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Preface 

Nlunerous applications of stagnation flows in engineering and 
scientific interest have attracted the attention of number of 
researchers. Mention may be made to the interesting works of [I ­
I OJ. In some situations flow is stagnated by a solid wall, while in 
others a free stagnation point or line exist interior to the fluid 
dOlnain [11]. The stagnation point flows can be viscous or inviscid, 
steady or unsteady, two dimensional or three dilnensional, nonnal or 
oblique and forward or reverse. The stagnation flows were initiated 
by I-liemenz [1 2 J and I-IommID [13 J . Recently, Hong and Wang [14 J 
have discussed the annular axisymnletric stagnation flow on a 
moving cylinder. According to them [14 J, in the previous literature 
the researchers have considered a stagnation flow originated frOln 
infinity. But there are certain situations in which finite geometry i ~ 

more realistic and attractive for high speed and miniat"~ _ J.vmting 
systems [15 -16J. 

In the situations like polymeric fluids or certain naturally occurring 
fluids such as anilnal blood, the classical N avier Stokes theory does 
not hold [16]. Therefore, Erigen [17J has given the idea of 
nlicropolar fluid which describes both the effect of couple stresses 
and the Inicroscopic effects arising from local structure and 
Inicrorotation of the fluid elements. Also, the micropolar fluids 
consist of a suspension of small, rigid, cylindrical elelnents such as 
large dlunbbell shaped Inolecules. Erigen [18J has also developed 
the theory of thennolnicropolar fluids by extending the theory of 
nlicropolar fluids. Because of in1portance of this theory a large 
an10unt of literature on Inicropolar fluids with different geonletries 
are now available. Few ofthenl are cited in the Ref [19-25]. 

Motivated frOln the above highlights, the purpose of the present 
work is to extend the idea of Hong and Wang [14] for Inicropolar 



fluid. To the best of author's la10wledge, not only a single article is 
available in literatures which discuss the axisYlnmetric stagnation 
flow of non-Newtonian fluid in a finite geometry. The problem has 
been first simplified vvith the help of suitable similarity 
transfoflnations and then solved with the analytical technique la10wn 
as homotopy analysis method (HAM), SOlne relevant vvork on HAM 
are given in the Ref [26-36]. The convergence of the flAM solution 
has been discussed through h-curves. The thesis is arranged as 
follows: 

In chapter one, the idea of Hong and Wang has been utilized and 
find analytical solution with the help of flAM. The comparison of 
numerical solutions [14] and our I-IAM solution is also presented. 
Chapter two is devoted to the study of stagnation flow of a 
Inicropolar fluid in a n10ving cylinder. After reducing the probleln 
with the problem with the help of suitable similarity transfonnations 
the probleln is solved analytically with the help of flAM. The 
convergence of the problem is discussed by plotting h-curves. At the 
end, the physical behaviors of pertinent parmneters are discussed 
through graphs and tables. 
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Chapter 1 

Annular axisymmetric stagnation 

flow on a moving cylinder 

1.1 Introduction 

In this chapter, we have discussed the axisymmetric stagnation flow of a v iscous fluid in a moving 

cy linder. The governing equations of viscous fluid along with energy equations are modelled in 

cy lilldrical cuOI"uinates sysLem. The coupled nonlinear equations are simplified with the help 

of suitable simil arity transformations and then the reduced equations are solved analytically 

with the help of perturbation method and homotopy analysis method. Originally, this physical 

problem has been given by I-long and \Nang [14], they have presented the perturbation and 

numerical solutions. vVe have solved this problem with the help of Homotopy analysis method 

(H A /\If) and the results are compared with the available numerical results. It is found that 

both the resllH.s are almost identical. 

1.2 Mathematical formulation 

Vve consider the stagnation point Howl of viscous fluid between two concentric cylinders. The 

outer cylinder is fixed while the inner cylinder is rotat ing about z-axis with constant angu-

I Stagnatio n point is a point in a flow field where the local velocity of the flu id is zero. Stagnation points ex ist 
at the surface of objects in the flow fi eld, where the fluid is brought to rest by the object . 
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lar veloci ty D and having linear translation along z-axis. The governing equations of mass, 

momentum, and energy are 

divV = 0, 

dV 
P-

l
- = eliv T, 

ct 

dCT 
PCp- = T.L - div q, 

dt 

(1.1 ) 

(1.2) 

(1.3) 

where V is the velocity vector, P is the density, T is the Cauchy stress tensor, cp is the specific 

heat , CT is the temperature and q (= -k eliv CT) is the heat Aux1 

The Cauchy stress tensor for viscous fluid is defined as 

T = -pI + /-tA I . (1.4) 

in which p is the pressure, I is t he unit tensor, /-L l S t he v iscosity and Al is t he first Rivlin 

E ri cksen tensor whi ch is defined as 

Al = (grad V) + (grad V)T . 

V"e seek the velocity an d temperature fields of the form 

V = [u (1' , z ) , V (1', z) , W (1', z)] , CT = CT (1', z) . 

