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Preface

In recent times the analysis of non-Newtonian fluids has acquired a special status due to complex
modeling and computations. This motivation stems through the fact that non-Newtonian fluids
have widespread applications in geophysics, biological sciences, chemical and petroleum
industries. The well-known Navier-Stokes theory is inadequate for the behavior of non-
Newtonian materials especially in engineering and biological processes. However such materials
in view of their diverse characteristics cannot be described through one constitutive relationship
between shear stress and deformation rate. This fact of non-Newtonian materials is quite distinct
than the viscous fluid. Besides this the governing equations of non-Newtonian materials in
general are higher order than the Navier-Stokes equations. Thus additional boundary or initial
conditions are necessary in obtaining a unique solutionfor the arising differential systems.
Further the flow of non-Newtonian materials over a moving surface with heat transfer is
specifically significant in the extrusion processes, cooling of continuous strips or filaments,
paper production, food processes, metallurgical processes and many others.It is due to the fact
that the investigators are interested to increase the efficiency of various machines by increasing
the rate of heat transfer.The properties of final product also depend greatly upon heat transfer
rate at the stretching surface. The cooling rate depends on physical properties of cooling medium
including thermal conductivity. To further improve the mechanical properties of the fiber/plastic
sheet through better cooling rate, it is necessary that we have to control its viscoelasticity by
using polymeric additives. By using such additives the viscosity of the fluid is increased and it
slows down the rate of solidification. Having such in mind this thesis develops models analyzing
the stretched flows of viscoelastic materials in presence of heat transfer. This thesis is arranged
in the form of eleven chapters.

Chapter one comprises literature survey of the previous published works and laws of the
conservation of mass, linear momentum, energy and mass transport. Mathematical modeling and
boundary layer equations of Walters-B, second-grade and third-grade fluids are presented.

Homotopy analysis method is also outlined briefly.

Chapter two concentrates on the flow of Walters-B fluid over a stretching surface with

Newtonianheating. The governing partial differential equations are first simplified through

boundary layer approximations and then reduced into ordinary differential equations by using the
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appropriate substitutions. The resulting problems have been solved for the series solutions by
homotopic approach. Convergence analysis is performed. Graphical results for the dimensionless
velocity and temperature are presented and discussed for various physical parameters. In addition
the expressions of skin friction coefficient and the local Nusselt number are presented. The
dimensionless expressions of wall shear stress and wall mass flux are analyzed graphically and
numerically. The outcomes of this chapter are published in Zeitschrift Fur Naturforschung

A70 (5) (2015) 317-324.

Chapter three focuses on melting heat transfer in the stagnation point flow ofWalter-B fluid
toward an impermeable stretching sheet. Flow analysis is explored with mixed convection,
viscous dissipation and Joule heating. Suitable transformations are employed to achieve the
systems of ordinary differential equations. Arising nonlinear problems are solved successfully
for the convergent series solutions. Characteristics of various pertinent parameters on the
velocity and temperature distributions, skin friction coefficient and Nusselt number are
examined. It is found that velocity has opposite behavior for melting parameter and Weissenberg
number. The analysis of this chapter has been submitted for publication in Bulletin of the Polish

Academy of Sciences.

Chapter four investigated the magnetohydrodynamic (MHD) Falkner-Skan flow of second
gradenanofluid. The flow is caused by a stretching wedge with melting heat transfer and heat
generation/absorption. A system of ordinary differential equations is obtained by using suitable
transformations. Convergent series solutions are derived. Influence of various pertinent para-
meters on the velocity, temperature and concentration is evaluated. Analysis of the obtained
results shows that fluid flow enhances with the increase of wedge and second grade fluid
parameters. Also thermophoresis and Brownian motion parameters have reverse behavior on
thetemperature and concentration fields.The contents of chapter four are published in Journal of

Molecular Liquid 215 (2016) 664-670.

Chapter five looks at the heat transfer effects in magnetohydrodynamic (MHD) axisymmetric
flow of third-grade fluid between the stretching sheets. Viscous and Joule heating effects are
given due attention. The resulting nonlinear problem is computed for the velocity and
temperature fields. Expressions of skin friction coefficient and local Nusselt number are

calculated. Dimensionless results of velocity and temperature fields are examined for various




parameters of interest. Numerical values of skin friction coefficient and Nusselt number are
obtained and analyzed. The investigation of this chapter is published in Computers and Fluid

86 (2013) 103-108.

Chapter six addresses the boundary layer flow of third grade fluid over an unsteady permeable
stretching sheet with heat transfer. The magnetic and electric fields in the momentum equations
are considered. Thermal boundary layer equation includes both viscous and Ohmic dissipations.
The related nonlinear partial differential system is reduced first into ordinary differential system
and then solved for the series solutions. The dependence of velocity and temperature profiles on
the various parameters are shown and discussed by sketching graphs. Expressions of skin friction
coefficient and local Nusselt number are calculated and analyzed. Numerical values of skin
friction coefficient and Nusselt number are tabulated and examined. It is observed that both
velocity and temperature increase in presence of electric field. Further the temperature is
increased due to the radiation parameter. Thermal boundary layer thickness enhances by
increasing Eckert number. The outcomes of chapter six published in Plos One 9(1) (2014)
0083153.

Chapter sevenlooks at the analysis of mixed convective boundary layer flow of third grade fluid
with variable thermal conductivity. Thermal conductivity is taken temperature dependent. The
flow is caused by an exponential stretching surface. The convergent series solutions for the
velocity and temperature are first constructed and then analyzed. Numerical values of local skin
friction coefficient and local Nusselt numbers are examined through tabulated values.The results

of chapter seven are submitted for publication in Bulgarian Chemical Communication.

Chapter eight addresses the magnetohydrodynamic (MHD) stagnation point flow of third-grade
fluid by a stretching cylinder. Thermal radiation effectis considered in the analysis of heat
transfer phenomenon. Joule heating and viscous dissipation effects are also retained. The
resulting nonlinear system is computed for the series solutions. Influence of various physical
parameters on the velocity and temperature profiles are scrutinized graphically. A comparative
study between Newtonian and third-grade fluids is made. Velocity and temperature profiles in
the presence/absence of stagnation point are discussed graphically. Numerical values of skin

friction and Nusselt number are also computed and interpreted. The results of this chapter are

submitted for publication in Pramana Journal of Physics.




Chapter nine addresses the effects of inclined magnetic field and heat transfer in the flow of
third-grade fluid due to an exponentially stretching sheet. Formulation and analysis are given in
the presence of heat source and sink. The variable thermal conductivity is taken temperature
dependent. The governing boundary layer equations and boundary conditions are simplified
through appropriate transformations. Resulting equations are solved for the approximate
solutions. Convergence of derived solutions is explicitly discussed. Influences of various
dimensionless parameters on the flow and thermal fields are discussed. Numerical values of local
skin friction coefficient and the local Nusselt number are analyzed. The outcomes of chapter nine

are published in AIP Advances 5 (2015) 087108.

Chapter ten focuses on the mathematical modeling and analysis of magnetohydrodynamic
(MHD) mixed convection stagnation point flow by radially stretching surface. Problem
formulation involves the constitutive equations of an incompressible third-grade fluid. In
addition heat transfer analysis is examined in presence of Joule heating and Soret and Dufour
effects. Adequate transformations lead to the nonlinear ordinary differential systems. Homotopic
approach is employed for the convergent series solutions of the resulting problems. Interval of
convergence is explicitly determined. The velocity, temperature and concentration are analyzed
with respect to different parameters of interest. The skin friction coefficient, Nusselt
andSherwood numbers are numerically examined. The contents of this chapter are submitted for

publication in Journal of Applied and Computational Mathematics.

The main objective of chapter eleven is to model and analyze the characteristics of homogeneous
heterogeneous reactions in the magnetohydrodynamic (MHD) flow of third grade fluid over a
stretching surface. Both magnetic and electric fields are cosidered. Advanced heat transfer
technique (i.e. Newtonian heating) and heat generation/absorption effects are used in the
formulation. Homogeneous and heterogeneous reactions are considered within the fluid and at
the boundary respectively. Production of heat during chemical reaction is assumed negligible.
Approximate convergent solutions are constructed. Influences of various pertinent parameters on
the velocity, temperature and concentration distributions are analyzed and discussed. Numerical
values of skin friction and local Nusselt number are computed. Concentration distributions for

homogeneous and heterogeneous reaction parameters are found opposite. The results of chapter

eleven are accepted in Plos One.
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Chapter 1

Literature review and basic equations

1.1 Introduction

This chapter comprises literature survey of the previous work related to the viscoelastic fluid, heat trans-
fer, Newtonian heating, melting heat phenomenon and homogeneous-heterogeneous reactions. Governing
equations for boundary layer flows of Walters-B, second grade and third grade fluids are also presented.

The basic idea of homotopy analysis method (HAM) is also included.

1.2 Background

There is a substantial interest of the recent researchers in the flows of non-Newtonian fluids. Such moti-
vation in these fluids is mainly because of their use in the industrial and technological applications. Many
materials like mud, personal care products, ice cream, paints, oils, cheese, asphalt etc. are non-Newtonian
fluids. Most biological fluids with higher molecular weight components are non-Newtonian in nature. The
usual properties of polymer melts and solutions together with the desirable attributes of many polymeric
solids have given rise to the world-wide industry of polymer processing. The non-Newtonian fluids in
particular have key importance in geophysics, chemical and nuclear industries, material processing, oil
reservoir engineering, bioengineering and many others. Rheological properties of all the non-Newtonian
fluids cannot be predicted using single constitutive equation. Therefore many models of non-Newtonian
fluids are based either on “natural” modifications of established macroscopic theories or molecular con-
siderations. The additional rheological parameters in the constitutive equations of non-Newtonian fluids
are the main culprit for the lack of analytical solutions. The resulting equations are more complex and
higher order than the Navier-Stokes equation. Instead the more general Cauchy momentum equation
with a proper constitutive law must be adopted. For instance Loureiroa and Freirea [1] studied the
asymptotic analysis of turbulent boundary layer flow of purely non-Newtonian fluids. Keimanesha et al.
[2] examined the flow of a third grade fluid between two parallel plates using the multi-step differential
transform method. Mustafa et al. [3] analyzed the stagnation-point flow and heat transfer of a Cas-
son fluid over a stretched surface. Abbasbandy and Hayat [4] studied the series solution for unsteady

boundary layer equations with special third grade fluid. Mahmoud [5] reported the slip velocity effect



in the flow of a power-law fluid over a moving permeable surface with heat generation. Hayat et al. [6]
investigated the boundary layer flow of Jeffrey fluid in the presence of convective boundary conditions.
Renardy and Wang [7] studied the boundary layer flow of the upper convected Maxwell fluid. Ramzan et
al. [8] presented the magnetohydrodynamic three dimensional flow of couple stress fluid in the presence
of Newtonian heating. Sahoo and Labropulu [9] analyzed the steady Homann flow and heat transfer of an
electrically conducting fluid. A subclass of non-Newtonian fluids is viscoelastic fluid. Such fluids exhibit
both viscous and elastic characteristics. The importance of viscoelastic flow is increasing day by day in
paper and petroleum industries, chemical technology and geophysical fluid dynamics. The viscoelastic
features of non-Newtonian fluids in general are classified by three categories namely the differential, rate
and integral types. The simplest subclass of differential type materials is second-grade. It should be noted
that second-grade fluid captures the normal stress effect whereas the shear thinning and shear thickening
properties even in steady flow situation can be only analyzed by third-grade fluid. In this thesis we
studied the viscoelastic fluids like Walters-B [10-13], second grade [14-17] and third grade [18-21] fluids.

Magnetohydrodynamics (MHD) is a study of the interaction of electrically conducting fluids and elec-
tromagnetic forces. The MHD fluid was first introduced by Swedish Physicist, Alfven [22]. Hartman and
Lazarus [23] studied the effects of a transverse uniform magnetic field in the flow of an incompressible
viscous fluid between two infinite insulating parallel plates. In recent years the study of magnetohy-
drodynamic flow of an electrically conducting fluid past a heated surface has attracted the attention of
many researchers. This is because of its considerable applications in many engineering problems such as
plasma studies, petroleum industries, MHD power generators, cooling of nuclear reactors, the boundary
layer control in aerodynamics and crystal growth. Extensive literature on the MHD flows in presence of
applied magnetic field exists now. For example Rashidi et al. [24] considered the MHD flow of nanofluid
induced by a rotating disk. Shehzad et al. [25] analyzed the hydromagnetic flow of Maxwell fluid over
a bidirectional stretching surface with variable thermal conditions. Turkyilmazoglu [26] analyzed the
exact solution of magnetohydrodynamic viscous fluid by a rotating disk. Hayat et al. [27] discussed
the buoyancy driven MHD flow of thixotropic fluid. They also examined the effects of thermophoresis
and Joule heating in this investigation. An applied magnetic field effect in natural convection flow of
nanofluid is studied by Sheikholeslami et al. [28]. Dandapat and Mukhopadhyay [29] discussed the stabil-
ity characteristics of a thin conducting liquid film flowing and a non-conducting plane in the presence of
electromagnetic field. Hayat et al. [30] investigated the series solution of magnetohydrodynamic axisym-
metric flow of third grade fluid between porous disks with heat transfer. Unsteady magnetohydrodynamic
mixed convection stagnation point flow of viscoelastic fluid towards a vertical surface is discussed by Ah-
mad and Nazar [31]. Magnetohydrodynamic Jeffery Hamel nanofluid flow through non-parallel walls is
investigated analytically by Hatami et al. [32]. They used different base fluids and nanoparticle. Sheik-
holeslami et al. [33] considered the effect of MHD in an inclined L-shape enclosure filled with nanofluid.
Analytical solution of boundary layer magnetohydrodynamic free convective flow over a vertical porous
plate has been studied by Raju et al. [34]. They also considered the heat transfer analysis with thermal

radiation and chemical reaction. Three dimensional boundary layer flow of Maxwell fluid is investigated



by Awais et al. [35]. Freidoonimehr et al. [36] has studied the effect of uniform magnetic field on a
free convective boundary layer flow of nanofluid. Sheikholeslami et al. [37] reported the effects of radi-
ation and magnetohydrodynamics in flow of nanofluid. Sheikholeslami and Ganji [38] investigated the
hydrothermal behavior of nanofluid with variable magnetic field.

Heat transfer in flows induced by a continuously stretching surface is significant in industrial en-
gineering processes like cooling of the cutting tools during machining operations, cooling of electronic
components in computers, the generation and condensation of steam in a thermal power plant, heating
and cooling of the buildings and thermal control of reentering of the space craft. In view of above men-
tioned physical situation several investigations through numerous flow configurations have been carried
out. Recently melting effects for heat transfer is given much attention. This is due to the fact that
it has applications in permafrost melting, preparation of semi-conductor material and solidification of
magma flows. Pedroso and Domoto [39] devised methodology for calculating melting rates based on the
diffusion/melting. Afterwards some studies have been presented to analyze the effect of melting heat
transfer. Epstein [40] investigated the effect of melting on heat transfer to submerged bodies. Melting
heat transfer in a steady laminar flow of viscous fluids over a plate has been considered by Epstein and
Cho [41]. Kazmierczak et al. [42] explored characteristics of melting heat transfer in the flow of dissimilar
fluid by a vertical plate in porous medium. Cheng and Lin [43, 44] studied combined effects of melting
and mixed convection in steady and unsteady flows due to a vertical plate saturated with porous medium.
Ishak et al. [45] analyzed the effect of melting in flow over a surface with parallel free stream. Bachok
et al. [46] examined melting phenomenon in the stagnation point flow towards a stretching/shrinking
surface. Yacob et al. [47] studied the steady boundary layer stagnation-point flow of micropolar fluid
towards a horizontal linearly stretching/shrinking surface. The authors employed Runge Kutta-Fehlberg
method with shooting technique for the numerical solution. Gorla et al. [48] investigated the melting
heat transfer in a nanofluid flow towards a permeable continuous moving sheet. Abdel-Rahman et al. [49]
numerically analyzed the problem of magnetohydrodynamic steady laminar flow and heat transfer from
a warm laminar liquid flow to a melting moving surface in the presence of thermal radiation. Numerical
solution by implicit finite difference method (FDM) is given. Hayat et al. [50] considered the problem
to study the characteristics of melting heat transfer in the boundary layer stagnation point flow of third
grade fluid past a stretching surface. Boundary layer stagnation point flow of second grade fluid towards
a stretching sheet with Dufour and Soret effects combined with melting heat transfer has been examined
by Hayat et al. [51]. Awais et al. [52] presented the analytical and numerical solutions for the melting
heat transfer in boundary layer stagnation-point flow with thermal-diffusion and diffusion-thermo effects.
Hayat et al. [53] also investigated the characteristics of melting heat transfer in the stagnation-point
flow of Maxwell fluid with double-diffusive convection. Combined effects of radiation and melting in
magnetohydrodynamic boundary layer flow past a moving surface is disclosed by Das [54].

Four different types of heat transfer from wall to ambient fluid was first considered by Merkin [55]
i.e., (a) constant or prescribed surface temperature, (b) constant or prescribed surface heat flux, (c)

conjugate boundary conditions and (d) Newtonian heating in which heat transfer from bounding surface



with a finite heat capacity is proportional to the local surface temperature. Researchers utilized the
Newtonian heating process in their practical applications such as to design heat exchanger, conjugate
heat transfer around fins and also in convection flows setup where bounding surfaces absorb heat by
solar radiations. Lesic et al. [56] studied free convective boundary layer flow of viscous fluid towards a
horizontal surface embedded in a porous medium with Newtonian heating. Behavior of heat transport
in the flow of viscous fluid towards a sheet with Newtonian heating and porous medium is reported
by Lesic et al. [57]. Salleh et al. [58] studied forced convection stagnation point flow of viscous fluid
with Newtonian heating. Further Salleh et al. [59] examined heat transfer characteristics in flow of
viscous fluid over a stretching surface with Newtonian heating. Magnetohydrodynamic boundary layer
flow of nanofluid past a vertical flat plate with Newtonian heating is investigated by Uddin et al. [60].
Hayat et al. [61] discussed mixed convective heat transport in the Falkner-Skan flow of Maxwell fluid
with Newtonian heating. Hayat et al. [62] analyzed the flow of second grade fluid towards a stretching
surface with Newtonian heating. Makinde [63] constructed the computational modelling for unsteady
MHD flow of viscous fluid past a flat plate with Newtonian heating and Navier slip effects. Ramzan et
al. [64] discussed the magnetohydrodynamic three dimensional flow of couple stress fluid in the presence
of Newtonian heating. Viscous dissipation effect in the flow of nanofluid with Newtonian heating was
studied by Makinde [65]. Sarif et al. [66] examined boundary layer flow induced by stretching sheet with
Newtonian heating.

The natural processes of chemical reactions involve both homogeneous and heterogeneous reactions.
Some of the reactions have the ability to proceed very slowly or not at all, except in the presence
of a catalyst. The interaction between the homogeneous and heterogeneous reactions is very complex
involving the production and consumption of reactant species at different rates both within the fluid and
on the catalyst surface such as reactions occurring in combustion, catalysis and biochemical systems.
Merkin [67, 68] studied the isothermal model for homogeneous heterogeneous reactions in the boundary
layer flow with equal and different diffusivities of reactant and autocatalyst. Further Chaudhary and
Merkin [69] analyzed the characteristics of homogeneous-hetrogeneous reactions in the boundary layer
flow with loss of reactant. Khan and Pop [70] examined the problem of stagnation point flow of viscous
fluid over a permeable wall in the presence of homogeneous-hetrogeneous reaction. Characteristics of
homogeneous-hetrogeneous reactions in the stagnation point flow of viscous fluid towards a stretched
surface is investigated by Bachok et al. [71]. Shaw et al. [72] investigated the effects of homogeneous-
heterogeneous reactions in the flow of micropolar fluid induced by stretching/shrinking sheet embedded
in a porous medium. The analysis of homogeneous-heterogeneous reactions in flow of nanofluid past a

permeable stretching sheet was examined by Kaneswaran et al. [73].



1.3 Fundamental laws

1.3.1 Conservation law of mass

Law of mass conservation states that mass neither be created nor destroyed. Mathematically, for com-
pressible fluid it can be expressed as
dp

S+ V. (pV) =0, (1.1)

In above expression, p indicates the density of fluid and V the velocity field.
For incompressible fluid, we have

V.V =0. (1.2)

In Cartesian coordinates, one can write it as follows:

ou Ov Ow
i T E 1.
Ox + Oy + 0z 0, (13)
while in cylindrical coordinates we have
10 10 0
ror (o) + 790 (ve) + 9 (v2) = 0. (1.4)

1.3.2 Conservation law of linear momentum

This law states that total linear momentum of the system is conserved. It is derived from Newton’s

second law. Mathematically we have
av

Here left hand side (L. H. S.) of Eq. (1.5) represents inertial forces while on right hand side (R. H. S.)
first term represents surface forces and second term represents body forces. In the above expression %
denotes material time derivative, p denotes density, V denotes velocity field, 7 represents Cauchy stress

tensor and b represents body force. For incompressible fluid Cauchy stress tensor is defined as
T=-pI+8S. (1.6)

Here p denotes pressure, I denotes identity tensor and S denotes extra stress tensor.
Using velocity field V =[u(x,y, 2,t),v (z,y,2,t) ,w (x,y, z,t)], momentum equations in Cartesian

coordinates can be expressed in the following forms

Gu O Ou y Ou) _ Orer | OTay | OTaz |y (1.7)
P\ot "z T8y T8, ) T ar ey | B2 P ‘

E—Fu%—i_vaiy—i_w& ~ Ox + Oy " 0z = pby, (1.8)

) ((‘92} Jv  Ov 81}) _ OTye | OTyy  OTy

TO w2l 0% L) = . 1.
ot " Yar ey TV e )T o T oy T T (1.9)

) <8w ow  Ow 8w> 0T 0Tz | OT.:



where Toz, Toy, Tazs Tyzs Tyys Tyzs T2z, Tzy and 7., represent the components of Cauchy stress tensor and
bz, by and b, represent components of body force.
Using velocity field V =[v, (r,0, z,t) ,v9 (1,0, 2,t) , vz (7,0, 2,t)] momentum equations in cylindrical

coordinates can be written as follows:

oy, ov,  vg Ov, vg ov,y 10 10 0 Too
f < o o T e Ty T az> = 7o T ¥ g (o) + g (7re) = 57 A ey (L10)
Ovy Ovg vg Ovg vy dug 10 ,, 10 0
P <3t * or T 00 r UZ(?Z) Cr2or (r7or) + r 00 (700) + 0z (o) + pbo,  (1.11)
ov, ov, v Ov, ov,) 10 10 0
p ( o U ar T o +a> =g UTer) g () g (me) b (112)

in which 7., 719, Trz, Tor, T0, Toz, T2r, T-9 and 7., represent the components of Cauchy stress tensor and

b, by and b, represent components of body force.

1.3.3 Conservation law of energy

The conservation law of energy physically depicts that total energy of the system remains constant. It is

derived from first law of thermodynamics. Mathematical form of this law can express as follows:

T
pep = 7.L —divq — divq,. (1.13)

The term on the L.H.S. of Eq. (1.13) denotes internal energy, first term on R.H.S. denotes viscous
dissipation while the second and third terms represent thermal and radiative heat fluxes respectively. p
the density, ¢, the specific heat at constant pressure, T' the temperature of fluid, 7 the Cauchy stress
tensor and q and q, depict thermal and radiative heat fluxes respectively. These thermal and radiative

heat fluxes are defined by Fourier’s law of heat conduction and Stefan Boltzman law respectively.

1.3.4 Equation of mass transfer

This law describes that total concentration of the system under observation remains constant. It is

derived from Fick’s second law. Mathematically it can be written in the absence of chemical reaction as

dC

— =-V.j. 1.14

= V. (1.14)
From Fick’s first law we have

j=-DVC. (1.15)
Hence equation of mass transfer becomes

dC

— =DV? 1.1

where C denotes concentration of specie, D denotes mass diffusivity and j denotes mass flux.
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1.4 Boundary layer constitutive equations

This thesis is based on the description of boundary layer flows of Walters-B, second grade and third grade

fluids. Therefore we briefly explain the mathematical modeling of these fluid models.

1.4.1 Walters B fluid

Walters [10-13] has presented an elegant model for the rheological equation of state of a viscoelastic fluid.
This model can accurately simulate the complex flow behavior of various polymer solutions, hydrocarbons,
paints and other industrial liquids. The Walters-B model generates highly non-linear flow equations which
are an order higher than the classical Navier—Stokes equations. It also introduces elastic properties of the
fluid which are important in extensional behavior of polymers. The extra stress tensor S for Walters-B

fluid is defined as:

dA
S = 2upA; — 2kg——t (1.17)
dt
where
dA;  0A -
Wl — aTl +V.VA, —A;.VV— (VV) Ay, (1.18)

in which A4 denotes rate of strain tensor, V denotes the velocity field of fluid, % denotes the covariant
derivatives of the rate of strain tensor in relation to the material in motion, uy denotes the limiting

viscosity and ko denotes the short memory coeflicient. The values of g and kg are defined as follows:

Lo = /N (k) dr, (1.19)
0

ko = | kN (k) dr, (1.20)
[

where N (k) denotes the distribution function with relaxation time x. By taking short term memory into

account the following term

/K;SN (k) dk, s> 2, (1.21)

is neglected in case of Walters-B fluid.

Components of Cauchy stress tensor of Walters-B fluid are
) ou o u82u o 0u 5 ou\> ou (v n ou (1.22)
Ty = — — = — — 2= - = (=+=11, .
P 2hogs 0\ "oz2 Oxdy Ox oy \ 0z Oy

v 0 0 ov\> v (Ov  Ou
= 42— — 2 — 2= ==+ 1.2
Ty = P+ 205, — 2ko <u8x8y+v8y2 <8y> o <8x+ay>>, (1.23)
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Toy = Tyz = %jL@ — ko |u L% +&
w = Tyz = Ho oy Ox 0 Oxdy = Ox2

<82u 0% ) Ou Ov ou 8@]
+v 2 2——|.

a2 " owdy)  “owow

— — 1.24
Oz Oz 0y Jy ( )

Invoking the components of Cauchy stress tensor in equation of motion and applying the boundary layer

approximations (u =0 (1), z =0 (1),v=0(9), y = O(9)), we have

u@_kvaiuf_l@_i_yﬂ_@ u83u +U@+%@_@82U (125)
Ox oy  pox oy p | Oxdy? oy3  Ox 0y? Oy oxdy|’ ’
1.4.2 Second grade fluid
The constitutive equation for the Cauchy stress in a second-grade fluid is [14-17]:
7= —pl+uAl + afAs + ajA2, (1.26)

where p denotes scalar pressure, I denotes the identity tensor and p denotes the coefficient of viscosity.

The first two kinematic tensors A; and Ay are

A =VV+(VV)", (1.27)
dA .
Ay = dTl + AL (VV)+(VV) Ay, (1.28)

in which V denotes the fluid velocity, % is the material derivative and o] and a3 are respectively the
viscoelasticity and cross-viscosity of the fluid. According to Dunn and Fosdick [14] and Fosdick and
Rajagopal [15] the equation (1.26) is compatible with thermodynamics in the sense that all motions
satisfy the Clausius-Duhem inequality and the assumption that at constant temperature the specific
Helmholtz free energy is a minimum in equilibrium then the material moduli must satisfy the conditions
given below:

w>0, o >0, of+a;3=0. (1.29)

Component form of two-dimensional steady flow of second-grade fluid are

o Loy (P Pu\ of[ndu | B B %
Ox Uay - pox ox?2 = 0y? p | Ox 0x? ox3 U8$28y 0y20x
R T )
Oy Oydxr ~ Ox Oy? oy3 Oy 0x2 Ox 0x2 |’ '
u@—i—v@ — _1@ v &4_@ ﬂ 2@@4_@@4’_16@_‘_” 831} +@821}
Ox oy  poy 0x?  Oy? p | Oyoy:  Ox dy? ox3 0220y Oz Oyox
v ov 0%v ov 0%v v
+um + 87/@ +587y87y2 +Uay3:| . (1.31)
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After using the boundary layer approximations, we have

DuL e Lop P af (0wt O oud o a
Ox oy  pox oy2  p \ Oz Oy? 0xdy? Oy Oy? oy3 ) ’
1.4.3 Third grade fluid
The Cauchy stress tensor 7T in third grade fluid is
T = —pl+ pAy + oAy + a3AT + 81 A5 + By (A1As + AsAy) + B (trAl) Ay, (1.33)

in which I is the identity tensor, p is the fluid dynamic viscosity and af, a3, B, B9, B3 are the material
constants of third-grade fluid. Note that Eq. (1.33) is compatible with thermodynamics when the material

constants satisfy

p>0, a1 >0, By =0y=0, B3>0, aj + a5 < \/24uf3;. (1.34)

The expression for Rivlin-Ericksen tensors Aq, As and Ag are

A, =VV (VW) (1.35)
dA
Ay = dTl + A (VV)+(VV)T A, (1.36)
A
A, = Bt A OV (VV)T AL L (1.37)

dt

Component form of two dimensional steady flow of third-grade fluid are given below:

o\ o (Pu ) | foudbu P ou o
P T Tor TP\ ag2 0y? L) 0z 9y? 0x? Oy 00y
Ou 0% 281} 9%u 4811 9%v Bu Pu Bu

oy o2 Comomoy | Cozore Vo Vox2oy T “oyf0x

+ @ + * 8@@ +2 % + % ﬂ + @
o3 [ T2\ "9z 922 ay oz ) \Ozdy T 022
0%u [ Ou\? 0%u [ Ov)? 0%u [ Ou\?
+2Ps {4ay2 <a> "o (a) "o <ay>
ov [ Ou &%*v ou 03 oudv [ Pu 0%
A el N ol (g9 U
Oz \ Oz 0x2 Oz 0xdy Oy 0xr \ Oy?2  Ox?

