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Preface 

It is a lmown fact that the flows of thin fi lms have wide applications in 

industry. To be more specific, such flows have relevance in engineering 

(microchip production), biology (lining of mammalian lungs) and chemistry 

(flow of surface active materials). These flows are derived through 

gravitational (flow down an inclined plane) force. Very often, the thin film 

flows have been discussed by taking viscous fluids. But in industrial and 

teclmological applications , there are non-Newtonian flui ds for which the 

Navier-Stokes equations are inadequate. Such fluids exhibit a nonlinear 

stress strain relation and thus the resulting different systems are highly 

nonlinear and complicated. By keeping in view all these challenges, some 

investigators are recently engaged in obtaining solutions for flows of non

Newtonian fluids [1 -24]. But literature survey indicates that much attention 

is not given to the thin film flows of non-Newtonian fluids. To the best 0 f 

our lmowledge only few such studies [11 -16] are yet available. 

In all the above mentioned investigations [11 -16J the effects of slip 

condition have not been taken into account. Such effects are very important 

for non-Newtonian fluids (polymer melts) which exhibit wall slip . The fluids 

exhibiting slip are imp011ant in technological applications, for example, the 

polishing of artificial heart valves and internal cavities in a variety of 

manufactured parts is achieved by imbedding such fluids with abrasives. 

Keeping all this impOliance in mind the following dissertation has been 

arranged in the following manner: 

The first chapter includes some basic definitions of Fluid mechanics , 

derivation of equation of motion, and introduction to Perturbation method, 

Homotopy perturbation method and Homotopy analysis method. 



The second chapter contains the reVlew of [11]. Further we have 11011-

dimensionalized the solution and presented the graph for the velocity field. 

In chapter three, we have discussed the thin film flow of a fourth grade fluid 

down a vertical cylinder with partial slip boundary conditions. The problem 

is solved by Perturbation method, Homotopy perturbation method and 

Homotopy analysis method. It is found that Homotopy Analysis Method is a 

powerful technique for solving non-linear problems [24-3 0]. The graphs for 

the velocity field have been presented for various physical parameters 

involved in the chapter. 
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Chapter 1 

Basic definitions 

1.1 Introduction 

In this chapter we include some basic definitions of Fluid mechanics , derivation of equat ion 

of motion, and introduction to P ert urbation method, Homotopy perturbation method and 

Homotopy analysis method. 

1.2 Fluid mechanics 

Fluid mechanics is the study of gases and liquids at rest and in motion . This area of physics is 

divided into two types . Fluid s tati cs, the st udy of the behavior of stationary fluids, and flui d 

dynamics, the study of the b ehavior of moving , or flowing, fluids . Fluid dynamics is further 

divided into hydrodynami cs , or the study of ,vater flow, and aerodynamics , the study of airflow. 

Applications of fluid mechanics include a variety of machines , ranging from the water-wheel to 

the airplane. 

1.3 F luid dynarnics 

F luid dyn amics is the sub-discipline of fluid mechanics dealing with fluids (liquids and gases) 

in motion. It has several subdisciplines itself, including aerodynamics (the study of gases in 

motion) and hydrodynamics (the study of liquids in motion). 



1.4 Fluid 

By definition, a fluid is a material continuum that is unable to 'vvithstand a static shear stress. 

Unlike an elastic solid which responds to a shear stress with a recoverable deformat.ion , a fluid 

responds with an irrecoverable flow. Examples of fluids include gases and liquids. 

1. 5 Flow 

IvIotion of a fluid subj ected to unbalanced forces or stresses is called flow of the fluid. The 

motion cont inues as long as unbalanced forces are applied. 

1.6 Types of fluids 

1.6.1 Newtonian fluids 

A Newtonian fluid (named for Isaac Newton) is a fluid t hat flows like water. Or a simple fluid 

in whi ch t he s tate of stress at any point is proportional to the time rate of strain at that point; 

the proportionali ty factor is t he viscosity coeffi cient. Its (stress / rate of strain) curve is linear 

and passes through t he or igin. The constant of proportionalit.y is known as the viscosity. .-'1. 

simple equation to describe Newtonian fluid behavior is 

rlu 
=f..L

ely' 
(l.J ) 

where Txy is the shear stress, f..L is the f-iuid viscosit.y, ~c is the direction of flow and y is the 

direction perpendicular to the flow. Fluids like water, a ir and gasoline are Newtonian fl uids. 

1.6.2 Non-Newtonian fluids 

A non-Newtonian f-iuid is a fluid in which the viscosity changes with the applied strain rate. As 

a result , non-Newtonian f-iuids may n ot have a well-defined viscosity. Examples are toothpaste, 

shampoo, ketchup etc. 
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1.6.3 Incompressible fluids 

In fluid mechanics or more generally continuum mechanics , an illcompressible How is solid l1l' 

such a Huid flow in which the divergence of velocity is zero . This is more precisely termed ;tS 

isochoric flow. 

These are the Huids with negligible changes in density. No fluid is truly incompressible, 

since even liquids can have their density increased through application of sufficient pressure. 

1.6.4 Compressible fluids 

A compressible flow is a situation in which the density of t he flow cannot be assumed to be 

constant. 

1. 7 Types of flows 

1.7.1 Uniform flow 

In a flmv that is uniform at a given cross section, the velocity is constant across any section 

normal to the How. 

1. 7.2 Laminar flow 

A flow, in which each liquid particle has a definite path and the path of individual particles 

do not cross each other. Or the flow for which the flow structure is characterized by smooth 

rnotion in laminae, or layer is called the laminar How. 

1. 7.3 Turbulent flow 

A flow , in which each liquid particle does not have a definite path and the path of incliviclllal 

par ticles also cross each other. Or the flow structure in the turbulent regime is characterized 

by random, three-dimensional motions of fl uicl particles in addi tion to the mean motion. 

G 



1.7.4 Steady flow 

A flow in which the quantity of liquid flowing per second is constant. A steady flow may be 

uniform or non-uniform. 

1.7. 5 Unsteady flow 

A flow in which t he quantity of liquid flowing per second is not. constant . 

1.7.6 Force of gravity 

Gravity is one of th e universal forces of nature . It is an attractive force between all matter , 

a nd is very weak as compared to the other forces of nature. The gravitational force b etween 

two objects is dependent on their masses, which is why we can only see gravi ty in ac tion when 

a t least one of the objects is very large (like t he Ear th ). 

1.8 Cylindrical coordinates 

In cylindrical coordinates system a point in three-dimensional space is represented by t he order 

triple (T, (), z ) , where T a nd () are polar coordinates of the projection of point on t he xy - plane. 

~. 

, 

o 

x---+----+--j' 
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To convert from cylindrical coordinates to rectangular coordinates we use the equations 

x = l' cos e, Y = Tsine, z == z, 

whereas to convert form rectangular coordinates to cylindrical coordinates , we use 

1.9 Divergence 

Divergence of a vector field 

y 
t ane = -, z = z . 

x 

'Vel = [v" 'U, wJ, 

in cylindrical coordinates is given as 

where hI = 1, h 2 = T, h 3 = 1 ancll£l = T, 1£2 = () , 1£3 = z. 