With the help of Eqs . (1.4) to (1.6) , Eqs . (1.1) to (1.3) , take the following form 

u 
u,. + W z + - = 0, 

l' 

ap (1 a 8 TOO) = --a + j.1. --8 (TT,.,) + -a (TZT) - - , 
l' l' l' Z T 

[ 
1W ] (1 8 (2 ) 8 TOr' - T TO ) P UV./, + WVz + - = f.L ? -8 T TTO + - (T zO) + , 
l' 1'~ l' 8z l' 

8p (1 a 8) P [uw.,. + wWz] = --8 + f.L --a (TTrz) + - (Tzz) , 
Z l' T 8z 

I rate of fl ow of heat energy per unit area 
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(1.5) 

(1.6) 

(1 .7) 

(1.8) 

(1.9) 

(1.10) 



where 

----t ----t ( 1 ) p Cp [ua,. + waz] = T. L + k a ,.,. + -:;. a ,. + azz , 

l ::: ::: :::] l 2u,. 'VI' - ~ 

21< 
l' 

With the help of Eq. (1.12) , Eqs. (1.8) to (1.11) take the following form 

( UV) (1 v ) P 'LiV,. + 'lVVz + ---:; = {i v,.,. + -:;.v'/' + Vzz - r2 ' 

p (mv,. + wWz) = - ~~ + p. ( 'lV,.,- + ~w,. + 'wzz) , 

? 2 
2 2 2vv'/' , 2 V- 2'Li 

p(2'Li,. + v,,. - -- + 2uz'lV,. + w,. + ? + -2 
T' T- T' 

+U: + v; + 2w;) + k (a.,..,. + ~a.,. + azz) . - r 

Elimination of pressure from Eqs . (1.13) and (1.15) yields 

( 
1 'Liz 1 1 ) 

{i U.,.TZ + -'Li,,.z + 'Uzzz - -2 - w".,.,. - -w.,.,,. + -2 w.,. - 'W,.zz . 
T T T T 

l\/Iak ing use of Eq. (1.7) , Eq. (1.17) takes the following form 

U 2'U'Uz U 
li'Li·,.z - -'Liz + WUzz - -- + -w.,. - 'Uw,..,. - 'lVW,,.z 

T r T 

// ('Li., .. ,.z + ~'U,,.z + 'Uzzz - 1i2z - W,/,TT - ~WT,/, + 12 wT - 'W,.zz ) . 
T T r T 

(1.11) 

(1.12) 

(1.13) 

(1.14) 

(1.15) 

(1.16) 

(1.17) 

(1.18) 

According to the geometry of the problem, the boundary conditions take the following form 

V(R, z )=(O,aD,O), V(bR,z)=(-U,O,O), a(R,z)=al, a (bR, z) = a2. (1.19) 
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Defining t.he following similarity transformat ions 

7J 

_-_U-=--f ---,-(17.:...:...) , v = aDh (17) , 
T) 

~ = z 
R 

With the help of Eq. (1.20) , Eqs . (1.18) , (1.14) and (1.16) take the following form 

RU [_ f (2Uf'"~ + 1fT/gil
) + f" (2Uf'~ + W g)] 

2v 

T) (2U/" ~ + WglII) + 2 (2Uf'"~ + WglI
) 

_ R2uB6 (2Uf"~ + Wg') , 
4vp 

II ,h (' 2fh) 417h + 4h - - + Re 4fh + - = 0, 
77 T) 

17e" + e' + PI' Re fe' = 0, 

where Pr = "UZ~P is the Prandtl number . 

Equating the coefficients of like powers of E, in Eq. (1. 21) , we have 

77I i
"(l + 2/"' + R c (If'" - f'1") = 0, 

Re (J'g - fg')' = (779")' + (g' )'. 

Integration of Eq. (1. 25) , gives 

17g" + g' + Re (Jg' - f'g) = 0, 

where R e = ~u is the R eynolds's number. 
_"U 

The corresponding boundary condi tions take t he following form 

f (1) 

f (b) 

0, f' (1) = 0, 9 (1) = 1, h (1) = 1, 

Vb, f' (b) = 0, g(b) = 0, h(b) = 0. 

5 

(1.20) 

(1.21) 

(1.22) 

(1. 23) 

( 1.24) 

(1. 25) 

(1.26) 

(1.27) 



Eqs. (1.22) to (1.24) and (1.26) are highly nonlinear coupled equations, their exact solutions 

are impossible, therefore we want to solve it analytically with t he help of perturbation method 

and homotopy analysis met.hod. 

1.3 Solution of the problem 

1.3.1 Perturbation solution for small Reynolds numbers 

Since Reynolds numb er is defined as Re = ~~, we assume that Re < < I , that is either the 

inj ection velocity, or the di a meter of the inner cylind er is small , or the viscosity of the fluid is 

large, we expand the solution in terms of the R eynolds numbers as 

f fa + Reh + .. 

g go + Reg} + .. " 

h ho + Re hI + . 

( 1.28) 

(1.29) 

(1.30) 

Substituting Eqs. (1. 28) to (1.30) into Eqs. (1. 22) , 0..24) and (1 .26) , we obtain the following 

sys tems 

Zeroth order system 

Vil ith the boundary conditions 

fo (1) 

fo (b) 

179~ + gb 
1 I II 4/' ho 

L 17 <0 + '0 - -
17 

0, 

0, 

o. 

0, f6 (1) = 0, 90 (1) = 1, ho (1 ~ = 1, 

Jb, f6 (b) = 0, go (b) = 0, ho (b) = O. 

6 

(l.31 ) 

(l.32) 

(l.33) 

(l.34) 



First order system 

7]g{ + g~ 
/I I hI 

417111 + 4hl - -
7] 

fb90 - fogb , 

= -4fohb _ 2fohO . 
7] 

The related boundary conditions at this order are defined as 

h (1) 

h (b) 

0, f{ (1) = 0, gl (1) = 0, hI (1) = 0, 

0, f{ (b) = 0, gl (b) = 0, hI (b) = O. 

