
Mixed Convection flow of a non-Newtonian 
fluid on a rotating cone 

S afman Saleem 

Department of Mathematics 
Quaid-i-Azam University, 

Islamabad PAKISTAN 

2010 





Mixed Convection flow of a non-Newtonian 
fluid on a rotating cone 

By 

Salman Saleem 

Supervised 

By 

Dr. Sohail Nadeem 

Department of Mathematics 
Quaid-i-Azam University, Islamabad 

PAKISTAN 
2010 



Mixed Convection flow of a non-Newtonian 
fluid on a rotating cone 

By 

Salman Saleem 

A DLss.evtfAtLoV'v subw..LtteGl LV'v tVle -pfAvtLfAL fuLftLLw..eV'vt 
of tVle req uLrew..eV'vts. for tVle Gleg ree of 

MASTER OF PHILOSOPHY 

IN 

MATHEMATICS 

Dr. Sohail Nadeem 

Department of Mathematics 
Quaid-i-Azam University, Islamabad 

PAKISTAN 
2010 



CERTIFICATE 

Mixed Convection flow of a non-Newtonian 
fluid on a rotating cone 

By 

SAC.;\1AN SAC££.;\1 

A DISSERTATION SUBMITTED IN THE PARTIAL FULFILLMENT OF 
THE REQUIREMENTS FOR THE DEGREE OF THE MASTER OF 

PHILOSOPHY 

We accept this dissertation as conforming to the required standard 

L ~~ 
(Supervisor) 

Department of Mathematics 
Quaid-i-Azam University, Islamabad 

PAKISTAN 
2010 



Dedicatee! 

rBa6u(i(m 

J-{azrat flU a.s 



All pra~ses to almighty ALLAH, the most Beneficent and the 

most Merc'iful, who creat ed this 'universe and gave us the idea to 

discover. I am highly grateful to Almighty ALLAH for His blessing, 

guidance and help in each and every step of my l'ife. lIe blessed us 

with the Holy Prophet MUHAMMAD (Sal-Allah-Hu-Alai-Hi vVa-aali­

hi Wa-sallam ), who is forever source of guidance and knowledge for 

humanity. 

I express my d eepest and h ead -felt gratdude to my s'up erv~sor, 

Dr'. Sohail Nadeem for his knowledgeable discussions, valuable 

guidance and 'inexhaustible inspiration throughout my 'research. His 

sympathetic attitude and encouragement prop up rne to wor'k harder 

with keen interest. What ever I had learned and achieved 'is all 

because of his superb s'U.pport. 

I am a lso thankful to the Chairman, Department of 

Mathematics , Prof. Dr. Muhammad Ayub and Dr. Tassawar Hayat 

for providing n~cessary facilities to complete my thesis. 

My love and gratitude from the core of h eart to my loving 

Mummy and Dady, car'mg brothers , sisters and my friends , Qasim 

bhai, Awais bha'i, Zeeshan, Waqas, Waqar, Tayyab, Sajjad, Rashid, 

my all class fellows , and my sweet juniors for the'ir prayers, support and 

encouragernent, who have always given me love, care and cheer and 

whose sustained hope 'in me led me to where I stand today. 

May A lmighty Allah shower His choicest blessing and prosper"ity on all 

those who aS8isted me in any way during completion of my thes'is. 



Preface 

Flow over a cone-shaped bod ies are often encountered in many eng ineering 

applications. In the presence of heat transfer analysis , the boundary layer flow 

over a rotating cone occures in rotating heat exchangers , design of can isters for 

nuclear waste disposal, nuclear reactor cooling system and geothermal 

reservoirs etc. Only a limited attention has been focused to this kind of study. 

Mention may be made to the interesting works of [1-5]. The study of 

magnetohydrodynamic [MHO] flows in the presence of heat transfer in the form 

of either mixed convection or natu ra l convection is important number of 

techno logical and industrial applications . Such app lications include the 

production of stee l, aluminium, high performance super-alloys or crystals [6-10] . 

In crysta l growth, the magnetic fie lds are used to suppress the convective motion 

induced by the arising strong fluxes in order to control the f low in the melt and 

consequently the crysta l qua lity . Recently Kaharantzas et al [11 ] have examined 

the MHO natu ra l convection in a vertica l cylinder cavity with sinusoidal upper wall 

temperature. A number of ana lytica l, numerica l and experimenta l studies have 

been performed on this topic [12-15]. Motivating the above survey, the purpose 

of the present dessertation is to discuss the mixed convection MHO flow on a 

rotating cone in a rotating fluid . Two types of fluid models are taken into account 

(i ) Viscous fluid (ii) Micropo lar f luid. The thesis is arranged as fo llow: In chapter 

one, we have discussed the unsteady mixed convection flow on a rotating cone 

in a rotating frame. Bas ically this paper was solved numerica lly by [16] and we 

have done the problem analytica lly by homotopy analysis method. Chapter two is 

devoted to the study of mixed convection MHO micropolar fluid on a rotating 

cone in a rotating fluid . The governing non linear partial differential equations of 

micropolar fluid are first transformed into non li near ord inary differentia l equations 

with the help of suitable simi larity transformations and then solved analytically 

with the help of homotopy analysis method . 
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Chapter 1 

Unsteady mixed convection flow on 

a rotating cone in a rotating fluid 

1.1 Introduction 

In this chapter, we have presented the unsteady mixed convection flow on a rotating 

cone in a rotating fluid. The governing equatibns of viscous fluid along with heat and 

mass equations a.re simplified under the assumptions of boundary layer a.nd similarity 

transformation. The reduced coupled nonlinear ordinary differential equations are then 

solved analytically with the help of homotopy analysis method. The expressions [or local 

skin friction coefficients and Sherwood number are also computed. A parametric study 

is also reported through graphs. 

