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Preface

In recent years, considerable attention has been given to the non-Newtonian fluids regarding their
importance in industrial applications. Moreover great amount of interest has been shown in the study of
stagnation-point flow because of their worth in numerous engineering problems. For example, the
extrusion of plastic sheets, fabrication of adhesive tapes and application of coating layers onto rigid
substrates. Polymer sheets are manufactured by continuous extrusion of the polymer from a die to a
windup roller. H.S. Takhar [1] studied that thin polymer sheet constitutes a continuously moving surface
with a non-uniform velocity through the ambient fluid. Crane [2] investigated the steady two-dimensional
flow of an incompressible fluid over a stretching sheet which moves in its own plane with a velocity
varying linearly with the distance from a fixed point. Chiam [4] studied the steady two-dimensional and
the axisymmetric stagnation-point flow of a viscous Newtonian incompressible fluid towards a stretching
surface. Mahapatra and Gupta [5] studied the heat transfer in a stagnation-point flow towards a stretching
sheet. Lok et al. [6] investigated the non-orthogonal stagnation-point flow towards a stretching sheet.
Reza and Gupta [7] studied the steady two-dimensional oblique stagnation-point flow of a Newtonian
fluid towards a stretching surface. Rajagopal et al. [8] studied steady flow of a second-order fluid past a
stretching sheet. The temperature distribution of a steady flow of a second-order fluid was investigated by
Bhattacharyya et al. [9]. Issues concerning the status of second grade fluids can be found in the paper by
Dunn and Rajagopal [13]. Nazar and Amin [20] discussed the stagnation point flow of a micro polar fluid
towards a stretching sheet. Rees and Bassom [24] examined the Blasius boundary-layer flow of a micro
polar fluid. Free convection boundary-layer flow of a micro polar fluid from a vertical flat plate was
studied by Rees and 1. Pop [25].

In the present thesis study, we divide our work in three chapters. Chapter 1 contains some basic
definitions and relevant Governing equations which are quite substantial for the subsequent chapters.

In chapter 2 we consider the steady two-dimensional non-orthogonal stagnation-point flow of a
viscoelastic second-grade fluid towards a stretching surface with heat transfer. An analytical technique
known as Homotopy analysis method is used to find the solutions of the governing non-linear ordinary
differential equations.

In chapter 3 we consider the steady two-dimensional non-orthogonal stagnation-point flow of a
micropolar fluid towards a stretching surface with heat transfer. An analytical technique known as
Homotopy analysis method is used to find the solutions of the governing non-linear ordinary differential
equations.
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Chapter 1

Relevant definitions and equations

The main purpose of this chapter is to provide some relevant definitions and equations for the

subsequent chapters. One can find these definitions in the books of "F.M White" and "Fox and
Mec donald".

1.1 Basic definitions

"Fluid" is defined as a substance that deforms continuously under the action of applied shear
stresses of any magnitude. The basic difference between solids and fluids is that in case of solids,
the deformation generated by applied shear stresses is not continuous. "Fluid mechanics” is
the branch of engineering which is associated with the study of fluids at rest or in motion. The
branch of engineering dealing with the fluids in motion is known as "fluid dynamics”. The
branch of engineering that deals with the study of fluids at rest is known as "fluid statics".
"Density" of any substance (fluid) is defined as the mass of unit volume of the substance (fluid)
at a given temperature and pressure. However (in case of fluids) if the density of the fluid

varies throughout the system, then the density at a point is defined as the limiting value in the

. om
iy ).

In above equation dm denotes the mass element, dv is the volume element enclosing the point

following way

under consideration and p indicates the fluid density.

" Viscosity" is defined as the ability of a fluid to resist the flow, or it is the internal resistance
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of a fluid. In a more scientific and more compact way, the ratio of shear stress to the rate of

shear strain is known as viscosity. The mathematical relationship for viscosity is

shear stress (1.2)

Viscosit 1) = .
y (W) rate of shear strain

Depending upon certain conditions in the several cases, viscosity is also termed as absolute,
kinematic or dynamic viscosity. It is an important property of a fluid which plays obvious role
in experimental and mathematical analysis regarding flow. Classification of fluids is also made
on the basis of viscosity. Kinematic viscosity is defined as the ratio of dynamic viscosity to the

density of the fluid. In mathematical form one can write
Kinematic viscosity (v) = % (1.3)
" Pressure" is known as the magnitude of the applied force to the object (in the perpendicular

direction to the surface) per unit area. Mathematically one can write

Magnitude of applied force F )
= = — 1.4
pressure p— A (1.4)

We know that the fluid goes under deformation when different forces act upon it. If the
deformation increases continuously or indefinitely then this is known as "flow"”. The flow in
which the physical properties of the fluid ( i.e. velocity, pressure, density etc.) at each point
of the flow field remain invariant with respect to time is named as "steady flow". For any
fluid property ¢ we then write%t‘; = 0. The flow in which the fluid property changes with time
is called the "unsteady flow". In mathematical notation we have% # 0. Flow of constant
density fluid is known as "incompressible flow". In general all liquids are considered to have an
incompressible flow. The flow for which density varies is known as "compressible flow". Flow
of all the gases have been treated as the compressible flows. A flow is classified as one-, two-, or
three dimensional depending upon the number of space coordinates appearing in the velocity
field.The imaginary line in the fluid drawn in such a way that the tangent to it at any point
gives the direction of flow at that point, is called "stream line". Thus the stream line shows the

direction of motion of a number of particles at the same time. A function, which describes the



form of pattern of flow, or in other words the discharge per unit thickness is called the "siream
function". It describes flow fields in term of either mass flow rate, for compressible fluids, or
volume flow rate, for incompressible fluids. Mathematically for a steady state two dimensional

flow field, we may write

V=V x1y, (1.5)

where V' = (u,v,0), therefore v» = (0,0,%). In Cartesian coordinate system, the velocity

components in terms of stream function may be defined as

0 (L6)

U= ;9_3-;" vis,
The stream function can be used to plot the stream lines (1) = constant) to analyze the flow
behavior graphically. Fluids of negligible viscosity are known as "Ideal fluids". These fluids do
not offer any resistance to the shear forces and thus do not practically exist in nature. However,
from engineering point of view, gasses are considered as the ideal fluids. On the other hand,
fluids of finite viscosity are known as "real fluids". These fluids offer considerable resistance
against the shear forces. Such fluids are further classified in to two sub classes namely the
Newtonian and non-Newtonian fluids. The fluid for which shear stress is directly pr.oportiona.l
to the linear rate of strain is termed as "Newtonian fluid". For such fluids, the graph between

shear stress and deformation rate is a straight line, Mathematical expression satisfied by such

fluid is given below

d
Tyz X d_;: (17)
or
du
Tys = ;U"d_y's (1.8)

where 7, is the shear stress, p is the dynamic viscosity (a constant of proportionality) and
du/dy is the rate of strain (velocity gradient perpendicular to the direction of shear) for a
unidirectional and one-dimensional flow.

For a "Newtonian fluid", the viscosity, by definition, depends only on temperature and
pressure, not on the forces acting upon it. In common terms, this means that the fluid continues

to flow, regardless of the forces acting on it. If the fluid is incompressible and viscosity is



constant across the fluid, the above equation governing the shear stress can be generalized in

the Cartesian coordinate system as follows
Ou; Ou;
Tij= [ (—-—- - —J) § (1'9)

In above expression

7ij is the shear stress on the i*" face of a fluid element in the j** direction

u; is the velocity in the it" direction

y;j is the 5" direction coordinate

The most common examples of such fluids are water and gasoline. " Non-Newtonian fluids"
are fluids in which shear stress is not directly proportional to deformation rate. For one-

dimensional flows
du ’
Tys = k(@)", (1.10)

where the exponent n, is called the flow behavior index and the coefficient %, the consistency
index. This equation reduces to Newton,s law of viscosity for n = 1 with k = p.To ensure that
Tyz has the same sign as du/dy, above equation is rewritten in the form

e = MG =0T (L.11)
The term 1 = k(du/dy)"! is referred to as the apparent viscosity.

