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}Ifistract 

The fundamental concept of a fuzzy set, introduced by L.A. Zadeh. in his classic paper 

[16] of 1965, provides a natural framework for generalizing some of the basic not ions of 

algebra. In [1 2], Rosenfeld formulated the elements of a theory of fuzzy groups. Bhakat 

and Das generalized Rosenfeld 's fuzzy subgroups and introduced the Ca , (3) -fuzzy 

subgroups by using the notion of "belongingness" and "quasi-coincidence" of fuzzy point 

and fuzzy set, which was introduced by Ming et al. [9]. 

In this dissertation we characterized the regular, weakly regular and some other related 

classes of hemirings using ( E, E V q) , (E", E" v q) -fuzzy ideals and fuzzy ideals with 

thresholds (a , ,8] . This dissertation consists of three chapters. 

Chapter 1 is of an introductory nature. In chapter 2, we characterize different classes of 

hemirings by the properties of their (E ,E vq) -fuzzy ideals. In chapter 3, we 

characterize different classes ofhemirings by the properties of their (E",E" v q) -fuzzy 

ideals and by fuzzy ideals with thresholds (a,,8]. 
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Chapter 1 

Fundamental concepts 

In this introductory chapter we present a brief summary of basic concepts of semirings 

and review some of the background material that will be of value for our latter work. 

For undefined terms and notations of semirings, we refer to [6J and [7J .. 

1.1 Basic concepts in semirings 

1.1.1 Definition 

A semiring is a nonempty set R together with two binary operations addition "+" 

and multiplication "." such that (R, +) and (R,·) are semigroups and both algebraic 

structures are connected by the distributive laws: 

a(b + e) = ab + ae and (a + b)e = ae + be for all a, b, e E R. 

1 
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1.1. 2 Definition 

An element 0 E R is called a zero of the semiring (R, +, .) if Ox = xO = 0 and 

o + x = x + 0 = x for all x E R. 

1.1.3 Definition 

An additively commutative semiring with zero is called a hemiring. 

1.1.4 Definition 

An element I of a semiring R is called identity of R if Ix = xl = x for all x E R. 

1.1. 5 Definition 

A semiring R is said to be commutative if '.' is commutative that is x . y = y . x for 

all x , y E R. 

1.1.6 Definition 

An element 'a' of a semiring R is called a left absorbing element if and only if 

ra = a for all 0 i= r E R. Right absorbing element is defined analogously. 

An element "a" of a semiring R which is both a left and a right absorbing element 

is called an absorbing element. 

1.1. 7 Examples 

( 1) All rings are semirings. 
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(2) if (L, V, A) is a distributive lattice with 0 and 1, then L is a semiring with 

+ = V and· = A. 

(3) Let A = [0,1], the unit closed interval of real numbers. Then A is a semiring 

with + = max and · = min or with + = min and· = max or, even + = max and· = 

usual product of real numbers . 

(4) Let No be the set of all whole numbers, then No is a semiring with ordinary 

addition and multiplication of numbers. 

(5) Let (A,+) be a commutative semigroup with zero "0". Then (A,+,·) is a 

semiring where '.' is defined as x . y = 0 for all x, yEA. 

1.1.8 Definition 

A nonempty subset A ofa semiring R is called a subsemiring of R if it is itself a 

semiring with respect to the induced operations of R. 

1.1. 9 Examples 

(1) (N, +, .) is a subsemiring of (R+, +, .). 

(2) Let 3 = sub(B) = set of all subsets of an infinite set B. Then (3, n, U) is 

a semiring. Let A = f sub(B) = set of all finite subsets of B, then (A, n, U) is a 

subsemiring of (3, n, U) . 

(3) (Q+, +, .) is a subsemiring of (R+, +,.). 
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1.1.10 Examples 

Let M, x, ~ {[: ;] : a, b, c, d E Z+ } be the semiring with identity [: :] 

Let A ~ { [ : : 1 : a E Z + } , then A is a subsemiring of M, x' but its identity is 

[ 
1 0 1 which is different from [1 0 1. So it is not necessary that the subsemir-
o 0 0 1 . 

ing contains the identity of semiring R. 

1.1.11 Definit ion 

A non empty subset A of a hemiring R is called a sub he miring of R if it contains 

zero and is closed with respect to addition and multiplication of R. 

1.2 Ideals in semirings 

1.2.1 Definit ion 

A nonempty subset I of a semiring R is called a left ideal of R if it satisfies the 

following two conditions, 

(1) a + b E l , for all a, b E l . 

(2) RI ~ I , that is if a E I and r E R, then ra E I. 

A right ideal of R is defined analogously. 
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1.2.2 Definition 

A nonempty subset of a semi ring R which is both left and right ideal of R is called 

an ideal of R. 

1.2.3 Examples 

(1) The set of all left absorbing element of a semiring R is an ideal of R. 

(2) Let A be anonempty subset of a semiring R. Let (0 : A) = {r E R : ra = 0 for all a E A}. 

If A =f. {O} then (0 : A) is a left ideal of R, called the left annihilator ideal of A. 

Right annihilator ideal of A can be defined similarly. 

1. 2.4 Theorem 

Let {Ii : i E I\} be a family of right (left) ideals of a semiring (R, +, .), then n Ii is 
iE/\ 

an ideal of (R, +, .). 

1.2.5 Corollary 

Let {Ii : i E I\} be a family of ideals of a semiring (R, +, .), then n Ii is an ideal of 
iE/\ 

(R ,+, .) . 

1.2.6 Definition 

Let X be a non empty subset of R, the smallest left (right) ideal of R which contains 

X is called the left (right) ideal of R generated by X and is denoted by (X)L (resp. 
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1.2.7 Definition 

If X is a finite set, then the left (right or two-sided) ideal generated by X is called 

the finitely generated left (right or two-sided) ideal. 

1.2.8 Definition 

If X is a singleton set, then the left (right or two-sided) ideal generated by X is called 

the principal left (right or two-sided) ideal. 

1.2.9 Proposition 

If the semiring (R, + ,.) contains the multiplicative identity, then 

(1) The right ideal generated by X is X R. 

(2) The left ideal generated by X is RX. 

(3) The two-sided ideal generated by X is RX R. 

1.2.10 Definition 

An ideal I of a semiring R is called prime if H K ~ I, implies that either H ~ I or 

K ~ I for ideals Hand K of R. 

1.2.11 Theorem 

Let I be an ideal of a semiring R , then the following conditions are equivalent: 

(1) I is prime. 

(2) {arb : r E R} ~ I if and only if a E I or b E l. 
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(3) If a , b E R such that (a)(b) ~ I then either a E I or b E l . 

1.2.12 Definition 

An ideal I of a semiring R is called irreducible if I = H n K, implies that either 

H ~ I or K = I for ideals Hand K of R . 

1.2 .13 T heorem 

Let "a" be an element of a semiring R and I be an ideal of R not containing a, then 

there exist an irreducible ideal H of R containing I and not cantaining a. 

1.3 R egular and Weakly regular semirings 

Regular rings were introduced by von Neumann in 1936, in order to clarify certain 

aspects of operator algebra. Moreover V.S. Rammamurthy in [11], studied weakly 

regular rings whose anologue weakly regular semiring was discussed by J. Ahsan in 

[31 with some useful characterizetions. 

1.3. 1 D efinition 

Let R be a semiring. An element a E R is called regular if there exists some element 

a' E R such that aa' a = a. 

1.3.2 D efinition 

A semiring R is called a regular semiring if every element of R is regular. 
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1.3.3 Proposition 

Let R be a semiring then the following conditions are equivalent: 

(1) R is regular. 

(2) For every right ideal H and left ideal K of R, H K = H n K. 

1.3.4 Definition [2] 

A semiring R is called right weakly regular if for all x E R , x E (xR)2. 

A commutative right weakly regular semiring is a regular semiring. 

1.3.5 Proposition 

For a semiring R with identity, the following conditions are equivalent: 

(1) R is right weakly regular. 

(2) H2 = H, for all right ideals H of R. 

(3) H J = H n J, for all right ideals H and two-sided ideal J of R. 

1.4 Fully idempotent semirings 

1.4.1 Definit ion 

A semiring R is called fully idempotent if each ( two-sided) ideal of R is idempotent , 

that is 12 = I for all ideals I of R. 
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1.4.2 Proposition 

The following assertions for a semiring R are equivalent: 

(1) R is fully idempotent. 

(2) For each pair of ideals I, J of R, In J = I J. 

(3) For each right ideal H and two-sided ideal J, H n J ~ J H . 

( 4) For each left ideal J( and two-sided ideal J, J( n J ~ K J. 

The following proposition shows that the concept of prime and irreducible ideals 

concide for a fully idempotent semirings. 

1.4.3 Proposition 

Let R be a fully idempotent semiring. Then the following conditions for an ideal I of 

R are equivalent: 

(1) I is irreducible. 

(2) I is prime. 

1.4.4 Proposition 

Let R be a semiring. Then the following conditions are equivalent: 

(1) R is fully idempotent. 

(2) Each proper ideal of R is the intersection of prime ideals of R which contain 

it . 
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1.5 Fuzzy semirings 

The theory of fuzzy sets was introduced by L.A. Zadeh in his classic paper [16] 

of 1965. Since its inception, the theory of fuzzy sets has been developed in many 

directions and is finding applications in a wide varity of fields. The notion of fuzzy set 

has been used in computer science and applied to various branches of mathematics, 

including algebra, topology and probability theory. 

In this section we give the results of fuzzy semiring from [2] and [4]. 

1.5.1 Fuzzy subsets 

Let X be a nonempty set. By a fuzzy subset I of X, we mean a membership function 

I : X -t [0,1] which associates with each element in X a real number from the unit 

closed interval [0 , 1] , the value I (x) represents the " grade of membership" of x in f. 

A fuzzy subset I : X -t [0,1] is called nonempty if I is not a constant map 

which assumes the value O. For any subsets I, 9 of X, I ::; 9 means that for all 

x EX, I (x) ::; 9 (x). The symbols I 1\ 9 and I V 9 will mean the following fuzzy 

subsets of X: 

(f 1\ g) (x) = I (x) 1\ 9 (x) 

(f V g) (x) = I (x) V 9 (x) for all x EX. 

More generally, if {Ii : i E I} is a family of fuzzy subsets of X, then the fuzzy 

subsets A Ii and V Ii are defined by 
·iE I iEI 

( A Ii) (x) = A Idx) and 
iE I iEI 

C~ fi) (x) = i~ Ji (x) for all x E R. 
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and will be called the intersection and the union of the family {Ii: i E I} of fuzzy 

subsets of X . 

1.5.2 Definition 

A fuzzy subset I of a semiring R is called a fuzzy right ideal of R, if the following 

conditions hold: 

(1) I (x + y) "2 I (x) 1\ I (y) 

(2) I (xy) "2 I (x) for all x, y E R. 

Fuzzy left ideal is defined analogously. 

By a fuzzy ideal of R, we mean a fuzzy subset of R which is both fuzzy right and 

fuzzy left ideal of R. 

1.5.3 Definition 

Suppose A is a subset of a set X. Then the function 

{

I if x E A 
CA (x) = 

o if x ~ A 

is called the characteristic (indicator) function of A. 

1.5.4 Proposition 

Let A be a nonempty subset of a semiring Rand C A be the characteristic function 

of A. Then CA is a fuzzy right (resp. left) ideal of R if and only if A is a right (resp. 

left) ideal of R. 
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1.5.5 Lemma 

If f and 9 are two fuzzy (left, right or two sided) ideals of a semiring R, then f 1\ 9 

is a fuzzy (left, right or two sided) ideal of R. 

1.5.6 Definition 

Let f and 9 be two fuzzy ideals of a semiring R. The fuzzy subset f + 9 (called the 

sum of f and g) of R is defined by, 

(f+g)(x)= V [J(y)l\g(z)] for all x, y, z E R. 
x=y+z 

1.5.7 Proposition 

If f and 9 are two fuzzy (left , right or two sided) ideals of a semiring R, then f + 9 

is a fuzzy (left, right or two sided) ideal of R. 

1.5.8 Definition 

Let f and 9 be fuzzy ideals of a semi ring R. The fuzzy subset f 9 (called the product 

of f and g) of R is defined by 

(J g)(x) = x~L.L .. , [,t'~P [f (y;) 1\ 9 (Zi)l] 

where x, Yi, Zi E Rand pEN. 

1.5.9 Proposition 

If f and 9 are two fuzzy ideals of a semiring R, then f 9 is a fuzzy ideal of R. 
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1.5.10 D efinit ion 

A fuzzy ideal 1 of a semiring R is called idempotent if II = 12 = f. 

1.5.11 Theorem 

The following assertions fo r a semiring R are equivalent: 

(1) R is fully idempotent. 

(2) Each fuzzy ideal of R is idempotent. 

(3) For each pair of fuzzy ideals 1 and 9 of R, 11\ 9 = Ig. 

If R is assumed to be commutative (that is, xy = yx for all x, y E R), then the 

above asserations are equivalent to: 

( 4) R is von Neumann regular. 

1.5.12 Theorem 

The following assertions for a semiring R are equivalent: 

(1) R is fully idempotent . 

(2) The set of all fuzzy ideals of R (ordered by :::; ) forms a distributive lattice 

LR under the sum and intersection of fuzzy ideals with 1 1\ 9 = Ig, for each pair of 

fuzzy ideals 1 and 9 of R. 

1.5.13 D efinition 

A fuzzy ideal h of a semiring R is called a fuzzy prime ideal of R if for any fuzzy 

ideals 1 and 9 of R, 1 9 ::; h implies either 1 ::; h or 9 ::; h. 
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1.5.14 Definition 

A fuzzy ideal h of a semiring R is called a fuzzy irreducible ideal of R if for fuzzy 

ideals f and g of R, f !\ g = h implies either f = h or g = h. 

1.5.15 Theorem 

Let R be a fully idempotent semiring. For fuzzy ideal h of R, the following conditions 

are equivalent: 

(1) h is a fuzzy prime ideal. 

(2) h is a fuzzy irreducible ideal. 

1.5.16 Lemma 

Let R be a fully idempotent semiring. If j is a fuzzy ideal of R with j (a) = 0:, 

where a is any element of Rand 0: E [0,1], then there exists a fuzzy prime ideal h of 

R such that f ::; hand h (a) = a. 

1.5.17 Theorem 

The following assertions for a semiring R with 1R are equivalent: 

(1) R is fully idempotent. 

(2) The set of all fuzzy ideals of R (ordered by ::; ) forms a distributive lattice 

LR llnder the Sllm and intersection of fuzzy ideals with j !\ g = jg, for each pair of 

fuzzy ideals f and g of R. 
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(3) Each fuzzy ideal is the intersection of all those fuzzy prime ideals of R which 

contain it . 

If R is assumed to be conIDmtative (that is xy = yx for all x, y E R) then the 

above assertions are equivalent to: 

( 4) R is von Neumann regular. 