1.2 Mathematical Formulation 

Consider unsteady laminar incompressible viscous boundary layer flow in the presence 

of heat and mass transfer analysis over a heated vertical cone rotating in an ambient 

fluid with tirne dependent angular velocity D(t) = (0,1 + .02) around the axis of cone. 

The cmvilinear rectangular coordinate system are considered in such a way that x-axis 
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is taken along a meridional section, y-axis along the circular section and z-axis normal 

to the cone surface. Both the fluid and the cone are in a state of rigid body rotation 

abouL the axis 0(' COlle. Let 'U, v and ware velocity components along x, y and z-axis 

respectively. The wall temperature Tw and the wall concentration Cw are assumed to 

vary linearly with the distance x. The ambient temperature Too and concentration Coo 

are assumed to be constants. The governing boundary layer equations of unsteady mixed 

convection flow on a rotating cone in a rotating fluid in the presence of heat and mass 

Lransfp.r take the following form [16] 

(XU)x + (xwt = 0, (1.1 ) 

uv 18]] 
V t ~- 'uv + wv + - = --- + vv -. x z ~ ZZ ) 

X puy 
(1.3) 

(1.4) 

Ct + uCx -I- wCz = DCzz , ( 1.5) 

where T is the temperature, C is the concentration, gfJ cos 0'* comes due to ef'fects of 

gravity, LV is the thermal clifl:'usivity and D represents mass diffusivity. The corresponding 

boulldary conditions of rotating cone take the following form. 

U(O,x, z ) 

w(O, x, z ) 

C(O, x, z) 

u(t,x,O) 

T(t,x,O) 

Ui (x, z) , v (0, x, z ) = Vi (x, z ) 

Wi(X, z ), T(O, x, z) = Ti(x, z ) 

Ci(x, z) 

W (t,x,O) = O,v (t,x,O) = Dlxsina*(1- st*)- l 

3 
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for prescribed wall temperature (PWT case) the boundary conditions are defined as 

[01' prescribed heat flmc (PEF case) the boundary conditions are defined as 

'u,(t,x,oo) 

T(t,x,oo) 

0, 'V(t,x,oo) = 'V e = D2xsina*(I- st*) - 1 

Too, C(t,x,oo) = Coo, 

Using the boundary conditions at infinity, Eqs. (l. 2) and (l. 3) take the form 

(l. 7) 

(l.8) 

2 2 

'/.1, / + 'LLU x + 'W'LLz - ~ = - 'Ve + 'U'LLzz + g{3 cos a* (T - Too) + g{3* cos a* (C - Coo), (1 .9) 
x x 

'LL'U 
'Vt + U'Vx + 'W'Vz + - = ('Ve ) t + V1Jzz , 

X 
(1.10) 

here a* is the semi-vert ical angle of the cone; v is the kinematic viscosity; p is the 

density; a is the electrical conductivity; t and t* (= D sin a:*t) are the dimensional and 

dimensionless times, respectively; D1and .02 are the angular velocities of the cone and 

the fluid far away from the surface, respectively; D (= .01 + D2 ) is the composite angular 

velocity; 9 is the acceleration due to gravity; (3 is the volumetric coefficient of expansion 

for concentration; subscripts t, x and z denote partial derivatives with respect to the 

corresponding variables and the subscripts e, i, 'Wand 00 denote the conditions at the edge 

of the boundary layer, initial condit ions, condit ions at the wall and free stream conditions, 

respectively; Cw , Tw , Coo and Too are t he constants; qw and ri~w are, respecti~ely, the heat 

and mass flux a t the wall. 

Eqs. (1.1) - (1.5) are a sys tem of partial differential equations with thTee independent 

variables x, z and t . It has been found that t hese partial differenti al equations can be 

reduced to a system of ordinary differential equations, if we take the velocity a t the edge 

of the boun dry layer 'Ue and t he angular velocity of the cone to vary inversely as a linear 
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hmctions of tlme. Introducing the following noncl imensional quantiti es for PWT case: 

v (t ,x,z) 

w(t, x,z ) 

T(t, x , z ) - Toc; 

C(t,.r, :~ ) - Coc; 

Ct J 

1 

* * 1 ( D sin 0'* ) 2 * 1 n 2xsinO' (1 - st )- , '17 = v (1- sf )- 2 z 

(D sin O'* )t , u (t ,x,z) = - 2- 1Dxsin O'* (1 - St*) - 1 / (17) 

n . * ( *)-1 () GT1 GT2 
H X sm cx 1 - st 9 '17 , /\1 = - 2 ' A2 = -2 

ReL ReL 

1 1 L2 
(vn sin CV* ) 2 (1 - st*)-2 1(17) , R eL = n sin cv*­

v 

(Tw - Toc; ) e (17), Tw - Too = (To - Too ) CiJ (1 - st*)-2 

(Cw - Coo ) ¢ (-17 ) , (Cw - Coo ) = (Co - Coc; ) (f) (1 - st*)- 2 

L3 L3 
g/J cos a* (To - Too ) 2' GT2 = 9/J cos cv* (Co - Coo ) 2 

v V 

III A2 V V 

D' N1 = ~' Pr = ;' 8c = D' (1.11) 

and for the prescribed heat flux (PHF) case: 

