a right 

multiplication semigroup. _ 

3.1.9 Theorem 

Let S be a semigroup in which every right ideal is two - sided. Then 8 is right regular if and 

only if 8 is semi - simple right multiplication semigroup. 

Proof. Let 8 be a semi - simple right multiplication semigroup, then by Theorem 3.1.7, 

for every a E S, a E as a8. 

Now by our hypothesis Sa ~ aSI, so 

I.e . a E a2 S 
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this implies that a = a2 x, for some xES, .i.e . a is a right regular element. 

Since a is an arbitrary element of S, so each element of S is right regular and hence S is a 

right regular semigroup. 

Conversely, let S be a right regular semigroup, then every right ideal of S is idempotent. 

So each ideal of S is idempotent. Thus S is a semi - simple semigroup. 

By the Corollary 3.1.4, every right regular seroigroup is a right multiplication semigroup. 

Hence S is a semi - simple right multiplication semigroup. _ 

3.1.10 Definition 

A semigroup S is called a left group if it is left simple and right cancellative. 

This is equivalent to saying that, for any elements a and b of S, there exist one and only 

one element x of S such that xa = b. 

3.1.11 Lemma 

Every idempotent element of a left simple semigroup S is a right identity element of S. 

Proof. Let e be an idempotent element of S, and let a be any element of S. Since S is left 

simple, there exist x in S such that xe = a. 

Then, 

ae = xe2 = xe = a 

this completes the proof. _ 

3.1.12 Theorem 

The following assertions concerning a semigroup are equivalent: 

(1) S is a left group. 

(2) S is left simple and contains idempotents. 

Proof. (1) ~ (2) : A left group S is left simple by definition. 

Let a E S. By left simplicity, there exists e in S such that ea = a. 

Hence e2a = ea, and by the right cancellation,e2 = e. 

(2) ~ (1) : S is left simple by the hypothesis , it is left to prove that S is right cancellative. 
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for a, b, e in S, let ae = be. 

Let E be the set of all idempotents in S. 

Let f be an elements in E, such that f = xe, for some x in S . 

Let e = ex . Then since f is an idempotent element of S, so by the Lemma 3.1.11, 

e2 = exex = e(xe) x = efx = ex = e. 

Hence, 

a = ae = aex = (ae) x = (be) x = be = b 

Thus S is a right cancellative semigroup. and hence is a left group. _ 

3.1.13 Theorem 

The following are equivalent for a semigroup S 

(1) S is a left simple right mult iplication semigroup. 

(2) S is a left simple semigroup containing idempotents. 

(3) S is a left group. 

Proof. (1) =} (2) : Let a E S. Since S is a right multiplication semigroup so by (1) of 

Proposition 3.1.2, a E as, i.e. a = ax for some xES. 

Now Sa is a left ideal of S, but S is left simple semigroup and so it contains no proper left 

ideals so Sa = S. 

This implies that x E Sa. Therefore a = ax E aSa. i.e. each a E S, is of the form aba,for 

some b in S. 

Now let e = ab, then 

e = ab = (aba) b = (ab) (ab) = ee = e2
. 

This shows that S contains idempotents. 

(2) =} (3) : follows from the Theorem 3.1.12 .. 

(3) =} (1) : Since S is a left group so it is a left simple semigroup. It is left to prove that 

S is a right multiplication semigroup. 
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Let a E S, Sa is a left ideal of S but by the hypothesis S is left simple, so Sa = S. 

This implies that a E Sa, i .e. a = xa, for some xES. 

Now, 

a = xa = x(xa) = (xx)a = x 2a 

But S is a left group and hence is right cancellative so, 

x = x 2 

That is, x is idempotent. By the Lemma 3.1.11, every idempotent element in a left group 

is a right identity , therefore tx = t, for all t in S. 

This implies that a = ax. Since Sa = S, then a = ax E as = aSa, i .e.a = aba, 

for some b E S. i.e. a is regular,but since a is an arbitrary element of S so every element of S 

is regular, that is S is a regular semigroup and by the Corollary 3.1.4, S is a right multiplication 

semigroup _ 

3.1.14 Theorem [1] 

The following conditions are equivalent on a semigroup S. 

