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ABSTRACT 

The concept of fuzzy set which was first introduced by L. A. Zadeh in his classical paper [18] is 

very useful development and has been applied by many authors to generalize some basic notions 

of algebra. As a generalization of fuzzy set, Zadeh [19, 20, 21] introduced the concept of interval 

valued fuzzy set. Fuzzy semirings were first investigated in [2] and fuzzy h-ideals of hernirings 

in [23]. 

In this dissertation, we chaeacterized different classes of hernirings by the properties of their 

interval valued fuzzy ideals. 

This dissertation consists of four chapters. First chapter is of introductory nature which provides 

some basic defmitions and results of fuzzy sets and fuzzy hernirings. In chapter 2, we have 

reviewed the interval valued fuzzy sets and the partial order in them as defined in [22], and also 

introduced interval valued fuzzy ideals of hernirings. In chapter 3, we characterized fully 

idempotent hernirings by the properties of interval valued fuzzy ideals. Finally in chapter 4, we 

have investigated the hernirings by the properties of their interval valued fuzzy h-ideals. 
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Chapter 1 

PRELIMINARIES 

In this chapter we present a brief summary of basic definitions and preliminary re

sults, used in the subsequent chapters of this dissertation. For undefined terms and 

notations we refer to [8] and [9]. 

1.1 Definitions and Examples 

Definition 1 Let S be a non-empty set and ((*" be a binary operation on S. Then 

(S, *) is called a semigroup if this operation is associative, that is 

for all a , b,c E S. 

A semigroup (S, *) is called commutative if 

for all a, b E S. 

Definition 2 Let (S, *) be a semigroup. If there exists an element e E S such that 

for all a E S 

3 
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then e is called the identity element in Sand (S, *) is called a monoid. 

Definition 3 A non-empty set R together with two binary operations, named as ad

dition "+ "and multiplication ". ", is said to be a hemiring if 

R 

(i) (R, +) is a commutative monoid with identity '0'. 

(ii) (R,·) is a semigroup. 

(iii) Multiplication distributes over addition from either side, that is for all a, b, c E 

a(b + c) 

(a + b) c 

(iv) 0 . a = a . 0 = 0 holds for all a E R. 

ab+ ac 

ac+ bc 

A hemiring (R , +, .) is called commutative if 

a·b = b·a for all a, b E R . 

Definition 4 A subset S of a hemiring R is called a subhemiring of R if S is itself 

a hemiring under the operations inherited from R or S ~ R is a subhemiring of R if 

o E S and for all a, b E S we have a + b, ab E S. 

Example 5 1. All rings are hemirings with sub rings as subhemirings. 

2. Let R = [0 ,1] be the unit closed interval of real numbers. Define addition as 

a + b = max{ a, b} for all a, b E R 

and multiplication as the usual multiplication of real numbers. Then (R, +,.) is a 

commutative hemiring. Furthermore, the subinterval [0, r], where 0 < r ~ 1, is 

subhemiring of the hemiring R = [0,1]. 
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3. The set of whole numbers as well as the set of non-negative rational numbers are 

commutative hemirings under usual addition and multiplication of real numbers. The 

set of whole numbers is a subhemiring of the set of non-negative rational numbers. 

4. Let (S, +) be a commutative monoid with identity O. Define multipli-

cation as 

a· b = 0 for all a, b E S. 

Then (S, +, .) is a commutative hemiring. 

5. Let S be a non-empty set and P(S) be the family of all subsets of s. 

Then (P(S), U, n) is a commutative hemiring. 

6. Let (S, +) be a commutative monoid with identity O. Then the set of 

all endomorphisms of S is a hemiring under the operations of pointwise addition and 

composition of mappings. The set of all automorphisms of S is a subhemiring of the 

set of all endomorphisms of S. 

7. The set of all square matrices with entries from non-negative real num-

bers is a hemiring under the usual addition and multiplication of matrices. 

Definition 6 Let A and B be subsets of a hemiring (R , +, .) . Then the sum and 

product of A and B are defined as 

A + B = {a + b: a E A, bE B} 

and 
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Definition 7 Let (R, +, .) be a hemiring. An element a E R is called multiplicatively 

idempotent if a2 = a. 

Definition 8 A hemiring (R, +, .) is called multiplicatively idempotent if each ele

ment of R is multiplicatively idempotent. 

Definition 9 A hemiring (R, +,.) is called von Neumann regular if for any a E R 

there exists x E R such that a = axa or we have a E aRa for all a E R. 

Definition 10 [3] A hemiring (R, +,.) is called left (respectively right) weakly regular 

if we have a E RaRa (respectively a E aRaR) for all a E R. 

Remark 11 Clearly if R is commutative then R is (right or left) weakly regular if 

and only if R is von-Neumann regular. 

1.2 Ideals in Hemirings 

Ideals play an important role in the theory of rings and it is therefore natural to study 

them also in the theory of hemirings. 

Definition 12 A non-empty subset I of a hemiring R is called a left (respectively 

right) ideal of R if for all a, bEl and r E R 

i) a + bEl 

ii) ra E I (respectively ar E 1) . 

Note that a E I. 

Definition 13 A non-empty subset I of a hemiring R is called an ideal of R if it is 

both a left and a right ideal of R. 
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Remark 14 If A and B are left (respectively right) ideals of a hemiring R then AnB 

is a left (respectively right) ideal of R . If A is a subset of R, then intersection of all 

left (right) ideals of R which contain A is a left (right) ideal of R containing A. Of 

course this is the smallest left (right) ideal of R containing A and is called the left 

(right) ideal of R generated by A. 

Proposition 15 If A and B are left (respectively right) ideals of a hemiring R then 

A + B is the smallest left (respectively right) ideal of R containing both A and B. 

Proposition 16 If A and B are ideals of a hemiring R then AB is an ideal of R 

contained in A n B. 

Theorem 17 A hemiring R is von Neumann regular if and only if for any right ideal 

A and any left ideal B of R, An B = AB. 

Theorem 18 [3] The following assertions for a hemiring R are equivalent: 

1) R is right weakly regular. 

2) All right ideals of R are idempotent. 

3) I J = In J for each right ideal I and two-sided ideal J of R. 

Definition 19 An ideal I of a hemiring R is called prime ideal of R if for any two 

ideals A and B of R 

AB S;;; I =} A S;;; I or B S;;; I. 

Definition 20 An ideal I of a hemiring R is called irreducible ideal of R if for any 

ideals A and B of R 

A n B = I =} A = I or B = I. 
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Definition 21 An ideal I (left, right or two-sided) of a hemiring R is called a k-ideal 

of R if for any y, z E I and x E R, from x + y = z it follows that x E I . 

Definition 22 An ideal I (left, right or two-sided) of a hemiring R is called an h

ideal of R if for any a,b E I and x,y E R, from x + a + y = b + Y it follows that 

x E I. 

Remark 23 Clearly a left (respectively right) h-ideal is always a left (respectively 

right) k -ideal but the converse is not true. Also note that in case of rings, k-ideals 

and h-ideals coinside due to the existance of additive inverses. 

Definition 24 An ideal I of a hemiring R is called idempotent if 12 = I. 

Definition 25 A hemiring R is called fully idempotent if each two-sided ideal of R 

is idempotent, that is 12 = I . 

Proposition 26 If R is commutative hemiring then R is fully idempotent if and only 

if R is von Neumann regular. 

Proposition 27 If R is commutative hemiring then R is fully idempotent if and only 

if R is weakly regular. 

1.3 Fuzzy Hemirings 

The theory of fuzzy sets was introduced by L.A.Zadeh in [18] as a generalization of 

the abstract set theory. This concept has been applied by many authors to generalize 

some of the basic notions of algebra. In this section, we will give a review of some 

basic concepts of fuzzy sets and fuzzy ideals of hemirings. 
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Definition 28 A fuzzy subset f of a non-empty set X is a function from X to the 

unit closed interval [0,1]' that is f : X ----+ [0 ,1]. 

A fuzzy subset f : X ----+ [0,1] is non-empty if f is not a zero map. 

Note that f( x) E [0,1] for all x E X. 

Definition 29 Let f and 9 be two fuzzy subsets of a non-empty set X, then f ~ 9 if 

and only if f(x) ::; g(x) for all x EX. 

Definition 30 Let f and 9 be any two fuzzy subsets of a non-empty set X, then the 

union and intersection of f and 9 are defined as 

(f U g)(x ) = f( x ) V g(x ) 

(f n g)(x) = f(x) 1\ g(x) 

fo r all x EX 

for all x EX. 

More generally if {fi : i E I} is a family of fuzzy subsets of X then the union and 

intersection are defined as 

(Udi)(X) = Vi(fi(X)) 

(ndi)(X) = l\i(!i(X)) 

for all x EX 

for all x E X. 

D efinition 31 Let f and 9 be any two fuzzy subsets of a hemiring R, then the sum 

of f and 9 is defined as 

(f + g)(x ) = Vx=y+z [f (y) 1\ g( z )] for all x E R . 

Definition 32 Let f and 9 be any two fuzzy subsets of a hemiring R , then the product 

of f and 9 is defined as 

for all x E R. 
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Definition 33 Let f and 9 be any two fuzzy subsets of a hemiring R, then the in

trinsic product of f and 9 is defined as 

Definition 34 Let f be a fuzzy subset of a hemiring R. Then f is said to be a fuzzy 

subhemiring of R if for all x, y E R. 

(i) f(x+y)?f(x)l\f(y) 

(ii) f (xy) ? f (x) 1\ f (y) . 