_‘_2% 36211, _i_@ +@ 20 @2_ @2_ @2
Ox \ 0xdy  Ox? Ox? Ox ox Oy ’

(1.38)

+3

u@+v@ — _@+ @4_ 62?,6 +Oé* % 4@_2627’“ _872@@
P x N F\ 822 Oxdy L oy \ ay2 Ox? 0x? Oz

O N N DR R
Ox Oxdy oy?  Ox? oy20x  Ox3 ox3  0x20y
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+a* 8@82,& + 2 @_f_@ @_@
21" 9z 0zdy oy Ox oyz  Ox?

ouov (0% 0*u 0*u (0% 0?%u ou 3u
28,4420 (328 TU) T U (TY 5 TU ) p00T
* 53{ Ox Oz (38332 8y2> Ox? <8x2 58x8y> dy Ox3

+ @ ’ 6211, +3@ +6%@@+ @ ’ 62'11, +3@
Ox Oxdy Ox2 Oy Ox Ox? oy Oxdy Ox2

2 2
_4232;5 22 gygx> } | (1.39)
After using the boundary layer approximations, we have
TR Y T AT O
Ox oy p Oz oy:  p | 0x0y? Oz Oy? Oy Oy? oy?
" 2

In cylinderical co-ordinates, component form of two-dimensional steady flow of third-grade fluid are given

below:

ou oy _ o, (Fu P 1o u
P or 0z N or H or2  0z2 ror r2
_%_QE@ % 87111 24_%82711)_’_1”@_22%
rd r20z r \ Or 0z 0z2 023 r2 Or
Ou 0*u ow w2 <0w>2 2w 9%u ow 9%u

*
+aoq

goucy  goue W, =
+ 87‘8z2+ Or 022 +7‘

or + r Ordz + 55 ordz
ow %w  Ou 0w Pu Pw  2ud*u
0z Ordz + or Ordz + Y oroz2 + Y ora.2 + r or?
pudu GOty Gwdt L, T T, O
Or Or? 0z Or? Or Or? or20z or20z or3
2 Ou Ow ow 0%u ou 0%u .| 4?4 [0ou 2 Ou 0*w
rozor Cozon T azaraz} L = (a) 92 022
e P on (007 L (00)? o
Or 022 Or 022 Or Or0z r \ Or r \ 0z Or Oroz
ow ou 0%u ou 0%u ou 0%w ow 0w

Y2 Yasara: Plaraz T 2a a2 T 2er a2

2 Ou Ow ow 9%u ou 0%u Sud 8 /0u\® 8u2ou
— 2 4 + /83 " _

r0z0r "0z 02 ‘0z0r0z i \er) T Eoar

4
S0u (ow\?  40u (0u\?  40u (0w\®  $0ududw
ror \ 0z ror \ 0z rOr \ Or

r

+ r Or 0z Or
ou\? 0%u  Su2d%u  16udu ow\ 2 9%y ou Ow 0w
124 (=) o+ st 48— ) T 16—
Or? r2 Or? rZ Or 0z ) Or? Or 0z Ordz

or
duidtu | owdt | oudu P dudndu
Oz Or? Or or? Or 0z Ordz Or 0z Or?
ou dw 9%u 88u ow H*w 4 <8u>2 0% 4 <8u)2 Pw  4u? 9%

+4

87’587”624_ EEW—F
Wt (N uowdte | owowdw  (w)? o
r2 Orfz 12 \ 0z 0z 0z 022 Or 0z 0z2 0z ) 022

+4 8711) ? 8211) +6 @ 2827’111_’_6 aﬂ 2@_1_12%@ 8211)
0z ) 0Ordz 0z ) 022 or ) 022 0z Or Ordz

05, o) 02 T N\or) ao: T2 o2
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pOudw Ou _ Su <8>_8 <8w> du (aw)
0z Or 022 r2 \ Or r2 \ 0z r2 \ Or
ou\? 62w ow\? 9w
0 <8z) oroz 0 <8T> 87“82] ’ (141)
ow ow ) 1ow 0*w O*w
P(“m*”az) - Ta. M [a 8702+8z2}
+a* [u@zw E@+Eﬂ+ga2w +§@87’LL
YWrorz " r 822 roroz  rordz  roroz
30wow 10udw 10udw ou 0*w Pw
o9 Tre:0: Troror Cora Vo
L O Ou Du O o O
Or 072 Oroz2 Or Ordz or20z Or Ordz
o D0 OO ow i Jou 0w w O
or20z 0z Or? Oz Or? 0z 0rdz 0z Ordz
ow 0%u Pw ow 0w Pw ow 0w
+EW + QuW + 25@ + QwQ + 85@
D] g [2000n 20000 20
0z 022 2lrordz  roror  rozoz
2 0w Ow ou 0%u ou 0%u 0%u Ow ou O*w
T or 0z T 20z0r T Cororo: ok or | Cor ok
Lou e ow e ow i owdt
0z Oroz 0z Oroz Or Oroz Oz Or? 0z 022
LpOudu 0w 0w6w} s lwu (6)
0z 022 Or 022 Or Ordz 31r0z \ or
40w (Ou\? 4ulou  4uPOw 40u [w)?
ror (a) e T w o Tre: <a>
40w (ow\? 2 (Ou\® 2 [ow\® 6 [0u)\? ow
ﬂar(az) +(a) ﬂ(m) +<a) ar
+6 ou <8w)2+4 <8u>2 0%y 4 <8u)2 0w ou Ou 0%u
rOz \ Or or ) 0rdz or ) Or? Or 0z Or?
Guow it Sududn  Sududu P wtdu
Or Or Or2 ~ r20r 0z 12 0r or r2 Ordz  r2 or?
(Y P () o o
0z ) 0Oroz 0z or? 0z 0z Ordz or 0z 0roz
ou\? 9%u ou\? 02w ow\? 0%u ow\ 2 9w
+6 (<2 6( ) 22 4622 6(22) <%
<3z) oroz <0z) or? (67“) oroz <0r> or?
L N (O
0z Or Ordz 0z Or Or? or) 022 Or 0z Ordz
8u? 0%w 16w Ou dw ow\ 2 9w ou\? 02w
o2 T2 as0. T <a> 927 4(5) 922
(20 P Quduth | puouy dun
or ) 022 Oz Or 0z2 Oz Oz 022 0z 0z Ordz
ow Ow Ow 0*w
+85 SarazaraJ . (1.42)
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Using boundary layer approximation, we have

ouou _ 10 Pu o[l owdu P o
“or 8z  por 022 p |0z 8z2 ar 022 " Vo8 T "oraz2
Lpdwdu  Ou Ou) o [ Oudw  0udlu
0z D22 0z Ordz p 0z 022 or 922
1 /0u\> Ou du _O0wdu| B ou\? 0%u
5 (a) *%m&“awz]U 6(a> Prd R G

1.5 Solution methodology

Homotopy analysis technique was derived from the basic and fundamental topological concept character-
ized as homotopy. Two functions are said to be homotopic if one function can be continuously deformed
into the other function. If ¢; and ¢ are two continuous functions which maps from a topological space

U into topological space V' then ¢ is homotopic to g if there exists a continuous map @
Q: Ux|[0,1] -V, (1.44)

such that for each u € U

Q (ua 0) =qQ1 (u) ) Q (uv 1) = q2 (u) . (1'45)

Then map @ is called homotopic between ¢; and g2. Homotopy analysis method is proposed by Liao [74]
in 1992, which is used to solve the highly nonlinear equations. Homotopy is a continuous deformation
or variation of a function/equation. It has several advantages over the other methods i.e., (i) it is
independent of small or large parameters (ii) ensures the convergence of series solution (iii) provides
great freedom to select the base function and linear operator. Such flexibility and freedom help us in
solving the highly nonlinear problems. This technique is applied successfully for the construction of series
solutions of various nonlinear problems [75-89)].

Consider the nonlinear differential equation of the form
Nlu ()] =0, (1.46)

where A represents the nonlinear operator, u denotes an unknown dependent function and x denotes the

independent variable. The homotopic equation [74] is

(1—q) L[u(n; q) —uo(n)] = ghN [a(n; q)] , (1.47)

in which the embedding parameter ¢, 0 < ¢ < 1, the auxiliary parameter i # 0, auxiliary linear operator
L and initial guess ug(n) satisfying the boundary conditions. It is also noted that the above equation is

known as zeroth order deformation equation. When ¢ = 0 and ¢ = 1 then
@(n;0) — uo(n) = 0, and a(n; 1) — u(n) =0, (1.48)
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respectively. Thus with the variation of ¢ from 0 to 1, the solution @(n; ¢) starts from initial guess ug(n)
and goes to the final solution u(n). Writing 4(7; ¢) in the Taylor series corresponding to the embedding

parameter g we get

. > m 1 0™u(n; q
i) = won) + 3w, () = - ) (1.49)
m=1 m: q q=0
The mth order equation is
L um(n) = Xmum-1(n)] = ARp (um-1), (1.50)
with
A U)
Ry (um—1) = , 1.51
e R e R (1.51)
0, m<1,
Xm = : (1.52)
1, m>1

The solution of equation can be obtained using a suitable software like MATHEMATICA or MAPLE. If
the auxiliary parameter, the initial guess and the auxiliary linear operator is chosen accurately, the series

will converge at ¢ =1

i(x) = uo(n) + Y um(n). (1.53)
m=1
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Chapter 2

Boundary-layer flow of Walters-B fluid

with Newtonian heating

The flow of Walters-B fluid over a stretching surface with Newtonian heating is studied in this chapter.
The governing partial differential equations are first simplified through boundary layer approximations
and then reduced into ordinary differential equations by using the appropriate substitutions. The resulting
problems have been solved for the series solutions by homotopic approach. Convergence analysis is
performed and appropriate values are determined by plotting the so called A—curves. Graphical results for
the dimensionless velocity and temperature are presented and discussed for various physical parameters.
In addition the expressions of skin friction coefficient and the local Nusselt number are presented. The

dimensionless expressions of wall shear stress and wall mass flux are analyzed graphically and numerically.

2.1 Mathematical formulation

We consider the magnetohydrodynamic stagnation point flow of Walters-B fluid towards a stretching
sheet along the z-axis. The flow is confined to y > 0. A uniform magnetic field of strength By is applied
perpendicular to the plane of stretching surface. The induced magnetic field is neglected through the
assumption of small magnetic Reynolds number. The electric field is absent. Let Uy, (z) = cx be the
velocity of stretching sheet while the velocity of external flow is Uc(x) = ax, where a and ¢ are the
positive constants. Using the velocity field V = [u (z,y) ,v (x,y),0] and temperature T = T (x,y) fields,

the governing two-dimensional boundary layer equations are ([14], [15]):

ou Ov

0 oy “dx oy2  p | Oxdy? oy®  Ox Oy?
ou 9*u o B3
_8346:3831] —T(U—Ue), (2.2)
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or oTr K 0*°T oB?
UtV = — s+ —2 (u—Ue)?, (2.3)
Oz dy  pcy Oy pCp
where u and v are the velocity components parallel to the x— and y— directions respectively, p the fluid
density, o the electrical conductivity of fluid, K the thermal conductivity, 7' the temperature and ¢, the

specific heat. The boundary conditions are given by

T
u(z,0) = Uy(z)=cz, v(z,0) =1, =0, gy = —hsT,
y=0

u — Uedlz)=azx, T — Tx as y — 0. (2.4)

It is noted that horizontal velocity U, (x) at y = 0, represents the stretching velocity which is produced
by applying two forces equal in magnitude but opposite in direction such that origin is kept constant
while U, (z) represents variable free stream velocity when y approaches infinity. Vertical velocity v,, at
y = 0, represents that their is no suction/injection at the surface. It is also noted that hg is the heat
transfer coefficient (which measures the strength of Newtonian heating), ¢ the stretching rate and T, the
ambient temperature. In Eq. (2.4) the condition of temperature at y = 0, is known as the Newtonian
heating boundary condition which indicates that heat transfer rate from the bounding surface with finite
heat capacity is proportional to the local surface temperature.

Introducing the following dimensionless variables

w(yy) = caf' (), v(e,y) = —Varf(n), 0= Lot \f , (2.5)

the governing transformed equations may be written as follows:

A2 (f/)2 Y —We |2 - ff(iv) _ (f//)2] — Ha2 (f, _ A) —0, (2.6)
f1(0)=1, f(0) =0, f'(o0) = 4, (2.7)

0" +Pr f 9'+Ha2PrEc(f'—A)2:O, (2.8)

0'(0) = —v, (1 +6(0)), 6(c0) =0, (2.9)

in which prime denotes differentiation with respect to 7, Pr the Prandtl number, We the Weissenberg
number, Ha the Hartman number, Ec the Eckert number and v, the conjugate parameter for Newtonian

heating. These parameters are defined as

B2
H(l — g 0’ A — 97 We — @’
pe c Ko
2
HoCp Um v
Pr = Ec = = hot [ —. 2.10
g K T one M \/; (2.10)
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The skin friction coefficient C'y and the local Nusselt number Nu, are

Tw TG

= Tw Nug = — 24w ___ 2.11

in which the wall skin friction (7,,) and the wall heat flux (g, ) are given by

du Pu  Pududu\® aT
w = ~— —k T 5 + 27— y Q= —K | — : 2.12
T [Moay 0(u8m8y+vayz + 8$8y> i q (ay>y:0 (2.12)
y:
In dimensionless form, these quantities are expressed as follows:
1

(Re,)2Cy = (1—=3We) f7(0), (Rey) 2 Nuy = (1 + 0(0)> : (2.13)

where Re, = cz?/v denotes the local Reynolds number.

2.2 Mechanism of homotopy analysis

This method was proposed by Liao [108] in 1992, which is used to obtain the solutions of highly nonlinear
problems. It has several advantages over the other methods i.e., (i) it is independent of small or large
parameters (ii) ensures the convergence of series solution (iii) provides great freedom to select the base
function and linear operator. Such flexibility and freedom help us in solving the highly nonlinear problems.
It is also noted that linear part of the differential equation is selected as the linear operator for the
homotopy analysis method. However in semi-infinite domain it is preferred in such a way that the
solution appears in the form of exponential functions for rapid convergence analysis. For homotopy

solutions, we define the velocity and temperature distributions by the following set of base functions.

{nk exp (—nn) |k > 0,n > 0} , (2.14)

with
=3 ak " exp(—nn), (2.15)
n=0 k=0
Zzbm 11" exp (—nn) (2.16)
n=0 k=0
where a¥ . and bk ., are the constants. We have chosen the following initial guesses fo (1), 6o () and the

auxﬂlary linear operators £; (i = f,0) :

o) = An+ (1= A) (1= exp (o). 6o () = L, (2.17)
3 2
Lrlf ) =% - Lalbm) =G5 (218)
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satisfying the following properties

Ly [Cy + Cyexp (n) + Czexp (—n)] =0, (2.19)

Ly [Cyexp (n) + Csexp (—n)] = 0.

in which C; (i = 1 — 5) are constants.

2.2.1 Zeroth-order deformation problems

The zeroth order deformation problems are

(1-q) Ly [f (15 9) — fo(n)} = qhy Ny [ 9)), (2.20)
(1—q) Ly [9(17; q) — 90(77)} = qhgNy [f(n; q), 0(n; q)} : (2.21)
; of (n.q) of (n.q)
f(O7Q) = Oa N =1 r~— = A7
on o on oo
90 (n,q) _ A A _
o |, T n(1+0ma)| . dma)| =0 (2.22)

In the above expressions ¢ € [0,1] and Ay # 0, hy # 0 are the embedding and auxiliary parameters

respectively. The non-linear operators are given by

. N\ 2 . PO .
; _9F o [of 0% f of’f o
Nyelf(n,@)] = 877734_14 _<377> +faT72—W€ 2877787773_f87774
A\ 2 .
O f 2 [ OF
(20)] (). .
o &% o0 of \
N@[f(n7 Q)a 0(777 Q)] = 877’]2 Pr f% + H(l2 PrEc (677 - A) y (224)
where Ny and Ny are the nonlinear operators. For ¢ = 0 and ¢ = 1, we have
F:0) = fo(m), fn:1) = f(n), (2.25)
6(n;0) = Bo(n), 6(n; 1) = B(n), (2.26)

and f(n,q) and (), q) vary from initial guesses fo(n), 0o(n) to the final solutions f(n) and () when ¢

varies from 0 to 1. By Taylor’s series expansion, we obtain

f.0) = o)+ X fulma™ fuln) = 5 5D (227)

21



On.a) = bo(n) + 3= Ou(m)a™, bu() = o =5 BL| (228)

where the convergence of above series strongly depend upon iy and hg. Considering that h; and hg are

selected properly so that Eqgs. (2.27) and (2.28) converge at ¢ = 1 and thus we have

fon = folm) + 2 finl) (229)
) = o(m) + 3= ). (2:30)

2.2.2 mth-order deformation problems

Differentiate Eqgs. (2.20-2.22) m-times with respect to ¢ and then set ¢ = 0 we get the mth order

deformation equations for momentum and energy which are given below

Ly [fm(n) - mem—l(n)} = hyR], (1), (2.31)
7 (0.4) =0, 8fm8<77aQ) o, 8fma(77,q) o, (2.32)
" n=0 l n—00
L9 [Bn(n) = Xy 1(0)] = hoRY, (1) (2:33)
aém (77 ) h o ~ -
o o + 7 Om (7, q)‘nzo =0, Om(n, q)‘n%o =0. (2.34)

Nonlinear operator for momentum equation is

m—1
Rl () = fo-1 () + A% (1= x,) — melkfk+2fm1k
k=0
m—1 )
—We Z [2frlnflfkfm - fmflfkf,iw) ~ fon—1-k k} Ha®fy, 4
k=0
+Ha?A(1-x,,). (2.35)

Nonlinear operator for energy equation is

m—1 m—1
RO, () = Op () +Pr Y fori)+ Ha®PrEc > fr. 1 fi
k=0 k=0
+Ha?PrEcA? (1 — x,,) — 2 Ha®>PrEc Af!,_1(n). (2.36)

The general solutions of the mth order deformation problems are

f(m)=f"4+C1+ Crexp(n) + Czexp (—n), (2.37)

0 (n) = 0"+ Caexp () + Cs exp (—n), (2.38)
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in which f* and 6* are the particular solutions.

2.3 Convergence of the homotopy solutions

The convergence of series solutions and the approximation rate strongly depend upon auxiliary parameters
Iy and Ny. The appropriate values of these parameters can be determined by plotting the so-called
h—curves. Here h;y— and hg—curves for various values of Weissenberg number We have been plotted
in the Figs. 2.2 and 2.3. The admissible values of Ay and hy lie along the line parallel to the 7;—
and hgp—axes. For example when We = 0.5 the series solutions are convergent for hy € [—1,—0.5] and

he € [—1,—0.5).

2.4 Results and discussion

Physical interpretation to the obtained results of velocity and temperature distributions for various
parametric values is discussed in this section. Fig. 2.4 depicts the variations in the x—component of
velocity with an increase in Weissenberg number We. When the velocity of stretching sheet is greater
than the free stream velocity i.e. A < 1, the velocity decreases with an increase in We. However it
enhances with an increase in We when A > 1. Irrespective of the values of A, the momentum boundary
layer thins when We is increased. Physically increasing values of We enhance tensile stresses which
oppose the momentum transport and hence boundary layer thickness decreases. When fluid is passing
over the surface, a thin boundary layer in such situation exists within which the fluid adapts the velocity
of the body because of friction/drag forces or it is the distance from the plate/sheet to the region where
no changes occur in the velocity of the fluid. Effects of Hartman number on the horizontal component
of velocity are presented in Fig. 2.5. Larger values of Hartman number correspond to a decrease in
the velocity. In fact the applied transverse magnetic field in an electrically conducting fluid creates a
resistive force like drag force known as the Lorentz force. This force has tendency to resist the fluid
motion and due to this reason the momentum boundary layer thins with an increase in magnetic field
strength. Fig. 2.6 elucidates that velocity field f’ is an increasing function of ratio A. The boundary
layer thickness increases with an increase in A when A < 1, whereas boundary layer becomes thinner
when A is increased provided A > 1. Further the boundary layer is not formed for A = 1. Fig. 2.7 shows
the influence of Weissenberg number on the temperature distribution. An increase in the Weissenberg
number leads to an increase in the local fluids temperature and thicker thermal boundary layer. Fig. 2.8
perceives the behavior of Hartman number on the temperature 0 (7). Increasing values of Ha indicates
stronger Lorentz force which enhances resistance in the fluid motion and hence augments the local fluid
temperature. Impact of ratio A on temperature can be seen from Fig. 2.9. We observed that both the
temperature and the thermal boundary layer thickness increase by enhancing the free stream velocity.
The behavior of conjugate parameter 7, characterizing the strength of Newtonian heating can be depicted
from Fig. 2.10. It is obvious that stronger convective heating allows the thermal effect to penetrate deeper

into the quiescent fluid. Due to this reason the thermal boundary layer thickness with an increase in v,
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surface heat flux, being proportional to v, is an increasing function of v, (see in Fig. 2.6). Prandtl number
being the ratio of momentum diffusivity to the thermal diffusivity reduces conduction but enhances pure
convection (i.e. heat flow per unit area). Due to this reason thermal boundary layer thins and rate of
heat transfer at the sheet increases when Pr is increased (see Fig. 2.11). Viscous dissipation is the heat
generation within the flow caused by shear in the flow. Larger values of Fc¢ heat up the fluid near the
immediate vicinity of the bounding surface and hence thermal boundary layer thickness increases (Fig.
2.12). Effects of Weissenberg number We on the wall shear stress can be examined from Fig. 2.13. It is
noticed that wall shear stress can be appreciably reduced by assuming larger Weissenberg number. On
the other hand an opposite behavior is noted for the ratio parameter A verses Hartman number Ha on
the skin friction coefficient (see Fig. 2.14). Local Nusselt number decreases with an increase in Ec¢ but
it increases for larger Prandtl number (see Figs. 2.15 and 2.16). Table 2.1 is prepared to analyze the
convergence of series solutions for a specific case. Tables 2.2 and 2.3 provide the numerical values of skin
friction coefficient and local Nusselt number for different values of involved parameters. The magnitude
of skin friction coefficient is reduced when either We or A is increased. The magnitude of local Nusselt
number enhances with the increase in Prandtl number Pr and A while it decreases for larger We, Ha
and Ec. Table 2.4 is drawn to analyze a comparative study in the limiting case by taking Ha = 0 = We.

This table shows a very good agreement.
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Yo T-T,

v U= Ug(x) = ax Momentum boundary layer

Thermal houndary layer

ux,0) = Uy(x) = cx 2T
(x.0) = Uw(x) & “h,T
Fig. 2.1: Description of flow model.

Ha=03,y1=0.2Pr=1,A=0.1Ec=0.7

/"(0)

Fig. 2.2: h—curves for the function f (7).
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Ha=03,y1=02.Pr=1,A=0.1 Ec=0.7
_0 ].5 =TT T
—-0.20f W .
-0.25 ‘*}:':':*‘ ': We=0.0,0.1,0.2,0.3, 0.4, 0.5
= -0.30
:
-0.35
-0.40
-0.45
20 13 1.0 05 0.0
Tig
Fig. 2.3: h—curves for the function 6 (n) .
Ha=0.1
We=0,02,04,06
A=15
0 1 2 3 4 5
n

Fig. 2.4: Influence of We on f’(n).
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Ha=0,0.6,1.0,1.5

A=15

Ha=0,0.6,1.0,15

BRI e e e

3 4
r?

Fig. 2.5: Influence of Ha on f'(n).

Ha=0.2,We=0.1

Fig. 2.6: Influence of A on f’ (7).
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A=0.4,y,=0.2,Pr=6,Ec=0.5,Ha=0.1

0.20

0.15

6(r)

0.10

0.05

0.00} . , .

Fig. 2.7: Effect of We on 6 (n).

¥1=0.2.Pr=1, A=Ec=We=0.1

6(n)

Fig. 2.8: Influence of Ha on 0 (n).
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Ha=0.1,y,=0.2,Pr=1,Ec=We=0.1

Fig. 2.9: Influence of A on 6 (7).

A=0.2Ha=Pr=1.Ec=We=0.1

0.8

0.6

6(n)

Fig. 2.10: Influence of v, on 6 (n).
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A=y,=0.2,We=Ec=0.1,Ha=0.8

Fig. 2.11: Influence of Pr on 0 (n).

A=y,=Pr=0.2,Pr=0.1,We=0.1,Ha=0.2

0.5

0.4f 0%

0(n)

Fig. 2.12: Influence of Ec on 6 (n).
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-0.5
-1.0
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We = 0.0, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3
-2.0
0.0 0.5 1.0 1.5 2.0
Ha
Fig. 2.13: Variation of skin friction for different values of We when
0< Ha <2.
We =0.1
0.5
. 0.0
5
:5*
% 05
-1.0
A=0.0,0.3, 0.6, 0.9, 1.2, 1.5
06 08 10 12 14

00 02 04
Ha

Fig. 2.14: Variation of skin friction for different values of A when 0 < Ha
<1.4.
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Ha=1,A=0.1,Pr=1,9 =02

0.725

Ec=0.0, 0.5, 1.0, 1.5, 2.0

0.720

0.715

Re, ™1 nur,

0.710 —_—
/

0.705 4 I —
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Fig. 2.15: Variation of Nusselt number for different values of Fc¢ when

0 < We <0.5.

Ha=1,A=01,Ec=05, 9 =02

0.80
Pr=04,0.72,1.0,1.5,2.0
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Fig. 2.16: Variation of Nusselt number for different values of Pr when

0< We<1.
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Table 2.1: Convergence of homotopy solutions when Ha = A = 0.1, 7; = We = 0.2, Pr = 1 and
Ec=0.T7.

Order of approximation | —f” (0) | —6'(0)
1 1.0053 | 0.26247
) 1.0958 | 0.28885
10 1.1003 | 0.30049
12 1.1004 | 0.30260
34 1.1004 | 0.30662
38 1.1004 | 0.30662
45 1.1004 | 0.30662
60 1.1004 | 0.30662

Table 2.2: Numerical values of skin friction coefficient Re;/ 20f for different values of physical

parameters.

We | Ha | A —Re}vﬂCf

0.1 1 |01 1.0380

0.2 0.6294
0.3 0.1683
0.1 | 1.0 ]0.1 1.0380

1.1 1.0920
1.2 1.1480
0.1 | 1.0 ]0.1 1.0380

0.2 1.0210

0.3 0.9925

Table 2.3: Numerical values of local Nusselt number Re; 12N u, for different values of physical

parameters.

We | Ha| A | Pr| Ec Re;1/2Num

01}10]01| 1 |05 0.3670

0.2 0.3621
0.3 0.3558
0170801 1|05 0.4091

0.9 0.3860
1.0 0.3670
011002 1 ]05 0.3719

0.3 0.3757
0.4 0.3790
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We | Ha| A | Pr | Ec Re;1/2Num
0111001 ]1.1]0.5 0.3802
1.2 0.3919

1.3 0.4022

0111001 1 ]0.5 0.3670
0.6 0.3535

0.7 0.3423

Table 2.4: Comparison of f”(0) with Mahapatra and Gupta [90] and Hayat

limiting cases when We = Ha = 0.

f"(0)
A | Mahapatra and Gupta [36] | Hayat et al. [37] | Present
0.1 —0.9694 —0.96802 —0.96803
0.2 —0.9181 —0.91692 —0.91690
0.5 —0.6673 —0.66722 —0.66721
2.0 2.0175 2.0175 2.0175
3.0 4.7293 4.7291 4.7292

2.5 Concluding remarks

et al. [100] in the

Two-dimensional stagnation point flow of Walters-B fluid towards a surface subject to Newtonian heating

is examined. The key points of this work are mentioned below.

e The horizontal velocity f’(n) is decreasing function of Ha and We when A < 1 whereas it is

increasing functions of Ha and We for A > 1.

e Increasing values of Ha and We correspond to a thinner momentum boundary layer.

e An increase in Prandtl number decreases the thermal boundary layer thickness and it enhances rate

of heat transfer at the bounding surface.

e The temperature and surface heat transfer significantly increases when strength of Newtonian heat-

ing is enhanced.
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Chapter 3

Analysis of melting heat transfer and

mixed convection in the flow of

Walter-B fluid

The work in this chapter focuses on melting heat transfer in the stagnation point flow of Walter-B fluid
toward an impermeable stretching sheet. Flow analysis is explored with mixed convection, viscous dis-
sipation and Joule heating. Suitable transformations are employed to achieve the systems of ordinary
differential equations. Arising nonlinear problems are solved successfully for the convergent series solu-
tions. Charateristics of various pertinent parameters on the velocity and temperature distributions, skin
friction coefficient and Nusselt number are examined. It is found that velocity has opposite behavior for

melting parameter and Weissenberg number.

3.1 Mathematical formulation

Let us consider the problem of steady mixed convection flow of Walter-B fluid towards a stretching
surface. An incompressible fluid is electrically conducting in the presence of constant magnetic field
of strength (0, By,0). Electric field effect is not included. Induced magnetic field for small magnetic
Reynolds number is neglected. Effects of viscous dissipation and Joule heating are present. Heat transfer
through melting process is taken into account. Here x and y— axes are taken along and perpendicular
to the sheet. The flow is confined to y > 0. The velocity of stretching sheet is U, (z) = cx and the
stagnation velosity is Ue(x) = ax (where a and c are positive constants). The governing two-dimensional

boundary layer flow equations for present flow problem are employed as follows:

ou Ov
5t oy = (3.1)
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O R VY B O Y
Ox oy “dx oy:  p | Oxdy? oy?  Ox Oy?
ou 9*u o B2
_6y8x8y] + 9B7r(T — To) + — (Ue — u), (3.2)
2 2 2
T LT KPT 0B g (0
ox dy pcp OY%  pey pcp \ Oy
2ho (Ou (Ou\* 1 Ou w1 Oudu
pcp | 0z \ dy 2 Qyoxdy 2 0Oy dy?
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where u and v are the velocity components along the horizontal and vertical directions respectively, p the
fluid density, o the electrical conductivity of fluid, K the thermal conductivity, 1" the temperature, kg
the short memory coefficient and ¢, the specific heat. The relevent boundary conditions for the velocity

and temprature field are [23]:

u(x,0) =Uy(z) = cx, T(x,0) =T, (3.4)
u—Us(r)=ax, T — Ty as y — oo, (3.5)
K <g§>y_0 =p A+ cs(Tr — To)] v(x,0), (3.6)

in which X is the latent heat of the fluid, ¢4 is the heat capacity of the solid surface, T, the ambient
temperature. The boundary condition (3.6) shows that the heat conducted by the melting surface is
equal to the heat of melting along the heat required to raise Ty the solid temperature to T}, its melting
temperature.

Considering

T-T,

wloag) = cof! (), (o) = Vs ), 0= 1 =[5, (37)

the incompressibility condition is identically satiesfied, whereas Eqs. (3.2-3.6) give
P A2 = ()R S = We |20 = £ = (1)?] - (Ha)? (A= [) + Gro =0, (3.8)

0" +Prf 0 +PrEc(f")’ —WePr Ee[f'(f")2 — f1" "] + (Ha — A)? Pr Ecf? = 0, (3.9)

F1(0) = 1, Prf(0)+ M6 (0)=0, 6(0) =0,

f(0) = A, f"(c0)=0, 0(c0)=1. (3.10)

In above equations Ha is the Hartman number, A is the ratio parameter, Gr is the Grashof number, We is
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the Weissenberg number, Pr is the Prandtl number, Ec is the Eckert number and M is the dimensionless
melting parameter (which is a combination of the Stefan numbers for the liquid Cp(Ts — T,)/A and for

the solid ¢s(T,, — To)/\ phases). The values of these parameters are given below:

2 —
(Ha)® = LBO, A=2 Gr= 987 (To; Tm)7 We — @7
pe ¢ e o
2
Pro= ==, Be=_—m——0~, M= . 3.11
K cp (Too — Tin) A+ ¢s(Ty, — To) (3.11)

Expressions of skin friction coefficient C'y and the local Nusselt number Nu, can be written as follows:

Ty rQuw
C — Y , Num — — 312
I () K (T — To) (3.12)
in which shear stress (7,,) and heat flux (g,,) at the wall are
du Pu  u_dudu\’ aT
Ty luoﬁy 0<u3$5y+08y2+ 39633/) . ! <3y>yo (313)
y:
Skin friction and local Nusselt number in dimensionless forms are
(Re,) Y2 Cp = {1 —3Wel " (0), (3.14)
(Reg) Y2 Nu, = -0 (0). (3.15)
3.2 Homotopic solutions
We define the velocity and temperature distribution by a set of base functions
{nk exp (—nn) |k > 0,n > 0} , (3.16)

in term of following infinite series

Fn () =D a0 exp (—nn) (3.17)

n=0 k=0

9m(77) - Z Z b]:n,nnk exp (—TL?]) ) (318)
n=0 k=0
where a¥ , and b% . are the constants. We have chosen the initial guesses fo (1) and 6 (1) and the

m,n m,n

auxiliary linear operators L and Ly by the rule of solution expression and the boundary conditions

M

fon) =An+ (1 -A) (1 —exp(-n)) =5 bo(n) =1—exp(-n), (3.19)
_Bfdf T
Lylf ()= aB " dn’ Lo[0(n)] = Qg 0, (3.20)
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Ly [Cs + Crexp (n) + Cgexp (—n)] = 0,
Ly [Coexp (n) + Crpexp (—n)] =0, (3.21)

with C; (i = 6 — 10) as the constants.

3.2.1 Zeroth-order problem

The zeroth-order deformation problems are

(=) L5 [ (na) = fo ()] = ahy Ny [£ (n.0)] (3:22)

of ma)| ; 90 (n,q) of (n,q) B
| " 1, Prf (n’q)‘n—@ R Lo o - A, (3.23)
(1—q) L [9 (n,q) —bo (n)} = qhgNy [f (n,9) .0 (n, q)} ; (3.24)
9(77,61)‘%0 =0, 9(%(1)’%& = 1. (3.25)

Here ¢ € [0,1] is embedding parmeter and hy and hg are non-zero auxiliary parameters. The non-linear

operators are

. A\ 2 . A .
; *f o [Of o f of*f 0
AN 2, of
- 87772 + (Ha) — 6777 + Gr 0, (3.26)
Nolom.a), fina)| = aié+Prf‘1é+13r13c 0%
0 777 q I 777 q - 8772 87] 87]2
of (*f 2f 3 f
2 of\”
+ (Ha)"Pr Ec o) (3.27)
3.2.2 mth-order deformation problems
The mth order deformation problems are presented in the following forms:
Ly [fm (1) = Xonfin—1 (n)} = iRy (1), (3.28)
af (n,q) ; 90 (1, q) of (n,q)
on - ’77—>0 on - on S
L0 [Om () = Xubim 1 ()] = By RY, () (3.30)
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0(n,q) o 0, 0 (77,(1)’ =0, (3.31)

m—1 m—1
Rh () = fooa () + A% (1= x,) — melkfk+2fm1k
k=0 k=0

m—1
—Wez [Qfm Y Ay kfkw = Jm—1— kf]
k=0

+(Ha)*A(1—x,,) — (Ha)?* f |+ Gr 0p_1, (3.32)
m—1 m—1
Ro,(n) = 6 1 (n)+Pr Z fm-1-10; + Pr Ec Z RO 4

—WePrEc Z 3fm 1— kz fm 1-k Z lf,”]
=0 1=0k—1
m—1

+(Ha)?*PrEcY  f\ 1 wfr. (3.33)
k=0

For ¢ = 0 and ¢ = 1, we can write

A~

F0)=fom), fm1)=Ffn), (3.34)

0 (1;0)=00(n), 0(n;1)=0(n), (3.35)

and with the variation of ¢ from 0 to 1, f (1; ¢) and 6 (1; ¢) vary from the initial solutions fy (17) and (1)

to the final solutions f (n) and 6(n) respectively. By Taylor’s series, we have

R e om £
Fora) = fo@+ > fn @™ ful) = SO (3.36)
m=1 ) q=0
0 (n,9) = 0 (1 +Ze m<n>=ni!8mgq§2’q) (3.37)
q=0

The value of auxiliary parameter is chosen in such a way that the above series converge at ¢ = 1 i.e.

