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Preface 

In recent years, the flows of non-Newtonian fluids have emerged as a research subject of 

great interest to many researchers. The traditional Newtonian fluids cannot precisely 

describe the characteristics of most of the fluids in industry and technology. The non

Newtonian fluids have a non-linear relationship between the stress and the rate of strain 

at a point. Such fluids have been modeled in a number of diverse manners with their 

constitutive equations varying greatly in complexity. Amongst the various types of non

Newtonian fluids, the rate and differential type fluids are most commonly attended. 

Therefore the consideration of Oldroyd-B, Burgers, generalized Burgers, third grade and 

fOLllth grade fluids is a motivation in the present thesis. An intensive research effort, both 

theoretical and experimental has been devoted in the last few decades to problems of non

Newtonian fluids. Particularly this is due to their applications in polymer processing, bio 

fluid dynamics, petroleum drilling and many other similar activities. Geophysical 

applications concerning ice and magna flows are also based on the constitutive equations 

of non-Newtonian fluids. Furthermore the analytic solutions of flows in non-Newtonian 

fluid mechanics are rare. This is because of the nonlinearities appearing in the boundary 

and initial value problems. Analytic solutions of such fluids are important not only in 

their own right as solutions of particular flows but also serve as accuracy checks for the 

numerical solutions. In view of the paucity of analytic solutions in non-Newtonian fluids, 

the closed form and series solutions have been constructed here. 

Recent developments in engineering witness that there is an increasing research 

activity concerning the flow of non-Newtonian fluids through a porOllS space. Such flows 

are of special interest in the chemical industry separation processes, in transpiration 

cooling, in textile coating, and in pollutant dispersion along aquifers. Relevant production 

issues include not only petroleum drilling but also numerous activities such as the 

manufacturing of foods and paper. The boundary layer concept for such fluids is of 

specific interest due to its applications to many practical problems, among which we cite 

the possibility of reducing frictional drag on the hulls of ships and submarines. Much 

existing attempts of flows of non-Newtonian fluids in a porous space takes into account 

the classical Darcy's law which is not realistic. Therefore an important omission in the 



literature concerning the modified Darcy's law for non-Newtonian flows In a porous 

space is addressed in this thesis . 

Rotating shear flows have ample applications in meteorology, geophysics, 

turbomachinery and so on. The relative directions between the vorticity associated with 

the system rotation and flow vorticity strongly influence the time evolution of the shear 

flo w. Furthermore, the magnetohydrodynamic (MHD) rotating fluids are encountered 

frequent ly in geophysics and astrophysics. The involvement of such fluids in the sunspot 

development, the solar cycle and the structure of rotating magnetic stars is of great 

interest. The hydromagnetic flow of non-Newtonian fluid in a porous space has become 

the basis of many scientific and engineering applications. Particularly, the Hall effect is 

important when the Hall parameter, which is the ratio between the electron-cyclotron 

frequency and the e lectron-atom-collision frequency is high. This appears when the 

magnetic field is strong. In most previoLls attempts, the Hall term is ignored in applying 

Ohm's law as it has no marked effect for small magnetic field. However, the current trend 

is to analyze the effects of strong magnetic field, so that the influence of the 

electromagnetic force is noticeable. Keeping these facts in mind the MHO rotating flows 

with Hall effect are investigated in all the chapters of this thesis. 

In view of the aforesaid observations, taking care of analytic solutions the flow 

problems are presented in this thesis to develop mathematical models that are competent 

to account the Hal[ effect, modified Darcy's law, MHD and non-Newtonian rotating 

fluids . The organization of this thesis is as follows. 

Chapter one provides the literature survey relevant to hydrodynamic and MHD non

Newtonian fluids in rotating and non-rotating frames. Fundamental flow equations are 

also presented. Resulting equations for rotating generalized and fourth grade fluids in a 

non-porous space are also included. 

The rotating flow of an Oldroyd-B fluid in a porous space is addressed in chapter two. 

Modified Darcy's law has been utilized in the mathematical modeling. In addition the 

effect of Hall current is taken into account. Two illustrative examples of oscillatory flows 

are considered. These flows are subjected to the general periodic oscillation and the 

elliptic harmonic oscillations of the plate. In the former case, the flows induced by some 

special oscillations are derived whereas in the three cases when oscillating frequency is 
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smaller than, greater than or equal to the twice of the angular velocity are discussed in the 

later case. The closed form solutions of the governing equations are provided. The 

velocity is found to increase when Hall parameter increases. The variation of medium 

permeabi lity parameter is similar to that of the Hall parameter. These results have been 

published in Nonlinear Dynamics 47 (2007) 353-362. 

The aim of chapter three is to study the flow analysis of chapter two in a Burgers' fluid . 

Burgers ' fluid model is important in characterizing various viscoelastic materials : food 

products such as cheese, soil and asphalt. This model is also popular in the modeling of 

high-temperature viscoelasticity of fine-grained polycrystalline olivine in calculating the 

transient creep properties of the earth's mantle and specifically related to the postglacial 

uplift. Modified Darcy 's law in a Burgers' fluid has been first proposed and then used in 

the mathematical formulation. Through computations it is revealed that velocity in 

Burgers' fluid is greater than that of an Oldroyd-B fluid. The contents of this chapter are 

published in J. Porous Media 11 (2008) 277-287. 

Chapter four extends the mathematical formulation and solutions of chapter three to a 

generalized Burgers' fluid. The corresponding modified Darcy's law has been proposed. 

It is noted that the velocity components have opposite behavior in generalized Burgers ' 

fluid. The research material presented in this chapter is published in Applied 

Mathematical Modeling 32 (2008)749-760. 

The rotating flow of an electrically conducting third grad fluid in a porous space is 

described in chapter five. The flow analysis is given in the presence of a Hall current. 

Modified Darcy 's law valid for a third grade fluid is developed . The fluid motion is 

caused by a suddenly moved plate. Series solution of the arising nonlinear problem is 

constructed by a homotopic method namely a homotopy analysis method (HAM). 

Convergence of the obtained solution is properly analyzed. It is observed that the 

behaviors of velocity components are opposite when the material parameter of third grade 

parameter increases . This work has been published in Nonlinear Dynamics 49 (2007) 

83-91. 

Chapter six extends the flow analysis of chapter five for a fourth grade fluid . Note that 

the fourth grade fluid is able to predict the shear thinning and shear thickening effects. 

However this fluid mode l is unable to explain the relaxation and retardation phenomena. 
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Expression of corresponding modified Darcy's law is proposed. Recurrence formulas in 

the series solution are explicitly obtained. The influence of pertinent parameters on the 

velocity components is sketched and discussed. The contents of this chapter are accepted 

for publication in J. Porous Media. 

IV 
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Chapter 1 

Preliminaries 

1.1 Introduction 

Any fluid that does not behave in accordance with the Newtonian constitutive relation is called 

non-Newtonian. For such fluid the shear rate is not directly and linearly proportional to the 

shear stress. A Newtonian fluid can be described by using a single constitutive relation. The 

well known Navier-Stokes equation can predict the behavior of Newtonian fluids. Examples of 

the Newtonian fluids include water, air, gasoline, benzene etc. Unlike the Newtonian fluids, the 

non-Newtonian fluid cannot be described by a single constitutive relationship. This is because 

of their complexity and variety. In recent years, non-Newtonian fluids have been appearing 

in an increasing number of applications. These applications include molten plastics , polymer 

solutions, dyes, varnishes, multigrade oils, paints and printing ink. Many industrial fluids are 

also non-Newtonian in their flow characteristics. Most particulate slurries (China clay and coal 

in water, sewage sludge, etc.), multiphase mixtures (gas-liquid dispersions, such as froths and 

foams, butter) are non-Newtonian fluids. Besides this pharmaceutical formulations, cosmetics 

and toiletries, synthetic lubricants, biological fluids (blood at low shear rate, synovial fluid, 

salvia) and food stuffs (jams, j ellies, soups, marmalades) exhibit non-Newtonian characteristics. 

Non-N ewtonian fluids have been the subject of many recent books by Astarita and MatTucci [1], 

Schowalter [2] and Slattery [3] and in the review papers by Irvine Jr. and Karni [4], Andersson 

and Irgens [5] and Rajagopal [6]. 

It is well established fact that constitutive equations of non-Newtonian fluids offer inter-
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esting challenges to t he workers in the field through various quarters . T he Navier-Stokes 

equations are inadequate for the flow dynamics of such fluids . The resulting equations of 

non-Newtonian fluids are much complicated than t he Navier-Stokes equations. The arising 

equations of non-Newtonian fluids are also of higher order in comparison to the Navier-Stokes 

equations . Therefore, the adherence boundary/initial conditions are not sufficient to determine 

t he solution completely. This issue has been discussed in detail by Rajagopal [7,8], Rajagopal 

and Gupta [9], Rajagopal and Kaloni [10], Rajagopal and Na [11], Rajagopal et al. [12], Dunn 

and Rajagopal [13] and Fosdick and Rajagopal [14] . 

Due to variety of non-Newtonian fluids , several constitutive relationships are available in the 

literature. Amongst these there are differential and rate type fluids which have been accorded 

much attention by the scientific community. The simplest subclass of a differential type fluids 

is known as second grade. Many researchers are engaged in developing analytical/numerical 

solutions for second grade fluids. Rajagopal [15] has established closed form solutions for some 

unidirectional flows. In another paper, Rajagopal [16] discussed the creeping flow of a second 

grade fluid. Hayat et al. [17,18] and Siddiqui et al. [19] have analyzed the periodic flows of 

a second grade fluids. Ra jagopal and Gupta [20] examined the exact flow and stability of 

solution between rotating parallel plates . Bandelli and Rajagopal [21] studied a number of 

unidirectional transient flows of a second grade fluid in a domain with one finite dimension 

using integral transform method. Related studies are also given in Bandelli and Rajagopal [22] 

and Bandelli [23]. Hayat et al. [24] also discussed the transient flows of a second grade fluid. 

Erdogan [25] considered the unsteady flows of a second grade fluid. These flows are induced by 

a constant accelerating plane and flow imposed by flat plate that applies a constant tangential 

stress to the fluid. Erdogan and Imrak [26] studied the effect of side walls on the flow of a second 

grade fluid in a duct of uniform cross-section. An exact solution of the governing equation of 

a fluid of second grade fluid for three dimensional vortex flow is also studied by Erdogan and 

Imrak [27]. Fetecau and Fetecau [28] obtained the exact solutions corresponding to Couette 

flows of second grade fluids in heated cylindrical geometries. The flow of a suddenly moved 

plate in a second grade fluid is given by Fetecau and Zierep [29]. Fetecau and Fetecau [30] 

obtained starting solutions for some unsteady unidirectional flows of a second grade fluid. Very 

recently Fetecau and Fetecau [31] constructed starting solutions corresponding to the motion 
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of a second grade fluid due to the longitudinal and torsional oscillations of a circular cylinder. 

In another study, Fetecau et al. [32J analyzed the decay of a potential vortex and propagation 

of a heat wave in an incompressible second grade fluid. By assuming a certain form of the 

stream function, solutions for such fluids for the steady planar case were investigated by Kalolli 

and Huschilt [33], Siddiqui and Kaloni [34], Siddiqui [35], Benharbit and Siddiqui [36J and 

Siddiqui et a l. [37]. Viscometric flows of second grade fluid have been analyzed by Markovitz 

and Coleman [38J and solution to unsteady flows have been developed by Ting [39J . 

The boundary layer flows of non-Newtonian fluids through various aspects have b een studied 

by many workers . Mention may be made in this direction to the works of Garg [40], Garg 

and Rajagopal [41], Gorla and Voss [42], Hsu et al. [43], Massoudi and Ramezan [44, 45], 

Massoudi [46,47]' Pakdemirli [48], Rajagopal et al. [49,50]' Rajagopal and Na [51], Rajeswari 

and Rathna [52], Riley and Weidman [53], Kumari et al. [54], Andersson et al. [55,56], Andersson 

and Dandapat [57], Chamkha [58], Kim et al. [59], Kumari and Nath [60], Liao [61], Xu et al. [62], 

Lok et al. [63 , 64]' Hayat and Sajid [65]. Vajravelu and Rollins [66], Rollins and Vajravelu [67] 

and Cheng et al. [68J. 

Literature survey indicates that much attention has not been focused to the flows of third 

and fourth grade fluids. Few attempts are available in this direction. Rajagopal and Na [11] 

discussed the Stokes problem for a third grade fluid. Fosdick and Straughan [69] studied the 

catastrophic instabilities in a third grade fluid. Rajagopal and Mollica [70J investigated the axial 

shearing flow of a third grade fluid b etween two eccentrically placed cylinders. Akyildiz [71] 

examined the thin film flow in a fluid of third grade. Asghar et al. [72J studied the flow of third 

grade fluid over a porous moved plate. Erdogan [73J obtained the solution for the Stokes first 

problem in a third grade fluid . Hayat et al. [74] obtained the travelling wave solution for the 

flow of a third grade fluid on a porous plate. Hayat et al. [75] also analyzed the fluctu ating flow 

of a third order fluid past an infinite plate with variable suction. Kaloni and Siddiqui [76] made 

an interesting study for flow of a fourth grade fluid between eccentric disks. Hayat et al. [77] 

presented the numerical solution for MHD flow of a fourth grade fluid between two porous 

plates. Hayat and Kara [78J examined the Couette flow of a third grade fluid with variable 

magnetic field. 

The rate type fluids are another subclass of non-Newtonian fluids . The simplest subclass 
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of such fluids is called Maxwell fluid n"lodel. In an 1867 paper, Maxwell appears to have been 

the first to observe that some fluids, such as air, exhibit both viscous and elastic behaviors. 

Especially this fluid model has been applied to viscoelastic problems where the dimensionless 

relaxation time is small. However, in some situations as would be the case of more concentrated 

polymeric fluids it can be useful to large dimensionless times. Fetecau and Fetecau [79] devel

oped exact solution to unsteady helical flows of a Maxwell fluid. Fetecau and Zierep [80] studied 

the Rayleigh Stokes problem for an edge in a Maxwell fluid. Fetecau and Fetecau [81] deter

mined the expressions of velocity and tangential tension corresponding to a potential vortex in 

a Maxwell fluid. In [82,83] Fetecau and Fetecau extended the analY,sis of refs. [80] and [81] to 

an Oldroyd-B fluid . Morer ecently Ravindran et al. [84] discussed a problem dealing with the 

steady flows of a Burgers' fluid in an orthogonal rheometer. In continuation, Hayat et al. [85] 

presented three periodic flows of a Burgers' fluid. 