1.5.18 Theorem 

The following assertions for a semiring R with identity are equivalent: 

(1) R is right weakly regular semiring. 

(2) All right ideals of R are idempotent. 

(3) H K = H n K for all right ideals H and two-sided ideals K of R. 

(4) All fuzzy right ideals of R are idempotent. 

(5) fg = f 1\ 9 for all fuzzy right f and all fuzzy two sided ideals 9 of R . 

If R is assumed to be commutative (that is xy = yx for all x, y E R) then the 

above assertions are equivalent to: 

(6) R is von Neumann regular. 



Chapter 2 

Characterizations of hemirings by 

the properties of their (E, E V q) 

fuzzy ideals 

The concept of fuzzy set, introduced by L.A. Zadeh in his classic paper [16], was 

applied by many researchers to generalize some of the basic concepts of algebra. 

Fuzzy semirings were first investigated in [2J and [4J. 

By a fuzzy subset j of R, we mean a map j : R ----+ [0 , 1J. A fuzzy subset j of the 

form 

{ 

t E (0, 1J if y = x 
j (y) = 

o if y =1= x 

is called a fuzzy point 'with the support x and the value t and is denoted by Xt. 

For a fuzzy point Xt and a fuzzy subset j of the same set R, Ming et al. in [9J 

introduced the symbol Xtaj, where a E {E, q, E Vq, E !\q} . 

17 
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For any fuzzy set I, the notation Xt E 1 means that 1 (x) 2: t. In the case 

1 (x) + t 2: 1, we say that the fuzzy point Xt is quasicoincident with the fuzzy set f 

and write Xtqf. The symbol Xt E vql means that Xt E 1 or Xtqf. Similarly, Xt E I\ql 

means Xt E land Xtqf. xtEI and XtE Vql mean that Xt E land Xt E vql do not 

hold, respectively. 

The case a =E I\q must be omitted since for a fuzzy subset 1 of R such that 

1 (x) :::; 0.5 for any x E R, in the case Xt E I\ql we have 1 (x) 2: t and 1 (x) + t 2: l. 

Thus 1 < 1 (x) + t :::; 1 (x) + 1 (x) = 21 (x), which implies 1 (x) 2: 0.5. This means 

that { X I: Xt E I\qf} = 0. 

Throughout this chapter R will denote a hemiring with identity element 1. 

2.1 (E, E Vq) -fuzzy ideals 

2.1.1 Definition [5] 

A fuzzy subset 1 of a hemiring R is said to be an (E, E V q) fuzzy left (right) ideal of 

R if, 

(1) Xt, Yr E 1 implies that (x + Y)mill{t,r} E Vqf. 

(2) Xt, Eland Y E R implies that (yx)t E Vql (respectively, (xY)t E Vqf) for all 

x, Y E Rand t, r E (0, 1] . 
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2.1.2 Lemma [5] 

Let f be a fuzzy subset of a henuring R, x, y E Rand t, r E (0,1]. Then the following 

conditions are equivalent: 

(1) Xt, Yr E f implies that (x + Y)min{t,r} E vqf. 

(2) f (x + y) 2: min {j (x) ,j (y) , 0. 5} . 

2.1.3 Lemma [5] 

Let f be a fuzzy subset of a hemiring R, x, Y E Rand t, r E (0,1] . Then the following 

conditions are equivalent: 

(1) Xt, E f and Y E R implies that (yx)t E vqf (respectively, (xY)t E Vqj). 

(2) f(yx) 2: min {f(x), O.5}, (respectively f(xy) 2: min {f(x) ,O.5}). 

2.1.4 Definition 

Let f and g be (E, E V q) fuzzy ideals of a hemiring R. Then the product f 80.5 g is 

defined as 

(f 0o, g) (x) = [X~LY., y;x, [' $~$' [f (y,) !\ 9 ("')1]] !\ 0.5 for all x E R 

2.1.5 Proposition 

If f is an (E, E Vq) fuzzy left ideal and g is an (E, E Vq) fuzzy right ideal of R, then 

f 8 0.5 g is an (E, E Vq) fuzzy ideal of R. 

Proof. Let f be an (E, E V q) fuzzy left ideal and g be an (E, E V q) fuzzy right 

ideal of R. For any x, x' E R, 
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0.5 

(f 00.5 g) (x) /\ (f 80.5 g) (x') /\ 0.5 

= ([x~L:L", [,l',Y (Yi) i\ 9 (Zi)) 11 i\ 05) i\ ([x'~L:Lixi ["0,,u (11;) i\ 9 (zj)) 11 i\ 05) i\ 

= X~L:~' "., [,s0sY (Yi) i\ 9 (Zi)) 1 i\ [x'~L:L;.J,0,,u (yj) i\ 9 (zj)) II i\ 0.5 

= X~L:~' Y«; x'~L:~' vi'i [,,0," (f (Yi) i\ 9 (Zi)) 1 i\ [,b,Y (yj) i\ 9 (zj)) 1 i\ 0.5 

:0: X+X'~lt v~x~ ["~,, (f (;1,;) i\ 9 (znJ 1 i\ 0.5 

= (f 80.5 g) (x +X' ). 

This implies (f 80.5 g) (x + x') 2: (f 80.5 g) (x) /\ (f 80.5 g) (x') /\ 0.5 . 

Note that for an orbitrary expression form of x + x' say L:~=1 y%z%, it is not 

'1 'bl . "t /I /I 1 I " .,. /I /I necessan y POSSI e to wnte x as ~k=l YkZk ane x as ~k=t+l YkZk' 

Also, 

(f 80.5 g) (x) /\ 0.5 

= LL:~' "" [,t," (f (Yi) i\ 9 (Zi))]] i\ 0.5 i\ 0.5 

= X~L:~' ... , [,,0," (f (Yi) i\ (9 (z;) i\ 0.5))] i\ 0.5 

:O: '~L:~' .'X, [,S~S" (f (Yi) i\ 9 (z;a))] i\ 0.5 

:0: xa~L:Y.. .;.; [,,0" (J (11;) i\ 9 (Zj ))] i\ 0.5 

= (f 80.5 g) (xa) . 

Therefore, (f 80.5 g) (xa) 2: (f 80.5 g) (x) /\ 0.5. 

Hence, f 80.5 9 is an (E, E V q) fuzzy right ideal of R. 

Similarly, f 80.5 9 is an (E, E V q) fuzzy left ideal of R. • 
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2.1.6 Definit ion 

Let f and 9 be (E, E Vq) fuzzy ideals of a hemiring R. Then the sum f +0.5 9 is 

defined as 

(f +0.5 g) (x) = [x=Y+z [I (y) /\ 9 (z)J] /\ 0.5 . for all x E R. 

2.1. 7 Prop osition 

Let f and 9 be any (E, E Vq) fuzzy left (right) ideals of R then their sum f +0.5 9 is 

also an (E, E V q) fuzzy left (right) ideal of R, respectively. 

Proof. Let f and 9 be (E, E Vq) fuzzy left ideals of R. For any x, x' E R, 

(f +0.5 g) (x) /\ (f + 0.5 g) (x' ) /\ 0.5 

= ([.=Y+Y (y) II 9 (z» 1 II 05) 1\ ([.,J,H,u (y' ) 1\ 9 (z'» 1 II 0.5) 1\ 0.5 

= V [[I (y) /\ 9 (z)]/\ [I (y' ) /\ 9 (Zl)]]/\ 0.5 
x=y+z 

x'=y'+z' 
= V [[I (y) /\ f (y' ) /\ 0.5J /\ [g (z) /\ 9 (Zl) /\ 0.5]]/\ 0.5 

x=y+z 
:r;'=y'+z' 

< V [f(y + yl) /\ g(Z+Z' )J /\ 0.5 
x=y+z 

x'=y'+z' 
< V [f(a) /\ g (b)] /\ O. 5 

x+x'=a+b 

~ (f + 0.5 g) (x + x' ) . 

This implies, (f + 0. 5 g) (x + Xl) 2: (f + 0.5 g) (x) /\ (f + 0.5 g) (x') /\ 0.5. 

Again, 

(f + 0.5 g) (x) /\ 0.5 

= [x=Y+z (f (y) /\ 9 (z))] /\ 0.5 /\ 0.5 

= V [[f (y) /\ 0.5]/\ [g (z) /\ 0.5]] /\ 0.5 
x=y+z 

~ V [f (ay) /\ 9 (az )] /\ 0.5 
x=y+z 
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(where a is any element of R) 

< V [J (y') /\ 9 (z')]/\ 0.5 
ax=y'+z ' 

= (f +0.5 g) (ax) . 

This implies, (f + 0.5 g) (ax) 2: (f +0.5 g) (x) /\ 0.5. 

Hence, 1 + 0.5 9 is an (E, E Vq) fuzzy left (right) ideal of semiring R .• 

2.1.8 Corollary 

For (E, E Vq) fuzzy ideals 1 and 9 of R, 1 +0.5 9 is also an (E, E Vq) fuzzy ideal of R. 

2.1.9 Definition 

Let 1 be a fuzzy subset of a hemiring R. We define the lower part of 1 as follows, 

1- (x) = 1 (x) /\ 0.5 for all x E R. 

2.1.10 Lemma 

If 1 is an (E, E Vq) fuzzy ideal of R, then 1- is also an (E, E Vq) fuzzy ideal of R. 

Proof. Let 1 be an (E, E Vq) fuzzy ideal of R and x, y E R . Then 

1- (x) /\ 1- (y) /\ 0.5 - [1 (x) /\ 0.5 /\ 1 (y) /\ 0.5]/\ 0.5 

[1 (x) /\ 1 (y) /\ 0.5]/\ 0.5 

< 1(x+y)/\0.5 

- 1- (x + y). 

Thus, 1- (x + y) > 1- (x) /\ 1- (y) /\ 0.5. 
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Now 

j - (x ) /\ 0.5 - [j (x) /\ 0.5] /\ 0.5 

< j (xy) /\ 0.5 

Thus, j - (xy) > j - (x) /\ 0.5. 

Similarly we can show, j - (xy) 2 j - (y) 1\ 0.5 . 

Hence, j - is an (E, E Vq) fuzzy ideal of hemiring R. • 

2.1.11 Definition 

Let X be a nonempty subset of a hem iring R. Then the lower part of the characteristic 

function is , 

ex (xl ~ { 
0.5 if x E X 

o if x ~ X 

2. 1.12 Lemma 

If X and Yare subsets of a hemiring R, then Cx = Cy if and only if X = Y. 

Proof. Obvious . • 

2.1 .13 Lemma 

If X and Yare subsets of a hemiring R, then Cx 8 0.5 Cy = CXy 1\ 0.5. 

Proof. Let a be any element of hemiring R. 

If a E XY, then there exist Xi E X, and Yi E Y such that a = I:f=l XiYi· So, 
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(Cx 80.5 Cy) (a) 

-"~2'y",,, L~p [Cx (x;) /\ Cy (y;) I] /\ 0.5 

'~L~' M [,~P (1/\ 1)] /\ 0.5 

= 11\ 0.5. 

= 0.5. 

Since, a E XY. Therefore Cxy (a) = 1. 

Hence, Cxy (a) 1\ 0.5 = 11\ 0.5 = 0.5. 

If a t/: XY, then a =I I:f=l XiYi for Xi E X and Yi E Y 

(ex 8 0.5 Cy ) (a) 

~ "~LY' "t, ['~P [Cx (8,) /\ cy (t;)I] /\ 0.5 

= 01\0 .5 

= o. 

= Cxy (a) 1\ 0.5. 

(Cx 8 0.5 Cy ) (a) = a = Cxy (a) 1\ 0.5. 

Thus in any case, we have Cx 0 0.5 Cy = Cxy 1\ 0.5. • 

2.1.14 Lemma 

If X and Yare subsets of a hemiring R, then Cx 1\0.5 Cy = Cxny /\ 0.5. 

Proof. Obvious .• 
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2.1.15 Lemma 

The characteristic function CL of a nonempty subset L of R is an (E, E Vq) fuzzy left 

ideal of a hemiring R if and only if L is a left ideal of R. 

Proof. Let L be a left ideal of the hemiring R. 

Let x, y E R , if x, y E L then x + y E L. 

Thus CL (x + y) = 1 2: CL (x) 1\ CL (y) 1\ 0.5 . 

If x or y tf. L then CL (x) 1\ CL (y) 1\ 0.5 = 0 ::; CL (x + y). 

This implies CL (x + y) 2: min{ CL (x) ,CL (y) ,0.5} . 

Again, 

If y E L then x y E L. 

Thus, CL (xy) = 1 2: CL (y) 1\ 0. 5. 

If y tf. L t hen CL (y) 1\ 0.5 = 0 ::; CL (xy) . 

This implies CL (xy) 2: min {CL (y) ,0.5} . 

Hence, C L is an (E, E V q) fuzzy left ideal of a hemiring R. 

Conversely, 

Let x , y E L this implies that CL (x) = 1 = CL (y) 

Since, CL (x + y) 2: min {CL (x ) ,CL (y) ,a.S} = min {I, 1, a .S} = a.s. 

Therefore, CL (x + y) = 1, this implies x + y E L. 

For second condition, let x E Rand y E L this implies that CL (y) = 1. 

Since, CL (xy) 2: min {CL (y) , O.5} 

= min {l, a. 5} = 0. 5. 

Therefore, CL (xy) = 1 this implies xy E L. 
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Hence, L is a left ideal of hem iring R. • 

2.1.16 Definition 

Let f and 9 be (E, E V q)-fuzzy ideals of a herniring R. Then the lower part of f /\0.5 9 

is defined as, (f /\0.5 g) (x) = (f /\ g) (x) /\ 0. 5 where x E R. 

2.1.17 Lemma 

Let f be an (E, E V q )-fuzzy right ideal and 9 be an (E, E V q) fuzzy left ideal of a 

hem iring R, then f 0 0.5 9 ~ f /\0.5 g. 

Proof. Let f and 9 be ( E, E V q) fuzzy right and fuzzy left ideals of R, respectively. 

For any x E R, 

(f 00.5 g) (x) 

~ ['~I:~' "" [1,0,. (f (Yi) A 9 (2;)) II A 0.5 

~ '~I:~' "., [1,0,. (f (Yi) A 0.5) A (9 (Zi ) A 05)] A 0.5 

s: '~I:~' " .. [1,0,/ (y,Zi) A 9 (YiZi)] 1I 0.5 

~ X~I:~' "., [[,,0,. f (y, z,) A 0.5] A [1,0,. 9 (Yi Z
,) A 0.5]]11 0.5 

< V [f (L:f=l YiZi) /\ 9 (L:f=l YiZi)] /\ 0.5 

= V [j (x) /\ 9 (x)] /\ 0.5 

= [f (x) /\ 9 (x)] /\ 0.5 

= (f /\ g)(x) /\ 0.5 

= (f /\0.5 g) (x). 
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This implies , f 8 0.5 9 ~ f 1\0.5 g .• 

2.2 Regular and Weakly regular hemirings 

Recall that a hemiring R is regular if for each x E R there exists an a E R such that 

x = xax and R is right weakly regular if each x E R, x E (XR)2. 

