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0. 2 I ntroduction 

T here are many concepts of lUliversal algebra generalizing associative ring (R, +, .). 
Some of them, in particular, nearrings and several kinds of semiringa, have been proven 
very useful. Nenrrillgs arise from rings by canceling either the axiom of left or those 
of right distributi vily. The second type of these algebras (R. +,.) called semi rings ( 
and sometimes ho.1frings), share the same properties as 11 ring except that (ll, +) is 
assumed to be a scmigroup rather than an abelian group. 

The notion of semi ring was introduced by Vandiver in 1934 [421. Semirings, ordered 
semi rings and hemirings have been found useful for solving problems in different areas 
of applied mathematics a nd information sciences, since the structure of a scmiring 
provides an algebraic framework for modeling and s tudying t he key factors in t.hese 
appl ied areas. T hey play an important role in study ing opti mization theory, graph 
theory, theory of discrete event dynamical systems, matrices, determinants, automata 
theory, formallanguagcs and so on (see 18, 9, L7, 20, 40, 43)). 

The theory of fuzzy sets, proposed by Zadeh [471 in 1965, has provided a use
ful mathematical tool for describing t he behavior of syslems that are 1.00 complex 
or ill-defined to admit. precise mathematical analysis by classical methods and tools. 
Extensive applications of fuzzy set theory have been found in various fields such as arti
ficial intelligence, computer science, control engineering, expert systems, management 
science, operations research, pattern recognition, robotics and others. 

It was soon arise a natural question concerning a relation between fuzzy sets 
and algebraic systems. The study of the fuzzy algebraic s tructures has started in 
the p ioneering paper of Rosenfeld 1381 in 1971. He introduced the not.ion of fuzzy 
groups and showed that many results in groups can be extended to develop the the
ory of fuzzy groups in an elementary manner. After that the literature of various 
fuzz)' algebraic concepts has been developing rapidly. Many authors fuzzified certaiu 
standard concepts and results on rings and modules. [nvestigatiolls of fuzzy scmi
rings were initiated in 15). The relationship between the fuzzy sets and semi rings 
(hemirings) has been considered by Dutta, Baik, Ghosh, JUIl , Kim , Zhall and others 
[7, 14, 15, 18, 19,25,26, 29, 50[. 

Ideals play an important role in the structure theory of hemirings and arc useful for 
Illany purposes. BuL they do not coincide with usual ring ideals. For this reason many 
resu tl.s in ring theory have no analogues in semirings using only ideals. Henriksen 
defined 123) a more restricted class of ideals in semirings, which is called class of 
k-idcals, with the property that if the semiring R is the ring then a complex in 1l 
is 0. k-ideal if and only if it is a ring ideal. A still more restricted class of ideals in 
hemjrings has been given by lizuka [241. However, a definition of ideal in (myadditively 
commutative semil"iog R can be given which coincides with Ii zuka's definition provided 
R is a hemiring, and it is called ft-ideal. La Torre 1321 investigated It-ideals and k-ideals 
in hemirings in an effort to obtain allalob'lles of familiar ring theorems. f\lZzy It-ideals 
and fuzzy k-ideals are studied in [6, 7,26,27,34,35,46,49). 
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0.3 Chapter-wise study 

This thesis consisls of eight chapters. Throughout "his thesis, R will denote a hcmiring, 
unless otherwise stated.. 

Chapter one, which is of introductory nature, provides basic definitions alld results, 
which are needed fol' the subsequent chapters. 

In Chapter two, we give the basic properties of k·product and k·sum of two fuzzy 
subsets and t hen characterize hem iring by the properties of k-iderus and by the prop
erties of fuzzy k-ideals. In tllis chapter we give the pri meness and semiprimeness of 
k-ideals and primeness a nd semi primeness of fuzzy k-ideals. 

In chapter three, we give some basic properties of h-intrinsic product and h-swn 
of two fuzzy subsets and t hen characterize hemiring by t.he propert ies of It-ideals and 
£1100 by the properties of fuzzy h-ideals. In this chapter we give the primeness and 
semipl'imcncss of h-ideals and fuzzy It-ideals. In this chapter also t he space of prime 
I .... ideals and of fuzzy h-prime h-ideals is topologized . 

In chapter foW" we derme right k-weakly regula r hemirings, which are generalization 
of k-regular hemirings. We characterize hcmirings by the properties of their right k
ideals and by t he properties of their fuzzy right k- ideals. 

In chapter five, we characterize t.hose hemirings for which each right /I,. ideal is 
idempotent. We also characterize those hemirings for wllich each fuzzy right I .... ideal is 
idempotent. We have given the concept of right purc /I,. ideals, plUcly prime 'I,. ideals, 
fuzzy right pure It-ideals and fuzzy plUely prime It-ideals and cha racterize hcmirings 
by tiJesc ideals. 

In chapter six, we introduce the conccpls of fuzzy k-bi-ideals and fuzzy k-quasi. 
ideals of hemirings. We charactcrize differcnt. classes of hemirings by the properties of 
k-bi-ideals and k-quasi -ideals. 

In the chapter sevcn, we define prime, strongly prime and scmiprime k-bi-ideals 
of a hemiring. We also defIne t.heir fuzzy versions and characterize bemirings by the 
properties of these k-bi-ideals. 

In the chapter eight, we define prime, strongly prime and semi prime h-bi-ideals 
of a hemi ring. We also define their hlzzy versions a nd characterize hemirings by the 
properties of these It-bi-ideals. 



Chapter 1 

P reliminaries 

The aim of t his chapter is to provide tbe essential delinitions and preli minaries l'csulls, 

concerning hcmirings which arc useful for our subsequent. chapters. For undefUied 

terms and notations, we refer to [20) and [21J . 

1.1 Defini t ions and Notations 

A scmil-ing is a ll algebraic system (R, +, 0) consisLiug of a Don-empty set R together 

with two binary operations called "add ition" and "multiplication" (denoted in the 

uSllnl manner) such that (R, +) and (n, ·) are scmigroups and the following dis tributive 

laws: 

a · (b+c) = a · b+a -c, and (b+ c)· a = b· a+c· a 

are satisfied fo r a ll a, b, c E R. 
A scmidng (R, +, .) is called a licmil'illg if (R, -1-) is a commu tative semigrouJ> and 

R contains an absorbing zero, 0, i.e., an element. 0 E R such that a + 0 = 0 -I- a = a 

and {l·O =Q· a = O for all a E R. 
By the identity of a hemiring (R , -1-, .) we mea n an clement 1 E R. (if it exists) such 

that l ·a= 0.· 1 = a for all aE R. 

A hem iring (R, -1-, .) with commutative semigroup (R.,.) is called commutative. 

1. All rings are hemiri ngs. 

2. Let No be the set of whole !lumbers, then No is a commutative hemi ring with 

identity under the ordinary addition and mult iplication of numbers. 

3. Let. lR:+ be the set of all nOll-negati ve relll numbers, then 1R+ is a COUUl1uta

Live hemi ring with identity under the ordinary addition and mult iplication of 

numbers. 

1 
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4. T he set R = {a, u, I} with the following two operations: 

-+ a a 1 

o 0 a 1 

a a a a 
1 1 a 1 

is n commutative hemiring. 

o a 1 

000 0 

a 0 a u 

lOa 1 

2 

5 Th , r II 2 2 , . (a" a,, ) ·,h . f ~. I .. . e se 0 a x rua rices WI entries Tom 1"0 IS a leulI rlllg 
a21 a<n 

with identit.y under the usual addit ion and multiplication of mat rices. 

6. The set R = {O, 1, 2, 3} with the following Cayley tables: 

+ 0 1 2 3 0 I 2 3 
0 0 I 2 3 0 0 0 0 0 

I 1 1 2 3 1 0 1 1 1 

2 2 2 2 3 2 0 1 1 1 

3 3 3 3 2 3 0 1 1 J 

is a commutative hemiring. 

1.2 Ideals 

A non-empty subset 1 of (l. hemiring R is called a left (fight) ideal of R if (i) a+b E I 

and (ii) ra E I (ar E J) for all a, bEl, r E R. Obviously 0 E I in a lly left (right) ideal 

I of R. 
A non-empty subset A of a hemiring R is called an idecil of R if it is both {l. left 

and a right ideal of R. 
Let A and B be two nOll-empty subsets of a hemiring (R, +,.) then the sum and 

PlTJduct of A and B are defined us 

A+B = {a +b:aEAandbEB} 

AI:J = {E,ini'eaibj: ai E A and bi E 8 }. 

Definition 1 A lcft (7-ig/tt) idcal A of a hemiri7ig R is caUeci a lcft (,ight) k -icical oj 

R if Jor any a,b E A and x E R from x +a = bit Jollows x E A. 

It is not necessary that every left (right.) ideal of R is a left. (right) k- idcal of n. 
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Example 2 Let R = (O,a,b) be a set with additiou (+) and multiplication (-) (IS 

follows: 

+ 0 a b 

o 0 a b 

a a 0 b 

b b b 0 

o a b 

o 0 0 0 

a 0 0 ° 
bOO b 

Then R iR a hemiring, Let A = (O,b) is an ideal of R but it is not a k- idcal of R, 

silll;e u+b = b but u V: A. 

Definition 3 A left (";ght) ideal I of a hemidng R is called a left (7-ight) h-icleolof 

R if for any a,b E / and x,y E R fmm x+a+y = b+y it JOU01U3 x E /, 

It is not necessary that every left (right) ideal of R is a left (righL) h- idc31 of R. 

Example 4 Let R = {O,a,b ) be a set with addit'iou (+) and muitiplicatioll (-) as 

follows: 

+ 0 a b 0 a b 

0 0 a b 0 0 0 0 

a a 0 b a 0 0 0 

b b b 0 b 0 0 b 

T hen n is a hemiri ng, Let A = (O,b) is an ideal of R but it is not an It-ideal of R, 

since a+O+b=O+b out a rf:. A. 

Every left (right) I.-ideal is a left (right) k-ideal but the converse is not true, 

Example 5 Considel' the semiring R = to, 1, a, b, c) defined by the following tables: 

+ 0 I a b c 0 I a b c 

0 0 I a b c 0 0 0 0 0 0 

I I b I a I 0 I a b c 

a a 1 a b a a 0 a a a c 

b b a b I b b 0 b a I c 

c c I a b c c 0 c c c 0 

Ideals of Rare {O} ,{O,c) ,{a,a,c} and R , {a ,c} is a k-ideal out flot 8n It-ideal 

because a+c+b=O+b but a ~ {O ,c}, 

Lemma 6 l'he inter'section of (lt~y collection of left (7-igM) It -ideals in a hemiring R 

is also a left (right) It-ideal of R , 

Lemma 7 The inter'section of any family of left (right) k-ideals of a hemidng R is a 

left (right) k-ideal of R . 
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1.3 It-closure 

By h~clQSU1·e of a. non~empty subset A of a hemiriug R we mean the set 

A = f x E R I x + a + y = b + Y for some a, bE A, y E R} . , 

4 

IL is clear that if A is a left (right) ideal of R, then If is the smallest left (right) 

h~idca l of n containing A. So, A = A for all left (right) It-ideals of R. Obviously 

A = A for each non-empty A ~ R. Also if ~ B for aU A ~ B ~ R. 

Lemma 8 149/ AS = A B for any subsets A, 8 of a hemiri7lg R. 

Lemma 9 /49/lf A and Dan:, 1'espectively, right and left it-ideaLs of It hemil"illg R, 

then 

AB(;AnB. 

Definition 10 A subset A in a hemirillg R is called h~idempotellt if A = A2. 

1.4 k-closure 

By k -closurc of a non-emp~y subset A of a hemiring R we a:nean the set -A = {x ER:x+a=b forsomea,bEA}. -Tt is clear that if A is a left (right.) ideal of R, then A is the smallest left (right) -k~idea l of R contai ning A. So, A = A for all left (right) k~ideals of R. Obviously -- -A = A for each nOIl~empty subset A of R. If A, B a.re subseLs of n such that 
~ 

".-"--..".-"--.. ".-"--..,..,.........,..,......... 
A f; D, then A ~ D Also A8 = A B. 

Lemma 11 [39/lf A and Bare, ,-c.spectively, right aud left k-ideals of a hemiriflg R, -AB ~AnB. -Defm it ion 12 A subset A in a hcmiri7lg R is callet! k-idcmpotcnt if A = A2 . 

1.5 It-quasi-ideals and It-bi-ideals [46J 

A non-empty subset A in a bemiring R is called an I&~ quasi-idcal of R if A is closed 

under add it ion, llA n 1m. ~ A and x + a + 11 = b + y implies x E A for all x, y E R 

and a,b E A . 
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A nou-empLy subset A ill a hemiring R is called an h-bi-ideal of R if A is closed 

under addition and multiplication, ARA ~ A and x + a + y = b + y implies x E A for 

all :t,Y E Rand a ,b E A. 

Proposition 13 /46} EVC7'Y fJuusi-idool of a hemi7-ing R is a bi-ideal of R. 

The converse is not true in general. Example 16 show8 that AB is not a quasi-ideal 

but a hi-ideal of R. 

Lemma 14 {-S6} Fo?' any left (7-ight) It-ideal, It-bi-ideal or It-quasi-ideal A of helltirillg 

R, we have II = A. 

Note that every l ef~ /i-ideal (righ t It-ideal, h-hi-ideal, It-quasi-ideal) of a hemiring 

R is a left ideal ( resp. right ideal , bi-ideal, quasi-ideal) of R but the converse is not 

true. Evcl'y left (right) It-ideal of R is an h-quasi-ideal of R and every h-quasi-ideal of 

R is an It-hi-ideal of R but the converse is not true. 

Example 15 /46} The set R of (Ill 2 x 2 matrices (all (12 ) is a hemiring with 
a21 a22 

usual addition anci multiplication of matrices, whe71~ (lij E No, No is the set of nil non-

n~J"Iiv' i"Ieg"", Co, ... id,r Ule sel Q of aU mah'i,es of Ule form (~ ~) (n E No). 

Evidently Q is an h -qlwsi-ideal of R but not a left (right) It -ideal of R . 

Example 16 {46} Let Nand R+ dellote the sets of all positive integer's cuullJOsi

t.vc .. 01 numb,,·, ,"'pectively. TIl, sel R of of aU malrices of U .. fonn (: ~) 

(a, bE R+, c E N) together with (~ ~) is a hemiring with res1Ject to the tlSlIll1 ad

dition and multiplication of mctidces. Let A, B be the sets of all mal7'ices (~ ~) 

(a.bER+,cEN,a<b)togetherwith( 0 0) and(l> 0) (P, qER+,k E N,3<q) o 0 q k 

logcU,,,· wiU. (~ ~), "'peeli,ely. It;, =y 10 ,how Uml A and B are 'ighl I.-ideal 

find left h-ideal of R, respectively. Now the l11'Oduct AD is all It-bi-ideal of R bllt it is 

flot an h-quasi-ideal of R. Indeed, the ele.ment 

belongs to the intersection R(AB)n{AB) n , but it is not an element of AB. Hence 

R(AB) n (AB) R \! RL. 
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1. 6 Fuzzy subsets 

Let X be 0. oon-empt.y set.. By a fu.zzy subset /1. of X we mean 0. Ulcmbershjp fu nction 

/1.: X -t [0,11. 1m{l- dcnotes the set of all values of {I-. A fuzzy subset {I-: X -+ [0, 11 is 

lion-em pty if there exists at least one x E X such that 11.(X) > o. For any fuzzy subsets 

A and 11. of X we define 

for all XEX. 

A $ ~ <= A(X) $I'(X ) , 

(A A ~)(x) ~ A(X) A ~(x) ~ min{>.(x),p(x)), 

(A V p)(x) ~ A(X) V ~(x) ~ max{A(x),,«x)) 

More generally, if Pi : i E I} is a collcction of fuzzy subsets of X, then by the 

i1lte1·section and tbe union of tltis collection we mean fuzzy subsets 

(II A;) (x) ~ II A;(X) ~ i~i {>.;(x)), 
iEI iEI 

(V A;)(X) ~ V A;(X) ~ ~up {A;(X)), 
iEt tEl lEI 

respectively. 

Definition 17 Let A be a non-empty subset of a hemiring R. Then a fuzzy set XA 

defined by 

XA(X)~ {~ if X E A 

is called the characte,'istic function of A. 

1. 7 Fuzzy ideals 

A fuzzy subset. .>.. of a semiring R is called a fuzzy left (right) ideal of R if for all 
a,b E R we have 

(I) A (a H) ~ A(a) A A(b), 

(2) A (ab) ~ A(b), (A(ab) ~ A(a)) . 

Note that '>"(0) ~ A{X) for all x E R. 

Definit ion 18 A fuzzy left (right) ideal A of a hemi1i1lg R is called (l fuzzy left (1'ight) 

k-ideal i/x+y= z --+ A{X)?: A(Y)AA(Z) for allx,y,z E R. 
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Example 19 /1/ EVCI'II fuzzy ideal of a ri11g n is a flLUY k-ideal. 

Example 20 /7/ Lct II. be a fuzzy subset of the hemiring No, where No is the set of 

whole llumbCJ's defined by 

{ 

0.3 ;[ x ;s odd 

11. (x) = 0.5 if x is nOll-zero even 

I if x = 0 

Then It is n fuzzy k-ideal of No. 

Example 21 Let/I. be a fuzzy subset of the hemil"iny No , where N" is the set of whole 

numbe,'s defined by 

~(x) - { 0.5 

o 

if7 :5 x 

if5 :5x:57 

ifO .$x<5 

Theil it is easy to show that l' is a fuzzy ideal of No but not n fuzzy k-idenl of No. 

Definition 22 /26/ A fuzzy left (right) ideal>. of a hemi,'ing R is called a fuzzy lefl 

(right) h-ideal if 'L -I- a. -I- y = b -I- 11 => >.(x) ;:: A(a) 1\ A(b) for aU a, h, x, yEn. 

Example 23 All fuzzy ideals of a ring 01'C fuzzy h-ideal8. 

Example 24 The fuzzy subset 

~(n) _ { 1 

0.2 

if n is even, 

otherwi.se, 

defined on the set No , where No is Ute set of whole numbe,'s, is (t fll zzy left It-ideal of 

the hemiring (N, +,.). 

Properties of fuzzy sets defined 011 an algebraic system 21. = (X , F), where F is a 

fami ly of operations (also partial) defined on X , can be characterized by the corre

sponding properties of some subsets of X. Namely. as it is proved in [30J the fo llowing 

nansfer Principle holds. 

Lemma 25 /30/ A fuzzy set ~ defined on 21. ha.s the property P if and only if all 

non-empty le'vel subsets Up.; t) = {x E X I >.{x) ;;:: t} have the IJ7Uperty 'P. 
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For example, a fuzzy set A of a hemiring R is a fuzzy left ideal if {lnd only if each 

non-empty subset U(A; t) is a left ideal of R. Similarly, a fuzzy set ,\ in a bemiring R 
is I.l fuzzy left h-ideal of R if and only if each non-empty subset Up..; t) is a left It-ideal 

of R. 

Proposition 26 /26/ Let A be a non-empty subset of a hemiring R . Tllen a fuuy set 

'\A defined by 

{ 
t i[x E A 

All (x) = 
s otherwise 

where 0 :s s < t :s I , is a fuzzy left h -ideal of R if and only if A is a left It-ideal of n. 

Corollary 27 Let A he a non-empty suhset of a hemi7'ing R . l 'hen the chamctel';stic 

fUllction XA of A is a fuzzy left {right} It- ideal of n if anti only if A is a left {,'jgllt} 

It -ideal of R. 

Example 28 Consider' the semiring R = {O, l , a, b, c} defined by the following tables: 

+ 0 1 a b c 0 1 a b c 

o 0 1 a b c 0 0 0 0 0 0 

1 b 1 a 1 1 0 1 " b " 
a a J a b a a 0 a a a " 
b b a b 1 b b 0 b a 1 c 

c c 1 a b c c 0 c c c 0 

Ideals of R arc {O J, to, e}, {a, a, e} and n. The h-ideals of Rare (0, a, e ) and R. 
Denue ), , R ~ [0, 1[ such that), (0) = ), (c) = 0.8, ), (n) = 0.6, ), (b) = ), (1) = 0.5 

then 

U()"t) = 

R 

{O, G, c} 

{OJ 
¢ 

if t E {O, .5[ 

if t E (.5, .6[ 

if t E (.6, .8[ 
ift E(.8, J[ 

{O} ,{O,c},{O,a,c} and narc ideals of n. So, U(A,t) is ideal of R. This implies 

t hat>. is a fuzzy ideal of R, but ,\ is not fuzzy h-ideal of R. 

Proposition 29 Let A ,B be non-eml,ty subsets of a hemiring R . Then fuuy sets 

AI\, A8 defined by 

t ifxE A 

s otherwise 

wh.ere 0 :s s < t 5 1, then 

t if X E B 

s othenuise 
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(I) A ~ B .. AA ~ A8. 

(2) A" 1\ AB = AAnB. 

Proof. Let A ~ n. For x E A we have AA(X) = t = AB(X). If x f/. A, ~hel1 

AA(X) = S ~ AB(X). So, AA ~ An. Conversely, if All .:S An, then for all x E A we 

obtain t = AA(X) S AIJ(X). Thus ,\1J(x) = t , i.e., x E B. ConsC<luently, A ~ D. This 

proves (1). 

To prove (2) let x E AnB. Then x E A, x E 8 and AA(X)I\).B(X) = t = ).AnB(X), 

1£ x ¢ An B, then AA(X) = S 01' An(X) = s. So, All (x) 1\ An(X) = s = ).lInn(X) , wh ich 
compleLcs the proof. _ 

1.8 h-product of fuzzy subsets: 

DeAnition 30 {B6lLet A and /1. be fuzzy subsets of a hemirin9 R. Then the h-]I1vduct 

of A a1Ui,J. is defined by 

{

SUP (A(adAA(a,)AI, (bd A I'(b,)) 
{..\Oh 11.) (x) = ~+8 Ib,h'''''2~2+W 

o if x is not expressed as x+ a1bl +y=a2b:z +y. 

Qne can prove that if ). and I'- are fuzzy Jert. (right) h-ideals ill a Iiemil'iug R, then 

so is ..\ 1\ '"t. Moreovllr, if ,\ is a fuzzy right h-ideal and 11. is a fuzzy left I~ ideal of R 

then ,\ 0" I'- ~ ,\ 1\ 1£. 

1.9 h-intrinsic product of fuzzy subsets 

Generalizing t.he concept. of h-product of two fuzzy subsets of R in [461 the following 

h-int.rinsic product. of t.wo fuzzy subsets 11. aod II on R is defined by 

and (1'- 0 h II)(X) = 0 if x cannot, be expressed as 
m " , , 

x + L;Bibi + Z = 'L,ajbj + z . 
1= 1 j= 1 

Proposition 31 /46/ Let 11., II , W, ,\ be fuzzy subsets on R. Then 

(1) /1. S wand /I S A=> j.L 0 h /I ~ W0,,'\. 

(2) XII (:)" XB = xi11J for cho.ractcl'istic functions of subsets A , B of R. 

Definition 32 A fuzzy subset p. in a hemi1-t.n9 R is called idempotent if 11. = 11. 0 10 p. 
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1.10 Fuzzy h-bi-ideals and fuzzy h-quasi-ideals [46J 

A fuzzy subset. ). of a hemiring R is called a fuzzy It-bi-ideal if for all a, b, x, y, z E R 

we have 

(1) A(X+Y)? A(X) A A(Y) 

(2) A (xy) ? A (x) A A (y) 

(3) A (xyx) ? A (x) A A (z) 

(4) x +a+ x = b+ x=> A(X) ? A(a) A A(b). 

A fuzzy subset A of a hem iri ng R is called a fuzzy h-qu~i-ideal if fol' a ll n, h, x, y, z E 

R we have 

(1) A(X+Y)? A(x)AA(Y), 

(2) (A 0hXn) A (Xn 0 /, A) ,; A, 
(3) x +a+ Z = b+ x => A(X) ? A(a) A A(b). 

Example 33 /46} The set No of whole numbers is a hemiring with respect to the usual 

addition and multiplication. Let T, s E [0, J[ be such that 7· :5 s. Define a fuzzy subset 

I-' in No by 

;['E(3), 
otherwise 

for all a E No. Then ,"' is both a fuzzy h.- hi-ideal and a fuzzy h-quasi-ideal of No. 

Lemma 34 U6} Let R be a Itemiring and A ~ R. Then litefollowillg conditions hoM: 

(1) A is a fuzzy It-hi-ideal oC R if and only if all non-empty level subseLs U (/.lit) 
are h-bi-ideal of R. 

(2) A is a (uzzy II--quasi-ideal of R if and only if all lIon-empLy level subset.s U (Iti t) 
are quasi-bi-ideal of R. 

Lemma 35 /46} Let R be a hel1li'-;'1l9 and A S; R. Then Ute following condition.s hold: 

(1) A is a ldt (rcsp. right) h.-ideal of R jf and only if XA is a fuzzy left (resp. right) 

h-ideal of R. 
(2) A is an It-bi-ideal of R if and only if XA is a fuzzy II--bi-ideal of R. 

(3) A js an II--quasi-idcal of R if and only if XA is 8 fuzzy II--quasi-idcal of R. 

Lemma 36 /46} A fuzzy subset I-' in a hemidllg R is a /lazy left (n!sp. right) h-ideal 

of R if and only if for· all x , y, a, b, z E R , we have 
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(I ) /. (z + y) ~ ~(z) A~(y) 

(2) Xn f;')h f.! :$ 11. (rcsp. I' 8 h XR :$ Jl) 

(3) z + a + z ~ b+ z => ~ (z) ~ /, (a) A ,, (b). 

Lemma 37 {46/ Let Jl antlll be fuzzy right h -ideal and fuzzy left It -ideal of a hemiring 

R, respectively. Then I-t II v is a fuzzy h-quasi-ideal of R. 

Lemma 38 {46} Any fuzzy h-quasi-ideal of a liemiring R is a fuzzy h -bi-i(/eal of R. 

1.11 h-hemiregular and Ie-regular hemirings 

Definition 39 Let (R, +,.) be a hemiring, then an element x E R is catled 7'Cgular' if 

there exists an element y E R su.ch that x = xyx. 

If every element of R is regular then R is called regu.lar. 

A hemiring R is called fully i(iempotent if each ideal of R is idempotent. 

Theorem 40 [3/ A hemi7-ing (R, +,.) is regular if and only if J n J = I J for eve,,!! 

right ideall and left ideal J of R. 

Defin it ion 41 {I , 39/ A hemiri1l9 R is said to be k -regular 1f for each a E ll , Ihere 

exist x , y E R such that a + axa = aya. 

It. is obvious tha t every regular bemiring is a k-regular. 

T heorem 42 [39/ A hemif'i7lg Risk-regular if and only if fo1' any "ght k -ideal A 
and any left k-ideal B, lue haue -AB ~ A nD. 

Definition 43 {49/ A hemiring R is said to be h -hemi71?.glllar if fa I' each a E n, there 

exist x,y ,z E n such that a + axa + z = aya + z. 

It is obvious that every regular hemiring is a ll h-hcmireguIar. Also every k-regular 

hemiring is an h-hcmi l'cgular but t he converse is not true. Example 46 is an h

hemiregular but not. k-regular. 

Theorem 44 N9/ A hemi7-ing n is h-hemiregulal' if and only if for any right h -idcal 

A and any left h-illeal D, we have 
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Theorem 45 {49} A hCfmring n 1.! h-hemiregular if and only if for any fu. zzy right 

h -ideal J1 anel any fuzzy left h -idealu, we havc 

Example 46 {46j Let R = {O,a,b, c} be a hemidng with addition" +" and multipli

cation" . " defined by lhe following table: 

+ 0 a b 0 a b 

0 0 a b 0 0 0 0 

a a a b a 0 a a 

b b b b b 0 a a 

Then R is h-hemiregular hemiring. 

Example 47 Let R = {O, x, 1} be a hcmiring with addition " + " and mullipiiclition 

" ." defined by the following inble: 

+ 0 z 1 0 z 1 

0 0 z 1 0 0 0 0 

z z z z z 0 z z 

1 1 z 1 1 0 z 1 

Then R is k-regular hemiring. 

Lemma 48 N6} Let R be a hcmiring. Then lhe following assertions are equivalent: 

(1) R is h-hemiregular 

(2) B = BRB for every h-bi-ideal B of n 
(3) Q = QRQ for every It-quasi-ideal Q of n. 

Lemma 49 N6} Let R be a hemidng. Then the followillg asscI'tioll,s are equivalellt: 

(1) R is h-hemiregular. 

(2) /L .5 {I, 0 " Xn 0 h I./. for every fuzzy h.-bi-ideal Jt of R . 

(3) J.I. .5 I' 0 " Xn 0 h J.I. for every fuzzy It-quasi-ideal/./. of R, 

T heorem 50 /46} Let. n be a hemiring. Then the following assertio1l,s an~ eq"iualent: 

(1) n is h-hemiregular. 

(2) /./. A II .5 J.l. f:lh IJ 0 " II, for every fuzzy It-bi-ideal I' and every fuzzy It-ideal v of R, 

(3) 1,1\ IJ .5 J., 0 1o II" 0 11 J.I. for every fuzzy It-quasi-ideal I./. and every fuzzy ft .... ideal II" 

or H. 
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COl'Ollary 51 /46} Let R be a hemidllg. Then lite following assc"tiQ'I" are equivalent: 

(1) n is h-hemiregular. 

(2) B n A = BAB for every It-bi-ideal B and every h-idcal A of R. 

(3) Q n A = ~ for every h-quasi-ideal Q and every h-ideal A of R. 

Theorem 52 /46/ Let R be a hemiriflg. Then the follo1lJillg assertions arc equivalent: 

R. 

(1) R is h-hemil'egular. 

(2) /1. /I. 1/ ~ IJ, 0 " 1/ for every fuzzy It-hi-ideal ~l and every fuzzy left It-ideal II of R. 

(3) I' /I. 1/ ~ it 0 1, II for every fuzzy h-quasi-ideal I' a nd every fuzzy left h-ideal II of 

(4) It/l. II ~ }J. 0 " 1/ for every fuzzy right h- ideall' and every fuzzy It-hi-ideal II of R, 

(5) 11. /I. 1/ ~ Jt 0" 1/ for every funy right h- ideall1. and every fuzzy It-quasi-ideal II 

of R. 

(6) I' /I. II 1\ w ~ /1. 0" 1/ 0 " W for every fuzzy right It-ideal Jl, every fuzzy h-bi-ideal 

/I and every fuzzy left h-idenl w of R. 

(7) 11./1. v IIw :5 11. 8 " /I{:)I,W for every fuzzy right h- ideal/-t, every fuzzy h-quasi-ideal 

II and every fuzzy left It-ideal w of R. 

COI'oliary 53 f.l6/l,cL R be a hemiring then the following conditions an: equivalent: 

(1) R is h-hemiregular. 

(2) B n C ~ BC for every It-bi-ideal B and every left It-ideal C, 

(3) Q nC b 7.1C for every h-quasi-ideal Q and every left It-ideal C, 
(4) A n B b AB for every right h.- ideal A and for every It-bi-ideal 8 of R. 

(5) An Q b 'j{'Q for every right It-idenl A a nd for every h-quasi-idcal Q of R. 

(6) An B neb ABC for every right h.- ideal A, every h-bi-ideal 8 and every left 

h-ideal C of R. 

(7) An Q n C s;;; MjC for every right h.-ideal A, every h-qu8Si-idcal Q and every 

left h-ideal C of R. 

Lemma 54 {46/ A hemiring R is h .. hemi7'(~(Jular if and only if eve,'Y "ighl and left 

It-ideals of R are idempotent and fOI' any d,r/li t It -ideal A and any lefL It -irleal 8 of R, 

the set :AB is an h-quasi-idcal of R . 

Theorem 55 /46/ A hemiring R is h-liemin!(Jltiar if and only if the fuuy right and 

fuzzy left h-ideals of R are idempotent aJld for any fuzzy right h-idcn1,1. and fuuy left 

h-ideal II of R, the set 1.1. 0 " v is a f"zzy h -q"asi-ideal of R . 
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1.12 h-intra-hemiregular hemirings 

Defi ni tion 56 A hemil'ing R is said to be intm.-n:gutu1' if x E Ilx2 n, Ihat is, x = 
" 2 ' , L Tjl: Ti f01' some Ti, rj E R , 

;: 1 

Definition 57 U6} A IIemiri71g R is said to be h-tlltm hcmircgular if fo r each x E R 
, , .,. 11 • • 

there exist ai, a i' bj, bi . 2 E R such that x + L aix2bi + 2 = L a;x2b; + z, 
;=1 ;=> 1 

Also we can define its equivalent dcfUlitions (1) x E &2 R, 'TIl: E R, (2) A ~ RA2 R, 

VA <; R. 