1 

D2 xsin cx* (1 -st) - ,'(1= ) (l -st) 2Z 
* 1 (D sin cx* \ 2 * _ 1 

V ) 

t* (D s in c~*) t , '/.L (t , x , z) = _T lDx sin cx* (1 - st*)- l F' (T/ ) 

v(t ,x,z) Dx sin cx* (1 - st*)- l G (~) , w (t , x, z) = (vD sin (t*) ~ (1 - st*r~ F (-17 ) 

GT; * G*T2 L2 121 
A ~ = -5' /\ 2 = - -5 , R eL = 12 sin cx*-, (t1 = -

Rei Rei v D 

T (t, ::c,z ) - Too 

C(t, x , z ) - Coo 

Making use of Eqs. (1.9) and (1.10), Eqs. (1.1) to (1.5) for P\tVT and PI-IF cases reduce 

to, 
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(1.14) 

- 1 /I (, , e) ( 1') (PI) e - Ie - f 2" - s 2e -I- 2- 'T)e = 0, (1.15) 

- 1 /I (, I ¢) ( I ' ) (Sr) ¢ - f ¢ - I"2 - s 2¢ -I- 2- 'T) q) = 0, (1.16) 

f(O) 0 = /(0), g(O) = nl, e(O) = ¢(O) = I, 

/ (00) 0, g(oo) = 1 - n l , e(oo) = ¢(oo) = 0, (1.17) 

G - FG - GF -I- S 1 - (VI - G - T 7)G = 0, /I ( ' ') ( 1 ') (1.19) 

1 /I ( I 18) ( 1 ' ) (Pr) - 8 - F8 - F 2: - s 28 -I- T 778 = 0, (1.20) 

1 /I ( I I<D ) ( 1 ' ) (Sc)- q) - F<D - F 2" - s 2<D -I- 2- 'T)<D = 0, (1.21) 

F(O) 0 = F' (0), G(O) = 0'1 , 8 ' (0) = <D' (0) = - I , 

F' (00) 0, G(oo) = 1 - n l , 8(00) = <D(oo) = 0, (1.22) 

here ") is the similarity variable; I, F are the dimensionless stream functions for the 

PWT and PI-IF cases respectively; .t' and 9 are the respectively dimensionless velocity 

along x- and y-direc tions for PWT case; F' and G are the corresponding velocities for 

the PI-IF case, respectively; e and ¢ are the dimensionless temperatlll'e and concentration 

for the FWT case; 8 and <D are the the dimensionless temperature and concentration 

for the PHF case; ReL is the Reynolds number; Grl, Gr2, Gr~ , Gr2 are the Grashof 
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numbers; )'1, A2, /\~, /\ ; are the buoyancy parameters; N 1 , N{ are the rat io of Grashof 

nUlTlbers for P\iVT and PHF case, respectively; (Xl is the ratio of angular velocity of the 

cone to the composite angular velocity; PI' anel Se are the Praneltl and Schmidt numbers, 

respectively; s is the parameter characterizing the unsteadiness in the free stream velocity. 

1'l1e definitions of smface skin friction coefficient in x- and y-direction for the P\iVT case 

are 
[2 i (8u) 1 _ I 

C - /- EJz z-o - _ R - '2 j" (0) 
fx - J - ex , 

(J[Dxs in O!* (1 - st*) - F 

C . - [2f-L ( ~ )lz=o - _ R -~ '(0) 
I'!J -. - 1 - ex 9 , 
'. (J[Dxsm 0'* (1 - sl;*) F 

thus, 

- 1"(0), 
I 

Cfy Rel -g' (0), (1.23) 

I R nx2 sino:"(1 -st") - I. h R lei b Th [ j ' c..... ffi w)ere .eJ: =' u IS t e eyno . s num er . e sur ace son lflctlOl1 coe'-1-

cirnts in ]'- and y-clircctions for PHF case are respectively, given by 

- FI/(O), 

-G'(O). (1.24) 

The Nusselt and Sherwood numbers for the PWT case are defined as 

I 

N 'uRe: '2 -8'(0), 
I 

ShRe: 2 -¢' (0) . (1.25) 
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Similarly, the Nusselt and Sherwood numbers for the PHF case are 

- _ 1 
N'l.LRex 2 

1 
8(0) , 

1 
<])(0) . (1.26) 

The equa.tions (1.13) to (1.16) are coupled nonlinear differential equations, to find the . 

ana.lytic solutions we use Homotopy analysis method (HAM). 

1.3 Homotopy analysis solution 

Vile express f(1)), 9(7)) , 8(/7) , (/)(77) by a set of base functions 

(1. 27) 

in the form 
00 00 

f(7)) = a~,o + ~ ~ a':n .. n 7/ exp( -n'l7) , (1.28) 
11=0 k = O 

00 00 

9("7) = b~ , o + L I:>;~, ," '77k exp( - '11:17), (1.29) 
11 = 010 = 0 

00 00 

8('17) = ~ L C':,..,n 77k exp( -n:17) , (1.30) 
n=O k=O 

00 00 

1{'7) = ~ ~ d~l,n " 7k exp( -11.1]) , (1.31) 
n=O k=O 

in which a~I,T1' b~n,11' C;;',11 , cl~ ,T1 are the coefficients. According to HATvI procedure one can 

choose the initial guess of the form 

fo ('17) = 0, (1.32) 

90 (r}) = (1 - 0'1) + (20'1 - 1) exp (-17) , (] .33) 
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The auxiliary lineal' operators are 

which have the following property. 

£ = d
2
g + dg 

g dry2 d'ry , 

d2 () 
£0 = - - (), 

d772 

d2¢ 
£</> = -d 2 - ¢, 

77 

where C, U = 1 - 9) are arbitrary constants. 