Fluids in which the apparent viscosity decreases with increasing deformation rate, this type
of fluids are known as "pseudoplastic" or shear thinning fluids. Examples include polymer
solution, colloidal suspension etc. If the apparent viscosity increases by increasing deformation
rate, this type of fluids are named as "dilatant fluids". Suspensions of stratch and of sand are
examples of dilatant fluids. A fluid that behaves as a solid until a minimum yield stress 74y,
is exceeded and subsequently exhibits a linear relation between stress and rate of deformation
are called "Bingham plastic". Mathematically

du
Tyz =Ty + Uy (*&;) : (1.12)

Clay suspensions, drilling muds and toothpaste are examples of substances exhibiting this



behavior. Fluids for which apparent viscosity 1 decrease with time under a constant applied
shear stress are termed as "Thizotropic fluids". Paints are examples of thixotropic fluids.
Fluids that show an increase in 7 with time are termed as "rheopectic fluids". Some fluids
after deformation partially return to their original shape when the applied stress is released
are known as "wiscoelastic fluids". "Stagnation point" is a point in a field of flow about a
body where the fluid particles have zero velocity with respect to the body. Such forces which
act on the surface of any medium through direct contact with the surface are called"Surface
forces". Examples of such forces include pressure and stress. Such forces which act throughout
the volume of the fluid and are independent of any type of physical contact are called "body
forces". Gravity and magnetic forces are examples of two body forces.

"Volume flow rate" is the volume of fluid which passes through a section of pipe or channel
in unit time. It is usually represented by the symbol Q. Given an area A, and a fluid flowing
through it with uniform velocity V' with an angle ¢ away from the perpendicular to A, then the

volume flow rate is

@ = AV cos6. (1.13)

For flow perpendicular to the area A we have & = 0 and thus the volume flow rate is
@ =AV. (1.14)

When a filuid flows, the outer most molecules of the fluid near the solid boundary stick with the
boundary and the fluid velocity at the boundary is equal to that of the solid boundary. This
is known as the "no-slip condition". Although no-slip condition is extensively used in flows of
Newtonian and non-Newtonian fluids but in most engineering applications, the no-slip condition
does not always hold in reality. For example a large class of polymeric materials slip or stick-
slip on the solid boundaries. To counter this situation Navier proposed a general boundary
condition that incorporate the possibility of fluid slip at the solid boundary. According to
Navier, the relative velocity between the fluid and the solid boundary in the z-direction (at a

solid boundary) is directly proportional to the shear stress at that boundary, i.e.

U — Uy & Ty, (1.15)



or

Uf — Uy = igrmy, (1.16)

where f (constant of proportionality) is the slip parameter having dimension of length, the plus
and the minus signs are due to direction of the normal on the wall, uy is the velocity of the
fluid and w,, is the velocity of the wall. This is known as "slip condition" at solid boundary.
For f# = 0 we recover the case of no-slip condition. We know that the total kinetic energy of the
system is known as "heat". Heat is one of the most common form of energy that plays a vital
role in transfer of energy from one place to another due to difference in temperature (average
kinetic energy of the system). "Heat transfer" is the process that deals with the flow of heat
within the system. It is different from thermodynamics in the sense that thermodynamics only
deals with the flow of heat across the boundary and it is inadequate to explain the flow of heat
within the system. As all of the transfer phenomenon are triggered by some gradient, in case of
heat transfer the cause is difference in temperature. Heat flows from hotter to cooler side, and
it keeps on flowing unless the temperature gradient is zero (or the heat is uniformly distributed
throughout the system). Following are the modes through which heat can be transferred from
one place to another. The transfer of heat, when it takes place from more energetic particles
to the less energetic ones due to particle to particle collusions, is known as "conduction". Most
of the heat transfer taking place in solids is due to conduction, it also takes place in liquids
and gases but not as a major mode of heat transfer. Common example of conduction is rise
of temperature of one end of an iron rod, when the other end is heated by any source. Heat
transfer when it takes place between a solid boundary and the fluid moving adjacent to the
boundary, is termed as "convection". It involves the combined effects of conduction and fluid
motion. Conduction is the mode of heat transfer that is responsible for the transfer of heat
in fluids. Example of convection can be taken as heating up of water when it is boiled in any
container.,

If no external force or agent is involved in the process, or the fluid motion occurs purely due
to density difference induced by the temperature difference, then the process is called "natural
or free convection". The temperature changes in the whole control volume produces a difference
in density that in turn induces body forces, these body forces are responsible for generation of

flow in case of free convection. These body forces are actually generated by pressure gradients



imposed on the whole fluid. Gravity is the most common source of this imposed pressure
fields. The body forces in this case are in common termed as buoyancy forces. In general we
can say that natural convection would not be possible without thermal expansion and gravity.
"Forced convection" is the type of convection that involves the fluid flow due to some external
agent or source e.g. due to a fan or a pump. Buoyancy forces are negligible is this case.
Matter in all its forms emit, absorb and transmit "radiations". These radiations are in form
of electromagnetic waves. The transfer of heat by this mode has the speciality that it does not
require any medium of propagation, and radiations can travel through vacuum. Heat transfer
by this mode is explained by modified Stephan-Boltzmann law. Specific heat The amount of
heat energy required to increase the temperature of one kg of any substance by one degree, is
know as "specific heat" of that substance. The ability to transmit or to conduct heat energy
for different materials is different. It is the measure of this ability of a material to conduct
heat that is known as "thermal conductivity". It is denoted by k. A substance with a large k
is a good conductor of heat e.g. iron, whereas a material with low & is a poor conductor but
a good insulator e.g. air and wood. The ratio of amount of heat conducted to the amount
of heat stored per unit volume is known as "thermal diffusivity". " Viscous dissipation" is the
transformation of kinetic energy to the internal energy of the fluid due to viscous effects, in

other words it is the heating up of fluid.

1.2 Governing Equations

" Continuity equation" represents the conservation of mass of the system (the transfer rate of
the mass at entering and leaving the system is same).

Mathematically it can be written as for incompressible flow

dp
5 T V-(oV) =0, (1.17)

where p is the density of the fluid, V is the velocity and V is the gradient operator.

For incompressible flow
V.V =0. (1.18)



The equation of motion is given by
é)
i +(V.V)|[V =pb + V.T, (1.19)

where T is the Cauchy stress tensor, b is the body force, V is the velocity field and p is the
fluid density.

The Eq of motion in another form is given by

p% =pb+V.T (1.20)
where
d a
—=—4V. 1.21
=z + VY (1.21)
is the material derivative.
For Navier-Stokes equations
T = —pl + pAy, (1.22)
A =VV 4+ (VV)T, (1.23)

where p the pressure, p the dynamic viscosity, A; the Rivlin Erickson tensor and T represent
the transpose.

The Cauchy stress tensor in matrix form

T — Ty':l: O'yy Tyz H (1'24)

where 04;, 0yy and oy, are the normal stresses and 74y, T2, Tyz, Tyzs Tze and 7., are shear
stresses.

Eq. (1.20) can be written in scalar form as the following

du  10(0sz) | 10(Tay) | 10(722)
dt p Oz +p Oy +p 0z + b, (1.25)



F‘E"_ — la(fyz) + la(ayy) + }'a('ryz)
dt  p Oz p Oy p 0Oz

dv _ 10(Ts) | 18(Tsy) 4 16(0:2)
dt  p Oz p Oy p Oz

+ by, (1.26)

s (1.27)

where by, by and b, represents the body forces in z, y and z directions respectively.

The conservation law of energy states that the increase in the internal energy of a thermo-
dynamical system is equal to the amount of heat energy added to the system plus (minus) the
amount of energy gained (lost) by the system as a result of the work done on (by) the system
by the surroundings. The general form of "energy equation" is

dT

- = T.(VV) + V.(kVT) (1.28)

in which ¢ is the specific heat at constant volume and % is the thermal conductivity. In case of

constant thermal conductivity, Eq. (1.28) becomes

pcfg =T.(VV) +kVT). (1.29)

1.3 Method of Solution

In topology two functions are said to be "homotopic” if one function can be transformed con-
tinuously in to the other. A "homotopy" between two continuous functions f and g from a

topological space X to a topological space Y is defined to be continuous function
H:Xx[0,1]->Y, (1.30)

from the product of the space X with the unit interval [0, 1] to ¥ such that for all the point
in X and
H (Ir 0)=f (:l:') H('T! 1) =4 (2’.‘) (131)

The map H is called a homotopy between f and g. Any function f which is homotopic to g

can be written as
fovg, (1.32)



We think of a homotopy as a continuous one parameter family of maps from X to Y. If we

consider the parameter ¢ as representing time, at time ¢ = 0, we have the map f and as ¢ varies

the map H varies continuously so that at ¢t = 1 we have the map g. For example consider two

continuous functions defined on R

f, 9:R—R,

such that

‘-u..,h
Il

T g=1—=x

One may develop the homotopy
H:X=x*[0,1] —Y.