[11 the case of riugs Lhe h-intra-hemireguiariLy coi ncides with the intrn-rcgulariLry 

of rings. 

Example 58 /46} Let R = {D ,a,b,c } be a hemiring with addition" -1-" (lnd multipli

catiolL " ," defined by tlte following table: 

+ 0 a b 0 a b 

0 0 a b 0 0 0 0 
a a a b a 0 a a 

b b b b b 0 a a 

Then R is h-intra-hemiregular hemiring. 

Example 59 /46} The set N of all uon-negative intcgel-s with usu.al addition" +" and 

multiplication" ." is a hemiring, bill it is flat h-hemiregular and h-intm-hcmil'C9ulm' 

'" hemiring, Inde.cd2 E N can not be writtCIl as 2+2a2+2 = 20' 2+z 01'2+ L: uj22bi +z = 
;= 1 

Lemma 60 {46} Let n be a he.mi1'ing then the following conditions (H'C equivalent. 

(l) R is h-intra-hemircgular. 

(2) An B ~ 'il'B for every left h-ideal A and every right h-ideal B of n. 

Le mma 61 {.I6} Let R be a "emiTing then the following conditions are equivalent. 

(1) R is h-intrn-hcmiregular. 

(2) /.1. A v :S /,t 0 h V for every fuzzy left h- ideal J1. (lncl every fuzzy righL h-ideal /1 of 

R. 

Theorem 62 {.I6} Let R be a hemirillg Olen the following conditions an~ equivalent. 
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(1) R is h-intra~hcmiregular. 

(2) I' (x) = 1.1. (x 2 ) for aU fuzzy It-ideal t' of R and x E R. 

Lemma 63 {46/ Let n be a hemiring then the following conditions an: cquiva/cllt: 

(1) R is both h~ hcmiregular nnd h~intra-hemiregular. 

(2) B = B2 for every h .... bi-ideal B of R. 

(3) Q = ~ fo r every h-quasi-ideal Q of R. 
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T heorem 64 {46/ Let R be a hcmi7-i7lg then the fol/owing Cimdilions a7"e eqILivalent: 

(1) R is both h-hemircgular and h-intra-hemiregular. 

(2) p. 0 h P. = It (or cadi fuzzy It-bi-ideal p. of R. 
(3) P. 0 11 P. = 1.1. for each fuzzy h-quasi-ideal p. of Il. 

Theorem 65 {46} Let a be a hemidng Ulen the following conditions al'e equivalent: 

(1) R is both h-hemiregular and h-intra-hemiregular. 

(2) p. 1\ II :S It 0 " II for all fuzzy It-bi-ideals p., II of R . 

(3) p. A 1/ :S P. (:)1111 for fuzzy h.-bi-ideal It and h-quasi-ideal II of R. 

(01) ItA I/ :S 1.1.0'1 II for fuzzy h~quas i - ideal/.t and It-hi-idealll of R. 

(5) 11 A II :S /.1. 011 /1 for all fuzzy It-quasi-ideals Il. , 1/ of R. 

1.13 Prime h-ideals 

Definition 66 {49} An h-ideal P of R is called prime if P =F Rand fOl' auy h -;aeals 

A , B of R /fum AD £;; P it follows A ~ P or B ~ p, 

Definition 67 {49/ A fuzzy left (dght) It -ideal { of a hemiring a is said to be prime 

if { is a non-constant function aJld for any two flLzzy left (right) h -i(/culs It, v of a, 
/.l. 0 lr II ~ ~ implies /1 ~ {or l) ~{. 

Bxample 68 N9/ The fuzzy subset 

0.2 

if n is even, 

otherwise, 

defined on the set No of whole numbers is a prime fuzzy It-ideal of the hemiring 

(No,+,·)· 



Chapter 2 

Characterizations of hemirings 

by the properties of their k-ideals 

In 1231 Henriksen defined a more restricted class of ideals in semirings, which is called 

the class of k-ideals. T hese ideals have the property thaL if the scmiring R is a ring 

then a subset of R is a k-ideal if and only if it is a ring ideal. F\IZZY k-ideals arc studied 

in [6, 7, 15, 19). In this chapter we characterize those hemjrings for which each k-ideal 

is idempotent. and also t.hose hcmirings for which each fuzzy k-idcal is idempotent. 

2.1 Fuzzy k-ideals 

Recall that a fuzzy subset A of Il hcntiring R is called a fuzzy left (right.) k-ideal of H 

if it sat isfi es the following conditions. 

(1) >. (x + y) ~ >. (x) A >. (y) 

(2) >.(xy) ~ >'(V) (>'(XV) ~ >.(x)) 
(3) x+y ~ z => >.(x) ~ >.(y) A>'(z), for all X,y,zE n. 
If..\ is a fuzzy subset of Rand t E [0, 1], then the subset U ().; t) = {x E R: ). (x) ~ t} 

is called the level subset. of >.. 

Pl'opos ition 69 Let A be a non-empty s ubset of a hemidng R . Then a fuzzy subset 

AA of R defined. by 

{ 
t i/xEA 

>'A(X) ~ 
s otherwise 

where 0 $ s < t $ 1, is a fuzzy left (right) k-illeal of R if lmd only if A is Bleft ('ight) 

k-ideal of R. 

Proof. Straightforward. _ 



2. Characterizations of hcmirings by t he p roper t ies of t he ir k- ideah:l 17 

Proposition 70 A fuzzy subset A 01 a hemiri1l9 R 15 a fuzzy left (nght) k-irleal of R 

if and only il each 7Wn-em])ty levcl .mu3et 01 n it! n lcft (7-ight) k-illcill of R . 

Proof. Suppose tha t>' is a fuzzy lert k-ideal of Rand t E (0, 11 such tbat U (>'i t ) I
¢. Let a,b E U(-",), then -'(0) "" and -'(b) ", ,, As -,(a + b) '" -'(a) t\.\(b), so 

>.(o.+b);?: t. Hence a+b E U(>. ;t). For r E R, >'(ra) ;?: A(a) so >'(m) ;?: t . This 

implies ra E U (Ai t). Hence U (>'i t) is a left. ideal of R. Now let x + a = b for some 

o, b E U(-',L), then -'(a) "" and -'(b) '" ,. Since ),(x) '" -'(a)t\.\(b), so -'(x) ", ,, 
Hence x E U (A; t). Thus U (A; t) is a left. k-idenl of R. 

Conversely, assume tha.t each non-empty subset Up.; t) of R is a left. k-idenl of 

It Let. a,b E R be such that A(a + u) < >.(a) 1\ >.(b). Take t E (O, JI such that 

>.(a+b) < l 5 >.(a) 1\ >.(b), then a,b E U(>.;t) but. a+ b ~ U(>';t), a contn\d iction. 

Hence -' (a + b) '" -' (a) A -' (b). 
Similarly we can show that>. (ab) ;?: >. (b). 

Let x,y, z E R be such that x+y = z. If possible le t >.(x) < >.(y) II >.(z). Take 

, E (0,11 such that -' (x) < , $ -,(y) A -,(z), 'hen y, z E U (-', ,) but x ¢ U ()" ') , a 

contradict.ion. Hence >.(x) ;?: A(Y) 1\ >. (z). Thus >. is a fuz.zy left k-ideal of R . • 

Example 71 1~~e set n = to, 1,2, 3} with opcmtions of addition and mmtipiioolion 

given by UU! following Cayley tables 

+ 0 1 2 3 0 1 2 3 

0 0 1 2 3 0 0 0 0 0 

1 1 1 2 3 1 0 1 1 1 

2 2 2 2 3 2 0 1 1 1 

3 3 3 3 2 3 ° 1 1 1 

is a hemiring. Ideals in n are {o}, to, 1}, to, 1, 2}, to, 1, 2, 3}. All ideals are k-ideals. 

Let tl,t2,t3,t4 E (O,l l sucb that. tl ;?: t2 ;?: tJ ;?: t4' 

Define)" n => 10, 1) by '(0) ~ ' .. -' (1) ~ '" -'(2) ~ '3 and' (3) ~ t. 

Then 
{0, 1, 2,3) i f t 5 t4 
{0,1,2) if t4 < t .$; t3 

U(-"') ~ (0, 1) if t3 < t 5 t2 
(0) i f t2 < t 5 t l 

I/J if t > t l 
T hus by Proposition 70, >. is a fuzzy k-idcal of n. 
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2.2 k-product of fuzzy subsets 

tn this section we define k-produc~ and k-sum of f'lzzy subseLs of n hemiring R. This 

product and sum has the property that if .A and 1.1. are fuzzy left (right) k-ideals of R, 

t.hen .A (:JI.; 1.1. and ), ·h I' are fuzzy left (right) k-ideals of R 

Definition 12 Th e. k-I'1YJduct of two fuzzy subsets 1.1. and II of R is dejinCfl by 

A ~(a;)l A [A ,,(bill A 
._ 1 ,,.,1 

A. ,,(ail] A [A. V(bi)] 
, ,,,I ,_J 

'" n 
a.nd (J1. 0 1.; v)(x) = 0 if x can not be e:LJJIY~$sed as x + L (l i bi = L a~b~. 

i .. l ; _ 1 

By direct calculations we obtain the following Proposition. 

Propos itio n 73 Let It, "' ,W, ,\ be fuzzy subsets of R. If}' :5 wand /I :5 )" then 

Jl (:>1.; v :5 w (:>1.; ),. 

Lemma 74 Let R be a hemiring alld A , B ~ R . Then XA 0 1.; Xu = x..---.,. 
All 

,-A-... '" n , , 
Pl·OOf. Let x E n. If x E AB , t.hen X,-A-... (x) = J and x + L: Piqi = L: 1)jq; fo r 

AB i= 1 j=l 

some P',l}~ E A and q"q~ E B. Thus we have 

and so 

m m 

[/\ XA(a;)[ A [/\ xo(b;)[A 
;= \ i= 1 

n n 

;=1 j = 1 
m m 

[/\ XA (p;)[ A [/\ Xo (q;)[A 
;=1 

" 
i=1 

n ~ l 

[/\ XA(pi)[ A [/\ xo(qjl[ 
;=1 j=! 

(XA 0 , Xu) (x) ~ I ~ X~ 
AB 

~ 
U x r/; AB, t.hen x,-...... = O. IT possible, let. (XA 8 1.; XB) (x) :f:. O. Then 

A8 

'" m 

[/\ XA(a; )[ A [/\ xu(b;)[A 
i= 1 ;= J 

n " 

[/\ XA(ai)[ A [/\ xu(bi)} 
;:..1 i'ei 
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Hence t here exist p" qi, p~, q; E n such thai 

and 

that is 

m " 

X -I- LP;qi = Lpjq; 
<-I j=1 

m m 

1/\ XA (Pi)1 A 1/\ XD (qi)IA 
;= 1 

" 
;= 1 

n 

[/\ XA(T';)[ A [/\ XD(q;)[ 
j = 1 j=1 

XA (T'i) ~ XA(';) ~ XD (qi) ~ Xli(q;) ~ 1, 

---lumce P;'l'~ E A and qi.q~ E B, and so x E AB which is a contradiction. Thus we 

have (XA 0 k Xo) (x) = 0 = x...--.. (x). 
AB 

Hence in any case, we have (XA (:.lk xn) (x) = x..-..... (x) .• 
AB 

Theorem 75 If A, I' an! fuzzy k-ideals of n, then). 0 k J.i is a fuzzy k -idool oj nand 

A (')k J.I. ~ A 1\ tt. 

Proof. Let A,I1. be fuzzy k-ideals of n. Let x, y E R, then 

and 

Thus 
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v 

that 
'" JI I l' 

a+ LU;V; = Lujv~ And b+ LCkcik = Lc~d;, 
, a ) j 3 1 k= 1 q:s l 

fI\ '" 
together with x + a = b, gives x + a + E aiv; = V + E aib;, Thus 

i= J ;= 1 

" '" x + L:ajbj = b+ Laibi 
i - I ;= 1 

m 

1I,.(b.) A 
i= ) 

n , 

1I1,(b; ) A 
j = ) 
P 
II ~(dk) A 

(2.1) 
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and, consequently, 
n I I In 

X + L: a~b~ + L: Ckcik = b + L: Ckdk + L: aib, 
j ", \ k_ 1 k: 1 ;= 1 

p '" 
= L: c~d; + L: aibi 

q= 1 i_ I 
m I' 

= L (lib, + L c~d; 
;=:\ q".1 

T herefore 
II I mp 

X+ Lojbj + LCkdk = Laibi+ Lc~d~. (2.2) 
j=1 k .. 1 ;=1 q:.l 

v v 

By simple calculations we can prove that. .A 0 k 1.1. ~ ,\ /\ 1'. • 

Corollary 76 IJ ,\ is fuzzy dght k-idcal oj R aud I' a fuzzy lcft k -idcafs of R, then 

). 0 ", 1.1. 5 ). /\ /1 .. 

Definition 77 The k -sum .A +", 1-' of fuzzy subscts ). and I' of R is defined by 

(~+, /.)(x) ~ ,up I~(a.) A ~(a,) A /.(b.) A /,("')1 • 
.2:+(01 HI )=( 02+b:i) 
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T heorem 78 The k-swn of fuzzy k-idcals of R is also a fuzzy k-icleal of R. 

Proor. Let A,I1. be fuzzy k-ideals of n. Then for x, y, r E R we have 

(). +, ,,)(x) II (). h ,,)(y) ~ [ V I).(a,) II ).(a,) II ,,(b,) II ,,(1),)1] 
;o;+(0. . H.)= (o.2+1o:l) 

A [ V 1).(aD II ).(a,) II "~WI) 1\ ~(I")I] 
1I+(o.~ H; ) :z:: (,,;+b~) 

~ V ( ).(a,) 1\ ).(a,) 1\ "(b,) 1\ ,,(1),)1\ ) 
).(aD 1\ ).(a,) 1\ "W,) 1\ "(11,) 

;0; + (0., +b.) .. (o.~ + b;z) 

< 

,,+(0.; +b~) - (0~+"2) 

V 
:z:+(o. +b') = (02+b;z) 
11+(0.\ +1.;):(0;+0;) 

V 
(:z:+,,)+(c . +d l )=(.:,+d2) 

~ (). +k~) (x + y). 
Similarly, 

(). +k ")(x) ~ V I).(a,) 1\ ).(a,) 1\ "(b,) 1\ ,,(1),)1 
:z:+(o., +b,)=(02+b,) 

< V I).(ra , ) 1\ ).(m,) 1\ ,,(rbIlI\ ~(rl>,)1 
;0;+(0 1 +b. )=(o.2+b;z) 

.$ V [A(a~) 1\ A(a~) 1\ It(b'n 1\ 11.(b'DJ 
r:J:+(o.l' +1.;')=(02+b'2) 

~ (). +, ,,)(rx). 

Analogously. we can verify (A +.1: I1.Hz) .$ (A +,. J.L){xr). This proves that (A +,. 11.) 

is a fuzzy ideal of R. 

Now we show that x + a = b implies (A +,. JL)(x) ~ (>. +,. JL)(o.) 1\ (A +,. tt)(b). For 

this let a + (0. 1 + bd = (0.2 + b;!) and II + {CI + dd = ({.~ + d2) T hen, 

whence 

and 

Then 

x + (0' + 1>,) + (" + d,) ~ (0, + d,) + (a, + b,). 
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Thus 

Therefore 

(~+k~) (a) A (~+k I') (b) ~ [ V I~(a.) A ~(a,) A ~(b,) A 1,(1),)1] 
,,+(0 , +,,)= (a2+1I:I) 

A [ V [~(CJ) A ~(,,) A I,(d,) A ,,(d,)I] 
b+(CI+d.)=(e,+d2) 

( 

~(a, )A~(a2)A~(b, ) ) 

V AI'(I>,) A ~(c,) A ~(,,) 
0+ (0, H',) - ("2 + 1>2) AJI(d.) A J4d2) 
b+ (e, + d,) _ (e, +d,) 

s V 
II+(n, +b.) _ (nl+l>:I) 
b+(CI+d,)_(q+d1) 

V 
%+(11' +b' )=(a" +b") 

~ (~+k ~)(x). 

Thlls ..\ -h It is n fuzzy k-ideal of R. • 

Theorem 79 1f l' is a fuzzy .sub.set of a hemirillg R, thcn the following ate c(JuiuaJellt: 

(a) JJ satisfies (1) I'(X + Y) ~ mill (J..t{x) ,/L (Y)} and 

(2) x + a ~ b => I' (x) ~ min{j.(.) ,I.(b)) 

(b) I-L+kP.~"L 

Proof. (a) => (b) Let x E R, then 

(,.+",)(x) ~ V 1,,(.,) A ~('2) A ~(b,) A ~(I>,)I 
%+(".+bd=(02+1>:I) 

S V 1"('J+.,)A~(b, +I>,)1 (by (1)) 
%+("I+b.)=(02+1>:I) 

S ,. (x) (by (2») 

Thus p. +k IL $: p.. 

(b) => (a) First we show that JI(O) ~ 11(X) for all x E R. 

~(O) ~ (~+k ,.)(0) ~ V [,.(a.) A 1'(") A ~(b.) A ,,(1),)1 
0+(01 +b. )= ("2+b;!) 
~ II. (x) A I/(X) Ap.(x) A p.(x) because O+x +x = x +x 

~ ~ ( x). 

Thus /-leO) ~ IL(X) fo r aU x E R. 

Now 
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Again 

• 

= v 
:t+II+(a, +b, )= (a,+b,) 

~ /L(O) 1\ I' (0) 1\ /L(X) 1\ I-'(Y) because x + y + 0 + 0 = x + Y 

= I' (x) 1\ I'(y) (because !L(O) ~ I'(X) for a ll x E R). 

( 
beeau,. 1.(Ol ~ I,(xl ) . 

forallxER 

Lemma 80 A fuzzy subscL I' in 11 hcmidll9 n is a fuzzy left (7-ight.) k-tllcal if (lJId only 

if 

(1) l' -h/.L.51.L and 

(2) X'I (.')k /1.5 I' (/-, 0 k Xn ::; /1) 
Proof. Let 1-' be a fuzzy left. k- ideal of R. By Theorem 79, I.L sat.isfics (1). Now we 

prove condition (2). Let x E R . If (Xn 0 k p,) (x) = 0, then (Xn 0 k 1-') (x) .:s (,t) (x), 
m " 

Othenvisc, there exist clements ai, bi, ai, bi E R such t.hat x+ L: a,b l = L: ajbi. Then 
i""l i;=1 

we have 

(Xn 0 , I.l (xl = V [ r0 Xn(a,l] A [,0t(b,l] A ] 

.+i':, .• ~to"· r:: xn(ail] A [.II ~(bil] 
i _ I i _ I 11 J- I J .. I 

= • V" ,, [[,0/«b+ [Z,I'(bil]] 
2'+ E nibF E oJbJ 1 .. 1 j ... 1 

S • V" [[,0, 1,(a'b+ [j0,1,(ajbjl]] 
z+ L: nl~= E ojbj 

i _ I i _ I 

< • V " .. ht. .,b,l A ~(j~' aibil] 
z+L:n/b, =L: n .b. 

i _ I ,i _ I J J 
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Tbis implies tlw,~ Xn 0 1.: P :5 I~· 

Conversely, assume that the given conditions hold. In order to show that It is a 

fuzzy left k~ideal of n it is sufficient to show that the condition It (XV) ? /J' (Y) holds. 

Let x, Y E R. Then we ha.ve 

[ r
"' 1 [m l] .1I1.(a;) A .1I1.(b;) A 

1'(XY)"'Xn ("" ')(XY) ~ V .-: ' j .[-~ 'j 
- . , , 1I1.(a .) A II ~(b . ) 

rM+Eaibis[; o. .b . . J . J i.. I"" J J J - I J"'i 

since xy + Oy = xV, so 11 (xy) ~ 11 (y) and so It is a fuzzy left k~ideal of n, • 
Now we prove a characterization of k~reguJar hemirings. 

T heore m 81 A hcmiJ"ing n i.s k~Tf!gular if and only if for any fuuy f"igllt k ~idC(Jl P 

and any fuzzy left k-idcal II of R we "ave p 0 1.: II = I'" /1, 

P roof. Let R be a k-regular hemiring and tt , /1 be fuzzy r ight k-ideal and fuzzy 

left k~ ideal of R, respectively. Then by Lemma. 80, we have l.t 0 1.: II :5 ,, 0 1.: Xn :5 I' 

and l.t 0 1.: 11:5 Xn 0 1.: 11 :5 II. T hus tt 0 1.: 11 :5 tt" v. To sbow the converse inclusion , let 

x E n, Since R is k-reguJar, so there exist a,a' E R such that x + xax = xa' x. Then 

we have 

'A I"a.)] A ['A "(b.)j A 
1_ 1 ,:1 

'A I.(aj )] A ['A "(bi)] 
J"" J = I 

V 

~ min {It (xa) "t(xa'), 1/ (x) } ?: mi n {I.t (x) , /I (x)} = (/1 " I/)(X). 
This implies that It 0 k /I ?: ,t" /1. Therefore p. 0 k II = I'" II. 

Conversely, let C, D be any right k-ideal and left k-ideal of R, respectively. Then 

the characteristic functions Xc' Xv of C, D are fuzzy right k-ideal and fuzzy left k-ideal 

of n, respectively. Now, by the RSSUlllptioli and Lenuna 74, we bave 

-
X,.....,........ = Xc 0 k Xv = Xc 1\ Xv = XCnV' 

CD 

So, CD = enD. Hence by T heorem 42, R is k-rcgular hemiring. _ 

2.3 I dempotent k-ideals 

Fl'Olll T heorem 42 it rollows that in a k-reguJar hemiring every k-idcal A is k-idcmpotcnt, -t.hat is AA = A. On t.he other hand, in such hemirings we have A 0 ,1: A = A for all 

fuzzy k-ideals A, FUzzy k-ideal with this property will be called k-idempotcnt. 
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Proposition 82 The folloWUlg statements are equivalent for a hcmiri'~g R: 

LEach k-ideal of II is idempotent. -2. An B = AB for each pair of k-ideals A, B of R. 

---------3. Z E lulU: R [or evC!'y x E R. 

~ 
4. X ~ RX nx n for every non empty subset X of R. 

~ 
5. A = llARAR for every k- ideal A o[ R. 

If n is commutative, then the above assertions nre equivalent to 

6. R is k-rcgular. 

Proof. (1) => (2) Assume that each k-ideal of R is idempotent. and A, B arc k-ideals of R. By Lemma II , AB ~ A n B. Sincc An B is a k-ideal of R, so by (1) 
, '" ,~ ~ 

AnB ~(AnB)(AnB) <;; AB. Thu, AnB ~ AB . 

(2) => (1) Obv;ous. 

(1) => (3) Let x E n. The smallest k-ideal containing x has the form z;:; = 
, A , ___ 

Rx + zR + RxR + Nox, where No is the set of whole numbers. By hypothesis < x > = 
.-----"-----.. 

--~ <x> <x>=<x><x>. 
" '" ,.....---......~ 

Thus x E (Rx + xR+ RxR+ Nox)(Rx + xR + R.xR+ Nox) ~ JlxR/l:J:.R ~ RxRxR. 

(3) ~ (4) This is obvious. 

(4) ~ (5) Let A be a k-ideal of R. T hen 
~ ----",,-A-..,............. ----.. 

A = A ~ RARAR ~ AA ~ A = A. Hence A = RARAR. 

(5) ~ (1) This is obvious. 

If R is commutative then by Theorem 42, (2) ¢) (3). • 

Propos ition 83 The following statements are equivalent Jar a lIemiTing R. 

1. Each fuzzy k- ideal of R is idempotent. 

2. >. 0k f.J. = >. A It for aU fuzzy k-ideals of n. 

If R is commutative, then the above assertions a re equivalent 1.0 

3. R is k-regulat. 
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Proof. (1 ) "'* (2) Let. >. and I' be fuzzy k-idea ls of R. Dy Proposition 73, (>." 
tl) ( :>1,: (>''' JJ.) "5 >. (:JI,: 1.1· Since...\" 11. is a fuzzy k-idcal of n, so by hypothesis>." It is 

idempotent. Thus ).A /.L = (),AIL) 0 d>.tl/.1) :$ ), 0 1,:1-" By T heorem 75, ).(Vl,:ll "5 >'A/I. 

Thus >' 0 ", It = >. A 1.1. 

(2) ". (I) Obvio"" 
If R is conunut.ative then by Theorem 81, (2) $> (3) . • 

T heorem 84 Let R be a hemid.ng with identity 1, then the following Mscrtio1lS are 

c(Juivalcnt: 

1. Eoch k-ideal of n is idempotent. -2. A n B = A8 for cach pair of k-ideals A, B of R. 

3. Each fuzzy k-ideal of R is idempotcnt. 

4. ). <:Jk l.t = ...\ " I' for all fuzzy k-ideals of R. 

Proof. (1) ~ (2) By Proposition 82. 

(3) ~ (4) By Proposition 83. ---(1) => (3) Let:r. E R. The smallest. k-ideal of R containing x has the form RxR. By 
~ ,,-..-. ---.....-"'--.. ...----... --... ~ 

hypothesis, we have R.'tR = (RxR)(RxR) = RxRRxR. Thus x E RxR = llxRRxR, 

this implies 

I I I I 

fOi" some Ti, Si , Ui, ti, "j> si> Uj> tj E R. 
As >,(x) :5 >.(rjxs;) and >.(x) "5 >'(Uixtj) for each i E {l,2, ... m} , so 

no m 

>.(x) "5 /\ >.(rixs;) and >.(x) "5 /\ (u;xtj). 
'_1 
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~ (,\ <OJ, '\)(x). 

Hence A ~ A 0,l; A. By Theorem 75, A 01: A:$ A. Thus A 01: A = A. 

(3) => (1) Let A be a k-ideal of n, then the characteristic function XA of A is a 

---fuzzy k-ideal of R. Hence by hypothesis XA = XA 0 ,l; XA = X---... Thus A = AA. • 
AA 

Theorem 85 If each k -ideai of R is idempote'lt, thCll Ute collection of (Ill k-idcafs of 

R is 0. complete BmILwedan lattice. 

Proof. Let Ln be the collection of all k-ideo.Js of R, then Ln is n poset under 

tbe inclusion of sets. It is not difficult to see that Ln is a complete lattice under the 
r-"----

operations U, n defined as AuB = A+B and AnB= AnB. 

We now show that L II is a Bro lLweri an lattice, that is, for any A, B E Ln, the set 

Ln(A, B) = {I E LR I A n I !; 8} contains a greatest element. 

Oy Zorn's Lemma the set Ln(A, 8J contains a maximal clement M . Since each 

k-idenl of R is idempotent, so 'AI = A n I !; 8 and AM = An M !; D. Thus --------.. 
----~ -~-Ai + AM !; B. Consequently, AI + AM !; B = 8 . 

r-"---- r-"----
Since I +M = IUM E Ln, for every x E I + /If thereexisti l,iz E I , fHl , 1nz E M 

such that. x + i l + fHl = iz + mz. Thus 

~ 
for any dE D E l.n. As dil, diz E DI, dml,dmz E DAt, we have dx E DI + OM, 

~ --------.. ..-----... ..--""-... ---..,-"-.. .....-""'---.. 
which implies D (I + M) !; DI + DM ~ 01 + DM ~ B. lienee D (I + .M) ~ 8. 

~ 
~ ~ ~ 

Tltis means that D n (T + M) = D (J + M) ~ B, i.e., 1+ M E Ln(A, ill. whence 

I+M = M because /If is maximal in Ln{A, 0). Therefore J ~ ~ ~ I+M = M 

for every I E Ln(A, 8) .• 

Corollary 86 If each k-idcal of R f,s idempotent, then U,.e lattice Ln of (Ill k-idcCl ls of 

R is distributive. 

Proof. Each (;Qmplete Brouweriall lattice is distributive (cf. [HI , lLH) . • 

Theorem 87 Each fuuy k -idcal of R is idempotent if anel only if the set of (til fuzzy 

k-ideals of R (ordered by :5) fonns a distributive lattice under the k-swn aJld k-l1TOduct 

of fuzzy k-idcals with A <!>k J.L = A A 11. 

Proof. Suppose t hat each fuzzy k- ideal of R is idempotent. T hen by Proposition 

83, ). 0 k P. = A A I'. Let :FEn be t.he collection of all fuzzy k-ideals of R. Then FLn 

is a lattice (ordered by ~) under the k-sum and k-product. of fuzzy k-ideals. 
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We show that (.\ 04: 0) -h 11. = (.\ +k 11.) 0 J.; (0 +k 11.) for all .\,iJ,o E :FeR. Let 

x E R, then 

«> 0, 6) +, I') (x) ~ ((> A 6) +k~) (x) 

~ V [(A A 6)(aI) A (> A 6)(.,) A ~(bI) A 1'(1),)[ 
z+(nl+b1)=(n1+b:.t) 

~ V [>(aI) A A(a,) A ~(hI) A 1'(1),) A 6(aI) A 6(a,)[ 
Z+(III +b, )=(02+b:.t) 

~ [ V [A(al! A A(a2) A I,(bl! A ~(I>,)[] 
z+(aIH, )=(1I2+b:.t) 

A [ V [6(a , ) A 6(.,) A I.(hl ) A I.(I>,)[] 
:o;+(nl+bl )=("l+b:.t) 

~ (A +, ")(X) A (6 +. ~)(x) 
~ [( A +, ") A (6 +, ")[ (x) 

~ ((> +, ,.) 0 ' (6 +, "» (x). 
So, Fel{ is n distributive la ttice. 

T he converse is obvious. • 

2.4 Prime k-ideals 

A proper (left, right.) k-ideal P of R is called prime if for any (lcrt, right) k-ideals A, 

B of R, AD ~ P implies A ~ Par 8 ~ P. A proper (left, right) k- idcal P of R is 

called im:ducible if for allY (left, right) k-ideals A, B of R, An B = P implies A = P 

0.· B = P. By analogy a non-constant fuzzy k-ideal o of R is called "rime (in the first 

sense) if for any fuzzy k-ideals .\, J-I. of R, .\ 0 J.; J-I. :$ 6 implies >. :$ IS or It :s 0, and 

irflxi'Ldblc if .\ 1\ 11. = 6 implies >. = 6 or p = o. 

Theorem 88 A left (,-igllt) k .. ideal P of a hcrniring R with icicl1tity is prime if ami 

only if for all a,b E Rfmm aRb ~ P it follows a E P orb E P. 

Proof. J\s,,>wne that P is a prime left k-idcal of R and aRb ~ P for some a, b E R . 
..-"--. ..-"--. 

Obviollsly, A = Ro. and B = Rb are left k·ideals of R generated by a and b, 
~ 

............. .......................... ...--"--.. ............. 
respectively. So, A8 ~ AB = Ra Rb = RaRh ~ RP ~ P, and cOIlSCC:lueutiy 

A ~ Par B ~ P. If A ~ P, then a E P. If B S; P, t hen b E P. 
The converse is obvious. • 

Corollary 89 A k·idcal P of a hemiring R with identity is prime if and only if for 

all a, b E R fmm aRb ~ P it follows a E P or b E P. 
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Coro llary 90 A k -ideal P of n commutative hem iring R with identity lS lmme if anll 

only if for all a, b E R from ab E P it follows a E P or b E P . 

The result expressed by Corollary 89, suggests the following defin ition of prime 

fuzzy k-ideals. 

Definit.ion 91 A non-constant fuzzy k -ideal 6 of R is called prime (ill the second 

sense) if f07' all t E [0, 1] and a, b E R the following condition is satisfied: 

if 6(o.xb) ;?: t for every x E R then o(a) ;?: t or 6(b);?: t. 
In other words, a nOll-constant fuzzy k-ideal 6 is prime if from t he fact. t.hat. axb E 

U(6;t) for every x E n it follows a E U(6;t) or b E U(c5;t). It is clear that any fuzzy 

k- ideal is prime in the first sense is prime in the second sense. The converse is not 

t.rue. 