Solution of zeroth order system 

(1.35 ) 

( 1.36) 

( l.37) 

(l.38) 

(l.39) 

T he solu tion of Eq s . (l. 31).to (1. 33) , satisfy ing the boundary condition (1.34) take the following 

form 

. /6 [-2 (b - 1) 17Ln['/7l + Ln[bJ'I]2 + 2 (b - 1 - Ln[bJ) 'I] - (2b - 2 - Ln[bJ)] (1.40) 
Jo = (b-1)[2(b- l )-(b+l)Ln[blJ ' 

Ln[bJ - Lnhl 
go '---- Ln,[bl ' 

7]-b 
ho = -;---'-:-~= 

(1- b) .Jii (l.41) 
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Solution of first order system 

With the help of zeroth order solution the solution of first order system is computed and is 

shown through graph as follows 

-'0.05 

-0.1 

, .... , ... , h 
1 

_0.1 5L.----'---........... -~-.l---""""'---......J 
1 1.2 1.4 1,6 1,8 2 

11 . 
Figl.1, variation of velocity against 'TJ 

The expressions for different boundary derivatives are defined as 

1" (1) 
2.Jb [Ln[b]- (b + I) ] ./1 . ') 

(b - 1) [2 (b - 1) - (b + 1) Ln[blJ + Reh (1) + O(Re-), (l.42) 

I'/1 (1) 2Vb ./1 ( ) ') 
2 (b - 1) - (b + 1) Ln[b] + Re 11 1 + O(Re-), ( 1.43) 

g' (1) - L1~[b] + Reg; (1) + O(Re
2

), ( l. 44) 

h' (1) b + 1 , 2 
2 (b _ 1) + R e h] (1) + O(Re ), (l.45 ) 
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1.3.2 Perturbation solution for small gap width 

'When the annular gap width (say E) is small , that is E « 1, we can set T/ 

o < (J < 1, expanding in terms of E we have 

f (T/) 

9 (17) 

h ('17) 

<Po ((j) + E<PI ((j) + . .. , 

\[10 ((j) + E\[II ((j) + ... , 

1 + EeT, for 

(1.46) 

(1.47) 

(1.48) 

With the help of Eqs. (1.46) to (1.48) into Eqs . (1.22), (1.24) and (1.26), using the similar 

procedure as discussed in previous sect ion, the solutions are straightforward defined 3S 

5 2 3 4 ( 8 2 27 3 3 5 1 6 2 7) <PI (0) = -(j - 3(j + (j + Re -(j - -(j + -(j - -(j +-0 
2 35 70 10 5 35 ' 

( 1.49) 

1 1 2 (9 3 3 4 1 5) \[II ((j) = --(j + -(j + Re --(j +- (j - -(j +-(j 
2 2 20 4 5 ' 

(1.50) 

1 1 2 (3 1 4 1 5) Al ((j) = --(j + -(j + Re --(j + -0 - -(j . 
2 2 20 4 10 

(1.51) 

The boundary derivatives are 

1" (1) = ~ [6 + E (5 + 16 Re) + . .. ], 
E2 35 

(1.52) 

'1/1 () 1 [ (81) 1 j 1 = (2 -12 - ( 18 + 35 Re + ... , (1.53) 

1 (1 9 ) g' (1) = ~ [-1 - E 2 + 20 Re + . . . J , (1.54) 

1 (1 3 ) 11.' (1) = ~ [-1 - E 2 + 20 Re + .. l (1.55) 

9 



1.3.3 Solution by Homotopy analysis method 

In this sec tion , the solution of the above boundary value problem is obtained with the help of 

HAlvI. For HAlvI soluti on we choose the ini tial guesses as [26-36] 

fa (77) = Vb ((3b - 1) - 6b?) + 3 (b + 1) 7]2 - 27]3), 
b - 1 

the corresponding auxili ary linear operators are 

which satisfy 

d2 

Lo = -l 2' c 7) 

(1.5 6) 

( 1.57) 

(1.58) 

(1.59) 

( 1.60) 

where C-i (i = 1, ... , 10) are arbitrary constants while the zeroth-order deformation equations are 

defined as 

(1.61) 

(1.62) 

( 1.63) 

( 1.64) 

in whi ch 

(1.65) 

Ng[g (7]; p)] = 'rJg" + g' + Re(jg' - 1'g) , (1.66) 

( 1.67) 

(1. 68) 

10 



The boundary condi bons for the zeroth order system are defined as 

i (l;p) = 0 , i'(l;p) = 0 , g(l;p) = I , i,,(l;p) = I , O(l;p) = 0 , (1.69) 

i(b;p) = Vb, i'(b;p) = 0, g(b;p) = 0, il(b;p) = 0, O(b;p) = 1. (1.70) 

The mth order deformation equations can be obtained by differentiating the zeroth-order de-

formation E qs. (1.61 - 1.64) and the boundary conditions (1.69 - 1.70), m-times with respect 

to p, then dividing by 177.1 and finally setting p = 0, we obtain 

(1.71) 

(1. 72) 

(1. 73) 

(1.74) 

1m (1) = 0, f~l (1) = 0, gm (1) = 0 , hm (1) = 0, em (1) = 0, (1.75) 

1m (b) = 0, I'm (b) = 0, gm (b) = 0, hm (b) = 0, em (b) = 0, (1.76) 

where 

II I m I I 

Rmg (TJ) = '/7gm-l + gm-l + Re j~o(jjgm-l-j - fj,gm-l-j), (1.78) 

/
V

m 
__ {o m::; 1 

A (1.8 1) 
1 m > 1. 
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With the help of software ivIATHEMATICA, the solutions of Eqs. (1.22) to (1.24) and (1.26) 

subj ec t to the boundary conditions (1.27) can b e defined as 

Q 
9 (77 ) = lim [ L; gm (77)], 

Q ->oo m = 1 
(1.82) 

( 1.83) 

where 

(1.84) 

(1.85) 

(1.86) 

(1.87) 

In above equat ions j~~,. ('/7) ,g,-:n (77) , h;n. (7]) and e;n (77) are the special solutions and can be stated 

as 
00 00 

f~, (77) = ~ amn7]4n+3 , g~, (17) = ~ bmn 7]4n+1 , ( 1.88) 
n=l n=1 

00 00 

h;n (77) = ~ cmn7] 571 + 1 , f)~l (7] ) = ~ dm71 '/7
471+ 1 (1.89) 

71 = 1 n =l 

1.4 Results and discussion 

In this section, we have discussed the perturbation solution and HAM solution through graphs 

and tables. In Fig. 1.1 , first order perturba tion solutions have been plotted against '17. It is seen 

that fl gives maximum value and hI gives minimum value. The h-curves for I , g , hand e are 

plotted in Pig.1.2 to l.6 , The related convergence regions are - 1 < h < - 0.3, - 1 < h < - 0.4, 

-0. 125 < h < - 0.1 , - 1 < h < - 0.6 and - 0.9 < h < - 0.65 for /,g,h and e respect ively. 