In above expression X =Y =R and we define
CH(z,t) = (1-1) f(2) +tg(2)
Invoking values of f and g in Eq. (1.36) we arrive at
H(zt)=(1-t)z+t(l—2).
Since f (z) and g (z) are continuous functions so as H (z,t). Also

H (z,0) =3, H(z,1)=1—3%

(1.33)

(1.34)

(1.35)

(1.36)

(1.37)

(1.38)

The variation of ¢ from zero to one deforms f (z) to g (z). So we say that f(z) and g (z) are

homotopic to each other.

Consider a non-linear equation governed by

A(u) + f(r) =0,

(1.39)

where A is a non-linear operator,f(r) is a known function and « is a unknown function. By
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means of "HAM?" one can construct a family of equations
(1 -p) L[0(r,p) —uo (r)] = pR{A[D (r,p)] — F(1)}, (1.40)

where L is the linear operator, ug (r) is an initial guess,k is an auxiliary parameter p € [0,1] is

the embedding parameter. We expand v (r, p)in Taylor series about the embedding parameter

(r,p) =uo (r)+ Y tm (r) ™ (1.41)

m=1

where
1.8m5(r,p)

m!  dp™ )

U (Z) =

p=0
the convergence of the series (1.41) depends on the auxiliary parameter A. If it is convergent

at p = 1,one has -
w(r) =ug(r)+ D tn (r) (1.43)
m=1

Differentiating the zeroth order deformation Eq. (1.40) m-times with respect to p and then
dividing them by m! and finally setting p = 0 we obtain the following mth-order deformation

problem
L [tm (1) = Xmtm—1 (7)] = ARm (1), (1.44)
in which
I (1.45)
1, m>1.
R (1) = e A Ay (1) + 3 m ()71} (1.46)
m(r) = (=T g ug (r mhlum r)p B | ;

There are many different ways to get the higher order deformation equations. However, accord-
ing to the fundamental theorems in calculus, the terms u,, () in the series is unique. Note that
the HAM contains an auxiliary parameter /i, which provides us with a simple way to control

and adjust the convergence of the series solution.
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Chapter 2

Non-orthogonal stagnation-point
flow towards a stretching surface in
a non-Newtonian fluid with heat

transfer

This chapter describe the two-dimensional oblique stagnation point flow of a second grade fluid
over a stretching surface with heat transfer. The problem is formulated and then transformed
into a system of non-linear ordinary differential equations with the help of suitable similarity
transformations which are then solved analytically by means of homotopy analysis method
(HAM). The results for velocity, temperature and skin friction coefficients are also computed,
and discussed for various emerging physical parameters. The problem was solved numerically
by "F. labropulu, D. Li, I.Pop" [15], and a suitable comparison is made with the numerical and

HAM solutions.

2.1 Mathematical Formulation

Consider a steady two-dimensional non-orthogonal stagnation point flow of a second grade

fluid towards a stretching surface. In addition heat transfer effects are considered. The flow is

13



governed by the following equations

divV* =0, (2.1)

dt

P =divT* 4 p B*, (2.2)

where p is the fluid density and T* is the Cauchy stress tensor. For second grade fluid Cauchy

stress tensor is defined by
T* = —p*I + pA; + a1Ag + agAf, (2.3)

where A; and As are the first and second Rivlin Erickson tensors given by

Ay = (grad V*) + (grad V*)T, (2.4)
dAl * *\T
Ay = T + Aj(grad V*) + (grad V') A,, (2.5)

The velocity profile for present flow is taken as

V* = [u (2%, y%), v (2%, 97), 0, (2.6)

For the given velocity profile we have

du”  du® 0
dz* 8";"
(grad V) = | 2 2 ¢ |, (2.7)
0 0 0
and its transpose is given by,
du® "
3-:7 dz* 0
*T__- a“- aup
(grad V*)* = Q. o 0 (2.8)
0 0 0

14



Making use of Eqs. (2.7) and (2.8) in Eq. (2.4), we have

du* du* du”
2%:. 8y. + aﬂ:’ O
=2 Ju* du* Au*
A= o + gz 28;" 01,
0 0 0

for the given velocity profile

DAL L0

* AV
5o+ TV 3y + Aj(grad V*) + (grad V*)" Ay,

Ay =u

Making use of Eqgs. (2.6) to (2.9) in Eq. (2.10), we have

4(5) + 285 (3 + 355) 2(525)(555) + 2(85)(3)
+2u (B) + 20" (plg) g+ ) (3 + )
Ar=| 283 + 2B 4(85)% + 25 (5 + )
Hu'pd v ) (35 + 95) 20t (8%) + 2ut (32h)
0 0

Also we have

457 + (B + 82 0 0
Al= 0 YGEP+ (B + 357 0
0 0 0

Using Egs. (2.6) to (2.12) in Eq. (2.3), we have

Tz:c T:r:y 0
= Ty T 0
0 0 -—p

15
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(2.10)

(2.11)

(2.12)

(2.13)



where

4(95) + 2%

M= gl ey | BFPED (4(81?. L ER al.)z)
dz +ou* (3?;7) dx dy dx
* 2y
+20" (3285)
2555
- o 12(85)(8
Tmy:Ty==#(%+gu*)+al (6:-)(5v)
] T +(u.aa_ +U‘5“}~)
(5 + &%)
485
.. : +23u.: du® J av* 8:1' 2
Ty=-p"+ 2#3?}* + oy W(E_ 27) + ag (
Y +2v* (W)-l- (ay" + 3::
2“‘(%)
In component form Eq. (2.2) is written as
,ou’ LSO 0 7]
Pl 5w T V" 5] = g (Taa) + 5o (). (2.14)
L ov* Oty 0 o
,O[U ‘3_3':: ‘I"U 6y*] - BI‘( yz)""' (Tyy) (2.15)
Making use of Eq. (2.13) in Eqs. (2.14) and (2.15), we obtain
Ot . 0wt . 18pt e ov* Ou*  Gv*
Yo T ay* +p6m‘ = BVl 6‘ * 5‘9: dz* * Oy* +8z*)
62 * - 62 * d
+2u(5 2)+ (W)]"‘a—lz(a)(@)
ov*, ov* a ., ou’
+2 + v*
( )(8“’}‘) ( a & )(a'y’
fa ) B au* u* 61) 2
?55;[4('55:) + (By* Ry w7 (2.16)
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al Bu du* dv*

L Ot Lt 10pt .
— x + = £ qufu’

W s+ s S 2GR G + 25 )
o+ ;‘.xgu. + gl + (G
o 5 2 ) 24
UG+ (G + 5P (2.17)

where p*(z*,%*) is the fluid pressure function, v =u/p is the kinematic viscosity, p is the
constant fluid density and g is the constant coefficient of viscosity.

Law of conservation of energy is given by

de
Pa

s o .L—divqg+pr, (2.18)

where e = Cpa', q = —kdive" is the heat flux vector, ¢ is the fluid temperature, & is the
thermal conductivity, Cp is the specific heat and r is the internal heat generation. In the

absence of viscous dissipation effect and the radiant heating, the energy Eq. can be written as

8

i 1=k’ (2.19)
or
da” do” 2 .
2 if =a'"N" 2.20
o= +v By a*V' o, (2.20)

Where o* = k/pC,, is the thermal diffusivity of the fluid.