During the past few decades the study of electrically conducting fluids in a rotating frame of 

reference has increased substantially. This is due to their promising applications in geophysical 

and cosmical fluid dynamics. It is known through order analysis that the Coriolis force is 

more significant in cornparison to the inertia and viscous forces appearing in the fundamental 

equation of motion. The Coriolis and rnagnetohydrodynamic (MHD) forces are of comparable 

magnitude. Particularly, the effects of rotation in MHD flows are of great value in the study 

of wind generated ocean currents on rotating earth. The rotating flows are also important 

in the solar physics involved in the sunspot development, the solar cycle and the structure of 

rotating magnetic stars. In this direction Lehnert [86,87] discussed the magnetohydrodynamic 

(MHD) waves analysis in an incompressible viscous rotating fluid by taking into account small 

amplitude assumption. Here the role of Coriolis force on the properties of MHD waves in the 

sun is analyzed. The solution of many rotating flow problems hinges on the understanding of 

the behavior of the boundary layers. Some authors including Thornley [88], Loper [89], Loper 

and Benton [90], Debnath [91-93], Gupta [94], Soundalgekar and Pop [95], Ganapathy [96], 

Acheson [97], Murthy and Ram [98], Deka et al. [99], Mazumder [100] and Singh [1 01] have 

performed interesting flow analyses in a rotating system. However much progress is not made 

on rotating flows of non-Newtonian fluids. With this fact in view Hayat and Hutter [102] and 

Hayat at al. [103] examined the rotating flow of a second grade fluid. Hayat and Kara [104] 

7 



presented variational analysis of a third grade fluid in a rotating system. Oscillating flow of a 

third grade fluid on a porous plate in a rotating frame has been analyzed by Hayat et al. [105J. 

Puri [106J investigated the rotating flow of an elastica-viscous fluid on an oscillating plate. Puri 

and Kulshrestha [107J discussed flows due to moved plate in a rotating frame. 

1.2 Porous medium 

A material which is composed of a solid matrix with interconnected voids (pores) is called a 

porous medium. These pores allow the flow of fluids through the material. The distribution 

of pores is inegular in nature. Beach sand, rye bread, human lungs , limestone, wood, etc. are 

exam.ples of natural porous media. 

1.2.1 Porosity 

By porosity if; of a porous medium we mean the fraction of the connected void area to the total 

area of the material. It means that 1 - ¢ is the fraction that solid area occupies the material. 

1.2.2 Volumetric flux: density 

The average of the fluid velocity, say, V = (1£, V, w) over a volume element Vm of the medium 

(both solid and fluid material) is called volumetric flux density or seepage velocity. Whereas 

an average of the fluid velocity, say, V over a volume VD is called the intrinsic average velocity 

which is related to V by the Dupuit-Forchheimer relationship V D = ¢V. 

1.2.3 Permeability 

By Darcy experiment, for unidirectional flow there exists a relationship between flow rate and 

the applied pressure difference. Mathematically it is written as 

K8p 
U=---. 

fL 8x 
(1.1) 

In above expression J.L is the dynamic viscosity of the fluid , 8pl8x is the pressure gradient and 1t 

is the velocity parallel to the x- axis. Here J( is called the permeability of the porous medium. 

Note that the permeability coefficient depends on the geometry of the medium and independent 
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upon th e fluid nature. Expression (1.1) in the case of three dimensions can be expressed as 

follows 
1 

VD = --K ·\7P, 
J.L. 

(1.2) 

where in this case K is a second-order tensor. If the medium is an isotropic one then the 

permeability is a scalar. Thus the last equation can be written as 

(1.3) 

1.3 Equation of motion in a rotating system 

In order to derive the equation of motion in a rotating frame of reference we consider two 

coordinate systems. The notations in a rotating system have been designated by primes. 

i 

" 
p 

">:1------;>0 ,;' 

~----------~' % 

Figure 1.1. Representation of a fluid particle P in an inertial and rotating frames. 

We choose rand r' the position vectors in the inertial and rotating systems respectively. If 

R( t ) is the position vector of the inertial system as well as the origin of the rotating system 

then one may write 

r =R+r' , ( 1.4) 
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dr' dXi! dei! - = --e', + X .·'-
dt dt t L dt ' 

(1.5) 

where ei' is a unit vector. Denoting n as the angular velocity of the primed system, one has 

dei! 
- =nxei', 
dt 

From Eqs. (1.4) - (1.6) , we can write 

dr dR dXi! n , 
- = - + e"-- + >:'G X r . 
dt dt L dt 

On differentiating Eq.(1.7) one obtains 

d2r _ d2R ., d2xi' dei' dXi! dO. x' Sl dr' 
dt 2 - dt2 + ~ dt2 + dt dt + dt r + x dt . 

Expression of a fluid particle in a primed system is defined as 

Since 

rIV' d2xi' 
dt = ei' d2t . 

dr', , 
dj=V+f2xr, 

dX'i' de'i' , &dt =nxv, 

therefore Eq.(1.9) takes the form 

(1.6) 

(1.7) 

(1.8) 

(1.9 ) 

(1.10 ) 

(1.11) 

As the primed system is fixed with respect to rotating frame of reference and thus there is no 

translation and no translational acceleration within the rotating system. Also the rotation is 

constant . Thus the total acceleration of the inertial and rotating systems is 

rIV 
dt + 2n x V + n x (n x r) , (1.12) 

where the primes have been suppressed and the first term in Eq. (1.12) is the fluid particle 

acceleration, the second term represents the Coriolis acceleration and the last term gives the 
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dr' dXi' dei' - = --e', + X ,"-
dt dt t L dt ' 

(1.5 ) 

where ei' is a unit vector. Denoting f1 as the angular velocity of the primed system, one has 

dei' 
- =f! xe·i' · 
dt 
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On differentiating Eq. (1. 7) one obtains 

Expression of a fluid particle in a primed system is defined as 

Since 

rIV' d2xi' 
ill = e'i' d2t ' 

dX'i' de'i' , --=f1xV 
dt dt ' 

therefore Eq.(1.9) takes the form 

d2r d2R dV' df! 
-2 = -d 2 + - + 2f1 x V' + - x r' + f! x (f! x r') . 
dt t dt dt 

(1.6 ) 

(1.7) 

(1.8) 

(1.9) 

(1. 10) 

(1.11) 

As the primed system is fixed with respect to rotating frame of reference and thus there is no 

translation and no translational acceleration within the rotating system. Also the rotation is 

constant. Thus the total acceleration of the inertial and rotating systems is 

rIV 
dt + 2f1 x V + n x (n x r) , (1.12) 

where the primes have been suppressed and the first term in Eq.(1.12) is the fluid particle 

acceleration, the second term represents the Coriolis acceleration and the last term gives the 
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centrifugal acceleration. In view of expression (1.12), equation of motion in a rotating frame is 

p [~ + 2[2 x V + f!x ([2 x r)] = pB1+divT, (1.13) 

where pBl indicates the body forces. 

1.4 Basic equations 

Here we present some fundamental equations that will govern the flow problems in various 

sit uations considered in this thesis. In absence of displacement current we have 

1.4.1 Maxwell's equations 

In absence of displacement current 

d'ivB = 0, 
BB 

CunE =-at ' (1.14) 

where B is the total magnetic field, E is the electric field, lie is the magnetic permeability 

and J is the current density. The Eqs. (1.14) are only valid in the absence of displacement 

current. The contents of this thesis involve such equations for the magnetohydrodynamic con

cept. Mathematically the electric field in the magnetohydrodynamic flow is taken to be zero 

throughout the thesis. 

1.4.2 Generalized Ohm's law 

Expression of the current density including the Hall term is 

WeT e [ 1] J+-
B 

(J x B) = (J E + V x B+-VPe , 
o ene 

(1.15) 

in which We is the cyclotron frequency of electron, Te is the electron collision time, B = (0,0, Eo) 

where Eo is an applied magnetic field , (J is the electrical conductivity, e is the electron charge, 

1/ ene is the Hall factor, ne is the number density of the electrons, and Pe is the electron pressure. 

Neglecting the ion-slip terms and applied voltage (E = 0), Eq. (1.15) helps in writing the 
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following relation 

J x B = - CT B5 V 
1 - imo ' 

where 1710 = WeTe is t he Hall parameter. 

1.4.3 T he continuity equation 

(1.16) 

Let S be a fixed smoot h surface over a volume element v'n of t he medium. The mass flow rate 

in Vm is defined as 

-/PV'dS 
s 

in which minus sign indicates the surface element dS out of Vm . The rate of change of mass in 

dj' dt pdVm . 

Since V m is assumed to be a fixed region, therefore the above expression reduces to 

By mass conservation one can write 

-'£ dV, = - pV·dS 1'0 I' . ot m . ' 
(1.17) 

VTn S 

which upon divergence theorem becomes 

/ [~; + V · (PV)] dVm = O. (1.18) 

Von 

Since V;n is any arbitrary volume element of the medium, it follows from above equation that 

op ot + V · (pV ) = 0, (1.19 ) 
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where p is the fluid density. The above expression for an incompressible fluid is 

divV =0. (1. 20) 

1.4.4 The momentum equation 

The equation of motion for a n electrically conducting and rotating fluid occupying a porous 

space is 

p [~ + 2!1 x V +!1x (n x r)] = divT + J x B + R , (1.21) 

where R is the Darcy's resistance in the porous medium. 

1. 5 Components of the velocity gradient 

The acceleration in Eulerian description is 

dV oV 
a=-=-+(V·V)V, 

dT OT 
(1.22) 

where first term on the right-hand side is local acceleration and t he second term represents its 

convective part. Since L = VV =Lij is a second rank tensor therefore 

L 

= D+W, 

(1.23) 

(1. 24) 

where D is the symmetric and W is the antisymmetric components of the velocity tensor L . 

Here D is called the r ate of strain tensor and W is called the vorticity tensor. 

1.6 Rivlin-Ericksen tensor 

Expression of nth- Rivlin Ericksen t ensor is written as 

A (t) = dnFdT) I 
n d n ' n = 1,2, ... 

T T=t 

(1.25) 
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Keeping in mind of having no deformation at T = t we have 

where F = CT C is the right Cauchy-Green tensor. Considering 

in which 1Ji denotes the position of the particle one may write 

Now 

ddT [(C t (T))T C t (T)] 

(Ct(T))T dC~;T) + C t (T) d(C~;T))T 

= Ct(T)TL+ LTCt(T) . 

At T = t, C t (T) = I and therefore 

For n = 2, Eq. (1.25) yields 
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(1.27) 

(1. 28) 

(1. 29) 

(1.30) 

(1.31) 



Writing 

we also have 

dL 
dT 

and now Eq. (1.9) reduces to 

d (OVi) 0 (dVi) 
dT OXj = OXj dT 

~ [OV + (V.\7) v] 
OXj OT 

o oVi 0 0 --- + -Vi·\7Vi + Vi·-\7Vi 
OT OXj OXj OXj 

oL + \7y.\7V + y.\7oVi 
OT OXj 

oL 
OT + L·L + V·\7L, 

At r = t, F t (r) = 1 and above equation may be written as 

Similarly 

1.7 Complex Fourier series of f (t) 

If f (t) is a periodic function with period To and frequency no (= :f.:) then 

00 

f (t) = L ckeiknot, 

k=-oo 
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(1.34) 

(1.36) 

(1.37) 

(1.38) 
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where t he spectral coefficients or Fourier coefficients {Ck} are given through 

1 I' . Ck = 1: I (t) e-tknotdt . 
o . 

(1.40) 

To 

1.8 Fourier transform pair 
00 

Let I be a piecewise continuous function on a closed interval. Suppose that ./ I I (t) I dt exists 

-00 

then the temporal Fourier transform of I is defined by 

00 

F (w) = ./ I (t) e-iwtdt. (1.41) 

-00 

The inverse Fourier transform of F (w) is the function I (t) defined by 

00 

I (t) = - F (w) eiwtdw 1 I' 
27r . 

(1.42) 

-00 

for all values of t such that the above integral exists. The transformations (1.41) and (1.42) are 

called the Fourier transform pair. 

1.9 Homotopy analysis method (HAM) 

In order to solve various types of nonlinear problems analytically, Liao [108J proposed a general 

method namely a homotopy analysis method (HAM). To present the basic idea of HAM, we 

consider the following differential equation 

N[u(t)J=O. (1.43) 

In above equation N is a non-linear operator , t indicates an independent variable and 1l (t) 

signifies the unknown function. Liao constructs the following zero-order deformation equation 

(1 - q) {.c [<1> (t ; q) - u (t)]} = qhH (t) N [<1> (t; q)] , (1.44) 
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where q E [0,1] and tl(# 0) are the embedding and auxiliary parameters respectively, H (t) # 0 

is an auxiliary function, £. denotes an auxiliary linear operator, tio (t) is an initial guess and <I> 

is an unknown function. It is obvious that when q = 0 and q = 1, the following holds 

<I? (t; 0) = tio (t) , <I> (t; 1) = ti (t) , (1.45) 

respectively. When q varies from 0 to 1, <I> (t; q) varies fr om 'Uo (t ) to 1i (t) . By Taylor series 

expansion 
00 

<I> (t; q) = Uo (t) + L 'Urn (t) q7n, (1.46) 
111,=1 

() _ ~ 8m iJ?(t;q) I 'Urn t - . m' oql1l . q=o 
(1.47) 

If the values of £., 'Uo (t), hand H (t) are so properly chosen that the series (1.46) converges at 

q = 1, one obtains 
00 

'U (t) = 1LO (t) + L 'Urn (t) , (1.48) 
m=l 

which must be one of the solutions of the original non-linear problem. 

1.10 Mathematical modeling 

In this section we derive the arising equations for the generalized Burgers' and fourth grade 

fluids in a rotating system. Such equations will be used later in this thesis. 

1.10.1 Governing equation for generalized Burgers' fluid 

We consider the time dependent flow of an incompressible electrically conducting generalized 

Burgers' fluid bounded by a rigid non-conducting plate at z = O. A uniform magnetic field Bo 
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is applied in the z-direction. 

z 

Eo 

y 

x u= Uf(t), v = 0 at z = 0 

The plate at z = 0 performing periodic osc illationsf(1) \vith period To. 

In the undisturbed state, both the fluid and the plate are in a state of solid body rotation with a 

constant angular velocity 11 about the z-axis normal to t he plate. The induced magnetic field, 

ion slip and thermoelectric effects are neglected. However the Hall effect is taken into account. 