1.4 Zeroth-order deformation equation 

(1.34) 

(1.35) 

(1.36) 

(1.37) 

(1.38) 

(1.39) 

(1 .40) 

(1.41) 

(1.42) 

(1.43) 

If p E [0, 1] is an embedding parameter and Iif , Iig , Iio, lid) indicate the non zero auxiliary 

parameters respectively then the zeroth oreler deformation problems are 
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(1 - p) L fJ[ BCI); p) - eo (17)] = pltoNorfCI1; p), eCI); p)], (1.46) 

(1 - p) L</>[J{/7;P) - ¢o e'7)] = plt</>N</>[]C
'
7;P),4>e

'
7;P)], (1.47) 

](O ;p) = 0 = /(O;p), g(O;p) = al, e(O;p) = ¢(O;p) = 1, (1.48) 

/(oo;p) = 0, g(oo;p) = 1 - 0'1, e(oo;p) = ¢ (oo; p) = 0, (1.49) 

in which the non linear operators Nf ,Ng , No,N</> are 

a2gC!];p) [fA( . )ag(r);p) A(. )a]c!];p)] = !:l ') - 1), P !:l - 9 1) , P !:l 
u1r u17 u17 

(
. _ 1 age!];p) ) 

+s 1 - 0'] - g(1) ;p) - - 1) a ' 
2 '17 

(1.51) 
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~ 82¢(77;P) _ ( A.. 1 8¢CI7 ;P) ) 
= S 8 2 s 2(p( 17 ,P) + -17 8 

c 77 2 77 

_ (f~( . )O¢(77 ;P) _ ~f)j(17;P)~( .. )) 77,P!:\ 2 ~') 'i" T) ,p . 
U77 VII 

(l.53) 

Obviously 

( l.54) 

(l. 55) 

(l.56) 

(1.57) 

As P goes from 0 to I , j('/7;P), 9(77 ;P), e(77;p) and ¢(77;P) vary from initial guesses 10 (77), 

go(17), eo Cry ) and <Po (77) to final solutions 1(77), g(17) , e (77) and (P ('f)) respectively. IvIaking 

t he assumption thaL the auxiliary parameters nf , ng Ito and Ii,/> are so properly chosen 

that the Taylor series of !(77;P), g('17;P), e('f!;p) and <PCr7;P) expanded with respect to 

embedding parameters converges at P = 1. Thus we can \vTite 

00 

j(77;P) = 10 Cry) + L fmC,])1r, ( 1.58) 
m= 1 

00 

(l.59) 
711 = 1 

00 

eC'] ; p) = eo Cry) +' E em (77)pm , (l.60) 
m=1 

00 

¢)c'] ; p) = <Po ('']) + L Q)mCI7)pm, (l.61) 
m=1 

11 



where 

= ~ Er f ( 1) ; p) I ( ) = ~ Erg (7); p) I 
'(7'1 ' [h7m ,gm 7) m ! f}'7m ' 

71= 0 p= O 

~ [re(7) ; p) I _ ~ Er ¢(1) ;p) I 
= ' a ' ¢m (1)) - a . 

'l?1.. 17m 1n! '17 m 
p= O p= O 

\ iVith the help of Eq. (1.62) , Eqs . (1.58) to (1.61) can be written as 

00 

f(17) = f o (7) ) + ~ fmC') ), 
m=1 

00 

9 (17 ) = go (7)) + ~ gm (-I) ) , 
·m = 1 

00 

e(7) ) = eO (7)) + ~ fJm (7) ), 
m = 1 

00 

¢C') ) = <Po (7)) + ~ ¢m('I7 )· 
m = 1 

mth-order deformation equations are defined as 

the corresponding boundary conditions for mth deformation problems are 

I 

fm(co) = 9m(CO) = em(co ) = ¢"J co) = 0, 

12 

(1.62) 

(1.63) 

(1.64) 

(1.65) 

(1.66) 

(1.67) 

(1.68) 

(1.69) 

(1.70) 

(1.71) 

(1.72) 



where 

01- 1 m - I m m i , I 

f01 - l - L !kfm- l -k -I- 2 L fA.fm - 1-k - 2[9k9m- I- k - (1 - (\'1)2] 
k=O k=O 

I 1 III 

- 2/\1 (f)m- 1 -I- N1¢m- 1) - sU m- I -I- 2"71m- l), (1.73) 

(1.74) 

(1.75) 

(1. 76) 

and 

{ 

0, m :::; 1 
Xm = 

I, m > 1. 
(1. 77) 

The general solutions of Eqs. (1.67) - (1. 72) can be written as 

(1. 78) 

(1.79) 

(1.80) 

(1.81) 

where C 1 to Cg are constants. 

1.5 Convergence of the HAM Solutions 

Obviously the series solutions depend upon the non-zero a lD<:iliary parameters nf, ng , ne 
and n,p which can adjus t and control the convergence of t he HAM solutions . In order to 
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see the range of admiss ible values of nf, ng , tio and /tcjl' the It - C'UT'ue of the functions 

/' (0), gf (0), Of (0) and q/ (0) are sketched for 15-01'der of approximations in F igs l. 1 to 1.2. 

It is found that the range of admissible values of Itf' ng , no and n'<il are -1.1 ~ nf ~ -0.5, 

-l.1 ~ 119 ~ - 0.6, - 1. 3 ~ no ~ - 0.5, - 1. 0 ~ ticj> ~ - 0.2 . 