Fm=rfom)+ > fm(n), (3.38)
m=1

0(n)="00(n)+ Y bm(n). (3.39)
m=1

The general solutions (fy,, ) of Egs. (3.28 — 3.31) in terms of special solutions (f,0)) are given by

fm (n) = [+ Cs + Crexp (n) + Csexp (—n) (3.40)

Om (n) = 0;, + Cygexp (1) + Croexp (—n) . (3.41)
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3.3 Convergence of the homotopy solutions

The derived series solutions (3.36) and (3.37) contain auxiliary parameters hy and hg. The convergence
of the series solutions strongly depend upon these auxiliary parameters. In order to obtain the admissible

4t order of approximation for velocity and

values of auxiliary parameters, the A-curves are sketched at 1
15" order for temperature (see Fig. 3.1). It is found that range for admissible values of iy and fip are

—1<hy <—-0.1and -1.3 < hy < —0.1.

3.4 Results and discussion

This section enlightens the effects of various emerging parameters on the velocity, temperature, skin
friction coefficient and local Nusselt number. Fig. 3.2 is displayed to examine the effect of melting
parameter M on dimensionless velocity f’. Here M = 0 corresponds to the case when melting heat effects
are negligible and M # 0 when melting effect is appreciable. It is noted from Fig. 3.2 that dimensionless
velocity f’ increases when melting parameter is increased. Such increase in velocity enhances momentum
boundary layer. Fig. 3.3 illustrates the influence of Weissenberg number We on the dimensionless
velocity f/. Clearly an increase in We shows a decrease in velocity f’. In fact due to liquid elasticity
there is a restoring force by the fluid against deformation. Effect of ratio parameter A is presented in
Fig. 3.4. By increasing ratio parameter A the velocity f’ increases whereas momentum boundary layer
thickness increases for A > 1 and it decreases for A < 1. Influence of external magnetic field on velocity
f' is shown in Fig. 3.5. An increase in Hartman number Ha corresponds to an increase in applied
magnetic field. Consequently the magnitude of Lorentz force (a drag force) increases. Since Lorentz
force opposes the flow therefore fluid particles are slows down (see Fig. 3.5). Momentum boundary layer
via Hartman number is decreased. Effect of buoyancy force is portrayed in Fig. 3.6. Here Gr > 0 is
the case when buoyant force acts as favourable pressure gradient where Gr < 0 corresponds to adverse
pressure gradient and buoyant force opposes the flow (see Fig. 3.6). Momentum boundary layer thickness
increases for Gr > 0 and it decreases when Gr < 0. Comparison of Figs. 3.6 and 3.7 shows that Pr
and Gr have opposite effects on velocity f'(n). It is found from Fig. 3.8 that dimensionless temperature
0 (n) decreases when melting parameter M is increased. Since melting causes a decrease in temperature
of sheet and heat flows from hotter fluid to colder sheet. As expected the temperature of fluid decreases.
Fig. 3.9 indicates that the temperature decreases with an increase in We. Fig. 3.10 is presented to
see the influence of ratio parameter on temperature 6 (). Here temperature increases but the thermal
boundary layer thickness reduces. Fig. 3.11 indicates that the temperature profile 6 (n) is increasing
function of Ha. However thermal boundary layer decreases. Figs. 3.12 and 3.13 have been potrayed to
investigate the effects of Pr and Ec¢ on the temperature 6 (). From Fig. 3.12 we observed that larger Pr
corresponds to an increase in temperature and decay in thermal boundary layer thickness through lower
thermal diffusitivity. Similar behavior is noted for Eckert number Ec on the temperature 6 (n). Fig.
3.14 gives the variation of We on the local skin friction coefficient versus Ha (1 < Ha < 2). There is an

enhancement in the skin friction coefficients when Weisenberg number We increases. Fig. 3.15 represents
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the effects of ratio A on the local skin friction coefficient Reglc/ 2 Cy versus M when 0 < M < 1. Skin
friction coefficient is increased by increasing A. Figs. 3.16 and 3.17 display the effect of Pr on skin friction
coefficient when Gr (0.6 < Gr < 2) and FEc (0 < Ec <1). It is observed that Pr have opposit behavior
with respect to Gr and Ec. Fig. 3.18 indicates that the effect of We on Nusselt number is a decreasing
function when 1 < Ha < 2. Nusselt number is increased for ratio parameter A when 0 < M < 1 (see
Fig. 3.19). Effect of Pr on Reg[jl/2 Nu, corresponding to Gr and Ec is given in the Figs. 3.20 and 3.21.

These Figs. elucidate that both have the same increasing behavior.

We=03,M=02,Pr=1,A=0.1,Ec=07 9 =02

\ T
af N !
\ ]
\ /
\ /
2 \ /
_ N 6'(0) y
e e e e e e e e e e e e e e e e - -
-mr\
= 0
= S0
R
-2
-4
-1.5 -1.0 -0.5 0.0
Tighg

Fig. 3.1: h—curves for the functions f (n) and 6 (n) .
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A=We=0.1 Ha=Pr=1, Ec=Gr=0.5,h=—0.7

Fig. 3.2: Influence of M on f'(n).

A=0.1 M=Ec=Gr=0.5,Ha=Pr=1h=-0.7

Fig. 3.3: Influence of We on f’(n).
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We=0.1,M=Ec=Gr0.5,Ha=Pr=1,h=—0.7

Fig. 3.4: Influence of A on f'(n).

A=We=0.1 M=Ec=Gr=0.5,Pr=1,h=-0.7

Fig. 3.5: Influence of Ha on f'(n).
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A=We=0.1M=FEc=0.5, Pr=Ha=1,h=—0.7

Fig. 3.6: Influence of Gr on f’(n).

A=We=0.1,M=Gr=Ec=0.5Ha=1h = —0.6

Fig. 3.7: Influence of Pr on f'(n).
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A=We=0.1,Ec=0.5.Ha=Pr=1.h = -0.7

4(n)

Fig. 3.8: Influence of M on 0(n).

A=0.1,M=0.3.FEc=0.5,Ha=Pr=1,h=—0.7

(1)

n
Fig. 3.9: Influence of We on 6(n).
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We=0.1,M=0.3,Ec=0.5.Ha=Pr=1h=—0.7

0(n)

Fig. 3.10: Influence of A on 6(n).

We=A=0.1 M=0.3.Ec=0.5Pr=1,h=—0.7

6(n)

n

Fig. 3.11: Influence of Ha on 6(n).
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We=A=0.1,M=0.3,Ec=0.5,Ha=1h=—0.7

6(1)

n
Fig. 3.12: Influence of Pr on 6(n).

We=A=0.1 M=0.3 Pr=Ha=1h=-0.7

8(r7)

Fig. 3.13: Influence of Ec on 6(n).
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Fig. 3.14: Influence of We on Re}t/2 Cy when 1 < Ha < 2.

0.035
~ We = 1.40, 1.41, 1.42, 1.43
70030 )
&
o
0.025
0.020
0.0 0.2 0.4 0.6 0.8
M

Fig. 3.15: Influence of We on Re;ﬂ Cy when 0 < M < 1.
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0.010
Pr=21,24,27,3.0
0.005
5 0.000
a7
~0.005
~0.010
0.5 1.0 1.5 2.0

Gr

Fig. 3.16: Influence of Pr on Reglc/2 Cy when 0.45 < Gr < 2.

~0.0095
~0.0100
Pr=2.2,24,27,31
3> —0.0105
& _0.0110
~0.0115
~0.0120L - - - - -
0.0 02 0.4 0.6 0.8 1.0
Ec

Fig. 3.17: Influence of Pr on Re;c/2 Cy when 0.0 < Ec <1
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Fig. 3.18: Influence of Pr on Reg;l/2 Nu, when 1 < Ha < 2.

We = 1.40, 1.43, 1.46, 1.49

1.0 12 14 16 138
Ha

2.0
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0.01

A=1.41,1.44, 1.46, 1.49

0.0 0.2 0.4 0.6 0.8
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Fig. 3.19: Influence of A on Re;1/2 Nug when 0 < M < 1.
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0.0792
0.0790 Pr=2.101, 2.102, 2.103, 2.104
&
=
£ 0.0788
0.0786
0.0 0.2 0.4 0.6 0.8 1.0
Gr
Fig. 3.20: Influence of Pr on Reg;l/2 Nu, when 0 < Gr < 1.
0.12
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Pr=22,2.4,27, 3.1
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o
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Fig. 3.21: Influence of Pr on Regl/2 Nu, when 0 < Fe < 1.
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Table 3.1: Convergence of homotopy solutions when We = 0.2, Ha = 0.1, M = 0.1, A = 0.2,
Gr=0.1,Pr=1and Ec=0.7.

Order of approximation | —f” (0) | 6'(0)
1 0.8483 | 0.9481
2 0.8891 | 0.9141
) 0.9767 | 0.8693
10 1.0500 | 0.8602
19 1.0690 | 0.8752
28 1.0690 | 0.8858
30 1.0690 | 0.8858
35 1.0690 | 0.8858

3.5 Concluding remarks
The main observations of the presented analysis are listed below.

o Effects of melting parameter M and Weissenberg number We on the velocity are opposite.

e Effect of ratio A is to increase both the velocity and temperature fields significantly.

e Effects of We, Ha and Pr on velocity profile f” are similar in a qualitative sense.

e Behaviors of We and Pr on the temperature 6 are opposite.

e Temperature field is increased via Eckert number Ec.

e Nusselt number for Pr versus both Gr and Ec¢ are opposite when 0.6 < Gr <2 and 0 < Ec < 1.

e Skin friction coefficient for A and Pr are similar when 0 < M <1 and 0 < Ec < 1.
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Chapter 4

Impact of melting phenomenon in the
Falkner-Skan wedge flow of second grade

nanofluid: A revised model

This chapter investigates the magnetohydrodynamic (MHD) Falkner-Skan flow of second grade nanofluid.
The flow is caused by a stretching wedge with melting heat transfer and heat generation/absorption. A
system of ordinary differential equations is obtained by using suitable transformations. Convergent
series solutions are derived. Influence of various pertinent parameters on the velocity, temperature
and concentration is evaluated. Analysis of the obtained results shows that fluid flow enhances with
the increase of wedge and second grade fluid parameters. Also thermophoresis and Brownian motion

parameters have reverse behavior on the temperature and concentration fields.

4.1 Mathematical formulation

Consider the steady two-dimensional Falkner-Skan flow of an incompressible second grade nanofluid.
Fluid flow is induced by a stretched wedge with the velocity U, (z) = bx". The free stream velocity
is Ue(z) = az™ where b, a and n are positive constants with 0 < n < 1. We have chosen T, > T},
where T}, is the temperature of the melting surface and T, the ambient temperature. The flux of the
nanoparticle volume fraction at y = 0, is taken to be zero. A uniform magnetic field of strength By is
applied at an angle 1. Electric and induced magnetic fields are neglected. Effects of Brownian motion
and thermophoresis are presented. Under these assumptions, the boundary layer equations governing the

flow can be expressed as follows:

ou Ov
i 4.1
e P o[l O iy o
Ox oy  O0yr  p |0z 0y? oy20x Oy Oy? oy3
dU, oB? .,
+U. P sin® ¢ (u —U), (4.2)
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oT AT  k 8T dTdC D (9T\*| Qo
— —_— = ——+— [ = —(T —T,,), 4.
u8$+v8y pcp Oy? B@y 8y+Too (ay) +pcp( ) (43)
oC oC 0°C  Dr 0*T
— —=2D — : 4.4
u8m+vf9y Bay2+T008y2 49
The corresponding boundary conditions are
oC  DpoT
=Uy, = n,T:Tm7D7 A = =Y
u=Uy(x) =bx Bay+Too(9y 0 at y=0
u—Us(z)=az", T - Ty, C — Cx asy — oo, (4.5)
and
oT
kE{— = p[A+ cs(Tr — To)] v(z,0), (4.6)
9y /) ,—o

where u represents velocity along x— direction and v the velocity along y— direction, v the kinematic
viscosity, o] the material fluid parameter, p the fluid density, o the electrical conductivity of the fluid,
T the temperature, k the fluid thermal conductivity, Dp the Brownian diffusion coefficient, D7 the
thermophoresis diffusion coefficient, Qo the dimensional heat generation/absorption coefficient, ¢, the
specific heat, C' the concentration, C, the ambient fluid concentration, A the fluid latent heat and c;
the surface heat capacity. The boundary condition (4.6) shows that the heat conducted to the melting
surface is equal to the melting heat plus the sensible heat required to raise the solid temperature Ty to
its melting temperature T}, (see Epstein and Cho [19]).

We employ the following transformations

1Ue % 2 Ue % T*Tm C*Cm
77:<("2+m)> " \p:(nvL) £, ) = 7, o) = G—g= (&)

where C), is melting surface concentration and W is the stream function defined through the relationship
u = 0V/0y, v =—0V¥/0x. Here the continuity equation is satisfied automatically and Eqs. (4.2 — 4.6)

take the following forms:

P < 2n ) (1- f/2> FFf 4 an [(?m ) <?m2_1> 12

n+1
1 .
rn= s s = ("5 ) 157 - 0 (s < 1) = (1.8
%9” + f0' 4+ Nbf'¢' + Nt0”? 4+ af = 0, (4.9)
i 1" / ﬁ "n__
50+ 1+ 50" =0, (4.10)

f'(n)=A, Prf(n)+ M0'(n) =0, 6(n) =0, Nbg'(n) + Nt&'(n) =0 at n =0,

f'(n) —1, 0(n) =1, ¢(n) -1 asn — oo. (4.11)

Here a; = ofaz™ ! /p the second grade fluid parameter, (Ha)? = ¢B2/paz"' the Hartman number,
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Pr = pc,/k the Prandtl number, Nb = 7Dp(Co — Cp,)/v the Brownian motion parameter, Nt =

7D1(Too — Trn)/vTso the thermophoresis parameter, o = Qo.S/pcp,az™ ! the heat generation/absorption

parameter, Sc = v/Dp the Schmidt number, A = b/a the ratio of rates and M = Cp(Too — Trn) /(A +

¢s(Tym — Tp)) the melting parameter.

Skin friction coefficient is defined by

C 2Ty T Ou +aj(u Ou —i—v@—i—Q@@
! vz’ K Y |0 Y\ " oyox Oy Ox Oy y:O‘

In dimensionless form, the above equation can be written below:

n+2 n+1

(Re) 20y = /0 e ("5 24+ "5 10)) 170

Nusselt number with heat transfer ¢, is defined as

TQy _ oT

Nuyy = — 2w
Y e (Too — T)

In dimensionless form, the above equation becomes

(Reg) ™2 Nug = —6(0).

4.2 Homotopic solutions

Initial guesses (fo(n), 0o(n), ¢o(n)) and linear operators (Lf, Lg, L) are taken in the forms:

M Nt
foln) =A (1 — e_”) ~ Py’ Oo(n)=1—e"", ¢g(n)=1+4¢e o7

Ef:f”/_fl, 59:9//_07 £¢:¢Il_¢7

with
,Cf(cll + Crae + 0136777) =0, ,CQ(CMG” + 015677’) =0, £¢(0166n + 017677]) =0,
where C11 — Cy7 are the arbitrary constants.

4.2.1 Zeroth—order deformation equations

The zeroth order deformation problems are constructed as follows:
(=)L [Fn0) = fo(n)| = ahsNy(F (. 0)],

(1—q)Lo [9(77, q) — 90(77)} = qhoN3l0(n,q), f(n. ), 6(n, @)],
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(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)



(1—q)Ly [$(n,q) - ¢o(77)] = qhpNyl[o(n,), f(n,).0(n, q)], (4.21)

where ¢ € [0,1] is the embedding parameter, hs, hig and hy are the non-zero auxiliary parameters and

Ny, Ny and Ny are the nonlinear operators given by

A 3£ n 2 2 X 97
o] = 50 (25) 1o (20) ] o2

+a |:(3n - 1)8f(67777’ q) agJ;S;Z; q) + <3n2— 1 ( )
o2 f ’ 93 F , ot 84
+(n— 1) 1;(7]77261) ];E;Z))CJ)_( + ) fnq]
(e (aféz " 1) ’ (4.22)
) A ) , A A A
Ny [0(n. ). F(n. ), é0m,0)] = Pra 9&;7, D, g 2000) ( 0 +N669f£; 00 %2 )
o ( ) +0f(n,q), (4.23)

1 9%¢(n,q) 06(n.q)  Nt6*0(n.q)

/ f : 4.24
Nole(n,a), F(n,q),6(n, )] = < o T f(n.q) o Nb on? (4.24)
The boundary conditions are
F(0,q) = A, Prf(0,q) + M0'(0,q) =0, f'(00,q) =1,
é(OaQ) =0, é(OO)Q) =1,
Nbd (0,q) + Nt (0,9) =0, (c0,q) = 1. (4.25)
4.2.2 mth—order deformation equations
The mth-order deformation equations can be written in the forms
Ly [fm(n) = XimSfm—1(n)] = hgRF (n), (4.26)
Lo [0m (1) = XmOm-1(n)] = TRy (1), (4.27)
Ly [m(0) = XimOm—1(n)] = hgRE' (n), (4.28)
m—1 m—1 m—1
R;c”(n):f,',’{1+<n+1> k:ofmlkfk +kzofm1kfk+al (3n—1) kzofmlk”/
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(Sn
_|_

1 m—1 m—1 n+1 m—1 '
) Z fon—1—ifi +(n—1)n Z m—1—kfk — < 5 > Z fm—l—kflzq}]
k=0 k=0

k=0
— (Ha)?sin®¢ (fl,_ — 1), (4.29)
m 1
RG (7’) = ﬁeﬁ 1t Z [ m—1— lfl + qusl ]01 + Ntel —j ]] + osz 1, (430)
Ry (n) = o S 1+ Z 11 fi + Nb m—1 (4.31)

with boundary conditions

fn(0) = Pr fn(0) + M8,,(0) = £;,(00) = 0 (0) =0,
Om(00) = Nbgl,(0) + Ntb,, (0) = ¢,,(c0) = 0. (4.32)

The general solutions ( fy,, Om, ¢,,) comprising the special solutions (f,6; . ¢r ) are given by

fm(n) = fr,(n) + C11 + Cr2e" + Ci3e™ ",

Om(n) = 05,(n) + Crae” + Crze",
Gm () = dr(n) + Cree” + Crre™", (4.33)

where the constants C; (i = 11,12, ...,17) through the boundary conditions (4.32) have the values

M 00,
Ciz = Cu=Ci5=0, Cuy=—Ciz = f(0) — o (9;(0) + gzn(”) no) ,
o _ 0y, (n) Nt (. 967, (n)
015 - em(0)7 C(17 - 87] + Nb 0 ( )+ 67’] =0 . (434)

4.3 Convergence of the homotopy solutions

A homotopy analysis technique provides us great freedom and an easy way to adjust and control the
convergence region of the series solutions. The auxiliary parameters Ay, iy and Ay play an important role

0th—order of

for the convergence of the series solutions. Therefore we have sketched the hi—curves at 1
approximations (see Fig. 4.1(a, b)). The admissible ranges of the auxiliary parameters are —1.5 < hy <
—0.6, —1.35 < hy < —0.65 and —1.2 < hy < —0.65. Table 4.1 shows the convergence of series solutions
of momentum, temperature and concentration equations. It is noted that 15" order of approximation is

sufficient for the convergence of f”(0) and 30" order of approximations are enough for the convergence

of §'(0) and ¢'(0).
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4.4 Results and discussion

Influence of various involved parameters on the velocity, temperature and concentration profiles is

sketched in this section (see Figs. (4.2 —4.14)).

4.4.1 Dimensionless velocity profile

Effect of wedge parameter n on the velocity profile f/(n) is analyzed in Fig. 4.2. There is an increase in
velocity when n is increased. In Fig. 4.3, the velocity profile is plotted for different values of angle of
inclination ¢. An increase in the angle of inclination « leads to a decrease in the velocity and momentum
boundary layer thickness. It is also noted that for ¢» = 0 the magnetic field has no effect on the velocity
profile. Fig. 4.4 illustrates the variation of second grade fluid parameter a; on the velocity profile f'(n).
It is observed that the velocity profile f'(n) and boundary layer thickness are increasing functions of «;.
Behavior of Hartman number Ha on velocity profile f/(n) is displayed in Fig. 4.5. The applied magnetic

field has the tendency to slow down the movement of the fluid which decreases the velocity profile.

4.4.2 Dimensionless temperature profile

Effect of thermophoresis parameter Nt on the temperature profile 6(n) is depicted in Fig. 4.6. Substantial
increase in temperature is observed by increasing thermophoresis parameter Nt. Significant rise in fluid
temperature is observed when Brownian motion parameter Nb is enhanced (see Fig. 4.7). Fig. 4.8
displays the influence of Prandtl number Pr on the temperature 6(n). Here the temperature profile
increases in the presence of melting parameter by increasing Pr but thermal boundary layer thickness
decreases. In fact with an increase of Pr, heat is transferred towards the plate during the melting
process and consequently the temperature profile increases. It can be seen from Fig. 4.9 that the
heat generation and absorption parameter o has opposite effect on the temperature field 6(n). It is
observed that temperature distribution is increasing function of heat generation parameter while it is
decreasing function of heat absorption parameter. Because heat generation process produces more heat
so temperature profile enhances. Temperature field increases for larger values of angle of inclination v (see
Fig. 4.10). Since increasing values of angle 1) corresponds to stronger magnetic field which opposes the
fluid motion. Hence temperature profile increases. Fig. 4.11 shows the variations of melting parameter
M on temperature profile. It is noted that temperature profile decreases for larger values of melting
parameter due to the fact that temperature difference increases between ambient and melting surface
which reduces the temperature of the fluid. Further the thermal boundary layer thickness increases when

melting parameter is increased.

4.4.3 Dimensionless concentration profile

Concentration profiles ¢(n) for different values of thermophoresis parameter Nt, Brownian motion pa-
rameter Nb and Schmidt number Sc are plotted in the Figs. (4.12-4.14). Effect of thermophoresis

parameter Nt on the concentration profile is shown in Fig. 4.12. There is a decrease in concentration
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when Nt is increased. Fig. 4.13 elucidates the variations in the concentration field ¢ for increasing values
of Brownian motion parameter Nb. Here concentration profile increases with an increase in Nb. Effect of
Schmidt number Sc on concentration profile is shown in Fig. 4.14. Decreasing behavior of concentration
profile is noted for larger Schmidt number. In fact Schmidt number is the ratio of momentum diffusivity
to mass diffusivity. Hence higher values of Schmidt number correspond to small mass diffusivity and the

concentration profile decreases.

4.4.4 Local skin friction coefficient and Nusselt number

In Table 4.2 some numerical values of local skin friction coefficient and Nusselt number are given. Tabular
values show that skin friction coefficient decreases by increasing n, Nt and Nb while it increases for larger
values of a1, Ha, ¥ and M. It is also noted that Nusselt number decreases by increasing n, a1, M and
Nb and it increases for larger values of Ha, v and Nt. Table 4.3 represents the comparison of present
study with Kuo [36] and White [37] when n = ay = Ha = ¢ = 0. It is worth mentioning that the

comparison is in good agreement.

n=M=0.6,Ha=0.3 Nt=Sc=1.1,0;=a=A=0.1,Pr=1.5 Nb=1.2 yr=r/4

_ — —_
. P
. P
-0.6 [ |
H \ H |
\ |
208 v D
=Y \ /
=) \ L
& N 6'(0) /
-0+ v T T-T-T T T T T === _—
oo
~12
20 15 1.0 0.5 0.0 0.5
hyhg

Fig. 4.1(a): h—curves for f”(0) and 6'(0).
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n=M=0.6,Ha=0.3,Nt=Sc=1.1,0;=a=A=0.1 Pr=1.5,Nb=1.2 ¢=r/4
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Fig. 4.1(b): hi—curve for ¢/(0).

Ha=Nt=0.3,0;=¢=M=0.2,A=1.6, Pr=1.2 Nb=0.7.¢/=n/3

Fig. 4.2: Effect of n on f'(n).
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Nt=0.3,0;=a=M=0.2,A=1.6 Ha=Pr=1.2,Nb=0.7,n=0.6
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Fig. 4.3: Effect of ¥ on f'(n).

Nt=0.3,n=0.6,a=Ha=M=0.2,A=1.6,Pr=1.2,Nb=0.7 /=n/3

S

Fig. 4.4: Effect of oy on f'(n).

61



AU

Nt=0.3,n=0.6,M=a;=2=0.2,A=1.6 Pr=1.2,Nb=0.7.¢/=n/3

Fig. 4.5: Effect of Ha on f'(n).

n=M=0.6,Ha=0.3,Sc=1.1,0;=0=A=0.1,Pr=1.5Nb=1.2 y=n/4

.

Wl b S Sl

1.0
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Fig. 4.6: Effect of Nt on 6(n).
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n=M=0.6Ha=0.3,Sc=1.1,0;=a=A=0.1,Pr=1.5,Nt=0.5,0=n/4

n

Fig. 4.7: Effect of Nb on 6(n).

n=M=Nt=0.6,Ha=0.3,Sc=1.1,01=2=A=0.1,Nb=1.2 ¥=n/4

B

n

Fig. 4.8: Effect of Pr on 6(n).
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n=M=Nt=0.6,Ha=0.3,Sc=1.1,0;=A=0.1,Pr=1.5,Nb=1.2.y/=r/4

n
Fig. 4.9: Effect of a on 6(n).

n=M=Nt=0.6,Ha=0.3,Sc=1.1,0;=¢=A=0.1,Pr=1.5.Nb=1.2

B0

n

Fig. 4.10: Effect of ¢ on 6(n).
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n=M=Nt=0.6,Ha=0.3.Sc=1.1,0;=a=A=0.1 Pr=1.5 Nb=1.2 y=r/4

e

n
Fig. 4.11: Effect of M on 6(n).

n=0.6,Ha=0.3,Sc=1.1,0;=a=A=0.1 Pr=Nb=1.2,M=0.2 /=4

10 B e T T T

0 5 10 15 20
n

Fig. 4.12: Effect of Nt on ¢(n).
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n=0.6,Ha=0.3,0;=a=A=0.1,Pr=Sc=1.2,Nt=M=0.2,y/=r/4

0

20

Fig. 4.13: Effect of Nb on ¢(n).

n=Nb=0.6,Ha=Nt=0.3,¢;=¢=A=0.1,Pr=1.2.M=0.2.y/=r/4

dm)

LR

10 12

Fig. 4.14: Effect of Sc on ¢(n).
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Table 4.1: Convergence of HAM solutions for different order of approximations when n

Ha=03, M=a=02,9%=mn/4, a; = Nt =0.1, Nb = 0.5 and Pr = Sc = 1.2.

Order of approximation | —f” (0) | 6(0) | —¢' (0)
1 0.7938 | 0.9655 | 0.1931
) 0.7222 | 0.8641 | 0.1728
10 0.7182 | 0.7851 | 0.1570
15 0.7188 | 0.7375 | 0.1475
30 0.7188 | 0.7085 | 0.1417
35 0.7188 | 0.7085 | 0.1417
50 0.7188 | 0.7085 | 0.1417

0.6,

Table 4.2: Numerical values of local skin friction coefficient and Nusselt number when A = o = 0.1,

Pr=1.2 and Sc=1.3.

n | oy |Ha| v | M | Nt|Nb| (Rep)?Cs | —Res* Nu,
000105 |7/3/03]01]05]| 03870 0.5799
0.1 0.3158 0.5127
0.2 0.2853 0.4853
020005 |7/3/03]01]05]| 02825 0.5239
0.1 0.2853 0.4853
0.2 0.2863 0.4709
02]01]04|7/3/03]01]05]| 02112 0.4617
0.5 0.2853 0.4853
0.6 0.3636 0.5065
020105 |7/5/03]01]05] 01595 0.4662
/3 0.2853 0.4853
/2 0.3452 0.5238
020105 |7/3/03]01]05] 02853 0.4853
0.4 0.2871 0.4632
0.5 0.2909 0.4450
020105 |7/3/03]01]05]| 02853 0.4853
0.3 0.2830 0.5598
0.5 0.2801 0.5737
020105 |7/3/03[01]03]| 02874 0.5231
04| 0.2867 0.5038
05| 0.2853 0.4853
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Table 4.3: Comparison of f (1) and f’(n) with the numerical solutions by Kuo [36] and White [37]

when n = a1 = Ha =1 = 0.

f(n) /' (n)
n | Present | Kuo [36] | White [37] | Present | Kuo [36] | White [37]

0.0 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000
0.1 | 0.002346 | 0.002348 | 0.00235 | 0.046956 | 0.046959 | 0.04696
0.2 | 0.009390 | 0.009391 | 0.00939 | 0.093906 | 0.093905 | 0.09391
0.3 | 0.021127 | 0.021128 | 0.02113 | 0.140807 | 0.140806 | 0.14081

0.4 | 0.037547 | 0.037549 | 0.03755 | 0.187606 | 0.187605 | 0.18761

0.5 | 0.058641 | 0.058643 | 0.05864 | 0.234227 | 0.234228 | 0.23423

0.6 | 0.084384 | 0.084386 | 0.08439 | 0.280578 | 0.280575 | 0.28058

0.7 | 0.114749 | 0.114745 | 0.11474 | 0.326534 | 0.326532 | 0.32653
0.8 | 0.149676 | 0.149674 | 0.14967 | 0.371965 | 0.371963 | 0.37196
0.9 | 0.189113 | 0.189115 | 0.18911 0.416716 | 0.416718 | 0.41672

1.0 | 0.232994 | 0.232990 | 0.23299 | 0.460632 | 0.460633 | 0.46063
1.1 | 0.281205 | 0.281208 | 0.28121 0.503536 | 0.503535 | 0.50354
1.2 1 0.333654 | 0.333657 | 0.33366 | 0.545248 | 0.545246 | 0.54525

1.3 | 0.390213 | 0.390211 0.39021 0.585587 | 0.585589 | 0.58559

1.4 | 0.450726 | 0.450724 | 0.45072 | 0.624385 | 0.624386 | 0.62439

1.5 | 0.515032 | 0.515031 0.51503 | 0.661472 | 0.661474 | 0.66147

2.0 | 0.886795 | 0.886797 | 0.88680 | 0.816696 | 0.816695 | 0.81669
2.2 | 1.054943 | 1.054947 | 1.05495 | 0.863302 | 0.863304 | 0.86330
2.6 | 1.414826 | 1.414824 1.41482 | 0.930602 | 0.930601 0.93060

3.0 | 1.795565 | 1.795568 1.79557 | 0.969053 | 0.969055 | 0.96905

4.5 Concluding remarks

Characteristics of melting heat transfer in Falkner-Skan wedge flow of second grade nanofluid is studied.
Effects of heat generation/absorption are also taken into account. The key points are summarized as

follows:

e Fluid flow enhances with the increase of wedge and second grade fluid parameters.

Angle of inclination has opposite effect on the velocity and temperature.

Increasing values of Prandtl number correspond to high temperature.

Thermophoresis and Brownian motion parameters have reverse behavior on the temperature and

concentration fields.