The electric field is chosen zero. This corresponds to the fact that no energy is added/extracted 

from the fluid. Under these considerations the equations which govern the flow a re written in 

usual notations as 

V· V=o, 

8V . 1 1 
-8 + (V . V) V +2[2 x V + 11 x ([2 x r) = - V . T+-J x B, 

t P P 

WeTe ( 1) J+-
B 

(J x B) = (7 E + V x B+-VPe , 
a e 7be 

8B 
VxE=--

8t' 

V·B =0. 
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The Cauchy stress T in a Burgers' fluid is related to the fluid motion in the following 

manner [109] 

T = -pI+S, (1.55 ) 

( 1 + Al :t + A2 :t22 
) S = fl, (1 + A3 :t) AI , (1.56) 

where fl, is the dynamic viscosity, Al is the relaxation time and A3 « Al [110]) is the retardation 

time. A new material constant A2 multiplies the upper second order convected derivative 

(1.57) 

Here d/ dt signifies the material derivative, L = gradY and Al = L + L T (L T indicates the 

transpose) . 

For generalized Burgers' fluid, Eq. (1.57) is of the form [111] 

(1.58) 

It should be noted that in above equation there is second convected derivative of stress and 

strain tensors. It also contains two relaxation and two retardation times. Since the plate 

is infinite in extent, all the physical quantities except the pressure, depend on z and t only. 

Therefore the extra stress tensor S and V are 

S = S(z, t) (1.59) 

V (z, t) = (u, v, 0) . (1.60) 

Invoking Eqs. (1.49) , (1.59) and (1.60) , equation of motion and (1.58) yield t he following scalar 

equations 

p (ou _ 2Dv) = _ of; + oSxz _ O'B6u 
ot ox OZ 1 - imo' 

(1.61) 

( 
OV ) of; oSyz 0' B6v 

p ot + 2Du = - - + -- - , oy OZ 1- imo 
(1.62) 

0 = _ of; + oSzz 
oz oz' (1.63) 
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( 1 + Al :t + A2 :t22 
) Sxx - 2 [ ( AI + A2 :t ) ~~ Sxz + A2 ~~ ( a~;z - ~~ Szz ) ] 

_ -2~ (A3 + 3~4 :t ) ( ~~ ) 2 (1.64) 

( 
8 ( 2

) [ (A I +A2gt)( ~~ SYZ+~~ Sxz ) 1 
1 + Al - + A?- S -

8t - at2 x y + )., au ( asy : _ aus ) + A au (asx. _ ous ) 
/ 2 az at az zz 2 az at az zz 

( 
3A4 8) (8u ) (8v) -2~ /\3+-- - - , 

2 at 8z 8z 
(1. 65) 

(1.66) 

(1.67) 

(1.68) 

(1.69) 

(1.70) 

(1.71) 

In above expressions rno = We T e denotes the Hall parameter. Equation (1.69 ) can b e integra ted 

easily. Employing Szz = 0 [112- 114] in Eq. (1.63) we see t hat p is independent of z . Cross 
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differentiation of Eqs.(1.61) and (1.62) yields 

P (8
2
u _ 2.0 8V) = a

2sxz _ (J Bff 8u 
8z8t 8z 8z2 1 - imo 8z' 

P (8
2
v + 2n8u) = 8

2
Syz _ (JBff 8v. 

8z8t 8z az2 1 - in1.o 8z 

Upon making use of Szz = 0, Eqs. (1.64) to (1.68) become 

( 1 + Al :t + A2 :t
22 

) Syy - 2 [ (AI + A2 :t) ~~ Syz + /\2 ~~ 8:r] 
= -2~ (A3 + 3~4 :t) (~~ ) 2 
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(1. 73) 

(1.74) 

(1. 75) 

(1. 76) 

(1. 77) 

(1.78) 



NIultiplying Eqs.(1.72) and (1.73) by (1 + Al%t + A2~) and then using Eqs . (1.76) and (l.78) 

in the resulting equations we arrive at 

(1.79) 

(1.80) 

The above equations can be combined as follows 

(1.81) 

where 

F = u+ iv . (l.82) 

1.10.2 Governing equation for fourth grade fluid 

Here an infinite non-conducting and porous plate (located at z = 0) and the fourth grade 

fluid (which is in contact with the plate and occupies the whole of the region z ~ 0) are 

in uniform rotation with angular velocity n parallel to the z-axis. The fluid is assumed 

incompressible and electrically conducting in the presence of a constant magnetic field Bo acting 

in the z-direction. The Hall current is taken into account whereas the induced magnetic field, 

ion-slip and thermoelectric effects are neglected. 

The Cauchy stress tensor of a fourth grade fluid is 

T = - pI + S, (1 .83) 
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(1.84) 

whence 

(1.85) 

(1.86) 

(1.87) 

84 I'lA4 + 1'2 (A3A l + A1A3) + I'3A~ + 1'4 (A2Af + AfA2) 

+1'5 (trA2) A2 + 1'6 (trA2) Ai + 1'7 (trA3) Al + "18 (trA2A d A l , (1.88) 

L=VV, (1.89) 

(1.90) 

In above equations {L is the dynamic viscosity, Ai are the Rivlin-Ericksen tensors, L T is the 

transpose of Land cq, 0!2, (31 - /33 and "11 - 1'8 are the material constants of the fourth grade 

fluid. The incompressibility condition is satisfied by the following definition of velocity field 

v (z) = (u(z), v(z.), -wo) . (1.91) 

Here u and v are the velocity components in x and y directions, resp ectively and Wo > 0 

corresponds to suction velocity and Wo < 0 indicates the injection (or blowing) velocity. The 

expression of S is 

( 

Sxx 

8(z) = Syx 

Szx 

sxz ) 
Syz . 

Szz 
(1.92) 

S zy 
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Making use of Eqs. (1.91) and (1.92) , Eqs. (1.83) - (1.90) yield 
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T-r;z = 

Ty z = 

Invoking Eqs. (1.50) to (1.91) one can write 

dv d2u 
-2Qp- - pWo-

dz dz 2 

aB5 du 

1- imo dz' 

aB5 dv 

1 - in/'o dz 

Employing Eq. (1.82) one obtains 

25 

(1.93) 

(1.94) 



dF d2F 
2Dip- - pWo--

dz dz 2 

(1. 95) 

F = 1L - iv. (1.96 ) 
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Chapter 2 

Hall effect on the rotating oscillating 

flows of an Oldroyd-B fluid in a 

porous medium 

This theoretical study explores the influence of Hall current on the rotating flow of 

a non-Newtonian fluid in a porous medium. The non-Newtonian fluid model is an 

Oldroyd-B fluid. Mathematical modeling is based on the modified Darcy's law. The 

general periodic and elliptic harmonic oscillations are imposed. The flow equations 

are solved analytically and closed form solutions are derived. The characterization 

of the flow is made via the velocity components. The present results are compared 

with the previous studies in the literature analyzed for the emerging parameters. 

2.1 Basic equations 

The constitutive equation for an extra stress tensor in an Oldroyd-B fluid is [115] 

(2.1) 

In above equation t is the time, f.L is the dynamic viscosity, AI, A2 are the relaxation and 

retardation times, d/ dt is the material time derivative, L is the velocity gradient and L T is the 
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transpose of L . The first Rivlin-Ericksen tensor Al and L are defined as 

L=VV, 

where V is the velocity. 

On the basis of Oldroyd's model, the following fi ltration law for describing both relaxation 

and retardation phenomena is suggested [1 16] 

(2 .2) 

in which ¢ is porosity of the porous medium and k1 is the p ermeability. It should be noted 

that for /\1 = A2 = 0, Eq. (2.2) reduces into classical Darcy 's law. Since the pressure gradient 

in Eq. (2.2) can also be interpreted as a measure of the resista nce to flow in the bulk of the 

porous medium and R is a measure of the flow resistance offered by t he solid matrix, thus R 

can be inferred from Eq. (2.2) to satisfy t he following equation [117]: 

(2.3) 

2.2 Mathematical analysis 

We consider the rotating flow of an electrically conducting and incompressible Oldroyd-B fluid 

bounded by a non-conducting rigid infinite plate at z = O. The fluid as well as the plate are 

in a state of solid body rotation with constant angular velocity n =Dk (k is a unit vector in 

the z-direction) . A uniform strong magnetic field of flux density B =Bok is applied to t he fluid 

system. We assume a valid assumption , on the laborat ory scale, t hat t he induced magnetic 

field is neglected , since the magnetic Reynolds number is assumed to be very small. In genera l, 

for an electr ically conducting fluid , Hall current significant ly effects the flow in t he presence 

of a st rong magnetic field . Since t he plate is infinite in ext ent, the physical variables (except 

pressure) depend upon z (the distance from the plate) and the t ime t. T hus, t he momentum 
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equation, and velocity V for the present flow situation are of the fo llowing forms 

p[~ +2nXV+nX(nXr)] =divT+JxB+R, (2.4) 

V (z, t) = (u( z, t), v(z, t) , 0), (2.5) 

Note that the incompressibility condition (1.49) is satisfied with the definition of velocity in 

Eq.(2.5). Equation (2.4) can also be written as 

whence 

- (1 + /\1 :t) Vp + (1 + Al %t) divS 

+ (1 + Al %t) J x B + (1 + Al :t ) R, 

Following t he methodology of (2.3) t he x and v-components uf R satisfy 

(
_ a \ WP ( a \ 
1 + Al - ) R x = -- ! 1 + A2-) u at kl \ at 

( a) /-U/J ( a) 1 + Al- Ry = -- 1 + A2- v at kl at 
Upon making use of Eqs. (1.51) and (2.5) - (2.9) we arrive at 

- 1 + Al - - + 1 + Al - --( a) ap ( a ) asxz 

at ax at az 
0' B6 ( a ) /-Up ( a ) - 1 + Al - 'U - - 1 + A2- 'U 

1 - imo at k l at' 

- 1 + Al - - + 1 + Al - --( a) af) ( a ) asyz 

at ay at az 
- . 1 + Al- V - - 1 + '\2- v , 0' B6 ( a ) /-Lc/; ( a ) 

1 - ~mo at kl at 

0 = - 1 + A1 - - + 1 + A1 - --. ( a) ap ( a) aszz 

at az at az 
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(2.7) 

(2.8) 

(2.9) 

(2 .10) 

(2. 11) 

(2 .12) 



Equations (2. 1) and (2.5) yield the following expressions 

(2 .13) 

(2.14) 

(2.15) 

Integration of above equation gives 

t 

Szz = J( z )e-Xl (2 .16) 

in which the function J( z) is arbitrary. We seek the solu~.ion when J( z) = 0 [ll8] and thus 

Szz = O. (2.17) 

Invoking Eq. (2.17) into Eqs. (2.10)-(2.12) and then eliminating the pressure gradient we get 

(2.18) 

/-Up ( a) ov ( a) 0
2 
Syz + kl 1 + A2 at oz = 1 + Al at oz2) (2.19) 

where from Eqs. (2.13) and (2.14) one obtains 

(2 .20) 

(2 .21) 
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Combination of Eqs. (2.18) - (2.21) results the following partial differential equation 

( 8) (82F . 8F) O'B5 ( 8) 8F p 1 + Al-8 -8 8 + 220-8 + . 1 + Al-8 -8 
t z t z 1 - 27710 t z 

(2.22) 

in which 

F = u + iv. (2 .23) 

In the next two sections Eq. (2.22) will be solved for the two boundary value problems. 

2.3 The case of general periodic oscillation 

For this case the plate at z = 0 is performing periodic oscillations f(t) with period To. The 

resulting boundary condit ion therefore is 

u = Uf(t), v=O at z = O. (2.24) 

By Fourier series 
00 

f(t) = L ckeiknot (2.25) 
k=-oo 

and the Fourier series coefficients Ck are 

1 j' Ck = T: f(t)e-iknotdt , 
o. 

(2.26) 

To 

with non-zero frequency no = 27l'1To . Also far away from the plate t he fluid is at rest. The 

boundary conditions in terms of F become 

00 

F(O, t) = U L qeiknot, F(oo , t) = 0 (2.27) 
k=-oo 
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in which U is the characteristic velocity. To simplify the flow analysis, we introduce the following 

dimensionless quantities: 

z* 
z U F* = F tU2 

* nov A~ = A1U
2

, t* =- no = U2' U' 
, 

V V v 

/\2 A2U2 
,0* = 'ov M *2 = fJB6V 1 ¢v2 

(2.28) - k
1

U2 . v U2' pU2 ' K 

It follows that Eq. (2.22) and boundary conditions (2 .27) may be written as 

( a) (a2F . aF ) M2 ( a) aF 1 + Al -a -a a + 22'o-a + . 1 + Al -a -a t z t z 1 - 2?nO t z 

(2 .29) 

CX) 

F(O , t) = L Ckei knot , F(oo , t) = 0, (2.30) 
k=- CX) 

where the asterisks have been drop}1€d fo:- brevity. 

The Fourier transform of the function F( z, t) is defined by 

F(z, w) = ./CX) F( z, t)e-iwtdt, (2.31) 
- CX) 

in which w is the temporal frequency. The problem in the transformed w-plane now reduces 

to 

d
3 
F _ 1 [(w + 2,0) (i _ WAd + M2 (1 + iW Al) + K1 (1 + 'iWA2) ] ddF = 0, (2.32) 

dz 3 1 + iw A2 1 - uno z 

CX) 

F(O,w) = 27r L Ck 6 (w - kno), F(oo,w) = 0. (2.33) 
k=-CX) 

The solution of Eq. (2.32) subj ect to the boundary conditions (2.33) is 

CX) 

F(z, w) = 27r L Ck6 (w - kno) e-C';+i7])z, (2.34) 
k=-oo 

32 



where 

(2.35) 

The inverse Fourier transform of Eq. (2.34) yields 

00 

F(z, t) = L cke-~kZ+i(knot-1)kZ), (2.36) 
k=-oo 

where 

(2 .37) 

(2.38) 

1 

r 

kno (A2 - AI) (knO + 2.11) 1 
+ 1~~~ {(I + k2n6AIA2 ) + n.okno (A2 - AI )} , 

L +k (1 + k2n~A§) J 

(2.39) 

a2k = ___ 1----,-__=_ [ (1 + k2n6AIA2) (kno + 2.11) 1 
(1 + k2n02 A22) M2 {( ) ( 2 2 )} -1+m 6 kno A2 - Al - mo 1 + k noAIA2 

(2.40) 

and ~k and 77k are real. We note that the solution (2.36) is a result for the velocity due 

to general periodic oscillation of a rigid plate in its own plane. As the sp ecia l cases of this 

oscillation , the velocities for different plate oscillations are obtained by an appropriate choice of 

the Fourier coefficients which give rise t o different plat e oscillations . T he oscillations and t heir 
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corresponding Fourier coefficients are given in the following table. 

Oscillations 

f (t) 

(i) e inot 

( ii) cos not 

(iii) sin not 

( iv) [ I, It I < T1 

0, T1 < It I < To/2 
00 

(v) L 15 (t - kTo) 
k= -oo 

C - c - 1 1 - -1 - '2 

Fourier coefficients 

and Ck = 0 (V k =1= 1) , 

and Ck = 0, otherwise, 

q = - C-1 = i and Ck = 0, otherwise, 

C -nl a - To ' 

1 
CAo = To' 

(Vk =1= 0) , 

Vk. 