1.10 Gradient 

vVhere as for Eq. (1.4), gradient in cyliclrical cOOl'dinates is given as 

1.11 

e;: 

[

a'lL 

L = oO'l'Ctcl 'Vel = au a,. 
ow 
"fj'; 

Equation of continuity 

1 an u r ()O - r 
1 all 'IL r DO - -

1 aw r ()I) 

( 1.:2) 

(1.:3) 

(1.4 ) 

(1.5 ) 

(1.6) 

Suppose we have a fluid with local density p(t , x, y" z ) ancl local veloci ty 'flU, x , ',I) , z ). Consider 

a cont.rol volume V (not necessarily small , not necessarily rectangul8l' ) whi ch has boundary S. 

The total mass in this volume is 

j\if711Clss = ./ pc/v. (1. 7) 
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The rat.e of change of this mass is 

EJ j\1mass 
at l ~dV 

The only way such change can occm is by stuff Hawing across the boundary, so 

EJlvlma.ss 
at I p'u.ciS. 

. (1.8) 

(1.9) 

vVe can change the surface integral into a volume integral using Green 's theorem, to obtain 

olvlm(lSS 
EJt 

(l.10) 

Comparing Eqs. (1.8) and (1.9). They are equal no matter \-vhat volum e V we choose, so t.he 

integrands must be p oint wise equal. This gives us an expression for the local conservation uf 

mass 
op ~ 
EJt + \7.(pv) = 0, (l.1I ) 

called the Equation of continuity. Equation of continuity for an incompressible flow becomes 

(i'ivUY) = O. (1.1 2) 

1.12 Equation of n1.otion 

In this section, we are interested in constructing the governing equation for fom th grade fluid 

in cylindrical coordinates. The equation of motion in the presence of body forces is 

(l. 1J) 

where p is the density of the Huid , #t is the total derivative, T is the Cauchy stress tensor 

and B is the body force. An incompressible simple fluid is defined as a material whose stale 

of present stress is determined by the history of t.he deformation gradient without a preferrcd 

reference configuration. 
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For fourth grade fluid the Cauchy stress tensor is defin ed as [13 , 15] 

+,'2[A3 A l + AIA3] + 13[A~] + "4[A2Ai + Ai A2] + i '5[(t'f'(A2)A2) ] 

+'6[(tr(A2)Ai)] + b7(t7'(A3)) + 's(tr(Jb41)) ]A l ' (1.14) 

where P is the pressure, /-1, is the coefficient of viscosity and G:'i Ci = 1 - 2), (3j (j = 1 - 3) and 

Ik (k = 1 - 8) are material constants. 

Al = grad v + [grad 'uf, (1.15) 

A dAn - 1 l. I -) ( I - A r l n = ~ + j n- dgrac 'U + grac 'v) n-l. 'II > 1 (1.1G) 

\Ale seek the velocity field of the fo llo\ving form 

'ii = [0,0, U(T)], ( 1.17) 

where U(T) is the z - com,pone1l.t of velocity. 

In view of Eq. (1.17) 1 we have 

( 1.18) 

(1.19) 

or 

r 2(d,,)' 0 : ] , d,. 

A2 = 0 0 

0 0 

(1. 20) 
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or 

or 

l 
0 0 0 

A3 = 0 0 0 

o 0 0 

0 0 0 

A4 = 0 0 0 

0 0 0 

(dlL)2 
dl' 0 0 

'J 
Ili = 0 0 

o l' 0 0 (j:~) 2 

0 0 2(dlL)3 
<II' 

A1A2 + f bAl = 0 0 0 

2( d")3 
£lor 0 0 

o 2C~~L)3 j 
o 0 , 

o 0 

l 
4( dlL)4 

(/0,. 

A~ = 0 

o 
~ ~ j , 
o 0 

11 

(1.21) 

(1.22) 

( 1.23) 

( 1. 24) 

(1. 25) 

( 1. 26) 

(1. 27) 

(1. 28) 

(1. 29) 



r 

4('l-t')4 0 0 1 ell' 
') ') 

A2 Ai + Ai A2 = 0 0 0 ) 

o 0 0 

(1.30) 

r 

4(el")4 0 0 1 ell' 

tT(A2)A2 = 0 0 0 ) 

o 0 0 

(l.31 ) 

r 

2 (clu)4 0 
dl' 

(tT(A2))Ai = 0 0 

o 0 

(l.32) 

(l.33) 

b'(fb) = O. (l.34) 

On substituting the values of Eqs. (l.14) - (1.34) in Eq. (l.13) ) we get the component form 

of Equation of motion in the absence of body forces as 

EJ P 1 EJ [ dl( , 'J] 4 "G EJ [ du 4] --;:) = (20:1 + 0:2) - -.c;- T( -d r + - b3 + 1'4 + , '5 + -2 ) -.c;- T( -I) ) 
uT T uT T T u1' ( l' 

(l.35 ) 

EJp 
EJ() = 0, ( l.36) 

EJp _ IL EJ [,,(dtL)] 2((3 6) EJ [, ~(dU)3] - - -- r - + - 2 + 3 - I - , 
EJz T EJ1' ciT T 'EJT dT 

(LI7) 

1.13 No s lip condition 

ViThen a fluid flow is bounded by a soliel surface, molecular interactions cause the fluid in contact 

with the surface to seek momentum and energy equilibrium with the surface , Or we can say 

that all fluids at a point of contact with a soliel take on the velocity of that solid, i.e .) 

VJlILid = V woll ' (l.38 ) 

12 



1.14 Partial s lip 

Navier was the one \vho proposed that. a liquid may slip on the solid sur face , and this slippiltg 

1V0uld be opposed 1 y a frictional force proportional to the veloci ty of t he fluid relative to the 

solid. He introduced the idea of 'slip-Iengh', which is nowadays the most commonly Lls(~d 

concept to quantify the slip of a liquid at a solid interface. i.e., 

EJvu 
Vr = bTz , (1.39) 

where v.,. is the velocity of t he fluid at the wall , Vh is th e velocity of t he fluid in the bulk and z 

is the axis perpendicular to the wall. 

1.15 Thin film flow 

Thin film flow , as th e name suggests, can simply b e defined as the flow of a fluid in the form of 

a thin fi lm. l'"lo1'e precisely it is a flow that consists of an expanse of liquid partially bounded 

by a solid substrate with a (free) smface where the liquid is exposed to another fluid (usually 

a gas and most often a ir in applications). 

One can observe thin film flows even in ·daily life happ enings. For example, the formation 

of teal' in the eye and the flow of rain water down the window glass. 

There are three agents that are mainly considered to be responsible for the formation of 

thin films. These are gravity, centrifugal forces and s urface tension. Gravity forms the t1l in 

films whenever the fluid flows down some inclined plane. \Vhile during the rotation of the fluid 

these are the centrifugal forces that are responsible for the formation of thin films. 

Thin films have numerous applications in industry. Spin coating is used in the manufacture 

of CDs and DVDs and comp uter disks. Any coating process , e .g . paint. ing and manufacture of 

coated products are all examples of t his thin fi lm technology. 