2.2.1 Lemma 

A hemiring R is regular if and only if f 8 0.5 9 = f 1\0.5 g, for every (E, E V q) fuzzy 

right ideal f and for every (E, E V q) fuzzy left ideal 9 of R. 

Proof. Let f and 9 be (E, E V q) fuzzy right and fuzzy left ideals of R respectively. 

For x E R, 

(f 80.5 g) (x) ~ (f 1\0.5 g) (x) by Lemma 2.1.17, 

On the other hand, since R is regular hemiring, so for every x E R, there exists 

s E R such that x = xsx. Consider, 

(f /\0.5 g)(x) (f 1\ g) (x ) 1\ 0.5 

f (x) 1\ 9 (x) 1\ 0.5 

< f (xs ) 1\ 9 (x ) 1\ 0.5 

< '~L,y, ",b, [,~q [f (ail 1\ 9 (bill] 1\ 0.5 

- (f 8 0.5 g) (x ) . 

Thus, (f /\O .5 g)(X) < (f 8 0.5 g) (x) . 

Hence, f 8 0.5 9 f 1\0.5 g. 
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Conversely, let A be a right ideal and B be a left ideal of R. Then by Lemma 

2.1.15, CA and CB are (E , E Vq) fuzzy right ideal and left ideal of R, respectively. 

By hypothesis, CA 00.5 CB = CA AO.5 CB . By Lemma 2.1.13 and 2.1.14 we have, 

C A 0 0.5 C B = CAB A 0.5 and C A AO.5 C B = CAnB A 0.5 respectively. 

This implies, CAB A 0.5 = C AnB A 0.5. 

By Lemma 2.1.12 we get, AB = An B. 

Hence, by Proposition 1.3.3, R is a regular hemiring. _ 

2.2.2 Definition 

An (E, E Vq) fuzzy ideal I of R is said to be idempotent if I 00.5 I = I A 0.5 = 1-· 

2.2.3 Theorem 

The following assertions for a hemiring R are equivalent; 

(1) R is right weakly regular hemiring. 

(2) All (E, E Vq) fuzzy right ideals of R are idempotent. 

(3) 100.5 9 = 11\0.5 9 for all (E, E Vq) fuzzy right I and all (E, E Vq) fuzzy two 

sided ideals 9 of R. 

Proof. (1) ==> (2) 

Let I be an (E, E Vq) fuzzy right ideal of R. By Lemma 2.1.17, 100.5 I ::; 1 -· 

On the other hand, since R is right weakly regular hemiring, so x E (xRt 
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Hence, x = L xaixbi for some ai, bi E Rand q EN. So, 
i=l 

f (x) f(x)/\f(x) 

f (x) /\ 0.5 f (x) /\ f (x) /\ 0.5 

f- (x) (f (x) /\ 0.5) /\ (f (x) /\ 0.5) /\ 0.5 

< f (xai) /\ f (xbi) /\ 0.5 for 1 :::; i :::; q 

f - (x) < 1\ [j (xai) /\ f (xbi ) ] /\ 0.5 
l~i~q 

< X~L.~' ViXi [,,~," [f (y;) /\ f (z; ) I] /\ 0.5 

(f 00.5 f) (x) 

Thus, f - (x) < (f 00.5 f) (x) . 

Hence, f 00.5 f f-· 

This shows that, all (E, E Vq) fuzzy right ideals of R are idempotent. 

(2) ==} (1) 

Let x E R, we claim that x E (XR)2. 
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Let xR = A be the right ideal generated by x, and GA be the characteristic 

function of A, by Lemma 2.1.15 it is an (E, E Vq) fuzzy right ideal of R. 

By our assumption, CA = G A 00.5 G A 

By Lemma 2.1.13, GA 00.5 GA = GAA /\ 0.5 

So we have, GA /\ 0.5 = GAA /\ 0.5. 

Therefore, by Lemma 2.1.12 we have, A = AA. 

Now since x E A, this imlpies x E A2. 

Therefore, x E (xR)2. 
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Hence, R is a right weakly regular hemiring. 

(1) ===? (3) 

Let f be an (E, E V q) fuzzy right ideal and 9 be an (E, E V q) fuzzy two sided of 

R . By Lemma 2.1.17, f 8 0.5 9 ::; f AO.5 g. 

For reverse inclusion, let x E R, since R is right wealdy regular semiring, so 

Consider, 

(f AO.5 g) (x ) (f A g) (x) A 0.5 

f(x)Ag(x)AO.5 

< f (xai) A 9 (xbi) A 0.5 for 1 ::; i ::; p 

(f AO.5 g) (x ) < 1\ [J (xai) A 9 (xbi)] A 0. 5 
l ~i~p 

< "~LY., y;J ,ll$Y (Yi) II 9 (Z; )]] II 0.5 

(f 8 0.5 g) (x) . 

This implies , (f AO. 5 g)(x) < (f 8 0.5 g)(x ) . 

Hence, f AO.5 9 f 0 0.5 g. 

(3) ==? (1) 

Let A and B be the right and two sided ideals of R, respectively. Then by Lemma 

2.1.15, the characteristic function C A and C Bare (E, E V q) fuzzy right ideal and fuzzy 

two sided ideals of R, respectively. 

Hence, by hypothesis,CA 80.5 CB = CA AO.5 CB' 

By Lemma 2.1.13 and 2.1.14, we have CA 80.5 CB = CAB A 0.5 and CA AO.5 CB = 



31 

CAnB 1\ 0.5 respectively. 

So we have, CAE 1\ 0.5 = CAnE 1\ 0.5. 

Therefore, by Lemma 2.1.12 AB = A n B. 

Hence, by Proposition 1.3.5, R is right weakly regular hemiring. _ 

2.3 Hemirings in which each (E, E V q) fuzzy ideal 

is idempotent 

In this section we study those hemirings for which each (E, E V q) - fuzzy ideal is 

idempotent. 

2.3.1 Theorem 

The following assertions for a hemiring R are equivalent; 

(1) R is fully idempotent. 

(2) Each (E, E Vq) fuzzy ideal of R is idempotent. 

(3) For each pair of (E, E V q) fuzzy ideals f and 9 of R, f 1\0.5 9 = f 00.5 9 . 

Proof. (1) ~ (3) 

Let f and 9 be any pair of (E, E Vq) fuzzy ideals of R. 

Then f 00.5 9 ~ f 1\0.5 9 (by Lemma 2.1.17). 

Since, R is fully idempotent, so (x) = (X)2, thus x 
p 

I: rixr~sixs~ for some 
i=l 
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ri, r~, Si, S~ E R. Consider 

(f1\0 .5 g)(X) - (fl\g)(x)1\0.5 

= j(x)l\g(x)1\0.5 

< x~ '£~, "X, [l<~<P (f (y,) i\ 9 (2'; ))] i\ 0.5 

- (f00.5g) (x). 

Therefore, j 1\0.5 9 < j 8 0.5 g. 

Hence, j 1\0.5 9 = j 80.5 g. 

(3) ~ (2) 

Let j and 9 be any pair of ( E) E V q) fuzzy ideals of R. We have j 1\0.5 9 = j 80.5 g. 

Take 9 = f. 

j 1\0 .5 j = j 00.5 j 

(f 1\ 1) (x) 1\ 0.5 - (f 8 0.51) (x) 

(f 1\ 1) (x) 1\ 0.5 = (f 8 0.51) (x) 

This implies, j - = j 00.5 f. 

(2) ~ (1) 

Let A be an ideal of R. Then by Lemma 2.1.15, CA is an (E, E Vq) fuzzy ideal of 

R. 

Hence, CA 80.5 CA = CA· 
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But, CA 80.5 CA = CAA 1\ 0.5 ( by Lemma 2.1.13). 

Therefore, CAA /\ 0.5 = CA /\ 0.5 

This implies, AA = A ( by Lemma 2.1.12). 

Hence, R is fully idempotent hemiring. _ 

2.3.2 Theorem 

The following assertions for a hemiring R are equivalent; 

(1) R is fully idempotent. 

(2) The set [,R = {j- : j is an (E, E Vq) fuzzy ideal of R}, (ordered by :::; ) form 

a distributive lattice under the sum and intersection of (E, E Vq) fuzzy ideals with 

j - /\0.5 g- = j- 80.5 g-, for each pair of (E, E Vq) fuzzy ideals j- and g- of R. 

Proof. (1) =? (2) 

The set [, R of ( E, E V q) fuzzy ideals of R (ordered by :::; ) is cleary a lattice under 

the sum and intersection of (E , E V q) fuzzy ideals of R. Moreover, since R is a fully 

idempotent hemiring, it follows that j - /\0.5 g- = j- 80.5 g- , for each pair of ( E, E V q) 

fuzzy ideals j - and g- of R. We now show that LR is a distributive lattice, that is, 

for (E, E Vq) fuzzy ideals j - ,g- and h- of R, 

we have [(1- 1\0.5 g-) +0.5 h-] = [(1- +0.5 h-) 1\0.5 (g- +0.5 h- )]. For any x E R, 

= V [(1- /\0.5 g-) (y) /\ h- (z)]/\ 0.5 
x=y+z 

= V [(1- /\ g- ) (y) /\ 0.51\ h- (z)]/\ 0.5 
x=y+z 

= V [1- (y) /\ g- (y) 1\ h- (z) /\ h- (z)]/\ 0.5 
x=y+z 
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- V [f- (y) 1\ h- (z) 1\ 0.5J 1\ [g- (y) 1\ h- (z) 1\ 0.5J 1\ 0.5 
x=y+z 

= L=y+z [J- (y) 1\ h- (z) 1\ 0.5J] 1\ L=y+z [g- (y) 1\ h- (z) 1\ 0.5J] 1\0 .5 

~ [(J - +0 .5 h-) (X) 1\ (g- +0.5 h- ) (x)] 1\ 0. 5 

Because, for x = y + z, f- (y) 1\ h- (Z) 1\ 0.5 ~ (j- +0.5 h-) (x) . 

Similarly, g- (y) 1\ h- (z) 1\ 0.5 ~ (g- +0.5 h-) (x). 

Thus, [u- 1\0.5 g-) +0.5 h-] (x) ~ [u- +0.5 h-) 1\0.5 (g- +0.5 h-)J (x) (i) 

Again, 
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:s; x~ 'E.~' "X, [, ,~,p ~d;':t:: [(1- A0 5 9 - )( Titi) A h - (Si ti + SiU; + riU; ) A 0.51]] A 

0.5 

:s; X~'E.~' y," [" ~'P [(1- AO.5 g-) +0.5 h-I (YiZi) 1 
< V [(1- /\0.5 g-) +0.5 Ie] (x) 

From (i) and (ii) we get, [(f - /\0.5 g- ) +0.5 h- ] = [(f - +0.5 Fe) /\0 .5 (g- +0.5 h- )] . 

(2) ==? (1) 

Suppose that the set L R = {j-, where j is an (E, E V q) fuzzy ideal of R}, (ordered 

by S; ) is a distributive lattice under the sum and intersection of (E, E Vq) fuzzy ideals 

with j - /\ 0.5 g- = j - 8 0.5 g- for each pair of (E, E V q) fuzzy ideals j - and g- of R. 

Then for any (E, E V q) fuzzy ideal j- of R, we have, j - 8 0.5 j - = j - /\0.5 j -. 

First we have to show j- 80.5 j- = j 80.5 f. 

Consider, (f- 80.5 j-) (x) 

~ L'E.~' Y<X< ["~'P (J- (Yi) A j - (Zi ))]] A 0.5 

X~'E.~' y,x, [' ~~~P [1 (Yi) !\O s A 1 (Zi ) !\O.51] A 0.5 

='='E.'i, "" ["<\P [j (Yi) A f (Zi)I] A 0.5. 

= (f 8 0.5 f) (x) . 

Therefore, we get j - 8 0. 5 j- = j 8 0. 5 f. 

This implies, j 80.5 j = j - . 

Hence, R is fully idempotent hemiring. _ 
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2.3.3 Definition 

An (E, E V q) fuzzy ideal h of a hemiring R is called an (E, E V q) fuzzy prime ideal of 

R if for any (E, E V q) fuzzy ideal f and 9 of R, f 00.5 9 ~ h, implies that f - ~ h

ur y - ~ h-. 

2.3.4 Definition 

An (E, E Vq) fuzzy ideal h of a hemiring R is called an (E, E Vq) fuzzy irreducible 

ideal of R if for any (E, E V q) fuzzy ideal f and 9 of R, f ;\0.5 9 = h implies that 

f - = h - or g- = h - . 

2.3.5 Theorem 

Let R be a fully idempotent hemiring. For any (E, E Vq) fuzzy ideal h- of R, the 

foHowing conditions are equivalent : 

(1) h- is an (E , E Vq) fuzzy prime ideal. 

(2) h- is an (E, E Vq) fuzzy irreducible ideal. 

Proof. (1) ===> (2) 

Let f - and g- be any (E , E V q) fuzzy ideals of R. Assume that h - is an (E, E V q) 

fuzzy prime ideal. We show that h- ia an (E, E Vq) fuzzy irreducible ideal of R. Let 

h- = f - ;\0.5 g- . Since R is fully idempotent, so by Theorem 2.3.1, f - ;\0.5 g- = 

f - 0 0.5 g-. Since h- is an (E,E Vq) fuzzy prime ideal, this implies f- ~ h- or 

g- ~ h-. 

Again, since f - ;\0.5 g- = h-, this implies h- ~ f - and h- ~ g-. It follows that, 
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Hence, h - is an (E, E V q) fuzzy irreducible ideal. 

(2) ==> (1) 

Assume that h - is an (E, E V q) fuzzy irreducible ideal. We have to show h - is an 

(E, E Vq) fuzzy prime ideal. Suppose that there exist (E, E Vq) fuzzy ideals j- and 

g- such that j- 00.5 g- :S h- . As, R is fully idempotent hemiring, so by Theorem 

2.3.1, j-1\0.5 g- = j-OO.5g-. Thus, j -00.5g-:S h- implies j-1\0.5g- :S h-. Again, 

since R is fully idempotent hemiring, it follows from Theorem 2.3.2, that the set of 

(E, E V q) fuzzy ideals of R (ordered by :S ) is a distributive lattice with respect to the 

sum and intersection of (E, E V q) fuzzy ideals. Hence the inequality j - 1\0.5 g- :S h

becomes (f- 1\0.5 g- ) +0.5 Ie = h-, and using the distributivety of this lattice we 

have, 

(f- +0.5 h-) 1\0.5 (g- +0.5 h-) = h- . Since, h- is an (E, E Vq) fuzzy irreducible 

ideal, it follows that either j - + 0.5 h- = h- or g- +0.5 h- = h-. This implies, 

j- :S h-or g- :S h-. 