The resulting expressions of flow fields in t he above five cases can be deduced by using succes

sively the appropriate Fourier coefficients in Eq. (2.36). These a re 

F2(Z , t) = ~ [e-t;lz+i(not-771Z) + e-Clz-i(not+'T7_1Z)] , 

F (z t) = ~ [e-~lz+i(not- 'T71 Z) _ e-~_lZ-i(not+7J_1 Z )] 
3, 2i ' 

k =1= 0, 

2.4 The case of elliptic harmonic oscillation 

(2.41) 

(2.42) 

(2.43) 

(2.44) 

(2.45 ) 

Here, the flow is induced due to harmonic oscillations of a plate. The governing problem consists 

of Eq.(2.29) and the following dimensionless boundary conditions 

F(O, t) = ae'inot + be-inot, F(oo, t) = 0, (2.46) 
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in which a and b are complex constants. In addition, we have the bounded solut ions at infinity. 

For the present problem, let us consider the following solution 

n > O. (2.47) 

Making use of Eq.(2.47) into Eqs. (2.29) and (2.46) and then solv ing the resulting ordinary 

differential systems for Fl and F2 we get for no < 2[2 as 

'U= 
[ 

e-al llll {al cos ((31 WI - not) + a2 sin (13 1 WI - not)} 1 
+e-Q2 1l12 {b1 cos ((32 W2 + not) + b2 sin ((32 W2 + not)} , 

[ 

e-Qlllll {a2 cos ((31 WI - not) - al sin (131 WI - not)} 1 
v = +e-Q2 1l1 2 {b2 cos ((32 W2 + not) - b1 sin ((32 W2 + not)} , 

where a = a1 + ia2 and b = b1 + ib2. In above expressions 

1 [ 2 l]~ C<j = v'2 Sj + (Sj + 1) 2 , 

Sl = Al + .A2noB1 
Bl - .A2noAl' 

M2 1 
Al = 2 (1 - mo.A1no) - .A1 ·/1,0 (no + 20) + }(' 

1+7710 ' 

M2 .A2nO 
B 1 = 2 (mo + A1 no) +no +20+-

K
, 

1+mo 

M2 1 
A2 = 2 (1 + mo.Alno) + A1nO (20 - no) +-, 

1 + mo J( 

A12 .A2nO 
B2 = 20 - no - 2 (/\lnO - mo) - --. 

1+mo K 
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j = 1,2, 

(2.48) 

(2.49) 



For no > 2[2 we have 

U = 
[ 

e-O<I WI {al cos (!31 WI - not) + a2 sin (!31 WI - not)} 1 
+e-0<3W3 {b1 cos (!33 W 3 - not) - b2 sin (!33 W 3 - not)} , 

[ 

e-0<1WI {a2cos(!31 wl -not)-al sin(!3 1wl -not)} j 
v = +e-0<3W3 {b2 cos (!33W3 -not) + b1 sin (,63W3 -not)} , 

1 [ 2 I ] ~ ,63 = .j2 -S3 + (S3 + 1)'2 , 

S3 = A3 + A2noB3 , 
A3 A2no - B3 

M 2 1 
A3 = 2 (1 + mOAl no) - AlnO (no - 20) + 7:(' 

1 +mo 1 

1\1£2 A2n O 
B3 = no - 20 - 2 (17"/'0 - Al n O) +-r;;-. 

1 + mo I\. 

For resonant case (no = 20), the expressions for u and v are 

whence 

1L = 
[ 

e-O<I WI {al cos (!31 WI - not) + a2 sin (,61 WI - not)} 1 
+e-O<OWO {b1 cos (,6owo + not) + b2 sin (!3owo + not)} , 

[ 

e-0<IWI {a2cos(!31wl-not)-alsin(,61 wl-not)} 1 
v= +e-aOWO{b2COS(,6owo +not)- bl sin (,6oWo+not)} , 

1 I I 

[ ( 2 ) - ] '2 ao = .j2 So + So + 1 2 , 
1 [ 2 I] ~ ,60 = .j2 -So + (So + 1) '2 , 

1 

,T, _ (Bo + AOA2no) '2 
~o - 2 z, 

1 + A 71,2 .20 
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(2.51) 
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(2.53) 



2.5 Results and discussion 

This section presents various graphical results obtained for both the cases of periodic oscillation 

and elliptic harmonic oscillation. The effects of the various parameters on the velocity profiles, 

especially, Hall parameter mo and the parameter K have been studied through several graphs in 

all the t hree cases of ellip tic harmonic oscillations and the periodic oscillation Fz (z, t) when (I = 

5). 

In order to see the variations of the parameters mo and J(, we made figures 2.1 - 2.6 for 

elliptic harmonic oscillations. Figures 2. 1 and 2.2 are prepared for the case no < 2[1, 2.3 and 2.4 

for no > 2.0 and 2.5 and 2.6 for resonant case when no = 2.0 keeping a l = a2 = b1 = b2 = 1 fixed. 

Panels a and b show the real part u and imaginary part v of the velocity profile, respectively. 

These figures indicate that 'U decreases in all the three cases by increasing K when mo = 0 and 

mo =I- O. Moreover, it is observed that with an increase in J( , v decreases near the plate and 

increases far away from the plate for both mo = 0 and mo =I- 0 in all cases of frequencies. 
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The effect of the Hall parameter mo on the velocity profiles with fixed values of other 

parameters is also illustrated in these figures. It is seen that with an increase of mo, u increases 

whereas v decreases for all the three cases of elliptic harmonic oscillation but the behavior of 

the velocity profiles is' quite opposite in the case of the periodic oscillation Fl (z, t) when (l = 5) 

for both u and v. The velocity profile decreases with an increase of M. In fact , the effects of a 

transverse magnetic field on an electrically conducting fluid give rise to a resistive type force. 

This force has the tendency to slow down the motion of the fluid. 

It is also apparent from the figures that the velocity profiles u for the case no > 20 are 

the greatest when compared with the other cases. The velocity profiles u for the case no < 20 

are the smallest. However , the velocity profiles v are largest when no < 20 and smallest for 

no > 20. 

2.6 Concluding remarks 

The Hartmann flow of an Oldroyd-B fluid in a porous medium has been studied taking into 

account the Hall effect. The effects of the parameters mo, M and K have been discussed. These 

parameters strongly effect the velocity profiles for all values of the frequencies. Meaningful 

analytic solutions are obtained for all values of the frequencies including the resonant frequency 

(n = 20). Actually, the Lorentz force is responsible to give a meaningful solution in the resonant 

case. 
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Chapter 3 

The influence of Hall current on 

rotating flows of a Burgers' fluid 

through a porous medium 

The main goal of this chapter is to extend the flow analysis of previous chapter to a Burgers' 

fluid. Two oscillatory flow problems in a porous medium are investigated. Modified Darcy's law 

corresponding to a rotating Burgers' fluid is first developed and then used in the flow modeling. 

The analytical solutions of the governing problems are obtained in the closed forms. The effects 

of key parameters are delineated by plotting graphs . 

3.1 Governing equations 

In a Burgers' fluid the constitutive relationship of an extra stress tensor S is given by 

(3.1 ) 

(3.2) 

Here t is the time, J.L is the dynamic viscosity, Al is the first Rivlin-Ericksen tensor, A and 

!3 are the relaxation times, Ar « A) is the retardation time, L is the velocity gradient, L T 
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is the transpose of L and a/at is the upper convected time derivative. It m ay be noted that 

the model (3.1) includes as special cases of an Oldroyd-B model (for (3 = 0), a Maxwell model 

(for (3 = Ar = 0), a Newtonian fluid model ((3 = A7• = A = 0) and a second grade model (for 

(3 = A = 0). 

Having in mind Eq. (2.2), the pressure drop and velocity in a Burgers' fluid are related 

t hrough the following expression 

(3 .3) 

where ¢ and kl respectively indicat e the porosity and permeability of t he porous space. Since 

the pressure gradient in above equation is a measure of the resistance to the flow in the bulk of 

porous space and the Darcy's resistance R is interpreted as the flow resistance offered by the 

solid matrix. Therefore, R through equation (3.3) satisfies 

(3.4) 

Let us now consider an incompressible electrically conducting rotating Burgers ' fluid over 

an infinite rigid p late at z = O. The fluid occupies the porous space z > O. The fluid and the 

plate are in a state of rigid body rotation with uniform angular velocity n about the z-axis. 

The plate is non-conducting and a uniform applied magnetic field Bo acts in the z-direction. 

The magnetic Reynolds number is taken small so t hat induced magnetic field is neglected. The 

effects of Hall current are included. For the problem under consideration , the extra stress and 

velocity are given in the following equations 

( 

Sxx 

S(z, t) = Syx 

Szx 

(3 .5) 

v (z, t) = (1L( z, t), v( z, t), 0) , (3.6) 

where 1L and v are the velocity components. Clearly Eq. (3.6) satisfies the incompressibility 
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condition. Equation (2.4) can be written in the form as 

( 
8 EP ) ( 8 8

2 
) - 1 + A 8t + /3 8t2 V' P + 1 + A 8t + /3 8t2 di vS 

( 8 8
2 

) (8 8
2 

) - 1+A8t+/3 8t2 (J x B)+ 1 +A8t+/3 8t2 R , 

(3.7) 

where Eq. (3.4) helps in writing the following equations 

(3 .8) 

( a 8
2 

) f.L¢ ( 8 ) 1 + A- + /3- Ry = -- 1 + A - v 
at 8t2 kl r 8t 

(3 .9) 

and the modified pressure p including the cent rifugal term is 

(3.10 ) 

By using Eq. (1.51) one has 

(
a a

2 
) (j B5 ( 8 a

2 
) 1 + A-a + /3-a 2 (J x B) = -1' 1 + A~ + f3-8 2 V, t t - ~mo ut t 

(3.11) 

where CT designates the electrical conductivity of fluid and ?no (= weTe) is the Hall parameter. 

Adopping t he similar procedure as for t he derivation of Eq. (2.22) we have 

(3.12) 

where 

F = u + iv. 

In the next two sections, we will find the solutions of Eq. (3.12) for the two flow problems 

induced by the general periodic and ellipt ic harmonic oscillations. 
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3.2 Flow due to general periodic oscillation 

Here, the disturbance in the fluid is induced due to periodic oscillation of a plate at z = 0. The 

fluid far away from the plate is stationary. Hence the boundary conditions corresponding the 

fluid motion are 
00 

F(O,t) = U L F(oo , t) = 0, 
k=-oo 

where the Fourier series coefficients {cd are 

Ck = ~J'f(t) e-iknotdt 
To 

To 

and no = 27f ITo (To being the time period) is the non-zero oscillating frequency. 

Defining 

z* 
zU F * = F tU2 

* no I) ,,\* = "\U
2 

D* = Dv t * = - no = U 2 ' U ' 
, , U2' /J /J /J 

,,\rU2 
M2 = crB5/J 1 ¢ /J2 

{3* = {3U
4 

- = k1U2 ' /J pU2 ' J( /J2 
,,\* 

r 

the problem reduces to 

00 

F (O,t) = L ckeiknot, F(oo, t) = 0, 
k= - oo 

(3 .13) 

(3 .14) 

(3. 15) 

(3 .16) 

(3. 17) 

where the asterisks have been omitted for simplicity. The solution of t he problem has been 

obtained using Fourier t ransform technique. W it hout giving det ails of algebra t he solut ions 

corresponding to Eq. (3.17) and five oscillations in the table of chapter two are direct ly writ ten 

as 
00 

F(z, t) = L cke-l;kZ+i(knot-7)kZ) , (3.18) 
k=-oo 

(3 .19) 
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(3.20) 

(3 .21 ) 

k of: 0, (3.22) 

(3 .23) 

where 

(3 .24) 

(3.25 ) 

1 

[ 

( 1+k2n2 ,>-2 ) 1 kno (Ar - A - /3 A7·k2n5 ) (kno + 2D) + I< 0 r 

+1!~5 {I + k2n5AAr + 7noknO (Ar - A) - /3 k2n5 (1 + maAr)} , 

(3 .26) 

[ 
(1 + k2n5AA7' - /3 k2n6) (kno + 2D) 1 

-l!~g {kno (Ar - A) - rna (1 + k2'n6AAr) - /3k2n6 (Ar - 17"/'0)} 
(3.27) 

and ~k and 77k being real and positive. 

3.3 Flow due to elliptic harmonic oscillation 

Here, the problem which governs the flow consists of Eq. (3.16) and 

F(O , t) = aeinot + be-inot , F(oo, t) = 0, (3 .28) 

where a and b are complex constants. For no < 2D, the expressions for '!.i and v are 
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1 [ 2 l ] ~ ~ , = - 8 + (8 + 1) 2 
J J2 J J ' 

8
1 

= Al + /\ rn OBl 
Bl - Ar n OA1 ' 

8
2 

= A2 - /\ rn OB2 
B 2 + /\ rn oA2 ' 

lVI 2 1 
Al = 2 (1 - mOAno - .8n6) - Ano (no + 2.0) + -, 

l +mo K 

j = 1, 2, 

M2 ( 2 ) ( 2) ArnO B l = 2 rnO + Ano - .8nomo + (no + 2.0) 1 - .871,0 + -K ' 
1 + 711,0 

( ) ( 2) M2 ( 2) A7·no B2 = 2.0 - no 1 - .8no - 2 Ano - 771,0 - .8no - --. 
l+mo K 

When no > 2.0 then 

U= 
[ 

e-alWl {al cos (.81 \lI1 - not) + a2 sin (.81 \lI1 - not)} 1 
+e-a3W3 {b1 cos (.83 W3 - not) - b2 sin (.83 \lI3 - not)} , 

lVI2 1 
A3 = 2 (1 + mOAno - .8n6mo) - Ano (no - 2.0) + }"/' 

l + mo '). 
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( ?) M2 ( 2) Arno B3 = (no - 2.0) 1 - (317,6 - 2 mo - Ano + (317,0 + -}'? . 
l+mo\. 

For resonant case (no = 2.0) , we have 

whence 

u= 
[ 

e-o:1'l'l {al cos ((31 WI - not) + a2 sin ((31 'Ji1 - not)} 1 
+e-ao>vo {b1 cos ((30 'Jio + not) + b2 sin ((30 \rIo + not)} , 

V= [ e-O:l'ltl{a2cos((31Wl -not)-al sin((31'Jil-not)} 1) 
+e-ao>Vo {b2 cos ((30 \rIo + not) - b1 sin ((30 \rIo + not)} 

1 [ 2 l]~ ao = J2 So + (So + 1) 2 , 

So = Ao - ArnoBo 
,\.noAo + Eo ) 

lVI2 1 
Ao = (1 + mOAno - (3n5mo ) + }'/' 

1 +m5\. 