Definition 35 Let R be a hemiring and let A ~ R. The characteristic function C A 

of A is defined to be a function from R into [0,1], that is CA : R --t [0 , 1] such that 

for all x E R 

if x E A 

if x ~ A 

Clearly the characteristic function of any subset of R is also a fuzzy subset of R. 

Definition 36 [2] A fuzzy subset A of a hemiring R is said to be a fuzzy left (respec

tively right) ideal of the hemiring R if for all x, y E R 

1) A (x + y) ? A (x) 1\ A (y) 

2) A (xy) ? A (y) (respectively A (xy) ? A (x)) . 

A fuzzy subset A of a hemiring R is called a fuzzy ideal of hemiring R if it is both, 

fuzzy left and right ideal of R 
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Proposition 37 [2] If A and I-" are fuzzy left (respectively right) ideals of a hemiring 

R then A n I-" is also a fuzzy left (respectively right) ideal of R . 

Proposition 38 [2] If A and I-" are fuzzy left (respectively right) ideals of a hemiring 

R then their sum A + I-" is also a fuzzy left (respectively right) ideal of R. 

Proposition 39 [2] If A and fL are fuzzy left (respectively right) ideals of a hemiring 

R then their product AI-" is also a fuzzy left (respectively right) ideal of R. 

1.4 h-Hemiregular Hemirings 

Definition 40 [17] A hemiring R is said to be h-hemiregular if for each a E R, there 

exist Xl, X2, Z E R such that 

In the case of rings the h -hemiregularity becomes the classical regularity of rings. 

Example 41 [23] Let R be the set of all non-negative integers No with an element 

00 such that 00 2: x for all x E No. Consider two operations: 

a + b = max{ a, b} for all a, b E R 

and 

a . b = min{ a, b} for all a, b E R 

Then (R, +, .) is an h -hemiregular hemiring. 



12 

Definition 42 [23] Let A be a subset of a hemiring R . Then the h-closure A of A 

in R is defined as 

..4 = Cl (A) = {x E R : x + al + Z = a2 + z for some aI, a2 E A, Z E R}. 

Note that 

(i) If A is a left ideal of R, then A is the smallest left h-ideal of R containing 

A. 

(ii) If A is subset of R , then (..4) = ..4. 

(iii) If A ~ B ~ R then A ~ B. 

Lemma 43 [23] If A and B are subsets of a hemiring R, then AB = Cl (..4 B). 

Lemma 44 [23] If A and BaTe, Tespectively, right and left h-ideals of a hemiring R, 

then AB ~ A n B. 

Lemma 45 [23] If A and B are, respectively, right and left h-ideals of a hemiring R, 

then AB = An B if and only if R is h-hemiregular. 



Chapter 2 

REGULAR AND WEAKLY 

REGULAR HEMIRINGS 

In this chapter we present the basic definitions and operations of the interval val

ued fuzzy sets and then investigate the notion of the interval valued fuzzy ideals in 

hernirings and regular hernirings. 

2.1 Interval Valued Fuzzy Subsets 

Let L be the family of all closed subintervals of [0, IJ . Then according to the partial 

order as in [22J that is, [a ,a'J :S [,6 ,,6'J if and only if a :S ,6, a' :S,6' defined on L 

for all [a, a'J , [,6, ,6'J E L, the minimal element of L is 6 = [0, OJ and the maximal 

element is j = [1, IJ. 

Definition 46 An interval valued fuzzy subset A of a hemiring R is a fund-ion A : 

R->L. 

13 
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for all x E R. Where A - , A + : R ~ 

[0,1] are lower and upper fuzzy sets of A, giving lower and upper limits of the image 

interval for each x E R. Note that we have ° ~ A-(X) ~ 1 and 0 ~ A+(X) ~ 1 for all 

x E R. For simplicity we write A = [A - , A +] . 

Note that for any two interval valued fuzzy subsets A and J.1, of a hemiring R, we 

have A ~ J.1, if and only if A (x) ~ J.1, (x) for all x E R, that is A- (x) ~ J.1, - (x) and 

A+ (x) ~ J.1,+ (x) for all x E R . 

Definition 47 For any two interval valued fuzzy subsets A and J.1, of a hemiring R, 

union and intersection are defined, for all x E R 

(A U J.1,) (x) = [A- (x) V J.1,- (x) , A+(X) V J.1,+(x)] 

(A n J.1,) (x) = [A- (x) 1\ J.1,- (x), A+(X) 1\ J.1,+(x) ] . 

More generally if {Ai : i E I} is a family of interval valued fuzzy subsets of R then 

for all x E R, 

(UiAi)(X) = [ViAi(x), ViA;(X)] 

(niAi)(X) = [l\ iAi(x), l\iA;(X)] . 

Definition 48 Let A and J.l be interval valued fuzzy subsets of a hemiring R then 

their sum is defined as 

for all x E R. 

Definition 49 Let A and J.1, be interval valued fuzzy subsets of a hemiring R then 

their product is defined as 
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if x can be expressed as x = L:~= 1 YiZi. Otherwise (Ap,)( X) = O. 

Definition 50 Let A be a subset of a hemiring R . Then the interval valued charac-

teristic function C A of A is defined to be a function C A : R - £. such that for all 

xER 

{ 

j = [1,1] 
CA (x) = 

0=[0,0] 

if x E A 

if x ~ A . 

Clearly the interval valued characteristic function of any subset of R is also an 

interval valued fuzzy subset of R. The interval valued characteristic function can 

be used to indicate either membership or non-membership of any member of R in a 

subset A of R. Note that CR(x) = j for all x E R. 

Lemma 51 Let A, p, and v be the interval valued fuzzy subsets of a hemiring R. If 

A ~ p, then AV ~ P,V and VA ~ VI-L 

Proof. Let x E R . If x is not expressed as x = L:~= 1 Yi Zi, t hen 

Otherwise 

(AV)(X) 

Hence 

(AV) (x ) = 0 = (p,v) (x ) 

Vx=Ei=lYiZi {Ai [A-(Yi) A V-(Zi), A+(Yi) A V+( Zi)]} 

< V x=Ei=lYi Zi {Ai [p,- (Yi) A V- (Zi), p,+ (Yi) A v+ (Zi)] } 

- (p,v)(x) 

Similarly we can prove that v A ~ v p,. • 
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2.2 Interval Valued Fuzzy Ideals 

Definition 52 Let f be an interval valued fuzzy subset of a hemiring R. Then f is 

said to be an interval valued fuzzy subhemiring of R if for all x, y E R 

(i) f( x+ y) ~ f( x ) I\f(y) 

(ii) f (xy) ~ f (x) 1\ f (y). 

Definition 53 Let A be an interval valued fuzzy subset of a hemiring R. Then A is 

said to be an interval valued fuzzy left (respectively. right) ideal of R if and only if 

for all x, y E R 

(i) A (x + y) ~ A (x ) 1\ A (y) 

(ii) A (xy) ~ A (y) (respectively A (xy) ~ A (x )) . 

An interval valued fuzzy subset A : R -+ £ is called an interval valued fuzzy ideal 

of hemiring R if it is both, interval valued fuzzy left and right ideal of R . 

Remark 54 An interval valued fuzzy subset A of a hemiring R is an interval valued 

fuzzy two sided ideal of R if for all x, y E R 

(i) A (x + y) ~ A (x) 1\ A (y) 

(ii) A (xy) ~ A (x) V A (y) . 

Remark 55 Every interval valued fuzzy ideal of a hemiring R is also an interval 

valued fuzzy subhemiring of R but the converse is not true. 

Remark 56 Note that if A = [A -, A +] is an interval valued fuzzy left ideal of R then 

for all x, y E R 



(i) A (x + y) ~ A (x) A A (y) 

* [A-(X+y),A+(X+Y)] ~ [A-(X),A+(X)] A [A -(y),A+(Y)] 

* [A-(X+y),A+(X+Y)] ~ [A-(x)AA-(y),A+(Y)AA+(Y)] 

* A-(X + y) ~ A- (x) A A- (y) and A+(X + y) ~ A+ (x) A A+ (y) 

(ii) A (xy) ~ A (y) 

* [A- (XY) , A+(XY)] ~ [A - (Y), A+(Y)] 

* A- (XY) ~ A-(Y) and A+(XY) ~ A+(y)· 

17 

This shows that A-and A + are fuzzy left ideals of R. It's converse is also true and 

can be proved by reversing the above process. Similarly A = [A -, A +] is an interval 

valued fuzzy right (two sided) ideal of R if and only if A-and A + are fuzzy right (two 

sided) ideals of R. Similarly A = [A - , A +] is an interval valued fuzzy subhemiring of 

R if and only if A-and A + are fuzzy subhemirings of R. 

Lemma 57 An interval valued fuzzy subset A of a hemiring R is an interval valued 

fuzzy subhemiring of R if and only if A + A ~ A and A2 ~ A. 

Proof. Let A be an an interval valued fuzzy subhemiring of R then A-and A + 

are fuzzy subhemiring of R, and for all x E R 

(A+A)(X) 

Thus 

< V x=y+z [A - (y + z ) , A + (y + z )] 

= Vx=y+z [A- (x), A+(X)] 

A (x). 
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And ).2 (X) = 6 ~ ). (x) if x camlot be expressed as x = 2:::~1 YiZi, otherwise 

).2 (x) = ().).) (x) 

= V x=~i=lYiZi {Ai [). - (Yi) A ). - (Zi), ). + (Yi) A ). + (Zi)]} 

< V x=~~lYiZi [Ai). - (Yi Zi ), Ai ). + (YiZi)] 

< V x=E~_,",~ [>. -(t, y,z,) , V(t, y,,, ) 1 
- VX=~i=lYiZi [).- (x ), ).+(x )] 

). (x) . 