Increasing values of Schmidt number decrease the concentration field.
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e Wall shear stress and heat transfer rate increase by increasing Hartman number and angle of

inclination.

e Present analysis is in good agreement with previous published results in limiting sense.
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Chapter 5

MHD axisymmetric flow of third grade
fluid between stretching sheets with

heat transfer

This chapter looks at the heat transfer effects in magnetohydrodynamic (MHD) axisymmetric flow of
third-grade fluid between the stretching sheets. Viscous and Joule heating effects are given due atten-
tion. The resulting nonlinear problem is computed for velocity and temperature fields. Expressions of
skin friction coefficient and local Nusselt number are calculated. Dimensionless results of velocity and
temperature fields are examined for various parameters of interest. Numerical values of skin friction

coeflicient and Nusselt number are obtained and analyzed.

5.1 Mathematical formulation

Let us consider the heat transfer characteristics in the flow of an electrically conducting third grade fluid
between the radial stretching sheets. Constant magnetic field of strength By is applied perpendicular to
planes of sheet (i.e. along z-direction). There is no external electric field and induced magnetic field
is neglected under the assumption of small magnetic Reynolds number. Both sheets are maintained at
constant temperature T,,. In addition Joule heating and viscous dissipation are present. Conservation

laws of mass, momentum and energy equations are given below:
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ou\? [ ow\? ou [ ow\?> ow\* u? [ ow\?
) (5) +5: (&) +2(5) =19 (%)

e (a o) "% o

an(G) () () () 955 (5)

'8 (g“’) @“’)] | (5.4)

The boundary conditions are
u(r,H) = ar, 8ug;,0) =0, T(r,H) =T,, (5.5)
w(r,H) =0, w(r,0) =0, T(r,0) =Ty, (5.6)
where a is the stretching rate.
Setting
I 2 (5.7)

U(ﬁz):a?”f/(??), w(r,z):—2aHf(77), 0:T7w, 77:?7

incompressible condition is automatically satisfied and Eqgs. (4.11) — (4.15) after eliminating the pressure
terms give

f(iv) +2Re ff/// —2a1 Zf”fm + f/f(iu) + ff(v)] — 205 [2f”fm + f/f(iv)]

18 56f”3 + 192f/f//f/// + 24f/2f(iv) + 1252f//f”/2 + 6(52f//2f(iv)}

~ReHd*f' =0, (5.8)
9”—1—2PrRef0'—|—EcPr [12f,2+52f”2 — {24f/3+24ff,f”+252f,f”2+252ff//f”,}
— s {24f/3 + 362f,f”2} + /3 {288fl4 + 48(52f,2f”2 + 254f/l4} + Re Ha2f/2:| — 0’ (59)
fy=1_f"0)=0 f(1)y=0 f(0)=0, (5.10)
6(1) =1, 6(0) =0, (5.11)
where the dimensionless parameters are
Re = LHzHaQZUBgH I/:H al:oia 5:L
v Y par Y p? M Y H?
asa Bya? HCp a’H?
- 2= = Pr="2 FEc¢= 12
(€5 ) ﬁ 1 ) T K’ c CpTw (5 )

I

Here Re denotes the Reynolds number, Pr the Prandtl number, Ec the Eckert number, Ha the Hartman

number, (a1, a9, 3) third-grade parameters and ¢ the dimensionless radial distance.
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Local skin friction coefficient is defined by

Tw Trz| —H
Cy = =
30 (ar)

Cp=Re; V22" (1) + oy f” (1) — dag f” (1) + 488" (1) + 486> f° (1)] .

The other physical quantity of interest is Nusselt number. It is defined as follows:

HK %
_ Hqu _ Oz lz=H _ —0'(1),

N
KT, KT,

in which Re, = arH/v is the local Reynolds number.

5.2 Homotopic solutions

Here we choose the base functions

{n2n+l;n 2 O} ,
{n*";n >0},
and write

[ee)
f (77) = Z anU2n+1>
n=0

9(77) = Z bn772na
n=0

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

where a,, and b,, are the coefficients to be dertermined. The initial guesses and auxiliary linear operators

are
fo(n) = 2773 — %77,
0o (n) =1,
d* f
Lilf(n)]= pre
_d&f
Lo 6 (n)] = s

The above linear operators have the following properties

C C
Ly ?18773 + %772 + Coon + Co1| =0,

Lo [Caz + Ca3n] =0,

where C; (i = 18 — 23) are the constants.
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5.2.1 Zeroth-order deformation problem

Zeroth-order deformation problems are given by

(1—q) Ly [f (n.q) — fo (77)} = qhyNy [f (n, Q)} : (5.25)
flLg=1f"0,90=0, f(l,g)=0, f(0,q)=0, (5.26)
(1=4) Lo |0(n.9) = b0 ()] = ahai [0 (n. )] (5.27)
0(1,q)=1, 0(0,q) =0, (5.28)

where iy # 0, hg # 0 and ¢ € [0, 1] are respectively the auxiliary and embedding parameters. When ¢

varies from 0 to 1, then f (1, q) varies from initial guess fo (1) to final solution f (n) and 0 (n,q) varies

from initial guess 0y (1) to final solution € (n). The non-linear operators are
94 2793 F Fodf 5 F o4 f
o f_ PiPf  ajof  oFf fOf | 0]t
Nilf (9] = an -7 1t 2Re f 20 [28172 3773+3773n4+ onp 8778774]

n? on?
af f>

0*f\" otf of
+662<8 2) o —ReHa?Z-, (5.29)

/\Q-)
Q>

2f\" aforfo3f of\ 0'f . 50
+8 {56(6?72> +1928—8—a—+24 o 8n4+ 20

on

920 o0
Nol0(n.q).f (@) = Z5+2PrRefo +PrEe

of 2f _yof (2f\" ., 0%f8%f o\
+24f(9 82+258n<&72) +25fﬁ67 —aq2| 5,
of (o°f f of\" (F\
2 2
3% <a 2) }+ﬁ{288 <a> +485 (%) (W)
L[ %F )
+20 (0 2) }+ReHa ( ) ] (5.30)

In view of Taylor series expansion, we write

fm (n) = m . ogr q:O, (5.31)

Fa)=Ffom)+ D fm(m) g™ (5.32)
m=1

Om (n) = ml ogm q:07 (5.33)
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0 (n,q) = 0o (n) + Z Om . (5.34)

The above expressions for ¢ = 1 reduce to

Fay=fom)+ Y fmm), (5.35)
0 (n)=00(n)+>_ Om(n). (5.36)
m=1

5.2.2 mth-order deformation problems

Differentiating m-times the zeroth-order deformation problems in Egs. (5.25) — (5.28) with respect to ¢

and then dividing by m! and setting ¢ = 0 one has

£y [fon ) = Xan s ()] = B RE, (). (5.37)
A . A A
ot o FLDN o fg=0 fag=0 G
n=1 n=0

£0 B (1) = X1 ()] = R, (). (5.39)

O (1,9) = 0. 0(0,q) =0, (5.40)
m—1

R, () = 37 () + [2Refm 1-kfi = 201 (zfﬁ—l—k Vo fra i fyY +fm71—kfk(:v))

k=0

—2ap (2f/ Y Y ) +5Z {56y 1w fiifi' +192f 5 i fl”

+24fr 1 fi S 120 i f”/+652fm—1—kf1:;/—lfl(w)H

—ReHd*f! |, (5.41)
m—1 m—1
Rp, () = 65,1 (n) +2PrRe Z fm-1-10}, + EcPr [12f7, 1 fh+ P i SE
k=0 k=0

k
- Z {241, 1 wfrif + 24 mo1—nfr i f +26% fr s fh i f]

+26 frn1-i S f"} *022{24fm vwfhif 382 fr e e}
k

+BZ 288 frn—1-k Skt Zfl/—jfyl' +486%f1 1 g fi Z fizi I§
=0 j=0 Jj=0

+264f" o f Z }+ ReHa’f),_y_pft] - (5.42)
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The general solutions of the problems given by Eqs. (5.37) — (5.40) are
R R I
fm)=rf"+ gC1sn” + 5Con” + Coon + o, (5.43)

0 (n) = 0" + Can + Casn, (5.44)

in which f* and 0" are the particular solutions.

5.3 Convergence of the homotopy solutions

The Eqgs. (5.8)-(5.11) have been solved using homotopy analysis method (HAM). The series solutions
strongly depends upon the auxiliary parameters fiy and fg. In order to get the suitable range of these
parameters the so-called Ai—curves are plotted in the Figs. 5.1 and 5.2. These Figs. show that suitable
ranges for iy and fg are —0.5 < (hy, hg) < —0.1. Furthermore, convergence of series solution is checked

6th

and shown in Table. 5.1. It is obvious that series solutions converge at 26" order of approximation up

to 6 decimal places.

5.4 Results and discussion

This section includes the salient features of various parameters on velocity field f’ and temperature field
0. Hence the Figs. 5.3-5.11 are sketched. Figs. 5.3 and 5.4 are displayed for the behavior of third grade
parameter [ on the radial and axial velocities. It is seen that both radial and axial velocities are increasing
functions of third grade parameter 8. Figs. 5.5 and 5.6 depict the variations of second grade parameter
a1 and Prandtl number Pr on temperature profile 6. It is found from these Figs. that the dimensionless
temperature field decreases with an increase in a;. However an increase in Pr yields an increase in the
temperature field. Fig. 5.7 shows the effect of Fc number on the temperature field. Since the Eckert
number FE'c is the ratio of kinetic energy to enthalpy. Thus an increase in Fc¢ gives an increase in kinetic
energy of fluid particles. Therefore an increase in temperature of fluid is observed when Ec increases.
Fig. 5.8 describes the influence of third grade parameter S on dimensionless temperature 6 (n). It can
be seen that the temperature field is increasing function of . The behavior of second grade parameter
on the temperature field is illustrated in Fig. 5.9. The temperature field decreases when the second-
grade parameter increases. Effect of Reynolds number Re is plotted in Fig. 5.10. Here the temperature
field 0 increases for Re. Fig. 5.11 illustrates that the temperature field 6 is increasing function of
Hartman number Ha. Table 5.2 is prepared to examine the influence of dimensionless parameter on skin

/2 Cy. This table shows that Re}n/ 2c t is an increasing function of a;, Re and Ha

friction coeflicient Rei
whereas it decreases when as and [ are increased. It is also noted that shear stress at the surface of
sheet increases by increasing the strength of applied magnetic field. Table 5.3 represents the variation
of dimensionless parameters on Nusselt numbers Re; 1/2 Nuj and Rey 1/2 Nus. Clearly Re, 1/2 Nu; and

Re, /2 Ny ug are increasing functions of 8, Re, Ha, Pr and Ec whereas Re, 2 N u1 and Re, /2 Ny U9
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decrease when dimensionless parameters a; and oo are increased.

21=0.01,2,=0.2,6==0.1,Ha=1,Re=2

3.0

2.5

S()

2.0

1.5

05 ~04 ~03 02 0.1
hy

Fig. 5.1: hy—curve of f”(1) at 28" order of approximation.

@1=0.01,a7=0.2,Pr=0=8=Ha=0.1,Re=2.Ec=0.2

0.0

-0.10

-0.11

-0.12

o'(1)

-0.13

-0.14

-0.15

-0.6 -0.5 -0.4 -03 -0.2 -0.1
fg

Fig. 5.2: hg—curve of (1) at 27*" order of approximation.
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JSop

6=0.1,0,=0.2,0,=0.7,Ha=0.3 Re=0.2

0.0 0.2 04 0.6 0.8 1.0
n
Fig. 5.3 : Influence of 5 on f'(n).
6=0.1,21=0.1,0,=0.1,Ha=0.1,Re=0.2
0.00

—0.05

—-0.10

—0.15

—-0.20

B =0.00,0.02, 0.05, 0.15

0.0 0.2 0.4 0.6 0.8 1.0
i

Fig. 5.4 : Influence of 5 on f (7).
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6=0.3,0,=0.4 Ha=1Re=0.3, /=Ec=Pr=0.1

N e = =

.
ot
.
0

a; =0,03,06,09

1.0010

1.0005

1.0000¢ / . . . . ' 5

0.0 0.2 04 0.6 0.8 1.0
n

Fig. 5.5: Influence of o; on 6 (7).
§=0.3,0,=0.1,0,=0.4 Ha=1 Re=0.3, f=Ec=0.1

LO020f ™~ T e

1.0015 7

=10010 Pr=0.10, 0.11, 0.12, 0.13
= L
1.0005
1.0000
0.0 0.2 0.4 0.6
n

Fig. 5.6: Influence of Pr on 6 (7).
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6=0.3,0,=0.1,a,=0.4, Ha=1 Re=0.3,4=Pr=0.1

1.0020 _- ............................
.‘." a/ — - _—
1.0015
= Ec=0.10, 0.11, 0.12, 0.13
x 1.0010
1.0005
1.0000} / ) ) )
0.0 0.2 04 0.6
n
Fig. 5.7: Influence of Ec on 0 (n).
6=0.3.7=0.1,0,=0.4 Ha=1 Re=0.3 Ec=Pr=0.1
LOOIOF™ = 7 7 7 T e
1.0008 A T~
1.0006
% B =10.00, 0.01, 0.02, 0.03
1.0004
1.0002
1.0000} / . . ) . '
0.0 0.2 0.4 0.6 0.8 1.0
n

Fig. 5.8: Influence of 8 on 6 (n).
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1.0035
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1.0025
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1.0000

1.0012
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1.0008

1.0006

o(n)

1.0004

1.0002

1.0000} /

6=0.3,0;=0.1,Ha=1Re=0.3,=Ec=Pr=0.1

@ =03,04,0.5,0.6
0.0 0.2 0.4 0.6 0.8 1.0
n
Fig. 5.9: Influence of o on 6 (7).
§=0.3,0,=0.1,0,=0.4 Ha=1,=Ec=Pr=0.1
Re = 0.0, 0.7, 2.0, 4.0
0.0 0.2 0.4 0.6 0.8 1.0

n

Fig. 5.10: Influence of Re on 6 (n).
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0=0.3,01=0.1,a,=0.4,Re=0.3, f=Ec=Pr=0.1

1.0020

..........
...........
.........
........

.
.
at®
-
o

-
R -
R

1.0015

Ha = 0.0, 2.5, 3.5, 4.5
1.0010

(1)

1.0005

1.0000

0.0 0.2 0.4 0.6 0.8 1.0
n

Fig. 5.11: Influence of Ha on 6 (n).

Table 5.1: Convergence of homotopy solutions when o1 = 0.01, 5 = 0.1, as = 0.1, § = 0.3, Ha = 0.1,
Re=2,Pr=0.71, Ec = 0.1 and hy = hy = —0.4.

Order of approximation | f” (1) —6'(1)
1 1.01239 | 0.0372775
2 2.03212 | 0.0722032
) 1.84750 | 0.115979
10 1.86945 | 0.123692
26 1.86848 | 0.124370
30 1.86848 | 0.124370
40 1.86848 | 0.124370

Table 5.2: Numerical values of skin friction coefficients Re}«/ 2Cf for different values of physical

parameters.

ar | az | B | Re| Ha|Re/Cy
0.00 | 0.01 | 0.1 | 2 | 0.1 | 6.07234
0.01 6.84608
0.02 7.74272
0.03 8.83994
0.01 | 0.00 | 0.01 | 0.1 | 0.1 | 6.85566

0.01 6.84609

0.02 6.82144

0.03 6.78433
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a1 a9 15} Re | Ha Rei/sz

0.01| 0.1 | 0.0 | 0.1 | 0.1 | 6.84608

0.1 5.13500
0.2 4.57691
0.3 4.22002

0.01 | 0.01 | 0.01 | 0.0 | 0.2 | 6.80888

0.1 6.84828
0.2 6.88793
0.3 6.92783

0.01 1001001011 0.0 6.84535

0.1 | 6.84609
0.2 | 6.84828
0.3 | 6.85193

Table 5.3: Numerical values of Nusselt number Nwu for different values of physical parameters.

a1 | as 8 Re | Ha | Pr | Ec J—:{er_l/2 Nup | — Rer_l/2 Nuo
00 {02,001]02]0.1]071]0.1 0.168744 0.168744
0.1 0.152786 0.152786
0.2 0.138297 0.138297
0.25 0.131467 0.131467
0.01 100|001} 2 |0.11]0.71]0.2 0.447318 0.447318
0.1 0.389180 0.389180
0.2 0.334372 0.334372
0.3 0.281762 0.281762
0.01 02| 00 |02]011]071]0.2 0.252642 0.252642
0.1 0.616315 0.616315
0.11 0.662727 0.662727
0.12 0.705145 0.705145
0.0110.2]0.01|00]|0.1]0.71|0.2 0.333765 0.333765
0.1 0.333961 0.333961
0.2 0.334153 0.334153
0.3 0.334342 0.334342
0.01]02]001| 2 |0.0]0.71]0.2] 0.336810 0.336810
0.1 0.337080 0.337080
0.2 0.337889 0.337889
0.3 0.339237 0.339237
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~1/2

—1/2

a1 | ag 15} Re| Ha| Pr | Ec | Re, """ Nuy | —Re, /" Nua
0.01]02{001] 2 |01]071]0.2]| 0.337080 0.337080
0.72 0.341904 0.341904

0.73 0.346729 0.346729

0.74 0.351557 0.351557

0.0103{001]| 2 |011]0.71]0.1]| 0.143037 0.143037
0.2 | 0.286075 0.286075

0.3 0.429112 0.429112

0.4 | 0.460342 0.460342

5.5 Concluding remarks

We have explored the heat transfer characteristics in the axisymmetric flow of an electrically conducting

third grade fluid between the radial stretching sheets. The main points of the present investigation are

as follows:

e Temperature field increases for large values of Ha.

e Higher values of Eckert number E'c increase the temperature profile.

e Higher values of second grade parameter 1 reduce the temperature profile and associated boundary

layer thickness.

e Rate of heat transfer increases when 3, Ha, Fc, Re and Pr are increased. However it decreases by

increasing o3 and as.
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Chapter 6

Effect of Joule heating in flow of third

grade fluid over radiative surface

The boundary layer flow of third grade fluid over an unsteady permeable stretching sheet with heat
transfer is adressed in this chapter. The magnetic and electric fields in the momentum equations are
considered. Thermal boundary layer equation includes both viscous and Ohmic dissipations. The related
nonlinear partial differential system is reduced first into ordinary differential system and then solved
for the series solutions. The dependence of velocity and temperature profiles on the various parameters
are shown and discussed by sketching graphs. Expressions of skin friction coefficient and local Nusselt
number are calculated and analyzed. Numerical values of skin friction coefficient and Nusselt number
are tabulated and examined. It is observed that both velocity and temperature increase in presence of
electric field. Further the temperature is increased due to the radiation parameter. Thermal boundary

layer thickness increases by increasing Eckert number.

6.1 Mathematical formulation

We examine the two-dimensional boundary layer flow of magnetohydrodynamic (MHD) third grade fluid
over a porous stretching surface. Here the fluid is electrically conducting in the presence of applied
magnetic B = (0, By, 0) and electric E = (0,0, —Ejp) fields. The flow is because of stretching of sheet
from a slit through two equal and opposite forces. The sheet velocity is taken linear parallel to the flow
direction. The electric and magnetic fields obey the Ohm’s law J =0 (E +V x é) Here J is the Joule
current, o is the electrical conductivity and V is the fluid velocity. The induced magnetic field and Hall
current effects are ignored subject to small magnetic Reynolds number. Both the electric and magnetic
fields contribute into the momentum and thermal boundary layer equations. The relevant equations in

the aforestated conditions can be expressed as follows:

ou Ov
= 1
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ou ou  Ou 0*u  of [ O3u Pu Bu  Oud*n _Ou 82u]

o Mo ey T Moy (a0 T outy oy T G0y 0y udy
o3 Ou 0%u By (Ou\?0%u o
22— Pg (Ou) o"u o 2 ‘
p Oy 0xdy +6 p <8y> Dy + P (EoBo — Bju), (6.2)

c a£+u8£+va£ — K827T+ @ 2+a* @&+u@ﬂ+ %@
Pe\Car " ar Ty ) T T oz T\ 5y 1| By oty "By 0xdy | Oy Oy
Jqyr

dy

ou 4 2
—|—2,33 <> + o (UB() — Eo) —

5 . (6.3)

In above equations v and v denote the velocity components in the  and y directions, aJ, a3 and 35 are
the fluid parameters, v is the kinematic viscosity, p is the density of fluid, T" is the fluid temperature, K
is the thermal conductivity of fluid, ¢, is the specific heat at constant pressure and the radiative heat
flux g, is [41, 42]:

4o* OT*

= 4
4 3]€1 8y (6 )

where o* is the Stefan-Boltzmann constant and k; is the mean absorption coefficient. Through expansion

of T* 2 4T3 T — 3T% and Eq. (6.3) becomes

or 9T oT 160*T3, 9T ou\?
Pep (m*“ax”ag) = < 3y +K> ayﬁ“(ay)
+o] [&L Gl +u87u782u +U8u£92u]
Vloyotoy = oy oxzdy ' Oy 0y?

ou\
+28, (“) + o (uBy — Ep)?. (6.5)
dy
The subjected conditions can be mentioned as follows:
u(z,0) = Uy, v(z,0) =V, T(x,0) =Ty,

u—0, T—Ty, as y— 00, (6.6)

with V,, defined by

Vo
Vw — *m. (67)

Here the mass transfer at surface with V,,, < 0 is for injection and V,, > 0 for suction. Also the stretching

velocity Uy, (z,t) and the surface temperature T, (z,t) are taken in the forms:

axr axr

U tzi,T ,t :T T )
wl@t) == Twl@) Oo+021/(1—ct)2

where a and ¢ are the constants with a > 0 and ¢ > 0 (i.e. ¢t < 1).

If ¢ is the stream function then defining

0= Ly b= ol ). 0= T (69)

Tw—Tso
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oY oY

U=——, v=

oy oz’

(6.10)

the incompressibility condition is identically satisfied and the resulting problems for f and 6 are reduced

into the following forms

J . f/2 _ S{f’—i— ;nf//} +ay [Qf/f”/ _ ff(iv) +3fll2
+S {2 "+ %n f“”)}] + 205" +68Re f?f" + Ha® {Ey — f'} =0,
(1 + ;le> 9" — Pr [f’ 0—f0 + g {779’ + 49}] +PrEc f* + oy PrEc [f’f”2

+§ {3f/12_|_77f//f//l} _ff//f/l/:| +2ﬁPI'ECRef”4+H(l2PI'EC [f/_E1]2 :0’

FO)=A4, f(0)=1, f'(00) =0, f"(c0) =0, 6(0)=1, 6(c0)—0,

with
Re = V(ijct)’ Ha2:UBg E;ad)’ 1:Eoéloa:c6t)’
* x 2
S e Tt 4T e AT
5 = 2 Rd:i:?"’ pr= 2, Ec_cp(ng)—Too)

(6.11)

(6.12)

(6.13)

(6.14)

Here Re denotes the Reynolds number, Ha the magnetic parameter, E; the electric parameter, «; and

a9 and (8 the fluid parameters, A the suction parameter, S the unsteadiness parameter, Ry the radiation

parameter, Pr the Prandtl number and Ec¢ the Eckert number.

The local skin friction coefficient is defined by

Tw Txy’yzo

T Uz pUZ

Cy

Rel/2Cf = { f7(0) + aq {3§ 7 (0) +3f"(0) — Sf” (0)} +28Re f (0)} .

The Nusselt number is given by

160*T2 \ aT

2 33<K+ 3 )a*y o
Nug, = =— 1=,
K (Ty —Tw) K(Ty —Tx)

4
Re; Y2 Nu, = — <1 + 3Rd> 0'(0),

in which Re, = ’ ) is the local Reynolds number.

ax
v(l—ct
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(6.16)
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(6.18)



6.2 Homotopic solutions

The velocity and temperature in the set of base functions

{nkexp(—nn)‘kzo, n > 0},

can be expressed as follows

o0 (e.0)
m)=ado+ Y amn"exp(—nn),

n=0 k=0

Zzbmnn exp (—nm),

n=0 k=0

where aﬁ%n and b’fnyn are the coefficients.

The initial guesses fo and 6 in homotopy solutions are taken through the expressions

fo(n) =A+1—exp(-n),

Oo(n) = exp (—n).
The auxiliary linear operators and their associated properties are

d3f df d?e
Lf(f)—din;;—%, 50(9)—0772—9,

L [Ca4 + Cosexp (n) + Cagexp (—n)] = 0,
Ly [Ca7 exp (n) + Cag exp (—n)] = 0,

where C;(i = 24 — 28) depict the arbitrary constants.

6.2.1 Zeroth-order problem

The zeroth order problems are

(1 —p)['f[f(%Q) - f0(77)] = pthf |:f(17’ q):| ,
forsa)| L =A 8fé777;q> _, 9fg7775q>
n=20 n—s00
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(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)



with non-linear operators Ny [f(n, q)] and Np {f( q),0(n, )} defined by

o o3 £ ’ . 52 A 7 P A ’ 2
Ny [Fora)] = g;;q) ) 25;72 Q) _ ( fg; q))
0f(n.q) | 1 *f(n;q) ,0f(1,9) *f (1;9)
_S{ aon + 27787]2} + oy { an o

2 O f 83A o4 92 f 2
—f(n,Q)W+S{2w+;nng)}+3<J;($Q)> }

o (mf(n, q))2 . <a2f(n,q))2 PI0) o {E1 3f(n.q) } |

Oon? Oon? on? on
(6.31)
o i el — 0805 0) )\’
1:q),0(n; q)] = [1+ 3R an? + Pr Ec an?
S o0(mq) | | 0f(ma); s 90(n;q)
—Pr [2 {40+77 o }—I— o 0(n;q) — f(n, )377]
conprge |55 (P09 2+ 0*f(n,q) *f(n; q)
! 2 Oon? g on? on3
LOofma) (0°f(n.q) i R )32f(n,q) 0*f(n; q)
on on? 4 on? on?3
2 £ (0. 4 F(m- 2
+28Pr EcRe <8‘g(:2’q)> + Ha*Pr Ec 8f((9737,q) - B, (6.32)

in which ¢ € [0, 1] indicates the embedding parameter and f¢ and hg the nonzero auxiliary parameters.

Setting ¢ = 0 and ¢ = 1, we have
fm:0) = folm), — f(m:1) = f(n), (6.33)

0(1:0) = 6o(n),  O(n; 1) = 0(n). (6.34)

When ¢ increases from 0 to 1, f(1; q) and 6(n; q) deform from the initial solutions fo(n) and 6o(n) to the
final solutions f(n) and 6(n) respectively. Taylor series of f (n;q) and 9(1}; q) gives

Fs0) = fa) + Y- Jul)d™ ) = AL (6:35)
m=1 ' p=0

i) = boln) + Z O Onn) = ) (6.36)
p=0
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The auxiliary parameters are properly chosen such that the series solutions converge at ¢ = 1. Therefore

)+ Y fm(n), (6.37)
m=1

0(n) = 0o(n) + > Om(n). (6.38)
m=1

6.2.2 mth-order deformation problems

The mth-order deformation problems are

Lt [frn (1) = XomSin—1 ()] = Ty RE, (n) (6.39)
f‘m(n;p)(nzozo, Wﬂzo_o, WWWZO’ (6.40)
Lo [0m (1) = XpnOm—1 ()] = heRY, (n) , (6.41)
9m(77;p)’77 =0 9m(n;p)‘n =0 (6.42)

m—1
RELm) = fh )+ (fomr—ki = Forwfh) — <fr/n1+;77fr/$1>
k=0

m—1
D DN A MY R VA +als{2f'" L+ nf(“’)}
k=0

m—1 k
202 > froi ok fi H68Re Y foi D fi "+ Ha? [Br (1= x,) = fraa]
k=0 =0

k=0
(6.43)

4
L = (14 5Re) -

m—1 m—1

Z Son1 10k — Z Jm—1-x0% + g {nb,,_, + 49m_1}]
k= k=

’ m—1 ’ k

Z frm—1-k Z frifl

m—

Z '} Z Jm—1- kz "’]

k=0

+PrEc Z fr 1 _wfa + a1 PrEc

M\Co

2

+25PrEcRer' MZf lZf of{ + Ha® PrEe[fi = B (1=x.n)] -

k=0
(6.44)
The general solutions of the Egs. (6.35)-(6.37) are
fm(n) = () + Caa + Cas exp (1) + Cg exp (1) , (6.45)
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Om(n) = 0;,(n) + Carexp (1) + Cog exp (—n) . (6.46)

6.3 Convergence of the homotopy solutions

We note that the series solutions (6.33) and (6.34) contain the non-zero auxiliary parameters iy and hy.
These parameters are useful in adjusting and controlling the convergence. The Ay and hg—curves are
plotted for 10" order of approximation in Fig. 6.1 for the suitable ranges of the auxiliary parameters.
Here the suitable values for fiy and hy are —1.5 < hy < —0.53 —1.35 < hy < —0.4. Furthermore,
convergence of series solutions is checked and shown in Table 6.1. Note that the series solutions converge

at 26" order of approximation up to 6 decimal places.

6.4 Results and discussion

This section illustrates the impact of physical parameters. The results are displayed graphically in the
Figs. 6.2-6.20. The conclusions for flow field and other physical quantities of interest are drawn. The
numerical values of the skin friction coefficient and local Nusselt number are presented in the Tables 6.2
and 6.3 for various values of a1, as, B8, S, Ha, FE1, Re, Ry, Pr and Ec. Fig. 6.2 displays the effect
of Hartman number Ha on velocity profile by keeping other physical parameters fixed. It is of interest
to note that the velocity profile decreases with an increase in Ha whereas the boundary layer thickness
reduces. Clearly by increasing magnetic force, the Lorentz force increases which causes resistance in the
fluid flow and consequently the velocity profile decreases. Fig. 6.3 shows the influence of third grade
parameter 3 on the velocity profile f’ (7). Here we noticed that the velocity increases near the wall with
an increased 5 whereas it vanishes away from the wall. Figs. 6.4 and 6.5 illustrate the variation of second
grade parameters a; and ag on the velocity profile f’(n) respectively. It is observed that the velocity
profile f/(n) is an increasing function of ;. The velocity profile also increases when ap is increased. Fig.
6.6 is plotted for the effects of the suction parameter A on the velocity profile f' (). The velocity profile
decreases by increasing parameter A. Further the boundary layer is also decreasing function of A. Fig.
6.7 is sketched for the influence of unsteadiness parameter S on the velocity profile. The velocity profile
and the thermal boundary layer decrease for larger values of S. The behavior of Reynolds number Re
on velocity profile is shown in Fig. 6.8. It is observed that the velocity profile decreases with an increase
in Reynolds number. The influence of electric parameter F; is shown in Fig. 6.9. This Fig explains
that as electric parameter increases, the velocity boundary layer increases near the plate with small rate
but it increases away from the stretching plate more rapidly. In fact the Lorentz force (arising due to
the electric field acts like an accelerating force) reduces the frictional resistance which causes to shift
the stream line away from the stretching sheet. Fig. 6.10 portrays the effects of magnetic parameter
Ha on the temperature profile 6 (). It is depicted that temperature profile and thermal boundary layer
thickness increase with an increase in magnetic parameter. Fig. 6.11 is the plot of temperature profile
0 (n) for various values of third grade parameter /3. The effect of third grade parameter 8 on 0 () shows

a decrease near the wall. The boundary layer thickness also decreases. Figs. 6.12 and 6.13 describe
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the effects of second grade parameters «; and ag on temperature profile 6 (n). Fig. 6.12 depicts that
the effect of second grade parameter a; is to reduce the temperature distribution in the boundary layer
which results in thinning of the boundary layer thickness. Same behavior is shown in Fig. 6.13 for various
values of ap. The influence of suction parameter A and unsteadiness parameter S are analyzed in the
Figs. 6.14 and 6.15. Here the temperature profile decreases with the increase of unsteadiness parameter
S and the suction parameter A. Further the thermal boundary layer also decreases by increasing both the
unsteadiness parameter S and the suction parameter A. Fig. 6.16 shows that the temperature profile and
thermal boundary layer is decreasing function of Reynold number Re. The effects of thermal radiation
parameter R4 on temperature is shown in Fig. 6.17. It is revealed that the radiation parameter R4
causes increase in the fluid temperature 6 (7). On the other hand the thermal boundary layer thickness
also increases. In Fig. 6.18 the influence of electric parameter £ on temperature profile is given. This
Fig. depicts that the temperature profile and the boundary layer thickness increase with an increase of
electric parameter Fq. Fig. 6.19 illustrates the effects of Prandtl number Pr on the temperature profile
0 (n). Both the temperature and thermal boundary layer thickness are decreased by increasing Pr. We
displayed the temperature field for various values of Eckert number Fc¢ in Fig. 6.20. Effect of Eckert
number is to increase the thermal boundary layer thickness due to the frictional heating. Fig. 6.21 shows
the effects of Hartman number Ha on velocity f’(n) and shear stress f” (n). With the increase in Ha,
the velocity field f’ (n) decreases near the wall and it vanishes far away from the wall while shear stress
1" (n) has same behavior for larger values of Hartman number Ha. An opposite behavior is noted when
0 <n < 0.6. Fig. 6.22 demonstrates the effects of electric parameter E; on velocity f’'(n) and shear
stress f” (n). It is worthmentioning to point out that velocity is increasing function of electric parameter
FE4 near the wall whereas opposite behavior for shear stress is observed for 0 <7 < 1.