3.4 Results and discussion 

(3.33) 

(3.34) 

Our interest here is to see the variations of M, mo and (3. For this purpose, the obtained 

analytical results of u and v have been plotted against z. Further, the influence of J( is also 

shown in figures 3.1-3.12 for both kinds of fluids i.e. an Oldroyd-B fluid (A i= 0, Ar i= 0, (3 = 0) 

and a Burgers' fluid for all values of the frequencies including the resonant frequency with 

mo = 0 and 771,0 i= O. It is found that u for an Oldroyd-B fluid is smaller when compared with 

the Burgers ' fluid case. However, this result cannot be generalized with other chosen values of 

parameters because the behavior of the rheological parameter (3 of the Burgers ' fluid is n011-

monotonous. The behavior of u and v are quite opposite. It is also apparent from these figures 

that u increases by increasing mo. This observation holds for all values of the frequencies. 

Figures 3.1 and 3.2 show the behavior of the Hall parameter (mo = 0 and 1.5) for an 

Oldroyd-B fluid whereas figures 3.3 and 3.4 show the behavior of Hall parameter (mo = 0 and 1.5) 

for a Burgers ' fluid in the case no < 2.0. Figures 3.5 and 3.6 depict t he variation of the Hall 

parameter (mo = 0 and 1.5) for an Oldroyd-B fluid whereas figures 3.7 and 3.8 give the vari-
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ation of the velocity parts for a Burgers' fluid when no > 2D. The next four figures namely 

3.9 - 3.12 have been made for no = 2D. Here figures 3.9 and 3.10 show the velocity profiles for 

an Oldroyd-B fluid and figures 3.11 and 3.12 depict the velocity profiles for a Burgers ' fluid. 

All these figures indicate that u increases by increasing J( for rna = 0 and rna i= O. However, v 

increases and then decreases. 
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Figures 3.1 : The variation of velocity parts for various values of K for an Oldroyd-B 
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Figures 3.5 : The variation of velocity parts for various values of K for an Oldl'Oyd-B 

fluid (A = 2, Ar = 1 and {3 = 0) when !VI = 0.5 , t = 1, mo = a and no /20. = 2.5 are fixed. 
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Figures 3.6 : The variation of velocity parts for various values of K for an Oldroyd-B 

fluid (--\ = 2, Ar = 1 and f3 = 0) when IvI = 0.5, t = 1, rna = 2 and no/2D = 2.5 are fixed. 
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Figures 3.7 : The variation of velocity parts for various values of K for a Burgers' fluid 

(A = 2, Ar = 1 and f3 = 1.5) when M = 0.5, t = 1, rna = 0 and na/2D = 2.5 are fixed. 
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Figures 3.8 : The variat ion of velocity parts for various values of K for a Burgers ' fluid 

(A = 2, Ar = 1 and (3 = 1.5) when M = 0.5, t = 1, rna = 2 and na /2 D = 2.5 are fixed. 
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Figures 3.9 : The variation of velocity parts for various values of K for an Oldroyd-B 

fluid (A = 2, AT = 1 and f3 = 0) when M = 0.5 , t = 1, rna = 0 and no / 2D = 1 are fixed. 
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Figures 3.10 : The variation of velocity parts for various values of K for an Oldroyd-B 

fluid (A = 2, Ar = 1 and f3 = 0) when IVI = 0.5 , t = 1, rno = 2 and no/20, = 1 are fixed . 
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Figures 3.11 : The variation of velocity parts for various values of K for a Burgers' fluid 

(A = 2, Ar = 1 and (3 = 1.5) when M = 0.5, t = I , mo = 0 and no/2D = 1 are fixed. 
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Figures 3.12 : The variation of velocity parts for var ious values of K for a Burgers ' fluid 

(A = 2, AT = 1 and f3 = 1.5) when !vI = 0.5, t = 1, rna = 2 and na/2D = 1 are fixed . 
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3.5 Closing remarks 

In this work, the two problems of a Burgers' fluid have been discussed with Hall current . The 

modified Darcy's law has been taken into account for the presented flows. The various emerging 

parameters strongly effect the velocity profiles for all values of the frequencies. It is found that 

velocity profiles in case of Burgers ' fluid are greater than that of an Oldroyd-B fluid. The 

presented analysis is more general and the results for several other fluid models can be taken 

as the limiting cases by choosing suitable parameters. 
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Chapter 4 

Exact solutions for rotating flows of 

a generalized Burgers' fluid in a 

porous space 

This chapter concentrates on the oscillatory flows of a generalized Burgers' fluid over an infinite 

insulating plate when the fluid is permeated by a transverse magnetic field. The influence of 

Hall current are taken into account. Modified Darcy's law for a generalized Burgers ' fluid has 

been developed. The governing equations in a rotating frame are first developed and then 

solved for the two problems. To be more specific, the present work is a contribution towards 

extending the flow analysis of a previous chapter into two directions. (i) To assess and quantify 

the extent of material constants of generalized Burgers ' fluid and (ii) to model the analysis in a 

porous medium using modified Darcy's law for generalized Burgers ' fluid. Emphasis is given in 

determining the effects of pertinent dimensionless parameters on the velocity components. The 

influence of various emerging parameters is discussed through various graphs. The solutions for 

the Newtonian, second grade, Maxwell, Oldroyd-B and Burgers' fluids can be obtained as the 

limiting cases of the present closed form solutions. 
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4.1 Mathematical modelling 

We consider the unsteady flow induced in a semi-infinite expanse of an incompressible, electri

cally conducting generalized Burgers' fluid bounded by an infinite plate at z = O. The fluid and 

plate are in a state of rigid body rotation with a constant angular velocity n =Dk (k is a unit 

vector parallel to z-axis). The z-axis is taken normal to the plate. The fluid occupies the 

porous space (z > 0). A uniform magnetic field Bo is applied and the effects of Hall current are 

taken into consideration. The equations which can govern the present flow situation constitutes 

Eqs. (1.49) and (2.4) 

The velocity and extra stress are defined as 

v (z, t) = (u (z, t) ,v (z, t) , 0) , (4.1) 

[ 

Sxx Sxy 

S(z) = Syx Syy 

Szx Szy 

(4.2) 

The extra stress tensor in a generalized Burgers' fluid is given as follows 

(4.3) 

in which /-L is the dynamic viscosity, Al and A2 are the relaxation times and A3 and A4 are 

the retardation times , Al (= grad V + (grad V) T) is the first Rivlin-Ericksen tensor and the 

second order upper convected derivative is defined by 

62S -i. (6S) -i. (dS -LS-SLT) 
c5t2 - c5t c5t - c5t dt ' (4.4) 

where d/ dt is the material derivative and L = grad V. It should be noted that in expression (4.3) 

there is second convected derivative of stress and strain tensors. Also, Eq. (4.3) contains two 

relaxation and two retardation times. It is noteworthy that Eq. (4.3) includes th e Newtonian , 

second grade, Maxwell, Oldroyd-B and Burgers' fluid models as the limiting cases. Furthermore 

the incompressibility condition is satisfied by Eq. (4.1). 

In an unbounded porous medium, Darcy's law relates the pressure drop and Darcian ve-
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locity. This law holds for viscous fluids of low speed and neglects the boundary effects on 

the flow. There are several forms of Darcy's law for viscous fluids but only a few mathemat

ical macroscopic filtration models have been proposed concerning viscoelastic fluid flow in a 

porous medium. By analogy with the constitutive equations of viscoelastic fluids, the following 

filtration laws have been suggested: 

Maxwell's model [119] 

(4.5) 

where V D (= if;V) is the Darcian velocity, if; the porosity and kl the permeability of the porous 

medium 

Oldroyd-B model [120] 

(4.6) 

Second grade model [121] 

(4.7) 

Note that Eqs. (4.5)-(4.7) reduce to the well known Darcy 's law for a viscous fluid when 

).1 = ).3 = O. 

On the basis of Eqs. (4.5)-(4.7), the following filtration law in the generalized Burgers ' 

fluid has been proposed: 

(4.8) 

For Burgers' fluid ).4 = 0 and thus above expression reduces to 

(4.9) 

It is remarked that the expressions (4.8) and (4.9) for modified Darcy's law are new and have 

not been available in the existing literature. 

Since the pressure gradient in Eq. (4.8) is interpreted as a measure of the resistance to flow 

68 



in the bulk of the porous medium and R = (Rx, Ry, 0) is a measure of the flow resistance offered 

by the solid matrix. Thus R can be inferred from Eq. (4.8) to satisfy the following equation 

(4.10) 

Under the aforesaid assumptions, Eqs. (1.51), (2.4) and (4.3) give 

( 4.11) 

( 
8v 2(') ) 8p 8Syz o-B5 v R 

p - + HU = -- + -- - + 
8t 8y 8z 1 - 'iTrLo y, 

(4.12) 

(4.13) 

(4.14) 

( 
8 82

) [ (AI + A2gt) (~~Syz + ~~Sxz) 1 
1 + Al- + A2- S -

8t 8t2 xy + A 8u (8Sy• _ 8v S ) + A 8v (~ _ 8u S ) 
2 8z at 8z zz 2 az at 8z zz 

( 3A4 8) (8U) (8V) -2p, A3 + -- - -, 
2 8t 8z 8z 

(4.15) 

(4 .16) 

(4.17) 
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(4. 18) 

(4.19 ) 

(4.20) 

where 'Ina = WeTe is the Hall parameter. Equation (4.19) can be integrated easily. We shall 

seek the possibility of a solution in which Szz = O. Using Szz = 0 in above equations and then 

combining the resulting equations along with Eq. (4.10) we arrive at 

(4.21) 

where 

F=tt + iv. 

In t he next two sections, we shall obtain the exact solut ions of Eq. (4.21) for some oscillatory 

flows. 

4.2 Flow due to general periodic oscillation 

We shall begin with the case of rotating MHD flow above a plate. It is assumed that the 

flow is ent irely driven by the general periodic plate oscillation. The disturbance far away from 

the plate is zero. The governing problem consists of Eq. (4.2 1) and the following boundary 

conditions 
00 

F(O, t) = U L ckeiknot , F(oo,t) = 0, (4 .22) 
k=- oo 
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in which no = 27r ITo (To being the time period) is the oscillating imposed frequency and {cd 

are the Fourier series coefficients defined by 

Ck = - f(t)e-tknotdt. 1 J' . 
To 

(4.23) 

To 

Now we nondimensionalize various quantities as follows: 

* zU F* = F tU2 * nov /\i = )..,lU
2

, D* = Dv z =- t*= - no = U2' , 
U' 

, U2' v v /I 

)..,3 = )..,3
U2

, NI2 = lTB5V 1 ¢/l2 
)..,* _ )..,2 U4 )..,* _ )..,4 U4 

(4.24) 
/I pU2 ' K k1U2 ' 2 - v 2 ' 4 - [/2 . 

Dropping t he asterisks, t he p roblem becomes 

(4.25) 

00 

F(O,t) = L F(oo, t) = O. (4.26) 
k= - oo 

By means of Fourier transform, the exact solution is of the following form 

00 

F(z, t) = L cke-t;kZ+i(knot-7)kZ) , (4.27) 
k=-oo 

1 

1 [ ( 2 2 )~]"2 ~k = y'2 alk + alk + a2k , (4.28) 

TJk = (4.29) 
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kno {A3 - Al - (A2A3 - A1A4) k2n5} (kno + 2D) 

+ I~ {I + k2n5A~ + A4k2n5 (A4k2n5 - 2)} 

M2j1 + k2n5AIA3 + mohto (A3 - AI) ) 

+ l+m2 -A2k2n5 (1 + moA3kno) 
o 

-A4k2n5 (1 - A2 - mOAlkno) 
(4.30) 

1 

(4.31) 

where ~k and '17k are real and positive. Equation (4.27) is the exact solution for the velocity field 

induced by general periodic plate oscillation. The flow fields for different plate oscillations can be 

obtained from Eq. (4 .27) through an appropriate choice of the Fourier coefficients. For example, 

the respective velocity fields due to the oscillations eino t , cos not, sin not, 
[ 

I , / t /< ~ 1 
0, Tl <I t 1< Jf ' 

00 

2:::: 8 (t - kTo) are given by 
k=-oo 

F2(Z, t) = ~ [e-~lz+i(not-171z) + e-Clz+i(not+17 _1Z) ] , 

F (z t) = ~ [e-~lz+i(not-171Z) _ e-~_lZ-i(not+17_1Z) ] 
3, 2i ' 

1 00 . 

Fs(z, t) = To L e-~kZ+·I(knot-17kz ) . 

k=-oo 
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( 4.33) 

( 4.34) 

(4.35) 

( 4.36) 



4.3 Flow due to elliptic harmonic oscillation 

In this section we consider the rotating MHD flow of a generalized Burgers' fluid induced by 

the elliptic oscillations. The nondimensional boundary conditions are 

F(O, t) = aeinot + be-inot , F(co,t) = 0, ( 4.37) 

where a = al + ia2 and b = b1 + ib2. Here we look the solutions for no < 20, no > 20 and 

,/"1,0 = 20. For no < 20 we have 

U= 
[ 

e-aIW I{alcos( /31 Wl -not)+ a2sin(/31 Wl-not) } 1 
+e-a2w2 {b1 cos (/32 W2 + not) + b2 sin (/32 W2 + not)} , 

v= [ e-al WI{a2cos(/31wl-not) -alsin (/31Wl-not)} 1 
+e-a2W2 {b2 cos (/32W 2 + not) - b1 sin (/32W2 + not)} 

When no > 20 we obtain 

U= [ e- aiwi {alcos(/31Wl-not)+a2sin(/31Wl-not)} 1 ' 
+e-a3w3 {b1 cos (/33 W3 - not) - b2 sin (/33 W3 - not)} 

[ 

e-al WI {a2 cos (/31 WI - not) - al sin (/31 WI - not)} 1 
v= +e-a3W3{b2COS(/33w3-not)+hsin(/33w3-not)} . 

For resonant case no = 20 we get 

U= 
[ 

e-aIWI{alcos(/31 wl-not)+a2sin(/31wl-not)} 1 
+e-aowo {b1 cos (/30 Wo + not) + b2 sin (/30 Wo + not)} , 

[ 

e-aiwi {a2 cos (/31 WI - not) - al sin (/3 1 WI - not)} 1 
v = +e-ao wo {b2 cos (/3owo + not) - b1 sin (/30 Wo + not)} , 

where 

1 [ 2 1] ~ Ctj = v'2 Sj + (Sj + 1) 2 , j = 0, 1,2,3, 
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( 4.39) 

(4.40) 

(4.41) 

( 4.42) 

(4.43 ) 



4.4 Results and discussion 

This section includes discussion regarding the variation of velocity profiles in various fluids. 