The corresponding boundary conditions are given by
w* =cz*, v* =0, 0 =0y, ony* =0, (2.21)

v =az"+by*, 0 =0w as y* — co. (2.22)

Where a, b, and ¢ are positive constants with dimensions of inverse time, o, is the constant

17



temperature of the plate while the uniform temperature of the ambient fluid is .. Introducing

& = \/E ”" —1 ks
. I:y_‘y == _'_f_ycvl

T T
p = -pzp, U_Jw e (2.23)

Using Eq. (2.23) in Egs. (2.1), (2.16),(2.17) and (2.20), we have

ou v
5t 5y =0 (2.24)
(1 2 u u v 2
ude 4 %ﬁgﬁ = Vut Wel (g +2 5’”(‘; + 20+ 2u(5)
21}.
(s )1+~9[2<5—)(—5—>+2<—)<5—
(7] 0., 0u v
Huge +og) (G + GOl + A UG + (5 + oI(2.2)
uge +oge + 2 = Pt Wel g UG (G + A5 + um + va) (5 + g
1 2
63[4( )‘-‘>+26_(§“ 2) 2w 23”(36;,@..1’”
A5 UG + (g + 52 (226)
do da 2
Pr[u%-i-vé; =V o, (2.27)

where We = a;C/pv is the Weissenberg number and A = asC/pv, and Pr = pC,/k is the
prandtl number.

Introducing the stream function relation

u= o P = S (2.28)

oy’ Oz’

Substitution of Eq. (2.28) in Egs. (2.25) to (2.27), and elimination of pressure from the resulting

18



equations using Py, = Py, yields

AW, V'W) Wea(m,v“\p)

3(=7) Geeg) ¥ Ll (2.29)

oV 9o OV do 2

The corresponding non-dimensional boundary conditions in terms of the stream function ¥(z, y)

are given by

EJ=0,%‘§=£, c=1 at y=0, (2.31)
a 1 2
\D:Emy+§7y,a=0aty—+oo. (2.32)

where = b/c represents the shear in the stream.

we seek solutions of Eqgs. (2.29) and (2.30) of the form

U(z,y) =z f(y) +9(), o=0(), (2.33)

where the functions f(y) and g(y) are referring to as the normal and tangential component
of the flow respectively and prime denotes differentiation with respect to y. substituting Eq.
(2.33) in Egs. (2.29) and (2.30), we obtain the following ordinary differential equations after

one integration

= —welff —2f "+ £ )+ 0L =0, (2.34)
" +fg =g -We(fg —-fgd"+f'd"-1"d)+Ca=0, (2.35)
6" +Prf 6 =0. (2.36)

where prime denotes differentiation with respect to y and Cy, Cy are constants of integration.

Using Eq. (2.33) the boundary conditions (2.31) and (2.32) give

1) =0, £0)=0, f(e0) =2, (2:37)
9(0) =10, g'(0) =10, g"(c0) =, (2:38)
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8(0) =1, 6(c0) = 0. (2.39)

Taking the limit y — oo in Eq. (2.34) and using the boundary condition f'(c0) = a/e, we
get C1 = (a/c)?. An analysis of the boundary layer Eq. (2.34) implies that f(y) behaves as
f(y) = (%) y+Aasy — oo, where A = A(We,a/c) is a constant that accounts for the boundary
layer displacement. Taking the limit as y — oo in Eq. (2.35) and using the infinity boundary
condition g”(co) = 7y we get that Cy = —Av. Thus Egs. (2.34) and (2.35) become

2

P - £ -2 £ () + 5 =0, (2.40)
9"+ 1fg —fg ~We(f g~ —fg"+"d"~f"d)~Ar=0, (2.41)
9 +Prf@ =0 (2.42)

Introducing a new variable,
9'(y) = v h(y). (2.43)

Using Eq. (2.43) in Eqs. (2.38) and (2.41) we have
BB = b~ Welt W = W= R —A=0 (2.44)

+

h(0) =0, h'(c0)=1. (2.45)

2.2 Homotopy Analysis Solution

We express f(n) , h(n) and 6(n) by a set of base functions

{n* exp(—nn)|k > 0, n > 0}, (2.46)
in the form v
fm)=afo+ > ok 1" exp(—nn), (2.47)
n=0 k=0
(s =] oo
0(n) = b0+ Y D bk a1 exp(—nn), (2.48)
n=0 k=0
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h(n) = ZZ "t exp(—n),
n=0 k=0

in which aﬁhn, bfn'n and cf;ln are the coefficients.

For the HAM solutions, the initial guesses are given by
a, a
folm) = (1= 2) % (1 — exp(—n)) + 2n,

Oo(n) = exp(—n),
ho(n) =1 — exp(—1n)) +1n.

The corresponding linear operators are given by

d? d?
£f= f + f,
dn® " dn?
a0 do
£o= E?_)E + %,
d3h  d%h
.t?h = a*??i' -+ 3'7?—2,

which have the following property
L[C1 + Con + Czexp(—n)] =0,

£¢[C4 + Cs exp(—n)] = 0,
£,[Cs + Cm + Cg exp(—n)] = 0,

where C; (2 =1 — 8) are arbitrary constants.
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2.3 Zeroth-order deformation equation

If p € [0,1] is an embedding parameter and hg, B, hg, indicate the non zero auxiliary parameters

respectively then the zeroth order deformation problems are

(1= p) L¢[f(m:p) — fo ()] = pheN[f (m;2), h(n; p), O(n; P)], (2.59)
(1 —p) Lulh(n; p) — ko (n)] = phnNuLf(n; p), B(n; )], (2.60)

(1 — p) Lo[0(n; p) — bo ()] = phiaNe[f (m; p), 8(n; )], (2.61)
f(o;p) =0, f’ (O,P) =1, E(Dl p) = 0: é(o,p) =1, (262)
f'(00ip) = 2, K (00ip) = 1, B(o0;p) =0, (2.69)

in which the non linear operators Ny, Nj, Ng are

s 5 3 Flme = Flns . 64' :
N¢lf(pim), h(pim)] = w+f(fr; )62{9(;’1)) (af(”’p) — We(f(n;p) g&:ﬂp)

on? an
0 8% f(n; 0% f (m; a
AGATI0D | Fihyy , (2p, (2.64)
27 (0
NalF 1), Bpim)] = a2 + e f(ip) g2, (2.69
2f, Bl :
MiFEm b = TRED 4 jogp BB OB
A 37 (. F e oY B2 (e 2 f(n: ; 8 f(n;
we(inn oz AR P | Bl o) P 0in)) — agg
Obviously,
fo:0) = folm)  Fms1) = o), (2.67)
B(n;0) =6o(n) B(n;1) =6(n), (2.68)
h(n;0) = ho(n) ~h(n; 1) = h(n). (2.69)
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As p goes from 0 to 1, f(n;p), h(n; p), 8(n; p) vary from initial guesses fo(n), ho(n), 6o (1) to final
solutions f(n), h(n), € (n) respectively. Making the assumption that the auxiliary parameters
fiy , by, hy are so properly chosen that the Taylor series of f(n;p), h(n;p), 8(n; p) expanded with

respect to embedding parameters converges at p = 1. Thus we can write

Fmip) = fo(m) + ) fmm)p™, (2.70)
m=1
h(n;p) = ho () + ) hm(n)p™, (2.71)
m=1
O(n;p) =00 () + Y, Om(m)p™, (2.72)
m=1
where
_ 19™f(mp) _ 1 9™h(n;p)
fm ('73) — m| anm b 1 hm(n) ml a,nm S E
1 9™0(n;p)
Om —— ; 2.73
(n) o |, (2.73)
With the help of Eq. (2.73) Eqgs.(2.70) to (2.72) can be written as
f) = fo(m)+ Y fm(n), (2.74)
m=1
h(n) = ho (1) + D, hm(n), (2.75)
m=1
0(n) =00 () + Y, Om(n)- (2.76)
m=1
The mth-order deformation equations are defined as
L fm(n) = XenFrm-1(n)] = By R (), (2.77)
Lnlhm () = Xmhm—-1(n)] = BnRiy (1), (2.78)
Lo[0m(n) = Ximbm—1(n)) = ho Ry (1), (2.79)
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The corresponding boundary conditions for mth deformation problems are

Fm(0) = £ (0) = 1, A (0) = 0,6,,(0) = 1,

+

Fn(®0) = 21 (00) = 1,0m(00) = 0,

where

m—1

RL() = fma+ Z A Z f.lcfm— = Wﬂ(z fifmoy i —2 Z
—0

k=0

kafm 1-k +( )2

m—1
R)() =6pny+Pr>  fubl 14
k=0
m—1
Rhm) = hpoy+ Z Fichip—1—k — Z frhm_1-k — We(z Fihyk —
k=0 k=0 =0

~1

m-1
+ > o bk — ka m-1-k) = A,
k=0

in which

0,bm<1
Xm =
1,m>1.