Example 92 In an onlinary hemirillg oj natuml numbers tite set oj even numbers 

/Ol'7/I.S a k-ideal. A fuzzy set 

;(n) ~ { 

1 

0.5 
0.3 

if 
if 
if 

n=O, 

,,~2k" 0, 
n =2k+ l 

is a fuzzy k-ideal of Utis hemif'ing. It is prime in the second scnse but it is not 1J1'ime 

in the first sense. 

Theorem 93 A non-constant Juzzy k -ideal 0 oj a hemiring R with identity is p,-ime 

in the second sense iJ and ouly if eadt its non-empty pf'Opef'level set U(tS;t) is a prime 

k-ideal oj R. 

Proof. Suppose 6 is a prime fuzzy k-ideal of R in the second sense and let Ufo; t) 

be its arbitrary proper level set, Le., " i=- U(Oj t) 1= Jt. U aRb S; U(o; t), then 6(axb) ;?: t 

for every x E R. Hence 6(a) ;?: t or J{b) ;?: t, i.e., a E U(6; t) or b E U(6; t) , which, by 

Corollary 89, means that U(6; t) is a prime k-ideal of R. 

To prove the converse, consider a non-cons tant fuzzy k-ideal 0 of R. If it is lIot 

prime then there exist a,b E R such that J(axb) ~ t Ior all x E R, but o(Ct) < t an d 

6(b) < t. Thus, aRb S; U(o; t), but (I. V. Ufo; t) and b ¢ U(6; t). Therefore Ufo ; t) is not 

prime, which is a contradiction. Hence 6 is a prime fuzzy k- ideal in the second sense . 

• 
Corollary 94 The fuzzy set AA defined in Pr'Ol,osition 69, is a l",ime Ju zzy k-ideal of 

R (with identity) in tlte second sellse if and only if A is a prime k -idrol oj R . 
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In view of the Transfer Principle the second dcfinition of prime fuzzy k- ideal is 

beUer. Therefore fuzzy k-ideals which nrc prime in the first sense will he called k-

1wime. 

Proposition 95 A 'ton-constant fuzzy k-idcal 6 of a commutative hcmiring R wilh 

identity is p"ime if and only if 6{ab) = 6(a) V 6(b) for all a,b E 1l. 

P roof. Let 6 be a non-constant fuzzy k-ideal of a COllillluttltive hcmiri ng R wi th 

identity. If 6(a&) = L, then for every x E R, we have 6(Ctx&) = 6(xab) 2:. 6(x)VJ(a&) ~ t. 

Thus 6(axb) ~ t fOI" every x E R, which implies 6(a) ~ t or 6(b) ~ t. If 6(a) ~ t, then 

t = 6(ab) ~ 6(a) 2:. t, whence 6(ab) = 6(a) . If 6(b) ~ t, then, as in the previous case, 

o(ab) ~ o(b). So, o(ab) ~ o(a) V o(b). 

Conversely, assume that 6{ab) = 6{a) V 6(b) for all a, b E R. If 6{axb) ~ t for every 

x E ft. then replacing x by the identity of R, we obtain 6(ab) ~ t. T lms 6(a)V6(b) 2:." t, 
Le., 6{a) ;:: t or 6(b) ~ t, wh ich means that 6 is prime. _ 

Theorem 96 Eve,y l'mper k-ideal of a hemiring R is colltained in some p,w,er in'e

ducible k-ideal of R. 

Proof. Let P be a proper k-ideal of R such that a ¢ P. Let {Pnler E A) be 

a family of all proper k-ideals of R containing P and not containing a. By Zorn's 

Lemma, this family contains a maximal element, say M. This maximal clemcnL is an 

irreducible k-ideal. I.ndeed, let M = Po n P6 for some k~idcals PD, P6 of R. IT AI is a 

proper subset of Pp and P6 , then, according to the maximality of !If, we have a E Po 

and a E P6. Hence a E PB n P6 = ILf, which is impossible. T hus, either 1L1 = Pfj or 

M= P6 .• 

T heorem 97 If all k -idcals of R are idempotent, then a k-itieal P of R is irredrtcible 

if and only if it is prime. 

Proof. Assume that all k-ideals of R are idempotent. Let P be an irreducible 

k~ideal of R. If A8 ~ P for some k-ideals A, B of R, thcn by Proposition 82, A nB = -- ~ AD S;;; P = P. Thus (A n B) + P = P. Since CR is a distribut.i ve lattice, so 
.....-----"--- ...---"-----. ~ ,..-""---.. .......--..... 

P = (AnB) + P = (A+p)n(B + P). So either A + P = P or D +P = P, that is 

either A S;;; P or D S;;; P. 

Convcrsely, if a k~idea l P is prime and An B = P for some A , B E CR. then -AD ~ AB = An B = P. Thus A ~ P or 8 S;;; P. BuL P ~ A and P £; B. Hence 
Ii = POI' B = P. _ 

Corollary 98 Let R be a hcmil'ing in which all k~idcals are itiemlJotent. Then each 

1I1"01,e,· k-ideal of R is contained in some lJ7"Oper prime k-idcal. 
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T heorem 99 Let R be a hemiring in which all /tuzy k-ideals are ldempotent. Then 

a fuzzy k-ideal of R is irreducible if and only if it is k-prime. 

Proof. Assume that all fuzzy k-ideals of R are idempotent. and let 6 be an arbil.·ary 

irred ucible fuzzy k- iclcal of R. We prove that it is k-primc. U A 0 1.: I'" :5 6 for some 

fuzzy k-ideals A,I.' of R then also A A IJ. :5 fl. Since the set :Fen of all fuzzy k- ideals 

of R is a distributive laltice, we have 6 = (A A I.') +1.: 6 = (A + 1.: fl) A (,' +1.: 0). T hus 

A +1.: 6 = fl 0 1' f.t + 1,: 6 = 6. This implies A :5 6 or It :5 6. Hence fl is k-pri me. 

Conversely, if 15 is a k-prime fuzzy k-ideal of nand AA I' = fl for some )..,/., E FLn, 
then A 01,: 1,1 = 6, which implies A :5 6 or 11. :5 6. Since 6 = >. A I.', so we have also 6 :5 A 

and 6 :5 J.L. Thus). = 0: or J.L = 6. So, 0: is irreducible. • 

Theorem 100 The fallowing asse,·tiolls for fl hemi,i.71g R an! equivalent: 

(1) Each k-ideal of R is idempotent.. 

(2) Each proper k- ideal P of R is tbe intersection of nil prime k-ideals of R which 

contain P. 

Proor. (1) => (2) Let P be a proper k-ideal of R and let {Po I 0' E h} be the family 

of all prime k-ideals of R which cont.ain P. Theorem 96, guamntecs t he existence of 

such ideals. Clearly P ~ nnEi\P ... If a ~ P then by Theorem 96, there exists an 

irreducible k- ideal Po such that P ~ Pn and a ~ Po . By Theorem 97 , P .. is prime. So 

there exists 8. prime k-ideal Po such that a ~ Po and P ~ Po. li enee npo ~ P. Thus 

p = nPo · 

(2) => (1) Assume that each k-ideal of R is the intersection of all prime k-ideals of 
,.-..... 

R whi ch contain it. Let A be a k-ideal of n. If A2 = n, then we have A = R, which 
,.-..... ,.-..... 

means that A is idempotent. If A2 -:F n, then A2 is a proper k-ideal of R and so it ,.-..... ,.-..... 
is the intersection of aU prime k-icleals of R containing A2. Let A2 = nPo ' T hen ,.-..... 
A2 ~ Pet for each o. Since Po is prime, we have A ~ PD. T hus A ~ nPo = A2. But ,.-..... ,.-..... 
A2 ~ A. Hence A = A2 .• 

Lemma 101 Let R be a hemiring in whicll each ftuzy k · ideal is idempotent. 1f A is 

a fuzzy k -ideal of R with ).(a) = a, where a is any elemen t of R and a E (0, 1], then 

there erist.s an iT7'Cducible k-prime fuzzy k-ideal6 of R such that A:5 6 and J(a) = 0'. 

Proof. Let A be an arbitrary fuzzy k-ideal of R and a e R be frxoo. Consider tbe 

following collection of fuzzy k-ideals of R 

B ~ V. I ~(a) ~ ).(a) , ), $ I') · 
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l3 is non-empty since A E l3. Lel :F be a totally ordered subset of l3 containing ,.\, say 

F = (Adi E 1) . 
We claim t.hat. V Ai is a fuzzy k-ideal of R. 

lei 
For any x, y E R, we have 

(V A;) (x) A (V A;) (V) = (V A;(X)) A (V Aj(V)) 
,ei le i lE I ,el 

= V (A;(X) A A;(V)) 
,,iel 

<; V ((A;(X) v Aj(X)) A (A;(V) v Aj(V))) 
iJel 

<; V (A;(X + y) v A;(X + V)) 
i,iEI 

<; V A;(X+Y) = (V A;) (x+v)· 
iEi ie l 

Similndy (V A;) (x) = V A;(X) <; V A;(") = (V A;) ( .. oj 
iEI iEI le i iel 

and (V Ai) (x) ~ (V "\i) (rx) for all x,r E R . 
iE I iEI 

T hus V Ai is a fuzzy ideal. 
iEI 

Now, let. x+a = b, where x,a,bE R . Then 

( VA;) (a) A (V A;) (b) = (V A,(a)) A (V (A;(b)) 
lei ,el l e I Je l 

= V (A,(a) A A,(b)) 
; ,jel 

<; V (A;(a) v A;(a)) A (A;(b) V A;(b)) 
i ,iel 

<; V (A;(X) v A;(X)) 
i,jei 

S V A;(X) = (V A;) (x). 
ie/ ie l 

Thus V Ai is a fuzzy k-ideal of R. Clearly A ~ V Ai and (V Ai)(a) = A(a) = Ct. 

iel iEI iEI 
Thus V Ai is t.he least upper bO\Uld of :F. Hence by Zorn's lemma there exists a fuzzy 

i e l 
k-idealo of R which is maximal with respect to the property that A ~ 0 and o(a) = Ct. 

We wiU show that. 0 is an irreducible fuzzy k-ideal of R. Let 0 = 01 A 02 , where 

0),02 are fuzzy k-ideals of R. Then 0 ~ 01 and 0 ~ 02. We claim that either 0 = 01 or 

0 = 02· Suppose 0 =1= 01 and 0 =f:. 02. Since 0 is maximal with respect to the property 

that o(a) = Q and since 0 ~ 01 and 0 ~ 02, so 01{a) =f:. a and 02(a) =f:. o. Hence 

a = o(a) = (OJ A 02)(a) = o lea) 1\ 02(a) =f:. 0, which is impossible. Hence 0 = 0, or 

0 = 02. Thus 0 is a n irreducible fuzzy k-idcal of ll. By Theorem 99, IS is k-prime. _ 

Theorem 102 Each fuzzy k-ideal of II i3 idcI1Ilwte1tt if and only if rodt fuzzy k -idool 

of R is the intcf·section of those k-p1-ime fuzzy k -ideals of R which contain it. 
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Proof. Suppose cach fuzzy k~ideal of R is idcmpot.cnt.. Let. >. be a fuzzy k~ideal of 

It and let {>.(t I Q" E A} be the family of all k~prime fuzzy k~ideals of n which cont.ain 

>. . Obviously >';5 A ).(t . We now show that A ).0 ;5 ).. Let a be an arbitrary 
oEA oEA 

clcUlen~ of R. Thon, by Lemma 101, thoro exists an irreducible k-pl'ime fuzzy k-idcal 

0" such that). ;5 0" nnd ).(a) = 6((1,). Hence 6 E Po I 0' E I\} alld A ).(t :5 6. So, 
.Eh 

A '\o(a);5 6(a) = ,\((1,). Thus A ).0;5).. Therefore A )." = ).. 
oEA (tEA oEA 

Couversely, assume that cach fuzzy k-ideal of R is the intersection of those k-prime 

fuzzy k- ideals of R which contain it. Let). be a fuzzy k-ideal of R then). 0 1;). is also 

a fuzzy k-idcal of n, so 

A 01; ). = A ).(1' where Ao are k-primc fuzzy k-ideals oC n. Thus each Ao contains 
o , A 

).1') 1; A, and hcnce A. 50).;5 A ).0 = ). (-)'\', but '\' 0 k'\'::; >. always. Hence.A = ). 0 k'\· 
o,A 

• 

2.5 Semiprime k- ideals 

Definition 103 A pl'Ol'e" (left, right) k-ideal A of R is called semiprime if for any 

(left, ,"ight) k -ideal B of R, 8 2 ~ A implies B ~ A. Similarly, a non-constant fuzzy 

k-ideal A of R is called sem'iprime if for any fuzzy k-ideal 0" of n, 0 0k 0" ;5 ,\. impliC3 

6 ~ A. 

Theorem 104 A (left, ,i.ght) k-ideal P of lL hemili.ng R fuith idellt'ily is semipl"ime if 

ami only if f01' every a E R f1'01I1 aRa ~ P it follows a E P. 

Proof. Proof is similar to the proof of Theorcm 88. • 

Corollary 105 A k-idool P of a commutative hemi1'ing R with identity is semiprime 

if and ollly if for all a E R from a2 E P it follows a E P. 

Theorem 106 The following assertions for a hemiring R a1't equivalent: 

(1) Each k-ideal of R is idcmpotent. 

(2) Each k-ideal of R is semiprimc. 

Proof. Suppose t.hat cach k-ideal of R is idempotent Let A , B be k~ide81s of R 

---- ---- ----such that 8 2 ~ A. Then 8 2 ~ A = A. By hypothesis B = 8 2 , so B ~ A. Hcnce 

A is semi prime. 

Conversely, assume that eadl k-ideal of n is 5cmiprime. Let A be a k~ ideal of R, 
r"'2' ............... ,-.... 

then A is a k-ideal of R. Also A2 ~ A2. Hence by hypothesis A ~ A2. But 

---- ----A2 ~ A a.lways. Hence A = A2. • 
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T h eor e m 107 Each Juzzy k-ideal of n is idempotent if and only if each fuzzy k -ideal 

of n is semiprime, 

Proof. For any fuzzy k-idcal ~ of R we have>' 0 h >. ~ >.. If each fuzzy k-idcal of 

R is semi prime, then >. (:)" ). ~ >. 0 " >. implies >. ~ >. 0 " >.. Hence>' 0 1. >. = >.. 

The converse is obv ious. • 

Theorem 104, suggest the following definition of semiprime fuzzy k-ideals. 

Definition lOa A 110n-constant fuzzy k-ideal 6 of R is called semi1J1'ime ( in the 

second sense) if f01' all t E [0, 11 and a E R the following condition is satisfied: 

if 6(axa) ;?: t for every x E R t.hen 6(a) ;?: t . 

Theorem 109 A non-constant fuzzy k -iclcal 6 of R is semipr'ime in the second .~ense 

if and only if each its JntlJlCr non-cmpty leuel sct. U(6; t) is a semipdme k -idcal of R. 

Proof, Proof is simi lar to the proof of Theorem 93 • 

Coro llary 110 A fuzzy set >'A defined in Proposition 69 is a semiprime fu zzy k-idcal 

oj R in the second sense iJ and only iJ A is a semiprime k-idcal oj R . 

In view of the Transfer Principle the second deHnition of sem..iprime fuzzy k-ideal 

is better. Therefore fuzzy k-ideals which are semi prime in the first sense should be 

called k-scmiprime. 

Proposition 111 A non-constant fuzzy k-ideal 6 of a commutative hemiring R with 

i(lentity is semiprime iJ and only if 6(a2 ) = 6(a) for every a E R. 

Proof. Proof is similar to ~he proof of P roposition 95. • 

Every fuzzy k-prime k-ideal is fuzzy k-semiprime k~ ideal but the converse is not 

true. 

Example 112 Considc1' the hemi1-ing R = {O, a, b, c} defined by the Jollowirlg tables: 

+ 0 a b c 0 a b c 

0 0 a b c 0 0 0 0 0 
a a b c a a 0 a b c 

b b c a b b 0 b b c 

c c a b c c 0 c c c 
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This hemiring has two k-ideals {O, c} and R. Obviously these k-ideals al'e idem po

tent. 

For any fuzzy ideal ..\ of R and any x E R we have >'(0) 2: >.(x) ~ >.(0.). Indeed , 

,1(0) ~ ,I(Ox) ~ ,I(x) ~ ,;(xo) ~ ,1(0) . Thl, togethee with ,1(0) ~ ,I(b + b) ~ ,I(b) A 

,I(b) ~ ,I(b) Implies ,1(0) ~ ,I(b). Consequently, ,I(e) ~ ,1(0 + b) ~ ,1(0) A ,I(b) ~ ,I(b). 
Therefore >'(0) 2: >.(c) ? >.(b) = >.(0.) for every fuzzy k-ideal of tIllS hemiring, 

Now we prove that each fuzzy k-ideal of R is idempotent. Since >' 0 .1,:>' .5 >. always, 

so we have to show tbat >. 8 k >. 2: >.. Obviously, for every x E R we have 

(,I 0 , ,I)(x) ~ '" sup " ,,[;0, (,1(0;) A ,I(b;)) A i0, (.I(oj) A ,I(bj) l] 
x+ I: fI;bl = I: a;bJ i~ 1 ;_ 1 

> sup [,I(e) A ,I(d) A ,1(0') A ,I(d')[ ~ ,I(e) A ,;(d) A ,1(0') A ,I(d'). 
z+cd= c'd' 

So, x +cd ~ dd' Implies (,1 0 , .I)(x) ~ ,I(e) A.I(d) A ,1(0') A ,I(d'). Hence 0+00 ~ 00 

implies (>. r:J1.; >')(0) 2: >'(0). Similarly a + bb = bc impHcs (>. 0 1.; >.)(0.) ? >.(b) A >.(c) = 

,I(b) ~ ,1(0), b+ 00 ~ be Implies (,1 O, ,I)(b) ~ ,1(0) A ,I(b) A ,I(e) ~ ,I(b). Analogously, 

from c + 00 = cc it follows (>. (~k ,\)(e) 2: >'(0) A >.(e) = >.(c). This proves that 

(..\ 0 .1,: >.}(x) ? >.(x) for every x E R. Therefore>. 0 .1,: >. = >. for every fuzzy k-ideal of 

n, which, by Theorem 106 , means that each fuzzy k-ideal of R is semi prime. 

Consider the following three fuzzy sets: 

,1(0) ~ ,I(e) ~ 0.8, ,1(0) ~ ,I(b) ~ 0.4, 

,,(D) ~ ,,(e) ~ 0.6 , '«a) ~ ,,(b) ~ 0.5, 

,(0) ~ ,(e) ~ 0.7, '(0) ~ ,(b) ~ 0.45. 

These three fuzzy $Bts arc idempotent fuzzy k-idcals. Since all fuzzy k-ideal of this 

hemiring al'e idempotent, by Proposition 82, we have >'0 kJt = >'Aft. Thus (>'0 kJt){O) = 

(,I 0 , ,,)(e) ~ 0.6 and (,I 0 , ")(0) ~ (,I 0 , ,,)(b) ~ 0.4. So, ), 0 . I' S , but ndth" 

>. ~ a Ilor J1. ~ 0, that is 0 is not a k-prime fuzzy k-ideal. 

2.6 P rime Spectrum 

Let R be a hemiring in which each k-ideal is idempotent. Let £(R) be t.he lattice of all 

k-ideals of Rand peR) be the set of all proper prime k-ideals of R. For each k-ideul 

I of R define Of ~ (J E P(ll) , I i J) and \l(P(Il )) ~ (OJ' J E L(ll)}. 

Theorem 113 The sct D' (P(R)) forms a topology on the sct 'peR). 

Proof. Since OrO} = {J E peR) : (O} <t. J} = ¢, where ¢ is the usual cmpt.y set , 

because 0 belongs to each k-ideal. So cmpty set belongs to S (P(R)). 
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Also OR = (J E P(R): R % J} = P(R}, because peR) is the set of 811 proper 

prime k-ideals of R. Thus peR) belongs to lJ (P{R)). 

Suppose 011'011 E ,;){P(R)) where II and 12 arc in C(R). Then 

01, nOll = (J E peR) : II % J and [2 i. J}. Since each k-idcal of n is idempotent 

so hl'l=Ilnh T hus 01, nOh = OJ,nh' SoO/,nOh beiongsto ('r-(P(R)). 

Let {91,} ieE be all arbitrary family of members of U (P(R)) . Theil 

U Of, = U {J E P{R) , I , i J) = {J E P(R) , 31 E n '0 that I, i J) = 
.en 'En 
o E II! where .E Ii is the k-ideal generated by ,U I i. 

len 'En 'En 
Hence ~ (P(R» is a topology on peR) . • 

Defin ition 114 A fuzzy k-ideall' of a hcmirill9 n is said to be nOfmal if there exists 

x E n such that J1. (x) = 1. If J1. is a normal Jltzzy k -icleal of R , VI.en IL(O) = 1, hence 

IJ. is nonnal if and only if 1-' (0) = 1. 

Theorem 115 A fuzzy subset 6 of a hcmirifl9 R is a k-prime fuzzy left (right) k -ideal 

of n if and only if 

(i) 6° = (x E n: o(x) = 6(0)} is a prime left (right) k-ideal of n. 

(ii) Im6 = (6(x) : x E R} contains exactly two elements 

(iii) 6(0) = l. 

Proof. Let 6 be a k-prime fmzy lert k-idcal. 

(i) Infact 0° is a prime left k-ideal, because for x, y E 5°, 6 (x + y) ?: 5 (x)" 5 (y) = 

6 (0) implies that x + y E 6°. Also fol' each x E nand y E 0°, 5 (xy) ?: 0 (y) = 0 (0) 

implies that xy E 6°, Now for a,b E 6° and x E Il, x + a = b. Since 0 is fuzzy left 

k· id.ai '" 6(x) ~ 6(n) A o(b) = 6(0), implies 'hat 6(x) ~ 0(0) and 6(x) :<; 0(0) 
always hold, so 6 (x) = 6 (0) implies that x E 6°. Hence 6° is a left k-ideal of R. -Let A, B be left k-ideals of R such that AB ~ 6°, t hen XA, Xu' the characteristic 

function of A, B, are fuzzy left k-ideals of R, such that. 

Let us derule 
if x E A 

( ) _ { 6 (0) 
XA X - o otherwise 

{ 
6 (0) 

x." (x) = o otherwise 

xn(x)= { ~(O) if x E B 

otherwise 

then X~o ~ 6, implies that XA ~ 6 or Xu ~ 6, s ince 0 is k-prime. 

and 

Thus XA :$ X60 or Xu ~ X60' Hence A C;; 6° or B ~ 0°. Thus 6° is a prime left 

k-ideal of It 
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(ii) Suppose that ImO" contains more than two c1cment.s. Then there exist two 

clements B, b E R\6° such that 0" (a) :# 0" (b). We nsswnc that 0" (a) < 0- (b). Since 0-

is a fuzzy left k4 ideal and b rf:- 6° , it follows that 0- (a) < 0- (b) < 6 (0) . So there exist 

",t E [0,11 such that 

6(a) < r < 6(0) < t < 6(0) (2.3) 

Let. II and w be fuzzy left k-ideals defined by I' = "X(o) a nd II = tX(b), where 

X(,,), X(lt) are characteristic functions of ideals generated by a and h, respectively. Then, 
011 " 

for any x E R, which cannot be expfcssed in the form x + L: ajhj "" L: a:b: ' whefe 
; _ 1 ;=1 

aila: E (a) and bj ,bj E (h) I we have (p.0k II)(X) "" O. Otherwise 

7\ ,.(a;)] A [7\ V(b;) ] A 
1:1 1", 1 

1- ,«a;)] A [1- V(O;)] = ,. At = r. 

) : 1 )=1 

(,, 0 , v)(x) = v 
m ", , 

Since 0- is a fuzzy left k-ideal, from x + L: Bibj = L: Bjbj it follows that 
i", 1 ; _ 1 

So, 1J. 0k II 5 6, implies that l' :$ 6 or II ::; 5 because 6 is a k-prime fuzzy left k- icleal. 

Therefore ~l(a) =,. $ o(a) or /I (b) = t $ o(b) which contradkts to 2.3. T hus, Lmo 

contai ns exactly two elements. 

(iii) Su ppose that 6 (0) :# 1. T hen, according to (ii) I Lm6 = {(r,P), where 0 '5 0: < 
(3 < J, Sin ce 0- (0) = 5 (0· x) '2': 0- (x) fOl' all x E R, we have 5 (0) = {3. T hus 

{
/3 ifxec5°, 

;(x) = 
Q otherwise. 

Consider, for ftxed a E c5 0 nnd bE R\o-°, two fuzzy subsets 

/13; = nndllx = () { t ;[ x E (a) , () {t ;[ x E (0) , 

o otherwise. 0 otherwise. 
where 0 S Q < r < (3 < t 5 1. 

It. is clear that I~ and II are fuzzy k-ideals of R. 
m " 

H x does not satisfy the equality x + L: Bibi = L: a:bj , where ai, aj E (a) and 
i=1 ;:1 

btl hj E (b) I then we have (Jt 0k v)(x) = O. Otherwise 

6,,(a;)] A [6 V (0,)] A 

1- ,,(a;)] A [1- U(b;)] = ,. At =,.. 
1=1 ,,", 1 

v 
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By (i) 6° is a prime left k-idcal of R. If ai ,a~ E (a), t.hen a" a~ E 0'0 because 

a E 6° and (a) S;; 6°. T lus implies x E 6°, Thus 0" (x ) = fJ > r = (J.L 0 k I/ )(X). Therefore, 

IL 0 k II $. 6. But./.L(a} = t > /3 = 6(a} and v(b) = r > Q = 6(b) , which gi ves I' 1. 6 
and /I ¥: 6. This contradicts to the assumption that. 0 is k-prime fuzzy left. k-ideal of 

ll. Hence 6 (0) = 1. 

Conversely, assume that. t.he above condit.ions are satisfied. Thon 6 (0) = 1 and 

ll1lo = {a,l} for somo 0 $ 0' < 1. Moreover, 6(x+y) ~ O'(x)1\6(y) forx,y E R 

because if J (x + y) < 6 (x)1\6 (y) t.hen 6 (x) = 0' (y) = 1, that is, X,V E 6°, implies t.hat 

x-l-y E 6° implies Lhat 6 (x + y) = I, which is impossible. Similarly 6 (xy) ~ 6 (Y)Sillce 

6 (y) = 1 implies xy E 6°, whcnce 6 (xy) = 1. This moans that 6 is a fuzzy lefL ideal of 

R. If x+a = b for x,a,b E R t.hen 6 (x) ~ 5(a)1\6 (b) because if 5(x) < 6 (a)1\6 (b) then 

6(a) = 6(b) = 1, that is, a,b E 6°, implies that x E 6° implies that 6(x) = 1, which 

is impo5sible. Hence 0 is a fuzzy left k-idcal. 5 is prime, Lct }J,II be two fuzzy Icft 

k-ideals of R such that 1,0 k II ::; 0, and 11. f, 0' and /I 1. o. Asswne that I' (e) > J (c) and 

/I (d) > 0' (d) for some c, dE R. It is possible only in the case when 6 (c) = 6 (d) = 0' , i.e. 

whcn c, d ¢ 6° , Since 6° is prime, then there exists l' E R such that crd ¢ 6°, Othenvise, 

~-cnd S 6°, whence (Re) (nd) ~ 6°, So, (Re) (Rd) ~ 6° = 6°, becQuse 0'0 is a left k-
~ ,-.........--.. ,-.........--.....----"----, ..............,..--.. 

Ideal of R .. Mo."eov,,", (Re) (Rd) S; (Re) (Rd) ~ (Re) (Rd) " Tim, (Re) (Rd) S; 6°, and ..--.. ..--.. .---..... ..--.. 
COIl.Sllq uently (Rc) ~ 6° or (nd ) ~ 6°. [n the fi rst case (c) (c) ~ (R c) ~ 6°, whence - -(e) ~ 6°. So, e E (c) E (c) ~ dO, This is contradiction. Also t.he second case yields a 

contradict.ion. 

Let a = cl·d. Theil 6 (a) = a . Thus, by the assumption 

(2.4) 

Obviously a -I- crd = 2crd. Thus a + (c) (rd) = (2c) (rd) , Therefore for a = crd we 

have 

(" "" ")(0) ~ v 

since p.(c) > Q and v(d) > a, 

This contl'8dicts 2.4. Hence for any fuzzy left k-icleall, it and v of n, /t 0 k /1 $ 6 

implies It :5 6 01' /I $ o. This completes the proof. _ 

Corollary 116 Every k -TJI'ime Juu.y k -idcal oj a hernir"ing is nonnal, 
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Let n be a hemiring in which each ftl zzy k-ideal is idempotent , L.n the JaUice 

of fuzzy normal k-ideals of nand F PR the set. of all proper fuzzy k-prime k-ideals 

of R. For any fuzzy norm al k-ideal ). of n, we define 0), = til E FPn : >. f, Il} and 

T (FPR) = (0, , >. E Ln) . 
A fuzzy k-ideu\ ). of R is called proper if). f- R, where R is the fuzzy k- ideal of n 

defIned by R (x) = 1, '>:Ix E R. 

Theorem 117 The set r (F Pn) /01'lIlS a topology on the set FPn. 

Proof. (1) 0 ... = {Il E FPn; <l! 1= It} = ¢, where 11 is the usual empty set and 

iI' is the characteristic function of k-ideal to} . This follows since each k-primc fuzzy 

k-idca\ of n. is normal. Thus the empty subset belongs to 1" (FPn). 

(2) OR = {It E F p/! : R 1= J.L} = :F PRo This is true, since F PR is the set of proper 

k-prime fuzzy k-ideals of R. So OR = FPn is an element of r (FPn). 

(3) Let 06 1.°"2 E r{FPn) with 0, ,02 E L.n. 

Then 

0", n 062 = {It E FPn : 0, ~ tt and 62 $- Il} 

Since each fuzzy k-ideal of n is idempotent, this implies 0,62 = 0, /\ Ih . Thus 

(4) Let us consider an arbitrary family {od ie! of fuzzy k-ideals of R. Since 

Uie /O"i = UiE! {It E F Pn : 6; ~ Il } = {It E FPn ::is k E I so that Ok ~ It } 

Note that 

where al. U2, ... bl • hz ..... E iland only a finite number of the ais and bis nre not zero. 

Since 0; (0) = 1, therefol'e we nl'e consideri ng the infimum of a finite number of terms 

because l's are effectively not being considered. Now, if for some k E 1, Ok ~ tt. then 

there exists x E R such that 15k (x) > JL(x). Consider the particular expression for S: 

ill wh ich ak = x, bk = 0 and Q. = hi = 0 for all i i- k. We see that Ok (x) is an element 

of the set whose supremum is defined to be (2:.E1 &i) (x). 

Thus (:LiEI &i) (x) ~ Ok (x) > I'{x). This implies (L:.
E1 

&i) (x) > It(X) that is 

2:IEI O. ~ It . 
Hence Ok 1= p. for some kEf implies 2:iEI OJ ~ It. 
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Conversely, suppose that L'EI 0, 1=- Il then there exists an element. x E R such that 

(L:;" 5,) (x) > ,.(x). 
TillS means that 

V (5d.,)A5,(.')A .... 5,(b,)A5,(b,) A ... ) >,,(x). 
%+(1, +a2+····..,b, +b,+ .... 

Now, if all the elements of the set (whose supremum we arc taking) are individually 

less thau are equal to Il(X), then we have 

(2:: 5,) (x) = V {5daol A 5,{.,) A .... 5dbol A., (b,) A ... ) 
lei :>:+", +a2+ .... a b\ +~+ .... 

~ ,,(x) 

which does not agree with what we have asswncd. Thus, there is nt least one element 

of the set ( whose supremwn we ure tak ing), say, 

( x +a~ + a~ + .... = b', +~ + .... being the corresponding breakup of x, where only 

a finite number of a~s aud lI;s arc not zero.) 

Thus, 

6, (a;) 1\62 (a;)I\ ..... 61 (b;) 1\62 (~)I\ .... > Il(X) ~ III (a'1)NI2 (a;)A. ... ,tJ (b',)1\112 (b;)A .... 

Let 

and 

lJ.j (a;) I\1t2 (a;) 1\ ....... /1' (b;) 1\ IJ2 (~) 1\ ...... = IIp (x~) where pE I 

So, 6p(x;,) > IIp(X~) it follows that 6p ~ Il for some 7JE I. 

Hence L;el 6; i I" implies that 6p ~ J.l. for some p E J. 