Conversely, let ). be an interval valued fuzzy subset of R such that ). + ). ~ ). and 

).2 ~).. Then for all X,Y E R 

). (x + y) > (). + ).) (x + y) 

= V x+y=a+b [). - (a) A ). - (b) , ). + ( a) A ). + (b) ] 

> [).- (x) A).- (Y), ).+ (x) 1\ ).+(y)] 

- [).- (x ) , ).+(x )] A [).- (Y), ).+(y)] 

- ). (x) A). (y) 



and 

Thus 

and 

).. (xy) > )..2 (xy) = ()..)..)(xy) 

V xy=Ei=lY;z; {I\i [).. - (Yi) 1\ ).. - (Zi), ).. + (Yi) 1\ ).. + (Zi)] } 

> [)..-(X) 1\ )..-(y), )..+(X) 1\ )..+(y)] 

[)..- (X), )..+(X)] 1\ [).. - (y) , )..+(y)] 

)..(X)I\)..(y) . 

).. (X + y) 2: ).. (X) 1\ ).. (y) for all X, Y E R 

)..(xy) 2: )..(X) I\)..(y) for all x, y E R. 

Hence ).. is. an interval valued fuzzy subhemiring of R. • 
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Lemma 58 An interval valued fuzzy subset).. of a hemiring R is an interval valued 

fuzzy left (respectively right) ideal of R if and only if ).. + ).. ~ ).. and CR ).. ~ ).. 

(respectively )"CR ~ ).. ). 

Proof. Let).. be an an interval valued fuzzy left ideal of R then).. - and)" + are 

fuzzy left ideals of R, and for all x E R 

()..+)..) (x) 

< Vx=y+z [).. - (y + z), )..+(y + z)] 

V x=y+z [).. - (x) , ).. + (x) ] 

).. (x) . 
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Thus 

And CR ).. (x) = 6 :::; ).. (x) if x cannot be expressed as x = L:~=l YiZi , otherwise 

Thus 

CR ).. (x) = VX= Ei::1Y;z; {Ai [CR(Yi ) A )..-(Zi )' C~(Yi) A )"+(Zi)]} 

< VX=Ei::1Y; z; { Ai [1 A ).. -(Zi)' 1 A )"+(Zi)]} 

= Vx=Ei=lY;z; {Ai [).. - (Zi )' )"+(Zi )]} 

< V x=Ei=lY;z; {Ai [).. - (YiZi), ).. + (Yi Zi) ] } 

< V x="f=,,, .. [A -(t, y,z;) , A +(t, y,z,) 1 
= Vx=Ei=lY;z; [)..-(x) , )..+(x)] 

= ).. (x) . 

Conversely, let).. be an interval valued fuzzy subset of R such that).. + ).. ~ ).. and 

CR).. ~)... Then for all X,Y E R 

)..(x+y) > ()..+)..) (x+y) 

> [)..- (x) A)..- (y), )..+(x) A )..+(y)] 

= , [)..-(x), )..+(x)] A [)..-(y) , )..+(y)] 

= ),,(x)A)"(y) 



and 

Thus 

and 

A (xy) > CRA (xy) 

- V xy=Ei=lYiZi {/\i [CR (Yi) /\ A - (Zi), CJi (Yi) /\ A + (Zi)] } 

> [CR(x) /\ A-(Y), CJi(x) /\ A+(Y)] 

= [1/\ A-(Y), 1/\ A+(Y)] 

- [A-(y) , A+(Y)] 

A (y) . 

A (x + y) 2: A (x) /\ A (y) for all x, Y E R 

A (xy) 2: A (y) for all x, Y E R 

Hence A is an interval valued fuzzy left ideal of R. • 
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Proposition 59 A subset A of a hemiring R is a subhemiring of R if and only if 

the interval valued characteristic function C A is an interval valued fuzzy subhemiring 

of R. 

Proof. Suppose that A is a subhemiring of R and let x, Y E R 

Casel If x, yEA then x + y, xy E A. Thus 

and 

CA (xy) = j = j /\ j = CA (x) /\ CA (y) 
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Case II If at least one, say y ¢:. A then CA (y) = O. Then 

and 

Thus in both cases 

for all x, y E R 

and 

for all x, y E R 

Hence C A is an interval valued fuzzy subhemiring of R. 

Conversely, suppose that C A is an interval valued fuzzy subhemiring of R and let 

x,y E A then 

and 

- - -
11\1=1. 
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Thus 

x + y,xy E A for all x , y EA 

This shows that A is a subhemiring of R. • 

Proposition 60 A subset A of a hemiring R is a left (respectively right) ideal of R 

if and only if the interval valued characteristic function C A is an interval valued fuzzy 

left (respectively right) ideal of R. 

P roof. Let A be a left ideal of R and let x, y E R. Then by the Proposition 59 

for all x, y E R 

Casel If yEA then xy E A because A is left ideal of R. Thus 

Case II 

x,y E R. 

Hence C A is an interval valued fuzzy left ideal of R 

Conversely, let C A be an interval valued fuzzy left ideal of R and let x, yEA then 

CA (x) = j = CA (y) and therefore 

- - -
] /\ ] = ] 
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This shows that 

x+yEA for all x, yEA 

Let x E Rand yEA, then 

x y E A for all x E Rand yEA 

Thus A is a left ideal of R. • 

Proposition 61 If A and f.t are interval valued fuzzy left (respectively right) ideals of 

R then their sum A + f.t is also an interval valued fuzzy left (respectively right) ideal 

of R. 

Proof. To show that A + f.t is an interval valued fuzzy left ideal of R, we will 

prove that 

(i) (A + f.t) (x + y) 2: (A + j.L) (x) /\ (A + j.L) (y) for all x, y E R 

(ii) (A + j.L) (xy) 2: (A + f.t) (y) for all x, y E R 
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Recall that if >. = [>. -, >. +] and J.l = [J.l -, J.l+] are interval valued fuzzy left ideals 

of R then>. -, >. +, J.l-, J.l+ are fuzzy left ideals of R. Let x, y E R. Then 

(>. + J.l) (x) 1\ (>. + J.l) (y) = {Vx=a+b [>' -(a) 1\ J.l-(b), >.+(a) 1\ J.l+(b)]} 1\ 

and 

Thus 

{ V y=u+v [>. - ( u) 1\ J.l- (v), >. + ( u) 1\ J.l + ( v)] } 

= V x=a+b [>. - (a) 1\ J.l- ( b), >. + ( a) 1\ J.l + ( b )] 1\ 

{ V y=u+v [>. - ( u) 1\ J.l- ( v) , >. + ( u) 1\ J.l + ( v)] } 

- V x=a+b, y=u+v { [ >. - ( a) 1\ 1-£- (b), >. + ( a) 1\ J.l + (b)] 1\ 

[>'-(u) 1\ J.l-(v), >.+(u) 1\ J.l+(v)]} 

- V x=a+b, y=u+v [>. - (a) 1\ J.l- (b) 1\ >. - ( u) 1\ J.l- (v) , 

>.+(a) 1\ J.l+(b) 1\ >.+(u) 1\ J.l+(v)] 

< Vx+y=(a+u)+(b+v) [>'-(a + u) 1\ J.l-(b + v) , >.+(a + u) 1\ J.l+(b + v)] 

< V x+y=u'+v' [>. - (u') 1\ J.l- (v') >. + (u') 1\ J.l+ (v')] 

- (>. + J.l)(x + y) 

(>. + J.l) ( x ) = V x=u+v [ >. - ( u) 1\ J.l- ( v ), >. + ( u) 1\ J.l + ( v ) ] 

< Vyx=yu+yv [>,-(yu) 1\ J.l-(yv), >.+(yu) 1\ J.l+(yv)] 

< Vyx=u'+v' [>.-(u') 1\ J.l-(v'), >.+(u') 1\ J.l+(v')] 

= (>. + J.l)(yx). 

for all x, y E R 



26 

and 

(A + J.L) (yx) ~ (A + J.L) (x ) for all x, y E R 

Hence A + J.L is an interval valued fuzzy left ideal of R. • 

Proposition 62 If A is an interval valued fuzzy two-sided (respectively right) ideal 

and J.L is an interval valued fuzzy left (respectively two-sided) ideal of a hemiring R 

then AJ.L is an interval valued fuzzy left (respectively right) ideal of R contained in 

An J.L . 