The general solutions of Eqgs.(2.82) to (2.84) can be written as
fm(n) = fm(1) + C1 + Can + C3 exp(-),

Om(n) = 67,(n) + C4 + Cs exp(—n),
hm(n) = hy,(n) + Cs + Cn + Cs exp(—n),

where C; (i = 1 — 8) are constants.
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Zf! Rom—1—k

k=0
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(2.85)

(2.86)
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2.4 Convergence of the HAM Solutions

Obviously the series solutions depend upon the non-zero auxiliary parameters fig, fip, hg which
can adjust and control the convergence of the HAM solutions. In order to see the range of
admissible values of fif, Fy, lig and the i — curve of the functions £ (0), h'(0), 6'(0) and are
sketched for 15-order of approximations in Fig 2.1a. It is found that the range of admissible
values of Kig, hp, B are —1 < hiy < —0.3, —1.1 < K, < 0.6, —=1.3 < fig < —0.5,

ac=04,We=02Pr=07 A=02

. rfl(o]
‘\‘ sy g:}(OGJ
—025 | 5 e G0

1710). A"10). 8'(0),
=

-0.5 }

-0.75 |

-1
A hi g

Fig: 2.1(a) h— Curves for f, h and @
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Table 2.1 : Convergence of HAM solution for different order of approximations

orderofapprozimations | f" (0) —0'(0) | K"(0)

1 -0.64200 | 0.78400 | 0.09411
10 -0.66888 | 0.55924 | 0.33182
15 -0.66888 | 0.55875 | 0.33194
17 -0.66888 | 0.55874 | 0.33192
19 -0.66888 | 0.55874 | 0.33192
21 -0.66888 | 0.55874 | 0.33192
23 -0.66888 | 0.55874 | 0.33192
25 -0.66888 | 0.55874 | 0.33192
27 -0.66888 | 0.55874 | 0.33192
29 -0.66888 | 0.55874 | 0.33192
31 -0.66888 | 0.55874 | 0.33192

2.5 Results and discussion

In this section the influence of emerging parameters on the velocity components f ', h' temperature
profile ¢ and stream line patterns are discussed. For this purpose Figs. (2.2) to (2.13) are plot-
ted to see the variation of velocity a/c, Weissenberg number We, and Prandtl number Pr on
the f', h’ and 6. Fig. (2.2) is plotted to see the effects of a/c on velocity component f'. Fig.
(2.2) describe that velocity f is an increasing function of a/c. From Fig. (2.3) we see that
velocity f increases with an increase in We. The boundary layer thickness also increase with
We. Fig. (2.4) gives the variation of a/c on k'. This Fig. shows that initially i increases and
after y =1, k' decrease with an increase in a/c. The effect of We on k' is qualitatively opposite
to that of a/c (seeFig.(2.5)).Fig. (2.6) and (2.7) are plotted to see the effects of We and Pr
on 6. As expected 0 is a decreasing function of Pr. Thermal boundary layer thickness also
decreases with Pr see (Fig.2.7). Fig. (2.8) depicts that € is also a decreasing function of a/c.
Numerical values of f"(0), h'(0), and —6'(0) for different values of We and a/c are shown
in T'ables 1 to 4 to predict the behavior of skin friction and local heat flux.From these tables

one can see that HAM solution has an excellent agreement with numerical solution. Figs. (2.9)
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to (2.13) are streamline patterns for the oblique flow for various values of the parameters We,
v, and a/c. It can be clearly seen from these figures that for fixed values of We and a/e, the
streamlines are oblique towards the left of the stagnation-point with increase in 7 (positive). On
the other hand, the stream lines are more and more oblique towards the right of the stagnation

point see Figs. (2.11) and (2.13).

We=0.2
2f T e e S T L
' — afc=01
L — — g/c=03
1.5% 3 ---- ajc=08
----- aic=20
1.25
>
&= A
T B Vel e
05}
025 ¢ —_ e e et
0 2 4 G 8 10
Y

Fig: 2.2 Variation of f (y) for various values of a/c, when

We=0.2
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alc=0.1
o v .
— We=200
i — — We=03
. -—-- We=10
----- We =30
~ 06
W
04
02} i
“h"-".‘.l.!u,--- a
0 2 4 (i 8 10
Y

Fig: 2.3 Variation of f'(y) for various values of We, when

afe=0.1
We=10.2
18 .". — afe=0.1
16| ". — — &lc=03
---- alc=08
14 Vo~ e ajc = 2.0
> 12} .. 7/
4 S el A T it : 1
0.8
0.6
04 kL . " A
0 2 4 & 8 10
Y

Fig: 2.4 Variation of h'(y) for various values of a/c, when

We =02
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alc =01

2
175 — We=00
20, — — We=03
13 o - We=10
1.25 | - We=30
D 1
£
0rs| 1§
I
0s}h 1§
I
025} I
1
2
0 B 4 6 8 10 12 14

Fig: 2.5 Variation of h'(y) for various values of We, when
afc=0.1

— We=0.1
-~ We=03
- We=0.8
o We=20|
=
<o
8 10

Fig: 2.6 Variation of #(y) for various values of We, when
Pr=0.5 and a/c= 0.1
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alc=0.2 We=03

0.8

0.6

a(y)

04

0.2

0 2 4 6 8 10

Fig: 2.7 Variation of 8(y) for various values of Pr, when
We =0.3 and a/c = 0.2

Pr=1.We=03
1F - -
— afc=00
08l — — ajc=0.1
---- afe=03
----- alc=04
0.6}
=
04t
0.2
0L, :
0 2 4 i} 8 10

Fig: 2.8 Variation of 6(y) for various values of a/c, when

We=03and Pr=1

TABLE 1 (f" (0))
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parameters | HAM [NUM] HAM [NUM,| HAM [NUM] HAM [NUM)|
a | We— |0 0.2 0.5 1

0.1 -0.96939 [-0.96938] | -0.87660 [-0.87659] | -0.77542 [-0.77541] | -0.66327[-0.66328)]
0.3 -0.84942 [-0.84942] | -0.75115 [-0.75114] | -0.64992 [-0.64992] | -0.54442[-0.54434]
0.8 -0.29938 [-0.29938 | | -0.24972 [-0.24971] | -0.20647 [-0.20647] | -0.16689[-0.16689)]
1 0 [0] 0 [0] 0 [0] 0 [0]

2 2.0087 [2.0175] 1.4889 [1.4890] 1.1518 [1.1518] 0.8925[0.8925]

3 4.7291 [4.7292) 3.2130 [3.2132] 2.4055 [2.4056] 1.8305[1.8307]

Table 1 : Comparison of HAM and numerical solutions [15] of f”(0) for various values of We

and a/c

TABLE 2 (k'(0))
parameters | HAM [NUM| | HAM [INUM] | HAM [NUM| | HAM [NUM)
¢ | ,We— |0 0.2 0.5 1
0.1 0.26275 [0.26278] | 0.36382 [0.36384] | 0.48622 [0.48624] | 0.60812 [0.60812]
0.3 0.60571 [0.60573] | 0.67905 [0.67908] | 0.75114 [0.75116] | 0.82137 [0.82139)
0.8 0.93430 [0.93430] | 0.95291 [0.95292] | 0.97101 [0.97102] | 0.97785 [0.97787)
1 11 1(1] 11 11

Table 2: Comparison of HAM and numerical solitions [15] of h'(0) for various values of We

and a/c
TABLE 3 (-6'(0)), Pr=1
parameters | HAM [NUM| | HAM [NUM| | HAM [NUM] | HAM [NUM|]
¢ | We— |0 0.2 0.5 1
0.1 0.60276 [0.60281] | 0.61942 [0.61941] | 0.63866 [0.63866] | 0.66051 [0.66052]
0.3 0.64728 [0.64732] | 0.66190 [0.66189] | 0.67751 [0.67751] | 0.69456 [0.69456]
0.8 0.75710 [0.75709) | 0.76197 [0.76193] | 0.76651 [0.76650] | 0.77109 [0.77109)]
1 0.79790 [0.79788] | 0.79790 [0.79788] | 0.79790 [0.79788] | 0.79790 [0.79788]
2 0.97876 [0.97872] | 0.95059 [0.95031] | 0.92810 [0.92878] | 0.90943 [0.90940]
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Table 3 : Comparison of HAM and numerical solutions [15] of (—6'(0)) for various values of We

and a/c, when Pr =1

TABLE 4 (—6'(0)), Pr=1.5

parameters | HAM [NUM]| HAM [NUM] HAM [NUM)] HAM [NUM]
| We— |0 0.2 0.5 1

0.1 0.77680 [0.77681] | 0.79531 [0.79529] | 0.81580 [0.81564] | 0.83890 [0.83842]
0.3 0.81910 [0.81911] | 0.83545 [0.83545] | 0.85263 [0.85262] | 0.87103 [0.87104]
0.8 0.93274 [0.93306] | 0.93835 [0.93869] | 0.94356 [0.94390] | 0.94847 [0.94904]
1 0.97689 [0.97720] | 0.97683 [0.97720] | 0.97683 [0.97720] | 0.97683 [0.97720]
2 1.1719 [1.1780] 1.1399 [1.1443] 1.1059 [1.1191] 1.0969 [1.09697)