Hence the two statements (i) L
i e/

6; 1=. 1" and (ii) op 1=. I" for some pEl are 

equivalent. 

Hence 

U'EI 06; = UiEI {I" E FPn : 6, 1=. I"} = U;EI {11 E FPIl : L o. ill } = 0E
iEI 

Ii 
lEI 

because, L:;el 0; is also a fuzzy k-ideal of R . 
T hus, UiE/(}61 E l' (FPIl). 
Hence it follows that l' (FPn) forms a topology 0 0 the set F Pn. _ 



Chapter 3 

Characterizations of hemirings 

by the properties of their h-ideals 

In 131. J.Ahsan studied t.hose hcmirings fo r which each ideal is idempot.ent. In {51 

those hcmirings are studied for which each fuzzy ideal is idempotent. tn this chapter 

we characterize hcmirings in which each h-idcal is idempotent. Vve also characterize 

hcmirings for which each fuzzy It-ideal is idempotent . 

3.1 h-intrinsic product of fuzzy subsets 

Recall that the h-intrinsic pmduct of two fuzzy subsets I' and v on R is 

m " 
and (" !:.)/. II)(X) = 0 if x (;all not be expressed as x + L aib. + z = L a~b~ + z. 

;0::1 j = 1 

Theorem 118 If >. alld I' are fu.zzy h -id'ruls of n, Ulcn so is >. Gil I" Morcovc)', 

). 0 h I' ~ ). 1\ /L. 

Proof. Let). and I' be fuzzy It-ideals of R. Let x, YEn, then 

m " 

(), 0h1')(X) ~ _ sup" (1\ (),(a;) A ~(b;)) A 1\ (),(a;) A ~(b;)) 
.1:+ L4/bi +z= E o'-b' +z ;= 1 ;=1 

i _ I i. ,'1 
and 

p q 

(), ('>h ~)(y) ~ ,'Up ( 1\ (),(Ck) A ~(dd) A 1\ (),(e;) A ,.(d;») 
JI+EC.d.+z'=tc;di+z' k= 1 1= 1 

... 1 1.1 

42 
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T hus 

(~(')'I')(X+Y) ~ "sup"" C0, (~(e.)~~(J.))~L (A(C;)~I.(J;))) 
%+v+ '£,~.I.+="" '£,f!d, +~ .-. .-. 

.0, (~(a;)~l'(b;)) ~ 

L 0(aj) ~ "(l';))~ 
k6, (>'(Ck) ~ l'(dk)) ~ 

sup sup ,. . 
%+ '£,";"' +~- E .. j"~+z 

, . . i _ i 
L ,.1. ' d' , 1/+ ,Lc ... d ... +z .. ,Lc •• +z ... ... , ... 

A (>.(,;) ~ l«d;)) 
,~ ' 

~ ,. suP." (6, (~(a;) ~ l,(b;)) ~ L (>.(aj) ~ i'(bj)) 
~+ '£,nib,+z= '£,o;b .+z 

10. \ i "" J 

Similarly, 

~ sup ( A (~(a;) ~ l.(b;)) ~ A (~(a;) ~ l,(bj)) 
'" ~ , , 1'=1 ; = 1 

%+ '£,o ;bl+~e EOJb;+z 
•• • J '" 

~ (~ O, I')(x) 

Analogously we can verify that P. 0h ,u)(rx) 2: (oX 0 h It)(X) for all r E R. This 

mealls t.hat oX 0 h J.L is a fuzzy ideal of R . 

To prove that. x +a+ y = b+y implies (,\ 8 h I.£)(X)?: (oX 0 h It)(a ) 1\ (oX0h It)(b) , 

observe that. 

on .. I p 

a+ I:aib; + Z\ "'" I:ajbj +Z I and b+ LCkdk +'<:2 = Lc~d; + z2, (3.1) 
j ... \ k= 1 q:oo l 

together with x + a + y = b + y, gives 
m m 

x+a+ (LBibi + z!) +y = b+ (L:>ibi + zd +y. 
i= 1 

Thus, 
• m 

x+ L:>jbj+zl +y=b+ Laib.+zl +y 
j c \ i_ I 
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8I ld, consequently, 
l! " I I m 

x+ L:: ajbj + (L: ckdk + 2:2)+ 2:1 +y = b+ (L: ckdk +Z2) -I- L: a,bi +;::1 +y 
j= 1 k= 1 k-= I ;= 1 

p m 

= L C~d;+2:2 + La,bi-l- z l +y 
q= 1 ;= 1 
m p , , 

= L aib; + L cqdq + 2:2 + ZI -I- y. 
i=1 q= 1 

Therefore, 

l! I m l' 

:z; -I- L:ajbj + 2:: Ckdk + 2:2 -I- %, + y = LUlb; + Lc~d; + 2:2 -1- 2:1 + y. (3 .2) 
j = 1 k::l ;= 1 q= 1 

~:::'::);~:'::: :hl:')::~~3(2)'~h':~p" [ti~I(>.(ai:A/'(bi :)l)l]) 
a+ .DJi"' +«= I:a'/I~+z 1\ /\ (),{aj)I\j.t(bj ) 

I. , j., 1 i_ I 

A ( ,up ( A (>'(cd A ~(dk)) A A (>'(c;) A II(d;))) 
11+ tc.d.+%,-Ec;di +2' k=1 1. 1 

• • 1 1. , 

A (>'( ai) A/I(b.)) A 
1=1 

A (>.(aj)A I.(bj )) A ,-I 
A (>'(Ck)A I,(dk)) A 

k=1 

sup sup ~ 

A (>' (C;)A I,(d; )) '_I 
S , ' UP ' " UI( >'(g. ) A ~(/ •• )) A 161 (>'(9;) A 11(11;)) ) 

>:+ E g.h.+%= I: 9,",+z 
. .. 1 1. 1 

~ (>'I;)h ~)(x) . 

T bus (), 0 "l-t)( a) 1\ (), 0 h ,t)(b) :s (), 0 h Il)(x). This completes the proof that (), 0 h 11) 

is a fuzzy h-ideal of R. 

By simple cnlculo.tions we cnn prove that), 0 ,. 11. :5 ), 1\ It. • 

3.2 Idempotent h-ideals 

The concept of h-hemil'cgulal' of n hem iring was introduced in 1491 as a generalization of 

tbe concept of regular semiring. From results proved in 1491 (see Theorem 44) it follows 

that in un h-hcmiregular hemiring every h-ideal A is h-idcmpotcllt, that is iTA = A. 
On the other hand, Theorem 45 implies that ill such hcm.irings we have>. 0 h ), = >. 

for all fuzzy It-- ideals ), . Fuzzy h-idcals with this property is called h -idcm,1Dtcnt. 
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Proposit ion 119 T/~e followi"9 statemenl.3 are equivalent: 

1. Each It-ideal of R is It-idempotent. 

2. An B = IfB for each pair A, D of h-idcals of R. 

3 . .:t E R.:tR:xR for every .:t E R. 

4. A ~ RARAR for every non-em pty A ~ R. 

5. A = RARAR for every h-ideal A of R. 

Proof. Indeed , by Lemma 9, IfB ~ An B for a ll It-ideals A, B of R. Since A nD 

iSM h-ideal of R, (1) implies AnB = (A n B )(A nD) ~AB. Thus A nB = AB. So, 

(1 ) implies (2) . The converse implication is obvious. 

It is clear tha t the smallest. h .... ideal of R containing x E R hus the form 

(x) = (x) = Rx + xR + RxR + Sx, 

where Sx is a fillite sum of x's. If ( l ) holds, then (x) = (x) (x) = (x){x). Consequently, 

x = 0+ x E Rz + xR+ RXR+Sx 
= (Rx +xR+ RxR+ Sx)(Rx+xR+ RxR+ Sx) ~ RxRRxR ~ iuRxR 

for every x E R. So, (1) implies (3). Clearly (3) implies (4). II (4) holds, then for 

every It-ideal A of R we have A = A ~ RARAR ~ AA ~ A = A, which proves (5) . 

The implicat.ion (5) => (1) is obvious . • 

As a consequence of the above result and Theorem 44 we obtain t.he following 

charact.erization of 'v-hemiregulari t.y of commutative hemirings. 

Corollary 120 A commutative hemiring is h-hemiregulm' if and only if all its h-ideals 

af'e It -idempotent. 

Proposition 121 The following statements an; equivalent: 

1. Each fuzzy It-ideal of R is idempotent. 

2. ). 0 11 It = ). A I ~ for all fuzzy h-ideals A, p. of R. 

Proof. Let ). and I~ be fuzzy h~ ideals of R. Since). AlA is a fuzzy It-ideal of R such 

that). /I. It 5. ). and). /I./A 5. p, Proposition 31 implies (). A/A) 0 h (). A 1-') 5. ). 0 h Jt. 

So, if). A I-' is nn idempotent fuzzy It· ideal, then), A I-' 5. ). 0 h I~, which together with 

T heorem 118 gives). 0 h It = )." I~. T IllS means that (1) implies (2). T he converse 

implication is obvious. • 

Comparing this Proposition with T heorem 45 we obtain 
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Corollary 122 A commutative liwlif"iug is h-hem'ircgular if and on.ly if all its fuzzy 

It-ideals are idempotent, Or equivalently, if and only if A 0 h I" == A/\ 11. holds for all its 

fuzzy It-ideals A,I.I.· 

T heorem 123 For licmiri71gs with identity the following statements are equivalent: 

1. Each h-ideal of n is h-idempo~ent. 

2. An B = AD for each pair A, B of It-ideals of R . 

3. Each fuzzy h-ideal of R is idempotent.. 

4. A 0 h It = ). 1\ 11. for aU fuzzy It-ideals A, 11. of R. 

Proof. (1) ¢:} (2) by Proposition 119, (3) <=> (4) by Proposition 121. To prove 

that. (1) and (3) are equivalent. observe that the sOlallC5t Ilr ideal cont.aining 2; E R 

has the form fuR. Its It-closure R.xR is an h-ideal. Since, by (1), aU Ilrideals of 

n are h-idem potent, we have Rxll = (Rxn)(RxR) = R.xRRxR (Lcllmla 8). Thus 
-- .. ~m ~fl"" I x E R.xR = RxRRxR Implies x + £"'1=1 rjxsjtljxlj + Z = '-'i= 1 rjxsjujtj + Z,. or some 

rioSi,Uj,ti,r;,s~,u~,t~,z E R. But, by Theorem 118, for every fuzzy h-idea! of n we 

have A 8h A ::; A. Now 

'" 
A(X) ~ A(X) A A(X) $/\ (A(r,xs,) A A(",X',»). 

;= 1 

AI", 
" 

A(X) ~ A(X) A A(X) $ /\ (A(r;xs;) A A(U;X';») . 
j = 1 

Therefore 

A(X) $ [,0, (A( "xs,) A A( U;X,,»] A [L (A( r; .. ;) A A( ,,;X,;») ] 

[ [
,0, (A(r'X5;) A A(u,x',)I] ] 

$ - • )] :t+.f: rj%~iu,'Eli+~-.f:. r;:",~u~t;+z 1\ .f\. (A(rj2;8~) 1\ ~(u~xt~) 
... 1 J",I J=I 

~ (A (-11, A)(X). 
Hence). :s A1:Jh A, which proves A 0 h A = A. So, (1) implies (3). 

Conversely, nccording to Proposition 26, the characteristic function XA of uny IIr 

idea! A of R is a fuzzy Ilrideal of R. If it. is idempotent, then XA = XA 0 h XA = Xn 

(Proposition 31). Thus A = )fA and so (3) implies (1) . • 

Now we define t.he Ilrsum of fuzzy subsets of a hemiring R. 
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Definition 124 Thc Ihsum A +h J.I. of flUzy subsets >. amll.l. of R i.s defme(l by 

Tbeorem 125 11LC It-sum of fuzzy h-idcals of R is a fuzzy h-7(lool of R . 

Proof. Let >., IJ, be fuzzy h-ideals of R. T hen for x, yEn we have 

(.\ +" p)(.) A (.\ +h ,.)(y) ~ sup ( .\(a.) A .\(.,) A I,(b,) A ,,(11,)) 
:o:+(a , +h }""=(!I~+b:i)+~ 

Similarly, 

A sup (.\( a;) A .\(.,) A ,.(11,) A ,.(11,)) 
~+(fl\"· V.)+~'=H+~)+:.' 

~+(oj +I>j) +.:'.: «(12 + b~) +~' 

sup 
%+(01 +bt )+:=(02+bz)+:. 
,,+ (oj +/,',)+:.' - (02 +"2)+:.' 

.\(a,) A .\(a,) 1 
A,.(b.} A ,.(11,) 

A.\(a;) A .\(.,) 

A,.(II, ) A ,'(112 ) 

( 
>.(al + aD /I. >.(a2 + (12)/1. ) 
IJ(bl + bD /I. Jl(1n + b2) 

$ " 'P [.\(c,) A .\("') A ,.(d,) A ,.(d,)[ 
(%+,,)+(c:\ +dl )+z":(C,+d2)+:" 

~ (.\ +h/')(' + y). 

(.\ +h p)(.) ~ sup (.\(a,) A .\(a,) A ,.(b,) A ,.(11,)) 
%+(fll +0,)+:=(02+/>;1)+: 

~ sup (>.(m!l/l.>'(Ta2)/l./J.(rbl)I\J.L(r!Jz») 
:a:+(u . +bl)H=(fl2+b,)+: 

:5 sup (>.(a'{) /I. >.(a2) /l./J.(I/{) /l. /J.(b2») 
r%+(aj' +17j')+:." = ( II~ +11; )+:" 

~ (.\ +h p)(rx). 

Analogously (>. +h JL)(x) :5 (>. +/.Jl)(xr). This proves that (>. +h J.I.) is a fuzzy ideal 

of R. 

Now we show t.hat. x+ a+ z = b+ z implies (>. +h JL)(x) ~ (.\ +h I,)(a) 1\ (,,\ +h JL)(b). 

For th is let. a + (al + bd + z\ = (az + b-z) + %1 aud b + (e l -Hld + %2 = (Cl + dz ) + Z2· 

Then, 

whence 
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Consequently 

and 

Thus 

Le., x + (a' + 1/) + z' = (a" + b") + z' for some ai, b', a", 1./' E R. Terefore 

(,; +, I') (a)A('; +, I') (b) = ( ,up (,;(all A ,;(a,) A I,(b , ) A ,,(b,»)) 
O+(RI +b. )+Z I ""(R~+~)+Z I 

A ( ,up (,;(e,) A ,;(c,) A 1,(dIl A I,(d,»)) 
to·He. +dl)+.fl=(Cl+d2)+~l 

( 
,;(a,) A,;(a,) A I,(b,) Ap(b,)A ) 

= SLIp 

0+(0. +bd+.f, "' «(12+~)+ZI ).(Cl) 1\ ).(C2) 1\ Jt(d ) 1\J.t(d2) 
b+ (el +dl)+Z2 _ (':2 +d,)+z, 

Slip 

R +(n, +b. ) +~ , .. (0., +~) +"1 
0+(':, +d.)+ .. , - (Cl +d2}+.f2 

:5 sup !).(a') 1\ ).(a") 1\ 1J.(b') 1\ J.t(b")] 
%+(R'+V)+~'''''(o'' +V')+ .. ' 

= (,; +" ,')(X), 
Thus ). +11 fJ is a fuzzy Ilrideal of R. • 

Theorem 12G If aU h·ideals oj Rare h-idempotent, thell the collection 0/ all IJ·ideals 

0/ R forms a C07nlJiete Bl"Ouwerian lattice. 

Proof. The collection £R of aJlI&-idea\s of R is a poset under the inclusion of sets. 

It is not difficuiL to see that £/1 is a complete lattice under operations U, n defmed as 

AUD = A+B and AnD = AnD. 

We show that £n is a Brouwerian JaUice, that is, for any At B E en, the set 

£n(A, 8) = {I E .en JAn I ~ B} contains a greatest element. 

By Zorn's Lemma the set £n(A,B) contains a maximal clement M. Since each 

h-ideal of R is It-idempotent , A1 = A n J ~ Baud --;;rM = A n NT ~ B (Proposition 

119). Thus Al + AM ~ B. Consequently, lIT + AM ~ B = B. 
Since! +M = IUM E Cn, for every x E 1+ AI tberecxistiJ,i2 E I , 7n1,f"n2 E M 

nnd % E n such that x+ i l +ml + z = i2 +m2 + z. Thus 
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for any d E D E Ln. As di"di2 E OJ, dm"d7l1.2 E DM, dz E Il, we have 

fix E DI + OM, which implies D (I -I- 111) ~ OJ -I- DM C DI + OM ~ B. Hence 

o (1 +M) ~ D. T his means that D n (I + M) = D(I +M) ~ B, Le., I +M E 

.cn(A, 8). whence 1 + M = M because M is maxi mal in .Ln(A, B). Therefore J ~ 

7 £:;; 1 -I- M = M fol' every J E .Ln(A , B) . • 

Corollary 127 If all h -ifleals of R al'l~ idempotent, then tlte lattice .Ln is dist7'ibuliue. 

Proof. Each complete Brouwerian lattice is distri butive (cf. l11j , 11.11) . • 

Theorem 128 Each fuzzy h -ideal of R is h -idem,lotent if a/lel only if the set of all 

fuzzy h-ideals of R (OIUCI'eli by $) forms a distributive lattice 1I11der the It -sum and 

h-iutl'insic product of fuzz y h-idcft/S with A 0 11 11. = A A /J.. 

Proof. Assume that all fuzzy /i.- ideals of R are idempotent . Then .>. 0 " 11. = .>. A IJ. 

(Proposition 121) anel, as it is not difficult to see, the set, Fen of all fuzzy h-ideals of R 

(ordered by $ ) is a lattice under the It-sum and It- intrinsic product of fuzzy It-ideals. 

We show that (.>. (; )h 6) +h It = (A +h /J.) (~)h (15 +h It) for all A, It , 15 E Fen. Indeed , 

for any x E R we have 

«,\ ,,,,,6) +" II) (x) ~ «,\' 6) +t, JI) (x) 

~ ,up [('\")(O,)'(,\'6)(a,) 1 
~+(tll+bal+:=(tI~ +~)+Z NL{bl ) A fL{b2) 

[ 
'\(fll) , ,\(.,) , ,,(b, ), 1 

= sup 
r+("I+bd+z= ( .. ~+~)+z 11.(~) 11 b(al) 11 6(u2) 

~ , up /'\("), ,\(.,) , ,,(b,) , 11(1),)1 
r+(1l1 +b,)+Z ""("2+"")+Z 

, ,up [6(.,) , 6(.,) 'II(b,) , JI(I>,)[ 
r+{1l1 +b' )+Z_("2+~)+Z 

~ (,\ +" I')(X) ' (6 +" II)(X) 
~ [(,\ +" II)' (6 +" ,,)[ (x) 
= «.>. +h 1-') 0h (15 +h Il)) (x).So, :FeR is a distributive lattice. 

T he converse statement is n consequence of Proposition J 21. • 

3.3 Prime h-ideals 

An h-ideal P of R is cnlled prime if P '# R nnd for any h~ ideals A, B of R from 

AB ~ P it follows A £:;; P or B ~ P, and irreducible if P '# R and A n B = P implies 

A = P or B = P. By analogy a non-constant fuzzy lv-ideal 15 of R is called 1Jrime (in 

the first sense) if for a ny fuzzy h-ideals A, 11. of R from A 0h It ~ 6 it fo llows.>. $ 6 or 

It ~ 15, and i7'1'Cduciblc if ,\ A JA = 6 implies .>. = 15 or Jt = 6. 
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Theorem 129 A Icft ( J'ight) h-idcal P of R is pJ-imc if and only if for all a,b E n 
fl'Om aRb ~ P it follows a E P aT b E P. 

Pl'oof. Assume that P is a prime left It-ideal of R and aRb ~ P for some a , bE H. 

Obviously, A = Ra and B = Rb are left h-ideals of R. So, AS ~ j{]j = Ra Ub = 

RaRb !:;; RP !:;; P, ond consequenLly A !:;; P or B ~ P. Let (x) be a left. fI.- idenl 

generat.ed by x E R. I.f A ~ P, t.hen (a) ~ R.a = A ~ P, whence a E P. If D ~ p, 
then (b) ~ Rb = B ~ P, whence b E P . 

The converse is obvious. • 

Corollary 130 An h-ideal P of R is prime if and ollly if /0" nil a, b E R from aRb ~ P 

it follows a E POI' b E P. 

Corollary 1·31 An h-idcaL P of a commutative hemiril1g R with identity is p,-imc if 

and only if for all a, b E R from ab E P it follows a E P OT b E P . 

The result. expressed by Corollary 130 suggest the following defin it ion of prime 

fuzzy h-icleals. 

DeAnition 132 A non-constant fu.zzy h-itlcnJ. 0 of R i.3 called prime (in the second 

scnse) if for aLL t E [O,lJ and a, b E R the following condition is satisfieli: 

if &(axb) ~ t for cve,y x E R then &(a) ~ t or o(b) ~ t. 

In other words, a non-constant fuzzy h.- ideal & is prime if (rom the fact t hat axb E 

U{o ;t) for every x E R it. follows a E U(o;t) or b E U(6;t). It is clear that. any fuzzy 

/I-ideal is prime in t.he ftrst sense is prime in t.he second sense. The converse is not 

true. 

Example 133 In an olYlina,y hemiri.ng of natural numbe,'s U&e set of even numbers 

forTlls an h-ideal. A fuzzy set 

0(,,) = { 

I 

0.8 
0.4 

if 

if 

if 

n=O, 

n = 2k " 0, 
n = 2k + J 

is a fuzzy h -ideal of this hemi1'ing. It is prime in the second sense bu.l. it is 1I 0t IJrime 

in the fil'st ScrISC. 

T heorem 134 A non-constant fu. zzy h-ideal 6 of R is p,"ime in the second sense if 

nnd only if each its Ilmpe1' lcvcl set U(6;t) is a primc It -ideal of R . 
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Proof. Let. a fuzzy It-ideal 0 of n be prime in the second sense aud let. U(o; t ) be 

its arbit.rary proper level set., Le. , 0 'I- U(6;t) 'I- R. If aRb ~ U(6; t) , then o(axb) 2: t 

fo r every x E R. Hence o(a) 2: t or 6{b) 2: t, Le., a E U(6; i) or b E V(6; t), which, by 

Corollary 130, means that. U(O; t} is a prime h-ideal of R. 

To prove t he converse consider a non-constant. fuzzy '","ideal 6 of R, If it is not 

prime t hen t here exists a , b E R such t.hat 6(axb) 2: t for aU x E R, but. 6(a) < t and 

6(b) < t. Thus, aRb ~ U(6; i), but. a ¢ U(6; t) and b ¢ 0(6; t). Therefore U(6; t ) is not 
prime which is Il. contrad iction . Hence 6 is prime. _ 

COI'oUafY 135 A fu.zzy set AA defined in Proposition 26 is a prime fu.zzy It -ideal of 

R if and only if A is a prime h-idcal of R . 

In view of the Transfer Principle (Lemma 25) the second definition of prime fuzzy 

It.- ideals is better. Therefore fuzzy h.-ideals which are prime in the first sense will be 

called It -prime. 

Propos it.ion 136 A non-constant fuzzy It -ideal 6 of lL commutative hemiri1l9 n with 

ideutily is prime if and only if 6(ab) = 6(a) V 6(b) for all a, bE R. 

Proof. Let. 6 be a non-const.ant fuzzy It-ideal of a COlUDlulative hemiring R with 

identity. 1f 6(ab) = t, t.hen, for every x E R, we have 6(axb) = 6(xab) 2: 6(x)v6(ab) ~ t. 
Thus 6(axb) ?: l for every x E R, whjch implies 6(a) 2: tor 6(b) ?: t. If 6(a) 2: t, then 

t = O'(ab) 2: 6(0.) 2: t , whence 6(ab) = 6(a) . If 6(b) 2: t, then, as in t.he previous case, 

o(au) ~ o(u) . So, o(au) ~ o(a) V o(u) . 
Conversely, asswne t.hat o(a&) = o(a) V o(b) for all a, b E R. If o(axb) ?: t for every 

x E R, then, replacing in this inequality x by the ident.ity of R, we obtain o(ab) ?: t. 

Thus 6(0.) V 6(b) ?: t, i.e., 6(0.) ?: t or O'(b) 2: t , which means that fuzzy I~ideal 6 is 
prime. _ 

Theorem 137 Every pr"01Jer It-ideal is contained in some proper inwucible It-ideal. 

Proof. Let P be a proper It-ide"l of n and let. {Po:> 1 a E ll} be a fanli ly of all 

proper h-ideals of R cont.aining P. By Zorn's Lemma, for "ny fixed a ¢:. P, t he family 

of h-ideals Po:> such t.hat P ~ Pa and a rJ; Po:> contains a maximal clement M. This 

maximal element is an irreducible h-ideal. lndeed, let M = PfJ n P6 for some h-ideals 

of R. If 111 is 8. proper subset of PfJ and P", then, according to the lIlaximali ty of M, 

we have a E PfJ and a E P". Hence a E Po n Pel = M, which is impossible. T hus, 

either M = Pa or /vi = PI. • 

Theorem 138 If all h-idcals of Rare h-idcm1HJtcnt, then an h-ideal P of R is ir1"{!

du.cible if and only if it is h-p7'ime. 
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Proof. Asswne ~hat all It-ideals of n are /i.- idempotent. Let P be {\ fixed irreducible 

h-ideal. If AD ~ P for some h.-ideals A, B of R, then An B = 7f1j s;: p = P, by 

Proposition 119. T hus (A n B) + P = P. Since en is a distributive laLLial, P = 

(Ann) + P = (A +p)n(B + Pl . SociLher A+P = Par B + P = P, that is, either 

A S;:PorB ~P. 

Conversely, if an h-ideal P is prime and An B = P for some A, B E Cn, then 

AB ~ AB = An B = P. T hus A ~ P or B ~ P. But P ~ A and P ~ D. Henco 

A = P or B = P._ 

Corollary 139 In hcmi1-ings in which all IL -ideals are h-idem]JQtent each IJ1YJ]lcr· h

idcal is amtained in some 1)rrJ1,er 71rime It -ideal. 

Theorem 140 In hemin.ngs in which all fuz zy It- ideals are idem7JOteltt a fuzry h -idCill 

is in·cducible if and only if it is h-pf-ime. 

Proof. Su ppose all fuzzy h-jdeals of R are idempotent and let 6 be an arbitrary 

irreducible fuzzy It-ideal of R . We prove that it is prime. IT >. 0 h 11. :5 6 for some fuzzy 

h-ideals >',JJ. of R, then also >./\ 1l:5 o. Sinal the set Fen of all fuzzy h.-ideals of R is 

a distributive lattice (Theorem 128) we have 0 = (>. /\ /-,) +h 0 = p. +h 6) /\ (,1. +h 0) . 

T hus>. +/1 0 = 0 or /-' +/, 0" = o. But S is a lattial order, so >. :5 0 or JI S o. Tltis 

proves that a fuzzy h.-ideal 0 is II.-prime. 

Conversely, if d is an h.-prime fuzzy h-ideal of Rand >'/\It = 0 for some >., IJ. E FeR, 

then). (:Jh fJ. = 6, which implies ,\ S 0" or It :5 0". Sinal :5 is a lattice order Wld Q = >'/\It 

we have 0 :5 ). and 0 S 11.. T hus >. = 0 or 1,1. = o. So, 0 is irreducible. _ 

Theorem 141 Tile following assel-tions for a hemi1-ing R arc equivalent: 

(1) Each h- idenl of R is Il.-ideOll>otcnt 

(2) Each proper h .. ideal P of R is the intersection of 0.11 II.-prime JL-ideals of R 
which contain P. 

Proof. Let P be a proper h ... ideal of R and let {Pa I Cl' E A} be the family of aU 

"-prime h.· ideals of R containing P. Clearly P s;: noet.Po . By Zorn's Lemma, fo r any 

fixed a fj. P, the family of II.- ideals Po such that P ~ Pa and a f:. Po contai ns a maximal 

clement Mn. We will show that this maximal element is an irreducible It-ideal. Let 

1110 = J( n L. If Ma is a proper subset of J( and L, then, according to the maximality 

of Ma, we have a E f( and a E L . Hence a E f( n L = Ma, which is im possible. T hus, 

either Ma = f( or JIlIn = L. By T heorem 138, Ma is n prime II.- idenl. So there exists an 

It-prime It-ideal Ma SUcll that a f:. Ma and P ~ Ma . Helice nPa ~ P. Thus P = n Po . 

Assume t hat each h-ideal of R is the intersection of a ll h-prime It-ideals of R which 

contain it. Let A be an h- icleal of R. If A2 = n, then, by Lemma 9, we have A = R, 
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which lIleans such h-ideal is It-idempotent. If if2 :F R, t.hen ~ is n proper h-ideal of R 

and 60 it is the intel'sedion of 011 h-prilllc It-ideals of R containing A. Let A2 = nPo ' 

T heil A2 ~ Po for each o. Since Po is prime, we have A ~ Po. Thus A ~ nPo = A2. 

But if2 £ A for every h-ideal. Hence A = A2 . • 

Lemma 142 Let R bc a. hcmiring in which each fuzzy h-ideal is idempotent. If A is 

a. Juuy It-ideal of R with A(~) = ct, WhC7'C a i3 any clcmcnt oj R mId cc E [0,11, then 

then! exists aiL i1"1"educihic h -prime fu zzy h-ideal 6 oj R s uch that A $ 6 (md 6(a) = Q. 

Pl"Oof. Let A be an arbitrary fuzzy It.-ideal of R and let a E R be flXed. Consider 

the following coUection of fuzzy It-ideals of It 

B is non-empty since A E 6. Let F be a totaUy ordered subset of 13 conl-aining 

A, say:F = {Ai Ii E I}. Obviously Ai v Aj E F for any Ai, Aj E F. So, for example, 

(Ai(X)V Aj(X)) A (Ai(Y) V Aj (Y)) :5 Ai(X+Y)V Aj(X+Y) for any Ai, Aj E:F and X,Y E R. 
We claim that V Ai is a fuzzy fr.-ideal of R-

iEl 
For any x, y E H, we have 

( V Ai)(X) A ( V Ai)(Y) ~ ( V Ai (X)) A ( V A,(y)) 
lE I iel iel jeJ 

~ V (Ai (x) A Aj(Y )) 
IJel 

,; . V ((~.(x) V Aj(X)) A (Ai(Y) V Aj(Y))) 
l ,Jel 

,; V (Ai(X+y)V~j(X+Y)) 
iJeJ 

,; V Ai (x + y) ~ ( V Ai)(X + y). Similod y 
iE I le i 

(V Ai){Z) ~ V Ai(X) ,; V A.(XT) ~ (V Ai){XT) 
iE I iE I iel 

and 

(V Ai)(X) ,; (V Ai){TX) 
ie l iEJ 

for all x, r E R. T hus V Ai is a fuzzy ideal. 
ie l 

Now, let X+ a+ z = b+ z, where a,b,z E R . Then 

( V Ai)(a) A ( V Ai){b) = ( V Ai (a)) A ( V (Aj(b)) 
ie f iEI ie l je l 

~ V (A i(a) A Aj(b)) 
iJEl 

iE I 

,; . V ((Ai(a) V Aj(a)) A (A;(b) V Aj(b))) 
I,JE I 
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oS V (.I ;(x) V Aj(X)) " V .I;(x) ~ (V .I,) (x). 
i,j i€i i€ 1 

This means that V Ai is 0. fuzzy It-ideal of R. Clearly A:5 V Ai and (V A.Ha) = 
i€1 i€ 1 i€ 1 

A(Ct) = 0'. Thus V Ai is the least upper bound of:F. Hence by Zorn's lenuna tlJere 
iEI 

exists a fuzzy It-ideal 0 of R which is maximal with respect to the property that A :5 0 
and o(a) = a . 

We will show that 0 is an irreducible fuzzy Ito- ideal of R. Let 15 = O. 1\ 02, where oJ, 
02 are fuzzy It-ideals of R. Then 0 :5 Q. and J :5 02 since F£n is a lattice. We claim 

that either 0 = o. 01" 0 = 02. Suppose 0 #- o. and 6 #- 02. Since 0" is maximal with 

respect to the property t hat 6(a) = a and since 6 ~ 6, and 0 ~ 02, so 6.(n) oF cr and 

62(a) oF cr. Hence a = 6(a) = (6. II 62)(a) = 6.(a) II 02(0.) oF a, which is impossible. 