Proof. Let A be an interval valued fuzzy ideal and J.L be an interval valued fuzzy 

left ideal of R. Then for any x, y E R 

and 



'(xv)(rf'() -

{[cz) +rf V Cn) +'(' Cz) _rf V Wi) _'(] ~Vf'Z1IfLl=J:S=XVI\ > 

([ UZ) +rf V Unv) + '( , UZ) _rf V Unv) _ '(] ~V rZUfLV) l=J:s=XV 1\ = 

{[ UZ) +rf V Unv) + '( , UZ) _rf V Unv) _ '(] tv r Z1fLl=J:sV=XV 1\ > 

{[UZ) +rf V Un) +'(' UZ) _rf V Un) _'(] ~vrz"'l=J:S=XI\ = (x) (rf'() 

'(n + x) (rf'() 

{[C'Ia) +71 V (3fn) +'(' (3fa) _rf V (3fn) _,(J3fV} ~It~n l=~:1=fL+XI\ > 

[{Cz) +rfrv} V {(~z) +rf~V} V {(~n) +,(cv } V {Un) +'(~v} '{(~z) _rfrv} 

V {(tz) _rf~v} V {(~n) _'(rv} V {Un) _'(tV}FldlfLl~:S+1Z1fLl=J:S=fL+XI\ 

[([(~z ) +rf V (~n) +'(Fv} V {[Uz) +rf V Un) +'(Fv} 

'{[(~z) _rf V (~n) _'(Fv} V {[Uz) _rf V Un) _'(Fv}FldlfLl~:S+ 1Z1fLl=J:S=fL+XI\ = 

{ [ ( ~z ) + rf V Cn) + '( , Cz) _ rf V (~n) _ '(] C v} V 

{ [Uz) +rf V Un) + '( , Uz) _rf V Un) _ '(] tv } ~/Z~/fLl~:S=fL '1z1
fL

1=J:s=x 1\ = 

{ ([ Cz) +rf V C~n) + '( , (~z) _rf V (~n) _ '(] rv} ~/Z~/fLl~:S=fLl\ } V 

{ [Uz) +rf V Un) + '( , Uz) _rf V Un) _ '(] ~v r Z1fL1 =J:s=X 1\ = 

{ { [(~z) +rf V (~n) + '( , (-~z) _rf V C;n) _ '(] rv} .CldlfLl~:S=fLl\ } V 

'il :3 x 'v AU'e lad 

{{ [(~z) +rf V Un) +'(' Uz) _rf V Un) _'(] ~vrZYil=J:s=xl\} = (n)(rf'() V (x)(rf'() 

MaN 

L'G 
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Thus 

for all x, Y E R 

and 

for all a, x E R. 

Hence )"J.L is an interval valued fuzzy left ideal of R. Now for any x E R 

()"J.L) (x) = V x=~i=lYi Zi {I\i [).. - (Yi) 1\ J.L- (Zi ) , ).. + (Yi) 1\ J.L+ (Zi )] } 

< V x=~~lYiZi {I\i [).. - (YiZi) 1\ J.L - (Yi Zi ) , ).. + (YiZi) 1\ J.L+ (YiZi)] } 

- VX=~~lYiZi {[I\i).. (Yi Zi )] 1\ [l\iJ.L (Yi Zi )]} 

< V'=E~='Y;'+ (t,y,~) A~ (t,y,z,) } 

Remark 63 If ).. and J.L are interval valued fuzzy ideals of R then )"J.L is also an 

interval valued fuzzy ideal of R contained in ).. n J.L. While if ).. and ~~ are interval 

valued fuzzy left (respectively right) ideals of R then )"J.L is again an interval valued 

fuzzy left (respectively right) ideal of R, but in this case )"J.L is not contained in ).. n J.L. 

In general )"J.L =1= ).. n J.L. 

Remark 64 If).. and J.L are interval valued fuzzy subhemirings of R then).. n J.L is also 

an interval valued fuzzy subhemiring of R. Similarly, if ).. and J.L are interval valued 
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fuzzy left (respectively right) ideals of R then>. n J.L is also an interval valued fuzzy left 

(respectively right) ideal of R. 

Definition 65 An interval valued fuzzy left (respectively right) ideal >' of a hemiring 

R is called idempotent if >.2 = >.. 

2.3 Characterizations of Hemirings by the Prop

erties of their Interval Valued Fuzzy Ideals 

In this section we characterize regular and weakly regular hemirings by the properties 

of their interval valued fuzzy ideals. 

Theorem 66 The following assertions for a hemiring R are equivalent: 

(1) R is von Neumann regular. 

(2) For any right ideal A and any left ideal B of R, An B = AB 

(3) For any interval valued fuzzy right ideal >. and interval valued fuzzy left 

ideal J.L of R, >. n J.L = >'J.L. 

Proof. For (1) <=> (2), we refer to Golan [8, Proposition 5.27, p. 63]. 

(1) :::} (3) 

Let >. be an interval valued fuzzy right ideal and J.L be an int erval valued fuzzy left 

ideal of R. Since R is regular so for any x E R there exist a E R such that x = xax. 

Now 

(>. n J.L) (x) >. (x) t\ J.L (x) 

< >. (x) t\ J.L ( ax) . 
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Thus 

(A n p,) (x) < Vx=Ei=lYiZi {Ai [A- (Yi) A p,- (Zi) , A+ (Yi) A p,+ (Zi)]} 

(Ap,) (x). 

This implies 

And by Proposition 62 

Hence 

(3) '* (2) 

Let A be a right ideal and B be a left ideal of R. Then the interval valued 

characteristic functions CA and CB are interval valued fuzzy right and interval valued 

fuzzy left ideals of R respectively, and by hypothesis (3) 

Thus AB = An B . • 

Theorem 67 The following assertions for a hemiring R with identity " 1" are equ7,V-

alent: 
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1) R is right weakly regular. 

2) All right ideals of R are idempotent. 

3) I J = In J for each right ideal I and two-sided ideal J of R. 

4) All interval valued fuzzy right ideals of R are idempotent. 

5) )../-L = ).. n /-L for each interval valued fuzzy right ideal)" and interval valued 

fuzzy two-sided ideal /-L of R. 

If R is commutative then the above assertions are equivalent to 

6) R is von-Neumann regular. 

Proof. (1) <=> (2) <=> (3) follow by Theorem 18. 

(1) =? (4) 

Let).. be an interval valued fuzzy right ideal of R and let x E R . Then 

)..2 (x) = ()...)..) (x) 

V x=Ei=lYiZi {Ai [).. - (Yi) A ).. - (Zi) , ).. + (Yi) A ).. + (Zi)]} 

< V x=E~lYiZi {Ai [).. - (YiZi) A ).. - (Zi) , ).. + (YiZi) A ).. + (Zi )]} 

VX=E~lYiZi [{Ai)..- (YiZi)} A)..- (Zi)' {Ai)..+ (Yi Zi )} A)..+ (Zi )] 

< V "~"r.,Y;" [A - (t, y,z,) t\ A - (z,) ,>'+ (t, Y'Zi) t\ A + (z,) 1 
< Vx=Ei=lYiZi [).. - (x) A)..- (Zi) ,)..+ (x) A)..+ (Zi)] 

< Vx=Ei=lYiZi [).. - (x) , )..+ (x) ] 

).. (x) 
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Now since R is right weakly regular so x E xRxR. Hence we can write x = 2:~=1 xaixbi 

where ai , bi E Rand n E N 

Now 

for all i 

A (x ) < I\dA (xai) 1\ A (xbi)} 

Thus 

I\i [A - (xai) 1\ A- (xbi) ,A+ (xai) 1\ A+ (xbi)] 

< V x=Ei=l xajxbj {I\i [A - (xai) 1\ A - (xbi) , A + (xai) 1\ A + (xbi)] } 

< V X=Ei=l Yj Zj {I\j [A- (Yj) 1\ A- (Zj) , A+ (Yj) 1\ A+ (Zj )]} 

- A.A (x ) 

A2 (x) 

and hence A is idempotent . . 

(4) =::;. (1) 

Let x E R and let A = xR be a right ideal of R generated by x then x E A and 

the characteristic function C A of A is interval valued fuzzy right ideal of R and by 

hypothesis (4) 
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(' : x E A) 

x E (xR)2 = xRxR 

Thus R is right weakly regular. 

(1) =? (5) 

Let A be an interval valued fuzzy right ideal and J.L be an interval valued fuzzy 

two-sided ideal of R. Since R is right weakly regular so for any x E R we can write 

(A n J.L) (x) = A (x) J\ J.L (x) 

< A (xai) J\ J.L (xbi ) for all i 

(A n J.L)(x) < J\dA (xai) J\ J.L (xbi )} 

This implies 

J\i [A - (x ai) J\ J.L - (x bi ) , A + (x ai) J\ J.L + (x bi ) ] 

< V x=Ei::l xaixbi { J\i [A - (xai ) J\ /-£- (xbi ) , A + (xai ) J\ J.L + (xbi )]} 

< VX=Ej=lYjZj {J\i [A- (Yi ) J\ J.L- (Zi ) , A+ (Yi) J\ J.L+ (Zi )]} 

- (AJ.L) (x) 
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And by Proposition 62 

Hence 

(5) => (3) 

Let I be a right ideal and J be a two-sided ideal of R. Then the interval valued 

characteristic functions CJ and CJ are interval valued fuzzy right and interval valued 

fuzzy two-sided ideals of R and by hypothesis (5) 

IJ=InJ 

(1) {:} (6) is obvious . • 



Chapter 3 

FULLY IDEMPOTENT 

HEMIRIN GS 

In this chapter we characterize those hemirings for which each interval valued fuzzy 

ideal is idempotent. The space of interval valued fuzzy prime ideals is topologized. 

3.1 Idempotent Ideals 

Recall that a hemiring R is fully idempotent if each of its ideal is idempotent, that is 

] 2 = ] for each ideal ] of R. 

Theorem 68 The following assertions for a hemiring R with identity " 1" are equiv

alent: 

1) R is fully idempotent. 

2) Each interval valued fuzz y ideal of R is idempotent. 

35 
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3) If >. and f.J, are interval valued fuzzy ideals of R then>. n f.J, = >'f.J, . 

If R is commutative then the above conditions are equivalent to 

4) R is von-Neumann regular. 