Table 4: Comparison of HAM and numerical solutions [15] of (—6'(0)) for various values of We

and a/c when Pr =1.5

Fig: 2.9 Streamline pattern for v =1, We = 0.1
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ac=l, =1, wva =035
T T

Fig: 2.10 Streamline pattern for y =1, We = 0.5

W =UY, =30, wes= L

Fig: 2.11 Streamline pattern for v = 30, We =1
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Fig: 2.12 Streamline pattern for v = —30,We =5

w=08, y=-10, we =5
T T

2.0

Fig: 2.13 Streamline pattern for v = —10,We =25
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Chapter 3

Non-orthogonal stagnation-point
flow of a micropolar fluid towards a

stretching surface with heat transfer

This chapter emphasizes on the heat transfer analysis for stagnation point flow of a micropolar
fluid, over a stretching surface. The governing equations of motion for two dimensional flow are
modelled and then simplified with the help of suitable similarity transformations.The reduced
nonlinear coupled equations are then solved analytically with the help of homotopy analysis
method (HAM).The effects of several flow parameters are examined on the velocity, temperature

and micro-rotation profile.The stream lines for the problem are also made.

3.1 Mathematical Formulation

Consider a steady twol-d.imensiona,l non-orthogonal stagnation point flow towards a stretching
surface of a micro polar fluid. In addition heat transfer effects are considered. The flow is
governed by the following equations

divV* =0, (3.1)

DV*
P Dt

=divT* + kV* x N, (3.2)
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*

Pl TR YVHVINY) = q9V* x (V* x N*) + kV* x V* — 2kN*, (3.3)
where
V* = [u*(z*,y%),v* (=%, ¢*), 0], (34)
N*=[0,0,N*(z",y")]. (3.5)
For the given velocity profile
” y ov*(z*,y*) oOu*(z*,y*)
V= = 6
V* x (0, O o7 , (3.6)
7 7 k
V*x N* = 9 ) d (3.7)

0 0 N*(z%y")

or

ON* ON*
£ »* e G
V* x N* = (By“ s ,o), (3.8)
and
i j k
Vix(V"xN")=| 2 5‘;’? 2 | (3.9)
gN*  _ ON* 0
ayt Ar*
V* x (V* x N*) = (0, 0, ~V*2N*) , (3.10)
also
0 8 0
N = ) *(*, " 1
VN = o g 5 OO N ) (3.11)
or
V*.N* =0, (3.12)

where D /Dt is the material derivative, V* and N* represent the velocity and micro rotation
vectors, p*(z*,y*) is the fluid pressure function, ¥ =p/p is the kinematic viscosity, p and j
= v/c are the density and gyrartion parameters of the fluid, v = (1 +k/2) j [24] and % are the

spin gradient viscosity and the vortex viscosity respectively.
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Law of conservation of energy is given by

de .
p— = 0o L —divqg+pr, (3.13)
dt
where e = Cpo', q = —kdive™ is the heat flux vector, o is the fluid temperature, k is the

thermal conductivity, Cj is the specific heat and r is the internal heat generation. In the absence

of viscous dissipation effect and the radiant heating, the energy equation can be written as

+v* g;‘ ]:kV‘na., (3.14)
or
u* g:' +* g;* =o'V, (3.15)

where o* = k/pCp is the thermal diffusivity of the fluid. Using Egs. (3.4) to (3.12) in Egs.

(3.1) to (3.3), we get
ou* ov*

,ou* Lou* 18;0 B k. _ . - a, . 0O @ 9
am: + v ayn -+ p 32:' == (U + )v {63’ [4( )
Bu 62 u
Bgu‘ 6‘ ou* Bu

( )+ 5;.[2(—3?( =4

Oy * O+
ovt Ovt. .8 .0 . 0u O
+25 (3"";)+(“ 5 FY ay )(ay + 50
02 d 2 kBN‘
p dz* 7 (Bm y (3y‘ 62:") I+ p Oy~

(3.17)

Lot ovt  10p*

. i 4 10p° a 6 6u‘ du*
5::“ ayat ,0 8yt

= (v+ %)V‘zv‘ +

« 9 5 ou* " a . ov',
+(u 6 * a ;)(ay* 6 g)]—l_ayg [4(8 t)
Bu ou* v O%v* *v*
(ay,. 6 g)+2 (6 2)+2 ay*ax*)]}
Lo 6‘ av* Qu*  ov*., kON*
pay.[( ‘et all—2ue (3.18)
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L ON* ON* v _.2 k du* ot
- * e "“__‘V' Nt = 2N* = 5
gz " dy*  pj PJ[ = oy* ax*l

[ L 0o
“ Bz

+v‘a :
3}

The corresponding boundary conditions are given by

*

dy*

u' =cz*, v' =0, 0 =0y, N'(z*,y") = —mg ony* =0, (
u* = az* +by*, 0 =0, N*(z*,y*) — constant as y* — oo, (

where a, b, and ¢ are positive constants with dimensions of inverse time, o, is the cons

temperature of the plate while the uniform temperature of the ambient fluid is 7o. Introdt

R = \[ -y\F‘T v= 7

0 =0

el = i @
Eqs. (3.16) to (3.20) take the form
o o0 ’
UG+ g+ ol = (14 K)V ut We(g (5" +2ge(e + 50
s+ + o (2—:-)(2—;‘)
22)(6’”) §+§; )

BN

dv 2
+A§£[4(3_x') +(3—y+a—$") ]+K‘5y‘: (3.
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dv ov 1dp 2 d . ,0u_ du v, ,6v

Uge T oyt ooy = HEKIVu+We(o[2 (3:“,_)(a )+2(62)( )
ad d..0u v
- +U8_y)(a_y +67J] ‘[4(6—1
ou  Ou c"}v 32
6 6 au 9 8N
+Aay[4(a ) (3.26)
AN AN du v
S+ oy = (1+ _)V N — K[2N + v ol (3.27)
do do 2
Prluz— +ug =Vo, (3.28)

where We = a;C/pv is the Weissenberg number, \ = asC/pv, K = k/u is the material
parameter and Pr = uCy/k is the prandt]l number.

Introducing the stream function relations

ov ov
U= —, V= ——0

= e (3.29)

Substitution of Eq. (3.29) into Egs. (3.25) to (3.28) and elimination of pressure from the

resulting equations using Py, = P, yield

(T, V')  9(v,v'T)

+ +KV'N =0, 3.30
ey T o) L)

(1+K)V'¥ - We

o¥oN 0¥ IN K

¥ do OV o 2
il e Sl PTG, .32
d 8y 0z Oz 6y] % (3:32)
The corresponding non-dimensional boundary conditions in terms of the stream function ¥(z,y)
are given by
ow 2
\D=O,a-=9:,N=#mgV U,o=1laty=0, (3.33)
v = %:cy+ %’Ylyz, N(z,y) — constant, ¢ =0 at y — oo, (3.34)

where v, = b/c represents the shear in the stream.
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We seek solutions of Egs. (3.30) to (3.32) of the form