1.16 HorIlotopy 

In topology, two continuous functions from one t.opological space to another are called homotopic 

(Greek homos = identical a nd topos = place) if one can be "conti nuoLlsly deformed II into the 

13 



other, such a deformation being called a homotopy between the two functions. 

Formally, a homotopy between two continuous functions f and 9 from a topological space 

X to a topological space Y is defined to be a continuous function H : X x [0 , 1] -; Y hom 

the product of the space X with the unit interval [0 , 1] to Y such that, for all points x in X, 

H( x, O) = f(x) and H(x , l) = g(x). 

If we think of the second param.eter of H as "time", then H describes a "continl!ot/,s de

fonnat 'ion" of f int.o g. At tim.e 0, we have the function f , at. time 1 we have t.he fun ctiun 

g . 

1.17 Perturbation method 

Let we have the equation 

t 2: 0, (1.40) 

subject to the initial condition 

g(O) = O. (1.41) 

To give perturbation approximation, we assume that time t is a small variable (called pertur

bation quantity) and then express g(t) in a power series 

(1.42) 

using the initial condition (1.41) we obtain aD = O. Then , substit.uting the above expression 

into Eq. (lAO), we have 

0.1 = 1, (1.LJ3) 

k ? I, (1. 44) 

we therefore have the perturbation solution 

1 3 2 5 17 7 
9 ·t(t) = t - - t + -t - -t + .. '. 

pe, 3 15 315 (1 ,45) 

14 



1.18 Homotopy perturbation method 

"Ale consider the nonlinear differential equation 

L(u) + N(u) = f(T), 7' E n, ( 1.4Ci) 

with boundary conditions 

B (U, OU I on) = 0, T E r , (IA7) 

where L is the linear operator, while N is nonlinear operator , B is t he boundary operator , r is 

the boundary of the domain nand f(T) is a known analytic function. 

The He's homot.opy pertubation technique defines t.he homot.opy vCI' ,p) : n x [0,1] --> R 

which satisfies 

H (v,p) = (1 - p) [L (v) - L(uo)] + lJ[L( 'u) + N(v) - 1(7')] = 0, (1,48) 

or 

H(v ,p) = L(v) - L(uo) + pL('lLo) + p[N(v) - ./ (7')] = 0, ( 1,49) 

where l' E nand p E [0, 1] is an embedding parameter, 1to is an initial approximation which 

satisfies the boundary conditions. Obviously, from Eqs. (l,4S) and (1.49), we have 

H(v , O) = L(v) - L(lto) = O. (1.00) 

H(v , 1) = L(v) + N(v) - fer) = o. (1.51) 

The changing process of p from zero to unity is just that of V(7',p) from uo to U(7} In topology, 

this is called deformation, L(v) - L(Cto) and L(v) + N(v) - fe,.) are homotopic. The basic 

assumption is t hat th e soluti on of Eqs . (1.48) and (1.49) can be expressed as a power series in 

(1.52) 
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The approximate solution of Eq. (1.46) , therefore, can b e readily obtai ned 

Ii = lim v = Vo + VI + ·U2 + .. .. 
p ----. 1 

1.19 Homotopy analysis method (HAM) 

(1.53) 

Let us now give the basic idea of HAM for the same illustrative cxample given in Eq. (1.40). 

1.19.1 Zeroth-order deformation equation 

Let go(t) denote the initial guess of g(t) , which satisfies the initial condition (1.41) , i-e, [21- 22] 

go(O) = O. (1.54) 

Let q E [0 ,1] denote the so-called embedding parameter. The homotopy analysis method is 

based on a kind of continuous mapping g(t) ~ CD(t; q) such that, as the embedding paramet.er 

q increases from 0 to 1, <.D(t; q) varies from the initi al guess go (t) to the exact solution g(t). To 

ensure this , choose such an alDciliary linear operator as 

( 1.55) 

where 1'1(t ) =1= 0 ancl 12(t) are real func tions to b e determined la ter. From Eq. (1 .40), wc define 

the non-linear operator 
C)Yi(t· q) 

N *[CD(t ; q)] = EJt' + cp2(t; q) - 1. (1.56) 

Let n. =1= 0 and '}-{ * (t) =1= 0 denote the so-called auxiliary parameter and a.uxiliary function, 

respectively. Using t.he embedding parameter q E [0,1]' we construct a family of equations 

(1 - q)C[<I>(t; q) - go(t)] = liq'H*(t)N*[<.D(t; q)], ( 1.57) 

subj ect to the initial condition 

<.D(O; q) = O. ( 1.58) 
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It should be emphasized that we have great freedom to choose the auxiliary parameter /1., the 

auxiliary function H*(t), the initi al approximation go(t), and the auxiliary linear operator £*. 

It is sllch freedom that plays important roles and establishes the cornerstone of the validity alld 

flexibility of t.he homotopy analysis method. 

\iVhen q = 0, Eq. (1.57) becomes 

£*[(I>(t; 0) - go(t)] = 0, t 2: 0, (1.59) 

subj ect to t he initial condition 

tI>(0; 0) = O. (1.60) 

According to the Eqs . (1.54) and (1.55) , t he solut ion of Eqs. (1.59) and (1.60) is simply 

tI>(t; 0) = go(t). (1.61) 

When q = I , Eq. (1.57) becomes 

liqH*(t)JV*[tI>(t; q)] = 0, t 2: 0, (1.62) 

subject to the initial condition 

tI>(0; 1) = O. ( 1.63) 

Since 11. i= 0, H*(t) i= 0 and by means of the definition (1.56), Eqs . (1.62) and (1.63) are 

equivalent to t he original Eqs. (1.40) and (l.41), provided 

tI>(t; 1) = g(t) . (1.U4 ) 

T herefore, according to Eqs. (1.61) and (1.64), tI>(t ; q) varies from initial guess go(t) to the exact 

solution g(t) as the embedding parameter q var ies from 0 to l. In topology, this kind of varia

tion is called deforma.tion, and Eqs. (l.57) and (1.58) are called the zcmth-oTclc'" defo'f''I7w,tion 

eq·llations. 

Having t.he freedom to choose the auxiliary parameter n, the auxiliary funct ion H* (t), (.he 

initial approximation go(t) , and the auxiliary linear operator £*, we can assume that all of them 
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are properly chosen so that the solution if>(t; q) of the zero-order deformation Eqs. (1.57) alld 

(1.58) exists for 0 ::; q ::; 1, and besides its mth-order derivative with respect to the embeddi llg 

parameter q, i.e., 

(1. 65) 
'1=0 

exits, where Tn = 1,2 ,3" . ' . For brevity, ggnJ(t) is called the mth-oTdeT defoTmo.t-iOT/, cieT'lVo.t'i-!'e. 