Proof. (1) => (2) 

Let>. be an interval valued fuzzy ideal of R and x E R. Then 

VX=~i':,lYiZi {Ai [>.- (Yi) A >.- (Zi ), >.+ (Yi) A >.+ (Zi)]} 

< V x=~i':,lYiZi {Ai [>. - (YiZi) A>' - (Yi Zi ) , >. + (Yi Zi ) A >. + (Yi Zi )] } 

V x=~j=lYiZi [Ai>' - (Yi Zi ) , Ai>' + (Yi Zi )] 

< V.~Er","·; [A- (t,y,z,) y (t,M) 1 
VX=~j=lYiZi [>'- (x), >.+ (x)] 

= >.(x). 

Thus >.2 ~ >.. For the reverse inclusion, since R is fully idempotent, so 

x E< x >=< x >2= RxRRxR 

for some ai, a~, bi , b~ E R. 

As >. is interval valued fuzzy ideal so 

>. (x) = >. (x) A>' (x) 



This implies 

A (x) < Ai [A - (aixa~) A A- (biXb~), A+ (aixaD A A+ (biXb~)] 

< Vx=Ei:laixa:bixb: {Ai [A- (aixa~) A A- (biXb~), A+ (aixa~) A A+ (biXb~)]} 

< VX=E'J'=lYjZj {Aj [A- (Yj) A A- (Zj) , A+ (Yj) A A+ (Zj)]} 

AA (x) = A2 (x) 

This shows A ~ A2. Hence A = A2. 

(2) => (1) 

37 

Let I be an ideal of R and let Cr be the interval valued characteristic function of I. 

Then Cr is the interval valued fuzzy ideal of R which is, by hypothesis, idempotent, 

that is 

This implies Cr2 = Cr. Hence 12 = I. Thus R is fully idempotent . 

(1) => (3) 

Let A and ;.t be interval valued fuzzy ideals of R. Then since R is fully idempotent 

so for any x E R, we have x E< x >=< x >2. Thus as we argued in (1) => (2) 

(An;.t) (x) A (x) I\;.t (x) 

< V X=E'J'=lYjZj {Aj [A- (Yj) A;.t- (Zj) , A+ (Yj) A;.t+ (Zj)]} 

(A;.t) (x) 

This shows An;.t ~ A;.t. And A;.t ~ An;.t by Proposition 62. Hence 
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(3) =* (2) 

Let .x be an interval valued fuzzy ideal of R . Then by hypothesis (3) 

Thus .x is idempotent. 

(1) =* (4) 

If R is a commutative fully idempotent hemiring and if A = xR is an ideal of R 

generated by any x E R , then A = A 2 . So 

c· x E A) 

x E (XR)2 = xRxR = xRRx ~ xRx 

Thus x E xRx, and R is von-Neumann regular. 

(4) =* (1) 

If R is a commutative von-Neumann regular hemiring and if I is an ideals of R, 

then by Theorem 66 

InI=II 

Thus R is fully idempotent. _ 

Definition 69 An interval valued fuzzy ideal ~ of a hemiring R is called interval 

valued fuzzy prime ideal of R if for any interval valued fuzzy ideals .x and {t of R 
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Definition 70 An interval valued fuzzy ideal ~ of a hemiring R is called interval 

valued fuzzy irreducible ideal of R if for any interval valued fuzzy ideals A and f./, of R 

Remark 71 A = [A -, A +] is an interval valued fuzzy prime ideal of R if and only if 

A - and A + are fuzzy prime ideals of R. 

Remark 72 A = [A -, A +] is an interval valued fuzzy irreducible ideal of R if and 

only if A- and A + are fuzzy irreducible ideals of R. 

Remark 73 Each interval valued fuzzy prime ideal of a hemiring R is an interval 

valued fuzzy irreducible ideal of R but the converse is not true. 

Lemma 74 Let R be a fully idempotent hemiring. If A is an interval valued fuzzy 

ideal of R with A (x) = [a ,,B] E .c where x E R , then there exists an interval valued 

fuzzy prime ideal ~ of R such that A ~ ~ and ~ (x) = [a, ,B]. 

Proof. Let X = {f./, : f./, is an interval valued fuzzy ideal of R and f./, (x) = [a,,B] and A ~ f./,}. 

Note that X i= 1; as A EX. Let F = {Ai : i E I} be a totally ordered subset of X, 

then we claim that UiAi is an interval valued fuzzy ideal of R. For this, let x, y E R 

then 

(UiAi) (x) vdAdx)) 

< VdAdxy)) = (UiAi)(XY) 

And 

(UiAd (x) V i (Ai (x)) 

< VdAi (yx)) = (UiAi) (yx) 
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Also 

(UiAi) (x) /\ (VjAj (y)) 

Vj [[Vi Ai (x)]/\ Aj (y)] 

Vj [Vi [Ai (x) /\ Aj (y)]] 

< V j [Vi [Ai (x) /\ Ai (y)]] 

< v j [Vi [Ai (x + y)] ] 

Vi,j [AU X + y)] 

< Vi[Ai(X+Y)] 

= (UiAi) (x + y) . 

Thus UiAi is an interval valued fuzzy ideal of R. Clearly A ~ UiAi and 

(UiAi) (x) - Vi (Ai (x)) 

vda,,B] = [a,,B] 

This shows that UiAi E F. Thus UiAi is least upper bound of F. Hence by Zorn's 

lemma, there exists an interval valued fuzzy ideal ~ of R which is maximal with 

respect to the property that A ~ ~ and ~ (x) = [a, ,B]. Let ~ and e be any interval 

valued fuzzy ideals of R such that e n ~ = ~. Then ~ ~ e and ~ ~ ~ and if ~ -=1= e 

and ~ =1= ~ . Then, since ~ is maximal with respect to the property that ~ (x) = [a,,B] 

for x E R. So e, ~ ¢; X and 

e(x) -=1= [a,,B]-=I= ~(x) 
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Hence 

[a ,,6] e (x) = (8 n 'lI) (x) 

= e (x) 1\ 'lI (x) i= [a,,6]. 

Which is impossible. Thus e = 8 or e = 'lI. And since every interval valued fuzzy 

irreducible ideal of fully idempotent hemiring R is also interval valued fuzzy prime 

ideal, so e is the required interval valued fuzzy prime ideal of R. • 

Theorem 75 Let R be a hemiring with identity" 1" then the following assertions are 

equivalent: 

1) R is fully idempotent. 

2) The set FR of all interval valued fuzzy ideals of R (ordered by c;;.) is distributive 

lattice under the sum and intersection of interval valued fuzzy ideals with A n IL = AIL 

for each pair of interval valued fuzzy ideals A, IL of R. 

3) Each interval valued fuzzy ideal is intersection of all those interval valued fuzzy 

prime ideals of R which contain it. 

If R is commutative .then the above three assertions are equivalent to 

4) R is von-Neumann regular. 

Proof. (1) :::} (2) 

The set F R of all interval valued fuzzy ideals of R (ordered by "c;;." i.e. A c;;. IL 

iff A- (x) ::; IL- (x) and A+ (x) ::; IL+ (x) for all x E R) is clearly a lattice under 

the sum and intersection of interval valued fuzzy ideals. Moreover, since R is fully 

idempotent so by Theorem 68, A n IL = AIL for each pair A and IL of interval valued 
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fuzzy ideals of R. For distributive lattice, we have to show that for all >., /-L, ~ E FR 

Let x E R. Then 

[(A n /-L) + ~](x) = Vx=y+z [(A- A /-L - ) (y) A ~- (z), (A+ A P'+) (Y) A ~+ (z)] 

Vx=y+z [A- (y) A ~- (z) A /-L- (y) A C (z), A+ (y) A ~+ (z) A /-L+ (y) A ~+ (z)] 

Vx=y+z [A- (y) A C (z), A+ (y) A ~+ (z)] A [/-L - (y) A C (z), /-L+ (y) A ~+ (z)] 

< Vx=y+z [(A- + C) (x), (A+ + ~+) (x)] A [(/-L- + C) (x), (/-L+ + ~+) (x)] 

= Vx=y+z [(A +~) (x) A (/-L +~) (x)] 

This implies (A n /-L) + ~ ~ (A + 0 n (/-L + o. For reverse containment 

[(A +~) n (J.L + ~)l (x) 

= [(A +~) (/-L + ~)] (x) 

= V x= E~lYiZi {Ai[ (A - + ~-) (Yi) A (/-L- + C) (Zi) , (A + + ~+) (Yj)!\ (/-L+ + ~+) (Zi)]} 

= Vx=E~lYizJAi{(VYi=ri+si [A- (ri) A C (Si) , A+ (ri) A ~+ (Si)]) 

A (V Zi=ti+i>i [/-L- (ti) A C (/-Li) , /-L+ (ti) A ~+ (/-Li)])}] 

= V x=Ei'_lYizJAi{VYi=ri+si [A - (ri) A ~- (Si) A /-L- (ti) A C (J.Li) , 
- Zi=ti+i>i 

A + (ri) A ~+ (Si) A /-L+ (ti) A ~+ (/-Li)]}] 

= V x=Ei'=lYiZi [Ai{Vyi=ri+si [A - (ri) A C (Si) A C (Si) A /-L- (ti) A ~- (/-Li) , 
Zi=ti+i>i 

A+ (ri) A ~+ (Si) A ~+ (Si) A /-L+ (ti) A ~+ (/-Li)]}] 

:S VX=Ei'=lYiZ;[Ai{VYi=ri+si[A- (riti) A /-L- (riti) A ~- (Siti) A C (SiUi) A C (ri/-Li) ' 
Zi=ti+i>i 

A+ (riti) A /-L+ (riti ) A ~+ (Siti) A ~+ (SiUi) A ~+ (ri/-Li)])] 



(A+ /\ p,+) (riti) /\ e+ (Siti + SiUi + riUi)])] 

:::; V X=I;~lYiZ;[/\i {VYiZi=riti+(Siti+riUi+SiUi) [( (A - /\ p,-) + e-) (YiZi ) , 

((A+ /\p,+) +e+) (YiZi )]}] 

= v x=I;f=lYiZi {/\ i [( (A - /\ p,-) + e-) (Yi Zi) , ((A + /\ p,+) + e+) (Yi Zi )]} 

:::; V x=I;f= lYiZi [( (A - /\ p,- ) + e-) (~~lYiZi) , ((A + /\ p,+) + e+) (~i=lYiZi)] 

= Vx=I;f=lYiZi [((A- /\p,-) +e- ) (x), ((A+ /\p,+) +e+) (x)] 

= ((A n p,) + 0 (x) 

This shows 

Thus 

Hence :F R is a distributive lattice. 