U(z,y) ==z f(y) +9(y), N(z,y) ==z J(y)+ S(y), o =0(y), (3.35)

where the functions f(y) and g(y) are referring to as the normal and tangential component of the
flow, while J(y) and S(y) are the normal and tangential components of the micro rotation profile
respectively and prime denotes differentiation with respect to y. Substituting Eq. (3.35) in Egs.
(3.30) to (3.32), we obtain the following ordinary differential equations after one integration for

f, g with the corresponding boundary conditions

U

W+ K" +1f —f —Welf £ —2f f" +(f )2+ KJ +C1 =0, (3.36)

nr

L+K)g" +fg' —fgd ~We(fg"' —fg"+f'¢"—f"gd)+KS +Ca=0,  (3.37)

1+ —IQE)J” —fI+ fT =K(f" +2J)=0, (3.38)

+= )s - g I+ S —K(g +25)=0, (3.39)

6" +Prf6 =0, (3.40)

£0)=0, £ (0)=0, f'(00) = 2, J(0) = ~mof"(0), 5(0) = —mag"(0), (3.41)
9(0) =0, g'(0) =0, g"(c0) =, J(o0) =0, S(00) = — L, (342)

6(0) =1,6(c0) =0, (3.43)

where prime denotes differentiation with respect to y and C;, Cy are constants of integration.
Taking the limit y — co in Eq. (3.36) and using the boundary condition f'(c0) = a/e,
we get C; = a?/c?. An analysis of the boundary layer Eq. (3.36) implies that f(y) behaves
as f(y) = (a/c) y+ A as y — o0, where A = A(We,a/c) is a constant that accounts for the
boundary layer displacement. Taking the limit as y — oo in Eq. (3.37) and using the infinity
boundary condition g”(c0) =7, we get that Cp = —A7y; Thus Eqgs. (3.36) to (3.40) become

2
ron

W+ K"+ 1 = (= Wet f7 =2f '+ P+ KT +5 =0, (4
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i

o " " '] Iv ’ e ’
(1+K)g +fg —fg—-We(fg —fg"+f'd"—f ¢)+KS — Ay, =0,

K. i

U+ = fT+ 10 = K(f" +27) =0,
K " I ; "

(1+5)8" =g T+ 18"~ K(¢" +28) =0,
6" +Prfé =0.

Introducing

9 () = 1h(), SE) =ns®).
Using Eq.(3.49) in Eqs. (3.45) and (3.47), we have

i

(L+ K +fh — fh—We(fh" —fR"+ f'h' —f"h)+ Ks' — A =0,

(1+ %)3“ —hJ+ fs' — K(h' +25) =0,

with the boundary conditions
h(0) =0, h'(c0) =1,

s(0) = —mg h'(0), s(o0) = =

(3.45)
(3.46)
(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

The Egs. (3.44) to (3.48) are coupled nonlinear differential equations, to find the analytic

solutions we use Homotopy analysis method (HAM),which is described in next section.

3.2 Homotopy analysis solution

We express f(1) , h(n),0(n), J(1), and s(n) by a set of base functions
{n" exp(~nn)lk > 0, n >0},

in the forms

oo oo
Fm)=abo+> >k " exp(—nn),
n=0 k=0

[+ +] [+ ]
hn) =clo+ Y ck 1" exp(—nn),
n=0 k=0
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(3.54)

(3.55)

(3.56)



0(n) = b3 + Z Z b, 11" exp(—nm), (3.57)

n=0 k=0

J(n) = dgo+ Z de a1 exp(—n1), (3.58)
n=0k=0
[=+] oo

s(n) =efo+ Y > ek 0" exp(—nny), (3.59)
n=0 k=0

in which af, ., b5, ck . d¥ . and ek, , are the coefficients. For the HAM solutions, the initial

guesses fo(7), ho(n), 8o(n), Jo(n) and sp(n) are given by

foln) = (1 — E) % (1 — exp(—n)) + %n, (3.60)
ho(n) = 1 — exp(—7) + 7, (3.61)

0o(n) = exp(—n), (3.62)

Jo(n) = —mafg (0), (3.63)

so(n) = —mohg(0), (3.64)

with the auxiliary linear operators of the form

Lp= j;f + jj}i, (3.65)
58, a0
£o = g;—z o+ %0}-, (3.67)
L= g% + j—;, (3.68)
Ls= %:% + g%, (3.69)
and the following properties
£¢[Cy + Can + Czexp(—n)] = 0, (3.70)
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£L1[Cyq + Csn+ Cgexp(—n)] = 0, (3.71)

£4[C7 + Cgzexp(—n)] =0, (3.72)
£ 7[Cy + Croexp(—n)] = 0, (3.73)
£5[C11 + Crzexp(—n)] = 0, (3.74)

Where C; (i =1 — 12) are arbitrary constants.

3.3 Zero order deformation equation

If p € [0,1] is an embedding parameter and hy, hy, hp, hy and hs indicate the non zero

parameters respectively, then the zeroth order deformation of problem are

(1 —p)£5[f(m;p) — fo)] = pheNy [f(p;m), h(pim), B(pin), J(mip), 3mim)],  (3.75)

(1= p)£alh(n; p) = ho(n)] = phaNi [F(p;m), h(pin), O(psn), J(nip), 3(pim)),  (3.76)
(1 = ) £o[6(n; ) — Bo(n)] = phaNo [f(p;m), h(pin), B(pim), J(m;p), 3(mim)],  (3.77)
(1= p)£5[J(n;9) — Jo(m)] = phaNs (F(min), hlpin), 8(min), J(m;ip), 8(msm)l,  (3.78)
(1 —p)£5[3(n; p) — 30(n)] = phaNs [f(pin), h(pin), Opin), J(mip), S(eim)l,  (3.79)

with following conditions

f(0;p) =0, f/(0;p) =1, 8(0;p) = 0, A(0;p) =0, J(0;p) = —maofq (0), (0;p) = —mahg(0),
(3.80)

F'(o0ip) = &, B(o0ip) = 1, (oo;p) =1, J(c0ip) =0, S(o0ip) = —5.  (381)

0le
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in which non linear operators Ny, N, Ny, Ny and N, are

(1+K)33f(n:p) A )6‘213(?7;?) (Bf(n;p))z

N¢[f(pyn), hipsm)] = —am Himp—52= - (=%,
. Of(mip)  ,0f(mip) 83 f(nip)
_W-e(f("?:P) 6?}‘4 -2 61}' 37}'3

0% f(n; ) 8J(m;p) , ,a

Hoga )+ E—5 = +(2) (3.82)
2j (e
Niljwn) i) = (1K) i + i) P afg,,, 2}y (i)
31(p; af(n; p) 8%h(p; 82 f (n; p) Oh(p;
—We(f(n; )3 a(pa n) fg:?p) 6(;; 1) J;E;i; P) g; )
_Ofmip) ’;(’f;p)h(p ))+K‘93(”’”) iy (3.83)
20( -
NolF i) i) = T ) 20, (384)
VA o o -

NG D), b, T i) = (14 ) PP BTGB 5 4 i)

aJlp; 13, !
o) _ (o @IWD) s oimny,  (a89)

N[ f(m;im), 0(p;m), h(pin), J(pim), 3(pim)] = 1+£ 63{”’ — hipyn) I (psm) + f(pim)
He K(ah(”'p)ws(m)). (3.0
Obviously

Ff0;0) = fo(m), f(m;1) = f(m), (3.87)
h(n;0) = ho(n), h(n;1) = h(n), (3.88)
B(n;0) = Bo(n), B(n; 1) = 6(n), (3.89)
J(0;0) = Jo(n), J(n;1) = J(n), (3.90)
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§(n;0) = so(n), 8(n;1) = s(n), (3.91)

As p changes from 0 to 1, f(m;2), h(n;p), 0(n;p), J(n;p) and s(n;p) vary from the initial
guesses fo(n), ko(n), 8o(n), Jo(n),and so(n), to final solutions f(n), h(n), 8(n), J(n), and s(n)
respectively. Making the assumption that the auxiliary parameters hy , hy, ko, hy, and h, are
chosen so properly that the Taylor series of f(n;p), h(n;p), 0(n; p), J(1; p),and s(7; p) expanded

with respect to embedding parameters converges at p = 1.Thus we can write as

;) = foln) + f}l fm(m)P™, (3.92)
h(n;p) = ho(n) + i hm ()™, (3.93)
6(n; p) = Bo(n) + i:l Om(mp™, (3.94)
F8) = ol +§1 In)e™, .95
- 8(n;p) = so(n) + i sm(n)p"™, (3.96)
where "

i) = o TR, (3.97)
hin(n) = %a—:}fﬁ@nf—pllwn, (3.98)
o) = o o, (3.99)
Jm(n) = %%IFO, (3.100)
sm(n) = %%Ipu, (3.101)