The vari at ion of R.e on f, g, 11. and f) are displayed in Fig.l.7 to 1.10. It is seen that with the 

increase in Re, f and e increases while 9 and h decreases . The varia tion of PI' on e are shown 

in Pig. l. ll. I t is observed tha t temperature profile increases with the increase in Pr. 

A comparison of num eri cal, perturbation and HAM solutions are given in tables 1.1 to l.12 
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for different functions. It is seen that the numerical and HAM solutions are in good agreement 

with each other. 
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1.5 Tables 

Re Numeric HANI Small Re Small gap 

0.1 650 .3526 650 .3526 650.352 650.457 

1 654 .7679 654.7679 65L1.770 654.571 

10 698.6176 698.6176 698.951 695.714 

100 1082.300 1082.3 1140.800 1107.100 

1000 2819.700 2819.7 

10000 8447.300 8447.300 

Table 1.1 : Comparison of different solut ions for f" (1) b = 1.1. 

R e Numeric HAM Small Re Small gap 

0.1 11.0010 11.001 11.001 11.0457 

1 11 .6772 11.6772 11.684 11.4571 

10 17.5348 17.5348 18.519 15.5714 

100 44.4492 44.4492 

1000 132.436 132.436 

10000 411 .373 411.373 

Table 1. 2 : Comparison of different solutions for f" (1) b = 2. 

Re Numeric HAM Small Re Small gap 

0.1 0.667 0.667 . 0:6674 0.634 

1 0.863 0.863 0.8938 0.680 

10 1.867 1.867 

100 5.292 5.292 

1000 16.210 16 .21 

10000 50. 764 50. 764 

Table 1.3 : Comparison of different solutions [or I" (1) b = 10. 
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Re Numeric Ham Small Re Small gap 

0.1 -13883 -13883 -13883 -13823 

1 -14117 -14117 -14116 -14031 

10 -16507 -16507 -16452 -16114 

100 -42933 -42933 -39806 -36943 

1000 -30597 -30597 -273350 -245230 

10000 -2813200 -2813200 

Table 1.4 : Comparison of dif1'erent solutions for /''' (1), b = 1.1. 

Re Numeric I-lam Small Re Small gap 

0.1 -36 .1443 -36.1443 -36.143 -30.2314 

1 -41.0797 -41.0797 -41.000 -32 .3143 

10 -93 .5670 -93.567 -89.565 

100 -590.738 -590 .738 -575.21 

1000 -5211.80 -521 1.8 -5431.7 

10000 -50187.0 -50187.0 

Table 1.5 : Comparison of different solu tions for !'" (1), b = 2. 

Re Numeric I-lam Small Re Small gap 

0.1 -0 .9172 -0.9172 -0 .917 -0 .241 

1 -1.3924 -1.3924 -1.405 -0 .267 

10 -5.2400 -5.240 -6.287 

100 -36.4750 -36.475 

1000 -322.795 -322.795 

10000 -3102.90 -3102.90 

Table 1.6 : Comparison of different solutions for !'" (1), b = 10. 
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Re Numeric I-lam Small Re Small gap 

0.1 -10 .5382 -10 .5382 -10.538 -10.545 

1 -10.9489 -10 .9489 -10.948 -10 .950 

10 -14.6586 -14.6586 -14 .658 -15.000 

100 -35.7103 -35 .7103 -35.710 

1000 -106.9611 -106.9611 -106 .961 

10000 -332 .1775 -332. 1775 

Table 1.7 : Comparison of diffel'ent solu t ions for g' (1) b = 1.1. 

Re Numeric Ham Small Re Small gap 

0.1 -1.4963 -1.4963 -1.496 -1.545 

1 -1.9309 -1.9309 -1.984 -1.950 

10 -4 .3856 -4.3856 -6.000 

100 -12.6450 -12.645 

1000 -38.7853 -38.7853 

10000 -121.452 -121.452 

Table 1.8 : Comparison of different solutions for g' (1) b = 2. 

Re Numeric Ham Small Re Small gap 

0.1 -0. 5082 -0.50802 -0.623 -0.626 

1 -0.9040 -0.9040 -0 .731 -0.761 

10 -2.2168 -2 .2168 -1.809 

100 -6.3381 -6 .3381 

1000 -19.3699 -19.3699 

10000 -60.5821 -60. 581 

Table 1.9 : Comparison of different solu t ions for g' (1) b = 10. 
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Re Numeric Ham Small Re Small gap 

0.1 -10 .5151 -10.5151 -10.515 -10.515 

1 -10.6511 -10.6511 -10.650 -10.650 

10 -12.0407 -12.0407 -12.007 -12 .000 

100 -24.8226 -24.8226 -25.570 -25 .500 

1000 -75 .1076 -75 .1076 

10000 -233.5209 -233.5209 

Table l.10 : Comparison of different solutions for h' (1) , b = l.l. 

Re Numeric Ham Small Re Small gap 

0.1 -l.5 151 -l.5151 -l.515 -1.515 

1 -1.6554 -1.6554 -1.650 -1.650 

10 -3 .0517 -3 .0517 -3.007 -3 .000 

100 -8.8636 -8.8636 

1000 -27.2421 -27.2421 

10000 -85.3916 -85.3916 

Table 1.11 : Comparison of different solutions for h' (1) , b = 2. 