Specifically, t he analysis is made for six cases of fluids: a Newtonian fluid (Ai = 0, for i = 1 - 4) , 

a Maxwell fluid (AI =J 0, A2 = A3 = A4 = 0), a second grade fluid (A3 =J 0, Al = A2 = A4 = 0) , 

an Oldroyd-B fluid (AI =J 0, A3 =J 0, A2 = A4 = 0) , a Burgers' fluid (AI =J 0, A2 =J 0, A3 =J 0, A4 = 0) 
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and a generalized Burgers ' fluid (>\i =1= 0, for i = 1 - 4) . Graphs are plotted and included only 

for the case n < 20. The effects of various parameters especially lvI, K, ma and the respective 

rheological parameters )..2 and )..4 of the Burgers' and the generalized Burgers' fluids on the 

velocity profiles u and v have been studied. 

Figures 4.1 to 4 .6 are prepared for the flow due to general periodic oscillation when the 

oscillation is of type cos nt and figures 4.7 to 4.10 for flow due to elliptic harmonic oscillation 

when a1 = a2 = b1 = b2 = l. The figures 4. 1 and 4.7 depict that the velocity profile 1t decreases 

by increasing the magnetic parameter /VI for both generalized Burgers ' and Oldroyd-B fluids. 

Figures 4.2 and 4.8 show that the velocity profile v decreases by increasing !lif . In fact an 

increase in the magnetic parameter tend to reduce t he velocity profiles monotonically due to 

the effect of magnetic force against the flow direction of flow for both fluids . 

The influence of the permeability of the porous medium K on the velocity profiles is il

lustrated in figures 4.3 , 4.4, 4. 9 and 4. 10 for both fluids. As expected, the increase of the 

permeability of the porous medium reduces the drag force and hence causes the velocity pro

files to increase for both fluids. Moreover, it is noted from figures 4 .5 and 4.6 that the velocity 

profiles increase by increasing Hall parameter rna for both fluids . This is due to the fact that 

the effective conductivity decreases with increasing ma which reduces t he magnetic damping 

force on the velocity. 

Further, from these figures, it appears that the velocity is an increasing function of the 

rheological parameter >'2 of the Burgers ' fluid. However , this result cannot be generalized for 

other chosen value of ).. 2 as the behavior of >'2 is non-monotonous. Similarly, it is also observed 

that t he velocity is also an increasing function of the rheological pa rameter )..4 of generalized 

Burgers' fluid (Tables 1 and 2). 
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Table 1 : A comparison of velocity parts (flow due to general periodic oscillation) 

for various kinds of fluids when !VI = K = ma = 1, n = D = 0.5, t = 0.1 at z = 0.5 

when oscillation is of type cos nt 

Type of fluid Rheological parameters u v 

Newtonian Ai = 0 for i = 1 - 4 0.490418 -0.0100216 

Second grade Al = A2= A4= 0, A3= 1 0.504373 0.0388267 

Maxwell A2= A3= A4= 0, A1= 2 0.478217 -0.133002 

Oldroyd-B A2= A4= 0, Al = 2, A3 = 1 0.468636 - 0.565648 

Burgers' A1 = 2, /\2= 1.5, /\3= 1, A4= a 0.503968 -0.077967 

G. Burgers' Al = 2, A2= 1. 5, A3= 1, A4= 1.3 0.429581 -0.0590261 

Table 2 : A comparison of velocity parts (flow due to elliptic harmonic oscillation) 

for various kinds of fluids when M = K = ?no = 1, n = D = 0.5, t = 0.1 at z = 0.5 

Type of fluid Rheological parameters u v 

Newtonian Ai = 0 for i = 1 - 4 1.255560 0.706111 

Second grade Al = A2= A4= 0, A3= 1 1.247460 0.770027 

Maxwell A2= A3= A4= 0, A1= 2 1.338390 0.574481 

Oldroyd-B A2= A4= 0, Al = 2, A3= 1 1.262900 0.611641 

Burgers' A1= 2, A2= 1.5, A3= 1, A4= 0 1.318890 0.696984 

G. Burgers' Al = 2, A2= 1.5, A3= 1, A4= 1.3 1.300370 0.638440 
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(a) G. Burgers' fluid ()'2 = 1. 5, A4 = 1.3) 
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(b) Oldroyd-B fluid (A 2 = A4 = 0) 

Figures 4.1 : The variation of velocity profile u for various values of magnetic parameter /VI 

when Al = 2, A3 = I , K = rna = 1, t = 0.1 and n/2D. = 0.5 are fixed. 
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Figure 4.2a 
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Figures 4.2 : The variation of velocity profile v for various values of magnetic parameter 1\11 

when Al = 2, A3 = 1, K = tno = 1, t = 0.1 and n /2D. = 0. 5 are fixed . 
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Figure 4.3a 
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(a) G. Burgers' fluid (/\ 2 = 1.5, /\ 4 = 1.3) 
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(b) Oldroyd-B fluid (A2 = A4 = 0) 

Figures 4.3 : The variation of velocity profile '!.i for various values of permeability parameter J( 
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Figure 4.4a 
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Figures 4.4 : The variation of velocity profile v for various values of permeability parameter J( 

when Al = 2, A3 = 1, M = ?no = 1, t = 0.1 and n/2D. = 0.5 are fixed. 
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Figures 4.5 : The variation of velocity profile 1£ for various values of Hall parameter rna 

when Al = 2, A3 = 1, M = K = 1, t = 0.1 and n/2D = 0.5 are fixed. 
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Figure 4.6a 
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Figures 4.6 : The variation of velocity profile v for various values of Hall parameter ma 

when .AI = 2, ..\3 = 1, lvI = K = 1, t = 0.1 and n/2D = 0.5 are fixed. 
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Figures 4.7 : The variation of velocity profile 1£ for various values of magnetic parameter !vI 

when Al = 2, A3 = 1, K = 1no = 1, t = 0.1 and n/2D = 0.5 are fixed. 
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Figures 4.8 : The variation of velocity profile v for various values of magnetic parameter 10/£ 

when Al = 2, A3 = 1, K = ?no = 1, t = 0.1 and 71,/20, = 0.5 are fixed. 
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Figures 4.9 : The variation of velocity profile u for various values of permeability parameter J( 

when Al = 2, A3 = 1, /VI = rna = 1, t = 0.1 and n /2D = 0.5 are fixed. 
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Figures 4.10 : The variation of velocity profile v for various values of permeability parameter 

K when Al = 2, A3 = I , M = rna = I, t = 0.1 and n/2D = 0.5 are fixed. 
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4.5 Conel uding remarks 

In this chapter the two problems of generalized Burgers' fluid have been discussed with Hall 

current. Modified Darcy's law for a generalized Burgers' fluid is first proposed and then used in 

the modelling of the equations. The result for the flow induced by general periodic oscillation 

of a plate is constructed. The solutions for all the frequencies including the resonant frequency 

are given in second problem. It is found that velocity profiles u and v have reverse behavior in 

case of generalized Burgers' and Burgers' fluids . The graphs fo r n > 2D and n = 2D are not 

included but it is seen that variation of various parameters in these cases are similar to that of 

n < 2D. Also, the comparison among the several fluid models is made. It is very interesting to 

note that asymptotic solutions are possible for all values of the frequencies. The results of [112] 

can be recovered by taking A2 = A4 = cP = O. 
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Chapter 5 

Effect of Hall current on the 

rotating flow of a third grade fluid in 

a porous space 

This chapter looks at the steady rotating MHD flow of an incompressible third grade fluid in 

a porous space. Modified Darcy's law is utilized for the flow modeling. The Hall effects are 

present. The equations governing the flow lead to a non-linear ordinary differential equation. 

The arising problem is solved analytically by a homotopy analysis method (HAM). Graphs are 

displayed to gain a rudimentary understanding of the various interesting parameters on the 

velocity distribution. 

5.1 Development of the flow 

Consider the hydromagnetic flow of an incompressible third grade fluid bounded by an insulated 

plate at z = O. The fluid occupying the space z > 0 fills the porous space. The fluid has uniform 

properties and porous medium is isotropic and homogeneous. A uniform strong magnetic field 

Bo is applied in the z-direction. In the undisturbed state, both fluid and the plate are in a 

state of rigid body rotation with constant angular velocity n = ok (k is a unit vector parallel 

to the z-axis.). The flow is driven by a sudden motion of the plate. The magnetic Reynolds 

number is taken small and hence the induced magnetic field is negligible. However , the Hall 
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current effects are retained. In a porous space, the equations governing the MHD steady flows 

may be written in a rotating coordinate system as 

p [(V. \7) V+20 X V + nx (0 x r)] = divT + J x B + R , (5.1) 

divV = 0, (5.2) 

divB = 0, OurlE = 0 , (5.3) 

WeT e [ 1] J +-B (J X B) = (T E + V X B+ - V Pe . 
o ene 

(5.4) 

In above equations T is the Cauchy stress tensor, p is the fluid density, V is the velocity, r is the 

radial coordinate and R is the Darcy's resistance in the porous space. In Maxwell's equations 

(5 .3) the total magnetic field B = Bo +b where Bo is the applied magnetic field and b is the 

induced magnetic field. E is the total electric field, f..le is the magnetic permeability and J is 

the current density. Note that in the generalized Ohm's law (5.4), We is the cyclotron frequency 

of electrons, Te is the electron collision time, (T is the electrical conductivity, e is the electron 

charge, 1/ ene is the Hall factor, ne is the number density of the electrons and Pe is the electron 

pressure. The ion-slip and applied voltage are neglected. 

The constitutive equations for a third grade fluid are 

T = - pI + S, (5.5) 

Considering the thermodynamic conditions [122] 

f..l20, (5.7) 

we have 

(5.8) 

where 

L=VV, (5.9) 
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i > 1. (5.10) 

In above equations p is the pressure, I and S are the identity and extra stress tensors, re

spectively, f..L is the dynamic viscosity, Ai (i = 1,2, .. ) are the Rivlin-Ericksen tensors , L is the 

velocity gradient and L T is the transpose of L. 

In porous space the relationship between pressure drop and velocity is 

(5.11) 

where ¢ and kl respectively indicate the porosity and permeability of the porous space and 1l 

and v are the velocity components. As the pressure gradient in Eq. (5.11) is a measure of the 

resistance to the flow in the bulk of porous space and R in Eq. (5.1) is interpreted as the flow 

resistance offered by the solid matrix. Therefore, R through Eq. (5.11) satisfies the following 

expression 

(5.12) 

For the problem under consideration the extra stress tensor and velocity are defined as follows: 

(5.13) 

v (z) = (1l(z), v(z), 0). (5.14) 

Clearly Eq. (5.14) satisfies the incompressibility condition (5.2) and Eq. (5.1) in scalar form 

yields 

dv 
-2Dp

dz 

90 

O'B5 d1l 
1 - imo dz' 

(5.15) 



2Dpdu 
dz 

J-L d
3
v + 2f3 ~ [{ (dU) 2 + (dV) 2} dV] 

dz3 3 dz2 dz dz dz 

¢ d [ {(dU)2 (dV)2}] C5B6 dv --- J-Lv +2f33 - + - V - -
kl dz dz dz 1 - imo dz' 

where ?no = WeT e is the Hall parameter. The boundary conditions are 

U = U, v = 0 at z = 0 

U ---t 0, V ---t 0 as z ---t 00. 

Equations (5.15) and (5. 16) can be combined in the following form 

2rhp ~~ = I' ~z~ + 2~3 ::, { (~~) 2 ~~ } 

_.t~ J-LF + 2f3 dF dF F _ C5Bo dF 
{ 

- } 2 

kl dz 3 dz dz 1 - i mo dz ' 

where 

F = u+ iv, F = u - iv. 

The boundary conditions (5.17) can be written as 

F(O) = U, F(oo) =0. 

We introduce the following dimensionless variables 

z* 

f3 

pU 
-z, 
~L 

f3 3P2U4 

J-L3 

The dimensionless problem after omitting t he asterisks becomes 

= n{ M2 + (2- JIIJ
2
m o ) i} dF _ 2f3~ {( dF)2 dF } 

1 + 1Ha 1 + ma dz dz2 clz clz 

+ D {dF + 2f3 ~ (dF dF F) } , 
K dz dz dz dz 
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(5 .16) 

(5.17) 

(5.18) 

(5.19) 

(5.20) 

(5 .21) 



Taking 

the problem reduces to 

F (0) = 1, 

n 
+ -17 

K 

F( l ) = 1, 

F(oo) = O. (5.22) 

(5.23) 

(5 .24) 

F(O)=O. (5 .25) 

It is worth mentioning to note that by setting ¢ = 0 or k1 -7 00 we get the governing problem 

for rotating flow of a third grade fluid in a non-porous space. Equation (5.24) is highly non

linear and its HAM solut ion subject to the boundary conditions (5 .25) will be sought in the 

next section. 

5.2 HAM solution 

For the HAM solution we choose 

Fa (7]) = 17 , (5 .26) 

and the auxiliary linear operator 

£ (I) = 1", (5.27) 

satisfying 

(5 .28) 

in which C1 and C2 are arbitrary constants. 