(2) =:;. (1) 

43 

Let :F R be a distributive lattice under the sum and intersection of interval valued 

fuzzy ideals of R and let An p, =Ap, for each pair of interval valued fuzzy ideals A and 

p, of R. Then for any interval valued fuzzy ideal A of R, we have 

Thus R is fully idempotent. 

(1) =:;. (3) 

Suppose that R is fully idempotent hemiring. Let A be an interval valued fuzzy 

ideal of Rand {Ai : i E I} be the family of all interval valued fuzzy prime ideals of R 
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which contain A. Then obviously 

For reverse containment, let x E R then by Lemma 74, there exists an interval valued 

fuzzy prime ideal ~ of R such that A ~ ~ and A (x) = ~ (x). Then ~ E {Ai : i E I}. 

Hence niEI Ai ~ ~. Thus 

(3) =? (1) 

Let A be an interval valued fuzzy ideal of R then A 2 is also an interval valued fuzzy 

ideal of R and by hypothesis (3), A2 can be written as 

Where {Ai: i E I} is a family of interval valued fuzzy prime ideals of R which contain 

A 2 . Now since A 2 ~ Ai for all i and since Ai are interval valued fuzzy prime ideals 

so A ~ Ai for all i. Hence A ~ niEI Ai = A 2 ~ A. Thus A = A 2 . Hence R is fully 

idempotent. 

(1) {:} (4) follows by Theorem 68 .• 

Theorem 76 Let R be a fully idempotent hemiring. An interval valued fuzzy ideal ~ 

of R is interval valued fuzzy prime if and only if it is interval valued fuzzy irreducible. 

Proof. Every interval valued fuzzy prime ideal of R is also interval valued fuzzy 

irreducible. 
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Conversely, let ~ be an interval valued fuzzy irreducible ideal of R and A, f..L be any 

two interval valued fuzzy ideals of R such that 

Then since R is fully idempotent so by Theorem 68 

Thus we have 

This implies 

Again since R is fully idempotent so by Theorem 75, the set of all interval valued 

fuzzy ideals of R is a distributive lattice under sum and intersection of interval valued 

fuzzy ideals, hence 

Thus A + ~ = ~ or f..L + ~ = ~ (-.. ~ is irreducible). 

Hence A ~ ~ or f..L ~ ~. Thus ~ is an interval valued fuzzy prime ideal of R. • 

Example 77 Let S be a non-empty set. Define a binary operation " * "on S as 

follows 

for all x, yES. Then (S, *) is a semigroup. 

Now let R = S U {oo } U {O} where {oo} is a ring with a single element" 00" , and 

"O"is absorbing zero i.e. x * 0 = 0 * x = 00 * 0 = 0 * 00 = 0 for all xES U {O} 
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and x * 00 = 00 * x = 00 for all xES U {oo}. 

Now define another binary operation l) + l) on R as 

o + x = x + 0 = x for all xES U {O} 

and x + y = 00 for all x, yES 

and x + 00 = 00 + x = 00 

Then (R, +, *) is a herniring. 

FACT 1: 

for all x E R. 

Every element of R is multiplicatively idempotent. 

FACT 2: 

R is a regular hemiring. 

FACT 3: 

An interval valued fuzzy subset ,.\ of R is interval valued fuzzy right ideal 

of R if and only if 

i) ,.\ (0) 2: ,.\ (x ) for all x E R 

ii) "\(00) 2: ,.\(x) for all xES U{oo} 

iii)"\(x) = ,.\(y) for all x, y E S 

Proof. Suppose that (i) , (ii) and (iii) hold . Then 

(a) 

Case I 

When x , yES U {oo} then x =I- 0 =I- y. 

,.\ (x + y) = ,.\ (00) 2: ,.\ (x) !\ ,.\ (y) by (i). 

Case II 

When at least one of x and y , say x = 0 and y E R. 



Then x + y = 0 + y = y 

~ A (x + y) = A (y) = A (x) 1\ A (y) 

because A (x) = A (0) 2: A (a) 

(b) 

Case I When X, y E S . 

Then A (x * y) = A (y) = A (x) 

Casell 

for all a E R. 

by (iii). 

When anyone, say x = 0 and y E R. 

A (x * y) = A (0 * y) = A (0) = A (x) . 

A(y*X) = A(y*O) = A(O) 2: A(y) · 

Case III 

When anyone, say x = 00 and y E R. 

A (x * y) = A (00 * y) = A (00) = A (x) 

A (y * x) = A (y * (0) = A (00) 2: A (y) by (ii). 

Thus in any case A (x * y) 2:: A (x) for all x, y E R. 

Hence A is an interval valued fuzzy right ideal of R. 
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Conversely, suppose that A is an interval valued fuzzy right ideal of R. If x E R 

then 

Similarly if xES U {(X)} then 
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Also if x, yES then 

A(X) A(Y*X) ~ A(Y) 

A(Y) = A(X*Y) ~ A(X) 

Thus A (x) = A (y) for all x, yES .• 

FACT 4: 

The (crisp) right ideals of Rare {O} , {O, oo} and R itself which are all idempotent. 

FACT 5: 

All interval valued fuzzy right ideals of R are idempotent. 

Proof. Let A : R -4 I:- be an interval valued fuzzy right ideal of R = S U {O, oo}, 

then 

A2 (0) = VO=~i=lYiZi {I\i [>,- (Yi) 1\ A- (Zi )' A+ (Yi) 1\ A+ (Zi )]} 

> [A- (0) 1\ A- (0), A+ (0) 1\ A+ (0)] 

_ A (0) ~ A2 (0) . 

Thus A2 (0) = A (0) . 

Now for XES, no expression of the form x = L:~l Yi Zi involves only 0 and 00 

Thus I\i [A- (Yi) 1\ A- (Zi) , A+ (Yi) 1\ A+ (Zi )] 1= A (0) 

and I\i [A- (Yi) 1\ A- (Zi) , A+ (Yi) 1\ A+ (Zi)] 1= A (00) 

Note that x = x * x is among the possible expressions of x and since 

A (x) = A (y) for all X,Y E S. 



So 

Hence 

). 
2 (X) - V x=Ei=lYiZi { I\i [). - (Yi) 1\ ). - (Zi ) , ). + (Yi) 1\ ). + (Zi )] } 

> V x=x*x [). - (X) 1\ ). - (X) , ). + (X) 1\ ). + (X)] 

for all x ES. 

).2 (X) = ). (X) for all xES. 
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Now we calculate ).2 (00) . Clearly, no expression for 00 contains only 0 and one 

expression for 00 is 00 = 00 * 00. 

Thus for 00 = I:~l YiZi 

And 

Thus 

Hence 

).2 (00) = ). (00) . 

Thus the interval valued fuzzy right ideal), is idempotent. _ 

Example 78 Consider the hemiring R = {a, a, b, c, d} defined by the following oper-

ations 



50 

+ 0 a b c d 0 a b c d 

0 0 a b c d 0 0 0 0 0 0 

a a c a b a a 0 a b c d 

b b a b c b b 0 b b b d 

c c b c a c c 0 c b a d 

d d a b c d d ° d d d ° FACT 1: 

The (crisp) ideals of Rare {O}, {O, d} , {O, b, d} and R itself. Now 

{0}2 = {O} 

{0 ,d}2 = {O} -1= {O , d} 

{0 ,b, d}2 = {O , b, d} 

Thus the ideal {O, d} is not idempotent and {O}, {O, b, d} and R are idempotent. 

FACT 2: 

If we defi{ne;w: int:~a::ed fuzzy subsets i' and A of R aB 

f.t(x) = _ 
I if x = 0, d 

and>.(x) = { ~ if x=_a,c 

I if x - 0, b, d 

Then both, f.t and A are interval valued fuzzy ideals of R but A is idempotent while 

f.t is not, as ~l2 (d) = [0,0] = 6 =1= f.t (d) . 

Note that f.t and A are interval valued characteristic functions of (crisp) ideals 

{O, d} and {O, b, d} of R respectively. 

Example 79 Consider the set R = {O, x} with binary operations defined as 
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+ 0 x 0 x 

0 0 x 0 0 0 

x x x x 0 x 

Then R is clearly a hemiring with an absorbing element '0'. Its only proper 

(crisp) ideal is zero ideal {O} . Since each ideal {O}and R are idempotent, so R is fully 

idempotent hemiring. Since R is also commutative so it is von Neumann regular. 

Then by Theorem 75, the lattice of all interval valued fuzzy ideals of R (ordered by 

~) is distributive under the sum and intersection of interval valued fuzzy ideals. 