(1) S is a union of groups. 

(2) S is both left and right regular. 

(3) Every left and every right ideal of S is semiprime. 

( 4) S is left regular and regular (S is right regular and regular) 

(5) S is a union of disjoint groups. 

3.1.15 Theorem 

If every left ideal is a two - sided ideal in a semigroup S, then S is the union of groups if and 

only if S is a semi - simple right multiplication semigroup. 

Proof. By Theorem 3.1.7, since S is a semi-simple right multiplication semigroup, a E as 

as for every a E S. 

But by hypothesis, every left ideal is a two - sided ideal, so as ~ S l a, 

so that, 

a E aSaS = as (as) ~ as(Sla) = a(SIS)a = aSa 
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I.e. a E aSa, for every a in S . That is each a in S is of the form a = axa .i.e. a is regular. 

But since a is an arbitrary element of S so every element of S is regular. 

Now by Theorem 3.1.14, S is a union of groups. 

Conversely, let S be a union of groups then by Theorem 3.1.14, S is a right regular and 

regular semigroup. 

And hence by the Corollary 3.1.4, S is a right multiplication semigroup. _ 

3.1.16 Lemma 

Let S be a semigroup containing maximal left ideals. If a 1. L *, where L* is the intersection of 

all mau'(imalleft ideals, and if a E as, then a E aSa. 

Proof. Since a 1. L*, there exist a maximal left ideal N not containing a. 

Therefore, 

since N is maximal so N U 8 1 a = S. 

Now by hypothesis a E as, this implies that a = as, for some s in S. 

Now s 1. N, for if sEN then a = as E N. which is a contradiction. 

Hence, 

by the maximality of N. 

Thus s = a or s E Sa. 

Now if s = a then a = a2 , this implies that a3 = a2a = aa = a2 = a. 

This implies that a E aSa. 

And if s E Sa, then a = as E aSa. _ 

3.1.17 Theorem 

Let S be a right multiplication semigroup containing maximal left ideals. Then S is a regular 

semigroup if L* = 1>, where L* is the intersection of all maximal left ideals. 

Proof. Since L* = 1>, so a 1. L*, for every a E S. 
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And by (1) of Proposition 3.1.2, since S is a right multiplication semigroup so a E as, for 

every a E S . 

By the Lemma 3.1.16 , a E aSa , for every a E S. 

that is, each a E S is regular or in other words S is a regular semigroup. _ 

3.1.18 Theorem 

If S is a se7ni - simple right multiplication semigroup such that ab E Sba for every a, b E S, 

then S is a regular semigroup. 

Proof. Since S is a semi - simple right multiplication semigroup so by Theorem 3.1.7, 

a E as as, for every a E S. 

• 

That is , a = asat, for some s, t E S. 

Now by hypothesis at E Sta <:;;; Sa, i.e. 

a = as(at) <:;;; asSa <:;;; aSa. 

each a E S is of the form asa, i.e. each a E S is regular. 

As a is in arbitrary element of S, so each element of S is regular i.e. S is a regular semigroup . 

3.1.19 Definition 

A semigroup S is called intra - regular if for any element a of S, there exist x and y in S such 

that xa2 y = a. 

3.1.20 Lemma 

A Semigroup S is intra - regular if and only if every two - sided ideal of S is semiprime. 

Proof. Let S be intra - regular, and let T be a two - sided ideal of S. 

Let a2 E T, s E S . Then a E Sa2S ~ STS <:;;; T, because S is intra - regular. 

Conversely assume that every ideal of S is semiprime. 

Let a E S, then a2 E Sla2S 1 implies a E Sla2 S 1 . 

Thus S is intra - regular. _ 
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3.1.21 Theorem [1] 

The following assertions concerning a semigroup S are equivalent. 

(1) S is union of simple semigroups. 

(2) S is intra - regular. 

(3) Every ideal of S is semiprime. 