The numerical values of skin friction coefficient for various physical parameters are shown in Table
6.2. Here the magnitude of skin friction coefficient increases for larger second grade parameters (a,
ag), third grade parameter 3, unsteadiness parameter S, Hartman number Ha and Reynold number Re
whereas it decreases with an increase in electric parameter Fy. Table 6.3 shows the effect of physical
parameters on heat transfer characteristics at the wall —6’ (0). From this table we observe that for large
values of second grade parameters (a1, ag), third grade parameter 8, unsteadiness parameter S, radiation
parameter Ry and Prandtl number Pr the heat transfer coefficient at the wall —6’ (0) increases while it

decreases for Hartman number Ha, Reynold number Re, electric parameter F; and Eckert number Ec.
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a1=a,=0.2, f=S=Fc=0.5,Ha=0.1,E;=R;=0.3 Re=0.7,Pr=1

~0.4

0.6
S .08
mr\
S
™10

“12

~2.0 -15 ~1.0 —05 0.0 0.5
hyhg

Fig. 6.1: h-curves for the functions f (n) and 6 () at 10*" order of

approximation.

E;=0.2,8=0.2,0,=22=0.2,A=1,8=0.4 Re=0.5

Fig. 6.2: Influence of Ha on f'(n).
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Sl

S'on

E,=0.1,Ha=2.4,0;=a,=0.2,A=1,8=0.4,Re=0.5

Fig. 6.3: Influence of 8 on f’(n).

E,=a,=Ha=0.2,8=0.1,5=0.4,A=Re=0.5

Fig. 6.4: Influence of a; on f' (n).
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E;=M=0.2,f=0,=0.1,A=1,8=0.4,.Re=0.5

Fig. 6.5: Influence of a2 on f’ (n).

E,=R;=M=a;=0,=0.2,$=0.1,8=0.4,Re=0.5

Fig. 6.6: Influence of A on f' (7).
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Sop

Re=A=q,=0.2.0;=M=0.1,E,==0.5

S

Fig. 6.7: Influence of S on f’ (n).

a1 =0, =E;=0.2M=0.3,8=0.7,A=1,5=0.4

Fig. 6.8: Influence of Re on f’ (7).
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Sop

M=l,a;=0,=0.2,5=0.1,A=1,5=0.4,Re=0.5

6(n)

Fig. 6.9: Influence of Fy on f’(n).

B=0.1.01=a,=R;=E,=0.2,A=1,8=0.4,Pr=2 Re=Ec=0.5

Fig. 6.10: Influence of Ha on 0 (n).
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E,=0.1Ha=a;=a,=R;=0.2,A=1,8=0.4 Pr=2 Re=Ec=0.5

8(n)

Fig. 6.11: Influence of 5 on 6 (n).

Ey=Ec=Ha=R;=0.2,5=0.1,0,=0.2,5=0.3,A=Re=0.5,Pr=1

1.0

0.8

0.6

6(n)

@1 =0,02,03,0.4
0.4

0.2

0.0}, . T

Fig. 6.12: Influence of a; on 6 (n).
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8(n)

1.0

0.8

0.6

&)

0.4

0.2

0.0

a,=E;=Ha=R;=0.2,=0.1,A=1,8=0.4, Pr=2,Re=Ec=0.5

Fig. 6.13: Influence of o on 6 (n).

a=a,=FE;=Ha=R;=0.2,5=0.1,5=0.4,Pr=2 Re=Ec=0.5

i A=00,05,10,15

Fig. 6.14: Influence of A on 6 (n).
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@,=a,=E;=Ha=R;=0.2,$=0.1,A=1,Pr=2 Re=Ec=0.5

1.0

0.8

0.6

6(17)

0.4

$=0.0,0.3,0.6,1.2

0.2

.
ey

0.0} el T .

Fig. 6.15: Influence of S on 6 (n).

a,=a,=E;=Ha=R;=0.2,=A=1Pr=0.7,8=0.4,Ec=0.5

8(n)

Fig. 6.16: Influence of Re on 6 (n).
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6(n)

0(7)

ay=,=E;=Ha=0.2,=0.1,A=1,5=0.4,Pr=2,Re=Ec=0.5

1.0

0.8

0.6

04

0.2

0.0}

1.0

0.8

0.6

0.4

0.2

0.0

R;=00,05,1.0,15

Fig. 6.17: Influence of Ry on 6 (n).

a1=a;=R;=Ha=0.2,5=0.1,A=1,5=0.4,Pr=1,Re=Ec=0.5

E;=100,02,04,0.6

0 1 2 3 4 5 6
n

Fig. 6.18: Influence of E; on 6 (n).
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a=a=E1=Rz;=Ha=0.2,5=0.1,A=1,5=0.4 Re=Ec=0.5

0(n)

Fig. 6.19: Influence of Pr on 6 (n).

ay=;=E;=R;=Ha=0.2,$=0.1,A=1,8=0.4,Re=0.5,Pr=1

&(r7)

Fig. 6.20: Influence of Ec on 6 ().
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S

1.0
Ha=0.1,11,16,20
0.5
—-0.5
B=0.1, @y=a»=0.2, A=0.2, Ey= §=0.1, Re=1.5
-1.0
/¢ Ha=01,11,16,20
0 1 2 3 4 5
n
Fig. 6.21: Variations of f/ (n) and f” (n) with n for several values of
Hartman number Ha.
1.0
= E;=00,02,04,06
~ 05
0.0
-0.5 B=0.1, @1=22=0.2, A=0.2, Ha= $=0.1, Re=1.5
g
-1.0 E;=0.0,02,0.4,06
0 1 2 3 4 5 6
n
Fig. 6.22: Variations of f’(n) and f” (n) with n for several values of

electric parameter Ej.
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Table 6.1: Convergence of homotopy solutions when oy = 0.2, = 0.5, ag = 0.2, S =0.2, A = 0.5,
F1 =03, Re=07 R =03, Hao=0.1,Pr=1, Ec=0.5.

Order of approximation | —f” (0) | —6'(0)
1 1.0419 | 1.0059
2 1.0720 | 1.0079
5) 1.1210 | 1.0041
10 1.1442 | 0.99450
12 1.1458 | 0.99211
14 1.1458 | 0.99051
40 1.1458 | 0.99051

Table 6.2: Numerical values of skin friction coefficients Reglg/ 2C’f for different values of physical

parameters.

o1 a9 1] S Ha | E1 | Re —Reglg/QC'f

0.00(01 |02]05|0103]0.7]1.453

0.10 1.532

0.14 1.567

01 (00 |02]05|01|03]0.7]|1.600

0.1 1.632

0.2 1.668

01 |01 [00|05]01]0.3]0.7]1.433

0.1 1.489

0.2 1.532

01 |01 [02|05]01]0.3]0.7]1.532

0.6 1.592

0.7 1.670

01 |01 [02|05]01]0.3]0.7]1.532

0.2 1.536

0.3 1.545

0.01]0.01|02|05]0.110.5]0.7]1.492

0.6 1.487

0.7 1.482

01 |01 [02]05]0110.3]0.7]1.532

0.8 | 1.542

0.9 | 1.551
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Table 6.3: Numerical values of Nusselt number Re; 2 N u,, for different values of physical parameters

a1 | ag | B S |Ha| E1 | Re| Ry | Pr | Ec ReZI/ZNux

00(102(02{05|01(03]07|03]10]0.5 1.668

0.1 1.689

0.2 1.706

01/00(02{05|01(03]07|03]10]0.5 1.660

0.1 1.674

0.2 1.689

01/02(00{05|0103]07|03]10]0.5 1.683

0.3 1.691

0.4 1.731

01/02(02{05|01(03]07|03]10]0.5 1.689

0.6 1.805

0.7 1.920

01/02(02{05|01(03]07|03]10]0.5 1.689

0.5 1.669

0.8 1.638

01(02(02|05|05({1.0]0.7]03]10]0.5 1.938

1.5 1.889

2.0 1.780

017020205 ,01{03]0.7]03]10]0.5 1.689

1.0 1.668

1.5 1.652

017020207 ,01]{05]05]03]10]0.5 1.920

0.4 1.991

0.5 2.060

6.5 Concluding remarks

Here the flow of third grade fluid and heat transfer in the presence of thermal radiation and Ohmic
dissipation are examined. The graphs are prepared to study the influence of the pertinent flow parameters
including the second grade parameter (i, ag), third grade parameter [, unsteadiness parameter S,
magnetic parameter Ha, electric field parameter Ei, Reynolds number Re, radiation parameter Ry,

Prandtl number Pr and Eckert number Ec. The following observations hold:

e Effect of third grade parameter 3 is to increase the boundary layer thickness.

e Maximum velocity is attained for higher values of electric parameter Ej.
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Effect of suction parameter, unsteadiness parameter and Reynolds number on boundary layer thick-

ness is similar in a qualitative sense.

Effects of F1 and Pr on temperature profile are quite opposite.

The velocity field f’ () is decreasing function of Hartman number Ha.

Magnitude of skin friction coefficient Rei/ e ¢ is increasing function of oy, ae, §, S, Ha and Re.

Electric parameter E; decreases the magnitude of skin friction coefficient.
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Chapter 7

Mixed convection flow of third grade

fluid with variable thermal conductivity

Present chapter concentrates on the analysis of mixed convective boundary layer flow of third-grade fluid
with variable thermal conductivity. Thermal conductivity is taken temperature dependent. The flow is
caused by an exponential stretching surface. The partial differential equations governing the flow and heat
transfer have been reduced into the ordinary differential equations by the appropriate transformations.
Convergent series solutions for the velocity and temperature are constructed. The variations of different
parameters on the velocity and temperature fields are discussed. Numerical values of local skin friction

coeflicient and local Nusselt number are examined through tabular values.

7.1 Mathematical formulation

We investigated the two-dimensional mixed convection flow of an incompressible third-grade fluid past an
exponentially stretching surface.Thermal conductivity of the fluid is taken variable. Thermal radiation

and viscous dissipation effects are negligible. The flow and temperature are governed by the following

expressions:
ou  Ov
e T 1
8x+8y ’ (7.1)
i ou P aif, Pu ot owde o
Ox oy  oy?  p | 0x0y?  Ox Oy? Oy Oy? oy?

p Oy 0y? p

or) Gy 98 (T =T, (72)

* 2 2 92
204281“91}_’_6& ou\” 0°u
Oy?

oT oT 1 0 oT
—_— — = —— |k(T)—= 7.3
“ax+”ay pcpﬁy[( )ay]’ (73)
with the boundary conditions
u(z,0) = Uy(z)=Uyexp (%) , v(z,0) =0, T(z,0) =Ty = Teo + Tp exp <%) ,
u — 0, T—-Tyx as y— oo. (7.4)

108



In the above expressions u and v are the velocity components in the x— and y— directions respectively,
af, oz and 33 are the material parameters of fluid, p is the fluid density, o is the electric charge density,
K is the thermal conductivity which depends upon temperature, c, is the specific heat, Tp is the reference
temperature and Ty, is the ambient temperature. The temperature dependent thermal conductivity can

be expressed as follows:

K (T) = koo (1 + eT;g")) , (7.5)

where koo is the thermal conductivity far away from the plate and € measures the thermal conductivity

with temperature. Using Eq. (7.5), Eq. (7.3) reduces to

or 9T 1 9 T —Ty\ 0T
Tt = —— koo [ 1 =1. .
“or " Vay pep 9y [k ( AT >3y] (76)

The transformations can be put into the forms

n = \F (;)yw V2uilof () exp () -

u(x,y) = erxp< ) , JY) = — VT(?)GXP(%) [f(n)+77f’(77)],

T-T.
) = °© = /= 7.7
TO y N \/:ya ( )

where v is the kinematic viscosity, Uy the reference velocity and ¢ the stream function. Using these

transformations, Eq. (7.1) is identically satisfied and the other governing transformed equations become

"9 (f/)2 F i+ {3f/f/// _ ff(iv) —onf" " 9 (f//)2}
—ao {3 (f//)2 +77f”f,”} + 38Re (f//)2 f/// + A0 =0,

f0)=1, £(0) =0, f'(c0) =0, (7.8)
(1+e0)0"+e(@)+Pr(f 0 —f6)=0, (7.9)
6(0) = 1, 6(c0) = 0. (7.10)

Here Pr denotes the Prandtl number, Re, is the Reynolds number and X is the mixed convection para-

meter. We define

_ Uoajexp (%) ~ Uoaszexp (F) Ug B3 exp (%)
a = —————, ap=—"——", f=—"-—""",
pul w pul
HoCp Gr Uyl
b _ o T 11
. o s Re, = ! (7.11)

T

The expressions of skin friction coefficient C'y and the local Nusselt number Nu, are

Lqw

Ty
Cr Yo T K(T — Tw)

(7.12)
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in which the wall skin friction (7,,) and the wall heat flux (g,) are

ou o (. 0udu 0?u 0?%u Bs [ Ou 3
o = g + L (27222 4 2 93 (22 : 1
Tay [M08y+ ) < 8x8y+v8y2 +u8x8y> * p \ 0y o (7.13)
y:

oT
oy =0

Dimensionless expressions of skin friction coefficient and local Nusselt number are

(Rew)1/2 Cf =2 [f// + al(;flf” . %ff”/) + /Bf//?,} 7 (7.15)
n=0
(Reg) Y2 Nu, = —\/fe’ (0), (7.16)

where X = z/I.

7.2 Homotopic solutions

The definitions of initial guess fo (n) and 6y () and auxiliary linear operators L; and Ly are

fon)=1—exp(-n), 0o(n) =exp(-n), (7.17)
d3f df d20
Lylf(m)]= ap ' Lo 16 (n)] = Qg 0, (7.18)
with
[,f [Cag + Cspexp (n) + Cs1exp (—n)] = 0, (7.19)
Ly [C32exp (n) + Czzexp (—n)] =0, (7.20)

where C; (i = 29 — 33) are the constants.

7.2.1 Zeroth-order deformation problems

The zeroth-order deformation problems can be defined as follows:

(L= q) L5 [f () = fo ()] = aheNy [ £ 1, 9)] (7.21)

£(0,9) =0, 8fé77’ 90—y, 8fg777’ 90y, (7.22)
n=0 7—00

(1= ) Lo [0 (1. 0) = 00 ()| = ahaNa [0 (n.a), £ (m,0)] (7.23)

Vo) =1 o =0 (7.24)
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in which ¢ € [0,1] and hy # 0, hg # 0 are the embedding and auxiliary parameters respectively. The

non-linear operators Ny and Ny can be expressed in the forms:

~ A\ 2 A A o ~ ~ A A\ 2
Nilf (gl = aaf—2<af> +f§2n§+a1 !3afagffa4f 2(i)2fai3fg<a2f>]

on? on anop T ont ~ o2 o on?
2f\° 02fo3f AN
— o [3 (8772) +n 53 g + 38 a7 ) o + )0, (7.25)
020 o0 o0 0
Nol0(n,q),f(n,q)] = (1+69)ﬁ+6 (877) (f—%i) (7.26)

By Taylor series we arrive at

Fna) = fo+ 3 a0, ) = T 0D (7.27)
m=1 ’ 9=

0 (n,9) = 6o () + Z O Om (1) = ﬂll'amgq(z, %) 0 (7.28)
| -

The convergence of the series (7.27) and (7.28) strictly based upon Ay and fy. The value of iy and fg

are chosen in such a way that the series (7.27) and (7.28) are convergent at ¢ = 1 and hence

Fmy=rfom)+ > fm(n), (7.29)
m=1

0(n)=00(m)+ > 0m(n). (7.30)
m=1

7.2.2 mth-order deformation problems

The mth order deformation problems are given by the following relations

L5 [fn ) = Xon s ()] = By RE, () (7.31)
; Ofm (1,9) Ofm (1,9)
m Y, =Y =Y, =0, .32
Fn (0,9) =0 s IR o 0 (7.32)
n=0 n—00
L0 [0 (1) = XonDmr ()] = 1R, (). (7.33)
On(na) =0, On(no| =0, (7.34)
n=0 n—00
m—1 m—1 m—1 )
Ry, () = fii_i(n)—2 Z fme1oifi + Z fm1-kfi + [3fm 1—kfm — fm—l—kflglv)
k=0 k=0 k=0
m—1
=20 fr1pfi = 9k fi] 4 a2 [3fm—1kf +0fmo1—kfi]
k=0
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m—1 k
+36Re Y frnak D Fufl" + Mo, (7.35)
k=0 =0

m—1 m—1 m—1
Ry, () =0y (M) + €D Oma i +eY 0, 1 30, +Pr > (fmo1 k0 —Om1wfi).  (7.36)
k=0 k=0 k=0

The general solutions (fy,, 0m) of the mth order in terms of special solutions (f;,6)) are

fm (n) = fo, + Cag 4+ C3pexp (n) + Cs1exp (—n) , (7.37)

Om (1) = 05, + C32exp (n) + Csz exp (—1), (7.38)

where the arbitrary constants can be determined through the boundary conditions (7.32) and (7.34). The

values of such arbitrary constants are

A m (1)

o |y’ Co9 = —Cs9 — f1, (0),

Css = —0%(0). (7.39)

C31 = C3= 0, C3o =

7.3 Convergence of the homotopy solutions

The convergence of series solutions (7.27) and (7.28) depends upon the auxiliary parameters iy and hy
which are used to control the convergence of the series solutions. We have plotted the h-curves to select
the admissible value of auxiliary parameters fiy and fg (see Fig. 7.1). The h-curves are sketched at 18th
order of approximation for velocity and temperature field in Fig. 7.1. It is found that the suitable ranges

of iy and gy are —1.43 < hy < —0.3 and —1.3 < hy < —0.3.

7.4 Results and discussion

In order to have an insight for the effects of all the physical parameters on the velocity and temperature
profiles, we have prepared the Figs. 7.2-7.19. Table 7.2 presents the variation of skin friction coefficient
Rei/ 2 C'y and the local Nusselt number Re, 1/2 Nu, for various considered parameters. Figs. 7.2 and 7.3
are plotted to see the influences of velocity profile f’ (n) and temperature profile 6 () for various values
of third grade parameter 3 respectively. Fig. 7.2 shows that an increase in third grade parameter (8
enhances the velocity f’(n) and associated boundary layer thickness. Temperature field 6 (n) and the
thermal boundary layer decrease for third grade parameter 5 in Fig. 7.3. The behavior of second grade
parameter aq on the velocity and temperature profiles are presented in the Figs. 7.4 and 7.5. It is
noted that the velocity and temperature profiles increase with the increase of second grade parameter
a1. Further the momentum and thermal boundary layers are increased for increasing values of ;. Fig.
7.6 illustrates the behavior of second grade parameter ay on the velocity profile f'(n). An increase in
ay enhances the velocity profile f’(n). Similar behavior is shown in Fig. 7.7 for temperature profile

6 (n). Influence of mixed convection parameter A on velocity profile f’(n) is plotted in Fig. 7.8. It is
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clearly seen that larger values of A increase the velocity and the boundary layer thickness. Larger mixed
convection parameter A corresponds to the stronger effects of the buoyancy forces. Thus it yields an
increase in flow velocity. Fig. 7.9 shows the effects of mixed convection parameter A on the temperature
field 6 (n). It is observed that both temperature and thermal boundary layer decrease by increasing .
It is evident from Fig. 7.10 that the velocity enhances through increase in small parameter of thermal
conductivity e. When € increases then thermal conductivity of fluid increases. Hence the velocity of the
particles increases which enhances the fluid velocity. Same trend is seen for the temperature profile which
increases with increasing € (see Fig. 7.11). Thermal conductivity increases with the increase of € (so heat
is transferred more rapidly through the fluid molecules). Thus temperature profile increases. Fig. 7.12
draws the velocity profile for various values of Prandtl number. Effect of increasing Prandtl number Pr
is to decrease the velocity at a point in the flow field. There is thinning of the boundary layer. Fig.
7.13 represents the graph of the temperature profile for different values of Prandtl number Pr. This Fig.
depicts that the effects of increasing Prandtl number Pr is to decrease the temperature throughout the
boundary layer which results in decrease of the thermal boundary layer thickness. The Prandtl number
is the ratio of momentum diffusivity to thermal diffusivity. Thus with the increase of Prandtl number,
thermal diffusivity decreases, that is heat diffuses with slow rate. Therefore temperature profile decreases.
Fig. 7.14 illustrates the effect of Reynolds number Re on the velocity profile f'(n). An increase in Re
enhances the velocity profile f’ (). Opposite behavior is noted in Fig. 7.15 for temperature profile 6 (7).
Fig. 7.16 displays the effects of third grade parameter 5 on the velocity and shear stress. Here velocity
profile is increasing function of 3 whereas the shear stress increases near the wall and away from the wall
it decreases. Variations of velocity f'(n) and f” (n) for several values of mixed convection parameter
A are shown in Fig. 7.17. With increasing the values of A, the horizontal velocity is found to increase
the favorable flow. It is noted that A greatly effects the solutions. The f” () increases for 0 < n < 1
otherwise it shows opposite behavior. The variations of temperature 6 (n) and temperature gradient 6’ (n)
for various values of third grade parameter § are shown in Fig. 7.18. It is noted that the temperature
profile decreases for an increase in third grade parameter 5. However the temperature gradient decreases
near the wall for 0 < n < 1 while it increases for 3. Fig. 7.19 demonstrates the effect of mixed convection
parameter A on the temperature and temperature gradient. We observe that the temperature profile is
decreased. The temperature gradient away from the wall is increasing while it decreases near the wall.
Table 7.1 shows the convergence of the series solutions for velocity and temperature. It is noted that
15t" order of approximations are sufficient for the convergence of the required equations. Table 7.2 repre-
sents the numerical values of skin friction coeflicient Reglc/ 2o ¢ and the local Nusselt number Re, 1/2 Nuyg
respectively. From Table 7.2, it can be seen that the values of Reglc/ 2 (' decrease for third grade para-
meter 5 and mixed convection parameter A\. The opposite phenomenon is observed for Re, L2 Ny uy (as
can be seen from Table 7.2). Increasing the values of second grade parameters oy, as and the Prandtl
number Pr increased Reglg/ i ¢ and the opposite trend is observed for second grade parameter a;, ap on
Re, 1/2 Nu,. From Table 7.2 it is also concluded that the absolute values of Reglc/ 2 Cy decrease as the

thermal conductivity parameter € increases. Similar phenomenon is noted for Re, 12 N Uy
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@1=0.1,2,=0.2, =0.1,e=0.5.1=0.2Re=0.1,Pr=2

0.0

-0.5
S -10 _ 6(0)
\'-L" / T e e e e e e e e — = == = ==
D
~_15 JS'(0)

-2.0

~25 : - -

-1.0 -0.5 0.0
fig.hg

Fig. 7.1: h—curves for the functions of f (1) and 6 (n) at 18" order of

approximation.

@1=0.3,a,=€=0.2.Pr=1 Re=1.2,A=0.1

Fig. 7.2: Variation of velocity component f’(n) for various values of third

grade parameter 3.
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a1=a,=0.2,Pr=Re=1,1=€=0.1

0(17)

Fig. 7.3: Variation of temperature profile 0 () for various values of third

grade parameter (3.

B=1.3.2,=0.2,Pr=Re=1,1=0.5,e=0.1

flop

Fig. 7.4: Variation of velocity component f’(n) for various values of

second grade parameter a;.
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B=13.a,=€=0.3,Pr=Re=1,1=0.1

6(1)

Fig. 7.5: Variation of temperature profile 6 () for various values of

second grade parameter a;.

p=0.67,01=€=0.1,Pr=Re=1,1=0.5

Fig. 7.6: Variation of velocity component f’(n) for various values of

second grade parameter as.
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B=Re=Pr=1,0;=0.1,1=0.5,¢=0.1

0(n)

Fig. 7.7: Variation of temperature profile 6 () for various values of

second grade parameter as.

p=a1=e=Re=0.1,a,=0.2,Pr=1

Fig. 7.8: Variation of velocity component f’(n) for various values of

mixed convection parameter .
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p=a1=Re=€=0.1,a,=0.2,Pr=1

8(r)

s =
RS AnTA AT e E A e

0 1 2 3 4 5 6 7
n

Fig. 7.9: Variation of temperature profile 6 () for various values of

mixed convection parameter \.

B=a,=0.1,0,=0.2,Pr=1,1=Re=0.5

Fig. 7.10: Variation of velocity component f’(n) for various values of

small parameter e.
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B=Re=a;=0.1,2,=0.2,Pr=1,1=0.5

8(r)

Fig. 7.11: Variation of temperature profile 6 () for various values of

small parameter e.

P=a,=0.1,a,=0.2 Re=1,1=e=0.5

S

Fig. 7.12: Variation of velocity component f’ (n) for various values of

Prandtl number Pr.
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B=0.1,¢;=0.1,0,=0.2,1=0.5,€=0.5

1.0

0.8

0.6

6(17)

0.4

Pr=03,05,0.7,12

0.2

*a
.
L]

0.0,

Fig. 7.13: Variation of temperature profile 6 () for various values of

Prandtl number Pr.

@1=0.1,5=0,=0.2,A=0.5.e=0.5

fop

Fig. 7.14: Variation of velocity component f’ (n) for various values of

Reynold number Re.
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p=1.a1=€=0.1,2,=0.2,Pr=1,A=0.5

0(n)

Fig. 7.15: Variation of temperature profile 6 () for various values of

Reynold number Re.

1.0} +

B=103,0.4,05,0.9

S

S

n

Fig. 7.16: Variation of velocity f’(n) and f” (n) for several values of

third grade parameter .
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S

S

1.0} y

0.5

0.0
-0.5 @1=01,02=02,8=Re=¢=0.1,Pr=1

-1.0

1=0,03,07,1.5
-1.5
0 1 2 3 4 5 6 7
n
Fig. 7.17: Variation of velocity f’(n) and f” (n) for several values of
mixed convection parameter \.
<

a@l=03a22=02,1=€=0.1,Re=12,Pr=10.2

8t

-0.5

Y p0,09,16,19
0 2 4 6 8
n

Fig. 7.18: Variation of temperature 6 (n) and temperature gradient ¢’ (n)

for several values of third grade parameter 3.
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1.0}
g 1=10,05,09,1.8
T 0.5
0.0
al=02,02=02,=Re=€=0.1,Pr=0.5
=05
S
{:o? 1=10,0.5,09,1.8
-LOp - . . . .
0 2 4 6 8
n

Fig. 7.19: Variation of temperature 6 (n) and temperature gradient ¢ (n)

for several values of mixed convection parameter \.

Table 7.1: Convergence of HAM solutions for different order of approximation when a; = 0.06,

as =0.05, 3=0.1, A\=0.2, ¢ = 0.5, and Pr = 2.

Order of approximation | —f” (0) | —6'(0)

1 1.1468 | 1.0667
2 1.2252 | 1.0898
5 1.3015 | 1.1052
8 1.3134 | 1.1081
15 1.3153 | 1.1079
20 1.3153 | 1.1079
30 1.3153 | 1.1079
50 1.3153 | 1.1079

Table 7.2: Numerical values of skin friction coefficient and local Nusselt number for different values

of physical parameters.

a1 | ag | B A e | Pr| — Reglc/2 Cy Re;l/2 Nuy
01]01103(02|05]| 2 2.793 1.125
0.2 3.629 1.120
0.3 4.494 1.117
01]01103]02|05]| 2 2.793 1.125
0.2 2.965 1.118
0.3 3.151 1.112
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ar | as | B A e | Pr —Rei—/QCf Regl/QNux
011017010205 ]| 2 3.143 1.111
0.2 2.948 1.119
0.3 2.793 1.125
011017030205 ]| 2 2.793 1.125
0.3 2.711 1.131
0.4 2.633 1.137
011017030205 ]| 2 2.793 1.125
0.6 2.788 1.077
0.7 2.783 1.033
011017030205 ]| 2 2.793 1.125
2.1 2.798 1.159
2.2 2.802 1.192

7.5 Concluding remarks

Effect of variable thermal conductivity in mixed convection flow of third grade fluid past an exponential

stretching surface is addressed. The main outcomes of the presented analysis are listed below.

e The skin friction coefficient increases with an increase in the dimensionless parameters, the second
grade parameters «; (¢ = 1,2) and the Prandtl number Pr while it decreases for larger third grade

parameter § and the mixed convection parameter A.

e The Nusselt number Re; 2 N U, increases with an increase in the third grade parameter 8 and the
mixed convection parameter \ while it decreases when second grade parameters «; (i = 1,2) and

the Prandtl number Pr are increased.
e Behaviors of third grade parameter § on the velocity and temperature profiles are quite opposite.
e Influence of Pr is to decrease the temperature field 6(n).

5th

e Table 1 ensures that the convergence of the solutions f and 6 are obtained at only 15" order of

approximation for velocity and 14" order of approximation for temperature.

e Behavior of second grade parameter ay on the velocity f’ (n) and temperature 6(n) are quite reverse.
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Chapter 8

Radiative MHD stagnation point flow of
third-grade fluid over a stretching

cylinder

In this chapter, magnetohydrodynamic (MHD) stagnation point flow of third-grade fluid due to a stretch-
ing cylinder is studied. Thermal radiation effects are considered in the analysis of heat transfer phenom-
enon. Joule heating and viscous dissipation effects are also retained. The resulting nonlinear system is
computed for the series solutions. Influence of various physical parameters on the velocity and tempera-
ture profiles are scrutinized graphically. Comparison between Newtonian and third-grade fluids is made.
Velocity and temperature profiles in the presence/absence of stagnation point are discussed graphically.

Numerical values of skin friction and Nusselt number are also computed and interpreted.