Hence, h- is an (E, E Vq) fuzzy prime ideal of hemiring. _ 

2.3.6 Lemma 

Let R be a fully idempotent hemiring. If j- is an (E, E Vq) fuzzy ideal of R with 

j- (a) = a, where a is any element of R and a E (0,1], then there exists an (E, E Vq) 

fuzzy prime ideal h- of R such that j- :S h- and h- (a) = a. 

Proof. Let X = {g-; g- is an (E, E Vq) fuzzy ideal of R, g- (a) = a, and j- :S g-}. 
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Then X i= 0, because f - E X. Let:F be a totally ordered subset of X, say 

:F = {fi- ' i E I}. We claim that V f i- is an (E , E V q) fuzzy ideal of R. For x, y E R. 
iEl 

Consider, 

iE J iEl 

= V fi- (x) 1\ V f j- (y) 1\ 0.5 
iEl jEl 

= [V fi- (x)] 1\ V [Jj- (y)] 1\ 0.5 
iEl jEl 

=V [[V fi-(X) ] I\fj-(Y)] 1\ 0.5 
J lE I 

= Y [y [Ji- (x) 1\ f j- (y) ]] 1\ 0.5 

:::; Y [y [Ji-j (x) 1\ fi-
j (y)]] 1\ 0.5 where fi-

j 
= max{fi-,fj-}: f i-

j 
E {fi-,i E I} 

= Y [y [fi- j (x) 1\ i i-
j (y) 1\ 0.5]] 

:::; y [y [Ji- j (x + y)] ] 

= V [ii- j (x + y)] i, j 
:::; y [ii- (x + y)] 

./ 

= V f i- (x + y) . 
i 

This imlpies V ii- (x + y) ~ min {V f i- (x) , V ii- (y) , 0.5} . 
i iE I iEl 

Now consider, 

( V i i- ) (x) 1\ 0.5 = V (Ji- (x)) 1\ 0.5 
tEl iEl 

= V [Ji- (x) 1\ 0.5] 
i 

< V f i- (xy) 
i 

= (y ii- ) (xy) . 

This implies, (y i i- ) (xy) > min { C1l i i- ) (x) ,0.5} . 
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Thus, V f i- is an (E, E Vq) fuzzy ideal of R. Clearly f - ~ V fi- and (V fi-) (a) = 
t t t 

V f i- (a) = Q. 
i 

Therefore, V fi- is the l.u.b of F. Hence, by Zorn's Lemma, there exists an 
i 

( E, E V q) fuzzy ideal h - of R which is maximal with respect to the property that 

f - ~ h- and h- (a) = Q. We now show that h- is an (E, E Vq) fuzzy irreducible ideal 

of R. 

Suppose that h- = kl AO.5 k:;, where kl and k:; are (E, E Vq) fuzzy ideals of R. 

This implies that h- :::; kl and h- :::; k:;. We claim that either h- = kl or h- = k:;. 

Suppose on contrary h- i- kl or h- i- k:; . Since h- is maximal with respect to the 

property that h- (a) = ex and h- ~ kl or h- ~ k:; , it follows that , kl (a) i- Q and 

k:; (a) i- Q . 

Hence, Q = h- (a) (kl AO.5 k:;) (a) = (kl A k:;) (a) kl (a) A k:; (a) i- Q, 

which is absurd. 

Hence, either h- = kl or h- = k:;. This prove that h- is an (E, E Vq) fuzzy 

irreducible ideal of R. 

Hence, by Theorem 2.3.5, h- is an (E, E Vq) fuzzy prime ideal of R .• 

2.3 .7 Theorem 

The following assertions for a hemiring R are equivalent: 

(1) R is fully idempotent. 

(2) The set LR = {f- : f is an (E, E Vq) fuzzy ideal of R}, (ordered by :::; ) form 

a distributive lattice LR under the sum and intersection of (E, E Vq) fuzzy ideals with 
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j- /\ 0.5 g- = j- 8 0. 5 g-, for each pair of (E, E Vq) fuzzy ideals j - and g- of R. 

(3) Each (E, E Vq) fuzzy ideal is the intersection of all those (E, E Vq) fuzzy prime 

ideals of R which contain it. 

Proof. (1) ~ (2) is proved in Theorem 2.3.2. Now we have to prove, 

(2) ~ (3) 

Let j- be an (E, E Vq) fuzzy ideal of R. Let {gi, i E I} be the family of (E, E Vq) 

fuzzy prime ideal of R which contains j-. Obviously j - ::; 1\ gi. 
iEi 

we have to show 1\ gi ::; j- . 
iEi 

(i) 

Let "a" be any element of R, then by Lemma 2.3.6 there exists an (E, E Vq) fuzzy 

prime ideal say gj such that j - ::; gj and j - (a) = gj (a). Thus gj E {gi,i E I}. 

Hence, 1\ gi- ::; gj . 
iEi 

So, 1\ gi (a) ::; gj (a) = j- (a) . 
'iE J 

This implies, 1\ gi ::; j-. 
iEi 

From (i) and (ii), we get 1\ gi = j-. 
iEJ 

(3) ~ (1) 

(ii) 

Let j be any (E, E Vq) fuzzy ideal of R then by Lemma 2.1.10, j- is also an 

(E, E Vq) fuzzy ideal of R. Then j - 80.5 j- is also an (E, E Vq) fuzzy ideal of R. 

Hence, according to the statement (3) , j - 8 0.5 j -can be written as j - 0 0.5 j - = 

1\ g; where {gi, i E I} be the family of (E, E Vq) fuzzy prime ideal of R which 
'iE i 0.5 

contain j- 8 0.5 j - . 

Now j- 8 0.5 j - ::; gi- for all i E I , and since gi is an (E, E V q) fuzzy prime ideal 

So, f- ::; g.i for all i E I. 



Thus, f - ~ A gi = f- 80.5 f- and we know that f- 80.5 f- = f 80.5 f . 
iEI 

This implies, f - ~ f 8 0.5 f . (iii) 

And by Lemma 2.1.17 we get, f 8 0.5 f ~ f-. (iv ) 

From (iii) and (iv) we have, f 8 0.5 f = f - . 

Hence, by Theorem 2.3.1 R is a fully idempotent hemiring. _ 
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Chapter 3 

Hemirings characterized by their 

( E, E V q) and fuzzy ideals with 

thresholds (Q, iJ] 

In this chapter we characterize different classes of hemirings by the properties of their 

(E, E V g)-fuzzy ideals and also by the properties of their fuzzy ideals with thresholds 

(0:, ,B] . 

Throughout this chapter R is a hemiring with identity 1. 

3.1 (E, E V q) -fuzzy ideals 

In this section we define (E, E V g)-fuzzy ideals of a hemiring and prove some basic 

results. 

43 
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3.1.1 Definition [5] 

A fuzzy subset I of a hemiring R is said to be an (E, E V q) fuzzy left (right) ideal of 

R if, 

(1) (x + Y)min{t,r} EI implies that xtE V ql or YrE V ql. 

(2) (xY)t EI implies that Yt E V ql (respectively xtE V ql ) for all x, Y E Rand 

t,rE(O,lJ . 

3.1.2 Theorem [14] 

Let I be a fuzzy subset of a hemiring R, x, y E Rand t, r E (0, 1J , then the following 

conditions are equivalent: 

(1) (x + Y) min {t,r} EI implies that XtE V qi or YrE V qj. 

(2) max {f (x + Y), 0.5} 2:: min {f (x), f (y)}. 

3.1.3 Theorem [14J 

Let I be a fuzzy subset of a hemiring R, x, y E Rand t, r E (0, 1J , then the following 

conditions are equivalent: 

(1) (xY)t Ef implies that Yt E V qf (respectively xtE V qf ). 

(2) max {f (Xy) , 0.5} 2:: f (y) (respectively max {f (xy) ,0.5} 2:: f (x) ). 

3.1.4 Definition 

Let f and 9 be (E, E V q) fuzzy ideals of a hemiring R. Then the product f 8 °·5 9 is 

defined as; 
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3.1.5 P roposition 

If f is an (E, E V q) fuzzy left ideal and 9 is an (E, E V q) fuzzy right ideal of R, then 

f 0 0
.
5 9 is an (E, E V q) fuzzy ideal of R . 

Proof. Let f be an (E, E V q) fuzzy left ideal and 9 be an (E, E V q) fuzzy right 

ideal of R. For any x, x' E R, 

(J 8 °.5 g) (x) 1\ (J 8°.5 g) (x') 

~ (['~L~' " . , [,,0,Y (Yi) 1\ 9 (Zi})]] V 0+ ([ "~L~' .;.; ["~,,u (Y;) 1\ 9 (zill]] V 0.5 

~ '~L~' ,<" [,,0,p (f (Yi) 1\ 9 (Zi})] 1\ [" ~LL;.; ['S~S,u (y;) 1\ 9 (zill ]] V 0.5 

~ '~L~' "" .'~ LL;" [, ,0,p (f (Yi) 1\ 9 (z,})] 1\ ["~Sq (J (y;) 1\ 9 (Zill] V 0.5 

S; [ V [ A (J (y%) 1\ 9 (zn )] V 0.5] V 0.5 . 
x+x' =L~= 1 y~z~ l$k$r 

= (J 8 °.5 g) (x + x') V 0. 5. 

Tllis implies, max {(J 8 °.5 g) (x + x'), 0.5} ;::: min {(J 8°.5 g) (x), (J 8°.5 g) (x')}. 

Also, 

(J 8°.5 g) (x) 

~ ['~LL,., [,t"P (J (Yi) 1\ 9 (Zi})]] V 0.5 

S; '~L~' "" [, ,0,p (f (Yi) 1\ (g (zia) V 0.5)}] V 0.5 

S; L~LY., .;.; [, ,~,q (J (y;) 1\ 9 (zj))] V 05] V 0.5. 

= (J 8°.5 g) (xa) V 0.5. 
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Therefore, max {(f 8°·5 g) (xa) , 0.5} ;::: (f 8°·5 g) (x). 

Hence, 1 8°·5 9 is an (E, E V q) fuzzy right ideal of R. 

Similarly, 1 8°·5 9 is an (E, E V q) fuzzy left ideal of R. • 

3.1.6 Definition 

Let 1 and 9 be (E, E V q) fuzzy ideals of a hemiring R. Then the sum 1 +0.5 9 is 

defined as 

(f +0.5 g) (x) = [x=Y+z [1 (y) /\ 9 (z)]] V 0.5 for all x E R. 

3.1.7 Proposition 

Let 1 and 9 be any (E, E V q) fuzzy left (right) ideals of R then their sum 1 +0.5 9 is 

also an (E, E V q) fuzzy left (right) ideal of R, respectively. 

Proof. Let 1 and 9 be (E, E V q) fuzzy left ideals of R. For any x, x' E R, 

(f + 0.5 g) (x) /\ (f +0.5 g) (x') 

= (["~+, (f (y) 1\ 9 (z» 1 V 05) 1\ ([",~~+}f (y') 1\ 9 (Z'»] V 05) 
= V [[1 (y) /\ 9 (z)]/\ [1 (y') /\ 9 (Zl)]] V 0.5 

x=y+z 
x'=y'+z' 

= V [[1 (y) /\ 1 (y')]/\ [g (z) /\ 9 (Z')]] V 0.5 
x=y+z 

x'=y'+z' 

< V [(f (y + y') V 0.5) /\ (g (z + Zl) V 0.5)] V 0.5 
x=y+z 

x'=y'+z' 

~ L+x~a+b [1 (a) /\ 9 (b)] V 0.5] V 0.5. 

= (f +0.5 g) (x + x') V 0.5 . 

This implies, max {(f +05 g) (x + x') 0.5} ;::: min {(f +0.5 g) (x) ,(f +0.5 g) (x')}. 



Consider, 

- [x~x (f (y) t\ 9 (Z))] V 0.5 

V [I (y) /\ 9 (z)] V 0.5 
x=y+z 
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< V [(f (ay) V 0.5) /\ (g (az) V 0.5)] V 0.5 
x=y+z 

(where a is any element of R) 

< lxY+}! (y') t\ 9 (z)J V 0.5] V 0.5. 

- (t + 0.5 g) (ax) V 0.5. 

This implies, max {(t +0.5 g) (ax), 0.5} > (t +0.5 g) (x) .0.5. 

Hence, 1 + 0. 5 9 is an (E, E V q) fuzzy left ideal of herniring R. 

Similarly, 1 +0.5 9 is an (E, E V q) fuzzy right ideal of R .• 

3.1.8 Corollary 

For (E, E V q) fuzzy ideals 1 and 9 of R, 1 +0.5 9 is also an (E, E V q) fuzzy ideal of R. 

3.1.9 Definition 

Let 1 be a fuzzy subset of a hemiring R. We define the upper part 1+ of 1 as follows, 

1+ (x) = 1 (x) V 0.5 for all x E R. 

3.1.10 Lemma 

If j is an (E, E V q) fuzzy ideal of R, then j+ is also an (E, E V q) fuzzy ideal of R. 
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Proof. Let f be an (E, E V q) fuzzy ideal of R and x, y E R . Then 

f+ (x) /\ f + (y) = [f (x) V 0.5]/\ [f (y) VO.5] 

= [f (x) /\ f (y)] V 0.5 

< [f (x + y) V 0.5] V 0.5. 

- f+(x+y) VO.5. 

Thus, max {f+ (x + y) ,0.5} > min {f+ (x) /\ f+ (y)} . 

Consider, 

f+ (x) - f (x) Va. 5 

< [f (xy) v 0.5] v 0.5 

= f+ (xy) V 0.5 . 

. Thus, max {f+ (xy) , 0.5} > f+ (x). 

Similarly we can show, max {f+ (xy) , 0.5} ::::: f+ (y). 

Hence, f+ is an (E, E V q) fuzzy ideal of a hemiring R. • 

3.1.11 Definition 

Let X be a nonempty subset of a hemiring R. Then upper part of the characteristic 

function is, 

( 1 ifxEX 
c; (x) = ~ 

l 0.5 if x ~ X 
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3.1.12 Lemma 

If X and Yare subsets of a hemiring R, then C1 = C~ if and only if X = Y . 

Proof. Obvious .• 

3.1.13 Lemma 

If X and Yare subsets of a hemiring R, then Cx 0°.5 Cy = CXy V 0.5. 

Proof. Let a be any element of a hemiring R. If a E XY, then there exist Xi EX, 

and Yi E Y such that a = L:f=l XiYi. So, 

(Cx 0 °.5 Cy ) (a) 

~ ["~z~ .. " [,~p [Cx (x,) /\ cy (Y,)I]] V 0.5 

~ ['~P (1/\ 1)] V 0.5 

= 1 V 0.5. 

=1. 

Since, a E XY. Therefore C Xy (a) = 1. 