Re Numeric Ham Small Re Small gap 

0.1 -0.6235 -0.6235 -0.623 -0.626 

1 -0.7570 -0.757 -0.731 -0.761 

10 -1.5941 -l.5941 -1.809 

100 -4.4487 -4 .4487 

1000 -13 .5959 -13 .5959 

10000 -42.5694 -42.5694 

Table 1.12 : Comparison of difFerent solut ions for h' (1), b = 10. 
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Chapter 2 

Axisymmetric stagnation flow of a 

micropolar fluid in a moving 

cylinder: An analytical solution 

2.1 Introduction 

In this chapter, we have presented the axisymmetric stagnation flow of a micropolar fluid in n, 

moving cylinder. The governing equations of motions , microrotation and energy are simplified 

with the help of suitable similarity transformations. System of six nonlinear coupled differential 

equat ions have been solved analytically with the help of strong analytical tool known as homo­

topy analysis method. The physical features of various parameters have been discussed through 

graphs . Also, a compar ison of our analytical solutions ' and the available numeri cal results are 

made in the limiting case. The values of skinfriction and local Nusselt number have been also 

computed. 

2.2 Mathematical formulation 

Let us consider an incompressible flow of a micropolar fluid between two cylinders. We are 

considering cylindrical geometry assuming that the flow is axisymmetr ic abou t z-axis. The 

inner cylinder is of radius R rotating with angular velocity 0 and moving with velocity W in 
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the axial z-direction. The inner cylinder is enclosed by an outer cylinder of radius bR. The 

fluid is inj ec ted radially with velocity U from the outer cylinder towards the inner cylinder. 

The eq uations for micropolar fluid in the presence of heat transfer analysis are stated a.s, 

eliv V = 0, (2.1) 

dV 2 
Pdt = -\1p + k\1 x W + (Ii + k) \l V, (2 .2) 

dw 
pj- = -2kw + k\1 x V -')' (\1 x \1 x w) + (Ct +,8 + ')') \1 (\1 x w) , (2.3) 

cit 

dO" 
pr_.- = T.L - div q , (2.4) 

- P dt 

where V is the velocity vector, p is the density, w is the angular microrotation momentum, fL 

is the dynamic viscosity, k is the vertex viscosity, j is the microrotation density, Ct , (J and i ' are 

t he micropolar constants, cp is the specific heat at constant pressure , 0" is the temperature, v is 

the kinematic viscosi ty, k* is the thermal conductivity and p is pressure . vVe seek the velocity, 

m icrorotation and temperature of the following form 

V(r, z)= (u(r, z ) ,v(r,z) ,w(r, z)), w(T,z) = (O,N* (r ,z), O), O" = O"Cr, z) . (2 .5 ) 

Making use of Eq. (2.5) into Eq . (2.1) to (2.4) the governing equations 111 component form 

become 
it 

U 'I" + W z + - = 0, 
T 

P (U'li'/' + WU z - v
r

2
) = - 88P - kN; + (J.i + k) (U.,..,. + ~u'/' + Uzz _ 'L~ ) , 

T l' 1'-

( UV) (1 v) P 'liV,. + wVz + --;:- = (fL + k) Vr'/' + -:;:v,. + V zz - 1'2 ' 

P (mu T + wWz ) = - ~~ + k (Nr~ + ~*) + (fL + k) (WT!' + ~w,. + wzz ) , 

p.7 (uN,: + wN;) = -2kN* + k ('li z - W,.) + ')' ( N,:,. + ~,,: + N;z - ~*) , 
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(2.7) 

(2.8) 

(2.9) 

(2.10) 



pc" (UO"T + 1UO" z) 
') 2 2vvr 2 V

2 2u2 

f-L(2'U,~ + V,. - -- + 2uZ 'WT + 'W,,, + -2 + -2 
T T T 

+u; + V; + 2w;) + k (O"Tr + ~O"T + O"ZZ) , (2.11) 

To eli minate the pressure term from Eqs. (2.7) and (2 .9), we apply the cross difFerentiation 

method, that gives 

P (( H''''WT + U'WTr -I- 'W.,.'Wz + 'W'W"/"Z) - (uu,,,z + 1Lr 'Uz + 'WUzz -I- Uz'Wz - 2v
T
V

z 
) ) 

(
• N,~ * N* ) ( ) ( 1 1 k NT" + - + Nzz - -2 + /-L + k 'W.,.,.,. + -W,.,. - 2w", + Wrzz - u,.,.z 

T T l' l' 

1 HZ) 
- - 'Un - U zzz + -2 . 

. ,. T 
(2 .12) 

The corresponding boundary conditions take the following form 

V (R , z) = (0, aD , 0) , V (bR, z) = (-U, 0, 0) , (2 .13) 

N" (R, z) = 11.T,·z, N* (bR, z) = 0, (2 .14) 

o'(R, z) = 0"1, O"(bR, z) = 0"2, (2 .1 5) 

where Tn is the shear stress and 11. = 0 corresponds to strong concentration of microparticles, 

17. = ~ is the weak concentration of microparticles . 

Introducing the fo ll owing sim ilarity transformations 

( 
~) _ -U f (T)) 

U T, '" - , 
77 

V (1', z) = aDh (1)), W (1', z) = 2Uj' (1)) ~ + Wg (1)), 

* 2U W 
N (1', z) = -R M (7]) ~ + -N (77), , R 
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z 
~= -

R" 

T-Tl 
B(1',z)=y: T' 

2 - 1 

(2.16) 

(2 .17) 

(2 .18) 



Making use of Eqs. (2.16) to (2.18) into Eqs. (2.8) and (2 .10) to (2.12) , we obtain 

4pU [f" (2Uf'~ + Wg) - f (2U 1"'~ + Wg II
)] 

k 1 
= -[4 (2UM'~ + WN') +47"} (2UM"~ + WN") - - (2UM~ + WN)] 
R~ 7"} 

+8 (J-L;k) [7"}(2uiv~+Wg"') +2(2Uf'"~+WgII)] , 

47"}h" + 4h' - - + -. - 4fh' + - = 0, h Re ( 2fh ) 
7"} 1+J( 77 

~ pj [f (2UM'~ + W N') + M (2Uf'~ + TlVg)] 

2K 2K 
= -If (2UM~ + WN) - IfVri (2Uj"~ + Wg') 

+ ~3 [4 (2UM'~ + W N') + 47"} ((2UM"~ + HI Nil)) 

1 
-- (2U M~ + HI N)], 

77 

7"}B" -I- B' -I- Pr Re fBI = o. 