Hence 0 = o. 01" 0" = 62. Thus 0 is an irreducible fuzzy It-ideal of R. By Theorem 140, 

it is also It-prime. _ 

Theol'em 143 Each fuzzy h-ideal of R is idempo tent if and only if each fuzzy It -ideal 

of n is the intel·section of those It -prime fu uJI It-ideals of R whidt contain it. 

Proof, Suppose each fuzzy h-ideal of R is idempotent . Let A be a fuzzy It-ideal of 

R and let {Au I 0' E A} be the family of all It-prime fuzzy h-ideals of R which contain A. 

Obviously A:5 1\ Ao· We now show thaI. A Ao s: A. Let. a be an arbitrary element 
oEA oEA 

of R. Then, according to Lemma 142, there exists 8n irreducible tutd /i.-prime fuzzy 

/i.-ideal 0 such that A :5 J and A(a) = 6(a) . Hcnce 0 E {Au 1 a E A} und 1\ Ao :5 J . 
.. EA 

SO, A ). .. (a) :5 o(a) = A(a). Thus A Ao s: A. T herefore A Ao = A. 
o€A oet. oEt. 
Conversely, assume that each fuzzy It-ideal of R is the intersection of those h-prime 

fu;r,zy It-ideals of R which contain it. Let A be a fuzzy It- ideal of R then A 0 h A is also 

fuzzy ' ''' ideal of n, 50 A 0 /, A = A Ao whcre Ao arc It-prime fuzzy Ito-ideals of n. Thus 
.EA 

each Ao contains A 0 10 A, and hence A. So A s: 1\ A .. = A0 h A, but A 0 h A s: A always. 
oEA 

Hence A = A 0 10 A. _ 

3.4 Semi prime h-ideals 

Definition 144 An /i. -ideal A of R is called semiprime if A oF R and fo r any h-ideal 

B of R , 8 2 S;; A implies B S;; A . Similady, a non-constant fuzzy It -ideal A of n 13 

called selllilwime if f07· any fuzzy It -ideal 0 of R , 0 (:)/, 0 s: A implies 0 :5 A. 

Obviously, each It-prime h-ideal is semiprime. Each It-prime fuzzy It-ideal is semi

prime . The converse is not true (sec Example 150). 

Using the same method as in the proof of Theorem 129 we can prove 
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T heorem 145 A (left, fight) h-ideol P of R is semilwi7lle if and only if for eVCf'Y 

a E R from aRa ~ P it follows a E P. 

Corollary 146 An It-ideal P of a commutative hemi1"ing R with i dentity is sClIIipnme 

if aTld olily if for all a E R from a 2 E P i t follows a E P. 

Theorem 147 The following assertions for a hemiring R are equivalent: 

(1) Each It-ideal of R is It-idempotent. 

(2) Each It-ideal of R is semiprime. 

Proof. Suppose that each h-ideal of n is idempotent.. Let A, U be It-ideals of n 
such tha.t 8 2 ~ A. Thus 1P ~ If = A. By hypothesis 8 = W, so 8 ~ A. l Ienee A is 

seltuprime. 

Conversely, ussume that each h.- ideal of n is semi prime. Let A be an h.-ideal of 

R. T hen If2 is also £1.11 h-ideal of R. Also A2 ~ "A'. Hence by hypothesis A ~ ~. But 

~ ~ A always. Hence A = A1. • 

Theorem 148 Each fuz1.Y It -ideal of R is idempotent if and only if each fuzzy h -ideal 

of R is semip7'ime. 

Proof. For any It-ideal of R we ha.ve >. 0h >. :S >. (Theorem 118). If each It-ideal 

of R is semi prime, then>. 0" >. :S >. 0 /, >. implies >. ::; >. 0 h).. Hence>' 0h ). = >.. 

The converse is obvious. • 

Below we present two examples of hemirings in which aU fuzzy It-ideals nre semi

prime. 

Example 149 Considel' Ute set R = to, a, 1} with Ute following two operations: 

+ 0 • 1 0 a 1 

0 0 a 1 0 0 0 0 

• • a • a 0 a a 

1 a 1 1 0 • 1 

T hen (Jl, +,.) is a commutative hemi ring wi~h identity. It has only one proper 

ideal {O,a}. This ideal is not an it-ideaL The only It-ideal of n is {O ,a, I}, which is 

clearly It-idempotent . 

Since 0 = Oa = aO = 01 = 10, for any fuzzy ideal>' of tlLis hemiring we have 

>'(0) 2: >.(a) and >'(0) 2: >'(1) and >.(a) ~ >.(Ia) 2: >'(1). Thu, >'(0) 2: >.(n) 2: >'(1) . II 

>. is a fuzzy It-ideal, then 1 + 0 + 1 = 0 + 1 implies >'(1) 2: ),(0) II ),(0) = >'(0) , whkh 

proves that each fuzzy 'I.-ideal of tills hemiring is a constant function. So, >. 0 h >. = >. 

£01' each fuzzy It-ideal >. of R . This, by Theorem 148, llleans that each fuzzy It-ideal of 

n is semipri me. 
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Example 150 NOIJJ, consider the hemiring R = {O,a,b,c} defined by the following 

tables: 
+ 0 a b , 0 " b , 
0 0 a b , 0 0 0 0 0 
a a b , a a 0 a b , 
b b , a b b 0 b b , 
c , a b , , 0 , b , 

This hemiring has only one h-ideal A = n. Obviously this It-ideal is lv-idempotent. 

For any fu z1.y idenl >. of n and any x E R we have >'(O) ~ >.(x) 2!: >.(o.). Indeed, 

>'(0) ~ >'(Ox) '" >.(x) ~ >.(xa) '" >.(a). This togeth" with >.(a) ~ >.(b + b) '" >.(b) A 
>.(b) ~ >.(b) implies >.(a) ~ >.(b). Consequently, >.(0) ~ >.(a + b) '" >.(a) A >.(b) ~ >.(b). 

Therefore >'(O) ~ >.(c) ~ >.(b) = >.(0.). Moreover, if>. is a fuzzy h-ideal, then c+O+o. = 

0 + a, which implies >,(,) '" >'(0) A >'(0) ~ >'(0) . Thus >'(0) ~ >,(,) '" >.(b) ~ >.(a) fa< 

every fuzzy h-idcnl of this hemiring. 

Now we prove that each fuzzy It-ideal of n is idempotent. Since >'0h>':5 >. always, 

so we have to show that>. 0h >. ? >.. Obviously, for every x E Il we bave 

( 
" m ) (>. 0" >.Hx) ~ sup 1\ (>'(";) A >.(b;)) A 1\ (>.(aj) A >'(bjll 

... n 1=:1 i_ I 
r+E llit.,+.l:=E Qi~'h 

i _ I ,; ~ 1 

> sup (>,(,) A >.(d) A >.(0') A >.(d')) = >,(,) A >.(d) A >.(0') A >'(d'). 
:l;+cd+~=c!d'+~ 

So, x + cd + z ~ o'd' + z implies (>. 0 " >'Hx) '" >,(,) A >.(d) A >.(0') A >'(d'). l1en(;6 

0+ 00 + z = 00 + z implies (>. 0 h >')(0) ~ >'(0). Similarly a + bb + z = be + z 

implies (>. 0 " >'Ha) '" >.(b) A >,(,) ~ >.(b) ~ >.(a), b + aa + z ~ be + z implies (>. 0 " 

>.)(b) ~ >.(0.) II >.(b) II >.( c) = >.(b). Analogously, from c + 00 + z = cc + z it follows 

(>'Oh >.)(c) 2: >'(0) 1I>'(c) = >.(c). T his proves that (>'C:)h >.)(x) 2: >.(x) for every x E R. 
Therefore >' 0 11 >. = >. for every fuzzy h-ideal of R, which , by Theorem 148, means that 

each fuzzy lv-ideal of R is semiprillle. 

Consider the following three fuzzy sets: 

>'(0) ~ >,(,) ~ 0.8, >.(a) = >.(b) ~ 0.4 , 

~(O) ~ ,,(c) ~ 0.6, ,.(a) ~ ~(b) ~ 0.5, 

6(0) ~ 6(0) ~ 0.7, 6(0) ~ 6(b) ~ 0.45. 

These three fuzzy scts arc idcmpoLent fuzzy It-ideals. Since all fuzzy It-idcal of this 

hemiring are idempotent, by Proposition 121, we have>. 0 h J! = >. II J!. Thus (.'I 0 h 

,'HO) ~ (>.c.l" ,<)(,) ~ 0.6 and (Hl" ~Ha) = (>. 0 . ~Hb) = 0.4. So, >.c'l"" ,; 6 but 

ncither >. S J nor J! :5 J, that is J is not an h.-prime fuzzy h-ideal. 

Theorcm 145 suggClit the following delinition of semiprime fuzzy It-ideals. 
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DeAnition 151 A non-co7lstant/uzzy h -ideell6 oj R is called semip7-tll1c (in lhe second 

sense) if J01' all t E 10,11 awl a E R the Jollowing OOfldition is satisfied: 

ir d(axa) ~ t for every x E R then o(a) ~ t. 
In other words, a nOll-constant fuzzy h.- ideaJ d is sellliprime if ffom the fact that 

axa E U(o; t) fo]' every x E R it follows a E U{o; t). It is clear t.hat any fuzzy It-ideal 

semiprhne in the first. sense is semipdrne in t.he second sense. The converse is not t.rue 

(see Example 133). 

Theorem 152 A non-constant fuzzy It -ideal 0 of R is semiJlrime in the second sense 

if and only if each its prope" level set U{Oj t) is a semilwime h-iilcal oj R. 

The proof is analogous t.o the proof of Theorem 134. 

Corollary 153 A luzzy set >'A defined in PmpGsition 26 is a semi,wimc fuzzy h -iclCllI 

of R if an.d ollly if A is a semip,-ime h-ieleal of R . 

In view of the Transfer Principle (Leuuna 25) the second definit.ioll of semiprime 

fuzzy h-ideals is better. Therefore fuzzy It-ideals which are prime in t.he first sense 

should be called h-semipdme. 

Proposition 154 A non-constant f!tzzy It-ideal 0 of a commutative hemiring R with 

identity is semi,wime if and only ~I 6(a2) = 6(a) 10" every a E R. 

Proof, T he prooC is similar to the proof of Proposit.ion 136. • 

3.5 Prime Spectrum 

Let R be u hemiring in which each " -ideal is idempoteut. Let. .c(R) be the lat.tice of a ll 

II-ideals of R and P(R) be the set of all proper prime It-ideals oC R. For each It-ideal 

I of R define O{ ~ (J E P(R) , I i J) aDd (I (P(R)) ~ (O{ ,I E £(a)) . 

Theorem 155 The set 'i3'(P(R)) for11ls a l011Ol09y on the set P(R). 

Proor. Since O{O) = (J E P(R): {OJ rt J} = 4J, where 4J is t.ue usual empty set, 

because 0 belongs to each h-ideal. So empt.y set. belongs to 'i,} (P(R». 

Also OR = {J E P(R): R rt J} = P(R) , because P(R) is t he set of all proper 

prime It-ideals of n. Thus P(R) belongs to Q' (P(R». 

Suppose 0111 °12 E !s{P{R» where hand 12 arc in .c(R). T hen 

011 nO /l = {J E P( R) : I ) ct. J and h rt J}. Since each h- ideal of R is idempotent. 

so fth = II n h Thus 011 n Oil = Oll()h ' So 011 n 0'2 belongs to Q' (P(R». 
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Let {O'I l 'El: be an arbitrary family of members of S(P(R)). Theu 

= 0 E II 

"" 
where E Ii is the h-ideal generated by U 1;. 

iEO iEO 
Hence £)(P(R)) is a topology on peR) .• 

Definition 156 /49} A fuzzy h -ideal,J. 01 a heffiirillg n i.s said to be n01'1uul if thc''C 

exists x E R such that p. (x) = 1. III! is u 7l07mal fuzzy h -ideal of R, then 1.l(0) = J, 

hence I' is nOl"llt(1l if and only ill.l (0) = 1. 

Theorem 157 /49/ A fllZzy subset ,\ 01 a hemiring R is an h-1Jrime fuzzy h-ideal of 

R if and only if 

(i) ,,0 = {x E R: '\(x) = '\(O)} is a prime h-ideal of R. 

(ii) 1m'\ = P(x) : x E R} contains cxacUy two elements 

(iii) A(O) ~ 1. 

Corollary 158 (49j Every h -p1i.me fuzzy h-ideal of a hemiring is nOl"ll1al. 

Let It be a hemiring in which each fuzzy h-ideal is idempotent, Cn the lnttice 

of fuzzy normal h-ideals of Rand F PR the set of all proper fuzzy h-prime Ia.-ideals 

of R. For any fuzzy normal h-ideal ,\ of n, we define 0). = {J.L E FPR : ..\ ~ It} and 

,(FP.) ~ {O" A E en}. 
A fuzzy Ia.-ideal ..\ of R is called proper if). '# Il, where IR is the fuzzy h-ideal of n 

defined by R(x) = I, Vx E R. 

Theorem 159 7'he set .,. (FPR ) fomlS a topology on the set :F Pn. 

Proof. (1) 0." = {I.L E F Pn : 4> 1=.IL} = ¢, where ¢ is the usual empty set and 

ell is the characteristic function of /i.-ideal {O}. This follows since each h-prime fuzzy 

h-ideal of R is normal. Thus the empty subset belongs to T (:F Pn). 

(2) OR = {/.l E F Pn : R i l.l} = :FPn. This is true, since :FP/i is t he set of proper 

h-prime fuzzy h-ideals of n. So OR = :FPR is an clement of.,. (:F PRJ. 

(3) Let 06, ,061 E r(FPn) with 61,62 E Cn. 
Then 

061 " 06l = {It E FPn : 61 1=. Jt and 62 i It} 

Since each fuzzy h-ideal of R is idempotent, this implies 6162 = 01 ,,62 . Thus 

061 ,,061 = {I.L E FPn: 61 ~ I' and 621=.1'} = 061 f16~· 
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(4) Let us consider Iill arbit.rary family (6d.€1 of fuzzy It.-ideals of n. Sincc 

Note that 

where at, U2, ... bl , b:z, .... E R nnd only a fin ite number of t.he ais and bis are not zero. 

Since 6; (0) = 1, t.herefore we nre considering the infimum of a finite number of terms 

because l 's are effect.ively not being considered . Now, i f for some k E I, Ok ~ !J., thcn 

there exisls:r. E R such that. Ok (x) > Il(X). Consider the particular expression for X 

in which Uk "'" x, bl.:. = 0 and a ; = b; = 0 for all i f k. We see that 15k (x) is no element. 

of the set whose supremum is defined to be (LiEf6i) (x) . 

Thus (LIEf 6;) (x) ::: odx) > I&(X). Tbis implies (L,o 6;) (x) > Jl(x) t.hat. is 

LiEf Oi ~ 1.1. · 

Hence 15k ~ /.I. for some k E I implies LIEf 6i ~ }.t.. 

Conversely, suppose t.hat. LIEf 0; ~ p. then there exists an element. x E n such that. 

(E ief 6i ) (x) > I.L(X). 
This means that 

Now, if all the elemeuts of t.he set (whose supremwn we nrc taking) are individually 

less than are equal to }.L(x), then we have 

V (6'(adA6,(a')A .... 6,(b,)A6,(b,)A ... ) 
Z+"I +,,~+ .... + .. =bl +11,+ .... +: 

" ~(x) 

which does not agree with what we have lISSumOO. Thus, there is a t least one element 

of the set ( whose supremum we are taking), soy, 

( x + a~ + a; + .... = b; + b; + .... being the corresponding breakup of x , where Dilly 

a fin ite number of a:.s and «.s are not zero.) 
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and 

Thus, 

OJ (o'J) A 0, (a;) AOJ (&'J) A 0, (&;) Au 

> It (x) ?: It I (a',) 1\ 1'2 (a;) 1\ .. ·····1'1 (b
l

,) "/.'2 (b~) 1\ 

Let 

So, Op (x~) > Mp (x~) it follows that 611 'I=. 1-' for some p E [ . 

Hence EiE l 6; ~ l' implies that. OJI 1- p. for some l' E I . 

Hence the two statements (i) E'E/Oi $. J1 a nd (ii) 6p 'I=. I-J for some pE l a re 

equi valent.. 

Hence 

Uie106 , = UiEI {It E :FPn : 6; ~ J.t} = UiEI {It E FPn : LO; i " } = DE'EI OJ 
iEI 

because, EiEI 6; is also a fuzzy h~ideal of R . 

Thus, UiEJO"i E T (.1" Pfd· 
Hence it follows that T (F PR) forms a topology on the set. :F PR o • 



Chapter 4 

Right k-weakly regular hemirings 

Generalizing the concept of k-rcgular hem iring we define right k-weakly regular hcmir

ing. We characterize right k-weakly regular bemj riugs by the properties of their right 

k-ideals and fuzzy right k- idcals. We also define right pure k-idealand r ight pW"e Cuny 

k-ideals of R and prove that. a hemiring R is right k-weakly regular if and only if each 

k-ideal of R is right plm! if and only if each fuzzy k-idcal of R is right pure. 

4.1 Right k-weakly regular hemirings 

Definition 160 A hemiring R is called right (left) k -weakly regula,- hcmir-i1l9 if fol' 

ea'''xER,XE~ (,.,. XE~). 

" m 
That is for each x E Rwchavcrj,Sj,tj, l1j E Rsucb thatx+ L:xrjxs, = ExtJxpj 

j""J i = 1 

( X + i>,xsjx = E tjl;PiX) , Thus each k-regular hemiring with j is right k-wenkly 
i= 1 j",l 

regular but the converse is not true. However for a commutative hemiring both the 

concepts coincide. 

Proposit ion 161 The/allowing statements arc equivalent/or a hemiring R with iden

tity .-

1. R is right k-weakly regular hemiring. 

2. All right k-ideals of Rare k-idempotent (A right k-ideal B of n is k-idcmpotent 

----;[ 8' ~ 8). 

----3. BA = B n A for all right k-ideals Band t.wo-sided k-ideals A of R. 

61 
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Proof. (1) => (2) Let R be a right k-wea.kly regular hemiring and D be n right 
,..--.... 

k-ideal of R. Clearly 8 2 ~ D. 

-----Let x E 8. Since R is right k-weakly regular, so x E (xR)2 where xR is the right 
,..--.... 

ideal of R generated by x and so xR is the right k-ideal of n generated by x. Thus 

xR ~ 8, Litis implies 

Thus 

'2' SO,B = B. 

,..-A---, ,..--.... ,..--.... 

• E (.R)(.R) (;; BB ~ B' . 

(2) => (3) Let B be a right k- ideal of n and A a two-sided k-ideru of R, then by 
,..--.... 

Lemma 11, BA !; B n A. 1b prove the reverse incl usion, let x E 8 n A and xR 
and RxR are right ideal and two-sided ideal of R generated by x, respectively. T hus 

xR ~ B and Jb;R ~ A. 

,..--.... ,..--.... 
Helice BnA~ BA andsoBnA = BA. 

(3) => (1) Let x E Rand RxR and xR be Lbe two-sided ideal and right ideal of R 

generated by x, respectively. Then 

,..-A---, 

,.........., --- ---- --- ~ ....--... ~ xE:J;RnR:J;R ~ :J;RnRxR= xR RxR =xRRxR =x!?2xR= (xR) . 

Hence R is right k-weakly regular hem iring. _ 

T heorem 162 For a hemiring R tuith 1, the following asseltions al'C equivalellt: 

1. R is right k-weakly regular hem iring. 

2. All fuzzy r ight k-ideals of Rare k-idempotcnt (A (lIZZY right k-ideal .A of R is 

k- idempotent if .A 0 k ), = A ). 

3 . .A 0 k IJ. = ),/\ J.L for all fuzzy right k-ideals ).. and all fuzzy two-sided k-kleals r of 

R. 

P ro o f. (1) => (2) Let ).. be a fuzzy right k-ideal of R, then we have).. 8 k).. :5 )... 
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For the reverse indusioll , let. zEn. Since R is right k-wcak ly regular SO there 

exist Si>tjIS~,t~ E R such that 

m n 

Z + L z Si:dj = L X8~Xt~. 
j",:1 i !ll:. , 

Hence 
m 

Alx) ~ Alx) A Alx) ~ 1\ IAI";) A Alxt;)). 
i::o l 

Also 
n 

Alx) ~ Alx) A Alx) ~ 1\ (AI";) A Alxt;) l . 
jso l 

Therefore 

Alx) ~ [ .~ IAlx,,;) A AIXt;»] A [A (Alxs;) A AIXt;»)] 
1_ 1 10:1 

[ [ ~ IAlxs;) A Alxt;))] ] 

~ V ; ~,I ( l] 
m " " A A A(X5'. ) A A(xt'. ) 

%+i~1 %"i!:t; a;>dl %lJj%t J j=1 J 1 

~ IA (0' AlIx), 
Hence A 5 A (.)k A, which proves A 0 ", ). = ).. 

(2) ::} (3) Let >. and ~ be fuzzy right and two sided k-ideal of R, respectively. T hen 

>. A ~ is a fuzzy rigbt k-ideal of R . By Corollary 76 >. 0 k IJ. :5 >. II~. By hypothesis, 

Hence>. 0 ", 11 = >. 1\ IJ. · 

(3) ::} (1) Let B be a right k-ideal of n and A be a two-sidetl k-ideClI of R, then 

tbe characteristic functions Xu and ).:A of B und A are fuzzy right and fuzzy two-sided 

k-ideals of R, repectively. Hence by the hypothesis and Propositions 29 and Lemma 

74, we have 

Xn 0 ", XA = Xu A XA ::} X ............... = XnnA 
lJA -=> 8A = BnA. 

Thus by Proposition 161 , R is right k-weakly regular hcmirillg. _ 

Theorem 163 For' a hemi7'i1l9 1l with 1, the /ollo1Jring assertions are equivnlellt: 

1. R is right k-weak ly regular hemiring. 

2. All right k-ideals of narc k-idempotelll. 
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-3. BA = B n A for all right k·ideals B and two-sided k-ideals A of R. 

4. All fuzzy right k-idcals of Rare k.idempot.enl. 

5. >. (:)k Jt = >." It for all fuzzy right k-ideols >. and all fuzzy two-sided k-idcals It of 

Il. 

[f R is commutative, then tbe I.lbovc assertions are equivalent to 

G. R is k-regular. 

Proof. (1) # (2) <* (3) by Proposition 16I. 

(I) '" (') '" (5) by Theo,em 162. 

Finally rr R is commutative, then by Theorem 42, (1) # (6) .• 

Theorem 164 The collection of (ttl k·illeals of a right k-weakly regular hemi1'ing R 

forms a complete distributive lattice. 

Proof. Let en be t he coUedion of all k-ideals of right. k-weakly regular hemiring 

n, t.hen en is a poset. under the inclusion of sets. It is not. difficult to sec that. en is a 
~ 

complete lattice under the operations U, n defined as AUB = A + B and AnD = AnE. 

We now show that en is a Brouwerian lattice, that is, for any A, B E Cn , the set. 

Cn(A,B) = {J E LRIAnl £ B} contains a greatest clement. 

By Zorn's Lemma the set. Ln(A, 8) contains a maximal element M. Since R is 

right. k-weakly regular hemiring , so 'A.? = AnI £ Band 'I'iM = An M £ 8. Thus 
~ 

.............. ............... .............. .............. ............... 
AI +AM £ 8. Consequently, AI +AM £ B = B . 

Since1+M = luAf E Ln, ror every x E1+M thercexist il,i2 E I,f1ll,m2 E M 

such that x + il + Tn, = i2 + fIl2. Thus 

~ 
for any d ED E CR' As di"di2 E DI, dm"dTn2 E DM, we have dx E DI +DM, 

wluch implies D (T::M) ~ 'iif.l:DM ~ ~ ~ B Hence ~ (i:M)' ~ B 

,.---"----, 

This means t hnL Dn (J-;M) = D (i+M) £ B, i.e., I+M E Cn(A,B), whence 

~ -~ 1+ M = M because M is maximal in en(A,B). T herefore I £ I £ 1 + M = M 

for every I E CR(A, B). Encl, complete Brouwerian lattice is distributive (cf. (111, 

ILl 1). Hence CR is complete distributive laUice. _ 

The following example shows t.hat ir t.he collection of nil k-ideals or a hemiring R 

is u distributive lattice then R is not necessarily a right k.wetlkly regular hem iring. 
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Example 165 COl1sider the hellliri1l9 R = {O, a, b} with the followirlg ope.mtior18 

+ 0 a b 0 a b 

0 0 a b 0 0 0 0 

a a a b a 0 0 0 

b b b b b 0 0 b 

T he k-ideals of Rare {OJ, {O ,a } and R. Since {D} ~ {D ,a} ~ 1l. So t he {:ollectioll 

of k-ideuls is n d istribu ti ve lattice but R is not right k-weakly regular hemiring. 

T heore m 166 If R is a f·ight k-we.akly regular he.mifi.1lg, the.n V,e. 8et F~R of aU fllzzy 

k -irle.als of R (ordelYJd by S ) is a dist ributive! lattice. 

P roof. The set FG-R of all fuzzy k-ideals of R (ordered by S) is clearly a lattice 

under the k-sum and intersection of fuzzy k-ideals. Now we show that Fb n is n 

distributive laiLice, that is for any fuzzy k- icleals )..,/1.,0 of n we have ().. A 6) -I- I.L = 

(A +~) A (0 + I') · 
FOT any x E R 

[(.\AO)+I'[(X) ~ V [(AAO)(al)A(.\AO)(a,)A 1 
'+(0 ,+",).(,,+,,) (~) (b.) A (1')(1>,) 

- V [.\(a.)A.\(a')AI'(bl) A 1 
,;+(",H!l=(62+b:t) 1.L (b:z) A6 (al) Ao (a2) 

- V [[.\(a.)A.\(a')AI'(bl) A /,(I>,)[ A 1 
.+(0,+0,)_(0,+0,) '0 (al) A 0 (a,) A I' (b.) A I' (1),)1 

~ ( V 1.\ (a.) A "(a,) A I' (bl ) A I' (1),)1) 
:J"+«(I I +bl)=(62+~) 

A ( V '0 (a.) A O(a,) A I'(b.) A ,,(1),)1) 
:J"+(6 L +b L )=(62+~) 

~ (" + ") (x) A (0 + I') (x) ~ 1(.\ + ~) A (0 + ,,)1 (x) .• 

4.2 P rime and Fuzzy prime r ight k-ideals 

Defi ni t io n 167 A Ti.ght k -ideal P of a hcmifi.ng R is called k -prime (k-se.mi,Jrime) 

rigllt k-idcal of R if lor any right k -idcals A, B of R, 

P is called a k-in-cducible (k-st71mgly irTeliucible) right k-ideal of n if ror any right 

k-ideals A, n of R 

An B = P =} A = P or B = P (A n B ~ P =) A ~ P or B ~ P). 
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A fuzzy right k- iclcal J' of a hemiring R is called a fuzzy k-p7"imc (k-scmiprimc) right 

k-iueal of R if for any ftlzzy k-right. ideals >',6 of n, 

IJ. is called a fuzzy k-i7'locducible (k-stnmgly in'elludble) if for any fuzzy right k- iclcals 

>',6 of R, 

>. /\ 6 = ,t * >. = ,I. or 6 = Jt (>./\ 6 :S J.l =* >. ::; tL or 6 :S IL) . 

Lemma 168 (a) EvelY k -pl"ime right k -idcal (fuzzy k -prime right k -ideal) of a hemiT

illg R is a k -scmiprime right k -ideal (fuzzy k -scmiprime right k-iclcal) of R. 

(b) Intersection of k-prime right k- ideals (fuzzy k-prime right k-ideals) of R is 

k-semiprime right k-idcal (fuzzy k-semi pri me right k- ideal) of R. 

Proof. Straigbtforwa rd . • 

Theorem 169 Let R bc a right k -weakly n~gul(u- hemiling. Then each PI'01}CI· right 

k-ideai of R 1.5 the intersection of f-ight k -in-educible k-idea1s wltid& contain it. 

Proof. Let / be a proper right k-ideal of R ami let. {fo : 0' E A} be a family of rigbt 

k-irreducible k-ideals of n which contain I. Clearly I ~ notA /o. Suppose a ¢ I. Then 

by Zorn's Lemma there exists a right k-ideal 18 such that [fj is maximal with respect 

to the property 1 ~ Ip and a ¢ 10. We witi show t hat / fj is k-i rreducible. Let A ,B be 

right k-ideals of R such that 18 = B n A. Suppose T8 C Band 18 C A. Then by the 

maximality of 10, we have a E B and a E A. But this implies a E B n A = Jfj, which 

is n contradict ion. Hence either 1{J = B or 18 = A. So there exists a k- irrcducible 

k- icleal IIJ such that a ¢ /{J and I ~ /{J. Hence n /o ~ I . T hus I = n 1o· • 

Propos ition 170 Let n be a dghL k-wellkly regular hemirillg, If>. is (& fuuy fight 

k-idcal of R with>' (a) = 0, 1I)1ten~ a is any element of Rand 0 E (0 , ll , the7l there 

cxisLs a fuzzy k-in·cducible 1'igltt k-ideal 0 of R such thaL >' :S 0 and 6 (0.) = u. 

Proof. Let X = (,I.: t' is a fuzzy right k-ideal of n, IL(a) = 0' and >..$ I'} . Then 

X:f:. tP, since>' E X . Let F be a ootally ordered subset of X , say F = P i: i E f} . 
We claim that V >'i is a fuzzy right k-ideal of R. For any x, r E R, we have 

iel 

(y>;) (x) ~ y (>; (x)) "y (>; (xr)) ~ (y A;) (xr) 

Let x, Y E R, consider 
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(y,+* (y A;) (V) ~ (Y(A;(Xll) A (yP; (Vll) 
~ Y [Y(,1;(Xll AA;(Y)] 

~ Y [y (,I; (x) A ,I; (Yll] 

s Y [y (AI (x) A,II (Y))] 

67 

where )..{ = max Pi, )..j}, note thl\~ )..{ E Pi: i E I} 

SY [Y[;!(x+ Y)]] 

~ IIH(x+y)] ., 
Sy[A;(x+y)[ ~ (YA;) (x+y) 

Now, let x+a= b where x,a,bE R. T hen 

(Y,l;) (a) A (y A;) (0) ~ (Y(A;(all) A (Y (A; (0))) 

~ Y [( Y(,1; (a))) A,I; (0)] 
~ Y [y (,I; (a) A A; (Oll] 

s Y [y (,1{(a) A,II(o))] 

where)..f = max {)..i'>"J} ,note that. >..{ E {)..,: l.E I} 

~ Y [y ()..I(x»)] because)..1 is a fu zzy k-ideal 

~ II [,II (x)] s V [A;(z)[ ~ (V ,I;) (x) 
IJ I 1 

Thus V >"i is a fuzzy right. k-ideal of R. Clearly).. ~ V >'i a nd V)..i (a) = V ()..i (a» = 
iii i 

Ct. Thus V )..i is the I.u .b of F. Hence by Zom'slemma there exists a fuzzy right. k- ideal 
; 

o of R which is ma.ximal with respect. to the property that ).. ~ 0 and 0 (a) = Q. 

We will show t.h at. 0 is fuzzy k-irreducible right k-idcal of R. Let. 0 = 011\02, where 

01.02 are fuzzy right. k- ideals of R. Thus 0 S 01 and 0 S 02. We claim that either 

0= o. or 0 = 62 . Suppose 0 i- 01 and 0 #:- 02. Since 0 is maximal with respect to tbe 

property that 0 (a) = Q and s ince 0 ~ 01 and 0 ~ 02. 80 11'1 (a) '" a and Ih (a) #- Q. 

1·lence Q = 0 (a) = (11'1 1\ 11'2) (a) = (O l) (a)" (11'2) (a) i- 0', which is impossible. Hence 

6 = 01 or 0 = 62. Thus 0 is fuzzy k-irrooucible right k-ideal of R. • 

Theorem 171 EVCf'Y fuu.y fight k-idcal of a hcmiring R is the inteT'section of all 

fuzzy k-irn:ducible right k-ideals of n whidl contain it. 
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Proof. Let). be the fuzzy right k-ideal of R and let p., : 0 E A} be tile family 

of all fuzzy k-irreducible right k-ideals of R which contain ).. Obviously A ~ /\ ).u, 

oEA 

We show that /\ ).0 5 ).. Let a be any element of R, then by Proposition l70, there 
oEA 

exists a fuzzy k-irreducible right k-ideal)'" such that). :5 A(J and A (a) = A8 (a). Hence 

).{1 E Po : Cl' E A}. Hence /\ Ao S ).jJ, so 1\ Ao (a) S )./1 (a) = ). (a) => /\ ).n .5 >.. 