Hence, CXY (a) V 0.5 = 1 V 0.5 = 1. 

If a tJ. XY, then a i= L:f=l XiYi for Xi E X and Yi E Y 

(Cx 0°.5 Cy ) (a) 

= ["~zY, "t, ['~P [Cx (8,) /\ cy (t,)I ]] V 0.5 

= a V 0.5. 

= 0.5. 

= Cxy (a) V 0.5. 
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Hence, Cx 8 0.5 Cy = Cxy V 0.5. • 

3.1.14 Lemma 

If X and Yare subsets of a hemiring R, then Cx /\0 .5 Cy = Cxny V 0.5. 

Proof. Obvious .• 

3.1.15 Lemma 

The characteristic function CL of a nonempty subset L of R is an (E, E V q) fuzzy left 

(right) ideal of a hemiring R if and only if L is a left (right) ideal of R. 

Proof. Let L be a left ideal of the hemiring R. 

Let x, y E R, if x, y E L then x + y E L. 

This implies that CL (x + y) = 1. 

Thus, CL (x + y) V 0.5 ~ CL (x) /\ CL (y). 

If x or y ~ L then CL (x) /\ CL (y) = 0 ::; CL (x + y) V 0.5. 

This implies max {CL (x + y), 0.5} ~ min {CL (x) , CL (y),}. 

Again, 

If y E L then xy E L. 

This implies CL (xy) = 1. Thus, CL (xy) V 0. 5 ~ CL (y) . 

If y ~ L then CL (y) = 0 ::; CL (xy) V 0. 5. 

This implies max {CL (xy), 0. 5} ~ CL (y). 

Hence, C L is an (E, E V if) fuzzy left ideal of a hemiring R. 
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Conversely, suppose that CL is an (E, E V q")-fuzzy left ideal of R. Let x, y E L 

this implies that CL (x) = 1 = CL (y) 

Since, max {CL (x + y), D.5} ~ min {CL (x), CL (y),} = min {1, 1} = 1. 

This implies max {CL (x + y), D.5} ~ 1. 

Thus CL (x + y) = 1 which imlies, x + y E L. 

For second condition, let x E Rand y E L this implies that CL (y) = 1. 

Since, max {CL (xy) , D.5} ~ CL (y) = 1 

Therefore, CL (xy) V 0.5 ~ 1. 

This implies CL (xy) = 1, hence xy E L . 

Thus L is a left ideal of R. 

Similarly we can show the characteristic function CL is an (E, E V q) fuzzy right 

ideal of R if and only if L is a right ideal of R. 

3 .1.16 Definition 

Let f and 9 be (E, E V en-fuzzy ideals of a hemiring R. Then the upper part of f 1\0 .5 9 

is defined as, (f 1\0 .5 g) (x) = (f 1\ g) (x) V 0.5 where x E R . 

3.1. 17 Lemma 

Let f be an (E, E V q) fuzzy right ideal and 9 be an (E, E V q) fuzzy left ideal of a 

hemiring R, then f c:P5 9 ~ f 1\0. 5 g. 

Proof. Let f and 9 be (E, E V q) fuzzy right and fuzzy left ideals of R, respectively. 

For any x E R, 

• 
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(f 0 0.5 g) (X) 

~ [x~2:L .. , [,,0,. (f (Vi) i\ 9 (Zi))]] V 0.5 

~ x~2:t ",x, [,,~Y (Vi) i\ 9 (Zi )) 1 V 0.5 

~ X~2:~' y,x, [,,0,. (f (Vi"' ) V 0.5) i\ (9 (Vi"' ) V 0.5)1 V 0.5 

~ x~2:~' y;x; [ CL',/ (ViZi)) i\ CA/ (Vi"' )) 1 V 0.5 

< V [[1 (2:f=l YiZi) V 0. 5] 1\ [g (2:f=l YiZi) V 0.5]] V 0.5 

= V [1(x)l\g(x)]VO.5 

= [1 (x) I\ g(x)] VO.5 

= (f 1\ g) (x) V 0.5 

= (f 1\0. 5 g) (X) . 

This implies, f 0 0.5 9 ~ f 1\0.5 g. • 

3.2 Regular and Weakly regular hemirings 

In this section we characterize regular and weakly regular hemirings by the properties 

of their (E, E V q)-fuzzy ideals. 

3 .2.1 Lemma 

A hemiring R is regular if and only if f 0 0.5 9 = f 1\0.5 g, for every (E, E V q) fuzzy 

right ideal f and for every (E, E V q) fuzzy left ideal 9 of R. 

P roof. Let f and 9 be ( E, E V q) fuzzy right and fuzzy left ideals of R, respectively. 

For any x E R, 
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(f 8 0.5 g) (x) :::; (f 1\0.5 g) (X) by Lemma 3.1.17. 

On the other hand, since R is regular hemiring, so for every x E R, there exists 

s E R such t hat x = xsx. 

Now 

(J 1\0.5 g) (x) - (f 1\ g) (x) V 0.5 

- f(x) I\g(x) VO.5 

< f (xs) 1\ 9 (x) V 0.5 

< "~L.y, .. b, [,6, [1(",1 119 (bill] V 0.5 

- f8o.5 g(x). 

Thus, (J 1\0.5 g) (x) < (J 0 0
.5 g) (x). 

Hence, f 8 0
.5 9 f 1\0.5 g. 

Conversely, let A be a right ideal and B be a left ideal of R. Then by lemma 

3.1.15 CA and CB are (E, E V q) fuzzy right ideal and left ideals of R, respectively. 

By hypothesis, CA 8 0.5 CB = CA 1\0.5 CB. By Lemma 3.1.13 and 3.1.14 we have, 

This implies, CAB V 0.5 = CAnB V 0.5. 

Thus by Lemma 3.1.12, AB = An B. 

Hence, by Proposition 1.3.3 R is a regular hemiring. _ 

3.2.2 Definition 

An (E, E V q) fuzzy ideal f of R is said to be idempotent if j 0°.5 f = j V 0.5 = j +. 
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3.2.3 Theorem 

The following assertions for a hemiring R are equivalent; 

(1) R is right weakly regular hemiring. 

(2) All (E, E V q) fuzzy right ideals of R are idempotent. 

(3) f 0 0
.
5 9 = f 1\0.5 9 for all (E, E V q) fuzzy right ideals f and all (E, E V q) fuzzy 

two sided ideals 9 of R. 

Proof. (1) =? (2) 

let f be an (E, E V q) fuzzy right ideal of R. By Lemma 3.1.17, f 0 0
.
5 f :::; f+· 

On the other hand, since R is right weakly regular hemiring, so x E (xR)2. 

q 

Hence, x = L: xaixbi for some ai, bi E Rand q E N. So, 
i=l 

f (x) = f(x)l\f(x) 

f (x) V 0.5 (f (x) 1\ f (x)) V 0.5 

f+ (x) f(x)l\f(x)VO.5 

< (f (xai) V 0.5) 1\ (f (xbi ) V 0.5) V 0.5 

f+ (x ) < 1\ [f (xai) 1\ f (xbi )] V 0.5 
l~i:~q 

< '~L.~. Yj'; ['$0$" [f (Yj) 1\ f (Zj)]] V 0.5 

(J 0 0
.
5 f) (x). 

Thus, f + (x) < (J 0 0.5 f) (x) . 

Hence, f 8 0.5 f f+ · 

This shows that, all (E, E V q) fuzzy right ideals of Rare 

idempotent. 

for 1 :::; i :::; q 
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(2) ==> (1) 

Let x E R, we claim that x E (XR)2 . 

Let xR = A be the right ideal generated by x, and CA be the characteristic 

function of A, by Lemma 3.1.15 it is an (E, E V if) fuzzy right ideal of R. 

By our assumption, C:;t = C A 0 0.5 CA · 

By Lemma 3.1.13 CA 0 0.5 CA = CAA V 0.5. 

So we have, CA V 0.5 = CAA V 0.5. 

Therefore, by Lemma 3.1.12 we have, A = AA. 

Now since x E A, this imlpies x E A2 . 

Therefore, x E (xR)2. 

Hence, R is a right weakly regular hemiring. 

(1) ==> (3) 

Let' f be an (E, E V q) fuzzy right ideal and 9 be an (E, E V q) fuzzy two sided 

ideal of R. 

By Lemma 3.1.17, f 0 0.5 g :::; f /\0.5 g. 

For reverse inclusion, let x E R, since R is right weakly regular hemiring, so 
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(J 1\0.5 g) (X) (f 1\ g) (X) V 0.5 

- f (x) 1\ 9 (x) V 0.5 

< (f (Xai) V 0.5) 1\ (g (xbi) V 0.5) V 0.5 for 1 :::; i :::; P 

< "~,£y., ,<" ['$~$P [f (y,) 1\ 9 (Z,)l] V 0.5 

(J (:f5 g) (x ) . 

This implies, (J 1\0.5 g) (x) < (J 0 °·5 g) (x) . 

Hence, f /\0.5 9 f 0 °·5 g. 

(3) =? (1) 

Let A and B be the right and two sided ideal of R respectively. Then by Lemma 

3.1.15, the characteristic function CA and CB are (E, E V q) fuzzy right ideal and 

fuzzy two sided ideal of R. 

So we have, C AB V 0.5 = C AnB V 0.5. 

T herefore, by Lemma 3.1.12 AB = A n B. 

Hence, by Proposition 1.3.5, R is right weakly regular semiring. _ 
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3.3 Hemirings in which each (E , E V q) -fuzzy ideal 

is idempotent 

In this section we study those hemirings for which each (E, E V g)-fuzzy ideal is 

idempotent. 

3.3.1 Theorem 

The following assertions for a hemiring R are equivalent; 

(1) R is fully idempotent. 

(2) Each (E, E V q) fuzzy ideal of R is idempotent. 

(3) For each pair of (E, E V q) fuzzy ideals f and 9 of R, f 1\0.5 9 = f 8°·5 9 . 

Proof. (1) =? (3) 

Let f and 9 be any pair of (E, E V q) fuzzy ideals of R. 

Then, f 8°·5 9 :::; f 1\0.5 9 (by Lemma 3.1.17). 

p 

Since, R is fully idempotent, so (x) = (X)2 we have, x = I: rixr~tixt~. Thus, 

(f 1\0.5 g) (x) = (f 1\ g) (x) V 0.5 

=f(x)l\g(x)VO.5 

:::; 1\ [J (ri x<) 1\ 9 (tixtD V 0.5J 
l:Si:Sp 

OS; "=L~' M [,<0<p (f (Yi) II 9 (;))] V 0.5 

= (f 8°·5 g) (x) . 

Therefore, (f 1\0.5 g) (x) :::; (f 8°·5 g) (x) . 

Hence, f 1\0.5 9 = f 8 °5 g. 

i=l 
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(3) =* (2) 

Let f and 9 be any pair of (E, E V ij) fuzzy ideals of R. We have f 1\0.5 9 = f 8°·5 g. 

Take 9 = f. 

Thus, 

f 1\0. 5 f = f 8 °·5 f 

(f 1\ f ) (x ) V 0.5 - (J 8 °·5 f) (x ) 

f(x)VO .5 (J 8 °·5 f) (x ) 

This implies, f+ f 8°·5 f. 

(2) =* (1) 

Let A be an ideal of R. Then by Lemma 3.1.15 CA is an (E, E V ij) fuzzy ideal of 

R . 

Hence, C A 8 °·5 C A = C1 

But, CA 0°·5 CA = CAA V 0.5 ( by Lemma 3.1.13). 

Therefore, CAA V 0.5 = CA V 0.5 

This implies, AA = A ( by Lemma 3.1.12). 

Hence, R is fully idempotent hemiring. _ 

3.3.2 T heorem 

The following assertions for a hemiring R are equivalent; 

(1) R is fully idempotent. 

(2) The set £R = {f+ : f is an (E, E V q) fuzzy ideal of R}, (ordered by .:::; ) form 

a distributive lattice under the sum and intersection of (E, E V q) fuzzy ideals with 
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f+ /\0.5 g+ = f+ 0°.5 g+, for each pair of (E, E V q) fuzzy ideals f+ and g+ of R. 

Proof. (1) ==> (2) 

The set LR = {f+ : f is an (E, E V q) fuzzy ideal} of (E, E V q) fuzzy ideals of R 

(ordered by :::; ) is cleary a lattice under the sum and intersection of (E; E V q) fuzzy 

ideals. Moreover, since R is a fully idempotent hemiring, it follows that j+ /\0.5 g+ = 

f+ 0°.5 g+, for each pair of (E, E V q) fuzzy ideals f+ and g+ of R. We now show that 

LR is a distributive lattice, that is, for (E, E V q) fuzzy ideals f+, g+ and h+ of R, 

[(f+ /\0.5 g+) +0.5 h+] (x) 

= L=y+z [(f+ /\0 .5 g+) (y) /\ h+ (Z)] ] V 0.5 

= V [(f+ /\ g+) (y) V 0.5/\ h+ (z)] V 0.5 
x=y+z 

= V [1+ (y) /\g+ (y) /\ h+ (z) /\ h+ (z)] V 0.5 
x=y+z 

= V [1+ (y) /\ h+ (z) V 0.5]/\ [g+ (y) /\ h+ (z) V 0.5] V 0.5 
x=y+z 

= [x=y+z [1+ (y) /\ h+ (z)] V 0. 5] /\ L=y+z [g+ (y) /\ h+ (z)] V 0.5] V 0.5. 

:=; [(f+ +0.5 h+) (x) /\ (g+ +0.5 h+) (x)] V 0.5. 

Again, 

= [(f+ +0.5 h+) 0°.5 (g+ +0.5 h+)] (x) 

- X~LX " .. [,£."P [(1+ +0.5 h+) (Yi) /\ (9+ + 0.5 h+) (Z;)J] V 0.5 

= 
[Yi=~+Si (f+ h) /\ h+ (Si)) V 0.5] /\ 

[Zi=~+Ui (g+ (ti) /\ h+ (Ui)) V 0.5] 

V /\ V 0.5 
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'~L~' Y;" [,</t l;~¥t~: (t+ (r;) 1\ h+ (8i) 1\ g+ (ti) 1\ h+ (14)1]] v 0.5 

~ '~L~' .. " [,t<" [~:~¥t~; [ r (:;:(:: ~~+I\(:~ (8i) ]]] VO.5 

::; V [/\ [ V [ (f+ (riti ) V 0.5) 1\ (g+ (riti) V 0.5) 1\ ] 11 V 

x=I:f=lYiZi l~i~p ~;~;:t~~ (h+ (Siti) V 0.5) 1\ (h+ (SiUi) V 0.5) 1\ (h- (riui) V 0.5) 

0. 5 

~ '~L~''''> [,<0<" [;:~¥t~; [ (h~(:i~i;t~ ::;8i:;i: ::';~i:i)) ]]] v 0.5 

::; X=L'ilYiZi [It;.~P [Yi:X+Si [ l~(+ I\tO"+5 g+) (T+iti) 1\ ) ] V 0.5]] V 0.5 
z,-t,+u, 7, S" S, u, r, u, 

" '~L~' "" [,t<" ((1+ 1\05 9+) + 0 5 h+1 (YiZi ) 1 
< V [(f+ 1\0.5 g+) +0.5 h+j (X) 

(2) =? (1) 

SupposethatthesetLR = {j+, where j is an (E,E Vq) fuzzy ideal of R} , (ordered 

by ::;) is a distributive lattice under the sum and intersection of (E, E V q) fuzzy ideals 

with j + 1\0.5 g+ = j + 0°. 5 g+ for each pair of (E, E V q) fuzzy ideals j+ and g+ of R. 