The deformation problem at the zeroth order satisfies 
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(5.29) 

F(O,q)=O , F(I , q) = I , (5.30) 

where nand q E [0,1] are respectively the auxiliary and embedding parameters and 

(5.31) 

is the non-linear differential operator. For q = 0 and q = 1 we have 

(5.32) 

We note from above equation that the derivation of q from 0 to 1 is continuous variation of 

F (17, q) from Fo (17) to F (17). Due to Taylor's theorem and Eq. (5.32) we can write 

00 

F (ry, q) = Fo (ry) + L Fm (ry) qm (5 .33) 
m=l 

in which 

q=o 

F ( ) = ~ am F (ry, q) 
m TJ I 81n m. q 

Clearly the convergence of the series (5.33) depends on the auxiliary parameter n. Assume that 

93 



Ii is selected such that the series (5.32) is convergent at q = 1, then due to Eq. (5.33) we have 

00 

F ('TJ, q) = Fa ('TJ) + L Pm ('TJ) (5.34) 
Tn=l 

Differentiating mAimes the zeroth order deformation (5.29) with respect to q and then 

dividing them by m! and finally setting q = 0 we have the mth order deformation problem 

(5 .35) 

Fm (0) = Fm (1) = 0, (5.36) 
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and 

R m (17) = 173 F:::_1 (17) + 3772 F~_ l (7]) + 77 F:n_l (77) 

-0,17 { M2 2 + (2 - NI2111,~) i} F~l- l (77) 
1 + 7110 1 + 111,0 

n 
--17 

K 

+77] 

m-l k 

9 L F~_l_k (17) L Fk_1 (77) P[ (77) 
k=O 1=0 

m-l k 

2 L F:n - 1- k (17) LFf-1 (77) P[ (7]) 
k=O 1=0 
m-l k 

+ L F~l- l-k (77) L FLI (77) P[' (77) 
k=O 1=0 
m-l k 

2 L F~-l-k (77) L Ff_1 (77) P[ (77) 
k=O 1=0 
m-l k 

+2 L F~_l_k (7]) L Ff~1 (77) Pi (77) 
k=O 1=0 
m-l k 

+4 L F:n - 1- k (77) L Fk'_1 (77) PI' (17) 
k=O 1=0 

m-l k 

+ L F~_l_k (17) L FLI (17) P[" (17) 
k=O 1=0 

m-l k 

L F~l- l-k (7]) L PLI (17) Fl (7]) 
k=O 1=0 
m-l k 

+ L F~-l-k (17) LPf-1 (17) Fl (77) 
k=O 1=0 
m-l k 

+ L F~-l-k (17) LFLI (17) P[ (77) 
k=O 1=0 

m-l k 

+4(37] L F~_l_k (17) L FLI (17) Fl (7]) 
k=O 1=0 

{ 

0, 
Xm= 

1, 

m S 1, 

m> 1. 

(5.37) 

(5.38) 

For the solution of the 1nth order problem we use the symbolic computation software MATH

EMATICA up to first few order of approximations and found that the solutioll of this problem 
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is given by the following series 

4m+2 

Fm (77) = L am ,n7t, m 2: O. (5.39) 
n=O 

In order to obtain the recurrence formulae for the coefficients am,n of Fm (77) we substitute 

Eq.(5 .39) in Eq.(5.35) and obtain for m 2: 1 and 0 ~ n ~ 4m + 2 : 

4m+2 
~ \IIm ,n 

am) = XmX4m-I am-I,1 - ~ (n + 1) (11 + 2)' 
n=O 

\11m n-2 
am,n = Xm X4m-n am-l,n + ( ' 1) , n n-

2 ~ 11, ~ 4m+ 2, 

where the coefficient \II m,n is define by 

{ 

Xn-Idm-l,n-3 + 3XnC;n-l,n-2 } 

X4m-n +Xn+l bm-I ,n- I (1 + ~ - D (1~~5 + (2 - ~~;;:f ) i) ) 

{

( Xn-I (g~lm,n-3 - ~ (~8m,n-3 + ~gm,n-3 + ~lm,n-3)) ) 

+2{3 +7Xn-2 (2b.2m ,n-4 + b.3m ,n-4) - ~~ Xn b.10m ,n-2 

+Xn-3 (2b.4m ,n-5 + 2b.5m ,n-5 + 4b.6m ,n-5 + b. 7 m,n-5) 

in which the coefficients 6.1m ,n to b.10m ,n for m 2: 1 and 0 ~ n ::; 4771, + 2 are 

m-I k min{n,4k+4} min{q,4l+2} 

b.1m ,n = L L L L bl,sbk-l,q-sbm-I-k,n-q, 

k=O l=O q=max{O,n-4m+4k-2} s=max{O ,q-4k+4l-2} 

m-I k min{n,4k+4} min{q,4l+2} 

6.2rll ,n = L L L L bl ,sCk-l,q-sbm-I-k,n-q, 

k=O l=O q=max{O,n-4m+4k-2} s=max{O,q-4k+4l-2} 

m-I k min{n,4k+4} min{q,4l+2} 

6.3m ,n = L L L L Cl,sCk-l,q-sbm-I-k,n-q, 

k=O l= O q=max{O,n-4m+4k-2} s=max{O ,q-4k+4l-2} 

m-I k min{n,4k+4} min{q,4l+2} 

6.4m ,n = L L L L bl ,sCk- l,q-s~- I-k,n-q, 
k=O l=O q=max{O,n-4m+4k-2} s=max{0,q-4k+4l-2} 
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m-l k min{n,4k+4} min{q,4l+2} 

b.5m ,n = L L L L bl ,sdk-l ,q-sbm-l-k ,n-q, 

k=O 1=0 q= max{0,n-4m+4k-2} s=max{0,q-4k+4l-2} 

m-l k min{n,4k+4} min{q,4l+2} 

b.6m ,n = L L L L Cl,sCk-l,q-sbm-1-k,n-q, 

k=O l=O q=max{0,n-4m+4k-2} s=max{0 ,q-4k+4l-2} 

m-l k min{n,4k+4} min{q,4l+2} 

b.7m ,n = L L L L dl,sbk-l,q-sbm-l-k ,n-q, 

k=O l=O q=max{0,n-4m+4k-2} s=max{0,q-4k+4l-2} 

m-l k min{n,4k+4} min{q,4l+2} 

b.8m ,n = L L L L bl ,sak-l,q-sCm-l-k,n-q, 

k=O l=O q=max{0 ,n-4m+4k-2} s=max{0,q-4k+4l- 2} 

m-l k min{n,4k+4} min{q,4l+2} 

b.9m ,n = L L L L Cl ,sak-l,q-sbm-1-k ,n-q, 

k=O l=O q=max{0,n-4m+4k-2} s=max{0,q-4k+4l-2} 

m-l k min{n,4k+4} min{q,4l+2} 

.6.10m ,n = L L L L bl,sak-l,q-sbm- l-k ,n-q 

k=O l=O q=max{0,n-4m+4k-2} s=max{O,q-4k+4l-2} 

and the coefficients bm,n, Cn1.,n and dm,n are [123] 

bm,n = (71, + 1) am,n+l, (5.43) 

Cm,n = (n + 1) bm,n+l, (5.44) 

dm,n = (71, + 1) Cn.,n+l. (5.45) 

With the above recurrence formulae we can calculate all coefficients am,n using only the first 

three 

aO,O = 0, aO,l = 1, aO ,2 = 0 (5.46) 

given by the initial guess approximation for the function F (17) in Eq.(5.26). The corresponding 

M-order approximation of Eqs.(5.24) and (5 .25) is then given by 

!VI 4!VI+2 4!VI+l 

L Fm (17) = L L am ,n77
n

. (5.47) 
m=O n=l m=n-l 
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Therefore explicit, totally analytic solution of the present flow is 

00 [4M+2 4M+1 1 
F(r]) = L Fm(r]) = lim L L am,nr]H . 

M--->oo 
m=O 71=1 m=n-1 

(5.48) 

5.3 Convergence of the analytic solution 

The expression given in Eq. (5.48) contains the auxiliary parameter It which gives the conver

gence region and rate of approximation for the homotopy analysis method [123]. In Fig. 5.1 

(a, b) the It-curves are plotted for different order of approximations for the non-dimensional 

velocity fields u and v. It is clear from Fig. 5.1 (a, b) that the range for the admissible values 

for It is -0.2 :S 17, < O. Our calculations indicate that the real and imaginary parts of the series 

given by Eq. (5.48) converge in the whole region of z when It = -0.1. 
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Figure 5.1a 
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5.4 Results and discussion 

Figures 5.2 (a, b) show the variation of the velocity profiles u and v for different values of {3. 

These figures show that with increase in (3 the velocity profile u decreases whereas the velocity 

profile v increases and then decreases by increasing (3 when other parameters j\1 = J( = rna = 

D = 1 are fixed . It is observed from these figures that an increase in the velocity profile v is 

smaller in magnitude when compared with the velocity profile u. Figure 5.3 (a, b) depicts the 

variation of the velocity profiles 1L and v for various values of lVI when (3 = J( = rna = D = 1. 

These figures indicate that increasing M the velocity profile u increases whereas the velocity 

profile v decreases showing the reverse behavior as observed in the previous case. However , the 

decrease in the magnitude of the velocity profile v is smaller than that in the increase of the 

velocity profile u. Figure 5.4 (a , b) shows the variation of J( on the velocity profiles u and v for 

111 = (3 = rna = D = 1. The velocity profile u decreases with increase in J( whereas the velocity 

profile v increases with increase in J( but with a small change when compared with the velocity 

profile'LL. In figure 5.5 (a, b) it is observed that the velocity profiles u and v increase for large 

values of rna when 111 = J( = (3 = D = 1.5. The magnitude of decrease in the velocity profile 

v is smaller than that of decrease of u. Figures 5.6 (a, b) depict the variation in the velocity 

profiles u and v for different values of D. It is clearly seen from these figures that the velocity 

profile u decreases by increasing D. However the velocity profile v increases by increasing D. 

The increase is smaller for the velocity profile v when compared wit h that of the velocity profile 

u when lVI = J( = rna = (3 = 1. 
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5.5 Concluding remarks 

In this work the flow of a third grade fluid over a moved plate is investigated in the presence of 

Hall current. Based on modified Darcy's law for a third grade fluid the governing equation is 

modeled. The resulting non-linear problem has been solved analytically using HAM. It is noted 

that the velocity profiles u and v have reversed behavior for physical parameters /3, lVI, K and 

n but the velocity profiles u and v show the same behavior for the physical parameter mo . It 

is further found that the boundary layer thickness for v is large when compared to u. 
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Chapter 6 

Series solution for rotating flow of a 

fourth grade fluid 

The main objective of this chapter is to venture further in the regime of rotating non-Newtonian 

flows in a porous media. Therefore, we present an analytical study for a fourth grade fluid. 

This chapter investigates the steady magnetohydrodynamic (MHD) rotating flow of a fourth 

grade fluid over a suddenly moved porous plate. The fluid fills the porous half space and 

the resulting flow is analyzed on the basis of a modified Darcy's law. The homotopy analysis 

method (HAM) is employed to develop an explicit analytic solution of the highly non-linear 

problem. Recurrence formulas are developed and the convergence of the solution is carefully 

checked. With the determined velocity components, the effects of various pertinent parameters 

are discussed. The results for limiting cases are found to be in good agreement with those 

available in the open literature. 

6.1 Governing problem 

The Cauchy stress tensor of a fourth grade fluid is [77] 

T = - pI+ S. (6.1 ) 
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The model may exhibits normal stresses, shear thinning or shear thickening behaviors. Here p 

is the pressure, I is the identity tensor and the extra stress tensor 8 for a fourth grade fluid is 

given by 

(6.2) 

(6.3) 

(6 .4) 

(6 .5) 

8 4 11 A 4 + 12 (A3A 1 + A 1A3) + 13A~ + 14 (A2A~ + A~A2 ) 

+/5 (trA2 ) A2 + 16 (t rA2) A~ + 17 (tTA3) Al + 18 (trA2AI) AI , (6.6) 

L=VV, (6.7) 

(6.8) 

where I-~ is the dynamic viscosity, Ai are the Rivlin-Ericksen tensors, L T is the transpose of L 

and Q1, Q2, /31- /33 and 11 -/8 are the material constants of the fourth grade fluid. It is worth 

mentioning to note that Eq.(6.2) reduces to the third order fluid model when 11 - 18 are equal 

to zero; second order fluid when /31- /33 and 11 - 18 are zero and to the Navier-Stokes fluid 
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z 

wo 
x 

Bo 

F =U at z= 0 
F --+ 0 as z --+ 00 

A schematic figure showing the fourth grade fluid model domain 

y 

Here we consider an incompressible flow of a fourth grade fluid bounded by a uniformly 

porous plate (at z = 0). The fluid occupies the half space z > O. The flow is driven by a 

suddenly moved plate. In the undisturbed state, the fluid and the plate rotate as a rigid body 

rotation with constant angular velocity n (= Ok, k is a unit vector parallel to the z-axis). The 

flow is subjected to a strong magnetic field Bo applied in the z-direction. For small magnetic 

Reynolds number , the induced magnetic field is neglected which is a valid assumption on the 

laboratory scale. In general, for MHD fluid , the Hall current significantly effects the flow in the 

presence of a strong magnetic field. For uniformly porous plate, the incompressibility condition 

for steady flow suggests the velocity field of the following form 

v (z ) = (u( z), v( z ), -wo) , (6.9) 

where u and v are the velocity components parallel to the x and y-axes, respectively and Wo > 0 

corresponds to suction velocity and Wo < 0 indicates the injection (or blowing) velocity. The 
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extra stress tensor is 

(6.10) 

Employing the procedure of previous chapter, we write down the resulting differential system 

for the velocity components 1L and v in the form 

CJ B5 du 

1- imo dz' 

CJ B5 dv 

1 - imo dz' 
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(6 .11) 

(6 .12) 



'l.i U, v = 0 at z = 0 

'l.i ~ 0, V ~ 0 as z ~ 00, (6.13) 

in which 711,0 is the Hall parameter, a is the electrical conductivity of fluid , ¢ is the porosity of 

the medium and kl is the permeability of the porous medium. It should be pointed out that 

in obtaining Eqs. (6.11) and (6.12) , the following expressions for pressure drop (Vp) and flow 

resistance (R) have been used: 

v , (6.14) 

v. (6.15 ) 
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Equations (6.11)-(6.13) can be combined as 

dF d2F 
2Dip- - pWo--

dz dz 2 

¢ d 

k dz 

1- imo '7k' 

F(O) = U, 

F = 'U + iv, 

(6.16) 

F (00) = 0, (6.17) 

F = u - iv. (6.18) 

In order to scale the resulting non-linear problem, it is convenient to introduce the following 

dimensionless quantities 

z* 
pU F * = F -* F D* =~D * Wo * CY.IpU2 
-z, F = U' wo=U' CY.l= 

I-l2 I-l U' pU2 

f3i f3iP
2
U

4 
(i = 1,2,3) , I'i = 

l'i p3 U 6 
(i=1-8), M2 = aB~ 1< = Dpkl. = 

f-l3 f-l4 pD ' ¢I-l 

In terms of above dimensionless quantities, the Eqs. (6.16) and (6.17) after suppressing the 
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asterisks give 

(6 .19) 

F(O) = 1, F (00) = O. (6.20) 

Substituting 

(6.21) 
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the differential system takes the form 

- rlWO 

n 
+

K 

F(l) = 1, 

(6.22) 

F (0) = o. (6.23) 
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where 

We note t hat by choosing ¢ = 0 or kl --+ 00 one obtains the governing problem for rotating 

flow of a fourth grade fluid in a non-porous space. In the next section, the HAM solution of 

the arising highly non-linear problem will be determined. 