Defiue 

( 1.66) 
q=o 

By Taylor's theorem, we expand if>(t; q) in a power series of the embedding parameter q as 

follows 
+00 1 an1 <D(t· q) 

if>(t; q) = if>(t; 0) + "" - 1 a ' 1,,=0 qm . o Tn . qrn. 
m=1 

( 1.67) 

From Eqs. (1.61 ) and (1.66) , the above power series becomes 

+oc 

<D(t; q) = go(t) + L gnJt)qm. ( 1.68) 
m=l 

Assume that the auxiliary parameter Ii. , the auxiliary function 7-{*(t), the initial approximatilm 

go(t), and the alL'Ciliary linea.r operator [,* are so properly chosen that the series (l .6S) converges 

at q = 1. Then, at q = 1, the series (1.68) becomes 

+00 

if>(t; 1) = go(t) + L gm(t) . (1. 69) 
m=l 

Therefore, using Eq. (1.64), we have 

+00 

g(t) = go(t) + L gm(t). (1. 70) 
1n=1 

The above expression provides us \vith a relationship between the ini t ial guess go(l;) and the 

exact solu tion g(t) by means of t.he terms gm (t) (Tn. = 1,2, 3" .. ) . 
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1.19.2 High-order deformation equation 

Define the vector 

(1.71) 

According to the definition (1.66) , the governing equation and corresponding initi al condition of 

9111 (t) can be deduced from the zero-order deformation Eqs. (1.57) and (1.58) . Differentiating 

Eqs. (1.57) and (1.58) 1n times with respect to the embedding parameter q and then setting 

q = 0 and finally dividing them by 1nl, we have the so-called mth-order deformation equation 

subj ect to the initial condition 

9m(0) = 0, 

where 

1 oN*[cD(t; q)] n::n (§m-l) = ...,.----.,.- ----'----'-----'-'-.:. 
(m - I )! oqm 

'1=0 

and 

o when m S I , 

1 otherwise. 

From Eqs. (1.56) and (1.54), we have 

·m-l 
n:n(§m- d = 9m-l(t) + L 9j(t)gm-l-j(t) - (1 - XIlJ, 

j=O 

(1.72) 

(1.73) 

(1.74) 

(1.15 ) 

( 1.16) 

where (-) denotes the d erivative \V.r.t t. Notice that n:~..(§m-d given by t.he above express ion 

is only dependent upon 

90(t), gl(t) , 92(t) , · .. , 9m-l(t), (1. 77) 

which are known , when solving the mth-order deformation Eqs. (1.72) and (1.73). Thus, 

according to the definition (1.55) of the auxili ary operator L* , Eq. (1.72) is a linear first-order 

differential equation , subject to the linear ini t ial condition (1.73) . Therefore, the solution 9m (t) 

of high-order deformation Eqs. (1.72) and (1.73) can be easily gained , especially by means of 
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computat.ion software such as :tvlathematica, Maple, iVlatlab, and so on. According to (1.70), 

we in essence transfer the original nonlinear problem, governed by Eqs . (1.57) and (1.58), 

into an infinite number of linear sub-problems governed by high-order deformation Eqs . (1.71) 

and (1.73), and then use the sum of the solutions gm(t) of its first several sub-problems to 

approximate the next solution. Not.e that such a kind of transformation needs not the existence 

of any small or large parameters in governing equation and initial/boundary concli tions. 

The m,th-order approximation of g(t) is given by 

m 

g(t) ;:::; L gn(l;). (1. 78) 
11=0 

It should be noted that the zero-order deformation Eq. (1.57) is determi ned by t he auxilia ry 

linear operator £ *, the initial approximation go(t), the al.Dciliary paramet.er 1/" and the a ux-

iliary function H* (t) . Theoretically speaking, t.he soluti on g( t) given by t.he above approach 

is dep endent of the auxiliary lineal' operator £*, the initi al approximation go(t), the auxi liary 

parameter h, and t.he atL'ciliary function H*(t). Thus, unlike a ll previolls analytic techniques, 

the convergence region and rate of solu tion series given by the above approach might not he 

uniquely determined. 

1.19.3 Advantages of HAM 

The homot.opy analysis method provides us the following advantages 

1. HAlVI provides us with great freedom to express solutions of a given non-linear probl(~m 

by means of different base functions. Therefore , we can approximate a non-linear problem more 

efficiently by choosing a proper set of base functions. 

2. HAM always provides us with a family of solution expressions in t he auxiliary parameter 

/I. The convergence r egion and rate of each solut ion expression among the family might be 

determined by the auxi li ary parameter /1.. So , the a uxili ary parameter Ii provides us with an 

addition al way t.o conveniently adjust and control the convergence region and rate of solution 

series. 

3. Homotopy analysis method is also independent of any small or large qU8.ntities. 
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1.19.4 Limitations 

Homotopy analysis method requires that we should be able to represent the soluti on in a set 

of base functions called the 'I"ule of so l-ut'ion e:-cpTession. Unfortunately, the rule of sol ution 

expression implies such an assumption that we should have, more or less, some knowledge 

abou t a given non-linear problem a pTioT. I-l ow can we get such kind of prior knowledge before 

we solve a problem that is completely new for us? How can we know that a set of base functions 

is better than others and is more effi cient to approximate a non-linear problem which we know 

nothing? So , theoretically, this assumption impairs the homotopy analysis method. 
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Chapter 2 

Homotopy perturbation method for 

thin film flow of a fourth grade fluid 

down a vertical cylinder 

2.1 Introduction 

In this chapter , t he analy ti cal solutions for an incompressible, fourth grade fluid falling on the 

outer surface of an infinitely long cylinder have been examined. The flow is in the form of thin 

fi lm. This thin fi lm is produced between a distance Rand R + 6. The governing equation is 

highly non-linear and has been solved by perturbation and homotopy perturbation method. 

It is shown from the chapter t.hat the perturbation solut ion is a special case of homotopy 

perturbation sol ution . This chap ter is due to Siddiqui et al [11 ]. The essential det ails missing 

in this paper are incorporated. T he solution is also non-dimensionalized and graphical res ults 

are obtained for some physical parameter appearing in the governing equation. 

2.2 Mathematical formulation 

Let llS consider an incompressible, steady fo urt h grade fluid lying on t he outer surface of an 

infinitely long vertical cylinder. The flow is in the form of a thin , uniform axisym met ric fi lm 

of thickness 6, in contac t with the stationary air. vVe are considering cylindri cal coordina tes , 
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thus we seek the velocity field of the form 

'V = [0 , 0, u(1')], (2, l) 

with the help of Eq, (2 ,1), Equation of continuity (1.12) is identically sat isfied, For om 

covenience , the Eqs, (1.35) to (1.37) can be written as 

(2,:2) 

8P 
8e = 0, (2,3) 

8P _ p, 8 ["( clU) ] 2 ((3 {3 8 [ ,( cl1l ):3 ] - - -- r - + - ? -+ 3) - 1 - , 
8 Z l' 81' clT l' - , 81' ciT 

(2A) 

Eq, (2 ,3) shows that P is independent of e, Elimination of P from Eqs . (2,2) and (2.4), giws 

(2,5) 

where 9 is the constant of gravi ty. 

The corresponding boundary conditions for the thin film flow are 

'1l(T) = 0, at l' = R, (2,6) 

(l'Ll 
-l = 0, at l' = R + 6, (1' (2 .7) 

the first being no slip condi t ion at l' = R and the second coming [rom T'/' z. 