. n 1 = 0.5 , PI" = 0.7. Sc= 0.5. N1 = /.5 .11 = 1, S = 2 
2 ~~~~~~~======~~~1 

1.5 

I . 

o 0.5 · 

o 
a 
C - 0.5 · 

- / 

-· 1.5 . 

- 2 

I 
I 

I 
I 
I 

I 
( 

I 

I 
I 

- f"(O\ 

------- g 'I OI 

. ---------------¥------
/ 

, ~ 

, 

- 1.5 - 1 - 0.5 

\ 
I 

o 

\ 
\ 
\ 

\ 
I 

0.5 

F ig . 1. 1. It-curve of /' (0) and gf (0) at 10th approximation. 
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, n 1:::: 0.5. Pr :::: D. 7.Se:::: D.5.N? :::: 1.5"\.1:::: I. S:::: 2 
2 

1.5 

f . 

<:> 0.5 . 

0 -
<:> 
~ - 0.5 

- ./ 

- 1.5 

-2 - 1.5 

I 

: - 0'10) 
I 

~ ------- ¢)' IO I 
I 
I 
I 
I 
I 
I 
I 
\ 
I 
I 
I 
I 
I 
I 
\ 
\ 
I 
\ 

\ 

... , ...... _-_._- --------,,' 

- / - 0.5 o 0.5 

Fig.l.2. Ii- curve for e' (0) and ¢' (0) at 10th approxima tion. 

Table l.1 Convergence of HAM solution for different order of approximations 

/I 

- g' (0) - e' (0) -4/(0) order of convergence - f (0) 

1 0.8 0.0 l.4476 l.3333 
-

5 1.0644 0.48753 l.6004 l. 3549 

10 l.07752 0.55758 1.60334 l.3564 

15 1.07757 0.55761 1.60332 l.35646 

1.6 Results and discussion 

vVe have applied Homotopy analysis method to solve equations (l.13) - (l.16) subject to 

boundary conditions (1.17) . Homotopy analysis method is applied for the convergence 

of the series solutions which are shown in the tab le 1.1.The residual errors for velocity, 

temperatme and concentration are also plotted in Figs. 1.3 - 1.6. The graphical results 
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for velocity, temperature, concentration and skin friction coefficient have been discussed 

against different physical parameters. Figs. 1.7 and 1.8 shows the effect of the parameter 

(tl (which is the ra tio of the angular velocity ofthe cone to the composite angular veloci ty) 

on the veloci ty profiles in the tangential and azimuthal directions (f' (17), 9 CI7)). It is clear 

[rom the figure the tangential velocity 1'(77) increases with the increase of (VI while the 

azimuthal velocity 9(7/) decreases. Figs.1.9 - 1.10 explains the effects of PT on e for 

Se = 2.57 and Se = 0.22. respectively. It is found that in both cases the temperature 

fi eld decreases. Figs. 1.11 - l.12 discuss the efFects of Se on ¢ when p,. = 0.7 and PT = 7.0 

respec tively. It is observed that concentration field decreases for both the cases. In Figs. 

1.13 - l.14 we observe the Effects of Nl on - e' (0) and _¢' (0). It is observed that by 

increas ing Nt the nusselt and the sherwood number decreases. F igs . l.15 - 1.16 show 

the effect of buoyancy parameter )1} on temperature profile 8 an 1 concentra tion profile 

<P for PT = 0. 7. It is seen tha t both the temperature and concentration profiles decreases 

by increasing AI . 

Residual error at 1/ = 0 in f 
~ X 10-7,,------~--------__ ------__ ------~~ 

O�------~~---------------=~-------I 

-2 X 10-7 . 

- 4 X 10-7 

- 1.1 - 1.05 - 1 - 0.95 - 0.9 

Fig.l.3 . Residual errol' in f 
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Residual error at 1/ = 0 in 9 
2 x 10-9 ~~~----~~--------~------~~ 

1 X 10-9 

O r-----~~---------------==_------I 

- 1x 10-9 
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Chapter 2 

Mixed convection MHD flow of a 

micropolar fluid on a rotating cone 

in a rotating fluid 

2.1 Introduction 

In this chapter) we have discussed the mixed convection MHD flow of a micropolar 

fluid on a rotating cone in a rotating fluid. The governing equations of micropolar fluid 

along with heat equation are firstly simplified by using boundary layer and similarity 

transformations and then solved by an analytic method, Homotopy analysis method. At 

the end the graphical results for velocity, microrotation and temperature are plotted . 

2.2 Mathematical formulation 

Consider boundary layer flow of an incompressible MHD micropolar fluid OVf!r a vertical 

cone rotating in an ambient fluid around the eros of cone. Both the fluid and the cone are 

in a rigid body rotation about the axis of cone. A constant magnetic field Eo is applied 

along the flow direction such that the effect of induced magnetic field are negligible. 
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The equations for micropolar fluid in the presence of MHD can be 'written as 

div V = 0, (2.1) 

DV 
P D t = divtJ - k\1 x (\1 x V) -+ 11:(\1 x N ) -+ J x B, (2.2) 

elN 
pj elt = - 211:N -+ 11:\1 x V - ')'(\1 x \1 x N ) -+ (0' -/- f3 -+ ')')\1(\1 x N ), (2.3) 

eLT 
pCp - = tJ .L - div q , (2.4) 

eLt . . 

in which p is the density, i}t is the total derivative, /" is the vortex viscosity, N is the 

microrotation vector, c.p is the specific heat, T is the t emperature, q (= -k div (J) is the 

heat flux and tJ is the Cauchy stress tensor. The last term on the right hand side of Eq. 