Then for any (E, E V q) fuzzy ideal j + of R, we have, j + 0 °.5 j + = j + 1\0.5 j+. 

First we have to show that j+ 0°·5 j + = j 0 °.5 f. 

Consider, (f+ 0 °.5 j +) (x) 



~ ['~l::~' .. "' [,,~, (J+ (Yi) II r (Zi))]] v 0.5 

'~l::~' ... , ['$0,. [J (Yi) v 0.5 II I (Zi) V 0.51] V 0.5 

'~l::~' y," [,A. II (Yi) II I (Zi)l] V 0.5. 

= (f 8°·5 f) (X). 

Therefore, we get j+ 8 °·5 j + = j 8°·5 f. 

This implies, j 8°·5 j = j+ . 

Hence, R is fully idempotent hemiring. _ 

3.3.3 Definition 
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An (E, E V q) fuzzy ideal h of a hemiring R is called an (E, E V q) fuzzy prime ideal of 

R if for any (E, E V q) fuzzy ideals j and 9 of R, j 8 °·5 9 ::; h, implies that j + ::; h+ 

3.3.4 Definition 

An (E, E V q) fuzzy ideal h of a hemiring R is called an (E, E V q) fuzzy irreducible 

ideal of R if for any (E, E V q) fuzzy ideals j and 9 of R, j 1\0.5 9 = h implies that 

3.3.5 Theorem 

Let R be a fully idempotent hemiring. For any (E, E V q) fuzzy ideal h+ of R, the 

following conditions are equivalent: 
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(1) h+ is an (E, E v q) fuzzy prime ideal. 

(2) h+ is an (E, E V q) fuzzy irreducible ideal. 

Proof. (1) =} (2) 

Let f+ and g+ be any (E, E V q) fuzzy ideals of R. Assume that h+ is an (E, E V q) 

fuzzy prime ideal. We show that h + ia an (E, E V q) fuzzy irreducible ideal of R. Let 

h+ = f /\0.5 g. Since R is fully idempotent , so by Lemma 3.3.1 f+ /\0.5 g+ = f+ 0 0.5 g+ . 

This implies f+ 0 0.5 g+ = h+. Since h+ is an (E, E V q) fuzzy prime ideal, therefore 

f + ::; h+ or g+ ::; h+. 

Again, since f + /\0.5 g+ = h+, this implies h+ ::; f+ and h+ ::; g+. It follows that, 

f+ = h+ or g+ = h+. 

Hence, h+ is an (E, E Vq) fuzzy irreducible ideal of R. 

(2) ==? (1) 

Assume that h+ is an (E, E V q) fuzzy irreducible ideal. We have to show h+ is an 

(E, E V q) fuzzy prime ideal. Suppose that there exist (E, E V q) fuzzy ideals f+ and 

g+ such that f 0 0.5 9 ::; h+. As, R is fully idempotent hemiring, so by Theorem 3.3.1 

f+ /\0.5 g+ = f+ 0 0.5 g+. Thus, f+ 0 0.5 g+ ::; h+ implies, f + /\0.5 g+ ::; h +. Again, 

since R is fully idempotent hemiring, it follows from Theorem 3.3.2 that the set of 

(E , E V q) fuzzy ideals of R (ordered by ::; ) is a distributive lattice with respect to the 

sum and intersection of (E, E V q) fuzzy ide81s. Hence the inequality f+ /\0.5 g+ ::; h+ 

becomes (f+ /\0 .5 g+) +0.5 h+ = h+, and using the distributivety of this lattice we 

have, 

Cr+ +0.5 h+) /\0.5 (g+ +0.5 h+) = h+. Since, h+ is an (E, E V q) fuzzy irreducible 

ideal, it follows that either f + +0.5 h+ = h+ or g+ +0.5 h+ = h+. This implies, 



63 

Hence, h+ is an (E, E V q) fuzzy prime ideal of hemiring. _ 

3 .3 .6 Lemma 

Let R be a fully idempotent hemiring. If f+ is an (E, E V q) fuzzy ideal of R with 

f+ (a) = a, where a is any element of R and a E (0,1], then there exists an (E, E V q) 

fuzzy prime ideal h+ of R such that f + ::; h+ and h+ (a) = a. 

Proof. Let X = {g+ ; g+ is an (E, E V q) fuzzy ideal of R, g+ (a) = a, and f+ ::; g+}. 

Then X =f 0, since f + E X. Let F be a totally ordered subset of X, say F = 

{ft,i E I}. We claim that V fi+ is an (E, E V q) fuzzy ideal of R. For any x E R. 
iEl 

V ft (x) 1\ V f/ (y) 
iEl iEl 
= V ft (x) 1\ V ff (y) 

iEl jEl 

= [V ft (x)] 1\ V [if (y) J iEl jEI 

= Y [[~lft (x)] 1\ ff (y)] 

= y [y [It (x) 1\ ff (y) J ] 

::; Y [y [ltj (x) 1\ fi+
j (Y)J] where ft

j 
= max{lt,tf} : It

j 
E {/i+,i E I} 

= Y [y [/i+j 
(x) 1\ ft j (Y) J] 

::; Y [y [lt j 
(x + y) V O.SJ] 

= V [li+j 
(x + y) V 0.5] 

i,j 
::; V [It (x + y) V 0.5] 

i 

= V fi+ (x + y) V 0.5 . 
i 

This imlpies, max f V i t (x + y), o.s} ~ min {.v It (x), V I t (y)}. 
l '/ tEl tEl 
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Now consider, 

V (1/ (x)) 
iEI 

- V [f/ (x)] 
i 

< V [Ji+ (xy) V 0.5J 
i 

( Y f/ ) (xy) V 0.5 

> min (V f/ ) (x) . 
iEI 

Thus, V f/ is an (E, E V q) fuzzy ideal of R. Clearly f+ ~ V f/ and (V f/) (a) = 
t t t 

V ft (a) = cx. 

Therefore, V f/ is l.u.b of F. Hence, by Zorns lemma, there exists an (E, E V q) 
i 

fuzzy ideal h+ of R which is maximal with respect to the property that f+ ::; h+ and 

h+ (a) = cx. We now show that h+ is an (E, E V q) fuzzy irreducible ideal of R. 

Suppose that h+ = ki /\0.5 let , where lei and kt are (E, E V q) fuzzy ideals of R. 

This implies that h+ ~ ki and h+ ~ kt. We claim that either h+ = lei or h+ = kt. 

Suppose on contrary h+ =I ki or h+ =I kt . Since h+ is maximal with respect to the 

property that h+ (a) = cx and 17,+ ~ lei or 17,+ ~ kt, it follows that, ki (a) =I cx and 

kt (a) =I cx. 

Hence, cx = h+ (a) - (lei /\05 kt) (a) = (lei /\ kt) (a) = ki (a) /\ kt (a) =I cx, 

which is absurd. 

Hence, either h + = ki or h + = kt. This prove that h + is an (E, E V q) fuzzy 

irreducible ideal of R. 

Hence, by Theorem 3.3.5,17,+ is an (E, E V q) fuzzy prime ideal of R. • 
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3.3.7 Theorem 

The following assertions for a hemiring R are equivalent: 

(1) R is fully idempotent. 

(2) The set c'R = {f+ : f is an (E, E V q) fuzzy ideal of R}, (ordered by ~ ) form 

a distributive lattice under the sum and intersection of (E, E V q) fuzzy ideals with 

f+ A 0.5 g+ = f + 8 °·5 g+, for each pair of (E, E V q) fuzzy ideals f+ and g+ of R. 

(3) Each (E, E V q) fuzzy ideal is the intersection of all those (E, E V q) fuzzy prime 

ideals of R which contain it. 

Proof. (1) =?- (2) is proved in Theorem 3.3.2. Now we have to prove, 

(2) =?- (3) 

Let f+ be an (E, E V q) fuzzy ideal of R. Let {gt, i E I} be the family of (E, E V q) 

fuzzy prime ideal of R which contains f+· Obviously f+ ~ 1\ gt· 
iEI 

we have to show 1\ gt ::; f+· 
iEI 

(i) 

Let "a" be any element of R, then by Lemma 3.3.6 there exists an (E, E V q) fuzzy 

prime ideal say gj such that f+ ~ gj and f+ (a) = gj (a). Thus gj E {gt,i E I}. 

Obviously 1\ gt ~ gj . 
iEI 

So, 1\ gt (a) ::; gj (a ) = j + (a) . 
iEI 

This implies, 1\ gt ::; j +. 
iEI 

From (i) and (ii), we get 1\ gt = j+ . 
iEI 

(3) =?- (1) 

(ii) 

Let j be any (E, E V q) fuzzy ideal of R so j + is also. Then by Proposition 3.1.5 

j + 8 °·5 f+ is also an (E, E V q) fuzzy ideal of R. Hence, according to the statement 
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(3), f+0o .5 f +can be written as f+0o .5 f+ = /\ gt where {gt,i E I} be the family 
iEI 

of (E, E V ij) fuzzy prime ideals of R which contain f + 0°·5 f +. 

Now f+ 0°·5 f+ :S gt for all i E I, and since gt is an (E, E V ij) fuzzy prime ideal 

so, f+ :S gt for all i E I. 

Thus, f+ :S /\ gt = f+ 0°·5 f+ and we know that f+ 0°·5 f+ = f 0°·5 f . 
iEI 

This implies, f+ :S f 0 °·5 f. (iii) 

And by Lemma 3.1.17 we get, f 0 °·5 f :S f +. (iv) 

From (iii) and (iv) we have, f 0 °·5 f = f +. 

Hence, R is a fully idempotent hemiring. _ 

3.4 Fuzzy ideals with thresholds (a, jJ] in hemirings 

In this section and onward we study fuzzy ideals with thresholds (a,,6'] of a hemiring 

R. 

3.4.1 Definition 

Let a, ,6 E (0,1] and a < ,6', then a fuzzy subset f of R is called a fuzzy left (right) 

ideal with thresholds (a,,6'] of R if it satisfies the following conditions: 

(1) max {f (x + y), a} 2': min {f (x) , f (y),6'} 

(2) max{f (yx) ) a} ;::: min {f (x) ),B} 

max {f (xy) , a} ;::: min {f (x) f3}) respectively. 
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3.4.2 Definition 

Let f and 9 be fuzzy ideals with thresholds (Q,,8] of a hemiring R. Then the fuzzy 

subset f o~ 9 is defined as 

(t o~ g) (x) = L E¥"", [l<0.,Y (y,) i\ 9 (z, ) I] i\ 1'1] v" for all x E R. 

3.4.3 Proposition 

If f and 9 are fuzzy left and right ideals with thresholds (Q,,BJ of R respectively, then 

f o~ 9 is a fuzzy ideal with thresholds (Q,,BJ of R. 

Proof. Let f and 9 be fuzzy left and right ideals with thresholds (Q,,BJ of R, 

respectively. For any x, Xl E R, 

,B 

(J o~ g) (x) /\ (J o~ g) (Xl) /\ ,B 

= (["~EL" ["0,, (f (y,) i\ 9 (Z, ))] i\ 1'1] v,,) i\ (["'~E~' Y)' ) [l<~" (J (Yi) i\ 9 (zm] i\ p 

= "~E~' Y'" [,,0," (f (y;) i\ 9 (z;))] {, ~ E~' y;.; [, j " (J (Yi) i\ 9 (zm ]] i\l'Iv" 

= X~E~' "",",~EY., yH [,,0," (f (y,) i\ 9 (Z,))] i\ ["~,,u (Yi) i\ 9 (zj))] i\ 1'1 V Q 

S [[*'~lt Y~J,0,Y (yZ) i\ 9 (zm] i\ 1'1] v,,] V Q . 

. = (J o~ g) (x + Xl) V Q. 

This implies, max {(J o~ g) (x + x') ,Q} ;:::: min {(J o~ g) (x), (J o~ g) (XI) ,,B}. 

Also, 

(J o~ g) (x) /\ ,B 

= ["~E~' "" [,,0," (J (y,) i\ 9 (z, ))] i\ 1'1] V Q i\ 1'1 
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~ ["~LL,", [,~0<p If (y;) A (g (z; ) A fJ)l] A fJ] V Q 

s LLL,", [,P,~P (f (Yi) A (g (z;a) V a))] A fJ] V a 

~ ["~L~' ''"' [,~0~y(Y;) A g(Z;a)l] AfJ] V a 

S ["a~LLY;,; [,,~<y (yj) A 9 (Zj))] A fJ] Va V a. 

=(Jo~g)(xa)Va. 

Therefore, max {(J o~ g) (xa), o:} ~ min {(J o~ g) (x) ,,B} . 

Hence, f o~ 9 is a fuzzy right ideal with thresholds (a,,BJ of R. 

Similarly, we can show f o~ 9 is a fuzzy left ideal with thresholds (a,,BJ of R. • 

3.4.4 Definition 

Let f and 9 be fuzzy ideals with thresholds (a,,BJ of a hemiring R. The fuzzy subset 

f +~ 9 of R is defined as 

(J +~ g) (x) = [x=Y+z [J (y) /\ 9 (z)] /\,B] V a for all x E R. 

3.4.5 Proposition 

Let f and 9 be any fuzzy left (right) ideals with thresholds (a,,BJ of R, then the sum 

f +~ 9 is also a fuzzy left (right) ideal with thresholds (a,,BJ of R, respectively. 

Proof. Let f and 9 be fuzzy left ideals with thresholds (c¥,,BJ of R. For any 

x,x l E R, 

(J +~ g) (x) /\ (J +~ g) (Xl) /\,B 

I[ ] ) I[ . l \ 
= l x=Y+z (f (y) /\ 9 (z)) /\,B Va /\ \ XI=~+ZI (f (yl) /\ 9 (z')) /\,B J V c¥ ) /\,B 



~ [.,~::, [[f (y) /\ 9 (z)J /\ If (y') /\ 9 (z)]] /\ is] V Q 

= V [if (y) !\ f (y') !\,B] !\ [g (z) !\ g (z') !\,Bll Va x=y+z 
x'=y'+z' 

:s [.,~<:", [(1 (y + y') V CY) /\ (9 (z + z ) v o<)J] v" 

= [ V [J (y + y') !\ g (z + Zl)] !\,B] v a 
x+x'=(y+y')+(z+z') 

::; [L+x~a+b [J (a) !\ g (b)] !\,B] va] Va. 