Hence /\ Ao. = A. _ 
oEA 

oEA oEA 

T heor e m 172 The following asseT'lions for a hcmid'lg R with 1 arc t>.qlJiualcnt: 

1. R is right k-weak ly regular hemjring. 

2. Each right k-ideal of R is k-scmiprime right k- ideal of R. 

Proof. (1) => (2) Suppose every right k-ideal is idempotent. Let I , J be right - - -k-ideals of R, such that J2 ~ I. Thus J2 S; f . By Proposition 161, J = J2, 50 

J S; /. Helice f is a k-semiprime right k-icleul of R. 

(2) => (I) Assume that each right k-ideal of R is k-semiprime. Let 1 be right k-- -ideal of R. Then [2 is also a right k-idcal of Rand /2 S; J2 . Hence by hypothesis - - -J S; r2. But [2 S; J always. lienee / = /2 . Thus by Proposition 161, R is right 

k-weakly regular hemiring. _ 

Theorem 173 The following assertions for a hemiri71g R with 1 are equivalent: 

1. R is right k-weak ly rcgular hemiriug. 

2. All fuzzy right k-icleals of Rare k- idcmpotent ( A fuzzy right k-ideal ). of R is 

idcmpotent if ,.\ 0 1.: >. = >. ). 

3. ). 0 1.:}t = A/\ it for all fuzzy right. k- ideals A and all fuzzy two-sided k- idcnls 1.1. of 

R. 

4. Each fuzzy right k-ideal of R is a fuzzy k-semiprime right k-ideal of R. 

Peoor. (1) => (2) => (3) by T hooeem 162 

(2) => (4) Let 6 be auy fuzzy right k-ideal of R then A 0 1.: A S 5, whcre ). is a fuzzy 

right k-ideal of R. By (2) A 0 1.: ). = )., so ). S O. Thus 5 is a fuzzy k-semiprimc right 

k-idcal of n. 
(4) => (2) Let 0 be any fuzzy right. k-idenl of R thcn 0 0 k 0 is also a fuzzy right 

k-ideal of Rand !iO by (4) 0 0 k 0 is a fuzzy k-scmiprime right k-ideal of It As 

o 0k 0:5 00k 6" => 6:5 60k 6 but O<="lk O S 0 always. So 60kO = 6. _ 
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Theorem 174 If eve,." right k-tdool of a hernirillg R is k-p"ime dght k-itlcal the" R 

is dghl k-wcakly rl!gular hemiring and the set of k -ideals of R is totally ordered. 

Proof. Suppose R is a hemiring in which each right k-ideal is prime right k-- -ideal. Let A be a r ight k- idenl of R t hen A2 is a right k-ideal of n. As A2 ~ A2 - - -=> A ~ A2. But A2 c;: A always. Hence A = A2 . T hus R is r ight k-wcakly reguJar 

hemiriug. 

Let A, B be allY k-ideals of R then AB c;: An B. As A n B is 3 k-ideal of R, so a 

k- prime right k-ideal. Thus either A c;: An B or D!'; A nB. That is either A c;: B 

or B c;: A. • 

T heorem 175 If R is right k-weakly regula,' hcmi"ing and thc set of all fight k -ideals 

of R is totally (mIcf'cd then CIJC7'y right k-ideal of R is a k- ,wimc right k-ideal of R. 

Proof. Let A, D, C be r ight k-ideals of R such that AD !'; C. Since tbe set. of all 

right k-idcals of R is totally ordcrt..'<I, so we have A ~ B 01' B ~ A. If A ~ D then ,.,....... ,.,....... ,.,....... ,.,....... 
A = AA c;: AB c;: C. If B c;: A then B = BB c;: AD c;: C. Thus C is a k-primo right 

k-ideal. • 

Theorem 176 IJ clJer'y fuzzy "ight k-idcal of a hemiring R is fuzzy k-,}lime ,";ght k

ideal Uten R is ,;ght k -weakly f'egular hemi,ing arid the set of fuzzy k-ideals of R is 

totally orde,·ed. 

Proof. Suppose R is a bemiring in which each fuzzy right k-ideal is fuzzy prime 

right k-ideal. Let), be a fuzzy right k-ideal of 11. then A 0 1.: ), is also a fuzzy righ t 

k-ideal of R. A.Ji A (.)1,: A :5 A (.)1,: A => A :5 A 0k A. But A 0 1,: A :5 A always. Hence 

A = A 01.: A. T hus R is right k-weakly regular hemiring. 

Let A, fJ. be any fuzzy k-ideals of R then ), 0 1.: II, :5 A II It. As), A fJ. is a fuzzy k-ideal 

of n so a Cuzzy k-prime r ight k-ideal. T hus either), :5 A" IJ. or Jt :5 A II II. That is 

either A :5 IJ. or fJ. :5 A. • 

T heorem 177 If R is right k-weakly regular hemi,.ing and the set oj all fuzzy r-igllt 

k-ideals oj R is totally oJ'dcml Ul cn evcr'Y f uzzy f'ight k -ideal oj R is a fuzzy k-p I-irne 

right k-ideal of R. 

P roof. Let A, /l., v be fuzzy right k-ideals of 11. such that A 01.: Jt .:5 /1. Since the set 

of all fuzzy right k-ideals of R is totally ordered, so we have A .:5 11, or It .:5 A. If A .:5 J-t 

then A = >'1:)1,:)' .:5 A (,'11,: /_1 :5 II. If /1:5 A then 1-L = /101.: 1-" :5 A 01.: It .:5 /1. T hus /1 is a 

fuzzy k-prime right k- ideal. _ 
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E xample 178 Considcr thc set R = {O , x , l } in which the "sup "(v) and ~inr (A) 

a ll: defilled by the. chains 0 < 1 < x and 0 < x < 1. On the set R , dcfi71 C + = V anci 

. = A. Then (R , + .. ) 1.5 a hemiri7lg WiUl Ule /ollowillg tablcs: 

+ 0 x 1 

o 0 x 1 

x x x x 

1 1 x 1 

o x 

o 0 0 0 

x 0 x x 
lOx 1 

T he right ideals of Rare to}, {O ,x}, {O,x , I}. T he right k-ideals of Rare {OJ 

/0, x,I}, which are idempotent. Obviously cach right k- ideal of n is k-primc 

In order to examine. the right fuzzy k-icleals of R , we observe the followi ng facts 

concerning R. 

Fact 1. 

Let A : R => [0,11 be a fuzzy subset of n. Then A is n fuzzy right ideal of R if and 

only;[ A(O) " A(x) " A(I). 

Proof. Suppose ,\ : R => [0, II is a fuzzy right ideal of R. Since 0 = x . 0 = I . 0 
50 A(O) " A(x) and A(O) " A(I) . Also A(x ) ~ A( I ·x) " A(1). T hus A(O) " A(x) " 

A (1) . 

Conversely, suppose that A : R => [0, IJ is a fuzzy subset of n such tha t A (0) ~ 

A (x) ~ A (1) . By the derUlition of "+" defmcd on R, we have m + nt' = m. or m ' fol' 

every 171, m' E R. and certainly ). (m) A). (171' ) ~ ). (m) and A (m )A ). (m') <). (171'). 
Thus ), (m +m') ~ A(m) A A (m'). By the definition of "." defined 00 R, it is easy 

to verify t hat A(ma) ~ A (111) for all m,a in R. Hence A is a fuzzy right ideal of n. • 
Fact 2. 

Let ). : R => [0, I] be a fuzzy subset of R. T hen). is a fuzzy right k-idcnl of R if 

and only if A (0) ~ ), (x ) = ), (1). 

Proof. Suppose). : R.::::} [0, I] is a fuzzy right k· ideal of R. Then by the Fact 

1 A(O) " A(X) " A(I). S",co l + x ~ x. 50 A(I) " A(x) A A(x ) ~ A(x ). Thus 

A(O) " A(x) ~ A(I) . 

Conversely, suppose that A : R => [0, I] is a fuzzy subset of R sucb that A (0) ~ 

A (x) = A (1) then by the Fact 1, A is a fuzzy right ideal of R. 

Ifx+a = b fol' a,b,x E R then A(X) ~ A(a) AA(b). So). is n fuzzy right k-ideal 

of R .• 

Obviously R is right k· weakly regular hemiring. But each fuzzy right k-ideal of R 

is not k~prime. Because Ad', v defined by A(O) = 0.8, '\(x) = ).(1) = 0.6, J.L(O) = 0.9, 

,,(x) = /-,{l) = 0.5 and v(O) = 0.85, v(x) = vel) = 0.55 arc fuzzy k· ideals of R such 

th at A 01.: 1-' ~ v but neither ). ~ v nor /-' ~ v. 
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4.3 Right pure k-ideals 

In LItis section we define right pure k-ideals oC a hemirillg R and also right pme fuzzy 

k-ideals of R, We prove that a two-sided k-ideal I oC a hemiring n is right pure iC and -only iC Co r every righL k-idcal A of n, we have A n I = Al , 

D efinition 179 A k-ideai I of a liemiriug R is called f'ight pU7'e if for each x E I, -x E xl , that is fo, ' e(Lch x E I thcn: cxist y, z E I such that x + xy = xz. -Lemma 180 A k-ideal I of a hemil'ing R is fight pure -if and only if A n I = A[ for 

evef'Y right k-ideal A of n. 

Proof. Suppose t.hat I is a right. pme k-ideal of R and A is a right. k-ideul of R. 

Then -AI <;; A nI. - -Let a E AnI, then a E A and a E I . Si nce I is right pure so a E a I ~ AI . - -ThusAnlC AI , HCDceAn I = AI , 
- -Conversely, assume that A n I = AI for every right k-ideal A of R. Let x E 1. 

~ 
Take A. the principal right. k-ideal generated by x, t.hat. is, A = xR + Nox. where . 

,-...... ~..--: 
No ={O. 1,2, ..... }. Byhypothesis/lnl = AT = (xR+Nox) I 

,.--"-----, - -=(xR +Nox)J ~ xl, SoXE xl. 

Hence J is a right. pure k-ideal of R. • 

Definition 181 A fuzzy k -itleal >. of a hemi1'iug R is called l'ight 1Htl'C fuzzy k-ideal of 

R if p./\ >. = /l. 0 " >. for' eveT'y fuuy fight k-ideal J! of It 

Pl'oposition 182 Let A be a non·c71Ipty subset of a hemil-ing R , Thel! X,4, the char

acteristic function of A, is right pUI'C fu.zzy k-idcal of R if and only if A is 1'ight lJU1'C 

k-ideal of R , 

Proof. Let A be a right pure k-ideal of R. Then XA is a fuzzy k-ideal oC It To 

prove that XA is right pure we have t.o show that for any fuzzy right. k-ideal J' of R. 

I'/\XA == " r:)h XA ' Now iC x ¢ A, t.hen 

("A XA )(xl ~ ,,(xl A XA (xl ~ 0 '; (,, 0 1< XAI (xl· 
For t.he case x E A, as A is right pure k-ideal oC 11" so there exist a, b E A, such 

that x + xa = xb, 

As X,U, b E A, this implies XA (x) = X" (a) = XA (b) = l. 

Now, 
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(,'(-I, XA) (x) ~ • V " .. [.0. I,.(a.) A XA(bi)1 A Zl [,,(a;) A XA(bj)l] 

,;+ EQ;b.= EoJbj 
I _ I i - I 

~ minl/J (x) II XA (a) II 1" (X) II XA (b)J 

~ minl/l(x) A XA (x) II It(X) II XA (x)1 

" ,.(x) AXA(X) ~ ("AXA)(X). 

So, ill both the cases J.J. 0 1.: XA ~ Il II XA' But. J.J. 0 1.: XA :5 Jt II XA is always t rue. 

Thus,/tAXA = /t 0 kXA' 

SO, XA is right )lure fuzzy k- ideal of R. 
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Conversely, let XA be a right pure fuzzy k-ideal of R. Theu A is a k-ideal of R. Let 

B be a right k- ideal of R, then XIJ is a fuzzy right k-ideal of R. Hellce by hypothesis 

Xu 0 1.: XA = Xu II Xli = XBnk By Lemma 74, Xn 0 1.: XA = x..----... This implies that 
nA -B n A = B A . Therefore A is a right pille k-ideal of R. • 

Proposition 183 The intersection of right 1JU7'C k-ideal$ of R is (t fight 1Jln'C k-ideal 

afR o 

Proof. Let A, B be right pure k-ideals of R and I be any right k-ideal of R. T hon -In(AnD) = (fnA)nD = (IA )nB because A is right pille 

= (lA)B because B is right. pure aod (fA) is a right k-ideal 

--~ ~ (I A)B ~ I(AB) ~ I(A n B). 

Hence An B is a right pure k-idcal of R. • 

Prop os ition 184 Let ).1,).2 be right pure fuzzy k-idea4 of R, tJte'~ so is). . II ).:._ 

Proof. Let).1 and ).2 be right pure fuzzy k-ideals of R then ).. 11).2 is a fuzzy 

k-ideal of R. We have to show that, for any fuzzy right. k-ideal/.l. of R, ,,01; (A. A ).2) = 
/.1. A (>., A A2). 

• 

Since ).2 is right pure fuzzy k- ideal of n so it follows that. ).,01.: >'2 = ). . A ).2. 

Hence 

Also, 

I' II ().1 II ).2) = (I'll ).d 11).2 

= (}.I.(:)" Ad A).2 since.\ , is right pure 

== (I' C:)I.: ).d 0.1.: ).2 since Ii 0 .1.: A. is n fuzzy righL k-ideal of n 
= It (:)1.: ('\t 01.: ).2) . 

T hus 
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Prop ositio n 185 l1te following statements arc cq!livaient for (l hemiring II with iden

tity : 

1. n is right k-weakly regular hcmiring. 

2. AU right k-ideals of R are k-idempotent (A right k-ideal B of R is k-ideHipolcnt ..-
if 8' ~ il). 

3. Every k-idcal of R is right. pure. 

Proof. (1) ¢:) (2) By Proposi tion 161. 

(1 ) =* (3) Let R be a right k-weakly regular hemiring. Let I and A be k-ideal and ..-
right k-ideal of R, respectively. Then A n I = Al . 

Thus by Lemma 180, A is right. pure. 

(3) :::> (1) Let I be a k- ideal of R and A a right k-ideal of R, then by hypot.hesis ..-
I is right pure and so A n I = AI . T hus by Proposition 161, R is right k-weakly 

regular hemiring. _ 

Prop os ition 186 Tlte followillg assertions O''e equivalentJo,. a hemiri71g R with idell

lily: 

1. n is right k-wenkly regular bemiring. 

2. All right k-idcals of R are k-idempot.ent. 

3. Every k-ideal of R is right pure. 

4. All fuzzy righl k-ideals of Rare k-idempotent. 

5. Every fuzzy k-idcal of R is right pure. 

If n is commutative, then the above assertions arc equivalent to 

6. R is k-rcgular. 

Proof. (1) ¢:) (2) ¢:) (3 ) by Proposition 185. 

{I} <=> (4) by T heorem 162. 

(4) => (5) Let >. and JL be fuzzy right and t.\,,'o sided k-ideals of R, respect.iveJy. 

T hen >'Al1. is a fuzzy right k-idcal of n. By Corollary 76 , >' 0 kl' $ >'A/" By hypothesis, 

Hence>. 0 k I' = >. " 11.. Thus It is right pure. 
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(5) "* (1) Let B be a right k-ideal of n and A be a two-sided k-ideal of R then 

the chamcLerisLic functions XD and XA of B and A arc fuzzy right and fuzzy t\\ro-sided 

k-idc."l1s of R, repcctively. Hence by hypolhesis -XD0hXA = XBAXA => X~= XDnA => BA = BnA. 
BA 

Thus by Proposition 161, R is right k-weakly regular hemiring. 

Finally If R is commutative then by Theorem 81, (1) ¢} (6) .• 

4.4 Purely prime k-ideals 

In t his section we define purely prime k-ideals and purely prime fuzzy k- ideals of a 

hemiring and study some basic properties of these ideals. 

Definition 187 A InYJpcT right pun~ k-idcal r of a hemili.ng R is called IJ1J.n~ ly pfimc 

if fOI' any fi.ght 1Jure k -iclcals A, B of R, An B C; I =* A C; I 01' B S I . -If A, B are right pure k-idco.ls of R then An B = AB. Thus the above definition -is equivo.1enL to AB S I "* A C; 1 or B C; I . 

Definition 188 A prope,' right pure k -ideal p. of a Itemiring R i~ called purely ,,,.,ime 

if fOl' any 7'igitt pw'C fuzzy k-ideals A, 0 of R, ). A J :5 It => ). :5 II 01' 0 :5 It. 

If )., J arc right pure fuzzy k-ideals of n, then). A 6 = ). 0 k J. Thus the above 

definition is equivalent to ). (:)k 0 :5 !J => ). :5 Jl or 0 :5 11. 

Pmposition 189 Let R be a right k -weakly regular hcmi1-ing with 1 011d I be a k·ideal 

of R . Then the following asseTtio71~ an~ equivalcnt: 

L For k· ideals A, B of R, Ann = J => A = I or B = r. 

2. An B s r,,* A t;;; I or B f; I. 

Proof. (1) => (2) Suppose A, Bare k-idcals of R such that An B s I . Then 

--------- ---------by Theorem 164, 1 = (AnB)+I = (A+f)n(B+/). Hence by the bypothesis - --------I = (A + I) od = (B + l), i.e. , A !; f 00· B !; f. 

(2) =:0> (1) Suppose A, Bare k-ideals of R such that An B = 1. Then 1 S A and 

J S B. On the other halld by hypothesis A S 1 or B ~ I . Thus A = I or B = I . • 

Proposition 190 Let R be a right k-weakly n~guI01' Ilcmiring. Then any proper' 1'ight 

pun! k-ideal of R is contained in a pun~ly prim.e k-ideal 0/ R . 
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Proof. Let I be a proper righL pure k· idcal of a right k·wenkly regular hemiring 

R and a E R such tha t a ~ J. Consider the set 

x = {J,., : J,., is a proper right pure k.ideal of R such that J ~ Jp and a ~ Jp }. 

Then X ¢ ¢ because lEX. By Zorn's Lemma this family conloil1s a nu:udmal 

clement, say M . This maximal clement is purely prime. Indeed , Jet An 8 = M for 

some right pure k·ideals A, B of R. IT A, B both properly contains M, t hen by the 

maximruity of 111, a E A and a E B. Thus a E An B = M, which is a contradiction . 

Hence either A = M or B = M . • 

Proposition 191 Let R be a dghl k · weakly 7'egular hemiring. Then each lwope1' 7'ight 

IJ1lTe k·ideai is UlC i7lter·scction of all pU10cly pri.me k · idco.ls of R which contain it. 

Proof. Proof is simi lar to the proof of Theorem 169. • 

Proposition 192 Let R be a right k·wco.kJy regular hcmir-ing. If A is a right pure 

fuzzy k·ideal of R with'\ (a) = t whe,.e a E Rand t E (0, 1J , then there eri.sts a purely 

prime funy k .ideal,L of R such that ,\ ~ fl. and JI. (a) = t. 

Proof. The proof is similar to the proof of Proposition 170. • 

Proposition 193 Let R be a right k·weakly H!gular hcmiri1lg. Then each l''r01Jer fuzzy 

right purl! k.ideal is the intersection of all purely prime fuzzy k · idools of R which 

contain it. 

Proof. Proof is similar to the proof of Theorem 171. • 



Chapter 5 

Right h-weakly regular hemirings 

III this chapter we define right IHvenkly regular hemirings aod characterize these hcmir

ings by the properties of their right h ... idcals and fuzzy right h-idcals. 

5.1 Right h-weakly regular hemirings 

Definition 194 A hemi7i71g R is called 7'ight (left) It -weakly n~9 rtla1' hcmi1'ill9 if /01" 

each.:t E R, .:t E (xR)'2 ( res. z E (ful). 

" That is fOI" each x E R we have 7';,s;,tj,Pj,Z E n such that x + LXTjXS i + 
i = ! 

Z = E :r.tjXPi + z (x + t,"jXSjl: + z = f; tjXPjX + z). Thus each h-henuregular 
j=1 ;=1 i _ I 

hemirillg wit.h identity is right It-weakly regu lnr but. t.he convcrse is not true. However 

for a commut.ative hemiring both the concepts coincide. 

Proposition 195 The following statements are equivalent/or a Ilcmiri1l9 R wUh iden

tity: 

1. R is right. It-weakly regular. 

2. All right fl.-ideals of R are It-idempotent (1\ right It-ideal B of R is h.- idempotent 

;(8' ~ 8). 

3. BA = B n A for all r ight It-ideals 8 and two-sided It-ideals A of R. 

Proof. (1) => (2) Let R be a right h.-weakly regular hemiri ng and n be a right 

fl.-ideal of it Clearly Jl1 ~ B. 

Let x E 8. Since R is right It-weakly regular, so x E (xR)2 where xR is the right 

ideal of R generated by x and so xR is the right fl.-ideal of R generated by x. Thus 

xR s;: 8, this implies 

76 
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x E (xR) (xR) £; BB = 8". 

Thus B ~ IfI. So, 7J2 = B . 

(2) => (3) Let B be a right h-ideal of R and A be a two-sided .h-ideal of R. Then 

by Lemma 9, DA ~ B n A. To prove the reverse inclusion, let x E B n A a nd xR and 

RxR are the right. ideal and two-sided ideal of R generated by x, rcspect.ively. Thus 

xn~8andRxR~A. Now 

x E xR ~ xR = "LR :r:R = xRxR = (xR) (xR) - x (RxR) ~ XI[ ~ BA. 

lIence En A ~ BA a nd so Bn A = BA. 
(3) => (1) Let. x E Rand RxR and xR be the t.wo-sided ideal and right ideal of R 

generated by x, rcpcctively. Then 

- -- ;-;:;;:; x E xRn R.xR ~ xRnRxR = xR R..xR = xRRxR = xR'lxR _ (xR) . 

Hence n is right It-weak ly regular hemiring. _ 

Theorem 196 The Jollowi.ng assertions all! equivalent/or tl hemiri"g R with identity: 

1. R is right. I~weakly regular hemjring. 

2. All fuzzy right. h-ideals of narc h- idempotent (A fuzzy right It-ideal). of R is 

idempot.ent. if ). 0 h). = ).) . 

3. ~ 0 " 11. = ~ /\ 11. for all fuzzy right It-ideals). and all fuzzy two-sided It-ideals I-' of 

R. 

Proof. (1) => (2) Let ). be a fuzzy right. h-ideal of n, theu we have). 0 ,,). .$ ~. 

For the reverse inclusion, let x E R. Since R is right I~weakly rCbruiar, so there 

exist Si, ti t s~, t~, z E R such that 

m T, 
x+ LXS;xti+Z = Lxs~xt~+z. 

i= l ;=1 

Hence 
m 

A(.) = A(.) A A(.) $ /\ (A( .. ;) A A(.,;)). 
;=1 

Also 
" 

A(.) = A(.) A A(.) $ /\ (A(.s;) A A(";)) . 
j - I 

Therefore 
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).(x) s ['A ().(XS;) A ).(xt,))] A [.71 ().( .. j) A ).(xti))] 
. _ 1 1~1 

[ [
A ().(Xso) A ).(xt;))] ] 

S V ;~: ( )] 
m "" II A A(XS'.} II A(Xt'.) 

:z:+E :Z:'j;J;t,+,,= ~ :Z:.fJrtj+Z ' .. , 1 1 j... p " J 

~ (). 0. ).)(z). 

Hence A :s A 0 " A. T hus A 0 h A = A. 

(2) => (3) Let A a nd J.L be fuzzy righi, and two sided hMideals of R, respectively. 

Then A II I' is a fuzzy right hMideal of R and A 0" I' ::;; A II I' is always t rue. By 

hypothe..<;is, 

Hence>. !,:)" J.L = A /\ 11. 

(3) => (1) Let B be a right h· ideal of n anti A be (\ two-sided II--- ideal of n. Then 

the characteris tic functions Xo and XA of B and A arc fuzzy right and fuzzy two-sided 

h·ideal of R, repecti vely. Hence by hypothesis, P ropositions 31 and 29, 

Xo (:)1, Xtl = XlJ II XA => Xu = XBnA => M = n n A. 

Thus by Proposition 195, R is right JHveakly regular hemiring. _ 

Theorem 197 The following assef·tions are equivalent. for a hemif'ing R with idelilily: 

1. R is l"ight IHveakly regular bemiring. 

2. AU right h· ideals of Rare hMidempotent. 

3. BA = B n A for all right II--- idcals B and two-sided /t· ideals A of n. 

4. AU fuz"l.Y right It-ideal,; of R are II---idcmpotent. 

5. A (:)h I' = A II It for all fuzzy right It-ideals A and aU fuzzy two-sided h-ideab I' of 

R. 

H R is comm utative, then the above assertions are equi valent to 

(i. n. is h-hemiregular. 

P roof. (1 ) # (2) # (3) by P roposition 195. 

(1) " (4) .. (5) by T hoo,·elll196. 

Finally 1£ R is commutative, then by Theorem 45, (1 ) # (6). _ 
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T heorem 198 II R is f'ight IHucakly regular hemirillg, tl&m the collection 01 (Ill h 

t(icals fOrlns a co1ll1Jlele D7lJuwcdan lattice. 

Proof. The collection Ln of all h-ideals of right h-weakly regular hemiring R is a 

paset wldcr the inclusion of sets. It is not difficult to see that Ln is a complete lattice 

uuder the operations U, n defined as A U B = )fT-'B and A n B = A n n. 

We show t hat Ln is a Brouwcrian lattice, that is, for any A , B E Ln , the set. 

Ln(A, 8) = {I E eli I Ani ~ 8} contains a greatest element. 

By Zorn's Lemma the set Ln(A ,B) contains a maximal element M. Siuce R is 

right It-weakly regular hemiring, so AT = A n I ~ Band JI'M = A n AI ~ D. Thus 

AT + AM ~ B. Consequently, lIT + AM ~ B = B . 

Since J + M = luM E Ln , for every x E I + AI there exist il,i2 E I, 1n1 , 1'Il2 E M 

and z E R such that x + il +m\ + z = i2 +fll2 +z. Thus 

for any d E D E Cu. As di"di2 E DI, dm\,dm2 E DM, d z E n, we have 

dx E VI + DM, which implies D (I + M) ~ DI + DM C DI + DM C; B. Hence 

D (I + M) f; B. This means that D n (I + M) = D (I + M) ~ B, i.e., 1 + M E 

Cn(A, B) , whence J + M = M because M is maximal in L n(A, B) . Therefore I ~ 

I ~ 1+ M = M for every I E Cn(A, 8). • 

Corollary 199 If R i.s "ight It-weakly 1-egular hcmi1'in9, then the lattice £n. is clist1'ib

utive. 

Pl'OO £' Each complete Brouwerian latlj(.,€ is distributive (d. [1 q, 11.11) . • 

The following example shows that if the collection of all It-ideals of a. hemiring Jl 

is a distributive lattice then R is not nec(."SSarily a right It-weakly regu.lnr hemiring. 

Example 200 COT!$idm' lhe hcmil'ing R = {O, a, b} with VIC foflowiflg opemtions 

+ 0 • b 0 • b 

0 0 • b 0 0 0 0 

• • • b • 0 0 0 

b b b b b 0 0 b 

The ideals of Rare {O} , {O,a} , {O,b} and R. Only R itself is All h-ideal of Jl. 

The collect.ion of It-ideals is a dist ributive lattice but R is Dot right. It-weakly regular 

hemiring, since {O ,a,h} is not It-idempotent. 

Theorem 201 If n is right h -wookly regula1' hcmi1'ing, then the set Fl:.n of all Juzzy 

h-ideals of R (o1"(lercd by 5) is a distdbutivc lattice. 
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Proof. The set. FUR of all fuI'.I'.Y II-ideals of R (ordcred by :s:: ) is dcarly a lattice 

undcr the h-slIIn and intersection of fuzzy h-ideals. Now we show that. Fb n is a 

distributive lattice, that. is for ally fuzzy h-ideals >',/1.,6 of n we have (-' /\ 6) -I- 11= 

(.I + 1') A (0 + 1'). 

For any x E n, 
i(), AO) +/,1 (x) ~ V [()' A5)(a l) A()'AO) (a')A ] 

Z+ (1I 1 i·bl)+z::(lIl+/n)+Z (/1.) (b l ) /\ (,L) (b:!) 

~ V [),(adA),(a,)A/I(bdA] 
Z+(II I+b.)+Z::(1I2+b:z)+z P(b2) /\ 6 (al) /\ 6 (a2) 

~ V [ 1)'(adA),(a,)AI'(bdA/,(b,)IA] 
Z+(III+b')+Z" (1I2+b:I: )+Z 16 (ad II 6 (a2) 1\ Ji (bd /\ /.' (~)J 

~ ( V I),(a l) A),(a,)A /I(bd A/I(b,)I) 
z+{al +b, )+Z= ("2+b:z)+Z 

A ( V 15(adAO(a')AI'(bdA/I(b,)I) 
"'+{lIl +bl )+.f-("l+b:I)+Z 

~ (), + p)(x) A (6+ 1') (x) 

~ I()' + ,,) A (6+ ,,)1 (x) .• 

5.2 Prime and Fuzzy prime right h-ideals 

Definition 202 A right h-ideal P of a hemiring n is called It-prime (h -se'niprime) 

right It-ideal of n if for U1lY right It-ideals A, B of R, 

AB ~ P => A ~ P OT B ~ P (A2 ~ P => A ~ p). 

P is called an II-irreducible (h-st.rongly irreducible) right h-idenl of n if for any 

1 ight /i.-ideals A, B of R 

A fuzzy right h-ideal Jt of a hemiring n is caUed a fuzzy II-prime (l!-Scmipdmc) right 

h-idenl of R if (or any fuzzy right. h-idcnls A, 6 of n, 

I' is called a (uzzy h.- irred ucible (Il-strongly irreducible) if for allY (uzzy right It-ideals 

A,6orn, 

>. /\ 6 = ,1. =>). = p or 6 = p (A /\ 6 S I' => >':5 ,1. or 6 :s:: 11.) . 

Lemma 203 (a) Eue,y h-prime right " -ideal (fuz.zy It-prime fight h-illeal) of a h.emi,·

ing R is an h-semipl-ime right h-ideol (fuzz.y h-semipl-ime right h-illeal) of n. 
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(b) The intersection of It-prime right h-ideal (fuzzy It-prime right h.-ideal) of R is 

an h-semiprime right h-ideaJ (fuzzy h-semiprime right h-ideal)of R. 
Proof. Straightforward. • 

Theorem 204 Let R be a right h-weakly regular hemiring. Then each proper dght 

h-ideal of R is the intersection of right It-irreducible It-ideals 'Which contain it. 

Pl'Oof. Let I be a proper right h-ideal of n and let {Ia : a E A} be a fami ly of right 

It-i rreducible h-ideals of R which contain I. Clearly I <;:; naEAIa. Su ppose a f/. I. Then 

by Zorn's Lemma there ex ists a right It-ideal IfJ such that 1fJ is maxi mal wit l.! respect 

to the property I ~ IfJ and a rt 18. We will show that IfJ is It-irreducible. Let. A,n be 

right It-ideals of R such that Ip = B n A. Suppose Ip C Band Ip C A. T hen by the 

maximali ty of 1p, we have a E B and a E A. But this implies a E B n A = IfJ, which 

is a contradiction. Hence either 18 = B or I fJ = A. So there exists an h.-irreducible 

It-ideal Ip such that a ¢ Ip and 1 <;:; lB. Hence n Ia <;:; 1. T hus 1 = nla .• 

Proposition 205 Let n be a right h -weakly regular hem.ir'ing. If A is a fuzzy r'ight 

It-ideal of R with>' (a) = a, where a is any element of R and a E (0, 11, then there 

exists a. fuzzy h-in'Cd'Ucible Tight h-ideal 0 of R snch that A ::; 0 and 0 (a) = o. 