8.1 Mathematical formulation

Consider magnetohydrodynamic stagnation point flow of an electrically conducting third-grade fluid due
to a stretching cylinder. Heat transfer is analyzed in the presence of Joule heating, thermal radiation
and viscous dissipation effects. Cylindrical coordinates are chosen in such a way that z—axis is along
the axis of stretching cylinder and r—axis normal to it. Under the boundary layer approximations (i.e.,

u=0(9),r=0(5), w=0(1) and z = O (1)) the laws of conservation of mass and momentum give

ou uw Ow

aw waﬂ Wcm+y<82w 1810) Oi{ |:w 8211) +3827w+§87w87w
or 0z “dz or2 ror p |rordz  ror2  ror 0z
(Lowdw owDw | Ow | 0udtw
r Or Or Or Ordz or20z Or or?
uag’w+382w8w+%8w} 045[281;811) 2 Ow Ow
or3 or? 0z Or? or p

+ r or 8r+;5$

125



+2

Puvw oudu GPudw 0w o
or? or Or Or? or? 0z Or Ordz

ﬁ3 3 ow\?0*w| oB?
(2 TOY T 4 T2, ), 2
p 87’ 6 or ) or? p (We —w) (8.2)
T 0Tk (BT LT\ 10T (T 19T v (9w’
or 0z or2  ror 3k*pc, \ Or?  ror or
i [you (NP wdte | owdte 0w o
pcy | Or \ Or or or? or Ordz or ) 0z
53 ' oB3 2
ow — W2, )
r2l (30) 4 22 -, (53)
The subjected conditions can be mentioned as follows:
w(r,z):Ww(z):VVlOZ, u(r,z) =0, T(T,Z):Too-f-b(?), at r =R,
Weaoz
w(r,z) — We(2) = , T(r,z) — T, at r— oc. (8.4)

l

In the above expressions u and w denote the velocity components in the r and z directions respectively,
(o, a3 and f3) the fluid parameters, v the kinematic viscosity, p the density of fluid, Wy and Wy, are
the reference velocities, [ the characteristic length, 7" and T, are the temperatures of the fluid and
surrounding respectively, k the thermal conductivity of fluid, ¢ is the electrical conductivity, By is the
strength of an applied magnetic field, o* is the Stefan-Boltzmann constant, k* is the mean absorption
coefficient, b is the dimensional constants, ¢, is the specific heat at constant pressure, g, is the radiative

heat flux, W, is stretching velocity and W, is the free stream velocity. Using

W()z

Wo (72— R? B , T T
Vl( - >,w<r,z>— 22 ). =By 0= T )

n=\ -
incompressibility condition is identically satisfied and the Eqgs. (8.2)-(8.4) can be written as follows:

(1+ 27n) Jn A2+ 2y ! — f/2 T {<1 +2yn) {2flf”, . ff(iv) + 3f//2} N (Gflf” _ 2ff///)]
Faz [2(L4+29m) £+ (21'f" +2£ )] +8Re |6 (1+29m)” £ 1" + 8y (1 + 29m) ]
+Ha*sin® (A— f') =0, (8.6)

(1 + ng> (14 2yn) 0" + 2y (1 + ng) 0 +PrEc (1+2yn) f?+Pr(f 60— f0)
+ar PrEc[29f " + (1+2yn) f/f" = (L+2yn) £ /"] +

BPrEcRe (1 + 2yn) f™ + Ha?sin?¢ Pr Ec (f' — A)* =0, (8.7)

f0)=0, f(0)=1, f'(00)—=A, 6(0)=1, 6(c0)—0, (8.8)
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where 7 is the curvature parameter, Re is the Reynolds number, Ha is the magnetic parameter, (a1, a9, ()
are the fluid parameters, A is the ratio of velocities, Ry is the radiation parameter, Pr is the Prandtl

number and Ec is the Eckert number. These parameters are defined as follows:

1/2 2 * *
vl Wz oB§l aiWy asWy
= [ —— Re = —=2. Hg? = -0 - 170 )
Y <WOR2) ) € y a pWO y 01 ZM y A2 l,u )
By W W 40*T3 ficy W2 (z/1)?
= A= — Ry= Pr=—  Fc=—r-——F—. 8.9
P 2y Wo' T Tk kYT o) (Tw— Tae) (8.9)
The local skin friction coefficient is defined by
T Trz|, —
C _ rz _ Trzly = R’
d pUZ pUz
Rel/2C; = [f"(0)+ 3a1f" (0) + 28 Re f"(0)] . (8.10)
The Nusselt number is
( 4 160°T, ) T
Zqw 3k1 % |, - r
Nu, = = — T ,
: k(Ty — Too) k(Tw — Two)
4
Re; /2 Nu, = — <1 + 3Rd> 6'(0), (8.11)
in which Re, = % is the local Reynolds number.
8.2 Homotopic solutions
The velocity and temperature in the set of base functions
{nk exp (—nn)‘ k>0, n> 0} , (8.12)
are
o0 oo
n=ago+> > ap.n"exp(—nn), (8.13)
n=0 k=0
Z Z bm 2 exp (—nn), (8.14)
n=0 k=0
where aF, m,n and bk » are the coefficients. The initial guesses and linear operators for the dimensionless

momentum and energy equations are (fo, o) and (L, Lg). The chosen initial guesses and linear operators

are given by

fon) =An+ (1 - A) (1 —exp(-n)), (8.15)
0o(n) = exp (—n), (8.16)
Bf df 26

Ly(f) = i Lo (0) = ar 0, (8.17)
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with
Ly [C34+ C3sexp (n) + Czsexp (—n)] =0, (8.18)

Lo [037 exp (77) + (33 exp (—77)] =0, (8.19)
where C;(i = 34 — 38) depict the arbitrary constants.

8.2.1 Zeroth-order deformation problems

The zeroth order problems are

(1= a)L4[F(n.a) = fo(m)] = ahpN [ f(n.0)] (8.20)

" o Of' () 0f'(n;9) _
f(777Q)‘n:0_07 877 nzo_ ’ 877 nOO_Av (821)
(1= q)Lol001,0) = 00(m)] = ahoNy [ £(1,0). 0(n. )| (8:22)
9(77;(1)(77:0 =1 0 q)‘nzoo =0, (8.23)

with non-linear operators Ny [f(?], q)] and Ny [f(n, q),0(n, q)} defined by

3 97 A 2 -
Ny [fa)] = (+277)8J;( D, 4240 af<n,q>_<af<n,q>> +f(n’q)a§;,q)

on? on
{ (14 2vn)

4 £ 2 F 2

( ) fn, ~ fn,9)2 J(;(WZ’Q) +3<8 J(;;@”) )

) A & f (n;

4 ( f(n) J; %) —2f(n,9) gg;;”)}

,0f9) Pf(n.9) | 5 O f(n:0)
{ (14277 ) ( o o +2f(n,9) an? )}

R N 3
0? o3 . 92
+8Re 6(1+27,7)2< 2(77772,61)) J;E;,Q) +87(1+2777)< J;E;g@) ]
2 ;2 af(%Q)
s w{A‘an} (8.24)
. « 920(n: 90(n:
No f(n;q),H(n;q)} = <1+§Rd> (1+2yn) 8(77’72"1)”7 <1+§Rd> gz;q)
9 7 2 s A ) .
+PrEc(1+2ym) (a "25;72 q)> +Pr (afgz], q)9(77;q) —f(n.q) aeg;, Q)>
o 2 R . 9
s 0? of(n: 92
+a;1 PrEe 27f(7]7q)< J(;;Z,q)) -1+ 2m) ng;Q)( J(;E?Z,q)>
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0*f(n,q) & f(n;q)

A 2 Flo. 4
—(1+2yn) f(n,q) + BPr EcRe (1 + 27yn) (W)

On? on?
. 2
+Ha?sin? ¢ Pr Ec afg;’ %) —A| (8.25)

in which ¢ € [0, 1] indicates the embedding parameter and f¢ and hg the nonzero auxiliary parameters.

8.2.2 mth-order deformation problems

The mth-order deformation problems are

Lt [fn (1) = XonSrn—1 ()] = Iy RE, (n) (8.26)
; (";Q))n 0 aféma(g;q) - 0. 8f7’na(:]7;q) o _o, (8.27)
Lo [0m (1) = XpnOm—1 ()] = heRY, (n) , (8.28)
O (n; q)(?7 =0 O (n; q)‘n _.=0 (8.29)

m—1
REL(m) = (L+2ym) f )+ A2 (1= x0) + 2vfm 0+ Y (Fn1—ifh — Fr1 wfh)
k=0

m—1

+ Qg [ (1+2yn) <2fr,nflfk s fmflfkfkw) +3 o1k l,c/) + 7 (61wt — 2fm—1- kfm)]
=0
m—1

+a2z (L +2vn) frnaop i+ CFa—ifi + 2fm-1-1 i)

m—1

k
+5RGZZ[ (L4290 s S+ 8y (L+29m) £l 1y, —lfl”]
k=0 =0

+Ha?sin® 9 [A(1 = Xpm) — fro] s (8.30)
4 4 m—1
RO () = <1+3Rd> (1+2yn) 0" | +2v (1+3Rd> 0,1 +PrEc(L+2yn) Y i1 1f
k=0
m—1 m—
+Pr Y (fr1 0k — fmno1-48}) + o1 Pr Ec Z 1k Z !
k=0 k=0 =0

m—1 -1 i
(L+29m) > foo1e kZ - +2W -1k D Ji- W]
P — k=0 =0
+5PrEcRe(1+2’Y77)Z -1- kZ ZZ
S=

k=0
m—1

+Ha?sin? 4 Pr Ec Z I fh = 2Af = A% (1 - Xm)] . (8.31)
k=0
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Setting ¢ = 0 and ¢ = 1, one has

f;0) = fo(m),  f(m1) = f(n), (8.32)

0(n;0) =0o(n),  O(n;1) = 0(n). (8.33)

When ¢ varies from 0 to 1, f(n;¢) and 6(n; q) deforms from the initial solutions fo(n) and 6g(n) to the

final solutions f(n) and 6(n) respectively. Taylor’s series leads to the following relations

F) = o+ 3 fa™, ) = T (8.34)
m=1 ) q=0

00 0) = 0o(n) + S On)a™, On) = TP (5.35)
m=1 ) q=0

The auxiliary parameters are properly chosen such that the series solutions (8.35) and (8.36) converge at

q = 1. Therefore

Fo) = fon) + > fm(n), (8.36)
m=1

0(n) = 6o(n) + > _ Om(n). (8.37)
m=1

Denoting the special solutions by (f,,6;,) one can express the general solutions ( fn,, 8, ) of Egs. (8.26)-

(8.29) as follows:

fm(n) = frn(n) + C34 + Cs5 exp (n) + C36 exp (—1n), (8.38)
Om(n) = 6,(n) + Cs7exp (n) + Csgexp (—n) , (8.39)

in which the constants C;(i = 34 — 38) in veiw of the conditions (8.27) and (8.29) are

ofs , .
C35 =0=C37, C36= fan(ﬁ) , O34 =—C36 — fr(0), C3g=—0;,(0). (8.40)

n=20
8.3 Convergence of the homotopy solutions

To get the series solutions through homotopy analysis method, it is important to check the convergence
of the desired solutions. Such solutions involve the auxiliary parameters iy and fy. These parameters
are useful in adjusting and controlling the convergence region. Therefore iy and fig—curves are plotted
for 16" order of approximation in Fig. 8.1 for the suitable ranges of the auxiliary parameters. Here the

suitable values for iy and fiy are —1.3 < hy < —0.4 and —0.9 < hy < —0.2.

8.4 Results and discussion

This section illustrates the impact of physical parameters. The results are displayed graphically in the

Figs. 8.2-8.19. The conclusions for flow field and other physical quantities of interest are drawn. The
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numerical values of the skin friction coefficient and local Nusselt number are presented in the Tables 8.2
and 8.3 for various values of oy, as, 8, M, Re, Ry, Pr and Fc. Fig. 8.2 displays the effect of magnetic
parameter Ha on velocity profile f’ (1) by keeping other physical parameters fixed. It is of interest to
note that the velocity profile decreases with an increase in magnetic parameter Ha whereas the boundary
layer thickness reduces. Clearly by increasing magnetic force, the Lorentz force increases which causes
resistance in the fluid flow and consequently the velocity profile decreases. Fig. 8.3 shows the effect of
third grade parameter 5 on the velocity profile f’(n). Here it is examined that the velocity increases
near the wall for larger values of § whereas it becomes vanishes away from the wall. Figs. 8.4 and 8.5
illustrate the behavior of second grade parameters «; and «s on the velocity profile f’(n) respectively.
It is observed that the velocity profile f’(n) is an increasing function of «y. The velocity profile also
increases when «y is increased (see Fig. 8.5). In fact the second grade parameter are directly proportional
to the viscosity and by increasing the second grade parameter the viscosity of the fluid decreases and as
a result the velocity profile is increased. The behavior of Reynolds number Re on velocity profile f(n)
is shown in Fig. 8.6. It is observed that the velocity profile f’(n) decreases with an increase in Reynold
number Re. Physically the Reynolds number is defined as the ratio of inertial forces to viscous forces and
for larger values of Reynold number the inertial forces are dominant when compared with the viscous
forces. Consequently the velocity profile increases. Fig. 8.7 is sketched for the influence of angle of
inclination v on the velocity profile f’ (). The velocity profile and thermal boundary layer decrease for
larger values of ¥. In fact due to the larger values of angle of inclination the Lorentz forces are dominant
and therefore the velocity profile decreases. Influence of curvature parameter v is shown in Fig. 8.8. It
is revealed that velocity and boundary layer thickness increase when curvature parameter v increases. In
fact with the increase of curvature parameter, the radius of curvature decreases which reduces the contact
area of the cylinder with the fluid. Therefore resistance offered by the surface decreases and velocity of
the fluid increases. The behavior of A on velocity profile f’(n) is shown in Fig. 8.9. It is analyzed that
velocity profile f’(n) increases for both the cases A > 1 and A < 1. However the boundary layers in
these two cases have opposite behavior. It is noticed that there is no boundary layer for A = 1.

Fig. 8.10 is sketched for the behavior of angle of inclination i on temperature field 6 (). It is clear
from the Fig. that temperature profile increases with an increase in angle of inclination . Because
Lorentz force increases with an increase in angle of inclination which is a resistive force. Hence more heat
is produced due to the resistive forces. Therefore temperature profile 6 (1) increases. Fig. 8.11 portrays
the effects of curvature parameter v on the temperature profile 6 (n). It is depicted that temperature
profile shows mix behavior near the surface of cylinder while it increases away from the cylinder when
0.5 < n < 6 and it vanishes when n > 6. The thermal boundary layer thickness increases with an increase
in curvature parameter . Influence of ratio parameter A is analyzed in the Fig. 8.12. It is observed
that temperature and thermal boundary layer thickness decrease for larger values of A. The effects of
thermal radiation parameter Ry on temperature distribution 6 (n) is shown in Fig. 7.13. Temperature
and thermal boundary layer thickness increase when radiation parameter is increased. It is due the reason

that with the increase of thermal radiation parameter the mean absorption coefficient decreases. This
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leads to enhancement of temperature profile. Fig. 8.14 is plotted to see the variation of Prandtl number
Pr on the temperature field 6 (n). It is revealed that both the temperature and thermal boundary layer
thickness are increased for smaller values of Pr. Thermal diffusivity decreases with an increase in Prandtl
number and consequently the temperature field decreases. Fluids with high Prandtl number have low
thermal diffusivity and fluids subject to low Prandtl number have high Prandtl number. We displayed the
temperature field for various values of Eckert number Ec¢ by keeping other parameters fixed in Fig. 8.15.
Effect of Eckert number is to increase the thermal boundary layer thickness due to the frictional heating.
Fig. 8.16 gives the comparison of velocities for Newtonian, second-grade and third-grade fluids over a
cylinder in the presence of magnetohydrodynamics. It is analyzed that the velocity for third-grade fluid
is higher than the Newtonian and second-grade fluids. Further the momentum boundary layer thickness
is higher for third-grade fluid. Fig. 8.17 is sketched to see the comparison of Newtonian, second-grade
and third-grade fluids velocities by a cylinder in the absence of magnetohydrodynamics. It is analyzed
that the velocity for third-grade fluid is higher than the Newtonian and second-grade fluids. Further the
momentum boundary layer thickness is higher for third-grade fluid. Comparison between velocities of
Newtonian and third-grade fluids (with magnetohydrodynamics) over a cylinder is shown in Fig. 8.18 for
two cases (i) without stagnation point (ii) with stagnation point. It is depicted that in the presence of
magnetohydrodynamics, the velocity profile is higher for third-grade fluid for both the cases. Further it
is also noted that the velocity profile is higher for both Newtonian and third-grade fluids in the presence
of stagnation point. Fig. 8.19 is drawn for the comparison of velocities between MHD Newtonian and
third-grade fluids over a flat plat for two cases (i) without stagnation point (ii) with stagnation point.
It is noted that in the presence of MHD, the velocity profile is higher for third-grade fluid for both the
cases. On the other hand it is also examined that the velocity profile is higher for both Newtonian and
third-grade fluids with stagnation point.

The convergence of series solution is checked and shown in Table 8.1. Note that the series solutions

1th 2th

converge at 11" order of approximation up to 5 decimal places for the momentum equation and 12*"* order
of approximation is enough for the temperature. Table 8.2 shows the impact of various parameters on
skin friction coefficient. It is observed that skin friction coefficient increases with the increase of curvature
parameter -, magnetic parameter Ha, third-grade parameter 3, second-grade parameter ai, Reynolds
number Re and angle of inclination 1 while it decreases with the increase of second-grade parameter as
and ratio parameter A. Hence in order to reduce the value of skin friction coefficient which is very useful
for industrial applications, one needs to reduce the radius of cylinder and decrease magnetic parameter
Ha, third-grade parameter (3, second-grade parameter a7, Reynolds number Re and angle of inclination
v. Table 8.3 shows the behavior of various parameters on local Nusselt number. It is examined that
local Nusselt number increases for larger fluid parameter (aq, 2, ), Reynolds number Re, radiation
parameter Ry, stagnation parameter A and Prandtl number Pr while it decreases with the increase of
magnetic parameter Ha, curvature parameter ~, Eckert number FEc and angle of inclination . Therefore

higher values of fluid parameters (a1, a2, 3), Reynolds number Re, radiation parameter R4, stagnation

parameter A and Prandtl number Pr and small values of Ha, v, Ec and 9 can be used to increase the
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rate of heat transfer.

L0 A=Y=Re=0.2,Ec=Ha=0.5,f=a1=a,=0.1,=n/4,R3=0.3.Pr=2

0.5 7"

6'(0)

0.0

-0.5

-1.0

S(0) &(0)

-2.0 I

~725 o . .
-15 -1.0 -0.5 0.0
fiphg

Fig. 8.1 : h—curves of the functions f(n) and 6 (1) at 16" order of

approximation.

ay=f=y=0.2,A=0.5,0,=0.3 Re=2i=n/4

S'(n)

Fig. 8.2: Influence of Ha on f'(n).
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S'()

S

ay=y=0.2,Ha=0.1,A=0.5,0,=0.3 Re=2l=n/6

1.0

0.9

0.8

.
Vv

y- £=0,03,06,12
3,

0.7

0.6

0.5L,

Fig. 8.3: Influence of 5 on f' (7).

y=pf=Ha=0,=0.2,A=0.5Re=2.0=n/4

Fig. 8.4: Influence of a3 on f'(n).
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Ha=a=0.1,y=£=0.2,A=0.5Re=2.1/=x/4

S'0p)

Fig. 8.5: Influence of a2 on f’(n).

Ha=0.1,01=07,=0.2,=0.9,y=A=0.5 0= /4

S0

Fig. 8.6: Influence of Re on f’ (7).
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Ha=1,y=Re=0.2,07=0.6.01=5=0.1,A=0.5

S

Fig. 8.7: Influence of ¢ on f’(n).

Ha=1.5Re=0.8.a7=01=0.10=r/4,f=A=0.5

Fig. 8.8: Influence of v on f’ (7).
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HE:[].E':&] :}’:ﬂ:R&:U.E:ﬂ'l =0.1 :,49'?:."{,"4

Fig. 8.9: Influence of A on f'(n).

a1=£=0.2,Re=Pr=Ha=1,R;=y=A=0.1,02=0.3./=n/4

1.0

0.8

0.6

.l
A
N e,
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NS
"

N
N

0(n)

yr=0,77, n/d, mi2
0.4

0.2

0.0}, . . e

Fig. 8.10: Influence of ¢ on 6 (7).
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a1=p=0.2,R;=0.1,Re=Ha=1.Pr=2. A=Fc=0.1,a,=0.3./=n/4

6(n)

ATATatacargeanpeang

0 1 2 3 4 5 6
n

Fig. 8.11: Influence of v on 6 (n).

a1=p=0.2,R;=0.1,Re=Ha=Pr=1,y=FEc=0.1,07=0.3.=n/4

6(1n)

Fig. 8.12: Influence of A on 0 (7).
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a1=p=0.2,Re=Ha=Pr=1,y=A=Ec=0.1,07,=0.3¥=r/4

(1)

- r-‘lcnl
el i T T T
— e g e e s

6 8

Fig. 8.13: Influence of Ry on 6 (7).

ay=f=0.2,Re=Ha=1,R;=y=A=Ec=0.1,a,=0.3.0=x/4

0(07)

0 2 4 6 8

Fig. 8.14: Influence of Pr on 6 (7).
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a1=p=0.2,Re=Pr=Ha=1,R;=y=A=0.1,0,=0.3)=n/4

()

Fig. 8.15: Influence of Ec on 6 (n).

1.0},
For clinder with magnetohydrodynsmic effect
0.8} \\
\ Newtonian Fluid
\

206
Ny \

0.4

0.2

0 1 2 3 1 5 6
n

Fig. 8.16: Comparison of velocity profile for Newtonian, second-grade

and third-grade fluids in the presence of MHD.
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For cylinder without magnetohydrodynsmic effect

Newtonian Fluid

(

E 0.6
=
Second-grade Fluid
0.4
Third-grade Fluid
0.2
0 1 > 3 5 5 6

Fig. 8.17: Comparison of velocity profile for Newtonian, second-grade

and third-grade fluids in the absence of MHD.

1.0,

For cylinder with MHD

0.8

0.6

)

0.4

0.2

0.0}

Fig. 8.18: Comparison of velocity profiles for Newtonian and third-grade

fluids for cylinder.
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1.0} |
For flat plate with MHD
0.8
Newtonian fluid without stagnation point
y 4

—_ 0.6 Third-grade fluid with stagnation point
=
=

0.4

0.2

0.0}, ,

0 1 2 3 1 5 6

Fig. 8.19: Comparison of velocity profiles for Newtonian and third-grade
fluids for flat plate.

Table 8.1: Convergence of homotopy solutions when a; = as = 5 =0.1, Ha =0.5, vy = A = Re = 0.2,
v =mn/4, R4 =0.3, Pr =2, Fc=0.5.

Order of approximation | —f” (0) | —6'(0)
1 0.98019 | 1.0966
2 1.06910 | 1.0973
5 1.13430 | 1.0458
11 1.13740 | 1.0316
12 1.13740 | 1.0315
14 1.13740 | 1.0315
50 1.13740 | 1.0315
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/

Table 8.2: Numerical values of skin friction coefficient Reglc ch for different values of physical

parameters

ay | ag | B Ha | Re | v P A —Re;l,;/2C'f

00|01|01({05]02]02]x/4]0.2] 1.4029

0.1 1.5374

0.2 1.6550

0.1/00|01{05]02]02]|x/4]0.2] 1.6491

0.1 1.5374

0.2 1.4408
0.1/01[00[05]02]02]x/4]0.2] 1.5252
0.1 1.5374

0.2 1.5487
0.1/01|01{03]02]0.2]x/4]0.2] 1.5080
0.5 1.5374

0.7 1.5803
0.1]/01/01]051]0.0/]02|7w/4]0.2]| 1.5252
0.1 1.5314

0.2 1.5374
0.1{01]01|05[02]0.0|x/4]0.2]|1.0228
0.1 1.2676

0.2 1.5374

01701701105 |02]02]|0 0.2 | 1.4910

/4 1.5374

/2 1.5820
01]01/01[05/(02[02]|7/4]|0.0]1.6733
0.1 | 1.6200

0.2 | 1.5374
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Table 8.3: Numerical values of Nusselt number Re, 2 N u,, for different values of physical parameters

ai |ag | B | Hao| Re | Rg | v 0 A | Pr| Ec Re_;l/QNux

00(01]01[05[02][03[02|7n/4]02| 2 |05 1.3945
0.1 1.4440

0.2 1.4819

0.1/00|01|05]02]03]02]|x/4]02] 2 |05 1.3860

0.1 1.4440

0.2 1.4957

0.1{01]00[05[02]|03[02|7n/4]02| 2 |05 1.4354

0.1 1.4440

0.2 1.4516

01{01]/01[03[02[03[02]|7w/4]02| 2 |05 1.4732

0.5 1.4440

0.7 1.4018

01{01]01[05[00[|03[02]|7n/4]02| 2 |05 1.4354

0.1 1.4398

0.2 1.4440

01{01]01[05[02]|00[02|7w/4]02| 2 |05 1.2022

0.1 1.2876

0.3 1.4440

01{01]01[05[02[03[00|7n/4]02| 2 |05 1.5721

0.1 1.5112

0.2 1.4440

01)101}01]05|02}03]02 0 (02| 2 |05 1.4899

n/4 1.4440
/2 1.4002
01[01[01/05[02/03[02]|x/4][00]| 2 |[05]| 1.2297

0.1 1.3312

0.2 1.4440

0.1{01]01[05[02]|03[02]|n/4]02|10]0.5 1.0444

1.5 1.2635

2 1.4440

01{01]01[05[02][03[02]|7n/4]02| 2 |05 1.4440

0.7 1.2745

0.9 1.1050

144



8.5

Concluding remarks

MHD stagnation point flow of third-grade fluid by a stretching cylinder with thermal radiation is exam-

ined.

Impact of involved parameters is seen. The following observations hold:

Effect of third grade parameter (8 is to increase the boundary layer thickness.

Velocity and temperature profiles increase away from the cylinder when curvature parameter -y

increases.

Effect of fluid parameters and Reynolds number on boundary layer thickness is similar in a quali-

tative sense.

Velocity profile decreases while temperature profile increases for larger values of angle of inclination

.
With the increase in Pr the temperature profile and thermal boundary layer thickness decrease.

Minimum values of skin friction coefficient are achieved for small values of Re, a1, 5, Ha, 7, ¥ and

larger values of ag and A.

Rate of heat transfer is higher for larger values of oy, as, 5, Re, R4, A and Pr.
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Chapter 9

Effect of inclined magnetic field in flow
of third grade fluid with variable

thermal conductivity

The effects of inclined magnetic field and heat transfer in the flow of a third-grade fluid due to an
exponentially stretching sheet is adressed in this chapter. Formulation and analysis are given in the
presence of heat source and sink. The variable thermal conductivity is taken temperature dependent.
The governing boundary layer equations and boundary conditions are simplified through appropriate
transformations. Resulting equations are solved for the approximate solutions. Convergence of governed
problems is explicitly discussed. Influences of various dimensionless parameters on the flow and thermal
fields are discussed. Numerical values of local skin friction coefficient and the local Nusselt number are

analyzed.

9.1 Mathematical formulation

Consider the two-dimensional hydromagnetic flow of incompressible third-grade fluid by an exponentially
stretching surface. The heat transfer effects are considered when thermal conductivity varies as a linear
function of temperature. Boundary layer flow is considered in the presence of heat generation or absorp-
tion. Uniform magnetic field is applied at an angle ). There is no external electric field and induced
magnetic field is neglected under the assumption of small magnetic Reynolds number. The governing

two-dimensional flow and heat transfer equations are

ou  Ov
9ty =0 (9.1)
o P oi[ P i i o
0 U@y N V3y2 p | 0x0y?  Ox Oy Oy 0y? oy3
ab Ou 0% Bs [ Ou 202y o B2
22— _ 462 () — — 2 sin? (), 9.2
p Oyoy*> ~p \dy) Oy? P @) 6-2)
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ar or 1 0 oT
o = TR == T —Ts), .
u9x+v<9y pcp Oy [k( )ay]+Q( ) (6:3)

with the boundary conditions

x x
7 ﬂ) at y =0,

u — 0, T — Ty as y — 00, (9.4)

u = Uw(x):erxp( ),vzo,T:Tw:Too+Toexp<

where u and v are the velocity components in the x— and y— directions respectively, aj, o5 and (33
are the fluid parameters, p is the fluid density, o is the electric charge density, K (T) is the temperature
dependent thermal conductivity, ¢, is the specific heat, T" and T\, are the fluid and ambient temperatures
respectively and Ty, is the surface temperature.

The temperature dependent thermal conductivity K (T) can be expressed as follows:

K(T) = Ko <1+6TATT°°> , (9.5)

where € is the small parameter, K, is the thermal conductivity of the fluid far away from the surface

and AT =T, — Tso. We define the following dimensionless transformations

1= D e ()0 v = VS e ().

u(z,y) = Upexp (%) ), v(zy) =- VTUlOeXp (%) Lf () +nf ()],
T T,
0 = T (9.6)

Here 1 is the stream function, f is the dimensionless stream function and 6 is the dimensionless tem-
perature. Using the above transformations, Eq. (8.1) is identically satisfied while Egs. (9.2)-(9.4) are

reduced to

f/”—2(f/)2+ff”+041 {3f/f///_ff(iv) _277f”f”/_9(f”)2}

—ay {3 (f//)2 4 T]fl/f///} 438 (f//)2 " _9Ha?sin2 ' = 0, (9.7)
f1(0)=1, £(0)=0, f'(c0) =0, (9.8)

(1+€0)0" +¢(6')° +Pr(f 0 — f6) +2Prabd =0, (9.9)
0(0) =1, 0(x) =0, (9.10)

where aq, as and § are the fluid parameters, Pr the Prandtl number, € small parameter and « the mixed
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convection parameter. These quantities are defined as follows:

_ Uoafexp ()  Upazexp(§) , _ UgBgexp (%)
ap = ——————, Q= B = 3 ;
vpl vpl v2pl
B2l l
Pr = m, Ha? = 220 , o= o . (9.11)
K pUy pcpUy
The expressions of skin friction coefficient C'y and local Nusselt number Nu, are
T TQu
Cr=—2_  Ny,=—""2__ 9.12
f P (CLL')2 €z K (T . Too) ( )

in which the wall skin friction (7,,) and the wall heat flux (g,) are

Tay = | Ho dy p \ Oz dy v8y2 “axay p \ Oy
y

After simplification, we have

oT
y qw=—K <> . (9.13)
-0 % y=0

(Re.) 20y = V2| 1"+ an (G 1'f

//_1
2

—1/2 X,
N (Rez) /Nuxz—\/ZG 0),  (9.14)

n=

ff///) + Bf,/3:|

where X = 7 and Re, = Un o

14

9.2 Homotopic solutions

The initial guesses fo () and 6y (n) and the auxiliary linear operators Ly and Ly are chosen in the

following forms

fom)=1—exp(-n), 0o(n)=exp(-n), (9.15)
Lrm=55 -2 pm= - (9.16)
with
L [C39 + Cypexp (1) + Carexp (—n)] =0, (9.17)
Lo [Caz exp (n) + Cas exp ()] = 0. (9.18)

where C; (i = 39 — 43) are the constants to be determined from the boundary conditions.

9.2.1 Zeroth-order deformation problem

The zeroth-order deformation problems are

(1-q)Ly [f (n,q) — fo (n)} = qhyNy [f (n, q)] : (9.19)
;s B af (n,q) of (n.q) N
f(0,9) =0, o - =1, v . =0, (9.20)



(1-q)Lg [9 (n,q) — 6o (77)] = qhoN [9 (n,q)-f (n, Q)] : (9.21)

9(%(1)‘ =1, ?)(mq)\ =0. (9.22)

n=0 n—00
In the above expression ¢ € [0,1] denotes an embedding parameter and hy # 0 and hg # 0 are the

auxiliary parameters. The non-linear operators Ny and Ny are given by
. N\ 2 . A o n . A o A\ 2
Bf af 0% f 8f83f orf 82f83f 0% f
- 2L 9L e L fo s _op Tt 9| 2

o2 f 0> f 0°f 2f\ 8 f of
—an [3 (87]2> + 877283] + 5( o2 ) F—QHCL sin wa—n, (9.23)

29 P\’ b )
Nol0(n,q), f(n,q)]= (1+60)22 <g77> +Pr ( 277_(;77; >+2Pra9. (9.24)

When ¢ =0 and ¢ = 1, then

F(n.0)=fo(m), 6(n,0)=00(n) and f(n,1)=f(n), 0(n,1)=0(n). (9.25)

In view of Taylor series, one can express f (n,q) and 0 (1, q) in the following forms:

R _ - m R _ 1 8mf (777(])
f(,q) = fo(n) +m§1 f (@™ fn () = 20— 0= . (9.26)
0 (n,q) = 0o (n) + E O O (n) = ﬂi,mgq(Z’Q) . (9.27)
! -

where the convergence depends upon Ay and hg. The convergence of the series (9.26) and (9.27) is strictly
based upon Ay and hg. The values of iy and hg are chosen in such a way that the series (9.26) and (9.27)

are convergent at ¢ = 1 and hence

Fmy=rfom)+ > fm(n), (9.28)
m=1

0 (n)=00(n)+ > Om(n). (9-29)
m=1

9.2.2 mth-order deformation problems

The mth-order deformation problems are

Ly [fn (1) = X1 (m)] = BgRE, (), (9.30)
fm (0’ ) _ 0, 8fma(777 Q) _ 07 afm@(”v‘]) — 0’ (9.31)
A N
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Ly [Hm (1) = XmOm—-1 (n)| = heRY, (n) , (9.32)

On(0.0)] _ =7 On 0 Dlymo =0, In(ma)| =0 (9:33)
m—1
Rl (m) = fn _2me kit me 1-kf +aa {3f7/)1—1—kf111/1/_fm71 kf(w)
k=0
m— 1
=20 fon1n S = o1 fi] + o IR Y Y
k=0
+3ﬂReZ L kZ T —2Ha?sin? (¢) f1,_, (9.34)
k=0
m—1 m—1
RO (n) = 0" 1+629m 1 k0f € O 1 w0k +Pr Y (fme1—k0h — fro1 10k) +2Pra Oy,
k=0 k=0
(9.35)

The general solutions (f,,0,,) of the mth order Egs. (30)-(33) in terms of special solutions (f,:,05,) are

myrm

fm (n) = fr, 4+ C39 + Cagexp () + Cur exp (—7) , (9.36)

Om (1) = 0y, + Cazexp (n) + Cyz exp (—1), (9.37)

where arbitrary constants are determined through the boundary conditions (8.30) and (8.32) in the values

given below:

Cy = Cgpu=0, Cyo = 2 ) Cs9 = —Cyo — f:;z (0) )

Cis = —0%(0).