= (J+~g)(x+x')Va. 
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This implies, max {(J +~ g) (x + x'), o;} ~ min {(J +~ g) (x), (J +~ g) (x') ,,B}. 

Again, 

(J +~ g) (x) !\ ,B 

= [x=Y+z (f (y) !\ g (z)) !\,B] Va!\,B 

= [x=Y+z [(f (y) !\,B) !\ (g (z) !\ ,B)] !\,B 1 Va 

::; [x=Y+z [(f (ay) Va) !\ (g (az) Va)] !\,B] Va 

(where a is any element of R) 

= [ax=~+az [J (ay) !\ g (az)] !\ (3] V 0; 

:s [ •• ~y+)f (y') /\ 9 (z')J /\ is] v" V CY. 

= (J +~ g) (ax) Va. 

This implies, max {(f +~ g) (ax), a} ~ min {(J +~ g) (x),,B}. 

Hence, f +~ g is a fuzzy left (right) ideal with thresholds (a,,Bj of R. • 
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3.4.6 Corollary 

For fuzzy ideals f and g with thresholds (a,,8] of R, f +~ g is a fuzzy ideal with 

thresholds (a,,8] of R. 

3.4.7 Definition 

Let f be a fuzzy subset of a hemiring R and a,,8 E (O , lJ such that a < ,8. We define 

the fuzzy subset f~ of R as follows, f~ (x) = (f (x ) /\,8) Va for x E R. 

3 .4 .8 Lemma 

If f is a fuzzy irleal with thresholds (0: , ,6'J of a hemiring R, then f~ = (f /\ ,8) V a is 

also a fuzzy ideal with thresholds (a,,8J of hemiring R. 

Proof. Let f be a fuzzy right ideal with thresholds (a,,8J of a hemiring R. For 

any x, y E R,consider, 

max {f~(x+y),a} = ma.,'{ {(f (x + y) /\ ,8) Va, a} 

= (f (x+ y) /\,8)Va 

= (f (x + y) Va) /\ (,8 Va) 

= [(f (x + y) Va) VaJ /\,8 

> [(f (x ) /\ f (y) /\,8) VaJ /\,8 

= [(f (x) /\,8) V aJ /\ [(f (y) /\,8) VaJ /\,8 

= f~ (x ) /\ f~ (y) /\ ,8 . 

This implies , max {f~ (x + y) ,a} > min {f~ (x) ,J~ (y) ,(3} . 
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Now 

max {f~ (xy) ,a} - max {(J (xy) /\ (3) Va, a } 

- (J (xy) /\ (3) Va 

- (J (xy) Va) /\ ((3 V a) 

- [(J (xy) Va) V a]/\ (3 

> [(J (x) /\ (3) V a]/\ (3 

- f~ (x) /\ (3 . 

This implies, max {f~ (xy) ,a} > min {f~ (x) ,(3} . 

Similarly we can show, max {f~ (xy) ,a} 2:: min {f~ (y) ,(3} . . 

Hence, f ~ is a fuzzy ideal with thresholds (a , (3] of a hemiring R. • 

3.4.9 Definition 

Let X be a nonempty subset of a hemiring Rand Cx be the characteristic function 

of X, then (Cx)~ (x) is defined as 

{ 

(3 ifxEX 
(Cx)~ (x) = n, 

l-t if x ~ X 

3.4.10 Lemma 

If X and Yare subsets of a hem iring R, then (C x /\ (3) V Q = (Cy /\ (3) V Q if and 

only if X = Y. 

Proof. Obvious. • 
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3.4.11 Lemma 

If X and Yare subsets of a hem iring R , then Cx o~ Cy = (CXy /\ (3) V a. 

Proof. Let a be any element of hemiring R. If a E XY, then there exist Xi EX, 

and Yi E Y such that a = 2:f=l XiYi · So, 

(ex o~ Cy) (a) 

= LL:t. ',"' ['~P [Cx (Xi) II C
y 

(Yi)]] II fJ] V" 

2: [l~P (1 II 1) II fJ] v" 

= (3 Va. 

= (3. 

Since, a E XY. Therefore C Xy (a) = 1. 

Hence, (CXy (a) /\ (3) Va = (1/\ (3) V a = (3 V a = (3. 

Therefore, (Cx o~ Oy) (a) = (CXy (a) /\ (3) Va. 

If a ~ XY, then a =1= 2:f=l XiYi for Xi E X and Yi E Y 

If (I, = 2:f=l Siti for some Si, Ii E R, then we have 

(Cx o~ Oy) (a) 

= ["~L:y, "t, ['~P [Cx (8i) II C
y 

(ti)] II fJ l] v" 

= (0/\ (3) V a. 

=0 

= (OXy (a) 1\ (3) Va. 

(Cx o~ Cy ) (a) = 0 = (CXy (a) 1\ (3) Va. 

Hence, in any case, we have Cx o~ Cy = (CXy /\ (3) Va. -
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3.4.12 Lemma 

If X and Yare subsets of a hemiring R , then Cx!\~ Cy = (Cxny !\ (3) Va. 

Proof. Obvious . • 

3.4.13 Lemma 

The characteristic function CL of a nonempty subset L of R is a fuzzy left (right) 

ideal with thresholds (a, f3] of R if and only if L is a left (right) ideal of R. 

Proof. Let L be a left ideal of the hemiring R. 

Let x, y E R, if x, y E L then x + y E L. 

This implies that CL (x + y) = 1. 

Thus, CL (x + y) V Ct 2: CL (x) !\ CL (y) !\ f3. 

If x or y ~ L then CL (x)!\ CL (y) !\ f3 = a ~ CL (x + y) V Ct . 

This implies, max {CL (x + y) ,a} 2: min {CL (x) ,CL (y) ,f3} . 

Again, 

If y E L then xy E L . This implies, CL (xy) = l. 

Thus CL (xy) V Ct 2: CL (y) !\ ,8. 

If Y ~ L then CL (y) !\ f3 = a ~ CL (xy) Va . 

. This implies, max {CL (xy) ,Ct} 2: min {CL (y ) ,f3}. 

Hence, CL is a fuzzy left ideal with thresholds (a, f3J of a hemiring R . 

Conversely, let x, y E L this implies that CL (x) = 1 = CL (y) 

Since, max {CL(x+y),a} 2: min {CL (X),CL (y),,8} 

= min {I , 1,,8} = ,8. 
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Therefore, CL (x + y) = I, this implies x + y E L. 

For second condition, let x E Rand y E L this implies that CL (y) = 1. 

Since, max {CL (xy) , a} 2: min {CL (y) ,,B} 

= min {1,,B} = ,B . 

Thus CL (xy) = 1. This implies xy E L. 

Hence, L is a left ideal of R. 

Similarly we can show, the characteristic function CL is a fuzzy right ideal with 

thresholds (a, ,B] of R if and only if L is a right ideal of R. • 

3.4.14 Definition 

Let f a.nd 9 be fuzzy ideals with thresholds (a,,B] of a hemiring R, then f A~ 9 is 

defind as, (J A~ g) (x) = ((I A g) (x) A (3) Va, where x E R. 

3.4.15 Lemma 

Let J be a fuzzy right ideal with thresholds (a,,B] and 9 be a fuzzy left ideal with 

thresholds (a,,B] of a hemiring R, then f o~ 9 :s; f A~ g. 

Proof. Let J and 9 be fuzzy right and fuzzy left ideals with thresholds (a,,B] of 

R, respectively. For any x E R, 

(J o~ g) (x) 

= LEL .. , ['$~P (J (y;) A 9 (Zi))] A 11] V "-

= ["~E~' "" ['$0$p ((f (y;) A 11) A (g (z;) A 11))] A 11] V "-
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" [.~z::L,,, [,f,'" (f (Y;Z;) V ,,) A (g (Yi"') V"')] A Il] v a 

~ [.~z::LJ C'>,/ (y; z;) All) A C~/ (Yi Z
;) All) ] A Il] v '" 

" [.~ z::i, y,x, [If (2:;~1 Yi Zi) V ,,] A [g (2:;~1 Y; Zi ) Va]] A Il] v a 

= [.~z::L .. , [f (x) A 9 (x)] A III Va 

= [[I (x) /\ 9 (x)]/\ ,8] Va 

= ((1/\ g)(x) /\,8) Va. 

= (J/\~g)(x). 

This implies, f o~ 9 ::; f /\~ g. • 

3.5 Regular and Weakly regular hemirings 

In this section we characterize regular and right weakly regular hemirings by the 

properties of their fuzzy ideals with thresholds (a,,8] . 

3.5.1 Lemma 

A hemiring R is regular if and only if f o~ 9 = f /\~ g, for every fuzzy right ideal f 

and for every fuzzy left ideal 9 with thresholds (a,,8] of R. 

Proof. Let f and 9 be any fuzzy right and fuzzy left ideals with thresholds (a,,8] 

of R, respectively. For any x E R, 

(J o~ g) (x) ::; (J /\~ g) (x) . (by Lemma 3.4.15 ) 

On the other hand, since R is regular hemiring, so for every x E R, there exists 

s E R such that x = xsx. 
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Now 

((f !\ g)(x) !\ f3) Va 

- (f (x) !\ 9 (x) !\ f3) V a 

< [J(xs)!\g(x)!\f3]Va 

< "~LY ~b; [,~q if (a;) t\ 9 (bi)l t\,6] v'" 

= f o~ 9 (x). 

This implies, (J !\~ g) (x) < (J o~ g) (x). 

Hence, , f o~ 9 f !\~ g. 

Conversely, let A be a right ideal and B be a left ideal of R. Then by Lemma 3.4.13 

C A and CB are fuzzy right and left ideals with thresholds (0:,.B] of R, respectively. 

By hypothesis, CA o~ CB = CA !\~ CB . By Lemma 3.4.11 and 3.4.12 we have, 

CA o~ CB = (CAB !\ /3) Va: and CA!\~ CB = (CAnB 1\ f3) Va respectively. 

This implies, (CAB !\ f3) Va = (CAnB !\ 13) Va. 

By Lemma 3.4.10 we get, AB = An B. 

Hence, by Proposition 1.3.3 R is a regular hemiring. _ 

3.5.2 Definition 

A fuzzy ideal f with thresholds (a, 131 of R is said to be idempotent if f o~ f = f~ 

where fg = (J !\ 13) V a. 
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3.5.3 Theorem 

The following assertions for a hemiring R are equivalent; 

(1) R is right weakly regular hemiring. 

(2) All fuzzy right ideals with thresholds (a,,8J of R are idempotent. 

(3) f o~ 9 = f A~ 9 for all fuzzy right ideals f and all fuzzy two sided ideals 9 with 

thresholds (a,,8J of R. 

Proof. (1) ==> (2) 

Let f be a fuzzy right ideal with thresholds (a,,8J of R. By Lemma 3.4.15, fo~f :::; 

f~. On the other hand, since R is right weakly regular hemiring, so x E (XR)2. 
q 

Hence, x = 2.: xaixbi for some ai, bi E Rand q E N. So, 
i=l 

f (x) f(x)Af(x) 

(f (x) A,8) Va - (f (x) A f (x) A,8) V a 

f~ (x) - ((f (x) A ,8) A (f (x) A ,8) A ,8) V a 

< ((f (xai) Va) A (f (xbi) Va) A,8) Va 

f~ (x) < [, ,0)f (xa;) ;\ f (xbi )] ;\ fl] V Q 

for 1 :::; i :::; q 

< x~ L.~' >iX, [,£"C [f (y;) ;\ f (z;) ] ;\ fl] V a 

(J o~ f) (x). 

This implies, f~ (x) < (J o~ f) (x). 

Hence, f o~ f - f~. 

This shows that all fuzzy right ideals with thresholds (a,,8J of R are idempotent. 

(2) ==> (1) 
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Let x E R, we claim that x E (xRf 

Let xR = A be the right ideal generated by x, and CA be the characteristic 

function of A. By Lemma 3.4.13 CA is a fuzzy right ideal with thresholds (a,.8] of R. 

By our assumption, (CA /\.8) Va = CA o~ CA. 

By Lemma 3.4.11 CA o~ CA = (CAA /\ /6) Va. 

So we have, (CA /\.8) Va = (CAA /\.8) V Ct. 

Therefore, by Lemma 3.4.10 we have, A = AA. 

Now since x E A, this imlpies x E A2. 

Therefore, x E (xRt 

Hence, R is a right weakly regular hemiring. 

(1) ~ (3) 

Let f be a fuzzy right ideal with thresholds (a,.8J and 9 be a fuzzy two sided ideal 

with thresholds (a,.8] of R . 

By Lemma 3.4.15, f o~ 9 ~ f /\~ g. 

For reverse inclusion, let x E R, since R is right weakly regular hemiring, so 

x E (XR)2. Hence, x = L:f=l xaixbi for some ai , bi E Rand pEN. 
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Now 

(J I\~ g) (x) ((f 1\ g)(x) 1\ (3) V Ot 

= (f (x) 1\ 9 (x) 1\ (3) V Ot 

= [(f (x) 1\ (3) 1\ (g (x) 1\ (3) 1\ (3] V Ot 

< [(f (Xai) V Ot) 1\ (g (xbi ) V Ot) 1\ (3] V Ot where I:=:; i :=:; P 

(J I\~ g) (x) < ["0,, [f (xa;) 1\ 9 (xbi)[ 1\ Ii] V 0< 

< x~LL .. , ["0,, If (Yi) 1\ 9 (Zi)IA Ii] V 0< 

= (J o~ g) (x) . 

This implies, (J I\~ g) (x) < (J o~ g) (x) . 

Hence, f I\~ 9 - f o~ g. 

(3) ==* (1) 

Let A and B be the right and two sided ideal of R, respectively. Then by Lemma 

3.4.13, the characteristic function CA and CB are fuzzy right and fuzzy two sided 

ideals with threshold (Ot ,,6] of R. 

Hence, by hypothesis,CA o~ CB = CA I\~ CB. 

By Lemma 3.4.11, CA o~ CB = (CAB 1\ (3) V Ot and CA I\~ CB = (CAnB 1\ (3) V Ot. 

So we have, (CAB 1\ (3) V Ot = (CAnB 1\ (3) V Ot . 

Therefore, by Lemma 3.4.10 AB = An B. 

Hence, by Proposition 1.3.5, R is right weakly regular semiring. _ 
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3.6 H emirings in w hich each fuzzy ideal with 

thresholds (a,,8] is idempotent 

3.6.1 Theorem 

The following assertions for a hemiring R are equivalent; 

(1) R is fully idempotent. 

(2) Each fuzzy ideal with thresholds (a,,8] of R is idempotent. 

(3) For each pair of fuzzy ideals f, 9 of R with thresholds (a,,6], f /\~ 9 = f o~ g. 