Equating the coefficients of like powers of~, in Eqs. (2 .19) and (2.21), we obtain 

4pU (2U f' f" - 2U f f"') = 

LlpU (W f" 9 - W fg") 

~ pj [2UfM' -I- 2Uf'M] 

_k_ (8UM' + 8U7"}M" - ~UM) + 
R.fti 7"} 

8 (J-L + k) (2U77fiv + 4U 1"') , 
R 

-- 4WN' + 4ryWN" - -N + k ( W ) 
R.fti 7"} 

8 (J-L; k) (77W g'" + 2W gil) , 

4KU ~ , 4J(U r,;:; j .' 11 
---111 - --y 7"} 

R R 
I (' II 2U ) -I- R3 8UM -I- 8U77M - ryM , 
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(2.19) 

(2 .20) 

(2 .21) 

(2 .22) 

(2 .23) 

(2.24) 

(2 .25) 



2]( 2]( , 
--TiVN - -J?7Wg 

R R 

+ '\ (4W N' + 4W7)N" - W N). 
R 7) 

(2.26) 

Simplification of Eqs. (2.23) to (2.26) yield 

77f iv + 2/,,' + ~ (If'" - f'1") + ]( _1_ ( 477MII + 4M' - M) = 0, 
1 + ]( 8 (1 +]() 07 77 

(2 .27) 

II , ]( ( ,2) R e (' ") 779 + 9 + -:---}( 4ftJN + -N + -:---}( fg - j 9 = 0, 
1 + .fii 1 + 

(2.28) 

II ,M 4 Re ( , ') 2]( 5 ( ") 477M + 4M - - - - fM + f M - - M + J?7f = 0, 
77 A A 

(2.29) 

N 4Re 2](5 
47)N" + 4N' - -:;; - A (IN' + Mg) - A (N + ftJg') = 0, (2 .30) 

in which Re = ~R is the cross-flow Reynolds number, A = :J..., is the micropolar coefficient, 5 = 
_v ~lJ 

R2 and ]( = E are the micropolar parameters, PI' = 'UkP~P is the Pranclle number Ee = (i:,2 T) 
J !J Cp b- I 

is the Eckert number , C\: = 7f and /3 = a;: are the velocity ratios . The boundary conditions in 

the transformed domain are 

f(1)-O, f'(l)=O, f (b) = Vb, I' (b)=O, (2.31) 

g(l)=l, g(b)=O, h(l)=l, h(b) = 0, (2 .32) 

) 
.11 ( ) 6..jbn M(1 = - 2nj 1 = - 3 (b - 77) , 

(b - 1) 
M(b) = 0, (2.33) 

N(l) = -2nf" (1) = - 6Vbn (b - ) 
(b _ 1)3 7), 

N(b) = 0, (2.34) 

(;)(1) = 0, (;)(b) = 1. (2.35) 

Eqs. (2.20) , (2.22) and (2.27) to (2.30) are highly nonlinear coupled equations and are solved 

analytically with the help of homotopy analysis method. 
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2.3 Solution of the problem by Homotopy analysis method 

The solution of the above boundary value problem is obtained with tlle help of HAM. For HAM 

solution, we choose the initial guesses as [26-36] 

Vb 2 3 fa (77) = -b -((3b - 1) - 6/.177 + 3 (b + 1) 'I] - 27] , 
- 1 

b-'I] 
go (7]) = b _ 1 ' 

-6Vbn 
MO(77) = 3(b-7]) , 

(b - 1) 
M ( ) - 2n (b _ ) a 7] - (b _ 1)2 7], 

The corresponding auxiliary linear operators are 

L f 
d4 cl2 cl2 

L =- L" = d?' cl7]4' 9 cl772 ' 7]-

cl2 

LM = d7]2' 
cl2 

LN = 0 ' G7] 

cl2 
Lo = cl 2) 

77 

which sat isfy 

(2.36) 

(2.37) 

(2.38) 

(2 .39) 

(2.£10) 

(2.41 ) 

(2.42) 

(2.43) 

(2 .44) 

(2.45) 

where Ci (i = I, ... , 14) are arbitrary constants while the zeroth-order deformation equations are 

defined as 

(2.46) 

(2.4 7) 

(2.48) 
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(2.49) 

(2.50) 

(2.51 ) 

where 

N[J(r/"p)]=7div +2f"'+ Re (]}"I _ j'j")+ J( ( 4'1]!VIII + 4J1IJI _
JlIJ

) (2.52) 
f ' (1+J() 8(1 + J()y'rl '1] , 

. [' ] II I Re ( ', I ~I ' ) J( ( ' I 2N ) Ng g('1];p) = '1]g +g + (1+J() fg -1 g + (1+J()v'rl 4N +~ , (2.53) 

, 'II 'I 11 Re ( "I 2}11 ) Nh[h ('1] ;p) ] = 4'I]h +4h - - + ( ) 4fh + - , 
'17 1 + J( 'I] 

(2.54) 

, , II ' I !VI 4 Re " , ', ' 2J( 6 ( , ' II) 
NM[M ('1];p)] = 4r)M + 4M - -:q - TUM + f M) - T M +.filf , (2.55) 