6 .2 Solution by the homotopy analysis method 

The velocity distribution F (77) can be expressed by the set of base functions 

{rt ,n2: 0} (6 .24) 

in the form 
00 

F(1']) = Lam,n77n, (6 .25) 
n=a 

where am,n is the coefficients. Based on the Rule of solution expression by (6.25), it is straight

forward to choose the initial guess Fa of F and an auxiliary linear operator .cF as 

Fa (77) = "7, (6.26) 

d2f (6.27) .cF (f) = dZ' 77 

where 

.cF [Cl + C277] = 0, (6.28) 

and Cland C2 are arbitrary constants . The zeroth-order deformation problem satisfies 

(6.29) 

F (0 , q) = 0, F (1, q) = 1, (6.30) 
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in which It and q (E [0,1]) are respectively the non-zero auxiliary parameter and an embedding 

parameter and 

{ 

of(TI,q) ( 
7] aTi 



it 
J( 

is the non-linear operator. Clearly, when q = 0 and q = 1, we have 

F ('TI, 0) = Fa (77) , 

(6.31) 

(6.32) 

We note from above equation that the derivation of q from 0 to 1 is continuous variation of 

F ('TI, q) from Fa ('TI) to F ('TI). By Taylor's theorem and Eq. (6.32), one has 

00 

F ('TI, q) = Fa (77) + L Fm (7]) qm, (6.33) 
m=l 

in which 

F ( ) _ ~ 8m F (77, q) 
m7]-, 8 7n m. q 

(6.34) 
q=a 

Obviously the convergence of the series (6 .33) depends upon ti.The values of ti are selected in 

such a manner that the series (6.33) is convergent at q = 1. Then due to Eq. (6.32) we have 

00 

F(7]) = Fa (7]) + L Fm ('TI), (6 .35) 
m= l 

Now differentiating Eq. (6.29) m-times with respect to q, and then dividing by 7n! and finally 

setting q = 0 we have the m-th order deformation problem 

(6 .36) 
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(6.37) 

where 

7]3 F:::_ 1 (77) + 37]2 F~_l (77) + 71 F~1-1 (77) 

{ 
M2 ( M

2
7no)} , () {' () 2 II () } -D7] 1 + m6 + 2 - 1 + m6 i Fm - 1 7] - Wo 7]Pm - 1 7] + 7] Fm - 1 7] 

+alwO {77 F~1-1 (7]) + 7772F~_1 (7]) + 6773P::Ll (77) +774F::~1 (71)} 

+/31 W5 {77F~1_1 (7]) + 157]2 F::1- 1 (7]) + 257]3 F:::_ 1 (7]) + 107]4 F~;~l (77) + 775 F~~l (77) } 

m-l k 

9 L F~-l-k (7]) L F~_ l (77) PI (77) 
k=O l=O 

m-l k 

2 L F~_l_k (77) L FLl (7]) P{ (77) 
k=O l=O 
m-1 k +777 

+ L F~-1-k (7]) L FLl (77) P{' (77) 
k=O l=O 
m-l k 

2 L F~-l-k (77) L F~_l (77) P{ (77) 
k=O l=O 
m-1 k 

+2 L F~-l-k (7]) L Ff!...l (7]) F{ (7]) 
k=O l=O 
m-I k 

+4 L F~_ I _k (7]) L Pf- l (77) F{' (7]) 
k=O l=O 

m-I k 

+ L F~-1-k (77) L FLl (77) P{" (77) 
k=O l=O 
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m-l k m - l k 

18773 .L F:n-l-k (T}) .L FLI (T}) P[ (77) + 44774 .L F~t- l-k (77) .L F~_ l (77) P[ (T}) 
k=O 1=0 k=O 1=0 
m-l k m-l k 

+ 13775 .L F~-l_k (77) .L F~_l (77) P( (77) + 30T}4 .L F:n-l-k (77) .L FLl (77) P[' (77) 
k=O 1=0 k=O 1=0 
m-l k m-l k 

+ 35175 L F:n,-l-k (77) .L F~_l (17) P[' (17) + 4776 L F~_l_k (77) L FLI (17) P[' (17) 
k=O 1=0 k=O 1=0 
m-l k m-l k 

+ 13175 .L F~t-l-k (T}).L Ft-l (17) Pi (17) + 3176 L F:~_l _k (17).L F~~I (17) Pi (17) 
k=O 1=0 k=O 1=0 

m-l k m-l k 

+ 4176 .L F:n-l-k (17) .L F~'-l (77) P[' (77) + 11175 .L F:n-l-k (77) .L FLI (17) Fi" (17) 
k=O 1=0 k=O 1=0 
m-l k m-l k 

+ 5176 L F:n-l-k (17) .L F~_l (T}) Fi" (17) + 776 .L F:n - 1- k (17) .L F~:!.I (17) Fi (T}) 
k=O 1=0 k=O 1=0 

m-l k 

+776 .L F~t-l-k (T}) .L FLI (17) F['" (77) 
k=O 1=0 

m-l k m-l k 

9173 L F~t-l-k (77) .L FLI (17) Fi (77) + 30174 L F:n-l-k (77) .L FLl (17) P[ (77) 
k=O l=O k=O 1=0 

m-l k m-l k 

+11175 .L F~_l_k (17) .L FLl (77) Pi (77) + 7174 .L F:n-l-k (77) L FLI (17) Fi' (17) 
k=O l=O k=O 1=0 
m-l k m-l k 

+ 13775 .L F~t-l-k (17).L FLI (77) F[' (17) + 2776 .L F~-l-k (17).L F~_I (17) F[' (17) 
k=O l=O k=O l=O 
m-l k m-l k 

+11T}5 L F:n-l-k (77) .L F~'-I (T}) Fi (77) + 3776 .L F~_l_k (77) L F~'-l (77) Fi (T}) 
k=O 1=0 k=O 1=0 

m-l k m-l k 

+2776 .L F:n-l-k (77).L F~'-I (T}) P[' e'7) + 2T}5 .L F:n - 1- k (77).L FLI (77) Fi" (T}) 
k=O 1=0 k=O 1=0 
m-l k m-l k 

+776 .L F:n-l-k (77) .L F~_I (77) PIli (77) + 776 L F:n-l-k (77) .L F~:!.l (77) Fi (T}) 
k=O 1=0 k=O 1=0 
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m-I k m-I k 

187]3 L F:n- I- k (7]) L F~_l (7]) F[ (7]) + 44774 L F~l-I-k (77) L FLl (77) F{ (77) 
k=O 1= 0 k=O l=O 
m-I k m-I k 

+137]5 L F~l- I-k (7]) L Ff_l (7]) F[ (7]) + 307]4 L F~l-I-k (7]) L FL l (7]) F[' (77) 
k=O 1=0 k=O l=O 
Tn-I k Tn-I k 

+357]5 L F~_I_k (7]) L Ff_l (77) F[' (77) + 4776 L F~l-I-k (77) L Ff- l (77) i[' (77) 
k=O l=O k=O l=O 
m-I k m-I k 

+13775 L F~- I -k (77) L Ff~l (77) F[ (77) + 3776 L F:~_I_k (77) L Ff~l (77) F[ (77) 
k=O l=O k=O 1=0 

m-l k m-I k 

+47]6 L F~_I_k (7]) L F~~l (7]) F[' (7]) + 11775 L F~_I_k (7]) L FLI (7]) F[I! (7]) 
k=O 1=0 k=O l=O 
m-I k m-I k 

+57]6 L F~-I-k (7]) LF~-l (7]) F[" (77) + 776 L F~_I_k (7]) L Fk/~l (77) Fi (7]) 
k=O l=O k=O l=O 

m-I k 

+7]6 L F~_I_k (77) L FLl (77) F["I (77) 
k=O l=O 

- ~ hF:n-l (7]) - cqwO bF~-1 (77) + 77 2 F~_1 (77)}) 

- ~ [-(31 w5 {773 F:::_ 1 (77) + 3772 F~_l (77) + 77 F~l- l (77)} ] 

2(30. 
+K 

+ 3-Y2.1!w8 
K 

m - I k m - l k 

27]2 L F~-l-k (7]) L FLI (7]) Fl (7]) + 77 3 L F~_l_k (77) L FLl (7]) F[ (7]) 
k=O l=O k=O l=O 
m-l k m -l k 

+773 L F~-l-k (77) L FLI (7]) Fl (77) + 7]3 L F~-I-k (77) L Ff-l (77) Fl (77) 
k=O 1=0 k=O l=O 

- ~ [-' 1 W5 {77F~_1 (7]) + 77]2 F~_I (77) + 6773 F:::_ I (77) + 774 F;:~I (7])}] 
m-I k m-I k 

4772 L F~-I-k (77) L FLI (77) Fl (7]) + 2773 L F~_I_k (77) L FLl (17) F! (17) 
k=O l=O k=O 1=0 
m-I k m-I k 

+57]3 L F:~-I-k (77) L FLI (17) Fl (17) + 7]4 L F~-I_k (7]) L FLI (17) F[ (17) 
k=O 1=0 k=O l=O 
m-I k m-I k 

+57]3 L Fm-I-k (17) L Ff-l (77) F[ (7]) + 7]4 L F~-I-k (7]) L FLl (7]) F[ (7]) 
k=O 1=0 k=O 1=0 
m-I k m-I k 

+27]4 L F~-I-k (7]) L Ff_l (17) Fl (7]) + 7]4 L F:::- I- k (7]) L FLl (7]) Fl (17) 
k=O l=O k=O l=O 

m-I k 

+7]4 L F~-I -k (7]) L F~~l (7]) Fl (17) 
k=O l=O 
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r1DwO 

K 

m-1 k m-1 k 
3773 L F~t-1 -k (7]) L PLI (77) Ff (17) + 6774 L F~_l_k (77 ) L PLI (7]) Ff (7]) 

k=O 1=0 k=O 1=0 
m-1 k m- 1 k 

+175 L F~_l_k (77) L P~-l (77) Ff' (7]) + 774 L F~_l_k (77) L PLI (77) Ff (77 ) 
k=O 1=0 k=O 1=0 
m-1 k m-1 k 

+7]5 L F~_ l_k (7]) L Pk-1 (7]) F{ (7]) + 7]5 L F:::_ 1_k (77) L PLI (7]) F[ (77) 
k=O 1=0 k=O 1=0 

m-1 k m-1 k 
477

2 L F~1-1-k (77) L P~-l (77) Fl (7]) + 2773 L F:n - 1- k (77) L PLI (77) Ff (77) 
k=O 1=0 k=O 1=0 
m-1 k m-1 k 

+57]3 L F~-l-k (77) L PLI (77) Fl (77) + 774 L F~-l-k (77) L P~-l (77) Ff (77) 
k=O 1=0 k=O l=O 
m-1 k m-1 k 

+57]3 L Fm- 1- k (77) L Pk-1 (77) Ff (7]) + 774 L F:n - 1- k (7]) L PLI (77) Ff (77) 
k=O l=O k=O 1=0 
m-1 k m-1 k 

+27]4 L F~_l_k (7]) L Pk-1 (7]) Fl (77) + 7]4 L F:::- 1_k (7]) L P~-l (7]) Fl (7]) 
k=O 1=0 k=O l=O 

m-1 k 

+7]4 L F~_l_k (17) L Pk~l (7]) Fl (77) 
k=O l=O 

0, m ~ 1 
Xm= 

1, m> 1 

(6.38) 

(6.39) 

The general solution of Eqs. (6.36) and (6.37) is given by 

(6.40) 

in which F,~ (7]) denotes the special solutions of Eq. (6.36) and the integral constants C1 and 

C2 are determined by the boundary conditions (6.37) 

(6.41) 

In this way, it is easy to solve the linear non-homogeneous Eq. (6.36) by using Mathematica 

one after the other in the order m = 1,2,3 .... 
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6.3 Convergence of the series solution 

The expression given in Eq. (6 .36) depends upon the auxiliary parameter Ii that ensures the 

convergence region and rate of approximation for the homotopy analysis method. In figure 

6.1 the n-curves are plotted for different order of approximations for u and v. It is obvious 

from figure 6.1 that the range for the admissible values of Ii is -0.05 ::; h < 0.05. The real 

and imaginary parts of the series given by Eq. (6.35) converge in the whole region of 77 when 

Ii = - 0.01. 

7.5 

5 

~ 2.5 

;: 
~ 0 

~ -2.5 

-5 

-7.5 

-0.04 -0.02 

Figure 6.1 

122 

o 
P; 

l/"fOJ 

\I"fOJ 

-... .. , 

0.02 

, , 
\ 
\ 
I 
\ 
\ 
\ 

\ 
I 
I 
I 
I 

0.04 



6.4 Results and discussion 

Here figure 6.2 (a, b) have been made just to describe the variation of the velocity profiles u 

and v for different values of woo These figures explain that the velocity profiles u and v increase 

when Wo is increased and lvI = Q1 = f3 1 = f3 = II = 12 = f1 = r2 = J( = mo = n = 0.01. It 

is observed from these figures that an increase in the velocity profile v is smaller in magnitude 

when compared with the velocity profile u. Figures 6.3 (a, b) depict the variation l Ion the 

velocity profiles u and v when Iv! = Q1 = f3 1 = f3 = 12 = r 1 = r 2 = K = mo = n = 0.01 , 

and Wo = 1. These figures show that the velocity profiles u and v increase by increasing I I ' 

The variation of M on the velocity profiles 'u and v when a 1 = f3 1 = f3 = I I = 12 = r 1 = 

r 2 = K = mo = n = 0.1 is shown in figures 6.4 (a, b). It is noted that u increases and v 

decreases when M is increased. In figures 6. 5 (a, b) it is observed that the velocity profiles u 

and v increase by increasing K and !l1 = a1 = f3 1 = f3 = I I = 12 = f1 = r 2 = mo = n = 0.1 

and Wo = 1. An increase in the magnitude of the velocity profile v is however smaller than 

that of u. Figures 6.6 (a , b) depict the variation in the velocity profiles u and v for various 

values of n. It is clearly seen from t hese figures that the velocity profiles u and v decrease 

by increasing n when M = Q1 = f31 = f3 = II = 12 = f1 = f2 = K = mo = 0.1 and 

Wo = 1. The decrease is smaller for the velocity profile 'U when compared with that of u when 

!l1 = Q1 = f3 1 = f3 = II = 12 = r 1 = r 2 = J{ = mo = 0.1 and Wo = 1. 
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6.5 Concluding remarks 

In this chapter a new analytic approach based on the homotopy analysis method is used to 

investigate the rotating flow of a fourth grade fluid with Hall current. This analytic approach 

provides us with a new way to obtain explicit convergence series solution. Different from~ the 

conventional Darcy 's law, the present analysis involves the modified Darcy 's law. It is noted 

that u and v have the same qualitative behavior for the physical parameters wo, 11, [{ and D. 

However 'I.L and v show opposite behaviors for J.d. It is further noted that the results of third 

grade fluid can be recovered as t he special cases when II = 12 = fl = f2 = O. 
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