Proof. Let X = {p. ; It is a fuzzy right It-ideal of R, It (a) = 0' and A ::; J.L}. T hen 

X -::F t/J, since A E X. Let F be a totally ordered subset of X , say :F = {Ai; i E I} . We 

claim that V Ai is a fuzzy right It-ideal of R. For any x, r E R, we have 
iEl 

(y Ai) (x) ~ Y (Ai (x)) :S y (,Ii (XT)) ~ (y Ai) (,,) 

Let x, yEn, consider 

(y Ai) (x) A (y Ai) (y) ~ (y (Ai (X))) A (y (Aj (Y))) 

~ Y [y (Ai (x)) A Aj (y)] 

~ Y [y (Ai (x) A Aj (y))] 

:S Y [y (Ai (x) AAi (y))] 
where AI = max {Ai, Aj}, note that >.1 E {>'i : i E I} 

:S Y [y [A!(X+Y)]] 
~ 'I [A! (x +y)] 

'J 
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" y IAi (x + y)1 ~ (y Ai) (x + y) 

Now, let x+a+z = b+z whcl'C x,a,b,z E R. Tben 

(y Ai) (a) A (y Ai) (b) ~ (Y (A, (a))) A (Y (A; (b)) ) 

~ Y [( y(Ai(a))) A,Ij (b)] 

~ Y [y (Ai (a) A,I; (b))] 

"y [y (A{(a) A A{(b)) ] 
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where)..1 = max Pi,)..j), note t.hat)..1 E p. : i E I} 

~ y [y ()..1 (X») ] because ;\t is a fuzzy right h-ideal 

~ \I H (x)] " V IAdx)1 ~ (V ,Ii) (x ) . 
1.1 • , 

Thus V )..; is a fuzzy right Ilrideal of R. Clearly).. ~ V.Ai and V .Ai (a) = V P'i (a» = 
iIi ; 

o. Thus V .Ai is the l.u.b of:F. Hence by Zorn's lemma there exists a fuzzy right It.- ideal 
i 

6 of R whi ch is maximal with respect to the property that;\ ~ 0 nnd o(a) = (t. 

We will show that. 6 is fuzzy h-irreducible right h-ideal of R. Let 6 = 6,1\62 , where 

6,,62 are fuzzy right It-ideals of R. Thus 6 :S 6, and 6 :S 62 • We clai m that either 

0=0, or 6 = 62 . Suppose 0 -::/= 0, and 6 -=F 62. Since 6 is maximal with respect to the 

property that. 6 (a) = 0" and since 0 ~ 6, aud 6 ~ 62, so 61 (a) ::F o· llnd 02 (a) ¥- o. 

Hence 0 = 0 (a) = (0. 1\ 62) (a) = (od (a) 1\ (02) (a) -::/= 0, which is impossible. Hence 

0 = O. or 0 = 02. Thus 6 is fuzzy Ilri rreducible right It-ideal of R .• 

Theorem 206 Every jrtzzy right h-ideal of lJ, hemi,i llg R is f),e intersection of aU 

fltzzy h-i1Teducible right I~-ideals of R which contain it. 

Pl"Oof. Let).. be t.he fuzzy right. h-ideal of R and let Po : 0' E A} be the family 

of all fuzzy h· irreducible right h-idenls of R which contain .A. Obviously .A ~ /\ .Ao . 
o Eh 

We now show that 1\ )..0 ::; )... Let a be any clement of R , then by Proposit,ion 205, 
oE h 

there exists n fuzzy h-irreducible right h-ideal.A8 such that.A ~.AfI and .A (a) = .AfJ (a). 

Hence.A1l E po- :aE A} and so 1\;\0 :S )..{1. Thus 1\ )..0 (a) :S )"fJ(a) = )..(a) 
o Eh 

::::} 1\ )..0 ~ .A . Hence 1\ )..0 =.A. • 
o € A t1 € A 

T heore m 207 The following assertions fm· a hemi7i.ng Rare eqltivltlent: 

1. R is right. h-wenkly regular hcmiring. 
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2. Each right It-ideal of R is It-semiprime right. It-ideal of R. 

P l·OOf. (1) => (2) Suppose R is right It-weakly regular hemiring. Let.l, J be right. 

h- ideals of n, such that J2 ~ ] => J'i ~ J. By T heorem 197, J = ]2, so J ~ I. Heoce 

I is an h-semiprime right It-ideal of R. 

(2) => (1) Assume that each right. It-ideal of R is h·scroiprime. Let] be n right. 

It-ideal of R. T hen J'1 is also a right h-ideal of R. Also ] 2 ~ J'1. Hence by hypothesis 

[ ~ 72. But 12 ~ I always. Hence 1 = [2 . Thus by T heorem 197, R is right I ..... weakly 

regular hemiring. _ 

Theorem 208 1'hc following asscrti01l.'; for a hcmiring R with identity moc cquiv(t/c7It: 

L R is right It-weakly regular hemiring. 

2. AU fuzzy right I ..... ideals of n are h· idempotent (A fuzzy right h,.. ideal A of R is 

idempotent if A 0 h ). = A) 

3. A loll. t' = A /\ P. for all fuzzy right It-ideals A and all fuzzy two-sided It-ideals I' of 

R. 

4. Each fu zzy right It-ideal of R is a fuzzy h-semiprime right It-ideal of n. 

Pl·OO C. (1 ) # (2) ** (3) T heorem 19G. 

(2) => (4) Let 6 be any fuzzy right I ..... ideal of R, then A0h). 5 6, where). is a fuzzy 

right It-ideal of R . By (2) A 011 A = A, 50 A 5 6. T hus 0 is a fuzzy h-semiprime right 

It-ideal of R. 

(4) => (2) Let 0 be any fuzzy right It-ideal of n, then 6 0 h 6 is also a fuzzy right 

It-ideal of n and so by (4) 6 t.;)h 6 is a fuzzy h-semiprime righL It- ideal of R. As 

6 ~)h 6 5: 6 8 h 0 => 6 5 6 0 h 6 but 0 1.:1h 6 ::; 6 always. So 5 0 h 6 = 6. • 

Theorem 209 If eve f'y ,-ight It-ideal of a hcmiri1l9 R is " -prime f"iyht It -ideal then R 

is d ght It -wcakly focgular hcmif-;'ng and the set of h . ideals of R is totally ordered. 

Proof. Suppose R is a bemiring in which each right. I ..... ideal is prime right II-ideal. 

Let A be a right It-ideal of R then If2" is a right It-ideal of R. As A'l ~ 111 .::::} A ~ Al. 
But Ji1 ~ A always. Hence A = A2 . Thus R is right h-we(\kly regular hemiring. 

Let A, B be any It-ideals of R then A8 C; AnD. As An B is an I ..... ideal of R, so 

an It-prime right It-ideal. Thus either A ~ A n B or B ~ An B. That is either A ~ B 

or B ~ A . • 

Theorem 210 If R is fight It -weakly rcgultu' hemiJ-;'ng and the set of all1i.ght h ·ideals 

of R is totally oIYicJ·cd then. every dght It-itleal of R is an h-'/rime right It -ideal of R. 
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P,·oof. Let A, B , C be right. II.- idcals of R such that AD ~ C. Sincc the set.?f all 

right h-ideals of R is totally ordered, so we ha.ve A ~ 8 or 8 ~ A. If A ~ D then 

A = TI ~ 7riJ ~ C. If B ~ A I,hell B = BE ~ AB ~ C. Thus C is all It-prime right 
h-ideal. _ 

Theorem 211 If eue,'y fuzzy right It -ideal of a hemiring R is fu zzy h -7Jrime Tight It

ideal, then R is ';ght It -weakly 'l!gulo.r hernirillg o.ud the set of fuzzy h-idenls of R is 
totally Ol'(w·oo. 

Proof. Suppose Jt is a hemiring in which each fuzzy right I/.-idcal is fuzzy prime 

right. II.-ideal. Let), be a fuzzy right lv-ideal of n theu ). 0 " ). is also a fuzzy right 

It-ideal of R. As). C~/I ). :5 ). 0 h ). "* ). :5 ). 0 h).. But). 0 h ). :5 ). always. Hence 

). = ). 0 /. ).. Thus R is right It-weakly regular hcmiring. 

Let )., I-' be any fuzzy h-ideals of R then). 0 h J-I. :5 ,\ 1\ It. As ,\ 1\ /,1, is a fuzzy right 

h-ideal of R so a fuzzy " -prime right It-ideal. T hus either). :5 ). 1\ I' or J.L ::;: ). 1\ Jt. 

That is either). ::;: /,1, 01' Jl ::;: ).. _ 

Theorem 212 If R is a right h-weakly "egular hemiring and the set of all fuzzy T'ight 

h-ideaLs of R is totally onier-cd then elJery fuzzy right It-ideal of R is a fu. zzy h -prime 

"ight It -ideal of R . 

Proof. Let.)., /.L, II be fuzzy r ight lv-ideals of R such that>. 0 h J.I. ::;: II. Since the set 

of all fuzzy right 'v-ideals of R is to~aJly ordered, we have ,\ ::;: IJ, or 1,1, :5 >.. If ,\ :5 J.I. 

then).= ).(·)h'\ S ).(')11/,1,::;: II . If J.I.::;:'\, then 1' = 1-'(·)hJ.L::;: )'(')hI1:5 II. T hus" is a 

fuzzy h-}lrime right II-idea\. _ 

Example 213 COllside,' the set R = {a,x, ! } in which the "SUp ll(V) and Ninr (1\) 

an~ defin ed by the chains a < 1 < x and a < x < 1. 0'1 the set R, define + = V and 

. = 1\. TIIell (R ,+,' ) is a hemiring with tJ~efollowing tables: 

+ 0 x I 

o 0 x 1 

x x x x 

1 1 x 1 

o x 

o 0 0 
x 0 x 

lOx 

1 

o 

The right ideals of R arc {O} , {O, x} , to, x, I} . The only right. Iv-ideal of R is to, x, 1 J, 
which is idempotent.. Obviously R is r ight It-weakly regular bemiring and {a, x, I} is 

h-prime and thus h-semiprime. 

In order to exami ne the r ight fuzzy It-ideals of R, we observe the following facts 

concerning R. 
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Fact 1. 

Let )" : R - 10,11 be a fuzzy subset of R. Then)" is a fuzzy right ideal of R if and 

only if ,1(0) ~ ,I(x) ~ ,1(1). 

Proof. Suppose),,: Il _ [0, I] is n fuzzy right ideal of R. Since 0 = x · 0 = 1·0 

'" ,1(0) ~ ,I(x) and ,1(0) ~ ,1(1). AI", ,I (x) = ,1(1 · x) ~ ,1(1). Thus ,1(0) ~ ,I (x) ~ 
,1(1) . 

COllversely, su ppose that)" : R _ 10, I] is 11 fuzzy subset of R such that)" (0) ;::: 

)" (x) ~ )" (1). By the definition of + defi ned ou n, we have 111 + m' = m or TIl' for 

every tn, nt' E Il, and certainly)" (m)l\)" (m') S )" (m) and)" (m)l\)" (TIl') S )" (tn'). 
Thus)" (m + m') ;::: )" (tn) 1\)" (m'). By the definitiou of · defined ou R, it is easy to 

verify that)" (rna) ;::: )" (m) for nil m, a in R. Hence)" is a fuzzy right ideal of R. • 

Fact 2. 

Let)" : R _ [0, I] be a fuzzy subset of n. Then)" is a fuzzy right It-ideal of Il if 

and only if ,1(0) = ,I(x) = ,1(1). 

Proof. Suppose),,: R _ [0, I] is a fuzzy right It-ideal of R. Then by the Fact. 1 

,I (0) ~ ,I (x) ~ ,I (1). Since 1 + 0 + I = 0 + I, SO ,I (1) ~ ,I (0) A,I (0) = ,I (0). Thus 

,1(0) = ,I (x) = ,1(1). 

Conversely, suppose that)" : R -t 10,IJ is n fuzzy subset of R such that)" (0) = 

)" (x) = )" (1) then by the Fact 1, )" is a fuzzy right ideal of R. 
Ifx+a+z=h+z fora,b,x,z E R then ),,(x) = )" (a) 1\)" (b). So)" is a fuzzy right 

It-ideal of R. • 

Fact 3. 

All fuzzy right /r..- ideal of R in the above example are idempotent. 

Proof. Since each x E R can be expressed as x + alb) + z = a2b2 + z for some 

ai, 01, a:z,~, z E R and each fuzzy right II.-ideal of R is a constant function, so )"0 h),, = )" 

for each Fuzzy right It-ideal of R. • 
Thus each fuzzy right h-idenl of R is fuzzy h-semiprimc. Also each fuzzy right 

h-ideal of R is fuzzy It-prime. Because)" (')11/1 = )" /11-' and )" <:)h l' S /1 '=> )" 1\ /.t :$ v. As 

each fuzzy It-ideal is constant so either ,\" 11 = )" or )" 1\ J1. = I'. Thus)" :$ /1 or J.' :$ v. 

5.3 R ight pure h-ideals 

10 this section we define right pure II.-ideals of a hemiring R and also right pure fuzzy 

It-ideals of hemiring R. We prove that every bvo-sided h-ideal J of a bemiring R is 

right pure if and only if for every right II-ideal A of R, we have A n I = AI. 

Definition 214 An "-ideal I of a hcmiring R is called right pun: if f07' each x E J t 

X E xl, that is fa.,. each x E I the'"e crist a, bEl and z E R sudt that x+xa+z = xb+z. 
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Example 215 C01lsidc7' the hemidng R = to. a, b} with the followmg opemiiolls 

+ 0 a b 0 a b 

0 0 a b 0 0 0 0 

• a a b a 0 0 0 

b b b b b 0 0 b 

The only h-ideal of R is R itself which is right pure. 

Lemma 216 An h-ideal I of a hcmif'ing R is ,-ight ]llU'C if and only if A n I = AI f01' 

cue1y f'ight It -idcal A of R. 

Proof. Suppose that I is a right. pure h-ideal of n and A is a right It-ideal of R. 

T hen 

A7~ A n I . 

Let a E AnT, then a E A a nd a E i . Since I is right pure so a E al ~ AI. Thus 

Ani ~ AI. Hence An!:.: AI. 

Conversely, assume that AnI = AT for every right /i.-ideal A of R. Let x E T. 

Take A, ~he principal right It-ideal generated by x, that is, A :.: x R + Nox, where 

No = {D, 1, 2, ..... }. By hypothesis A n I = AI = (xR+ Nox)! 

= (xR + Nox)I ~ xl. So x E xl. 

lIence I is a right pure It-ideal of R. • 

Defin ition 217 A fuzzy It-ideal'\ of a hcmidng R is called dght pure fuzzy It-idcal 

o[ R i[ IJ, A ), = It 0 h ). [01' eVC7'!j fuzzy 7-ight h -ideallJ. o[ R. 

P roposition 218 Let A be a non-emlJty subset of a hemiring R. Then XA , the char

acteristic function of A , is right pure fuzzy It -ideal o[ R if and 07lly if A is dght pltn~ 

It-idcal of R . 

Proof. Let A be a right pure It-ideal of R. By Corollary 27, XA is a fuzzy It-ideal 

of R. 

To prove that XA is right pure we bave to show that for any fuzzy right h-ideal/l 

of n, {I. A XA = {I. 011 XA' We know that {I. (vh XA ~ {I. A XA is always true. 

Now, if x r{; A, then 

For the case x E A, as A is right pure It-ideal of R, so there exis t a, b E A and 

Z E R, such that x+xa+z =xb+z 
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As x , a, b E A, this implies XA (x) = XII (a) = XA (b) = 1. 

Now, 

(I' 0 "XA)(X) = '" sup"" [,0,[~(a')AXA(b')[A L[J,(aj)AXA(b;)l] 
z+ E tlibi+:= EnJb

J
+: J 

. ", 1 j .. . 

v 
z+zn+:=:o%b+: 

~ m.in [IL(::t) A XA (x) 1',/1 (x) A Xt\ (x)J 
~ 1'(x)AXA(X) 

= (I' A XA)(X) 
SO, in both cases I" 0 1, XA ;?: I' A XA· 

Thus, I" 1\ Xii = I' 0 h Xt\· 

SO, XA is r ight pw·c fuzzy h-ideal of R. 
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Conversely, let X", be right pure fuzzy l/r ideal of R. T hen by Corollary 27, A is an 

h-ideal of R. Let I be 11. right It-ideal of H, then XJ is a fuzzy right It-ideal of R. Hence 

by hypothesis and Propositions 29 and 31, 

Thus YA = Tn A. So A is r ight pure It-ideal of n. • 

Proposition 219 Let R be a liemirin9 then lite intersection of right lJUrc h-ideals of 

R is 11 ''ight pure h-idC(ll of R . 

Proof. Let A, B be rigbt pure l/rideals of R and I be any right h-idenl of R. Thell 

In(AnB) = (I nA) n B 

= (lA) n B because A is righ~ pure 

= (7i1)8 because B is right. pure and (7A) is a right It-ideal 

= (IA)B = [(A B) = J(A nB) 

Hence A n B is R r ight pure It-ideal of R. • 

Prop osition 220 Let..\I,..\2 be dgM pure fuzzy h-ideals of n, then 50 is ..\ 1 II ).2· 

Proof. Let..\1 and ..\2 be right. pure fuzzy h-ideals of R. Then ..\1 1\ A2 is a fuzzy 

h-ideal of R. We have to show that, for an}' fuzzy right It-ideal I' of n, 1,,0 1, (AI II ..\2) = 

MA(A , AA,). 

Since ..\2 is right. pure Cu zzy Ii-ideal of R so it follows that AI 0 h A2 = ..\1 II ..\2· 

Hence 

Also, 
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• 

IA. A (AI A. A2) = (I' A Ad A ).2 

= (,A. 0 1, ). J) A ).2 since ). , is right pure 

= (,l0h ).1) 0 11 A2 sincc IA. 0 11 AJ is a fuzzy right /i.- ideal of n 
= IA. (;)1. ( ,x J 1:111 '\2) . 

Thus 

Proposition 221 The following statements are equivalent for a hemiril19 R with iden

tity : 

1. R is right It-weak ly regular hemiring. 

2. All right It-ideals of R arc It-idempotent (A right It-ideal B of R is It-idempotent 

il B' ~ 8). 

3. Every It-ideal of R is right pure. 

Proof. (1) <=> (2) By Proposition 195. 

(1) =} (3) Let R be right It-weakly regu lar hem iring. Let J and A be Ii-ideal and 

right It-ideal of n, respectively. Then A n I = AI. 
T hus by Lemma 216, A is right pure. 

(3 ) => (1 ) Let I be a n It-ideal of R and A 8 right It-ideal of R , then by hypo tlicsis I 

is right pure a nd so AnI = lfl. T hus by Propositio1l 195, R is right Ii-weakly reguJ ar 
hemidng. _ 

Theorem 222 The following statements an: equ.ivale' ltfo,· a hemiring R with identity 

1. R is right It-weakly regular bemiri ng. 

2. All right h-idea ls of R are It-idempotent . 

3. Every It-ideal of R is right pure. 

4. All fuzzy right It-ideals of R are It-idempotent. 

5. Every fuzzy h.-ideal of R is right pure. 

1£ R is commutative, ti.Jen the above assertions are equivalent to 

6. R is h-hemiregula r. 
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Proof. (1) ¢:} (2) ¢:} (3) by Proposition 221. 

(1) ¢) (4) by Thco!'em 196. 
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(4) ~ (5) Let.A and l.t be fuzzy right and two sided h-ideals of n, respectively. T hen 

)"I\IJ· is a fuzzy right h.-ideal of R. Also >' 0 1,J.t ~ .A0 "XR ~ >. and ).0 ,./, ~ Xn 0 b1.t ~ 1-'. 

Titus>' (')h It ~ >. 1\ It . By hypothesis, 

Hence .\ 0 h l.t = .\ 1\ /.I.. Thus .\ is right pure. 

(5) ~ (1) Let B be a right It-ideal of R and A a two-sided I~ideal of R then the 

characleristic functions XB and XA of B and A are fuzzy right and fuzzy two-sided 

It-ideals of R, repectively. Hence by hypothesis 

Xn (:)h XA = XB 1\ XA ~ XU = XSnA => BII = B n A. 

Thus by Proposition 195, R is right h.-weakly regular hemiring. 

Fina.lly If R is commut.ative, then by Theorem 45, (1) ¢:} (6) .• 

Example 223 Consider the hemiring R = {O , a , b} with Ole followillg opemtiolls 

+ 0 a b 0 a b 

0 0 a b 0 0 0 0 

a a b 0 a 0 a b 

b b 0 a b 0 b a 

R is right weakly regular hcmiring, so each fuzzy It-ideal of R is right pmc. 

5.4 Purely prime h-ideals 

In this section we define purely prime It-ideals and purely p rime fuzzy /i.- ideals of a 

hemiring R and study some basic properties of these ideals. 

Definition 224 A ll1'Opcr right l'U1"C It-ideal I of a hemidng R is called 11lHl!.ly prime 

if fa,· (my dght pure h-itleals A, B of n, An B ~ J => A ~ 1 or B ~ T. 

If A, B are right pure Ivideals of R then An B = All. Thus the above definition 

is equivalent to AB ~ 1 => A ~ [or B ~ I . 

Definition 225 A p7V1Je'· right pUfl!. It -ideal Jt of a hemil'ing R is called pm'ely lJ1ime 

if f07' (my right pUll!. fuzzy h-ideal$ .A, Ii of R , .\ 1\ Ii ~ It ~ .A ~ It or J ~ J.t . 
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1£ A, 0 are right pure fuzzy It-ideals of R, theu ). II 6 =:; ..\ 0 11 O. T hus the above 

definition is equ.ivalent to ). 0 11 6 ~ 11. "'* ). :5 I' or 0 5 J.'. 

Proposition 226 Let R be a right "-weakly regular hemiring Wit/I idCl&tity and J be 

an "-ideal of R. Then the following assertion.s arc equivalent: 

1. For It-ideals A, B of R, An B = r",* A = I or B = I. 

2. An B ~ / => A ~ / or D ~ / . 

Proof. (1) => (2) Suppose A,B arc It·ideals of R such that An 8 ~ /. Then by 

Theorem 198,1= (AnB)+ / = (A+ l}n{B+J). Hence by hypothesis I = (A+/) 

or I = (8 + I), i.c .. A ~ / or B ~ t. 
(2) => (1) Suppose A, B are It-ideals of R such that An 8 = I. Then / ~ A and 

I ~ B. au t he other hand by hypothesis A ~ J or B ~ L Thus A = 1 or B = 1 .• 

Proposit ion 227 Let n be a "';.ght h-weakly 7'Cgular hemidng. Then any pn}J)e7' right 

pU1'C h-ideal of R is amlainetl iI, a purely prime h-ideal of R. 

Proof. Let / be Ii proper right pure It-ideal of all It-weakly regular hem iring R 

and a E R such that a rI: I . Consider the set 

X = {Jp ; Jp is a proper right pure h-ideal of R stich that I ~ Jp and a rI: Jp } . 

T hen X '" ¢ because t EX. By Zorn's Lemma this family contains a mruc:imal 

element, say M. This maximal element is purely prime. Indeed, let An B = M for 

some right pW'e h.-ideals A , B of n. If A, B both properly contains M, then by the 

mnximality of !vi, a E A a.nd a E B. Thus a E An B = M, which is a contrad.iction . 

Hence either A = M or B = M . • 

Proposition 228 Let R be a right It-weakly regular hemiling. The" each proper tight 

]Jure It.ideal is the intel'section of all pU7'C/y plime h-icleals of R which contain it. 

Proof. Proof is similar to the proof of Theorem 204. • 

Proposit ion 229 Let n be a right It-weakly 7'Cgular hemiring. If). is " right l)U1'C 

fuzzy It-ideal of R with ..\(a) = t whel'C a En and t E [0, 1], then the7'C exists (t 1J1trely 

pdme fULLY h-idcalJL of R such Ulat ). ~ /1. and J.' (a) = t. 

P r oof. T he proof is similar to the proof of Proposit ion 205. • 

Propos it ion 230 Let II be a right It-weakly regular hemirillg. Then each 1,rol,cr fuzzy 

dght pUI'C It-ideal is the intel'section of all lIU,'Cly pl'ime fuzzy It·ideals of R which 

contain it. 

Proo£. Proo£ is simjlar to the proof of Theorem 206. • 



Chapter 6 

k-regular and k- intra-regular 

hemirings 

In t.his chapter we introduce the conccpLs of fuzzy k~bi·ideaJs and fuzzy k-quosi-ideals 

of bcrnirings. We characterized different classes of hcmirillgs by the properties of 

k- hi-ideals and k-qullsi-ideals. 

6.1 "-quasi-ideals 

A lIoll-empty subset. A of a hemiring R is called Il k-qunsi-ideal of n if A is closed --under addition, RAn AR ~ A Rnd x+a = b implies x E A foraUx E Raurla,bE A. 

A lIon-empt.y subset A of a hemiring R is called a k- hi-ideal of R if A is closed --. 
under addition and mul tiplication , AHA ~ A and x+a = b implies x E A fo r all x E It 

and a,b EA. 

Lemma 231 Every lcft (ri ght) k -idClJI of a hemiring n is a k -qua.si-ideal of Rand 

eve,y k-quasi-ideal of R is a k-bi-idcal of n. 

Proof. Straightforward. _ 

T he converse of the above Lemma. does not hold as shown in the followi ng cxrunples. 

Example 232 The set R of ail 2 x 2 matrices (all a 12 ) is a hemiring with usual 
a21 022 

(l(tditiotl and fnll/tiplication of mat,'iccs, whet"!! (ljj E No, No is the set of all nOIl-

",g.tio, 'nteg"·'. C ..... id" the set Q of all matric,,", of /h, fon" (~ ~) (0 E N. ). 

Evidently Q is a k -quasi-ideal of n but not a left (right) k·ideai of R. 

9J 
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Example 233 Let N-t and R+ denote the sels of all positive illtegcrs alld positive n,:ol 

numbers, respcctively. The set R of of all matrices of !hefonn (: ~) (a , b E R, c E N) 

togethel' with (~ ~) is a hemidng with respect to the usual addit'iol~ and multilJlica

hon of matric". ut A , B b, th",,, of all matrice, (: ~) (a, b E R, C E N, a < b) 

to9cth"wiU, (~ ~ ) and (: ~) (p ,q E R,dE N,3 < q) tog""orwW, (~ ~). 
H!sJJectively . It is easy to show that A and B are right k -ide(ll and left k -idcal of n, 
1l)specLiveiy. Now the IJ1'Oduct AB is a k -bi-ideal of R but it is 1Iot a k-quasi-itlcal of 

R. Indeed, the element 

--belongs to the intersection R (AB) n (AB) n, but it is not 811 element or AD. Hence --R(AB) n(AB) R ~ AB. 

Lemma 234 Let Q1 anri Q2 be k -quasi-ideals of a hem'iring n, then QI n Q2 IS a 

k -qunsi.ideal of n. 

Proof. Straightforward. _ 

Coroll ary 235 If A is a left k -ideal and B is a right k -idcal of a hcmirill9 n, then 

An B if a k-qunsi-idcal of R. 

D efinit ion 236 A fuzzy subset.>. of a hemirillg n is called a fuzzy k-bi-itleal of R if 

fO l' nil x, '!I, z E R 1IJC have 

1. ~(x+y) " ~(X)A~(y) 

2. ~(xY) " ~(X)A~(y) 

3. "(xyz) " >. (x) A >. (z ) 

4. 0 + Y ~ x=>>. (0) " >.(y) A >.(x). 
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Theorem 237 A fuzzy subset jJ. m a heminng R is a fuzzy k-bHdelil of R if and only 

,[ 

1. Il + .l:I' 5. 11 

3. p. <::>.1: Xu 0 .1: 11 5. It. 

Proof. Let J.t be a fuzzy k~bi~ideal of n. By Theorem 79, Jt satisHcs (1 ). 

Let x E R. If (It 0 .1: 1.1.) (x) = 0 then 1.1.0 .1:11 5. II . Otherwise, there exist ai ~ hi. a~ , bj E 
In n, , 

R such tha t x + L: Bibi = L: Bjbj . Then we have 
;=1 j=1 

$ V 

< V 
... ", , 

%+ E";b;",, r:"Jb 
;=1 i-I I 

$ ,'(x) . 

[i6 [~(ai) A ~(b.)[ A h, [,.(ai) A ,,(bill ] 

[61~(aibi)J A j0, [,,(aibi) ]] 

Hence 1.1. <.:Jk I I :5 It. 

Let x E R. IT (/.1. 0 k Xn 1:;).1: IL) (x) = 0 then Jt 0 k Xn 0 k 1.1. :s II. Otherwise, there 

= V 
" 
1\ 
j=1 

m 

1\ ((,. Ok XR) (ai) A ,,(bill A 
i_I 

" 1\ [(,. OUR)(ai) A,.(bi)] 
i - I 

, ' V, " {.6,'(O,)A.0,,,(e:.)}A,.(bi) 
"j+ r: ed,: r: e,.f .. 

h . J .. .. \ 
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= V 

V 

;0, . . V, {I' (~"flb;) A I' (t. '~f>;) } 
Q j + E ~dr= E e~/~ 

h.l .. ", I 

Since IJ. is a fuzzy k-bi-ideal of R, so 

~ (a;b;) ~ I' (t 'kdkb;) A I' (t ,;d;b, ) and 
k= l q= l 

I' (.;b;) ? I' (~"flb;) A I' (t. '~f:b;) 
Hence, 

.$: /J.(X). 

lIenee /J. 0 k Xn (:Jk J.L .$: It. 

Conversely, lct IJ. be a fuzzy subset. o( R. By Theorcm 79, It satisfies I' (x + y) 2:, 

~(x) A p(y) and x + y = x => I'(X) ~ A(Y) A A(X) 

Now 
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(since xy + 00 = XV) 

~ '" V"' [6 11'(C;)AXn(d;)IA;0,[*j)AXn(d))l j A" (X)A "(Y) 

0+ E e;di'" E c . .1. 
1. 1 j_. J J 

~ ~(O) A 1,(0) A I'(X) A I'(V) (,ince 0 + 00 ~ 00) 

~ ~(x) A ~(Y) 

Similarly we can show that p.(xyz) :::: 11{X) 1\11(Z). 

Hence IJ. is a fuzzy k-bi-ideat of ll. • 

Definition 238 A fuzzy subset .>. of a hemiring R is called a fuzzy k.quasi. idcnl if for 

all x, v, Z E R we have 

1. A(X+Y) ~ A(X)AA(Y) , 

2. (A elk Xn) A ('On (0, A) S A, 

3. X+y~'=>A(X)~A(y)AA(Z). 

Every fuzzy teft (right) k-idcat of R is a. fuzzy k-quasi-ideat of R and every fuzzy 

k-quasj·ideat of R is n fuzzy k-bi-idcat of R.. But the converse does not hold. 

Theorem 239 A fuzzy subset.>. of a hemirillg R is a fuzzy k·bi-ideal of R if and only 

if each non-empty level subset U (.>.;t) of.>. is a k-bi-idcnl of R. 

Proof" Suppose A is u fuzzy k-bi-ideat of Rand t E (0, J] such t hat U (.>.; t) oF ¢. 

Let a,b E U(A,t), then A(a) ~ t and A(b) ~ t. A, A(a+b) ~ A(a) A A(b), '0 
A(a+b) ~ t. Hence a+b E U(A,t). Also, A(ab) ~ A(a) A A(b) so A (ab) ~ t. Thi, 

implies ab E U ('>'i t) . 
... m JI 

Let x EU('>';t)RU('>'jt), then x+ EajTib; = E a~Tjb~, for ai,bj,a~,bj E U{Ajt) 
i :.l l ;=1 

and Ti,Tj E ll. Since.>. is a fuzzy k-bi-ideal of R, so .>.(aj1";bi) :::: '>'(OJ) 1\ '>'(b;} :::: 
In n 

t => ajTibi E U ('>'i t ). Hence .E aiTibi E U ('>'i t). Similarly ~ ajrjbj E U ('>'i t). Hence 
,=1 J "' I 

X E U (A' t) . Thu, U---'-(A-' "-t)-n-U""'(-A,-t) <;; U (A, t) . 
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Now let x+a = b for some a,b E U(>';t), then >.(a) ~ t and A(b) ? t. Since 

). (x) ? >. (a) /\). (b), so >. (x) ? t. Hence x E U (Ai tl. Thus U (>.; t) is a k-bi-idcal of 

R. 
Conversely, assume that ench lion-empty subset U (A; t) of R is a k-hi-ideal of 

R. Let a, b E R be such that ..\ (n + b) < ), (a) /\ ). (b). Take t E (O,11 slich that 

).(a+b) < t::; >.(a) 1\ )'(b), then a,bE U()';t) but a+b ~ U(A;t), a contradiction. 