3.2 Fuzzy Prime Spectrum of a Fully Idempotent 

Hemiring 

An interval valued fuzzy ideal A of R is called normal if A(O) = [1 , 1] . 

Let R be a fully idempotent hemiring, LR be the lattice of all normal interval 

valued fuzzy ideals of Rand F p be the set of all proper normal interval valued fuzzy 

prime ideals of R. For any interval valued fuzzy ideal A of R, we define 

and 

Theorem 80 The set 8' forms a topology on the set Fp. The assignment A --t e). is 

an isomorphism between the lattice .cR and the lattice of open subsets of Fp. 
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Proof. First we show that ~ forms a topology on the set F p. 

(i) Let 'lj; be the interval valued fuzzy ideal of R defined by 

{ 

6 ifxi=O 
'lj;(x) = 

I if x = O. 

then B,p = {/-L E Fp : 'lj; i /-L} = <po 

If CR is the interval valued characteristic function of R then 

OR (x) = [1,1] = j for all x E R 

and by definition of F p, we have /-L C OR for all /-L E F p. Thus 

and hence B,p = <p and BCR = Fp are elements of~. 

Since R is fully idempotent hemiring so Al n A2 = AIA2. Now if Al n A2 ~ /-L then 

AIA2 ~ /-L. But /-L is an interval valued fuzzy prime ideal of R so Al ~ /-L or A2 ~ /-L, 

which is a contradiction. Therefore Al n A2 i /-L. 

Conversely, if Al n A2 i /-L then Al i /-L and A2 i /-L. Thus 



(iii) Consider a family {e Ai : i E I} of elements of 8'. Then 

= {JI. E :F p : Ak i JI. for some k E I} 

{JI. E :Fp : EiAi i JI.} 

Thus 8' is a topology on :Fp . 

Define a map III : L R --+ 8' by 

for all A E LR 

Then by definition of e A 

This implies 
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Thus III is a well-defined map. And from (ii) and (iii) above, III preserves the finite 

intersection and arbitrary union. Thus III is a lattice homomorphism. 

Now for isomorphism, we will show that III is a bijection. III is clearly onto, and 

for AI, A2 E LR let 
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As if Al i= 1.2 then there exists x E R such that 

Therefore anyone, say, Al (x) is greater than 1.2 (x). Then for 1.2, by Lemma 74, there 

exists an interval valued fuzzy prime ideal J.L of R such that 1.2 ~ J.L and 

C· Al (x) > 1.2 (x ) = J.L (x)) 

This implies 

Which is a contradiction. Thus \lI is an injection, and hence an isomorphism. -



Chapter 4 

INTERVAL VALUED FUZZY 

h-IDEALS OF HEMIRINGS 

In this chapter we define interval valued fuzzy left (right) h-ideals of a hemiring and 

study some properties of these ideals. 

4 .1 Interval Valued Fuzzy h-Ideals 

Definition 81 An interval valued fuzzy left (respectively. right) ideal A of a hemiring 

R is called an interval valued fuzzy left (respectively. right) k-ideal of R if for all 

x,y,z E R 

x + y = z => A (x) ~ A (y) A A (z). 

Definition 82 An interval valued fuzzy left (respectively. right) ideal A of a hemiring 

R is called an interval valued fuzzy left (respectively. right) h-ideal of R if for all 

a, b, x, y E R, x + a + y = b + Y => A (x) ~ A (a) A A (b). 

55 
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Remark 83 Every interval valued fuzzy left (respectively. right) h-ideal of a hemiring 

R is an interval valued fuzzy left (respectively. right) k -ideal of R but the converse is 

not true. In case of rings, the h-ideals and k -ideals coincide. 

Theorem 84 An interval valued fuzzy subset A = [A -, A +] of a hemiring R is an 

interval valued fuzzy left (respectively. right) k-ideal of R if and only if A - and A + are 

fuzzy left (respectively. right) k-ideals of R. 

Theorem 85 An interval valued fuzzy subset A = [A -, A +] of a hemiring R is an 

interval valued fuzzy left (respectively. right) h-ideal of R if and only if A-and A + are 

fuzzy left (respectively. right) h -ideals of R. 

Theorem 86 Let A and p, be interval valued fuzzy left (respectively. right) h-ideals 

of a hemiring R, then A n p, is also an interval valued fuzzy left (respectively. right) 

h-ideal of R. 

Proof. Let A and p, be interval valued fuzzy left h-ideals of R, then A n p, is an 

interval valued fuzzy left ideal of R. 

Let a, b, x, Y E R such that x + a + y = b + y then since A and p, are interval valued 

fuzzy left h-ideals, therefore 

(A n p,)(x) = A (x) !\ p, (x) 

> p(a)!\ A (b)} !\ {ft(a) !\ p,(b)} 

= p(a)!\ ft(a)}!\ p (b) !\ p,(b)} 

= (A n ft) (a) !\ (A n ft)(b) . 

Thus A n ft is an interval valued fuzzy left h-ideal of R. • 
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Proposition 87 A subset A of a hemiring R is left (respectively. right) h-ideal of 

R if and only if the interval valued characteristic function C A is interval valued fuzzy 

left (respectively. right) h-ideal of R. 

Proof. Let A be a left h-ideal of a hemiring R, t hen by Proposition 60, CA is an 

interval valued fuzzy left ideal of R. Let x, y, z, a E R such that 

x +y+a =z +a 

then we have the following cases 

CASE 1 When at least one of y and z is not in A. Then 

CA (y) 1\ CA (z) = O. 

Thus 

CASE 2 When y, z E A, then x E A and so 

So 

Thus C A is an interval valued fuzzy left h-ideal of R . 

Conversely, suppose that CA is an interval valued fuzzy left h-ideal of R. Then we 

will show that A is a left h-ideal of R. Obviously A is a left ideal of R by Proposition 

60. Now let a, x E R and y , z E A such that 

x+y+a=z+a 
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Then 

CA (y) = CA (Z) = 1. 

Since C A is an interval valued fuzzy left h-ideal of R, so 

Thus CA (x) = 1 which implies x E A. Hence A is a left h-ideal of R .• 

Definition 88 Let.>. be an interval valued fuzzy subset of R and [a,.8] E.c then the 

level subset U (.>., [a,.8]) of R is defined as 

U().,[a,.8]) = {x E R: .>.(x) 2:: [a ,.8]}. 

Lemma 89 An interval valued fuzzy subset.>. of a hemiring R is an interval valued 

fuzzy left (respectively. right) h-ideal of R if and only if each non-empty level stlbset 

of R defined by A is a left (respectively. right) h -ideal of R. 

Proof. Let A be an interval valued fuzzy left h-ideal of R and let [a,.8] E .c. Then 

the level subset of R defined by A is 

U = U (.>., [a,.8]) = {x E R : A (x) 2:: [a ,.8]} . 

Let x, y E U. Then A (x) 2:: [a,.8] and A (y) 2:: [a, .8]. Now since A is an interval valued 

fuzzy left h-ideal of R therefore 

A(X+ Y) > '>'(X)I\.A(y) 

> [a, .8]1\. [a ,.8] = [a, .8]. 

Thus x + y E U. 
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(ii) Now let x E R and and y E U. Then 

>. (xy) ~ >. (y) ~ [a, ,6]. 

This implies xy E U. 

(iii) Let a, x E Rand y, z E U such that 

x+y+a = z+ a. 

Then since A is interval valued fuzzy left h-ideal of R, so 

>. (x) > >. (y) /\ >. (z) 

> [a,,6] /\ [a,,6] = [a, ,6]. 

Thus x E U and hence U is a left h-ideal of R. 

Conversely, let>. be an interval valued fuzzy subset of R and each non-empty level 

subset defined by >. be a left h-ideal of R. Then for any x, y E R, we have 

And hence 

x,y E U(>', [a',,6']) =1= ¢. 

Now since U (>', [a' , ,6']) is a left h-ideal of R, so 

x + Y E U (>., [a', ,6']) 
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A (x + y) ~ [a' ,{3'] = A (x) 1\ A (Y). 

Since U (A , [a2' {32]) is also a left h-ideal of R, so for all 7' E R, 

Thus 

Hence A is an interval valued. fuzzy left ideal of R. 

Now let x, y, z , a E R such that 

x+y+a= z +a 

And let 

A (y) = [a, {3] A (z) = lao, {30]· 

Let 

a" = a 1\ a o {3" = {3 1\ {30· 

Then y, z E U (A, [a", {3"]).But by hypothesis U (A, [a", {3"]) is a left h-ideal of R , so 

x E U (\ [a", {3"]) . 

Thus 

A (x) ~ [a", {3"] = A (y) 1\ A (z) . 

Hence A is an interval valued fuzzy left h-ideal of R. • 

Proposition 90 Let A be a non-empty subset of a hemiring R. Then the interval 

valued fuzzy subset A defined by 



if x E A 

{ 

[a,,Bj 
A (x) = 

lao, ,Boj if x ~ A 
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Where {) ::; lao, ,Boj ::; [a,,Bj ::; j is an interval valued fuzzy left h-ideal of R if 

and only if A is a left h-ideal of R. 

Proof. Let <p =1= A ~ R and let A defined above be an interval valued fuzzy left 

h-ideal of R. Then for x, yEA we have 

A(X+y) > A(x)AA(Y) 

[a,,Bj A [a,,Bj = [a, ,Bj. 

But since A assumes only two values, that is, [a,,Bj and lao, ,Bo], and also lao, ,Boj ::; 

[a,,Bj. So A(X+Y) = [a,,Bj. Hence x+y E A. 