Eq. (2.5), subject to boundary conditions (2,6) and (2.7), can b e solved by the following 

methods , 

1. Perturbation method 

2. Homotopy perturbation method 
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2.3 Perturbation method 

Let us consider E = (132 +,83
) be a small parameter in Eq. (2.5), then we assume that'll. can be 

J1. 

expressed in powers of E as follows 

(2 .8) 

SubstituLion Eq. (2.8) into Eqs. (2.5) to (2 .7) and equating the coefficients of like powers of E, 

we get the following systems 

2.3.1 Zeroth-order system 

2.3.2 First-order system 

ceuo duo pg 
T -- + - + -T = 0 

dT2 ciT II. ' 

uo(r) = 0 at T = R , 

ciuo _ 
- = 0 a t r = R + 6. 
elT 

ciUl _ 
- = 0 at r = R + 6 . 
cir 

'U2(,r) = 0 at r = R , 

elu'J 
- - = 0 at. l' = R + 6. 
ciT 

2"1 

(2.9) 

(2.10) 

(2 .11 ) 

(2.l2) 

(2 .l3) 

(2. 14) 

(2 .15) 

(2.16) 

(2 .17) 



2.3.4 Zeroth-order solution 

Eq. (2 .9) is non-homogeneous second order Cauchy-Euler differential equation. Its solut ion can 

be easily written as 

(2 .18) 

where A l and BI are constants . 

Differentiation of Eq. (2 .18) gives 

cluo Bl pg 
~=---T 

clT T 2~L ' 

with the help of boundary conditions (2 .10) and (2.11), we get 

Substituting the values of Al and Bl in solut ion (2.18) , we obtain 

(2.] 9) 

whi ch is essentially the Newtonian solution by [33] . 

2.3.5 First-order solution 

With the help of Eq. (2 .19) , Eq. (2 .12) can be wr itten as 

(2. 20) 

The solution of the above non-homogeneous equation can b e expressed as 

(2 .21) 

where A2 and B2 are constants . 
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The differentiation of the above gives 

using the boundary conditions (2.13) and (2 .14) into Eq. (2.21), we get 

3 '3 
B - 3p g' (R -)4 2--- +0. 

4/_i3 

Substituting the values of A2 and B2 into Eq. (2.21) , ,ve get 

2.3.6 Second-order solut ion 

(2.22) 

(2 .23) 

To avoid the repetition the solution of Eq . (2.15) satisfying the boundary conditions (2.16) and 

(2.17), yields 

Finally, with the help of Eqs. (2.19), (2.24) and (2.25), the solut.ion (2.8) can be written as 

(2.26) 
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If E = 0, the above solution reduces to the Newtonian fluid [33] . 

2.4 Homotopy perturbation method 

The homotopy perturbation method for Eq. (2.5), can be defined as by [3 1 - 32] 

H(v, q) = (1 - q)[L(v) - L('llo)] 

+ q [L(V) + 2 ( (31 + (32 ) ~ { 1' (dV) 3} + pg .,.] = 0, 
p. elT el1' ~i 

(2.27) 

or 

[ { 3} ] (31 + B? el dv pg 
H(v , q) = L(v) - L(uo) + qL(uo) +q 2 ( . -) - T (-) + -1' = 0 . 

fi elT cl7· P 
(2.28) 

For our convenience we h ave taken L = 1'~ + f}; as the linear operator. vVe can define the 

initi al guess as 

1iO(T) = - R--T-+2(R+b)- ln - . pg [')? .J ( T )] 

4/). R 
(2 .29) 

Let us define 

(2.30) 

Substituting Eq. (2.30) into Eq. (2.28) and then comparing like powers of q, one obtains tbe 

following problems with the corresponding boundary conditions 

2.4.1 Zeroth-order problem 

2.4.2 First-order problem 

L(vo) - L('lio) = 0, 

VO(T) = 0 at T = R , 

elvo 
- = 0 at T = R + b. 
elT 

( ) [ ( )3] (3') + ,B el dvo pg 
L(vr) + L('lio) + 2 - 3 - T - + -T = 0, 

J.1. dT ciT I·i 
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2.4.3 Second-order problem 

ciVl - = 0 at T = R + 8. 
dT 

civ') 
-- = 0 at T = R + 8. 
dT 

(2.35) 

(2 .3(j) 

(2 .3'1) 

(2 .38) 

(2.3D) 

For the solution of above written problems, we follow the same procedure as discussed ill 

the previous section, we can write the solution to these problems as 

2.4.4 Zeroth-order solution 

The solution of Eq. (2 .31), satisfying the boundary conditions (2.32) and (2 .33) is 

(2 .40 ) 

2.4.5 First-order solution 

Using Eq. (2 .40) into Eq. (2.34), the solution of Eq. (2.34) is 

3p3 g3 ( 132 + (33) [(R + 8)2 (R2 - 1'2 ) + 7.4 - R4 + (R + 8)6 (~ _ ~) 
4/-i3 f-i 2 12 G 7. 2 R2 

+(R + 6)4 1n (~)] . (2.41) 

2.4.6 Second-order solution 

To avoid the repet.ition the solution of Eq. (2.37) , satisfying the boundary conditions (2.38) 

and (2.39) , yields 

p5 g S ((32 + (33 ) 2 [3(R + J)lO (~ _ ~) + 15(R + ())8 (~_ ~) + ~(R6 _ T 6 ) 

8f-i5 /-i 4 R4 1'4 2 'I' :!. R2 2 

+ 15(R+8)4(R2-T2)+ 145(R+6)2(7.4-R4)+30(R+J)6In(~)]. (2.42) 
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By using the property of Homotopy perturbation method the original solu t ion can be obtained 

by using 

which is equivalent to 

Finally,w ith the help of Eqs. (2 .40) to (2.42), Eq. (2.43) can be written as 

Introducing the non-dimensional var iables 

T 

17 = R' 
R 

f = -ti, 
V 

f{ = gR
3 

') , 
v-

The above solution in non-dimensional form can be written as 

29 
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I( = 1.0, d = 1.5 
0.4 

--0.3 

- --0.2 

0.1 
/ - - ----,..- ---------

./" -----
::;- -- fJ= 0.0 

0 ---- p= 1. 0 

-0.1 f3 = 1.5 

- 0. 2 . f3 = 2.0 

1.1 1.2 1.3 1.4 1.5 

'I 

Fig.(6) : velocity - curves are drawn for di fferent 

values of fluid prameter ,B. 

2.4.7 Flow rate and average fi lm velocity 

To determine the volume flow rate Q, we llse the following formula 

27r R+/j 

Q = ./ ./ Tti(r)clnLe (2,47) 

o R 

By making use of Eq. (2.44) in the above formula , we obtain 

Q 

(2,48) 

IV here S = P: , Al = 1 + ~ . 

It should b e noted t hat if ((32 + /33) = 0, the solution is identical to the New tonian fluid . 
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The average film velocity if is defined by 

(2.49) 

where Q is given by Eq. (2.48). 