By substituting the Eqgs. (3.97) to (3.101) in Egs.(3.92) to (3.96) , we get
f(n) = fo(n) + i:l fm(m), (3.102)
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h(n) = ho(n) + D hm(n), (3.103)
m=1

=60(n) + Y Om(n), (3.104)
m=l

=Jo(n)+ ), Jm(m), (3.105)
m=1

s(m) = so(m)+ ) sm(n), (3.106)

mth order deformation Eqgs. are written as

£1[fm() = X frm-1(m)] = kg RE,(n), (3.107)
£nlhm(n) = Xmhm-1(1)] = ha R}, (0), (3.108)
£6[0m(1) = XmOm—1(n)] = ho Ry, (n), (3.109)
£5[Im(n) = XmJm-1(n)] = hy Ry, (n), (3.110)
Ls[sm(n) = Xmsm—-1(n)] = hs Rsn (n), (3.111)

The Corresponding boundary conditions for mth deformation problems are

fm(o} =0, f;«.(o) =1, em(o) =0, hm(g) =0, Jm(o) = —'mof.:;(o), Sm(o) = -—-muh:n(ﬂ),

(3.112)
Fn00) = 2, Om(00) =1, hiy(00) =1, Jm(00) =0, sm(o0) =—3,  (3113)
where
m—1
RL() = (1+K)fma+ Z Fefmeik— Z b= WE(Z fkfm 1k =2 frfm-1-k
k=0 k=0
Z P Fmm1oi) + Ky + (2 -5 (3.114)

k=0
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m—1 —1

m-1
R';L(n) = (1+K)H m—1+szhm 1-k — Zf;, m—1—k — We( kah'm 1k~ Zf;ch':i—l—k+

k=0 k=0 k=0
1 "
Z Fibng e — Z hm-1-k) + Ksp,_y — A, (3.115)
i m_l I
Rpn(n) = Oy +Pr ) fibpn 1
k=0
(3.116)
-1
Rn(n) = (1+5 L% P Z Tk fre1- wZ fredme1 k=K (2Im-1+Frm1)s
k=0
(3.117)
. o5 L= ;
Ry (n) = (1+§)8m-1"z thm—l—k+z frSmo1—k— K (25m-1thm_y),
k=0 k=0
(3.118)
in which
O0m<1
Xm =14 (3.119)
Lo =1,
The general solutions of Eqs. (3.107) to (3.111) can be written as
fm(n) = fr(n) + C1 + Can + Csexp(—n), (3.120)
hn (1) = hy,(n) + Cy + Csn + Cg exp(—n), (3.121)
Om(n) = 6(n) + Cr + Cgexp(—n), (3.122)
Im(n) = Jn(n) + Co + Croexp(—n), (3.123)
sm(n) = sy, (n) + C11 + Crzexp(—1), (3.124)

Where C; (i = 1 — 12) are constants.

3.4 Convergence of the HAM solution

Convergence of series solutions depend upon the non-zero auxiliary parameters hig, iy, fig \fis,

and fi; which can adjust and control the convergence of the HAM solutions. In order to see the
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range of admissible values of /iy, fip, fig, iy, and h and the /i — curve of the functions f (0),
" (0), 6‘;(0), J'(0), and s'(0) are sketched for 10th-order of approximations in Fig. (3.1) below.
It is found that the range of admissible values of kg, Ay, hg, iy and s are —1 < hy < —0.3,
-11<h, <04, -13<hy <05 —-1.1<Hky<—-03, -09 < hs < -04,

0.5 ,

0.25 e mmmmem e !
— e f (0) ;” "-u.‘\ f
% 0 v h“(OJ II’! \\ "
a— o 9’(0] ; \\\ !If
S-02f |-y(0) | Y
S osf =S ¥ ;1 7]
= = Ay
s e " - o e s PN s
S 075} . w0
=
& =1} /
- '!-

~125f
£
=2

Fig:3.1 k- Curves for f, h, 8, J, s

3.5 Results and discussion

This section highlights the variations of arising physical parameters on the fluid flow. Figs. (3.2)
to (3.16). are plotted for the velocity field, temperature field, micro-rotation and the stream
lines.Fig. (3.2) and (3.3) are plotted to show the effects of material parameter K on velocity f°
when mg = 0 (strong concentration)and mg = 1/2 (weak concentration) respectively. we notice
from these Figures that as the value of K increases, values of f near the wall are increasing.
consequently the velocity gradient at the wall increases as K increases. Figs. (3.4) and (3.5)
gives the variation of K on A’ for mg =0 and mg = 1 /2 respectively. These Figures shows that
initially k' decreases and after y=1, k' increase with an increase in K. The variation of K on
the temperature is discussed in Figs. (3.6) and (3.7). It is found that @ is a decreasing function
of K for mg = 0, where as it is an increasing function of K when mg = 1/2. The effect of K on

the micro- rotation profile J is shown in Fig. (3.8). This Fig. suggests that the micro-rotation
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J increases as K increases for the case my = 0, the peak value of micro-rotation occurs near
the wall then decrease monotonically to zero as y increases. However for mg = 1/2 (Fig.(3.9)),
the micro-rotation J decrease continuously from its maximum value at the wall to zero far from
the wall. Figs. (3.10) and (3.11) are sketched for micro-rotation profile —s. Fig. (3.10) express
that the magnitude of the micro-rotation component s increases as y increases and reaches its
maximum value that is 1/2 far away from the wall. where as for mg = 1/2 (F4ig.(3.11)), the
micro-rotation s decrease continuously from its maximum value at the wall to zero far from the
wall. The stream line patterns for the oblique flows are shown in Figs. (3.12) to (3.16). The
stream line ¥ = 0 meets the wall y = 0, at £ = xg, where zq is the point of stagnation and
zero skin friction. It can be seen from these Figures that the stagnation point is at the left of
the origin for all values of K # 0 (micropolar fluid), and the magnitude of zy increases as K

increases. The shifting of =y depends upon the magnitude of K and my.

Fig: 3.2 Velocity profile f' for various values of K when mg = 0
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mp = 172

— I =00
-- K=05
- K=1.0

K=2.0

mp = 0.5

— K=02
—= K=0.5
- K=1.0
P o K=2.0
&
1.
8 10 12

Fig: 3.4Velocity profile A" for various values of K when mgy = 0
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Fig: 3.5 Velocity profile b’ for various values of X when

mo = 0.5
mo=0
i — =
0.8} - - K=2
- - K=5
~0.6F -
> %
04}
0.2}
oL
0

Fig: 3.6 Temprature profile 8 for various values of K when

mo =0
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Fig: 3.7 Temprature profile @ for various values of K when

mg = 0.5

0.06} . — K=0.5
005| i<y | I =1
< 0.04 0
= 0.03
0.02
0.01 ||

F'ig: 3.8 Micro-rotation profile J for various values of K when

mg =0
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mgp=1/2

03¢

0.25| T2 keto

0.2 - K=1.5
= - K=2.0
= 0.15

0.1

0.05

oL S e
0 2 4 6 8 10 12
¥

Fig: 3.9 Micro-rotation profile J for various values of K when

mg = 0.5

m0=0

— K=0.5 |emonn]
- - K=0.9 |
- K=1.2

K=2.0

0 25 5 7.5 10 125 15 17.5
y

Fig: 3.10 Micro-rotation profile s for various values of K when

m0=0

53



0 2 4 6 8 10 12
y

Fig: 3.11 Micro-rotation profile s for various values of X' when

My = 0.5

Fig: 3.12 Streamline pattern flow for K = 0, when mg =0
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Kul, 7 =2, mg=0
r .

Fig: 3.13 Streamline pattern flow for K =1, when mg =0

K=2, ¥ = 2, mg =0
—

P -5 ——
W -3 —
s (R
P —
Y] —
P=3 —
W § v

Fig: 3.14 Streamline pattern flow for K = 2, when my =0
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Kul, % = 2, mg=0.5
T T

Fig: 3.15 Streamline pattern flow for K = 1, when mg = 0.5

K=3, ¥ =2,mg=0.5

Fig: 3.16 Streamline pattern flow for K = 3, when mg = 0.5
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