(2.2) represents the pondermotive force on the conducting fluid due to interaction of J 

(current density ) and B (magnetic induction), known as lorentz force. vVe assume that 

the induced magnetic field E is negligible in comparison to the applied magnetic field 

Bo· ' /-.Ie seek the velocity field and micro inertia normal to xy-plane of the form 

V(x, y) = (u(x, y), v(x, y), w(x, y)), (2.5) 

N = (0,0, N(x, y)) . (2.6) 

Using the Ohm,s law [11], t he last term on the right hand side of Eq. 2.2 can be written 

as 

J x B = -(JB~V. (2 .7) 

Making use of Eqs. (2.5 ) to (2.7) into Eqs . (2 .1) to (2.4) , the governing equations in 

component form can be written as 

8(TU) 8(T'u ) 
·--+--= 0 8x 8y , (2.8) 
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O'Ll, EhL W 2 
K, 02'Ll, K, oN (J 2 

'u- + v-, - - = (// + -) - + g(3cos¢ (T - Too) + -- - -Bo1i, 
ax ay x p ay2 p ay p 

(2.9) 

ow oW '/.LW K, 02W a 2 . 
u- -I- v- + - = (// + - )-- - -Bow, 

ax ay x p ay2 p 
(2 .10) 

a NaN K, au,' 02 N 
11. - + v- = --(2N + -) +--

ax ay pj oy pj ay2 ' 
(2.11) 

aT aT 021' 
u ~ + v --;:.) = C\' -:c\2 . 

u :r: uy uy 
(2.12) 

The corresponding boundary conditions for the problem are 

OU r 

0, V = 0, N = -n ay' W = TS.l, T = Tw(x) at y = 0 lL 

'U -> 0, v -> 0, tv -> 0, AT -> 0, l' -> Too , as y ------) 00 . (2.13) 

In the above equations, lL, 'U and ware the velocity components along x, y and z-axis, 

respectively, N is the microrotation velocity, 1/ is the viscosity, p is the density, g(3 cos ¢ 

comes due to effects of gravity, j, , and k are the microinertia per unit mass, spin gradient 

viscosity and vortex viscosity, respectively, which are assumed to be constant. n is a 

CO llstant and 0 ~ n ~ 1. The case n = 0, which indi cates N = 0 at the wall, represents 

concentrated particle flows in which the microelements close t.o the wall surface are unable 

to rotate. This case is also known as the strong concentration of microelements. The 

case n = ~ indicates the vanishing of anti symmetric part of the stress tensor and denotes 

the weak concentration of microelements. The ca.se n = 1 is used for the modeling of 

turbulent boundary layer flows . The continuity equation may be satisfied by introducing 

the stream function \]i defined as 

o'lj; o'lj; 
T1L = - and TV = - -. 

ay ax 

26 



Introducing the nondimensjonal quantities 

f(~,?7) = 

O(~ , '/7) 

X = 

Rp _. 

'U = 

1 1 

R] _ R] K ')' 
-, ~ = -I , 6. = -, /\ = -. , 
~ RJ /-1- f-.iJ 

.2/'\ . cJ!.. R _ g,B(Tw - ]~)::r2 c.os 1; 
J . ~ 6 sin , n - , 

// 0 ,// 
1) 

('n' ), (Tw - Too) -xm 
J "sm 1; 

(2.14) 

W ith the help of Eq. (2. 14), the non-dimensional form of Eqs. (2.8) to (2 .13) take the 

form 

(1 + 6.) PI' (' + 8 - (1 - 0(1 - m) f/' _ 2 - (1 - 0(1 - m) (/)2 + (Pr)2~4g2 
4 2 

+ P r (1 - 0 4 e + 6. h' - P r NI e / _ ~ (1 
- 0 (1 - m) [/ oj' _ /' OJ] = 0 (2.15) 

4 D~ D~ , 

" 8 - (1 - 0(1 - m)" 2 
(l+6.)Pl'g + fg -2fg-Pl'l\I~ 9 

4 

~(1- 0(1- m) [f ,Og _ 'Of ] = 0 
4 ' . O~ 9 O~ , 

(2.16) 

).Prh" + 8 - (1 - ~)(1 - m) p/ + 2/h _ Prv6.(2h + PI' /')e 
4 

_ ~(1 - 0(1 - m) [f,Oh _ h'Of ] = 0 
4 O~ O~' (2.17) 

r/ + 8 - (1 - ()(1 - m)fe' _ mf'e _ ~(1 - 0(1- m) [f,fJe _ f)' fJ f ] = 0 
4 4 O~ O~ ,(2.18) 
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" f (c 0) O,f(E"O) = O,g(E"O) = l,e(~ , O) = l , h(~,O) = -nf (E"O), 

j'(E"oo) -t O,g(E"oo) -t o,e(E" oo) -t O, h(E" oo) -t 0, (2 .19) 

where the prime denotes partial differentiation with respect to 'I) , /v! is the magnetic 

parameter, Pr is the prandtl number, 6. is the couple parameter and A and v are the 

dimensionless material parameters. T he quantity m in the above equation comes from 

t he temperatme distribution on the cone smface. The temperature is constant, linear 

and parabolic for m = 0, 1 and 2 respectively. For micropolar boundary layer How, the 

wall shear stress Tw is given by 

. ali 
Tw = [( J.l + k)-a + kN]v=o. 

y 

The local fr iction factor is defined as follows: 

where 
I 

U = Tn + [g,B(Tw - T oo)X]2 . 