2.5 Conclusion 

In this chapter, we present the solution by two methods namely the perturbation method and 

homotopy pert1.ubation method proposed by Prof. He. [31- 32] . The t. raditional perturbation 

method assumes the parameter E = (-82~{33 ) as a small parameter where as homotopy perturba

tion method uses the embedding parameter q as a small parameter. However, the two solut ions 

were in complete agreement. Comparison of the results shows that t.he homotopy perturba

tion method can completely overcome the limitations arising in the traditional perturbation 

methods . 
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Chapter 3 

Analytic solution for a thin film flow 

of a fourth grade fluid down a 

vertical cylinder with partial slip 

3.1 Introduction 

In this chapter an analytic solution is developed for an incompressible, thin film flow of a fourth 

grade fluid down a vertical cylinder. The t.hin film is produced on the outer side of a vertical 

cylinder between radius Rand R+6. At T = R the disturbance is due to partial slip whereas at 

T = R + 6 the surface is being free. The solut ion of the governing problem has been solved by 

perturbation method , homotopy perturbation method and homotopy analysis method. Several 

known results of interest are found to follow as a special case of the solution of the problem 

examined. The graphical results are shown for various physical quantities . 

3.2 Mathelnatical formulation 

The physical situation considered here is of an incompressible fourth grade fluid lying on the 

outer surface of an infinitely long vertical cylinder. The flow is in the form of thin film having 

thickness 6 on the outer side of vertical cylinder having radius R from the origin. 

The fluid motion in the film arises due to gravity and partial slip at 7' = R. The velocity 
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field in the thin film is governed by [11]. 

liVith partial slip condition Eq. (2.5 - 2.7) become 

(3 .1) 

where 9 is the constant of gravity. 

The corresponding boundary condit ions are 

U(T) = A [dU + 2 ((32 + (33 ) (cl'U)3] at T = R, 
elT ~L cl7' 

(3.2) 

where A is the slip length. 
elu 

- 0 at T = R + (), -el - , 
T 

(3.3) 

the first being parti al slip condition at T = R and the second one again coming from T ·,.z. 

Eq. (3.1), subj ect to boundary conditions (3.2) and (3.3), can be solved by the following 

methods . 

1. Perturbation method. 

2. Homotopy pertmbation method. 

3. Homotopy analysis method. 

3.3 Perturbation method 

Let us consider E = {,8 2 +i33 ) be a small parameter in Eq. (3.1), then we assume that 'U can be 
f.l 

expressed in powers of E as follows 

(3.4) 

Substitu tion of Eq. (3.4) into Eqs. (3.1) to (3.3) and equating the coefficients of like powers of 

E, we get the following problems. 

3.3.1 Zeroth-order problem 

(35) 
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[dUO] UO(T)=A dT a tT = R , 

3.3.2 First-order problem 

duo - = 0 at T = R + O. 
d',. 

cLUl 
- = 0 at T = R + o. 
ciT 

"2 (r) ~ A [d~~' + 6 ( d~~o )' (d;! ) 1 at, ~ R 

3.3.4 Zeroth-order solution 

dlL? _ 
-- = 0 at T = R + O. 
dT 

(3.cl) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3 .13) 

Eq. (3.5) is non-homogeneous second order Cauchy-Euler differenti a l equation. The solu tion of 

Eq. (3.5) is 

(3.14) 

where A3 and B3 are constants. 

vVith the help of boundary conditions (3.6) and (3.7), the solution (3 .1 4) can be written as 

pg [ ') 'J 2A(R + 0)2 . ? 7' ] 1/,0(7') = - R- - T- + - 2AR + 2(R + S)- In -:- . 
4fL R R 

(3.15) 

The solution of no-slip can be easi ly recovered by taking /\ = O. 

34 



3.3.5 F irst -order solution 

Using Eq. (3. 15), Eq. (3 .8) can be written as 

(3.1G) 

The solution of t he above non-homogeneous equation sat isfying the boundary conditions (3.9) 

and (3. 10) is 

3p3g3 [ (R + 6)2(R2 - 1'2) + 1'4 - R4 + (R + 6)6 (~ _ ~) 
4~t3 2 12 G 1"2 R2 

+(R+6)4 In ( ~)]. (3.17) 

3 .3.6 Se cond-order solution 

W it h the help of Eqs. (3. 15) and (3. 17), the solu t ion of Eq. (3 .11) sat isfying t he boundary 

conditions (3 .12) and (3.13) can be wri tten as 

(3 .1S) 

Using Eqs. (3.15) ,(3.17) and (3.18) into Eq. (3.4) , we obtain 

1£(1') 

If A = 0, the solution for no-slip can b e recovered and for /\ = E = 0, we obtain the Newtonian 

solu tion [33]. 
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3.4 I-Iomotopy perturbation method 

The homotopy perturbation method for Eg . (3.1), defines 

[ ( ) { ( )3} 1 . ;3 +;3') ci dv pg 
H(v , q) = (1 - q) [L(v) - L(1£O)] + q L(v) + 2 1 - - T - + --':'-1' = 0, (3 .20) 

~ ~. ciT ~ 

or 

[ ( ) { ( )3} 1 (31 +;3') d dv pg 
H(v, q) = L(v) - L(uo) + qL('u,o) + q 2 - - T - + -'/' = O. 

/-L ciT ciT ,.L 
(3 .21) 

For our convenience we have t aken L = T ~ + ~~ . as the lineal' operator and 

(3.22) 

as the initi a l guess. 

Let us define 

(3. 23) 

Substitut ing Eq. (3.23) into Eg. (3.21) and then collecting the like [Jowers of q, we get the 

following problems 

3.4.1 Zeroth-order problem 

L(I/o) - L(1LO) = 0 , 

VO(T) = A - at l' = R, . [elVo] 
ciT 

3.4.2 First-order problem 

elvo - = 0 at T' = R + O. 
elT 

L(1/1) + L('[£o) + 2 - - T - + ~7' = 0, (
(3.)+;33 ) d [(clI/0) 3] pq 

/-L ciT ciT /-L 
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3.4.3 Second-order problem 

dVI - = 0 at T = R + O. 
ciT 

L 1/.) + - 6r - - -( ) (
(32 + ;33) d [ , (dl/o)2 ci// 1]_ 0 

- ~/, ciT ciT ciT ' 

3.4.4 Zeroth-order solution 

dV2 
- = 0 at T = R + o. 
ciT 

The solution of Eq. (3.24) satisfying t he boundary condi tions (3.25) and (3 .26) is 

3.4.5 First-order solution 

(3.29) 

(3 .30) 

(3 .31) 

(3.32) 

(3 .33) 

The solution of Eq. (3.27) satisfying the boundary conditions (3.28) anel (3.29) can be writt(m 

as 

VI (R) = A4 + B4 In R + P g3 2, 3 + 3 3 3 ((3 +8 ) [(R+O)6 _ T2(R+8)2 _11"1] 
. 4~i Ii 61'2 2 12' 

(3.3-1) 

where A4 and B4 are constants and are given as 

[
_ (R + 0)6 R2(R + 0)2 _ ~R4 _ ,\(R + £5)4 _ (R + 8)4 1n R] 

6R2 + 2 12 R ' 

(3.35) 

(3 .36) 
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3.4.6 Second-order solution 

To avoid the repetition the solution of Eq. (3.30) satisfying the boundary conditions Eq. (3.31) 

and Eq . (3 .32) , yields 

where A5 and B5 are consta.nts and are given as 

A5 = 

Finally, we write the solution as 

U(T) = lim(vo + qV1 + q2v2 + ... ), 
'1->1 

which is equivalent to 

Where vo, V1 and V2 are defined in Eqs . (3.33), (3 .34) and (3 .37) respect.ively. 