3.1.22 Theorem 

Let S be a left regular or intra - regular semigroup. Then S is a right multiplication semigroup 

if and only if S is a union of simple semigroups Sa with X E xSa for every x E Sa. 

Proof. Let S be the union of simple semigroups {Sa} with X E xSa for every x E Sa. 

Then for every a E S, a E Sa for some a. By the given condition a E aSa. 

Since each Sa is a simple semigroup so it contains no proper two - sided ideal, 

so the two - sided ideal SaaSa is equal to Sa. 

Therefore a E aSa implies that , 

i.e. a E aSaaSa. 

By Theorem 3.1.7, S is a right multiplication semigroup. 

T he converse is proved by first asserting that left regular right multiplication semigroups 

are 'intra - regular, 

Since by Theorem 3.1.6, left regular semigroups are semisimple, 

for every a E S we have a E as as by Theorem 3.1.7. 

But a E Sa2 by left regularity, a E Sa2 so that a E Sa2 S, Now by Theorem 3.1.21, 

the intra regular semigroup S is a union of simple semi-groups Set' 

Since intra - regular semigroups are semi - simple by Theorem 3.1.6 and since S is a right 

multiplication semigroup, for every a E Sa we have a E as as so a = axat for some x, t E S by 

Theorem 3.1.7. 

Now clearly SlxatS I = SlaSI. 

Thus xat E Set and hence a E aSet. _ 
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3.1.23 Proposition 

Let S be a right multiplication semigroup with unique maximal ideal M such that A i- AM 

for every proper right ideal A and suppose that every proper right ideal is included in M . Then 

S is a right multiplication semigroup if and only if S satisfies the following conditions: 

(1) every proper right ideal is of the form MT, 

(2) S = S2, 

(3) M = SM and 

(4)M=MS. 

Moreover M = xS1 for some xES and every element a of M is of the form xTu where 

u rt M. 

Proof. Suppose that S is a right multiplication semigroup. 

Since M i- M M = M2 by hypothesis, so by (3) of Proposition 3.1.2, M = SM. 

Now we claim 
00 

JvJW = n Jvr = ¢. 
n=l 

00 

If MW = n M n i- ¢, then MW ~ M implies MW = eM for some right ideal e by the 
n=l 

right multiplication property of S. 

e = S is inadmissible since otherwise MW = SM = M and so M ~ Mn, for all n. 

This implies that M ~ M2, but M2 ~ M.i.e. M = M2, which is a contradiction. 

Then by hypothesis every proper right ideal is contained in M and as e i- s, so e ~ M. 

N ow if e ~ MW, then M W ~ eM implies that M W ~ M W M, but M W M ~ M W i.e. 

MW M = Jvlw, which is not true. 

If e * Jvlw, then e ~ MT\lVI"+l for some natural number r. 

This implies that e = T MT for some right ideal T * M, by the right multiplication property. 

Thus T = S, and hence 

lVIW = MT+l and so JvF+1 = JvIT+2, i .e. MT+l = M 1'+1 M,which is false. 

Since Nlw = ¢, we have for every proper right ideal A, A ~ MT\JvI"+l for some natural 
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number r. 

This implies that A = LMT , for some right ideal L * M, by the multiplication property. 

Thus L = S, and hence, 

A = SMT = (SM)MT- 1 = MMT- 1 = lVF . 

(2) and (3) are evident from Proposition 3.1.2. 

Since M ~ S we have by the multiplication property of S, M = DS for some right ideal D . 

Then M = M S since D ~ M and S = S2. 

Conversely, Let A and B be two ideals of S, such that A ~ B. 

Then by our hypothesis, A and B ~ M, also A =I- AM and B =I- BM. 

By (1) A = lVI'"and B = MS, for some natural numbers rand s. 

M" =I- M,.+l =I- M"+2 =I- ... , also 

MS =I- M s+1 =I- Ms+2 =I- .. . 

Now since A ~ B, i.e. MT ~ MS, this implies that s ::; r. 

Now MT = M"-s lVIs, where M"-S is a right ideal of S . 

And hence S is a right multiplication semigroup. 

Finally, since 11;[ =I- M2, by hypothesis, we have for any x E M\M2, xS1 ~ M. 