Now let x E Rand YEA . Then 

A (xy) ~ A (y) = [a ,,Bj 

Hence A (xy) = [a,,Bj. Thus xy E A. 

Let a, x E R and y, z E A such that x + y + a = z + a. 

Then since A is an interval valued fuzzy left h-ideal of R, therefore 

A (x) > A (y) A A (z) 

= [a,,Bj A [a ,,Bj = [a , ,Bj. 

Hence A (x) = [a, ,Bj. Thus x E A, so A is left h-ideal of R. 

Conversely, let A be a left h-ideal of R and A be an interval valued fuzzy subset of 

R, as defined in hypothesis. Then A is an interval valued fuzzy left ideal of R. Now 

let a , x, y , z E R such that x + y + a = z + a. Then 
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CASEl Whenat least one of y and z is not in A. Then 

). (y) 1\ ). (z) = lao, ,8oJ 

Thus 

). (x) 2: ). (y) 1\ ). (z) . 

CASE II When y, z E A then x E A, as A is left h-ideal. Thus 

). (x) = [a,,8] = ). (y) 1\). (z) . 

Thus in both cases 

). (x) 2: ). (y) 1\ ). (z) . 

Hence). is an interval valued fuzzy left h-ideal of R. • 

Definition 91 Let). and p, be interval valued fuzzy subsets of a hemiring R then the 

intrinsic p'T'Oduct I/Gh 1/ of). and p, is defined as 

(). 0 h p,) (x) = VX+Er=laibi +z=E~lC;di+z {l\i,j [). - (ai ) 1\).- (Cj) 1\ p,- (bi ) 1\ p,- (dj ), 

).+ (ai ) 1\).+ (Cj) 1\ p,+ (bi ) 1\ p,+ (dj )]} 

and (). Gh p,) (x) = [0, OJ = 6 if x cannot be expressed as 

Proposition 92 Let R be a hemiring and>., /-l, v, UJ be any interval valued fuzzy 

subsets of R such that ). ~ v and p, ~ UJ then 
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n m 

Proof. If x can not be written in the form x + L: aibi + z = L: cjdj + z for any 
i=l j=l 

(). 8h IJ.) (x) = 6 = (1/ Gh w) (x) . 

Otherwise since ). ~ 1/ and IJ. ~ w, so 

).- C 1/ 

And hence for all x E R 

(1/ 8h w) (x) 

• 

Lemma 93 If). and IJ. are interval valued fuzzy right h-ideal and interval valued 

fuzzy left h-ideal of a hemiring R, respectively. Then 
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Proof. Let x E R, If x cannot be expressed as x + Ei=l aibi + z = EJ!=l cjdj + Z 

for any ai, bi , Cj, dj , z E R then 

Otherwise, since A and f..L are interval valued fuzzy right and left h-ideals respectively 

so 

and 

Now 

(Anf..L) (x) = A(X)/\f..L(x) 

> A (E~=l aibi) /\ A (E~l cjdj ) /\ f..L (E~=l aibi) /\ f..L (Ej=l cjdj ) 

> /\i,j {A (aibi) /\ A (cjdj ) /\ f..L (aibi) !\ f..L (cjdj )} 

> /\i,j {A (ai) /\ A (Cj) /\ f..L (bi ) /\ f..L (dj )} 

= !\i,j[A- (ai)!\ A- (Cj) /\ p,- (bi )!\ p,- (dj ) , 

A+ (ai) /\ A+ (Cj) /\ p,+ (bi )!\ p,+ (dj )]. 

Since above expression holds for any ai, bi , Cj, dj E R and for all i, j therefore 

(A n p,) (x) 2: Vx+E~laibi+z=E~lCjdj+z{/\i,j[A- (ai) /\ A- (Cj) /\ p,- (bi )!\ p,- (dj ) , 

A+ (ai) !\ A+ (Cj) /\ p,+ (bi ) /\ p,+ (dj )]} 

- (A 0h p,) (x) 
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• 

Lemma 94 An interval valued fuzzy subset), af a hemiring R is an interval valued 

fuzzy left (respectively right) h-ideal af R if and only if far all x, y, a, bE R, we have 

(i) ),(x + y) 2: ),(x) 1\ ),(y) 

(ii) (respectively), 8h CR ~ ),) 

(iii) x+a+y=b+y=>),(x) 2:),(a)I\)'(b) 

Proof. Let), be an interval valued fuzzy left h-ideal of R. Then by definition, (i) 
n m 

and (iii) are true. Now let x E R. If x cannot be written as x+ 2: aibi+Y = 2: ajbj+y 
i=1 j=1 

for any ai, aj , bi , bj , Y E R, then 

Otherwise since CR (x) = j for all x E R, so 

< VX+~r=laibi+Y=~~lajbj+y {I\i,j [),-(aibi) 1\ ),-(ajbj), ),+(aibi) 1\ ),+(ajbj)]} 

< VX+~r=laibi+y=~j=lajbj+y [),-d= aibi) 1\ )'-(f ajbj), ),+0: aibi) 1\ ),+(f ajbj )] 
>=1 J=1 >=1 J=1 

= VX+~~laibi+y=~~lajbj+y (),(I: aibi) 1\ ),(f ajbj )) 
>=1 J=1 

< Vx+~i=laibi+y=~j=lajbj+y (), (x)) C,)' is interval valued fuzzy left h - ideal) 

), (x). 
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Conversely, assume that (i), (ii), (iii) hold for an interval valued fuzzy subset ..\ of 

R. Then to prove that ..\ is an interval valued fuzzy left h-ideal of R,we only have to 

show that ..\(xy) 2: ..\(y) for all x, y E R. So let x, y E R, then by (ii) 

..\ (xy) > (OR 8h..\) (xy) 

- Vxy+Ei=laibi+z=Ej=lajbj+z {/\,j [..\ -(bi ) 1\ ..\-(bj), ..\+(bi ) 1\ ..\+(bj)]} 

> [..\-(y) 1\ ..\-(y), ..\+(y) 1\ ..\+(y)] 

- ..\ (y). 

Therefore ..\(xy) 2: ..\(y) for all x, y E R. • 

4.2 h-Hemiregular Hemirings 

Recall the following two definitions given in chapter 1. 

(- .. xy + Oy + 0 = xy + 0) 

Definition 95 [17] A hemiring R is said to be h-hemiregular if for all a E R there 

exist Xl, X2, Z E R such that 

Definition 96 [23] Let A be a subset of a hemiring R then the h-closure A of A in 

R is defined as 

A = {x E R : X + al + Z = a2 + z for some aI, a2 E A and Z E R}. 

Lemma 97 Let R be a hemiring and A, B ~ R then 
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__ _ n m 

Proof. Let x E R. If x E AB then CAB (x) = I and x + L: aibi + z = L: ajbj + z 
i=l j=l 

for some ai, aj E A and bi, bj E B and z E R. Thus for all i and j 

And hence 

= V +,",n -b-+ _,",m 'b'+ {A o .J} = I X .l.Ji=l a, 1. Z-L..Jj= l a j j z t,J 

Therefore whenever x E AB then 

And if x tj:. AB then CAB (x) = O. 

li possible, let (CA 8h CB ) (x) =I- 0 then 

C~ (bi ) A C~ (bj)]} =I- [0,0] 

Therefore there exist Pi, qi,Pj, qj E R such that 

And 

Ai,j[CA (Pi) A CA (pj) A CB (qi) A CB (qj) , C1 (Pi) A C1 (pj) A C~ (qi) A C~ (qj) ] =I

[0,0] 

Then obviously for all i and j 

CA (Pi) = CA (pj) = CB (qi) = CB (qj) = 1 
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and 

Thus for all i 

and for all j 

=> 

Pi E A, qi E B for all i 

and 

pj E A, qj E B for all j 

which contradicts CAB (x) = {). Therefore whenever x rJ. AB then again we have 

Hence proved that 

• 

Theorem 98 A hemiring R is h-hemiregular if and only if for any inteT'Val valued 

fuzzy right h -ideal A and inteT'Val valued fuzzy left h-ideal J.l of R , we have 
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Proof. Let R be an h-hemiregular hemiring then by Lemma 93, ). 8h f.L ~ ). n f.L. 

For reverse containment, since R is h-hemiregular so for all a E R, there exist 

such that 

Now (). 8h f.L) (a) 

= V a+~:;'l aibi+Y=~~l cjdj+Y{ !\ij [). - (ai ) !\ ). - (Cj) !\ ~~- (bi ) !\ f.L - (dj ) , 

). + (ai) !\ ). + (Cj) !\ f.L + (bi ) !\ f.L + (dj )]} 

~ [).- (axl)!\).- (ax2) 1\ f.L - (a)!\ f.L- (a) ,f.L+ (a)!\).+ (axl)!\).+ (ax2)!\ f.L+ (a)] 

~ [).- (a)!\).- (a)!\ f.L- (a) 1\ f.L - (a),).+ (a)!\).+ (a) 1\ f.L+ (a)!\ f.L+ (a)] 

= [).- (a)!\ f.L- (a) , ).+ (a)!\ f.L+ (a)] 

= ). (a) !\ f.L (a) = (). n f.L) (a) . 

Thus 

Hence 

Conversely, let A and B be right and left h-ideals of R respectively, then their char

acteristic functions CA and CB are also interval valued fuzzy right and interval valued 

fuzzy left h-ideals of R respectively. Then by hypothesis 

Thus AB = A n B. Hence, by Lemma 45, R is h-hemiregular. • 
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