Proof. (1) ==? (3) 

Let f and 9 be any pair of fuzzy ideals with thresholds (a,,8] of R . Then f o~ 9 ::; 

f !\~, 9 (by Lemma 3.4.15). Since R is fully idempotent, so (x) = (x)2. This means 

p 

x = 2: TiXSiXt i. 
; =1 

(J !\~ g) (x) - ((f /\ g) (x) !\,8) Va 

- [(f (x) /\ 9 (x )) /\ ,8] V a 

< [X~ E~' ,,>; [,<0<, (f (Yi) i\ 9 (z,)) 1 i\,B 1 V 0. 

= (J o~ g) (x) . 

Therefore, f /\~ 9 < f o~ g. 

Hence, f /\~ 9 = f o~ g. 

(3) ==? (2) 
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Let f and 9 be any pair of fuzzy ideals with thresholds (a,,6J of R. We have 

f I\~ 9 = f o~ g. Take 9 = f. Thus, f I\~ f = f o~ f, where f I\~ f = ft. This implies 

that ft = f o~ f. Hence, each fuzzy ideal with thresholds (a,,6J of R is idempotent. 

(2) ==> (1) 

Let A be an ideal of R. Then by Lemma 3.4.13, CA is a fuzzy ideal with t hresholds 

(a,,6] of R . 

Hence, CA o~ CA = (CA 1\,6) Va 

But, CA o~ CA = (CAA 1\,6) Va ( by Lemma 3.4.11) . 

Therefore, (GAA 1\ /3) V a = (GA 1\ /3) Va. 

This implies, AA = A ( by Lemma 3.4.10). 

Hence, R is fully idempotent semiring. _ 

3.6.2 Theorem 

The following assertions for a hemiring R are equivalent; 

(1) R is fully idempotent. 

(2) The set [, R = {it : f is a fuzzy ideal with thresholds (a,,6] of R} , (ordered 

by ::; ) form a distributive lattice under the sum and intersection of fuzzy ideals ft 

and g~ with f t I\~ g~ = ft o~ g~. 

Proof. (1) ==> (2) 

The set [,R = {ft : f is a fuzzy ideal with threshold (a ,,6] of R}, (ordered by::; 

) is a lattice under the sum and intersection of fuzzy ideals with thresholds (a, ,6]. 

Moreover, since R is a fully idempotent semiring, it follows that f I\~ 9 = f o~ g, 
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for each pair of fuzzy ideals f~ and g~ of R. We now show that .LR is a distributive 

la.ttice, that is, for fuzzy ideals f~, g~ and h~ of R, 

we have [(J A~ g) +~ h] = [(J +~ h) A~ (g +~ h)]. For any x E R, 

[(J A~ g) +~ h] (x) 

= [x=Y+)(J /\~ g) (Y) A h (z)] A 1-1] Va 

= [x=Y+z[((f A g)(y) A 1-1) Va:Ah(z)] A 1-1] Va 

= [x=Y+z [J (y) A g (y) /\ h (z) A h (z)] A 1-1] Va 

= V [[U (y) A h (z) A 1-1) va] A [(g (y) A h (z) A 1-1) V a ] A I-1J Va 
J:=Y+= 

:S [[ (J +~ h) (x) A (g +~ h) (x) ] A 1-1] Va. 

Thus, [(J A~ g) +~ h] (x) :S [(J +~ h) A~ (g +~ h)] (x). 

Again, 

[(J +~ h) A~ (g +~ h)] (x) 

= [(J +~ h) o~ (g +~ h)] (x) 

~ LE~' M [,~0~. [(J ~ h) (Yi) i\ (g +~ h) (-'i)l] i\ f3] V ();. 

(i) 

[ Ci=Y.+Si f (ri) A h (8i) /\ 1-1) va]/\ 
= V 1\ /\1-1 Va 

x=L:;=1 YiZi lSiSp , [ Ci=Y+U/ (ti ) /\ h (Ui) /\ 1-1 ) V a] 

~ [.=EL", [,<0<. ~::;~-i~: [f (r;) i\ h (Si) i\ g (ti
) i\ h ('4)1]] i\ f3] V ();. 

~ ["=E~' "," [,A. ~:~¥:t!: [f (ri) i\ h (Si) i\ h (Si) i\ 9 (ti ) i\ h (,4)1]] i\ f3] V ();. 

~ ['=EL.x; [,£t [d~: [ (f (r;) ;h:~i; ~gf3~ ~~ ~;~ ;~; ~ s;) i\ (3) i\ ]]] i\ + 
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~ [.~E~, .... [,i'~P [~;~t~: [(f A~ g) (Titi) A h (8M 8iU; + TiU;)] ]] A iJ] v 0 

~ '~E~' "" [,~0) (f A~ g) +~ h] (YiZi )] 

< V [(J A~g) +~h] (x) 

= [(J A~ g) +~ h] (x) . 

Thus, [(J +~ h) A~ (g +~ h)] (x) S [(J A~ g) +~ h] (x). 

From (i) and (ii) we get, [(1 A~ g) +~ h] = [(J +~ h) A~ (g +~ h)] . 

(2) ~ (1) 

(ii) 

Suppose that the set £ R = {j~, where j is a fuzzy ideal with thresholds (o,,B] of R}, 

(ordered by S) is a distributive lattice under the sum and intersection of fuzzy ideals 

with jg A~ g~ = jg o~ g~, for each pair of fuzzy ideals jg and g~ of R. Then for any 

First we have to show that jg o~ jg = j o~ f. 

Consider, (Jg o~ jg) (x) 

~ ['~E~' YO', [,~0~ye (y,) A Ie (Zill] " iJ] v 0 

~ ['~EL,., [,~0~p [(f (Yi) A t3) v 0 A (f (Zi) A iJ) v oJ] A iJ] v 0 

~ ['~E~' y,X; [,~0~p [I (Yi) A I (Zi) J] A iJ] v o. 
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= (J o~ f) (x) . 

Therefore we get f.{3 0{3 f{3 = f 0/3 f , a a a a· 

This implies, f o~ f = f~· 

Hence, R is fully idempotent semiring. _ 

3.6.3 Definition 

A fuzzy ideal h with thresholds (a,,6] of a hemiring R is called a fuzzy prime ideal 

with thresholds (a,,6] of R iffor any fuzzy ideals f and 9 with thresholds (a,,6] of R, 

f o~ 9 ~ h implies that f~ ~ h~ or g~ ~ h~ . 

3.6.4 Definition 

A fuzzy ideal h with thresholds (a,,6] of a hemi~ing R is called a fuzzy irreducible 

ideal with thresholds (a,,6] if for fuzzy ideals f and 9 with thresholds (a,,6] of R, 

f A; 9 = h implies that f~ = h~ or g~ = h~. 

3.6.5 Theorem 

Let R be a fully idempotent hemiring. For fuzzy ideal h with thresholds (a,,6] of R, 

the following conditions are equivalent; 

(1) h is fuzzy prime ideal with thresholds (a,,6] of R. 

(2) h is fuzzy irreducible ideal with thresholds (a,,6] of R. 

Proof. (1) ==? (2) 

Let f and 9 be any fuzzy ideals with thresholds (a,,6] of R. Assume that h is a 
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fuzzy prime ideal with thresholds (a,/3]. We show that h is a fuzzy irreducible ideal 

with thresholds (a, /3] of R. Let h = f A~ g. Since R is fully idempotent, so by Lemma 

3.6.1 f A~ g = f o~ g. Since h is a fuzzy prime ideal with thresholds (a,,B], this implies 

f~ 5. h~ or g~ 5. h~. 

Again, since f A~ g = h, this implies h 5. f and h 5. g. This implies h~ 5. fg and 

h~ 5. g~. It follows that, fg = h~ or g~ = h~. 

Hence, h is a fuzzy irreducible ideal with thresholds (a,,B] of R. 

(2) ==> (1) 

Assume that h is a fuzzy irreducible ideal with thresholds (a ,,B] of R. We have 

to show h is a fuzzy prime ideal with thresholds (a,,B] of R. Suppose that there 

exist fuzzy ideals f and g with threshold (a,,B] such that f o~ g 5. h. As, R is fully 

idempotent hemiring, so by Theorem 3.6.1 f A~ g = f o~ g. This implies, f A~ g ::; h. 

Again, since R is fully idempotent hemiring, it follows from Theorem 3.6.2 that the 

set of fuzzy ideals with thresholds (a,,B] of R (ordered by ::; ) is a distributive lattice 

with respect to the sum and intersection offuzzy ideals with thresholds (a, ,B]. Hence 

the inequality f A~ g ::; h becomes (J A~ g) +~ h = h~, and using the distributivety 

of this lattice we have, 

(J +~ h) A~ (g +~ h) = h~ . Since, h is a fuzzy irreducible ideal with thresholds 

(a, /3] so h~ is also, It follows that either f +~ h = h~ or g +~ h = h~ . This implies 

f~ ::; h~ or g~ ::; h~. 

Hence, h is a fuzzy prime ideal with thresholds (a,,B] of hemiring R. • 
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3.6.6 Lemma 

Let R be a fully idempotent hemiring. If Ig is a fuzzy ideal with thresholds (a,,8] of 

R with I~ (a) = "where a is any element of Rand , E (0,1], then there exists a 

fuzzy prime ideal h~ with thresholds (a,,8] such that I~ ~ h~ and h~ (a) = ,. 

Proof. Let X = {g~ ;g~ is a fuzzy ideal with thresholds (a,,8] of R, g~ (a) =" and Ig ~ g~}. 

Then X i- 0, since I~ E X. Let:F be a totally ordered subset of X, say :F = 

{I! ,i E I} . We claim that V I! is a fuzzy ideal with thresholds (a,,8] of R. For 
iEI 

any 1." E R. 

V I! (x) /\ V I! (y) /\ ,8 
iE r iE I 

= [V I! (x) ] /\ V [If a (y)] /\,8 
lEI JEI 

= Y [['i I! (x)] /\ If a (y)] /\,8 

= Y [y [I! (x) /\ ffa (y)]] /\,8 

::; Y [y [If! (x) /\ If! (y)]] /\,8 ;where li- j 
= max{ I!, If a } : If! E {I!, i E I} 

= Y [y [II! (x) /\ If! (y) /\ ,8]] 

::; Y [y [If! (x + y) va]] 
= \! [I!! (x + y) va] 

I ,J 

~ V [I! (x + y) va] 
I 

= V I! (x + y) Va. 
i 

This imlpies max! V I! (x + y), a ~ ~ min {V It (x), V It (y),,8} . 
L I ) lEI lEI 



Now consider, 

c~ i! ) (x) A f3 - i~I (i! (X)) A f3 

- Y [i! (x) A f3 ] 
~ 

< Vi! (xy) V Ct 
i 

- (y ita) (xy) V Ct. 

This implies, max { (y i!) (xy) , Ct} > min { (~I i!) (x), f3} . 
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Thus, V i! is a fuzzy ideal with thresholds (c¥, f3] of R. Clearly i~ ~ V i! and 
i i 

( Y ita) (a) = y ita (a) = T 

Therefore, V ita is l.u.b of F. Hence by Zorns Lemma, there exists a fuzzy ideal 
i 

h~ with thresholds (L¥, f3] of R which is maximal with respect to the property that 

f2 ~ h~ and h~ (a) = T We now show that h~ is a fuzzy irreducible ideal with 

thresholds (L¥, f3] of R. 

Suppose that h~ = kfa A~ kga, where kfa and kga are fuzzy ideals with thresholds 

(a, f3] of R . This implies that h~ ~ kfa and h~ ~ k~Ci. We claim that either h~ = kfa 

or h/3 = k{3 Suppose on contrary h,f3 -I. k{3 or h{3 -I. k{3 Since h{3 is maximal with a 2Ci· Ci r l a Ci r 2a · Ci 

respect to the property that h~ (a) = / and h~ ~ kfCi or h~ ~ kgCi , it follows that, 

kfCi (a) # " and kgCi (a) # ,:. 

Hence, / = h; (a) = (k fCi A~ kgCi ) (a) = (kfa A k~a)" (a) = kfCi (a) A k~Ci (a) # /, 

which is absurd. 

Hence, either h~ = k~ and h~ = kgCi . This prove that h~ is a fuzzy irreducible 

ideal of R. 

Hence, by Theorem 3.6.5, h~ is a fuzzy prime ideal with threshold of R. • 
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3.6.7 Theorem 

The following a.ssertions for a hemiring R are equivalent: 

(1) R is fully idempotent. 

(2) The set LR = {fg : f is a fuzzy ideal with thresholds (a,.BJ of R}, (ordered 

by :::; ) form a distributive lattice under the sum and intersection of fuzzy ideals f~ 

and g.3 with thresholds (a r-IJ such a.s f f3 1'/3 gf3 = ff3 of3 gf3 
Q )/-' a Ct Q 0: a Q' 

(3) Each fuzzy ideal with thresholds (a,.BJ is the intersection of all those fuzzy 

prime ideals with thresholds (a,.Bl of R which contain it . 

Proof. (1) ===} (2) is proved in Theorem 3.6.2. Now we have to prove, 

(2) ===} (3) 

LeL f; be a fuzzy ideal with thresholds (a,.BJ of R. Let {lo:,i E I} be the family 

of fuzzy prime ideal with thresholds (a,.Bl of R which contains f~. Obviously f~ :::; 

(i) 

we have to show /\ la ::; f~· 
iEI 

Let "a" be any element of R, then by Lemma 3.6.6 there exists a fuzzy prime 

ideal with thresholds (a,.BJ say /Ja such that f~ ::; g:a and f~ (a) = g:a (a). Thus 

g:a E {g~a,i E I}. Hence, /\ g~a::; g:a ' 
iEI 

This implies, /\ gfa ::; f~· (ii) 
iEI 

From (i) and (ii), we get /\ 9fa = f~. 
iEI 

(3) ===} (1) 

Let f be any fuzzy ideal with thresholds (a ,,Bj of R so f~ is also. Then f~ o~ f~ 
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is also a fuzzy ideal with thresholds (a,,6] of R. Hence, according to the statement 

(3), f~ o~ f~ can be written as f~ o~ f~ = 1\ gfa where {gfa, i E I} be the family 
iEI 

of fuzzy prime ideal with thresholds (a,,6] of R which contain f~ o~ f~. 

Now f~ o~ f~ ~ gfa for all i E I, and since la is a fuzzy prime ideal with thresholds 

(a, ,6]. So, f~ ~ Bfa for all i E I. 

Thus ff3 < 1\ g~ = f. f3 of3 f. f3 and we know that ff3 of3 ff3 = f of3 f . , J Ct - 1a Q Ct Q' J Ct a J Ct a 
iEI 

This implies , fg ~ f o~ f . (iii) 

And by Lemma 3.4.15 we get, f o~ f ~ f~. (iv) 

From (iii) and (iv) we have, f o~ f = f~ · 

Hence, R is a fully idempotent hemiring. • 
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