Then by the right multiplication property, xS1 = T M, for some right ideal T. 

If T ~ M, then x E M2,which is false. 

So we must have T = S. Thus xS l = SM = M .. 

Now let a E lVI. Then a = XS1. If Sl 1:. M, we are done. Otherwise Sl = XS2· 

Proceeding in this manner, if every Si E M, then 

a = XSI = X 2 S2 = ... and so a E M W = cp. 

Thus a = xTs,. for some natural number r, where s,. 1:. M . • 

3.1.24 Definition 

A Semigroup S is called Q* - simple if it contains no proper prime ideals. 
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3.1.25 Lemma 

If S is a left cancellative semigroup then every maximal right ideal is two - sided ideal. 

Proof. Let M be a maximal right ideal, which is not two - sided. Then there exist an 

x E M and s 1= M such that sx 1= M. 

Therefore 

S = M u {s} U sS = M u {s x } U sxS 

Then s = sx or s = sxt,for some t E S . 

Now if s = sx then, 

s = sx = (sx)x = s(xx) = sx2 

since S is left cancellative so, 

i.e. x is idempotent. For all a in S, 

xa = (xx)a = x(xa) 

since S is left cancellative so, 

a = xa 

i.e. x is left identity. 

Similarly if s = sxt, for some t E S then xt is idempotent and hence is left identity. 

Thus M contains a left identity and so M = S, a contradiction. 

Hence every maximal right ideal M in S is two - sided. _ 

3.1.26 Theorem [12] 

Let S be a Left Cancellative semigroup with S = S2. Then the following are equivalent: 

(1) S contains proper maximal right ideals ; 

(2) S contains idempotents and S is not right simple; 

(3) S contains a proper maximal right ideal M such that every proper right ideal is contained 

in M 
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3.1.27 .Theorem 

Let S be a Left Cancellative semigroup. Then S is a right multiplication semigroup if and only 

if S contains idempotents and S is one of the following: 

(1) S is a simple semigroup with a E as for every a E S. 

(2) S contains a unique maximal two - sided ideal with M = M S such that every proper 

right ideal is of the form M7' and thus two - sided. 

In the second case NI = xS1 for any x E M\M2 and every a E S is of the form x7'u, where 

1~ rt M and r is a non - negative integer. F\uthermore S is an extension of a Q* - simple 

semigroup by a right a - simple semigroup. 

Proof. Let S be a right multiplication semigroup. 

Then by Proposition 3.1.2, a E as for every a E S. 

a = ax, for some x in S, 

a = ax = (ax)x = a(xx) = ax2
, 

since x is left cancellative so x = x 2 . 

This implies that S contains idempotents. 

If S is a simple semigroup , S is of type (1). 

Suppose that S is not simple. 

Then S is not right simple and so by Theorem 3.1.26, S contains a proper maximal right 

ideal NI such that every proper right ideal is contained in M. 

Then By Lemma 3.1.25, NI is also the unique maximal two - sided ideal. 

Now we prove that A f. AM for every proper right ideal A. 

Suppose A = AM. Then for a E A, aS1 ~ A, by the right multiplication property of 

S, aS1 = T A, 'I being some right ideal. 

Thus, 

aS1 = TA = T(AM) = (TA)M = aS1M 

This implies a = am" m E M and so m is an idempotent and thus a left identity by left 

cancellative condition. 
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Hence M = S, which is false. S = S2 by (1) of Proposition 3.1.2, and S = SM by (3) of 

Proposition 3.1.2. 

Since S contains idempotents which are left identities,then by Proposition 3.1.23, and The­

orem 3.1.5, except the last every statement is evident. 

Since M is two - sided ideal and a maximal right ideal, SIM is clearly a right 0 - simple 

semigroup. 

Now we claim that the subseroigroup M has no proper prime ideals. 

Suppose that P is a prime ideal of M and P i- M. 

Since PM is a proper ideal of S, PM = MT C;;; P and hence M = P. 

Thus M contains no proper prime ideal and hence is a Q*-simple semigroup. 
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