9.3 Convergence of the homotopy solutions

In homotopy analysis method, the convergence region is essential to determine the meaningful series
solutions of the governing problems. The auxiliary parameters iy and fy are used to control the con-
vergence region of series solutions (9.28) and (9.29). Therefore the A-curves are plotted at 18" order
of approximations in Fig. 9.1. From Fig. 9.1 we observed that the suitable ranges of iy and fy are
—14<hy <—-0.5and —1.5 < hy < —0.2.

9.4 Results and discussion

The theme of this section is to analyze the effect of various physical parameters on the velocity and
temperature profiles. Variation of magnetic parameter Ha on the velocity profile is displayed in Fig. 9.2
by keeping other parameters fixed. It is found that velocity profile decreases via larger Ha. Physically
by increasing magnetic field the Lorentz force increases. More resistance is offered to the motion of fluid

and thus the velocity of the fluid is reduced. Fig. 9.3 illustrates the effect of third-grade parameter (5
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on the velocity profile f’(n). It is analyzed that the velocity profile increases near the wall for larger
values of # and it vanishes away from the wall. Moreover the momentum boundary layer thickness is
also increasing function of 8. In fact 3 is inversly proportional to the viscosity. For larger values of 5,
the viscosity of the fluid decreases and hence the velocity profile increases. Fig. 9.4 is drawn to see the
effect of fluid parameter ay on the velocity profile f’(n). The velocity profile decreases near the wall
and it shows mixing behavior away from the wall when 1 > 3. Momentum boundary layer thickness is
also decreased. Similar behavior is observed in Fig. 9.5 for the fluid parameter as (see Fig. 9.4). Fig.
9.6 is plotted to see the behavior of angle of inclination 1 on velocity profile f’(n). It is clearly seen
that velocity profile decreases by increasing values of angle of inclination . It is due to the fact that
with an increase in angle of inclination, the effect of magnetic field on fluid particles increases which
enhances the Lorentz force. Consequently the velocity profile decreases. It is also noted that for ¢ = 0
the magnetic field has no effect on the velocity profile while maximum resistance is offered for the fluid
particles when 1) = w/2. Behavior of magnetic parameter Ha on temperature profile 0 (n) is sketched
in Fig. 9.7 for both heat generation and absorption cases. It is analyzed that temperature profile is
increased by increasing magnetic parameter Ha for both cases i.e. heat generation and heat absorption.
Larger values of magnetic parameter corresponds to an increase in Lorentz force. Hence temperature
profile increases. It is also observed that the thermal boundary layer thickness is increasing function of
magnetic parameter. Analysis of third-grade parameter 8 on temperature profile 6 (n) is displayed in
Fig. 9.8 for heat generation and absorption cases. It is observed that temperature profile is decreased
for larger values of third-grade parameter § in both heat generation and absorption. Because viscosity
of the fluid decreases for larger values of 3, resistance offered to fluid particles decreases and less heat
is produced. Consequently the temperature profile decreases. Fig. 9.9 is presented for the behavior of
fluid parameter a; for heat generation and absorption on temperature profile 6 (n). It is found that for
both cases the temperature profile increases near the surface of the wall and it increases rapidly away
from the surface. Fig. 9.10 is plotted for the influence of as on temperature profile 6 (n) when o = 0.4
and o = —0.4. It is analyzed that temperature and thermal boundary layer thickness increase for higher
values of fluid parameter ay for heat source and sink. Fig. 9.11 shows the variation of angle of inclination
1 on temperature profile for both heat generation and absorption. It is noted that temperature profile is
higher for larger values of angle v for both heat generation and absorption. In fact higher values of angle v
corresponds to larger magnetic field which opposes the fluid motion. Hence temperature profile increases.
Fig. 9.12 presents the influence of small parameter € on the temperature profile in heat generation and
absorption cases. Increasing the value of small parameter € produces higher temperatures for both cases.
There is also an increase in the thermal boundary layer thickness when small parameter € increases.
Fig. 9.13 is plotted to see the effects of Prandtl number Pr on the fluid temperature 6 (n) for both
cases of heat generation and absorption. It is observed that the fluid temperature 6 (1) decays through
Prandtl number Pr. Further the thermal boundary layer thickness decreases. In fact the Prandtl number
is the ratio of momentum diffusivity to thermal diffusivity and the thermal diffusivity becomes smaller

(for larger Prandtl number) which reduces the temperature and associated boundary layer thickness.
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Fig. 9.14 shows the behavior of heat generation/absorption parameter o on temperature distribution.
It is noted that temperature distribution is higher for larger values of heat generation parameter while
it decreases with an increase in heat absorption parameter. In fact more heat is produced during the
heat generation process which is responsible in the enhancement of temperature distribution. Fig. 9.15
displays the behavior of skin friction coefficient corresponding to Newtonian and non-Newtonian fluids
and Hartman number M. It is analyzed that skin friciton coefficient for Newtonian fluid is less than
second and third grade fluids. It is also noted that skin friction coeflicient increases for higher values of
Hartman number in the case of Newtonian and non-Newtonian fluids. Figs. 9.16 and 9.17 show impact of
Newtonian and non-Newtonian fluids and e for the case of heat generation/absorption. Nusselt number
is higher for the third grade fluid when compared with Newtonian and second grade fluids in both cases
of heat generation and heat absorption. Further Nusselt number shows decreasing behavior for higher e.

Table 9.1 shows the convergence of series solutions numerically. It is noted that 7" order of approx-
imation is enough for velocity and 12" order of approximation is sufficient for the temperature. Table
9.2 depicts the numerical values of skin friction coefficient for various values of oy, ag, 5, Ha and 1. It is
analyzed that the surface drag force increases for larger values of a1, s, 8, M and 1. Table 9.3 displays
the numerical values of local Nusselt number for different values of oy, a9, 8, Ha, Pr, ) and € in the case
of heat absorption when o« = —0.1. It is seen that local Nusselt number decreases with the increase of
a1, ao, Ha, and 9 while it increases when 3, Pr and € are increased. Table 9.4 is constructed to see the
numerical values of local Nusselt number for different values of a1, ao, 8, Ha, Pr, 1 and ¢ in the case of
heat generation when o = 0.1. It is noted that rate of heat transfer increases for larger S and Pr while
it decreases when a1, as, Ha, €, and ¢ are increased. Table 9.5 shows the comparison of local Nusselt
number with the previous results. It is concluded that present results are in good agreement with the

previous results.
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Fig. 9.1: h-curve for the functions f (1) and 6 (7).
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Fig. 9.5: Variation of velocity component f’(n) for second-grade

parameter aa.

1.0}

0 . 8 Ha=1, ﬁ_—{‘l’lzﬂ.l, a'g=I].2

0.6

S

0.4

0.2

0.0f,

Fig. 9.6: Variation of velocity component f’(n) for inclination parameter

.

155



1.0}y

Magnetic field with heat source and sink

0.8
a=04
Ha=01,2,38,5
0.6
=
oy
> 04 B=a1=0.1, @s=¢ =0.2, Pr= 1.5, y=n/4

=04
0.2} gaz01,2,38,5

0.0

Fig. 9.7: Variation of temperature 0 () for magnetic parameter Ha.
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Fig. 9.9: Variation of temperature 0 (n) for second-grade parameter «;.
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Fig. 9.10: Variation of temperature 6 (n) for second-grade parameter .
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Table 9.1: Convergence of HAM solutions for different order of approximation when «; = 0.01,

ag =0.02, 5=0.04, Re=0.1, Ho =0.7, A=0.2,y= 0.2, Ec = 0.5 and Pr = 2.

Order of approximation | —f” (0) | —6'(0)
1 1.419 | 0.1371
2 1.534 | 0.1245
) 1.613 | 0.1099
7 1.616 | 0.1072
12 1.616 | 0.1057
18 1.616 | 0.1057
26 1.616 | 0.1057
30 1.616 | 0.1057

Table 9.2: Numerical values of local Nusselt number Re, 12 N u, for different values of physical

parameters.

a1 | as | B | Ha| % —Reg{c/2 C,

0.1{02]01|02|x/4 3.1690

0.2 4.1530
0.3 5.1460
0.4 6.1350

0.1 {01]01|02|w/4 2.9610

0.2 3.1690

0.3 3.3960

0.4 3.6410
0.1{02]01|02|x/4 3.1690
0.2 3.1780

0.3 3.1910

0.4 3.2040

0.1{02]01|02|x/4 3.1690

0.3 3.2220
0.4 3.2950
0.5 3.3880

0.1102|01] 0.2 0 3.1250

7/4 | 3.1690
7/3 | 3.1910
/2| 3.2120
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Table 9.3: Numerical values of local Nusselt number Re, 2 N u, for different values of physical

parameters for heat sink when a@ = —0.1.

ay | as | B | Re| Ha | Pr| o € Regl/zNux

0.1[02]01(01]02]|15|x/4|0.2 0.8404

0.2 0.8378
0.3 0.8366
0.4 0.8362

0.1(01]01[01]02]|15|x/4]|0.2 0.8457

0.2 0.8404

0.3 0.8350

0.4 0.8296

0.1{02]01(01]02]|15|x/4]|0.2 0.8404

0.2 0.8471

0.3 0.8524

0.4 0.8569
0.1/02]01(01]02]|15|x/4]|0.2 0.8404
0.3 0.8377

0.4 0.8339
0.1/02]01(01]05]|11|x/4]|0.2 0.6877
1.2 0.7251

1.3 0.7611

14 0.7958

01)102}01]01(02]15] 0 |0.2 0.8426

w/4 0.8404
/3 0.8392
/2 0.8381

0.1/02|01|01]|02]15]|x/4]0.2 0.8404

0.3 0.7944

0.4 0.7543
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Table 9.4: Numerical values of local Nusselt number Re, 2 N u, for different values of physical

parameters for heat source when a = 0.1.

a |as | B | Re| Ha| Pr| o € X Regl/zNum

01{02]01(02]01|15|x/4|02] 1 0.6399

0.2 0.6379

0.3 0.6359

01/01|01(02]01]15|x/4]02] 1 0.6484

0.2 0.6399

0.3 0.6308

0102010201 ]15|x/4]02] 1 0.6399

0.2 0.6499

0.3 0.6581

01/02|01(02]01]15|x/4]02] 1 0.6399

0.2 0.6363

0.3 0.6303

01/02|01(01]05 |11 |x/4]02] 1 0.5019

1.2 0.5340

1.3 0.5739

01]02]01/01|02]|15] 0 [02] 1 0.6412
/4 0.6360
/2 0.6313

01/02|01(01]02]15|x/4]02] 1 0.6361

0.3 0.5977

0.4 0.5642

01/02|01|01|02]|15|x/4]|02]0.7 0.5321

0.8 0.5688

1.0 0.6361

9.5 Concluding remarks

Effect of inclined magnetic field on flow of variable thermal conductivity in third-grade fluid is investi-

gated. Main observations are listed below.
e Effects of a1, ap and v on the fluid temperature are quite similar.

e The velocity field f’(n) decreases by increasing magnetic parameter while temperature profile 6 (n)

enhances for both heat generation/absorption.

e Table 1 ensures that the convergence of the functions f (1) and 6 () are obtained at only 7" and

12" order of approximations respectively.
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Effects of Ha and v on the velocity field are qualitatively similar.
Effect of fluid parameter and angle of inclination are quite opposite.

An increase in Pr corresponds to decrease in the temperature profile for both heat generation and

absorption.

Effects of fluid parameter S on the temperature field are quite similar for heat generation and

absorption.

Numerical values of local Nusselt number decays for both heat generation and absorption cases for

larger a1, as and Ha.

Skin-friction coefficient increases for larger values of oy, s, 8, Ha and 1.
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Chapter 10

Newtonian heating effects in an

axisymmetric stagnation point flow of
third grade fluid subject to Soret and

Dufour effects

This chapter focuses on the mathematical modeling and analysis of magnetohydrodynamic (MHD) mixed
convection stagnation point flow by radially stretching surface. Problem formulation involves the consti-
tutive equations of an incompressible third-grade fluid. In addition heat transfer analysis is examined in
presence of Joule heating and Soret and Dufour effects. Adequate transformations lead to the nonlinear
ordinary differential systems. Homotopic approach is employed for the convergent series solutions of
the resulting problems. Interval of convergence is explicitly determined. The velocity, temperature and
concentration are analyzed with respect to different parameters of interest. The skin friction coefficient,

Nusselt and Sherwood numbers are numerically examined.

10.1 Mathematical formulation

We examine the magnetohydrodynamic (MHD) mixed convection boundary layer stagnation point flow of
an incompressible third-grade fluid towads a radially stretching surface. Simultaneous effects of heat and
mass transfer are considered. Constant magnetic field is applied along the z—axis. There is no external
electric field. Induced magnetic field is neglected under the assumption of small magnetic Reynolds
number. Hall effects are also assumed negligible. Joule heating, Soret and Dufour effects are present.
The velocity component in the flow near stagnation point is given by U.(r) = ar and velocity of stretching
sheet is Uy, (r) = cr (where a and ¢ are the positive constants). Under the aforementioned assumptions,

the governing boundary layer flow equations are given by:

ou u Ow
D T 10.1
8r+r+02 0, (10.1)
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(10.4)

where u and w are the velocity components along the radial and axial directions respectively, v is the
fluid kinematic viscosity, p is the fluid density, o is the electrical conductivity of fluid, 8, is the thermal
expansion coefficient, (3, is the concentration expansion coefficient, K is the thermal conductivity, 1o, is
the ambient temperature, Cy, is the ambient concentration, By is the strength of magnetic field, D is the
mass diffusivity, g is the gravitational acceleration and ¢, is the specific heat.

The relevent conditions for the present flow consideration are

u(r,0) = Uy(r) = er, w(r,0) =0, (‘31’57;0) = —hT(r,0), C(r,0) = Cy,
u—Ue(r)=ar, T — T, C — Cx as z — o0, (10.5)

where hg is heat transfer parameter and c is stretching rate. Setting

C?“f’(,r/)’ w(’r,z) = _2\/5]0(,'7), 9 — T— Ty

C - Cx c
9 = m, n = \/:Z, (106)

the incompressibility condition is automatically satiesfied while the other equations and conditions yield

u(r, z)

P2 = () e [2(01)7 = 2059 ez [3(57)° - 201

+68Re (f")° f" + Ha® [A— f'] +A2+Gs 0+ Ge ¢ =0, (10.7)
0" +2Pr f 0' + Ha? Pr Ecf” + Pr Du ¢" = 0, (10.8)
¢" +2Sc f¢' + Sc Sr 0" =0, (10.9)

() = A 0(o0) = 0, ¢ (00) = 0. (10.10)
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Here prime denotes differentiation with respect to 7, o1 and ag are the dimensionless normal stress

moduli, § is the dimensionless third grade fluid parameter, Ha is the Hartman number, Re is the

Reynolds number, A is the ratio of free stream to the stretching velocities, G's is the thermal Grashof

number, Gc is the solutal Grashof number, Pr is the Prandtl number, Ec is the Eckert number, Du is the

Dufour number, S is the Soret number, Sc is the Schmidt number and v, is the conjugate parameter

for Newtonian heating. The definitions of these parameters are

* * 2 2
0 — alc’ g — 04267 _ Bsc Ha? = O'BO’

pv pv pv pc

2 T. Cyp — C.

Re = =2 go=9rTx g 95:(Cu—Co)

v c c?r c’r
Pr — @7 e — c2r? Du= D, Kr (Cw - Coo)’

K cpToo vesepTng

Dy K71 v

14
Sr = ]/Tm (Cw_COO), SC—Drn'}’l—hs\/;.

The skin friction coefficient (Cy), local Nusselt number and local Sherwood numbers are defined by

Trz Tqw rjw
Cr= , Nup = —————~, Sh= —F—F+—,
T 1) (er)? K (T — Two) K (C = Cx)
with
[0 (g ouon) | Couon owon) (o)
Tre = |l T W2 or 0z 2\ “or b2 0z 0z 0z ’

oT
o = K <8z>z=07

. oC
jw B _K <az> 2=0 .

In dimensionless form, we obtain

(Rer)71/2 Cy =

(Re,) /2 Sh = —¢/ (0),

in which Rey/? = \/7?¢c/v denotes the local Reynolds number.

166

F7(0) + 3arf" (0) — 2a2 f" (0) + 28 (" (0))",

3

(10.11)

(10.12)
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10.2 Homotopic solutions

To obtain homotopy solutions, we express the velocity, temperature and concentration distributions by

a set of base functions

{nk exp (—nn) |k > 0,n > 0} , (10.19)
in the forms
=Dy exp (—nm), (10.20)
n=0 k=0

Zme ¥ exp (—nn) | (10.21)

o0 [e.0]
Sm(m) =D kP exp(—nn), (10.22)
n=0 k=0
where a’ﬁmn, bfmn and cf, n are the coefficients to be determined. We have chosen the following initial

guesses fo (1), 0o (1) and ¢q (n) and the auxiliary linear operators Ly, Lg and L4 by the rule of solution

expression and the boundary conditions (10.14):

fom) = An+(1—-A)(1—exp(-n)),
71 exp (—n)

Oo(n) = T4, 0T #1,
¢o(n) = exp(-n), (10.23)
B d3f daf B d*0 B d%¢
Lilr =G5 -5 Lolb)=G5 -0 Lolot)= 55 0. (10.24)
The above linear operators have the following properties:
ﬁf [044 + Cy5 exp (77) + Cyg exp (—77)] =0, (10.25)
Ly [Cazexp (n) + Cygexp (—n)] =0, (10.26)
Ly [Cag exp (n) + Cs exp (—n)] = 0. (10.27)
where C; (i = 44 — 50) are the arbitrary constants.
10.2.1 Zeroth-order deformation problems
The related zeroth-order deformation problems can be written as follows:
(=) L1 [f n.0) = fo ()] = ahg Ny [£ (m.0)] (10.28)
(1=q) Lo [0 (n.9) ~ 00 ()| = ahaNi |0 (n.9), f (1,0) . & (n. )] (10.29)
(1= ) L4 [ (n,9) = 60 ()] = ahoNy [6(n.0) . f ()0 (n, )], (10.30)
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f(n’Q)‘ -0 _07 677 - 17 87] _Au
n=20 n — o0
90 (n,q) 2 2 _
on ——’Y<1+9(77>Q)>‘n:0; 9(77"1)‘7H00—0>
n=20
¢ (n Q)‘ _,=b fﬁ(n,q)’nquO,

920

No |00, f (n,0), 1, 0)] = o

Ui
: ; o 0 %0
No o F 000 = 20 42505 %2 450 00

In view of Taylor series, one can express that

Foa)=fom)+ > fma™  fm(n) = 1 omfna)
m=1

m!  Og™ q:O’
1 0™
0 (n,q) = 0o (n +Z€ (n)zwaq(Z’Q) )’
! —
. > . 1 0™¢(n,
0 (n,0) = do () + D S (N q", I (1) = qu(gq) .
m=1 ’ 9=

A\ 2 ~

2
—|—2Prf +M2 Pr Ec of + Pr Dua—,
an 0 n?

(10.31)

(10.32)

(10.33)

(10.34)

(10.35)

(10.36)

(10.37)

(10.38)

(10.39)

In the above expressions ¢ € [0,1] and hf # 0, hg # 0, hy # 0 are respectively the embedding and

auxiliary parameters. When ¢ varies from 0 to 1, then f (n,q), 9(77, q), &5(77, q) vary from initial guesses

fo(n), 6o (n) and ¢y (n) to final solutions f (1), 6 (n) and ¢ (n). Note that the convergence of the series

(10.37)-(10.39) strictly depend upon fi¢, hg and hg. The values of iy, hy and hy are chosen in such a way

that the series (10.37)-(10.39) are convergent at ¢ = 1 and hence

Fm) =fom)+ D fm(n)
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10.2.2 mth-order deformation problems

The problems at this order are

Lt | fn (1) = XonSm—1 (n)} = RS, ()

s Ofm (n,9) Ofm (n.q)
mU,q) =0, — =0, —_— =0, 10.4
fm (0,9) =0 an ) 0 an 0 (10.43)
n=0 n—00
£0 B (1) = XmBm1 ()] = oRE, ().
90, (1, . )
(n, ) + 71 Om (0, q)‘ =0, O (n, q)‘ =0, (10.44)
877 n=0 n—00
n=0
Ay, (1, .
b0 o G =0, (10.45)
n n—0o0
"7:
m—1 m—1
RELm) = fam)+2) fumoaift = D frowfi+ HPA(L = x,,) + A% (1= x,,)
k=0 k=0
m—1 ) m—1
+oy Z <2f7/711_1_k . 2fm717kf]£w>> + g (Bfm—1—rfr = 2fm1-xS%')
k=0 k=0
m—1 k
+68 Re > > fr o wfi i fl" = M2 fr 4+ Gs Oy + Ge ¢y, (10.46)
k=0 =0
m—1 m—1
Ry (1) = O,y (n) +2Pr Z fm-1-k0y + M*Pr Ec Z fo—1-wfi +PrDu ¢,y (n), (10.47)
k=0 k=0
m—1
Rin () =1 (M) +2 8¢ Y fn1-k}, + Sc Sr 6}, 1 (n), (10.48)
k=0

The general solutions (f, Om, ¢,,) of Egs. (10.46) to (10.48) in terms of special solutions (f,0r,, ¢r,)

are given by

f(m) ="+ Cas+ Cysexp () + Cagexp (—n) , (10.49)
0 (n) = 0"+ Carexp (n) + Cagexp (—n) , (10.50)
¢ (n) = ¢* + Cag exp (1) + Cso exp (—n) - (10.51)

10.3 Convergence of the homotopy solutions

We note that the series solutions (10.28) to (10.30) contain auxiliary parameters fif, fig and fiy. The
convergence of the obtained series solutions strongly depend upon these parameters. For convergence

analysis, we sketched the h-curves for 12t"-order of approximations in Fig. 10.2. It is found that ranges
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for admissible values of %y, fy and hy are —2.1 < Ay, hy < —0.1, and —1.8 < hy < —0.1. Table 1
shows the convergence of series solutions through numerical values. It is observed that the 24 order of

approximations are enough for f and ¢ whereas 26" order of approximations are required for 6.

10.4 Results and discussion

This section is prepared to enlighten the effects of embedded parameters on the velocity, temperature,

concentration, skin friction coefficient, local Nusselt number and local Sherwood number.

10.4.1 Velocity profile

Influence of the fluid parameters a1 and «ao on velocity profile is displayed in the Figs. 10.3 and 10.4. It
is noted that an increase in the values of a1 and «ay significantly enhances the velocity profile f' (7). In
fact a1 and «g are inversely proportional to the viscosity so by increasing the parameters o and as the
viscosity decreases which shows that the velocity increases. Fig. 10.5 displays representative velocity field
for various values of parameter 5. It is seen that velocity profile is decreasing function of 3. Furthermore
the boundary layer thickness is smaller for higher values of 5. Fig. 10.6 depicts the behavior for velocity
field via magnetic parameter Ha = 0,0.7,1.2 and 1.7. The application of transverse magnetic field gives
rise to a resistive force namely the Lorentz force. Effects of this force slow down the motion of the fluid.
Hence by increasing the strength of the magnetic field, there is decrease in fluid velocity and momentum
boundary layer thickness. Fig. 10.7 is sketched for the influence of Reynolds number Re on the velocity
profile f’ (n). It is observed that the velocity profile increases for larger Re. Behavior of Prandtl number
Pr on velocity profile is shown in Fig. 10.8. Velocity field increases for higher values of Prandtl number
Pr. Furthermore the momentum boundary layer thickness is smaller for larger values of Pr. Influence of
Eckert number Ec¢ on the velocity profile is presented in Fig. 10.9. This Fig. demonstrates that velocity
and momentum boundary layer thickness increase through an increase in Fc. Fig. 10.10 elucidates the
effects of Dufour number Du on the velocity. Clearly an increase in Dufour number leads to an increase
in the fluid velocity. In Fig. 10.11 the velocity profile for different values of the solutal Grashof number
Gc is described. It is observed that an increase in Ge corresponds to a rise in the velocity field. In
addition, curves show that the velocity increases rapidly near the surface and have maximum value at
17 = 0 and then it vanishes away from the surface. Influence of the different values of Grashof number
G's on the velocity profile are described in Fig. 10.12. It is found that the velocity profile is much for
larger Grashof number G's. Here the Grashof number defines the effects of free convection. Physically
G's > 0 means heating of the fluid of cold boundary surface, Gs < 0 means cooling of the fluid of heated
boundary surface and Gs = 0 corresponds to the absence of free convection. Fig. 10.13 is sketched to see
the effect of v on the velocity distribution. It is noted that the velocity profile is increased by increasing
~. Fig. 10.14 displays representative velocity profiles for different values of ratio A. The increasing value
of A means that free stream velocity is more when compared with the stretching velocity. Larger A

increases pressure and straining motion near the stagnation point and therefore velocity and boundary
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layer thickness are increased. Same behavior is shown for A < 1 on the velocity profile while the boundary

layer thickness has opposite effect for both cases. Also no boundary layer is formed for A = 1.

10.4.2 Temperature profile

Fig. 10.15 displays the impact of «; on the temperature field. Here the temperature and thermal
boundary layer thickness are increased for larger c;. The same behavior is observed in Fig. 10.16 for
the parameter ay. The temperature increases significantly for the larger values of 5 (see Fig. 10.17).
Fig. 10.18 depicts that by increasing the magnetic parameter Ha the dimensionless temperature 6 (n)
increases. Dimensionless temperature is also increasing function of Reynolds number Re (see in Fig.
10.19). Fig. 10.20 is sketched to see the influence of Prandtl number Pr on temperature 6 (n). It
reveals that temperature 6 (n) is increasing function of Pr. Fig. 10.21 shows the behavior of Eckert
number Fc on 6 (n). Here Ec = 0 ensures the absence of Joule heating while Ec # 0 corresponds to
the presence of Joule heating. Dimensionless temperature 6 () enhances by increasing Ec. In fact Ec is
the ratio of the kinetic energy to the enthalpy. Hence an increase in Ec¢ yields increase in kinetic energy
and thus temperature 6 (n) increases. Fig. 10.22 is drawn to see the influence of Dufour number Du
on the temperature profile 6 (n). It is observed that the temperature profile is increased by increasing
Du. The variation of temperature 6 () with respect to the solutal Grashof number Gc is presented in
Fig. 10.23. This Fig. depicts that temperature increases when Gc is increased. We also note that the
increase of parameter G¢ causes an increase in the thermal boundary layer thickness. Variations of G's on
temperature are qualitatively similar to that of Ge (see Figs. 10.23 and 10.24). Increasing Schmidt number
Sc leads to an increase in the fluid temperature (see Fig. 10.25). Influence of Soret number Sr on the
dimensionless temperature can be observed from Fig. 10.26. It is noticed that the temperature profile and
thermal boundary layer thickness decrease by increasing Sr. Influence of conjugate parameter v on the
temperature profile is displayed in Fig. 10.27. Higher values of v correspond to larger Newtonian heating
which shows an increase in the temperature and thermal boundary layer thickness. The characteristics
of the ratio parameter A on the temperature profile 6 () are described in Fig. 10.28. It is observed that
temperature decreases for larger ratio parameter A. However thermal boundary layer thickness is higher

for smaller values of ratio parameter A.

10.4.3 Concentration profile

Effects of the embedded parameters on concentration field ¢ (n) are studied in the Figs. 10.29-10.36.
The variation of Reynolds number on the concentration profile is sketched in the Fig. 10.29. Here
the concentration field decreases when Reynolds number Re increases. Also the solutal boundary layer
thickness decreases. Effect of Dufour number Du on the concentration profile ¢ (1) is shown in Fig. 10.30.
Increasing Du leads to a small decrease in the concentration boundary layer thickness. The variation in
dimensionless concentration profiles for different values of Gc is presented in Fig. 10.31. It is noted from
the Fig. that concentration profile is decreasing function of Gc¢ while the same behavior is observed for

Gson ¢ (n) in Fig. 10.32. In Fig. 10.33 the influence of the various values of S on concentration profile
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is displayed. Here the concentration profile is clearly increasing function of Sr. The opposite behavior
is observed for the values of Schmidt number Sc on the concentration profile (see in Fig. 10.34). Fig.
10.35 represents the influence of conjugate parameter v on the concentration profile ¢ (n) versus 7. It is
examined that with an increase in « the concentration profile increases. Fig. 10.36 illustrates the effects
of A on concentration profile ¢ (1) versus 7. Obviously an increase in A reduces the concentration profile.
The solutal boundary layer thickness is also decreased.

Table 10.1 is prepared to analyze the convergence of series solutions. Tables 10.2-10.4 provide the
numerical values of skin friction coefficient, local Nusselt number and local Sharwood number for different
values of involved parameters. The magnitude of skin friction coefficient is reduced when a2, Re, A, Gs,
Ge, Du, St, Pr and Ec are increased. However the skin friction increases for oy, 8, Ha and Sc (see Table
10.2). From Table 10.3 we can observe that the magnitude of local Nusselt number is more for larger
values of a1, ag, B, A, Gs and Sr. On the other hand it is reduced by the increase of Ha, Gc¢, Du, Sc,
Pr and Ec. The magnitude of local Sherwood number increases for oy, A, Gs, Gc¢, Sc and Pr while it

decreases when «y, 3, Re, Ha, Sr, Ec and Du are increased (see Table 10.4).
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Fig. 10.1: Physical flow model.

ay1=f=y1=Gs=5r=0.1,00=A=Re=Gc=Du=0.2,Ha=Sc=Ec=0.5,Pr=0.3

S10),6(0).4'(0)

Fig. 10.2: h—curves for the functions f (1), 0 (n) and ¢ (n).

173



1

0.8

0

a;=A=Gs=Sc=y;=0.2,Re=0.3,Pr=1,Ec=Gc=0.5,Ha=£=Sr=0.1
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Fig. 10.3: Influence of a; on f/ (7).

@ =A=Sc=y,=Gs=0.2,Re=0.3, Pr=1,Ec=Gec=0.5,4=Ha=Sr=0.1

Fig. 10.4: Influence of a2 on f' (7).
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a1=a,=Sc=y,=Du=Gs=0.2,Re=0.8,Pr=1,Ec=Gc=0.5,A=Ha=Sr=0.1

Fig. 10.5: Influence of 8 on f (7).

a1=a,=Sc=y;=Du=Gs=0.2, Re=0.8,Pr=1,Ec=Gc=0.5,=A=Sr=0.1

Fig. 10.6: Influence of Ha on f’(n).
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ay=a;=A=Du=y,=Gs=5¢=0.2,=Sr=0.1,Ha=2.5,Pr=1,Ec=Gc=0.5
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n
Fig. 10.7: Influence of Re on f’ (n).
a1=a;=A=Du=Gs=y;=S¢=0.2,=Gec=Sr=0.1,Ha=3,Re=Ec=0.5
1.0} ¢~
0.8
;: 0.6
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Fig. 10.8: Influence of Pr on f' (7).
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a1=a;=A=Gs=Sc=7y,=0.2, =5r=0.1, Ha=3,Re=0.3,Pr=1.5,Ge=0.5

Fig. 10.9: Influence of Ec on f(n).