3.5 Mathen'latical analysis for I-IAM solution 

Introducing the non-dimensional variables 

j
. R 

= -'l.i, 
// 
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(3.37) 

(3.38) 

(3.39) 

(3.40) 

(3.41) 

(3.42) 



With the help of Eq. (3 .42), Eqs . (3. 1) to (3 .3) take the following form 

cl
2 
f elf [( elf )"2 (d2 

f) ( elf ) 3] 
17 clry2 + cl17 + 2(3 317 dry d17"2 + d17 + J( 1) = 0, 

f (17) = N [elf + 2(3 (elf) 3] 
dry dry 

elf 
at 17 = 1, and - = 0 at 17 = d, 

ciT) 

in which d = (1 + *). 
Integrating Eq. (3.43) with respect to 17 and using Eq. (3.44), we obtain 

. NJ( elf 
j(l) = -(cp - 1), and - = 0 at l ' = d. 

. 2 d17 

From Eq. (3 .44), it is straight forward to choose the ini tial guess 

. ( J( [ 2 ( 'J 'J] jo ry) = - 1 - 1] + 2N d- - 1) + 2cl- ln 17 , 
4 

and the auxiliary linear operator 

£U ) = ryf" + f' , 

The so-called zeroth-oTcleT defonnation Jlroblem. can be defined as 

(1 - q*) £[i(?], q*) - f'o(17)] = q* I1N[i(ry , q*) ], 

where 

(3.LJ3) 

(3A4) 

( 3.45) 

(3.46) 

(3 .4 7) 

(3.48) 

( 3.49) 

where Ie17 , q*) is the solution which depends only upon the initi al guess fO('17) , t he auxiliary 

linear operator £ , the auxiliary parameter /1, and the embedding parameter q* E [O , I J. T he 

embedding parameter h as the property that at q* = 0 

(3.50) 
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and at q* = 1 

j (77,1) = f(17), (3 .51) 

Thus the embedding parameter has the property that as q* varies hom 0 to 1, ](7/, q*) varies 

continuously from initial guess to the final solution . Thus 

00 

f(77 ) = fO(7]) + L fm(77), . (3.52) 
m = l 

The mth-oTdeT defoT7nat-ion pTOblem. can be written 

(3 .53) 

with boundary conditions 

(3 .54) 

where 

Ii [7]f:~-l(7]) + j~l-l(''7) + 1(77(1 - Xm)-

+2fi ];:0 /;" -1->('1) ,to J~_,(") ur (ry) + 3"1 Ii' ('I)} 1 ' (3 .55) 

vVe now use the symbolic calcula tion software MATHEMATICA and solve t he set of lin

ear differential Eq. (3.53) wit.h the corresponding boundary conditions. It is found from the 

MATHEMATICA iterations that fm can be written as 

2m -I- 2 

fmC l7) = L Ctm,n77
n + Am In 77, m ~ 0 (3.56) 

11. = -27TI 

To calculate R m(7] ), we find the following 

2m -I- 2 

I:n.(rl) = L hm ,'f) '17 ''', (3. 57) 
11. = -2,-n 

where 

bm"n = (n + l)a,n,n+l , (3.58) 
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in which 

From here we can write 

Put 

or 

this shows that 

2m + 2 

f:~ (1}) = ~ Cm;n 11'\ 

11 = -2m 

Cm .n = (n + 1)bm •n +1 . 

2k - 21 + 2 

fLl(17) = ~ b"-I.n7t, 
71 = -2" + 21 

2m - 2" 

11 = -2m + 2/;: + 2 

21 + 2 

f{(T]) = ~ bl ;n 1t, 
n = - 21 

21 + 2 

f{'(17) = ~ CI.n,,-t, 
Tl = -21 

21 + 2 2k - 21 + 2 

fLlf! = ~ 1];+j 
j = -21 

~ bl. jbk-I.i. 

'i = -2" + 21 

i + j = x , 

-2k :::; X :::; 2k + 4, 

'i = X - j, 

-2k + 2l :::; X - j :::; 2k - 2l + 2, 

X - 2k + 2l - 2 :::; j :::; x + 2k - 2l, 

j = max{x - 2k + 2l - 2, -2l} to min{x + 2k - 2l, 2l + 2}, 
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(3.59) 

(3.6(1 ) 

(3 .6]) 

(3 .62) 

(3.63) 

(3.64) 

(3.65) 



therefore, 

now we find that 

i" I' k-l l = 

21, + 4 

2k + 4 mill{x+2k-21,21+2} 

L L 
x = -2k j = max{x-2k+21-2 ,-21} 

2m - 2k m in{x+2k-21,21+2} 

I~t-l-d::,,-d[ = L T}x+s L 
x = -2k s = -2m + 2k + 2 j = max{x-21,+21-2,-2l) 

put 

x -I- s = n, 

-2m -I- 2 :S TI. :S 2m. -I- 4 , 

s = n - x, 

so, 

- 2m, -I- 2k + 2 :S n - x :S 2m - 2k, 

or 

n - 2m + 2k :S x :S n -I- 271'/, - 2k - 2, 

which defines 

x=mC1x{-2k,n-2m-l-2k} to min{2k+4,n-l-2m-2k-2}, 

therefore, 

I , i" i " m - l-k k-l I 

2m + 4 

L '17
n 

n = -2nt + 2 

min {2k+4,n+2m-2k-2} 

X L 
min{x+2A:-2 / ,21+2} 

L 
x = max{ -2k,n-2m+2k} j = max{x-21,+21-2,-21} 
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(3.67) 
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\Ve can wri te the following expression in sirnplifiecl form as 

m - 1 I, 

I: f~'-l-k I: f~-d: = (3.6a) 
k = 0 I = 0 11 = -2m + 2 

where 

m - 1 k min{2k+4,n+2m-2k-2} min{2l+2,x+2k-2l} 

Om,n = I: I: I: I: b1, jbk - 1,x-jb,n- l -h',II- x, (3.70) 
k = 0 1 = 0 x = max{ -21e,n-2m+2k:} j = max{ -2l,x-2k+21-2} 

m - 1 Ie 2m + 4 

'\' j " '\' I' I" - '\' 6"",,17'11, L m- l - k L 1,-1 I - L .. 
Ie = 0 I = 0 n = -2m + 2 

where 

m - 1 Ie min{21e+4,11 + 2m-2k-2} min{21+2,x+2k-21} 

6 m ,n= I: I: I: I: 
k = 0 I = 0 x = m ax{ - 21e ,n-2m+21.} j = max { -21,x-2k+21-2} 

using all these values in Eq. (3.55), we get 

or 

where 

2m + 2 

I: n. [Xn+2m+lX4m+l-nCm-l,n-l + Xn+2mX4m+2-n bm -l,11 

n = -2'/ 11. 