, , II ' I N 4 Re ( , " ') 2J( 6 ( , ') N N[N (17;P)] = 4'17 N + 4N - ry - T fN + Mg - T N +.Jiig , (2.56) 

, ' II " ,, ' 
No[O('1];p)) = '1]B + e I- PrRefe. (2 .57) 

The boundary conditions for the zeroth order system are defined as 

} (l;p) = 0, f'(1 ;p) = 0, 9 (l ;p) = 1, h (1;p) = 1, e (1;p) = 0, (2 .58) 

} (b; p) = Vb, j' (b; p) = 0, 9 (b;p) = 0, 11 (b; p) = 0, e (b;p) = 1, (2.59) 

!VI (1;p) = -2nf~ (1), JlIJ (b;p) = 0, N (l ;p) = 2ngb (1), N (b;p) = O. (2 .60) 

The mth order deformation equations can be obtained by difl'erentiating the zeroth-order defor­

mation equations (2.46 - 2.51) and the boundary conditions (2 .58-2.60), m-times with respect 

to p, then dividing by m!, and finally setting p = 0, we get 

(2 .61) 
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1m (1) = 0, 1;n (1) = 0, 9m (1) = 0, hm (1) = 0, em (1) = 0, (2.67) 

1m (b) = 0, I'm (b) = 0, 9m (b) = 0, hm (b) = 0, em (b) = 0, (2.68) 

Mm (1) = 0, Mm (b) = 0, Nm (1) = 0, Nm (b) = 0, (2 .69) 

where 

(2,70) 

(2,1) 

Rmg (TJ) (2.71) 

(2.2) 

R () 
II I hm - 1 Re m I 2j.;hm - 1- ·i 

mh TJ = 477hm_ 1 + 4hm_ 1 - -- + -1 }('~ (477lihm_1_ 'i + ), 
77 + . 2=0 TJ 

(2 .72) 

(2,73) 

(2,3) 
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/I , N m - 1 4Re ~ (j'N' ~I[ ) 477Nm_ l + 4Nm _ 1 - -- - - -.B . i m - 1-i + j \ igm - l -i 
77 A 2=0 

(2.74) 

21(5 , 
-T (Nm- 1 + Jrjg',n - l) I 

(2.'1) 

(2.75 ) 

m. ::::: 1 
(2.76) 

m > 1. 

With the help of software MATHEMATICA, the solutions of Eqs. (2.20) I (222) and (2.27) to 

(2 .30) subject to the boundar), conditions (2.31) to (2.35) can be defined as 

Q 
f (77) = lim [ L:: fm (77)], 

Q->oo m=1 
(2 .77) 

(2 .78) 

(2.79) 

where 

(2.80) 

(2 .83) 

In which f:n (7)) I g:r, (7)) I h:r, (77) I M;t (77) I N~* (77) and 8;'1 (77) I are the special sol utions and can 

be stated as 

00 00 

fm (7/) = L amn7)¥n+3 I gm (7)) = L bmn'T/¥n I (2.84) 
n=1 n=1 

00 00 

h (on) = "" C 7)~(lln+1) 
1Tl.' , ~ rn:n ) 111m (77) = L dmn 77¥ 'n-l I (2 .85) 

'11=1 n=l 
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00 00 

N;" (77) = L emn7]~(lln-5) , em (77) = L imn17~(lln - 1) , (2.86) 
n=l n=l 

where amn , bmn , Cmn ' drnn, emn , imn , are all constants and the numerical elate of these above 

solu tions have been computed with the help of IvIathematica and shown through graphs . 

2.4 Results and discussion 

In this section we have discussed the HAM solutions graphically. Therefore, we have plotted the 

velocit ies, microrota tion and temperature fi elds for d ifferent physical parameters. To discuss 

the convergence of the series solutions we have plotted the h-curves (see figs.1 to 5) It is seen 

that the convergence region of f is much smaller then the other funct ions. The nonclimensional 

ve locity f for various values of Re, 0, 1(, and A are shown in Figs.6 to 9. It is observed that with 

t he increase in all the parameters, f increases in the given domain . IvIoreover, the behavior in 

all the cases are almost similar. The nondimensional velociti es 9 and h for different values of Re 

are shown in Figs.10 and 11. I t is depicted that in the given domain both fun ctions decreases 

with the increase in Re. Almost similar behavior app eared for 0 and 1( which are not shown 

here. The effects Re, 0, X, and A on nondimensional microrotation components II/I and N are 

represented in Figs.12 to 19. It is observed that both the functions NI and N increases with 

the increase in Re , () and 1(, however , with the increase in A, NI increases but N gives opposite 

result. It means that with the increase in A, N decreases and the maximum value occurs in 

the middle of the domain. 

A comparison of our HAM solutions and available numerical solu tions [14] without micro­

rotation effects are shown in tables 2. 1 to 2.4. It is seen that both the solutions are almost 

identical. The I-lAM solutions for different values of Re / J( and Re / Ct for th e weak concentra­

t ion case (17. = ~) are given in tables 2.5 to 2.8 . The value of skinfriction coefficient is computed 

in tables 2.9 and 2. 10. It is seen that with the increase in Re , the skinfriction coefficient de­

creases, however the magnitude of skinfriction increases with the increase in Ct. The effect of 

Pr and Re on Nusselt numbers are given in table 2.11. It is concluded t hat with the increase 

in both Pr and R e, increases the Nusselt number. 
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2.5 Tables 

f"(1) b=1.1 b=2 b=10 

Re Numeric HAM Numeri c HA M Numeric HAM 

0.1 650.3526 650.3526 11.0010 11.001 0.667 0.667 

1 654.7679 654.7679 11.6772 11.6772 0.863 0.863 

10 698.6176 698.6176 17.5348 17.5348 1.867 1.867 

100 1082 .300 1082.3 44.4492 4L!.4492 5.292 5.292 

1000 2819.700 2819.7 132.436 132.436 16.210 16.21 

10000 8447.300 8447.300 411 .373 411.373 50.764 50.764 

Table 2.1: Comparison of numerical and HAM solu t ions [ 0 1' I" 