¢ =a;=A=Gs=Sc=y;=0.2,=0.3, Re=Ha=1,Pr=1.5,Sr=Ec=Gc=0.5

flop

Fig. 10.10: Influence of Du on f(n).
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a1=a7;=A=Gs=Sc=Du=y;=0.2,=5r=0.1, Ha=3.Re=0.3,Pr=1,Ec=0.5

Fig. 10.11: Influence of Gc on f’ (n).

a1=07;=A=Sc=Du=y,=0.2, =5r=0.1,lHHa=3 Re=0.3 . Pr=1,Ec=Gc=0.5

Sop

Fig. 10.12: Influence of G's on f’(n).
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a1=a,=Gs=Sr=Sc=Du=0.2, 5=Ge=0.1 Re=0.3.Pr=1 Ha=A=Fc=0.5

S

4 5 6
n
Fig. 10.13: Influence of v; on f’ (7).
o1 =a,=0s=8r=8c=y,=0.2, f=Gc¢=0.1, Re=0.3 . ITa=4.Pr=1.Du=Ec=0.5
A=18
1.5 A=14
A=10
1.0
A=07
0.5
A=03
2 4 5

n

Fig. 10.14: Influence of A on f'(n).
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a;=A=Sc=y;=Ha=Gs=0.2,Sr=£=0.1,Re=0.8,Pr=4,Ec=Gc=0.5
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0.00

Fig. 10.15: Influence of oy on 6 (n).

a1=A=Sc=y;=Gs=0.2,Re=Ha=Sr=£=0.1,Pr=2.5Ec=Gec=0.5

Fig. 10.16: Influence of o on 6 (n).

180



a1=a,=A=Sc=7y,=Gs=0.2,Pr=4,Re=0.3,Ec=Gc=0.5,Ha=5r=0.1

0.08
0.06
5 0.04
0.02
0.00 1
0 1 2 3 4 5
n
Fig. 10.17: Influence of 5 on 6 (n)
a1=a,=A=y,=Sc¢=Gs=0.2,Sr=5=0.1, Re=0.3,Pr=2.Ec=Gc=0.5
1.5

Fig. 10.18: Influence of Ha on 6 (n).
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d(n)

a1=a,=y1=A=Gs=S¢=0.2, §=Sr=0.1,Ha=3Pr=1,Ec=Gc=0.5

Fig. 10.19: Influence of Re on 6 (7).

a1=0,=A=y;=Gs=Sc¢=0.2,=Sr=0.1,Ha=2 Re=0.3 . Ec=Ge=0.5

1.2F

Fig. 10.20: Influence of Pr on 6 (n)
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a1=a;=A=Gs=Sc=y,=0.2,=Sr=0.1,.Ha=2 Re=0.3, Pr=1,=Ge=0.5

1.5
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Y
.

Ec=0.0,0.3, 0.6, 1.0

Fig. 10.21: Influence of Ec on 6 (n).

a1=0,=A=Gs=Sc=vy,=0.2,=Sr=0.1,Ha=3,Re=0.3,Pr=1,Ec=Gc¢=0.5

s
A
\‘.‘l
AY
e
AT
s

\\ .

Fig. 10.22: Influence of Du on 6 (7).
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a1=a,=A=Gs=Sc=Du=y;=0.2,5=Sr=0.1,Ha=3,Re=0.3,Pr=1.Ec=0.5

Fig. 10.23: Influence of Gc on 6 (n).

@1 =a;=A=Sc=Du=y;=0.2,5=Sr=0.1,Ha=3.Re=0.3,Pr=2.5,Ec=Gc=0.5

70

Fig. 10.24: Influence of G's on 6 (7).
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a=a>;=A=Gs=Du=7y;=0.2,5=Sr=Gc=0.1,Re=0.3,Pr=2.5.Ha=FEc=0.5

Fig. 10.25: Influence of Sc on 6 ().

a1 =0;=A=Gs=Du=Sc=Ha=y,=0.2, 5=Gc=0.1,Re=0.3,Pr=2.5,Ec=0.5

0.20

0.05

0.00 ——

Fig. 10.26: Influence of Sr on 6 (n).
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1=0;=A=Gs=Sr=Sc=Du=Ha=0.2, f=Ge¢=0.1, Re=0.3 Pr=1.Ec=0.5

- “na
0 e e RNy

0 1 2 3 5 5 6
n

Fig. 10.27: Influence of v, on 6 (n).

035 a1 =a,=Gs=Sr=Sc=Du=y,=0.2, Ha=5=Gc=0.1,Re=0.3,.Pr=1.Ec=0.5
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Fig. 10.28: Influence of A on 6 (n).
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a,=A=Du=Gec=Gs=Ec=Sc=Sr=y,=0.5,=4.M=0.2,A=0.1,a;=Pr=1

1.0

0.8

0.6

#(n)

0.4 Re=10.0,2.0,3.5,4.5

0.2

0.0} .

Fig. 10.29: Influence of Re on ¢ (7).

a1=a,=PB=Gs=Sr=Ec=Gc=0.5,Sc=1.2. A=y,=0.1,Ha=1,Re=0.3,Pr=2

A1)

Fig. 10.30: Influence of Re on ¢ (7).
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a1=a,=Sr=Re=0.2,5=0.1,y,=0.68Sc=2.5 Ha=3 Pr=2 A=0.8 Du=Gs=Ec=0.5

1.0
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X
0.4 Ge=0.0,0.5,2.0,35
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Fig. 10.31: Influence of Gc on ¢ (n).

o1=0,=0.2,y;=0.68,5r=0.4,Sc=M=2 Re=0.7, Pr=2 Du=S=A=Ec=Gc=0.5

#(1)

Fig. 10.32: Influence of Gc on ¢ (n).
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a1=a,=Du=Ha=y;=0.2,5=1.2.S¢=3 Re=0.8,Pr=1,Ge=0.1,Gs=A=Ec=0.5

#01)

Fig. 10.33: Influence of Sr on ¢ (7).

a1=a,=A=Gs=y;=Du=0.2, f=Sr=G¢=0.1 . Re=0.3,Pr=1,Ha=Fc=0.5

2(1)

Fig. 10.34: Influence of Sc on ¢ ().
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#07)

a>;=A=Gs=Du=0.2. Ha=3,G¢=0.1,Pr=5r=1.5Re=0.3,01=A=Sc=p=Ec=0.5

Fig. 10.35: Influence of v; on ¢ ().

;=Gs=8r=y,=0.2,5=0.4,Gc=Re=0.1,5¢=0.8,Pr=2 Ha=4,0ry =Du=Ec=0.5

4(n)

Fig. 10.36: Influence of A on ¢ (7).
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Table 10.1: Convergence of homotopy solutions when a; = 0.1, ap = 0.2, v, =0.1, 5 = Sr =Gs =
0.1, Re=Ge=Du=A=02, M = Ec=Sc=0.5, Pr=0.3.

Order of approximation | —f” (0) | —6'(0) | —¢'(0)
1 0.8758 | 0.1165 | 0.7569
2 0.8739 | 0.1170 | 0.7709
) 0.8845 | 0.1199 | 0.7009
10 0.8875 | 0.1219 | 0.6746
16 0.8884 | 0.1233 | 0.6579
24 0.8886 | 0.1238 | 0.6541
26 0.8886 | 0.1247 | 0.6541
40 0.8886 | 0.1247 | 0.6541

Table 10.2: Numerical values of skin friction coefficients Re}/ 2C'f for different values of physical

parameters.

o1 as | B Re | Ha| A | Gs | Ge | Du| Sr | Se | Pr | Ec —Re}«me

01 {02(01{02(05 (0201|0202 /]01]05]0.3]|0.5]|1.794

0.2 1.926

0.22 1.953

01 |{02(01({02(05 (0201|0202 ]01]05]0.3]|0.5]|1.794

0.3 1.559

0.4 1.316

01 |{02(01{02(05 (0201|0202 /]01]05]0.3]|0.5]|1.794

0.2 1.886

0.3 1.974

01 |{02(01({02(05 (0201|0202 /]01]05/]0.3]|0.5]|1.794

0.3 1.774

0.4 1.760

01 |{02(01({02(05 (0201|0202 /]01]05]0.3]|0.5]|1.794

0.6 1.859

0.7 1.938

01 |02(01{02]05 (0201|0202 /]01]05/]0.3]|0.5]|1.794

0.2 1.770

0.3 1.750

01 |02(01({02(05 (0201|0202 /]01]05]0.3]|0.5]|1.794

0.3 1.701

0.4 1.611
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ar | as | B Re | Ha | A | Gs | Ge | Du | Sr | Se | Pr | Ec —Re,lﬂCf

01702(01]02(05]02]01({02{02|01]|05]|03]0.5]1.794

0.3 1.792

0.4 1.789

01702(01]02(05]02]01({02{02|01]|05]|03]0.5]1.794

1 1.792

2 1.788

01702(01]02(05]02]01({02{02|01]|05]|03]0.5]1.794

1.1 1.799

1.9 1.814

01702(01]02(05]02]01({02{02|01]|05]|03]0.5]1.794

0.9 1.787

1.8 1.781

01702(01]02(05]02]01({02{0.2|01]|05]|03]0.5]1.794

0.9 | 1.790

1.8 | 1.784

Table 10.3: Numerical values of Nusselt number Re, 12N u, for different values of physical parame-

ters.

a1 | as | B |Re|Ha| A | Gs | Ge | Du| Sr | Sc | Pr| Ec —Re;1/2Nur

01{02(03(01,01(02{05|05]05|05|05] 1105 0.7107

0.5 0.7123

0.8 0.7159

01{02(03}(01 1 (0205|0505 |05|05] 1105 0.7107

0.6 0.7138

1.0 0.7172

01{02(03(01,01(02{05|05]05|05|05] 1105 0.7107

0.6 0.7122

0.9 0.7221

01{02(03(01,01(02{05|05]05|05|05] 1105 0.7107

0.5 0.7123

0.9 0.7141

01{02(101(02| 1 (0205|0505 |05|05] 1105 0.7018

1.2 0.6813

14 0.6652
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a1 | as | B |Re|la| A | Gs|Ge| Dul| Sr| Sc | Pr | Ec —Regl/zNuT

01{02(01702|1/02]05|05]05]05|05| 1 |05 0.7018

0.3 0.7020

0.4 0.7022

1 1 2 102102050505 |05]05| 1 [0.5 0.7100

0.6 0.7157

0.7 0.7170

1 1 2 102{1]02(05({05|05|05]05| 1 [0.5 0.7100

0.6 0.6690

0.7 0.5027

1 1 2 102102050505 |05]05| 1 [0.5 0.7100

0.6 0.6670

0.7 0.6649

1 1 2 102102050505 |05]05| 1 [0.5 0.7018

0.6 0.7128

0.7 0.7137

1 1 2 1021102050505 |05]05| 1 [0.5 0.7018

0.6 0.6687

0.7 0.6673

01{02(01(02|1/02]05|05]05]05[05| 1 |05 0.7018

1.1 0.6878

1.2 0.6655

01{02(01(02|1/02]05|05]05]05[|05| 1 |05 0.7018

0.3 0.6 0.6963

0.7 0.6597

Table 10.4: Numerical values of Sharwood number Re, 12 h, for different values of physical para-

meters.

a1 | as | B |Re| Ha| A | Gs| Ge | Du| Sr | Sc | Pr| Ec —Re;1/25hr

0110270301, 09]02|05|05|05]|05[05| 1105 0.4363

0.3 0.4375

0.6 0.5572

0110270301, 09]02|05|05[05]|05(05| 1105 0.4363

0.3 0.4321

0.4 0.4307
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10.5 Concluding remarks

We examined the axisymmetric stagnation point flow of third-grade fluid towards a radially stretching

surface with Newtonian heating. The main findings can be summarized as follows:

Velocity increases while temperature decreases when the fluid parameters a;, ag and 3 increased.
Influence of Hartman number (Ha) on the velocity and temperature profile is opposite.
There is opposite behavior of ratio parameter (A) on the temperature and concentration.

Temperature and thermal boundary layer thickness are reduced when larger values of Prandtl

number are employed.
Effects of Schmidt and Soret numbers on temperature profile are opposite.
Influence of Sc on temperature and concentration is opposite.

Influence of thermal Grashof and solutal Grashof numbers on temperature profile is similar while

it has opposite behavior for concentration profile.
Dufour number Du increases the temperature of fluid.
Nusselt number decreases with the increase of Ha, Gc¢, Du, Sc, Pr and Fc.

Both temperature and concentration increase when conjugate parameter v, is enhanced.
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Chapter 11

Characteristics of
homogeneous-heterogeneous reactions
and Newtonian heating in flow of third

grade fluid

The main objective of this chapter is to model and analyze the characteristics of homogeneous-heterogeneous
reactions in the magnetohydrodynamic (MHD) flow of third grade fluid over a stretching surface. Both
magnetic and electric fields are taken into account. Advanced heat transfer technique (i.e., Newtonian
heating) and heat generation/absorption effects are used in the formulation. Homogeneous and het-
erogeneous reactions are considered within the fluid and at the boundary respectively. Production of
heat during chemical reaction is assumed negligible. Approximate convergent solutions are constructed.
Influences of various pertinent parameters on the velocity, temperature and concentration distributions
are analyzed and discussed. Numerical values of skin friction and local Nusselt number are computed.

Concentration distributions for homogeneous and heterogeneous reaction parameters are found opposite.

11.1 Mathematical formulation

We consider the steady flow of an incompressible third-grade fluid by an impermeable stretching surface.
Electromagnetic flow analysis is examined with homogeneous-heterogeneous reactions. In addition the
effect of heat generation/absorption is present. Cartesian coordinate system is chosen in such a way
that z—axis is along the stretching sheet and y—axis normal to it. Stretching velocity of the surface is
originated by applying two forces which are equal in magnitude but opposite in direction when origin is
kept fixed. Fluid is electrically conducting via uniform magnetic field B= (0, By, 0) and uniform electric
field E = (0,0,—Ep). Newtonian heating condition is also taken into account. The heat released by the

reaction is assumed negligible. The homogeneous reaction for cubic autocatalysis can be represented as
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follows:

A +2B — 3B, rate = kjab®. (11.1)

First-order isothermal reaction on the catalyst surface is presented in the form
A — B, rate = kaa, (11.2)

in which a and b are the concentrations of chemical species A and B while k1 and ko denote the rate
constants. These equations of reactions ensure that the reaction rate is zero in the external flow and at
the outer edge of the boundary layer. Using the boundary layer approximations the relevant equations

through aforementioned assumptions are

ou Ov

e T 11.
u@ Yo ou V62u n aj Ou n @6211, n ou 0*v +U83u
Ox oy  0y2 p 8x8y Ox Oy? Ay dy2 oy?
s oudn By (Ou\OPu o
2—=2—— —= =) ==+ - EyBy — B 114
o ayar T \ay) a2t Smd)( By — Byu) (114)
or T _ k &T o Qo
— —+ — (Bou — E — (T - Tw), 11.
Y or v By pcp 0y%  pep (Bou 0) + PCp ( ) (11.5)
da da 0%a
0= =D — 2 11.
uaw—i—vay 4503 kiab”, (11.6)
ob ob b 9
%—FU@ DBW +k31ab s (117)
with
x oT da ob
u= Uy () = Uyexp (7), v=20 a—y = —hT, DAa—y = koa, DB@y —ksa at y = 0,
u—0, T—Tyw, a—a, b—0 as y— oo. (11.8)

In above expressions u and v denote the velocity components in the axial and radial directions respectively,
o the electrical conductivity, By the magnetic field, Ey the electric field, (of, a3, 83) the fluid material
parameters, U,, the stretching velocity, v the kinematic viscosity, k& the thermal conductivity, p the
density, ¢, the specific heat, @y the heat generation/absorption coefficient, Dy and Dp the diffusion
species coefficients of A and B, hs the heat transfer coefficient, T, the ambient fluid temperature, [ the
characteristic length and ag the positive dimensional constant.

Considering the following transformations

1=\ e (5) w0 = Vo o ().
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w(ey) = Uoesn (5) 70, vizy)= /" exw (5) [£ )+ s ()],
o) = T o)=L, A= (11.9)

incompressibility condition is satisfied automatically and Eqs. (11.4) to (11.8) are reduced to

"9 (f/)Q I+ a {3f/f/// _ ff(iv) —opfr g (f//)2} ~ay {3 (f//)2 4 77f”fm}

+38Re (f)* f" 4+ 2Had? sin® ¢ (Ey — ') =0, (11.10)
0" 1 Pr 6 + 2Ha? Pr Ecsin® [(f’)2 B2 2E1f'] 4 2Praf =0, (11.11)
ig" + f¢' — Kgh? =0, (11.12)
%h” + fh' + Kgh* =0, (11.13)
f10) = 1, f(0)=0, 0'(0) =~y (1+06(0), ¢'(0) = K2g(0), &1 (0)=—K29(0),
f(o0) = 0, 8(oc) =0, g(oo) =1, h(oc)—0, (11.14)

where (aq,asg, ) depict the fluid parameters, Ha the magnetic parameter, Ej the electric parameter,
Pr the Prandtl number, Ec the Eckert number, v, the conjugate parameter, K the strength of homo-
geneous reaction parameter, Ko the strength of heterogeneous reaction parameter, @ the heat genera-
tion/absorption parameter, 01 the ratio of mass diffusion coefficient and Sc¢ the Schmidt number. These

quantities are defined as follows:

Upaj exp (%) Upal exp (%) U0253 exp (2%)
ap = , Q2= ) B = 2 )
il wl ul
oB? Ey we U? \/7
Hao?2 = =0 g —_"2  pr=C2P pe—_ _~w N
a pr ) 1 BOUw ) r K ) c c (Tw _ Too) y M1 S a)
kya? kol Rey /2 1Qo Dp Upz
K = Ky=——— = 01 = —, Re,=— 11.15
c | 2 D , o pCpr7 1 DA7 €z y ! ( )

where the diffusion coefficients of chemical species A and B are of comparable size. This argument
provides us to make further assumption that the diffusion coefficients D4 and Dpg are equal i.e. §; =1

and thus [12]:
g +h(n) =1 (11.16)

Now Eqs. (11.12) and (11.13) yield

1
0"+ fg —Kg(1—g)° =0, (11.17)
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with the boundary conditions
g (0)=Kag(0), gm—1 as n— oo (11.18)

Skin friction coefficient and local Nusselt number are defined by:

Tw

Cr = -2
T Uz

T — @‘Fﬁ 2@@_1_@@_'_“8211’ +2& @ ’
e 'uoﬁy p \_ Oz dy Oy? Oxdy p \ Oy

Tqw

Ny, — — 2w
Y T H(T = Too)’

(11.19)

, quw=—K @T) . (11.20)
y=0 Y/ y=0

Dimensionless skin friction coefficient and local Nusselt number are

1

" 7 " 1
T5CrRe® = 10+ gouf" (0)+ B[ O, (11.21)

2 1
,/YNUI Re; /2 =, (1 + 0(0)) : (11.22)

where Re, = Uy /v is the Reynolds number.

11.2 Homotopic solutions

The initial guess and linear operator. Hence the initial guesses (fo (1), 60 (1), g0 (7)) and linear operators

(Lf,Lg, Ly) for the momentum, energy and concentration equations are expressed in the forms

fotm) =1—exp(-n), 6o(m) = 222D gy o1 - Lo (— k), (11.23)

(1—=1) 2

B df 420 &2
Li(f)= a dy Ly (0) = dfnzf& Ly(g) = d—ng—g, (11.24)

with

L [C51 + Csz exp(n) + Csz exp(—n)] = 0, (11.25)
Ly [Cs4exp(n) + Css exp(—n)] = 0, (11.26)
Ly [Cs6 exp(n) + Cs7 exp(—n)] = 0, (11.27)

where C; (i = 51,...,57) are the arbitrary constants. The zeroth and mth order deformation problems
are:
11.2.1 Zeroth-order problem

(L=q) Ly |f(n:9) = fo (77)} = qhyNy [f (; q)} : (11.28)

-~ ~ -~

f(0;9) =1, [f(0;¢) =0, [f'(c05q)=0, (11.29)
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(1-4q) L [5 (7;9) = 0o (n)} = qhgNy [9 (n3q), f (n; q)} : (11.30)

0 (0;0) = —m (1 +6(0; q)) . 0(c059) =0, (11.31)
(1= ) L4 [§(0:0) = 90 ()] = @l [G(0) . F (i )] (11.32)
W) — Kag (5) G (i) =1, (1133)
R R 37, 2o N\ 2 27 . NP S
Ny [f (7, 9)79(77%])} -2 ";;’Z, D _y <afgr7]’ q)> +f(m59) J faf?’l Dt o, {3afg,77’ 0o ";f;l, 4

S 64f(n;q)_2 82f(n;q)33f(n;q)_9 ICTIAN
on? K On? on? On?

{ <82f(77'Q)>2 82f(n'Q)83f(n'Q)}
—as{3 ! + +7 : :

on? on? on?
~ 2 —~ ~
Pf(m;q)\ OF(niq) 9 . 9 of (1;q)
+35 Re < an? an +2Ha"sin“y | B — o) (11.34)

"~ —~ 27 . o =~ 2
No [e(n;p)’f(”;p)] = 8%(:2’]9)+Prf(n§p)W+2Ha231n21/1Ec{<8fé77’p)> + B2
2B, 6fg777;p) } +2Prad(y,p), (11.35)
. 2 R .
Ny g ma). Fma)] = éa %(:2’ D . Fnsa agé?y’ D _ Kgl:) (1 - g(ns0))?. (11.36)

where p € [0,1] is embedding parameter and %y , hg and hy the non-zero auxiliary parameters.

11.2.2 mth-order deformation problems

Lilfm () = X Sm—1 ()] = hgR, (n), (11.37)
fm(0)=0,  fi,(00) =0, fm(0)=0, (11.38)
L9 [0m (1) = Xmbm—1 ()] = he R, (1), (11.39)
6. (0) + 710m (0) =0, 6y (50) = 0, (11.40)
Ly [gm (1) = XmIm—1 (0)] = hgR7, (1) , (11.41)
9m(0) = Ksgm (0), gm(o0) =0, (11.42)

[ary

m—

m—1 m—1
RE () = fny () =23 Fruoaoifit 3 Fmoa sl 01 Y [3faoifit = fornf
k=0 k=0 k=0
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m—1
—2nfm kS = O ] =2 Y B kS nf ]
k=0

m—1
+38Re Z 1k Z "+ 2Ha?sin? ¢ [E1(1 = Xm) = fraca] s (11.43)
m—1 m—1
RO, () = Oy () +Pr Y fm1 40} +2Ha® Pr Ecsin®¢ [Z Fro1oei + BR(L = X)) — 2E1f';n—1]
k=0 k=0
+2Prab,, 1, (11.44)

1 m—1 m—1 k
Ry, (n) = @9%71 + kZO fm-1-k9% — K1gm—1 — K1 kzo Im—1—k lzggklgz —29m—1-k9k | - (11.45)

For ¢ =0 and ¢ = 1, we can write
Fr0)=folm), flp1)=fm), (11.46)

O(n;0)=00(n), 0(m1)=0(n), G(m0)=go(n), Gm1)=g(n), (11.47)

and with the variation of ¢ from 0 to 1, ]/”\(77; q), [ (n;q) and g (n; q) vary from the initial solutions fy (1),
0o(n) and go(n) to the final solutions f (1), #(n) and g(n) respectively. The values of auxiliary parameters
is selected in such a manner that the series solutions converge. The general solutions ( fy,, 0, gm) of Egs.

(11.37 — 11.42) via special solutions ([, 05, gx,) are

fm () = i, (0) + Cs1 + Cs2e” + Csze” ", (11.48)
Om (1) = 07, (n) + Cs4€” + Cs5e” ", (11.49)
gm (1) = g5, (n) + Csee” + Cre . (11.50)

11.3 Convergence of the homotopy solutions

Homotopic technique offers us great freedom to adjust and control the convergence region of the series
solutions. The region parallel to A—axis is known as convergence region. Hence we have plotted the
h—curves in the Figs. 11.2(a-c). It is noted that the admissible ranges of the auxiliary parameters hy, fg

and fig are —0.8 < 1y < 0.3, —1.5 <y < —0.5 and —1.2 < hy < —0.2.

11.4 Results and discussion

The main emphasis of this section is to analyze the characteristics of different pertinent parameters on the
axial velocity, temperature and concentration distributions. Characteristics of magnetic parameter Ha
on the velocity distribution are illustrated in Fig. 11.3. It is concluded that velocity profile decreases for

M =0.1,0.8,1.3,1.9. Further boundary layer thickness also decreases. In fact higher values of magnetic
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parameter Ha corresponds to larger Lorentz force which provides more resistance to the fluid motion
and thus the velocity distribution decreases. Fig. 11.4 shows the behavior of third grade parameter (8
on the velocity distribution. Here we analyzed that velocity distribution enhances for larger values of
third grade parameter. Higher values of third grade parameter corresponds to low viscosity which is
responsible in enhancement of the velocity profile. Influence of electric parameter E; on the velocity
distribution is displayed in Fig. 11.5. The velocity distribution is higher for larger values of electric
field. In fact the Lorentz force (arising due to the electric field acts like an accelerating force) reduces
the frictional resistance which causes to shift the stream line away from the stretching surface. Effect
of Reynold number Re on the velocity profile is sketched in Fig. 11.6. Velocity profile increases near
the surface of sheet while it vanishes gradually far away from the surface. In fact for higher values of
Reynolds number (which is the ratio of inertial forces to the viscous forces) the friction between the fluid
and surface reduces. Therefore velocity profile increases. Analysis of 1 on the velocity profile is shown
in Fig. 11.7. Here both velocity profile and associated boundary layer thickness are decreasing functions
of . It is due to the fact that with an increase in angle of inclination, the effect of magnetic field on
fluid particles increases which enhances the Lorentz force and consequently the velocity profile decreases.
It is also noted that for ¢ = 0 the magnetic field has no effect on the velocity profile while maximum
resistance is possible for the fluid particles when ¢ = 7/2.

Behavior of magnetic parameter Ha on the temperature distribution is shown in Fig. 11.8. It is
concluded that higher values of megnatic parameter give rise to the temperature distribution. Larger
values of magnetic parameter corresponds to increase in Lorentz force which is a resistive force. Therefore
temperature distribution increases. Effect of conjugate parameter ; on temperature field is displayed in
Fig. 11.9. Temperature distribution increases for larger values of conjugate paramter v, while thermal
boundary layer thickness decreases. Behavior of electric field parameter E7 on the temperature distrib-
ution is shown in Fig. 11.10. Temperature distribution is increasing function of electric field parameter.
Further higher values of electric field parameter result in enhancement of thermal boundary layer thick-
ness. Influence of heat generation on temperature profile is presented in Fig. 11.11. Temperature profile
increases with an increase in heat generation parameter a > 0. It is also noted that thermal boundary
layer thickness increases for heat generation. In case of heat generation more heat is produced and it leads
to an enhancement of temperature. Characteristics of Eckert number Fc¢ on temperature distribution is
sketched in Fig. 11.12. It is shown that temperature distribution increases for larger values of Eckert
number. Eckert number is the ratio of kinetic energy to the enthalpy. Higher Eckert number corresponds
to an increase in heat by friction. Hence less heat is transferred from surface to the fluid and as a result
the temperature distribution becomes higher. Fig. 11.13 shows the variation of angle of inclination on
temperature distribution. It is noted that temperature distribution is higher for larger values of angle
of inclination. In fact higher values of angle of inclination corresponds to larger magnetic field which
opposes the fluid motion. Hence temperature distribution increases.

Analysis of strength of homogeneous reaction K; on the concentration profile is displayed in Fig.

11.14. Concentration profile decreases while boundary layer thickness increases for higher values of
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strength of homogeneous reaction parameter. Behavior of strength of heterogeneous reaction parameter
K5 on the concentration distribution is analyzed in Fig. 11.15. Concentration distribution increases for
higher values of heterogeneous reaction parameter K. Effect of Schmidt number Sc on concentration
distribution is shown in Fig. 11.16. Increasing behavior of concentration distribution is noted for larger
Schmidt number. It is also analyzed that the solutal boundary layer thickness decreases. Note that the
Schmidt number is the ratio of momentum diffusivity to mass diffusivity. Hence higher values of Schmidt

number correspond to small mass diffusivity and thus the concentration profile increases.

Table 11.1 shows the convergence analysis of the series solutions for momentum, energy and
concentration equations. It is concluded that 15" order of approximations is sufficient for convergence
analysis of momentum equation while 30*" order of approximations are enough for energy and
concentration equations. Table 11.2 presents behavior of various parameters on skin friction coefficient.
Higher values of a1, as, M and 1 result in enhancement of skin friction coefficient while it decreases for
larger values of 8, Re and F;. Table 11.3 shows the characteristics of various pertinent parameters on
Nusselt number. It is noted that Nusselt number increases for higher values of oy, as, M, Ko, ¥ and «

while it decreases with the increase in v, Sc and Kj.

Boundary layer
Slit —> B = (0,B0,0)

; '

Impermeable Stretching Sheet

7

Eq

E = (0,0,-E))

Fig. 11.1: Flow sketch.
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Fig. 11.2(b): hA—curve for 6 (n).
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Fig. 11.3: Effect of Ha on f' (7).
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Fig. 11.5: Effect of Ey on f’(n).
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Fig. 11.7: Effect of ¥ on f'(n).
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Fig. 11.9: Effect of v; on 6 (n).
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Fig. 11.16: Effect of Sc on g (n).

Table 11.1: Convergence of series solutions for various order of approximations when a; = as =

B=~rv=a=01, Ho=FE; =01, Re=2,¢v=n/4, Pr=Sc=1.2, K1 =0.5, K =1 and Ec =0.1.

Order of approximations | —f”(0) | —6(0) | ¢'(0)
1 1.135 | 0.1124 | 0.4259
) 1.248 | 0.1163 | 0.2622
10 1.258 | 0.1197 | 0.1846
15 1.259 | 0.1212 | 0.1613
20 1.259 | 0.1239 | 0.1302
30 1.259 | 0.1262 | 0.1193
60 1.259 | 0.1262 | 0.1193

Table 11.2: Numerical values of skin friction coefficient for different parameters.

a1 | as | B | Re| Ha | Eq P —% Re;c/2 Cy
000101 2 |02]02]|x/4 1.861
0.1 2.673
0.2 3.546
01{00[01| 2 ]02]02]|n/4 2.531

0.1 2.673

0.2 2.824
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a1 | as | B | Re| Ha | Eq P —%Rei/QCf
010100 2 |]02]02]|x/4 2.914
0.1 2.673
0.2 2.576
010101 1 ]02]02]|x/4 2.937
1.5 2.778
2 2.673
010101 2 |]0.0]02]|x/4 2.654
0.2 2.673
0.5 2.759
010101 2 |02]0.0|wx/4 2.685
0.1 2.683
0.2 2.673
0.1(01]01| 2 |02]02|7x/6 2.664
/4 2.673
/2 2.690

Table 12.3: Numerical values of Nusselt number for different parameters when a; = 0.2 and oy = 0.1.

B lm | M|BE | a|Pr| ¢ |Ec|Sc|K|EK|7(l+gp)

00(02]01[02[01|01|7w/4[05[12|07] 1 0.10708

0.2 0.10691

0.5 0.10675

0.2 0.8 0.62383

1.2 0.74344

1.4 0.79425

1.2 | 0.0 0.66032

0.1 0.74341

0.3 0.85912

0.1 0.0 0.82771

0.2 0.74344

0.4 0.67655

0.2 0.0 0.74387

0.1 0.74349

0.3 0.7399
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B lm | M|BE | a|Pr| ¢ |Ec|Se|K|K|7(l+gp)

01(12]01(02[01|01|7w/4[05[12|07] 1 0.73312

0.2 0.74345

0.4 0.78147

7/6 0.10674

/4 0.10717

/2 0.10756

0.1 0.12794

0.2 0.11736

0.3 0.10674

0.0 0.10638

0.5 0.10708

1.0 0.10749

1.2 1 0.5 0.12794

0.7 0.11736

0.9 0.10674

0.0 0.10638

0.5 0.10708

1.0 0.10749

11.5 Concluding remarks

Here we have explored the characteristics of electromagnetic flow of third-grade fluid induced by an im-
permeable stretching surface with homogeneous-heterogeneous reactions and heat generation/absorption.

The key points are summarized as follows:

e Electric field has opposite behavior for the velocity and temperature distributions.

Velocity distribution increases for higher values of third grade fluid parameter.

Conjugate parameter results in enhancement of temperature and thermal boundary layer thickness.

Temperature distribution and thermal boundary layer thickness are increasing function of heat

generation parameter. Results for heat absorption are reverse.

Concentration distribution decreases for higher values of strength of homogeneous reaction Kj.

Larger values of strength of heterogeneous reaction K, result in enhancement of concentration

profile.
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