2m + 2 

R m(1)) = I: f m ,n1]n + fi.f(1) (1 - Xm), 

n = -2711. 

using Eq. (3 .74), Eq. (3.53) becomes 

2m + 2 

L:[fm(ry) - Xm fm-l(17)] = I: fm,nryn + !lJ(17(1- Xm), 

11 = -2m 
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(3.72) 

(3.73) 

(3.7'1 ) 

(3.75) 

(3 .76) 



suppose that 

with the help of Eq. (3.77), Eq. (3.76) can be written as 

2m + 2 

.e[y] = L f m,n1t + li[(17(1 - XnJ, 
n == -2m 

or 
2m. + 2 

'/7 Y " + y' = L f m ,n 17n + !iJ(T](1 - Xm), 
n == -2'm 

or 
d 2m + 2 

(11 by') = L f m ,n 17
Tl + li.J(r/(1- Xn,), 

7 n = -2m 

integration of above equation gives 

2m + 2 f 1'+ I,}· ') 
'/7 ' l. ('Ir 

Y = L (:': 1)2 + -4-(1 - Xm) + C1 ln 17 + C2, 
71. = -2m 

using C 1 and C2are constants.using Eq. (3.77), Eq. (3.81) takes the foll owing form 

2m + 2 f 71.+ 1 I- }( 2 . ) '\' m,nT] 1 77 . 
fm(17 - Amfm-l(77) = L (n + 1)2 + -4-(1 - Xm) + C1 In 7] + C2, 

n = -2111 

with the help of boundary conditions (3.54), we get 

2m + 2 r In+1 
C1 = - L m,"C 

( 71. + 1) 
n = -2'm 
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2 

( ) - -2- 1- Am , 

(3.77) 

(3 .78) 

(3 .79) 

(3.80) 

(3 .81) 

(3 .82 ) 

(3 .83) 

(3.84 ) 



with the help of C 1 and C2 , the mth-order so l-ut'ia TI. (3.82) can be wr it ten as 

fm(T)) 
2m + 2 

L XmXn+2mX4m+2-n am -l,nJ7
11 + XmAm-lln T) 

11 = -2m 

From Eq. (3.5G) and (3.85), we can write 

2m. + 2 

L (C~m ,11 - XmXn+2mX4m-/-2-,.c~m-l,11) T)11 

71 = -2m 

+ (Am - XmAm-d In 77 
2m + 2 r n-/-1 J - 'I 

L m,))17 Ii. \"'r ( r +--(1-Xm)+C1 1n17 +C2, 
n + 1 - 4 

71 = -2m 

equating the like powers of T) , we get for m, ;? 1, -2m, ~ n ~ 2m + 2, 

_ ( 2nt 2 

11 = -2nt 

where m ;? 1, -2m ~ n ~ 2nl- + 2. 

.) +.) 
_In - r l71+1 I-I'/" 12 

'\""' 111.,nG 1, '\' (, ( ) 
Am = Xm Am- 1 - L-t (1'1. + 1) - -2- 1 - Xm , 

71 = -2m 

r mn- 1 
am,n = XmXn+2mX4m+2- n Cl.m-1,n + '2 : -2m. ~ 11. < 0 a nd 2 < n ~ 2nL + 2, 

n 

(3.85) 

(3.8(-i) 

(3 .87) 

(3.8S) 

(3.89) 

(3.90) 

(3 .91) 

using the above recurrence fornmlae, one can easily calc ulate all coefficients O"m, , 'f1, and A/H 

by using 
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NJ( ') J( 
[£0 ,0 = -2-(d- - 1) + 4' [to,1 = 0, 

I ( 
((0'2 = --, , 4 

A _ J( cl2 

0- 2 ' (3.92) 

given by the initial guess approximation in Eg . (3.£1G) . The correspond ing Zt.h-orcler approxi

mation of Eq. (3.43) can be written as 

Finally, with the help of Eg. (3 .93) , the complete analytic solution is given as 

3 .5.1 Graph ical results 

-0.6 

- 0.8 

- 1 
~ - 1.2 
:;.... - 'f.4 

- 1.6 

- '1.8 

K = '1.0 . M = 0 1 . d = 2.0 
r.=====~~---------I 

- p = 0./0 
.. --.-. P = 0.25 

-- -- fl = 0.50 
--- (J = 1.00 

-Q5 - Q4 -Q3 -Q 2 -Q1 0 

F ig. (1): Ii. - CUTve for the 251.h order of approx . and 

for different values of flu id p[£TmnetcT (3. 
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0.7 
0.6 

0.5 

II = -0.25. (3 = 0.1 . I( = 1.0 . d = 2.0 

--- - - -.,- - -- .... ------~-
/,-- ... ".~ 

3°·4 
.;:: 0.3 

/~~~ N = O. OI 
// ..... --. N =0.03 

--

0. 2 

0. 1 

° 
~ ~;/ - - - N = 0.06 
/' - - N = 0.09 

1.2 1.6 1. 8 2 
II 

Fig. (2) : If elocity - C1tTVeS for different values of 

0.6 

0.5 

0.4 

slip pTCL1neteT N . 

f: = -0. 25. N = 0.0 '/ . 1< = 1.0 . d = 2.0 

.2 0.3 f3 = 0.0 1 
f3 = 0.03 
/J = 0.06 
P = 0.09 

0.2 

0.1 /7 
° / 

1.2 1.6 1.8 2 
1/ 

Fig. (3) : Velocity - curves for d ifferent values of 

fluid pCL7'CLmeteT fJ. 

3.5. 2 R esults and discussion: 

The auxiliary param eter It, which in fact gives us t he convergence region and ra te of approxi-

mation for t he H A M is presen t in Eq. (3 .53), which is the final expl icit analytic expression . 

Let us plot the fi - C1LTVeS for 26 t h order of approximation and for three d ifferent values of fJ . 

Keenly observing Fig. (1 ) , one finds that as you go on decreasing the value of the constant ,8 

whi ch is indeed enclosing all of the third grade par Ctllleters , the convergence region keeps on 

expanding more and more. So , as we go on making ,6 smaller and sm aller we get more and 
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more expansion in the range of n. 

In F ig. (2), the variation of slip parameter N is considered when the film thickness is 

assumed to be 2. It is seen from the figure that as we increase N , the velocity increases 

throughout the given domain. 

F ig. (3) shows the variation of velocity for various values of third grade fl uid parameter B 

for t he partial slip case. It is fo und from the figure that as we increase the parameter {3, the 

veloci ty f increases in the given fi lm . 

3.6 Conclusion 

Analytical solutions are presented for the thin flim fl ow of four th grade fluid s . The govern

ing non-linear differential equations with t he corresponding non-linear boundary conditions 

are solved by P erturbation method, Homotopy p ert urbation method and Homotopy analysis 

method. It is seen from these methods that Homotopy analysis method is the best method and 

the convergence region shows t he validity of the solution given. 
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