The couple stress at the wall is given by 

(ON ) (0'2 X4 ) , 
mow =,' -a = 'Y -3 H (E" 0). 

y y=o v :r: 

T he Nusselt number can be expressed as 

Nux = - 8' (E" 0) . 
X 

(2.20) 

(2.21) 

T he Eqs. (2.15) and (2. 18) are coupled nonlinear differential equa tions, to find the 

analytic solutions we use Homotopy analysis method (HAM) . 
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2.3 Homotopy analysis solution 

The highly nonlinear coupled differential equations will be solved analytically by Homo­

topy analysis method. According to HAM procedure, we express f (~) 17), 9 (~ ) ·'7 ), h (~, ·'7) 

and e (~, 17) by a set of base functions 

(2 .22) 

in the form 
<Xl <Xl <Xl 

f (C 1]) = ag ,o + L L L a;,n~ k 1]j exp ( - 17,17), (2.23) 
k = O j = o n = l 

<Xl <Xl 00 

9 (~ ) 1]) = L L L bJ,n~k 17j exp( -17,·'7 ), (2.24) 
k = O j = O n = l 

<Xl <Xl <Xl 

h (~, ''7) = L L L c;,ne"7j exp( -17,1]), (2.25) 
k=O j=O n=l 

00 <Xl <Xl 

e (C 17) = L L L elJ,n~k1]j exp( - 11:1)) , (2 .26) 
k = O j=o n= l 

In which aJ,n, bj,n, C;,/1 and elj,n are the coefficients . Based on the rule of solution 

expressions and the boundary conditions one can choose the initi al guesses fo, 90, ho and 

fJo as follow: 

fo(C'7) = 0, (2.27) 

90 (~) 1]) = exp ( - 'I)) , (2.28) 

ho (C 17) = -nf~' (0) exp (-17) , (2 .29) 

eo (~, ,/7 ) = exp ( - 'I) ) . (2 .30) 

T he auxiliary linear operators are 

(2.31 ) 
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(2.32) 

(2.33) 

(2.34) 

which satisfy 

(2 .35) 

(2.36) 

(2.37) 

.co[Cs exp (-'7) + C9 exp (- 17)] = 0, (2.38) 

where Ci (-i = 1 - 9) are arbitrary constants. 

2.3.1 Zeroth-order deformation equation 

If p E [0,1] is an embedding parameter and 17,1 , ng , nil and no indi cate the non zero 

auxiliary parameters respectively then the zero th order deformation problems are 

(1 - p) .cy [g( C "7; p) - go (~, 17) 1 = pngNg [j (f" 1] ; p) , g( ~, 1/; p)], 

(1 - p) .c h [11 (f, , "/; p) - J~o (f" 17) 1 = pnh N" [J (E, , 1/; p) , 11, (E, , 11; p) ] , 

(1 - p) .co[t~(E" 17;P) - eo (E" 17)] = pnoNo[J(E" '17 ;])), e(~ , '17 ; p)], 

](1]; 01 = 0 = 0](17; 0 
,,=0 01] 

,)=0 
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(2.40) 

(2.41) . 

(2.42) 

(2 .43) 



(2.44) 

'1=00 

ill which the non-linear operators Nf , Ny, Nh and No are 

3 ' 2 , , " a j((,~;p) 
Nf[j(C77 ;P),9(C~;p),h((,~;p),e((,77;P)] = (1 + 6) Pr a 3 

77 

8-(1 - 0 (1 - m)j' (_ , . )02j(C "7;P) 2 -(1 - ()(1 - m) ( OJ(( ,77;P) ) 2 
+ 4. C ,), P 0772 - 2 077 

+6 oh((,'I) ;p) _ Pr Nleoj((,'I];p) + P r(l - 048(("I];p) + (Pr)2(4g2((,~;p) 
0'1] 0'/ ) 

_ ((1 - 0(1- m) [oj((, 7);p) 02 j((, ~;p) _ 02 j((, ~;p) oj((, 77;P) ] (2.45) 
4 0'1] 0770( 0'112 o( , 

+ 8 - (1- ()(1 - m)j' (t: . )Og(C77;p) _ 20j(C "7;P) ' (t: . , ) 
4 

<,,~,p;:;} ;::, 9 <,,~,P 
v 'l] V7) 

_ (( I - 0(1- 171,) [OJ((, 17 ;P) ofJ((,~;p) _ og((,~;p) 0]((,1) ;P)] (2.46) 
4 ~ ~ ~ ~ , 

" _ 02/1.((,7);p) 8 - (1 - 0(1 - m) , 011.((,7);p) 
N,,[h((,77;P),j((,77;P)] = API' 8 2 -I- 4 f(C '17 ; p) 0 

- ~ ~ 

+20j(~, 'I) ;p) h(C 'I];p) - Prv6(2/1.(C 77;P) + PI' 0
2 j~C;7;p))e 

'I] '17 

_ ((1- 0(1 - m) [ oj((,~;P) ol1.((,'I];p) _ Oh(C1);p) 8 j (("'7;P) ] (2.L17) 
4. 01) o( fJ17 o( , 

N re(f: . · ) j'(t:,., )] = 02fJ(("I);p) + 8- ( l -()(1-m)j~(t: , . )oB((,'17;P) 
e <" I],]J, <, , 77, P 0'1]2 4. <, , '7 , P 0-1] 

_ ((1 - ()(1- m) [oj((,'17 ;P) 08((, "I;P) _ OfJ(f, ,'I) ;p) OJ((,77;P) ] 

4. ~ ~ ~ ~ 
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_ , a](C'I'};p)fJ' (f: . ) 
m, !-.' <,, 'I'} ,P, 