I'" (1) b = l.1 b =2 b=10 

Numeric Ham Numeric Ham Numeric Ham 

0.1 -13883 -13883 -36.1 443 -36 .1443 -0.9172 -0.9172 

1 -14117 -14117 -4 l.0797 -41.0797 -1.3924 -1.3924 

10 -16507 -16507 -93.5670 -93 .567 -5 .2400 -5 .240 

100 -42933 -42933 -590 .738 -590.738 -36.4750 -36.475 

1000 -30597 -30597 -5211.80 -521 1.8 -322.795 -322.795 

10000 -2813200 -2813200 -50187.0 -50187.0 -3102.90 -3102.90 

Table 2.2 : Comparison of numerical and HANI solutions for f"' 

gl (1) b= 1.1 b= 2 b= 10 

Numeric Ham Numeric Ham Numeric Ham 

0.1 -10.5382 -10.5382 -1.4963 -l.4963 -0.5082 -0.50802 

1 -10.9489 -10.9489 -l.9309 -1.9309 -0.9040 -0.9040 

10 -14.6586 -14.6586 -4.3856 -4.3856 -2.2168 -2.2168 

100 -35.7103 -35.7103 -12 .6450 -12.645 -6.3381 -6.3381 

1000 -106.9611 -106 .9611 -38.7853 -38.7853 -19.3699 -19.3699 

10000 -332.1775 -332. 1775 -121.452 -121A52 -60.5821 -60.581 

Table 2.3: Comparison of numerical and HAM solu tions for g' 
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hi (1) b=1.1 b=2 b=10 

Numeric Ham Numeric Ham Numeric I-Tam 

0.1 -10.5151 -10.5151 -1.5151 -1.5151 -0.6235 -0.6235 

1 -10.6511 -10.6511 -1.6554 -1.6554 -0 .7570 -0.757 

10 -12.0407 -12.0407 -3.0517 -3 .0517 -1.5941 -1.5941 

100 -24.8226 -24.8226 -8.8636 -8.8636 -4.4487 -4.4487 

1000 -75.1076 -75.1076 -27.2421 -27.2421 -13.5959 -13.5959 

10000 -233.5209 -233.5209 -85 .3916 -85.3916 -42.5694 -42.5694 

Table 2.4 : Comparison of numerical and HAM soluti ons for hi 

Re\I( 

0.1 

1 

10 

100 

Re\K 

0.1 

1 

10 

100 

r (1) I'" (1) 

0.1 1 10 0.1 1 10 

10.6248 10.9226 10.9767 -35.1614 -35.6057 -34.9954 

10.8884 11.2736 11.0673 -38.9314 -38 .391 -35.6904 

14.4853 14.8359 11.9967 -53.9706 -66.9097 -42.78L1l 

49.7517 52.1987 20.4853 -592 .757 -613.446 -79.9706 

1 
Table 2.5: HAM solutions for r and til with n = -

2 

gl (1) hi (1) 

0.1 1 10 0.1 1 

-0.745496 -6 .99531 -28.7456 -1.91888 -1.98559 

-0.914615 -90.5488 -298.913 -6.24664 -8.51224 

-3.3125 -1326.24 -2166.44 -31.5987 -45.5316 

-16.001 -16384 -587776 98304 14828.9 

1 
Table 2.6 : I-lAM solutions fo1'.g l and hi with n = 2 
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10 

-1.73216 

-Ll.40584 

-27.1184 

948.473 



Re\K 

0.1 

1 

10 

100 

lvI' (1) N' (1) 

0.1 1 10 0.1 1 

-36.5908 -41.1913 -48 .3764 -36.3715 118.023 

-39.083 -46.4411 -60 .245 -48 .2935 1725 .26 

-48.6085 -51.5855 -47.1489 237.278 14L140 .5 

-384437 -460888 -538325 -933888 131072 

1 
Table 2.7 : HAM solutions for Jo.;[' and N' ·with n = "2 

Re\a 0 1 2 

0.1 353.767 412.605 389.131 

1 35 .7919 43 .1997 39.2168 

5 7.5243 1 10.052 9.37826 

10 3.98706 8.35246 5.52623 

25 1.85416 3.17628 2.95707 

10 

331.351 

3554.21 

63401.5 

803520 

'fable 2.8: Variation of skin fri ction coefficient for different values of Re I a . n = 0, I( = 0, ~ = 1, 

Re\a 0 1 2 

0.1 432 .517 -806.22 -2027.39 

1 44.6699 -1754.12 -3550 .89 

5 10.1557 -5764.42 -11538.4 

10 5.77893 -13304.9 -26615.1 

25 2.95237 -33918.7 -79504.9 

1 
Table 2.9: Variation of skin fr iction coefficient for different values of Re la. n = - J( = 1 t = 1 2 ' ) ~ , 
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Re\a- 0 1 2 

0.1 438 .586 -2241.65 -2257.97 

1 44.722l -3167.3 -3154.96 

5 9.70786 -6364.88 -6328.78 

10 5.30747 -11903 .3 -11820.3 

25 2.56233 -36620.5 -36235 .1 

1 
Table 2.10: Variation of skin friction coefficient for different values of Reia-· 11, = 2' J( = 3,~ = I, 

P1·\Re 0.1 1 10 100 1000 10000 

0.7 6.27005 6.28002 6.36 6.47 6.53 6.55 

7 10.0801 10.180 10.86 12.06 12.75 13.01 

70 22.360 22.72 25.25 31.1601 36.38 39.05 

700 48.52 49.40 55.86 73.07 95.10 112.80 

Table 2.11 : HAM results of Nusselt numbers for different values ofFr I Re , for J( = O. 
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