VI7 

for p = 0 and ]J = 1, WI' have 

j(C 'I'}; 0) = fa (C 7)), }(C 77 ; 1) = f (C 7)) , 

By Taylor theorem 
00 

j(C 77; p) = fo (C'I'}) + ~ fm (~, 77) pm, 
m=l 

00 

9(~,'T1; p) = go (~, 7)) + ~ gm (~, 'I }) pm, 
m=l 

00 

h(~) '/7;P) =hO(~)'17)+ Lhrn(~)77)pm, 

00 

B(C 7};p) = eO (C '17) + L ern (~, 77) pm, 
'n=l 

hrn. (77) 

and 
00 

f (~) '17) = fa (~, 'I]) + ~ frn (~, 77)· 
'rn= ] 

00 

g (~ , 77) = go (~, '/7) + ~ gm (~) '1]) . 
m=] 
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(2.48) 

(2.49) 

(2 .50) 

(2 .51) 

(2 .52) 

(2.53) 

(2 .54) 

(2.55) 

(2.56) 

(2.57) 

(2 .58) 

(2.59) 



00 

h ( ~, 77) = ho (C 77) + L h m (~, 77) . (2.60) 
m=1 

00 

f) (C 77) = eo (~ , '1]) + L em (~, 77)· (2.61) 
111.= 1 

2.3.2 mth-order deformation equation 

Differentiating the zeroth order deformation equation (2.39) to (2.42) with respect to p, 

then setting ]J = 0, and finally dividing them by m l , we obtain the mth-order deformation 

equations 

Ir" (C 0) = I:n (C 0) = gm (C 0) = hm (C 0) = em (C 0) = 0, (2.66) 

, 
f'-m (~,oo) = gm (~ ,oo ) = hm (C oo) = em (~ ,oo ) = 0, (2.67) 

where 

"' 8 - (1 - 0 (1 - m) m - l II . 2 ' 

(1 + 6) Pr fm - l + 4 ~ Iklm-l-k - Pr M( I m - 1 

k=O 

( ) (
, ) 'n- l 

2 - 1 - ( 1 - 'm, ~ , ' . ' J . 2c 4 "). 4 
- 2 L IkJm-l-k + (Fl) <, gkgm -l-k + 11(1 - 0 Bm - 1 

k=O 

- -6 / ' _ ((1 - ()(1 - m) [(~f'[)f;"- l -k _ f"[)lm-l-k)] 
I l m _ l 4 L k a~ k a~ , 

k=O 

(2.68) 
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" 8 - (1 - ~)(1 - m) ~ , 
Rf,J /7) = (1 + tl) PI' 9 m - 1 + 4 L f k9rn- l -k 

k=O 
m-I 

2 """ - Pr M~ Ym - l - 2 L gk!m- l- k 
k=O 

_ ~(1 - ~)( 1 - m) [(~ j, D9'1n - l- k _ 'Dfm - l- k )] 
4 L k D~ !h D~ , 

k=O 
(2.69) 

'In - 1 

+2 L hd~1- 1 -k - Prvtl(2hm _ 1 + Pr f; - l)e 
k=O 

_ ~(1-0( 1 -m) [(~f'Dhm- l -k _ 1'Dfrn- l- k )] (2.70) 
4 L k D~ 7,k D~ , 

k=O 

" 8 _ ( 1 _ ~)(1_m)m-l, m-I I 

- 0m_ l + 4 L fkO m- l-k - m L OkJm- l- k 
k=O k=O 

_ ~( 1 - ~)(1 - m) [(~ J:. DOm- 1- k - 0'_ Dfm - I- A- ) 1 
4 L k. D~ k D~ , 

k=O 

{
o m:=;l, 

Xm = 1 m > 1. 

The general so lutions of Eqs. (2 .61) - (2.66) can be written as 

(2.71) 

(2.72) 

fJ m ((, '17) = O':.r, (( , 17) -I- C8 exp (1]) -I- C9 exp (-17) , (2.76) 
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where J~, (C '1)) , g,';,. ((, 1]), h~, ((,1)) and e~ (C 17) are the special solutions. Now it is easy 

to solve Eqs. (2.61) - (2.66) by using Mathematica one after the other in order m= l,2,3 .. . 

2.4 Results and discussion 

Equations (2.15)-(2. 18) with boundary conditions (2. 19) are solved analytically by HAM. 

The h-curves are plotted for f and e to show the convergence region which are shown 

in Figs. 2.1 - 2.2. The analyt ical results for the velocity, microrotation temperature 

have been obtained for several values of the mixed convection parameter (, magnetic 

parameter Nf, coupled parameter ~ and Prandtl number PT. Figs. 2.3 - 2. 14 displays 

the profiles of the axial velocity 1', the tangential velocity g, the microrota tion h and 

the temperature e for various values of magnetic parameter Nf and the mixed convection 

parameter ( . From Figs. 2.3 - 2.8 we note that, for ( = 0, the axial and tangential 

velocity increases as the magnetic parameter ld increases from 0 to 1. However, for 

( > 0 both the axial and tangential velocities decreases as 11/1 increases. Also from Figs. 

2.9 - 2. 11 we conclude that, the magneticfielc1 has only very slight influence on the 

temperature () when ( = 0, but the magnetic field is more pronounced for higher values 

of" C From F igs. 2.12 - 2.14. It is obvious that, near the cone surface, the microrotation 

velocity h decreases for ( = 0 and increases for ( > O. In Fig. 2.15, the effects of ~ are 

discussed, it is seen from figure that the axial velocity f increases by increasing~. From 

Fig. 2.16 the temperat ure profile decreases by increasing PT. 
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