Hence A (a + b) ~ A (a) A A (b). 

Similarly we can show that ..\ Cab) 2: >. (a)"). (b) and), (abc) 2: ). (a) 1\'>' (e). 

Let X,Y,Z E R be such that x + y = 2. If possible let). (x) < ). (y) 1\). (z). Take 

t E (0, 11 stich that ). (x) < t :s ). (y) " ). (z), then Y I Z E U (>.; t) but x rt u (Ai t), a 

contradiction. Hence). (x) 2: ). (y)"). (z). Thus). is a fuzzy k-bi-ideal of R .• 

Corollary 240 Let A be a non-empty subset of a hemiring R. Then A is a k-bi-ideal 

of R if and only if the chamctCl'istic function XA of A is a fuzzy k-bi-idcal of R. 

T heorem 241 A fuzzy subset A of (1 hemiring R is a fuzzy k-quMi-ideal of R if and 

only if each non-empty level subset U (Ai t) of A is a k-quasi-ideal of R. 

Proof. Suppose A is a fuzzy k-quasi-ideal of Rand t E (0, 11 such that U (Ai t) i= r/J. 
Let a, b E U (A; t), then A (a) ~ t and A (b) ~ t. As A (a + b) ~ A (a) A A (b), sa 

A(a+b)?t. Hencea+bEU(A;t) . 
...----"----. ...----"-----. ,---"'-... ,-----"'-----. 

Let x E U (A; t) Rn RU (A; t) then x E U (A; t) R and x E RU (A; t). Then x + 
m t1 " P q " " 
LUiri = L UjTj u n d x + L VkS~· = LV/SI, for some Ui ,1tj,Sk,S/ E U(A;t) and 
i= l j~l k", J /=1 

1';, 7'~' Vk, v; E R. Now 

A (x) ~ I(A "', Xn) A (XI< 0, A)I (x) 

~ (A "-,, Xn) (x) A (XI< '''' A) (x) 
~ V [A(U;)AA(Uj)]A V [A(S,)A A(s;)] 

n' ", , p q, , 
x+E It,r.=E u·r . x+ L: IIk'l ""L: "," 

; = 1 j=l) J k=1 , . , 

~~ 
So, A (x) ~ t. Thus, x E U (A; t). Hence U (\ t) RnRU (A; t) <;; U (AJ). 

Now let x-I-a = b for some a,b E U('\;tl, then A(a)? t and A(b) ? t. Since 

A (x) ?: A (a) 1\ A (b), so A (x) ? t. Hence x E U (Aj t). T hus U (Aj t) is a k-quasi-ideal 

of R. 

Conversely, assume that each non-empty subset U (Aj t) of R is a k-quasi-ideal 

of R. Let a,b E R such tuat A(a+b) < A(a) 1\ A(b). Take t E (0,1] such that 

A (a + b) < t S A (a) 1\ A (b), then a,b E Up; t) but a + b ¢ U (A; t), a contradjction. 

Hence A (a + b) ~ A (a) A A (b). 
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Let x E n. If possible let .\ (x) < [(.\ f:lk Xn) t\ (XR 0" .\)] (x). Take t E (0, I] such 

that A (x) < , $ I(A '"kXR) A (XR 0, A)J(x). IT f(A 0kXR) A (XR 0, A)J(x) <! , th," 
m n, , P 'I " 

there exist ex pression forms x + L: Hi", = L: u.rj and x + L: VkS" = L: v,s,. Now, 
i_ I j=1 J " _ I / .. oj 

(A '~kXR) (x) A (XR ,." A)(x) ~ .+ f:. ".~ f. ".i [A (";) A A (u;) l] 
.. · 1 J .. l" 

A [ ... ~, ".~_,~, ";.; [A (s,) A A (s;) l] 
Hence v ['\(Ui) t\.\ (uj)] 2:: t and 

... ", , Z+Etlir,3E uir . 
; .,\ i-I 1 

V [.\(s"),,.\ (s;)J 2:: L,sa, ).(ud 2:: t,.\ (uj) 2:: t,.\{s,,) ~ t , .\ (s;) 2:: 

:.:+ t ". ' ~ = t. II; '; 
t _ 1 /<. 1 

m n 
t, that is, Ui, uj, Sk, s; E U (.\ j t) . Since U P.i t) is a k-qunsi- ideal of n, sa L: Uil"j , L: ujrj E 

i=1 j=1 , , ~ 

U (,),; t) Rand L tlkSJ,:, L: v;s; E nu (.\; t). This implies x E U (.\; t.) R and x E 
" := 1 /:: 1 

~ ~~ 

RU(A ;') . H,nce x E U(A;')RnRU(A;')!;; UtA;'), and hence x E U(A;'), that 

is .\ (x) ;:: t, a contradiction. Hcnce (.\ (~" XR) t\ (XR 0k'>') 5 .>.. Let x, y, z E R 
such that x + y = %. If possible let.>. (x) < .>. (y) 1\.>. (z). Take t E (0,1] such that 

.\ (x) < t :S .>. (y) t\'>' (z), then y, % E U (A.; t) but x ¢ U (.>.; t) , a contradiction. Hence 

.\ (x) 2:: .>. (y) t\ .>. (%). Thus .>. is a fuzzy k-quasi-idea.l of R. • 

Corollru'Y 242 Let A be a non-empty subset of a hemiring R. Then A i3 a k -quasi

ideal of n if and only if the characteristic func tion XA of A is (l fuzzy k -qtIMi-idcn/ of 

R. 

Proposi t. ion 243 The intersection of fuzzy k -quasi-ideals of a hemi1ing R i,s Cl fuzzy 

k-qunsi-idca/ of n. 

Proof. Let Jl., 1/ be fuzzy k-qunsi-idcals of hemiring R. 

Let x,y E R. Then 

(J.A,,)(x+y) ~ /.(x+y)A,,(x+Y) " I/.(x)A/.(y)IAI,,(x)A,,(y)1 

~ I~(x) A ,,(xl i A I~(Y) A "(y)1 ~ (/.A ,,)(x) A (/.A v) (y) 
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Now let a, b, Z E R such that % + n. = b. Then 

(,,'v)(x) ~ ,,(x)'v(x) <! I,,(a)A~(b)IAlv(a)Av(b)1 

~ I~(a) A v(a)1 A I" (b) A v (b)1 ~ (,,' v)(a) , ii' A v)(b) 

Also, 

«/-'1\ II) (' )k Xu) 1\ (Xn (:)k (1-' 1\ II» = «,-,1\ v) 8 k Xn) 1\ (XR 0 k ( ,-,1\ v» 

1\ «/-' 1\ II) (~)I; Xn) 1\ (X n ~)k (/,1\ II)) 

~ (/-, 0 k Xn) 1\ (Xn 0 k v) A (1I 0 k Xn ) /\ (XR 0 1; ll) 
~ f(~ (,l, Xn) A (Xn o ",)1 A I(v 0 kXn) A (Xn 0 , ,,)1 

S I-,I\V. 

Tltis completes the proof. _ 
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Coro llary 244 Let 1-' and II be fuzzy ,-ight k -idcal alld fuzzy left k ·idcal of (J hcmi1'i llg 

R, ,·csJJedivcly. ThClL 1-' /\ II is a flt zZfJ k-quasi-idcal of n. 

6.2 k-reguJar hemirings 

T heorem 245 Let R be a hemi1'i,ng. Then the followi1lg assertions am equivalent: 

1. R is k-regular --2, B = BRB for every k-bi-ideal B of R --3. Q = QRQ for every k-quasi-idcal of n. 

Proof. (1) => (2) Let R be a k-rcgular hemiring and B be any k-bi-ideal of R . For 

Z E B there exist. a, a' E R such th at z + xax = xa' x. Then xax, xa' x E BRB and so -- --x E BRB. This implies B ~ BRB. On the other hand, since B is a k-bi-ideal of R, -- --we have BRB ~ B. Thus B = BRB, 

(2) => (3) Straight forward. 

(3) => (l) Let B and A be any right k-ideal and left k-ideal of R ! respecti vely. 

T hen 8 n A is l\ k-quasi-ideal of R. 

By the hypothesis we have 

, ... ' '''--'''-'''''' 
Bn A ~ (B nA) R(BnA) !:: BRA !:: BA 

.-"--. 
Also, BA ~ DnA always . 

.-"--. 
So BA = B n A . Thus by Theorem 42 R is k-regular hentiring. _ 

Now we prove t he fuzzy version of the above Theorelil . 
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Theorem 246 Let R be a hemidllY. Then th.e following assertions are equivalent: 

1. n is k-I'cgular. 

2. It::; IJ. (:)1,: Xn (.)1,: II, for every fuzzy k-bi-idcal I' of n. 

3. 1J.:5 IJ. (:.)1,: Xn (;)1.; IJ. for every fuzzy k--quasi-ideal I' of R. 

Proof. (1) => (2) Let n be a k-regular hemirillg. r..ct " be any fuzzy k-bi-idcal or 
n and x E R. Sincc R is k- regular, there exist n, a' E n such Lbat x + xax = xa' x. 

T hus we have 
m 

1\ I(p 0 , Xn) (a;) A I.(b;)[ A 

(,, 0 1.; Xn (~" It) (x) = V i~1 
• "" 1\ [(1. 0 kxn) (a,'.) AP(b,')] "'+ EII ;b;:: Elljbj 

;", 1 i - I i := l 

? (p. ev" Xfl) (xa) 1\ (" 0 1.: Xn) ( xa') 1\ p. (x) 

~ ! . V"' [;611'(C;)IA;6[1'(C;)]] 
%(1+ E C;di "'" E Cj~ 

; - 1 i _ I 

A ,. V ""t6IP(I,lJA,6[1'(l;)]j Ap(x) 
"'" +E Ii/;-E Ijlj ._1 i_ e 

? [It (xax) 1\ P. (xa'x)] "[J.l(xax}I\p.(xa'x)] "/J,(X) 

(

because x + xax = xa'x implies xa + (xax) a = (xa' x) a ) 

and xu' + (xax) a' = (xa'x) a' 

" "(X) A p(x) A I' (x) ~ p(x) . 
This implies Lhat p. :5 p. (:J" Xn 0 1;: It . 

(2) => (3) Straightforward. 

(3) => (1) Let )..,Jt be fuzzy right k-ideal and fuzzy left. k-ideal of n, respet:tively. 

Thcll ).. 1\" is a fuzzy k-quasi-idcal of R. j'lence by hypot.hesis 

)..1\ It :5 (.\ 1\ 1') 0 " Xn 0 1.; ().. I\ /t ) 

:5 ).. <:hXn 0 kJ-l 

< ).. r:1k II, 

Dut ).. 0 " IJ. :5 )..1\ ,I, always. Hcnce).. 0 1;: I' = .\ 1\ IL. 

Thus by Theorcm 81 R is k-regular hemiring. _ 
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Theorem 247 Let R be a ltemiri7lg. ThCll tlte following assertions arc c(}uiva/ent: 

1. R is k~regular. 

2. Jt /I. v ::;: It l!Jk II (:Ji .. I1. for every fuzzy k-bi-ideal/1. and every fuzzy k-ideal /I of R. 

3. 11. A v ::;: 11. 01,: II (:.II,: 11. for every fuzzy k-quasi-ideal/1. and every fuzzy k-idcal v of 

R. 

Proof. (I ) => (2) Let It and II be any fuzzy k-bi-ideal and fuzzy k-ideal of R, 

,'espcclive]y, Fm' x E R, the,. ex;,t a, alE R,:uch th.t x + xax ~ xu' Xl' Thu, we have 

1\ [(" 8 , u) (aol A " ( b,)1 

(,1. 0 k V0k 11.)(2:) = V i~1 

"'f:,;,"~ f:"i~ A 1\ [(,' 8 , u) (aj) A "(bj) 1 
.- 1 i- I J= I 

2 (Il 0 k II) (xa) /I. (Il- C~Jk v) ( xa') /I. Il- (x) 

A ,_ V ",,[,611'(I')AU(f')IA,0,[I'(I;)Au(f;)l] A,,(x) 

~(I +E Idi=L: 1/ 
,.\ i .. ' ] ] 

~ [/-l (x) 1\ v «(1xa) /I. v (a' xa )] /I. [It (x) /I. II ( axa' ) /I. v (a' xa') J t\ I t (x) 

(
because x + xax = xa' x implies xa + :taxa = xa' xa ) 

, , " 
and xa + xaxa = xa xo. 

" "(x) A u(x) A I' (x) A u(x) 
~ ,,(x) AU(x) ~ ("Au)(X) 

This implies that /-l t\ v ::;: I-' 0 ,. v 0 k p.. 

(2) => (3) Straightforward. 

(3) => (1) Let I t be any fuzzy k-quasi-ideal of R. Since Xn is a fuzzy k-ideal of R , 

we have by hypothesis I' = P. /I. Xn ::;: f' 0,. XR 0 k p.. T herefore by Theorem 246, R is 
k-regular. _ 

Corollat·y 248 Let n be a Itemidng. Then the following ltssertions arc eq"ivalcnt: 

1. n is k-regular. --2. B n A = BA8 for every k-bi-ideal n and every k-ideal A of R. 
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-3. Q n A = QAQ for every k-quasi-ideal Q and every k- ideal A of ll. 

Proof. ( I )::::} (2) Let D a nd A be any k-bi-ideal a.nd any k-ideal of R, respectively. 

T hen the characteristic functions XB and XA of 8 and A are fuzzy k-bi-ideal and fuzzy 

k-ideal of n, rcspec~ive ly. Thus by Theorem 247, we have 

XnnA = XB 1\ XA :::; Xn 0 k XA (!)k Xn = x~ 
BAB -This implies that B n A ~ BAB. On the other hand, since B and A arc k-bi-ideal ---alld k-idcul of n, respecti vely, we have BAB ~ BRB S;; B = B and 

~ ~..--.. ~ "...-"'--.. 
BAB S;; RAn S;; A = A. Thus BAB C; B n A and so B n A = B AB. 

(2) ::::} (3) Straight forward. 

(3) =} (1 ) Let Q be ally k-quasi -ideal of R. Since R is iLsclf a k-ideal of n, we have -Q = Q n R = QRQ. T herefore by T heorem 245 R is k-regular . _ 

T heore m 249 11lC following assertions are equivalent fo,' a ltemiri'1lyll: 

L R is k-regular. 

2. 11/\ II :::; J.L f' k /1 for every fuzzy k-bi-idcal/l. and every fuzzy lert k-idcal v of n. 

3. 11. 1\ v :s 11, flk /I for every fuzzy k-quasi-ideall1. a.nd every fuzzy left k-idcal II of 

R. 

4. 11. /\ II :s 11 (:)k /1 Cor every Cuny right k-ideall1 and every fuzzy k-bi-idcal II of ll. 

5. It /\ II :s 11 CElk II for every fuzzy right k-idealJ1. and every fuzzy k-quasi-ideal ll of 

R. 

6 . 11/\ III\W .:s It (:1k 11 0 k W for every fuzzy right k-idenl/J, every fuzzy k-bi-ideul II 

and every fuzzy left k-idcal w of R. 

7. I-' /\ II /\W .:s 11 0 k V !:;Jk W for every fuzzy right k-ideal " , every fuzzy k-quasi-ideal 

v and every fuzzy left k-ideal w of n. 

Proof. (1) => (2) Let J.L and v be any fuzzy k-bi-ideal and fuzzy left k-ideal of 

n, respectively. Now let z E R . Since R is k-regulnr, there exis t. a ,a' E R such that 

x + xax = xa' x . T hen we have 
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~ /t(x)A I/ (u.x)Av (alx) ~ I-'(x) AI/(X) = (,tA I/)(X) 

This implies that JJ A v :5 1-" 0 " 1/. 

(2) :=} (3) Strnightforward. 
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(3) :=} (l) Let A and 8 be [lOY right k- idcal and left k-idcal of n, respectively. 

Then A is 11 k~quasi- idea l of R. T he characteristic functions XA a nd Xo of A and B 

are fuzzy k-quasi-ideal and fuzzy left k-ideal of n, respectively. By the assumption we -have XII A Xu :5 XA 0 " Xu· This impl ies that, XAnB :5 X ............. thut is A nD ~ AD . Dut 
AB - -AD ~ An B always. T hus AD = An 8 . Therefore by T heorem 42 R is k-regular. 

Similarly we can prove that (1) ~ (4) ~ (5). 

(1) :=} (6) Let J.I" v,w be any fuzzy right k- idcal, any fuzzy k-bi-ideal and any fuzzy 

left k-ideal of R, respect ively. Now let x E R. Since R is k-regular, t here exist a, a' E R 

such that x + xax = x.a':t. T heil we have 
"' 1\ [I,· OJ, v) (a;) A w(b;)J 

(IL(:)" II 0 " w) (x) = V i~l 

2:+f:" . b,,,,,to~b; A/\ [(IL 0"v)(a~)Aw(b~)] 
. ", 1 J- I j : i 

'" (,. e" v) (x) A w(ax) A w(a' x) 

~ ... V .. ,, [;0.[M(a;)AV(b')[A
j
0, [M(a;) A V(b»)l] 

:z+ E o;b;_ 1. "Jb; 
' .. I ~I 

Aw(a:t)" w(a' x) 

~ I' (x.a) A I' (xa') A v (x) 1\ w(ax) A wea' x) 

'" ,,(x) A v (x) Aw(x) ~ Ii. A v AW) (x) 

SO, I' A v "w :5" I' 0 " II (-)" w. 
(6) ::} (7) Straightforward. 

(7);Q (1) Let A and D be any right k-ideal and left. k-ideal of R, respectively. The 

characteristic funct.ions XA and Xo of A and D are fuzzy right k- ideal and fuzzy left 

k-ideal of R, respectively. Since XIl is a fuzzy k-quasi-ideal of R, by nssmnption, we 

have 

XA A Xn 1\ XD :5 XII ~I Xn 0 XI) ;Q XAnnnO :5 X~ 
ARB -- - -This implies AnRnB ~ ARB, Thus AnB ~ AB. But A nB '2 AB is always -true. Therefore An B = AB . Hence R is k-regular _ 

Corollary 250 Let R be a hcmiriflg then the following conditions are equivalent: 

1. R is k- regulur. 
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---. 
2. B n C s;::; BC foJ' every k-hi-idcal B and every left k-ideal C. 

---. 
3. Q n C s;::; QC for every k-quasi-ideal Q und every len. k-ideal C. 

------4. An B s;::; AB for every right k- ideal A nnd for every k-bi-idenl B of R. 

------5. An Q S;; AQ for every right k-ideal A und for every k-quasi-ideal Q of ll. 

6. A n B n C S;; "A'BC for every right k-ideal A, every k-bi-idenl B and every left 

k-idea1 C of R. 

7. AnQnC S;; AQc for every right k-ideal A, every k-quasi-idetl l Q and every left 

k-ideal C of Jl. 

P roof. (I ) '* (2) Let. Band C be any k-bi-ideal and left k-ideal of R , respectively. 

Then characteristic functions Xu and Xc of Band C I.\ I"C fuzzy k-bi-ideal and fuzzy 

left. k- ideal of R , respectively. By Theorem 249, we have 

Xone = Xn II Xc :s: Xu r:;k :Xc = x..--.. 
Be 

---. 
Tltis implies B n C S;; BC . 

(2) '* (J) Straight forward . 

(3) "* (1) Let A nnd B be any right k-idenl and leCt k-ideal of R, respect.ively. As 

------ ------A is a k-quasi-ideal of 1l. By the assumption A nB c;:; AB . But AD ~ A n B always. 

------Therefore An B = AD . Hence R is k-regular. 

Similarly we can show that (1) <=> (4) <=;> (5) and (J) <=;> (6) <=;> (7) .• 

Lemma 251 A hemidng R is k-J'cgulaJ' if and only if the right and left k -iclenls of R ---. 
an:: idem1)ote1lt and for (my "ight k -irleal A mul any lefl k -1:deal B of n, the set AB is 

a k-qua.si-ideal of R . 

Proof. Su ppose R is k-regulnr hemiring. Let A nnd B be righL k-ideal and left ---. ---. 
k-idenl of R, respectively. Then we have A2 S;; A = A. Let. x E A. Since n is 

k-regular, there exist a, n' E n such t.hat x + xax = xa' x. Since A is right k-ideal of . , ~ ~ 
n, so xa,xa E A and so xax,xa, x E A2. This implies x E A2 , LlmL is, A S;; A2. ---. 
Thus A = A2 and so A is idempotent. Similarly, we can show that B is idempotent. 

---. ------Since R is k-regular we have An B == AB . As An B is k-quasi-idcal of R so AB is a 

k-quasi-ideal of R. 
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Conversely, let Q be a k-quasi-ideal of R . Then it is easy to check t.hat Q of RQ is 
~ 

a left ideal of R. This implies Q + RQ is u left k- ideal of n. Thus by the assumption , 

we have 
~,. ... ,, " ,.. " 

Q <;; Q + RQ ~ (Q +RQ) (Q + RQ) ~ Q' + QRQ+ RQ' + RQRQ 
,. ,.. " ,.......-., 

<;; RQ+ flQ+ RQ+RQ ~ RQ 

---. -That is Q ~ RQ. Sim.i1arly, we can show that Q ~ QR. 
,.......-., ,.......-., ,.......-., ,.......-., 

Thus Q <;; RQ n QR <;; Q. SO Q ~ QRn flQ. ---. ---. 
On Lhe other hand, it is clear that QR and RQ arc right k-ideul and left k-ideal 

of R, respectively. T hen, by t.he Msumpt.ion, (an) 2 = Qii, (R'Q) 2 = liQ and 

~ 
the set (QR) (RQ) is a k-quasi-ideal of R. Thus we have 

Q ~ QilnilQ ~ (Qil)' n (ilQ)' ~ ~n(iiQ)(liQ) 
-----------.. ~ ~ ....----"--

~ Q (RR) QRn RQ(RRQ) ~ (QR) (RQ)RnR(QR) (RQ) 
,. ... ,. " ,....-""----. ....----"---
..----...,.......-., ..............,.---------"--..----... --------

~ (QR)(RQ) R n R (QR)(RQ) ~ (QR)(RQ)RnR(QR)(RQ) 
~ 

~ -------- ----<;; (QR) (flQ) = QRRQ <;; QflQ <;; Q 

----So, Q = QRQ and so R is k-regular. _ 

Theorem 252 A hemiring n is k-reglJlar if and only if the fuzzy "ight and fu zzy left 

k-ideals of 1l an~ ilicm]Jotcllt and fOl' any fuzzy right k -ideal Jl and fuzzy left k -ideal v 

of ft, Jl 0 k V is a fuzzy k -quasi-idcal of R . 

Proof. Lot. R be k-regular and Jl be a fuzzy right k-idc£ll of n. Thcll It 0 k IL ~ 

Il- {:}k Xli :5 IL. 

Let X E R. Sincc n is k-rcgu!£I I" , thcre exist a, a' E R such that x + xax = xu' x. 

Then we have 

(,' 0",)(x) ~ • V"" [;6 ",(a;) ",,(b;)1 " ;0, ["(aj),, "(bj)J] 
:1;+ ~> .. b,.= Eoi"i 

i _ I 1 - 1 

?' 1'(:t:a)A/I(X)A/J(xa') 2: p.(x). 

This implics that (/.1. (' )k {.I.} 2: Jt . Hence Jl = 11 0 k J.I., so IL is idempotent. Similarly 

we call prove that every fuzzy left k- ideal of R is idempotent. Now let JI and /J be any 

fuzzy righL k-idcal and fuzzy left k-ideal of R, respectively. By T heorem 81, we have 

Il- C:)k IJ = J' 1\ IJ and it follows from Corollary 244, t hat p. 0 1 .. IJ is a fuzzy k-quasi-ideal 

of R. 

Conversely, let A be a right. k-idcal of R. Then x", the charaderist.ic func tion of 



6. k-regular and k-intra-regular hemirings 105 

-A, is a fuzzy right k-ideal of R . And XA = XA 0 k XA = x ............... impl ies that A = A2
, 

that. is, A is idempotent. Similarly we can show that left k-~:alB of n arc idempotent. 

Now let A be a. r ight ideal and B be n left k-ideal of R. Theil X ............... = XA 0 k XB is 
AB -a fuzzy k-quasi-ideal of n, that is, AB is a k-qunsi-ideal of R. T herefore by Lemma 

251, n is k-regular. _ 

6.3 k-intra-regular hemirings 

Definition 253 A hemiring R is saill to be k-intm-regula,' iff Of' each x E n, there 
. , , m 2 ", 2' 

CXLSts o,j,a; , bj, bj E n such that x + L GiX bi = L ajx bj . 
;= 1 j = 1 -- ------Also we can dellne its equivalent. tle6nitiolls (1) x E .nx2 R Vx E R, (2) A ~ RA2 n 

VA <;; Jl. 

In the C{lSC of rings the k-inlra-regulari ty coincides with the intrn-rcgul aritry of 

rings. 

Example 254 Let R be a hemlrillg deji1led by lhe following Caylay 's table: 

+ 0 x 0 x J 

0 0 x 0 0 0 0 

x x x x x 0 x x 

J J x 1 1 0 x 

Then R is k-int.rn-regular hemiring. 

E xample 255 The set No of all non-negative integers with 1tSuai addition" +" lmd 

multiplication" ." is (I. hcmif'i1l.g, but it is not k-regulal' and k -intm-l"Cgulm' he1llidng. 
, m n , , 

Indeed 2 E No can not be writtcn as 2 + 2a2 = 2a 2 or 2 + L: aj22 bj = L Bj 22bj fOI' 
1", 1 j = 1 

all a;,a;,bj,bj E No. 

Lemma 25G The following asscrtions a1'/~ equivalent for a hemiling R: 

1. R is k-intra-regular. -2. An B ~ AB for every left k-idenl A and ever'y right k-ideal B of R. 
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Proof. (1) ~ (2) Let. A and B be any left k-idcal and right k-ideal of R, respec

tively. Since R is k-intrn-regulnr, we have 

~ . ... , .......-"----. ..-.-....... 
An B <;; RIA n B)' R - IRIAn B» IIA n B)R) <;; lRA)(BR) <;; AB . 

~~ 
(2) => (1) Let a E R. T hen it is cosy to check that Rx + N:e und :eR + Nx, 

where Pi = {O, 1,2, ..... }, are the principal left k-ideal and principal right k-ideal of R 

generated by x, respectively. By t he hypothesis, we huve 
A 

....--""---.. ....--""---.. ~ ~ 
x E Rx+ NxnxR + Pix ~ (Rx + Nx) (xR+ Nx) 

- (R.' -I- NX)lxR + Nx) - (Rxx R) -I- IRxNx) ~ INxx R) -I- INxNx) 
~ 

<;; IRxxR) 
III >l 

Thus we have x + .r; ujx2bj = ~ a~'J;2b~ for some a;,a~,bj,b~ E R . T hus R is 
, ... 1 ) ", 1 

k- intrn-rcgular. • 

Lemma 257 Let R be a hemi7'illg then the following condit'ions arc eqlliuale11t. 

1. R is k-intra-regular. 

2. IJ 1\ II S It0J.: II fol' every fuzzy left k-ideal/1. and every fuzzy right k-ideal II of R. 

Proof. (1) => (2) Let R be a k-intrn-regular hemiring. Let /-I. and II be any fuzzy 

left k-ideal und fuzzy right k-ideal of R, respectively. Now let x E R. Since R is 

k-intra-regular, there exist ai,a;.bj.b~ E R such that 

m >l 

X + L ajx2b. = L a>2b~ 
.=1 j=1 

that is 
'" " 

x + D.,x)(xh,) - L (aix) ( xhi) 
;= 1 j=1 

T heu we have 

(J, c'k ")(X)- m V" .. [.6IMlaol A"lboll Aj0, [",ai)A"'bi)l] 
%+ E"III;"" E lljb . 

i_I jo: ' J 

m " 

2: 1\ ["Ia,x) A "Ixboll A 1\ [+ix) A v (xbi) 1 
;= 1 J"'I 

<: ,,(x) A vlx) = (,. A v)(x) 

This implies that It 1\ /I ::;: It 0 k 11. 
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(2) => (1) Let A, B be left k-ideal Rnd right k-ideal or n, respectively. ThclI XA 

and Xv' t hc charact.eristic functions of A and B are f1l'l;zy left k-ideal and fuzzy right 

k-ideal of R, respecti vely. Now, by the hypothesis, 

X"'nn = X", 1\ Xu .5 XA 0 k Xo = X ............... · 
AB 

--. 
Thus An B ~ An. So R is k-i ntra-regular. _ 

T heorem 258 7'he following C07l.ditiol lS a1"C equivalent for a hemiTillg R . 

1. R is k-intra-regulur. 

2. For a ll x E R, I" (x) = It (x 2 ) for all fuzl.Y k-ideals ~ of R. 

Proof. (1) => (2) Assume that n is k-intra-rcgwar. Let Jt be a fuzl.Y k-idca\ of Ii 

and x E R. Since R is k- intra-rcgular, t here exist ai , a: , bj , bj E R such that 

Then we have 

J<{x) ~ [I:"C~ a;X:b;) 1 A [I: Ct. a;,X':;)] 
~ [I\;~ . ~ (a;x b;)] A [1\;~ .,,(a;X b;) 
~ I' (X') ~ "(xx) ~ ~(x ) 

implies that I" (X) = p.(x2) . 

(2) => (1) Let x E n. T hen 'Nx 2 + Rx2 +x2R + Rx2Ji is the principal k- ideal 

of R generated by x2 , where N = {O, I , 2, ... }. Now, the characteris tic function 

x, " • of N x2 + flx.2 .;. x 2 R + nx2 Ii is a fuzl.Y k-ideal of R. 
Nx2 + nx2 +x2 n + Rx2n 

Since 

we have 

so x E Nx2 + Rx2; x 2 R + fuhi. T hus we have x + E. ajX2bi = f: a'·];2b'· for 
i = 1 ; ::1 J J 

some aj,a: ,bj , bj E R. Therefore R is k-intra-regular. _ 

Lemma 2G9 The following assc,·tions an: eqltilJoient for n hemiring R : 
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1. R is both k-regular and k- intra-reglliar. 

---2. B = B'l (or every k-bi-ideal D of R. 

---3. Q = Q'l. for every k-qunsi-ideaJ Q of R. 
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Proof. (1)::::} (2) Let R be hath k-regular and k-intra-regular. Let B be a k

--- ---bi-ideal of Rand :z; E B. Then B2 !;;;; B = B. Since R is both k-regulnr and 

k- intra-regular, there exist eiemenLs Ph 112 , ai, (l.~ , bj, b~ E 1l such that. 

aud 

so we IHwe 

and 

no n '" , "'.,. :z; + ~ aiX b, = 0 ajx hj 
j ". 1 j e l 

Adding XIJIXPI X, X1' 1 xP2x on both sides of equation 6.1 we geL 

x + XPI:! + XP I XP I X + XPlxP2X = xP2x + XPIXPIX + X1)I XI12 X 

Using equations 6.3 and 6.4, we get 

Now, multiply equation 6.2 by PIx (rom t he right and by XP'l. from the left. 

(6.1) 

(6.2) 

(6.3) 

(6.4) 

(6.5) 

XP'l.XPIX + XP2 (ta,<X'lbi) PIX = xP2 (ta>'lbi) 1)IX, (6.6) 
,,., 1 1=- \ 

multiply equation 6.2 by P'l7. frOIll the right and by XI)I from t he left. 

(6.7) 

mulLiply equation 6.2 by P2X from tbe right and by XP2 from the left 

(6.8) 
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multiply equation 6.2 by IJIX from the right and by XPI from the left 

m m m 

Adding E (XP2UiX) (Xbl1)IX) , E (XPIUiX) (xb;]J2x) , E (XP20;x) (xb,p'lx) , 
i=J i=1 i_ I 

'" and L (XPJUiX) (xb;Plx) on both sides of equation 6.5 , we get 
i ... l 

m m 
:z: + XP'lXPtX + E (XP2UiX) (XbiPIX) + XPIXP2X + E (XP IUiX) (XbiP2X) 

i_ I i= 1 
m '" + E (XI12UiX) (xb;I12 X) + E (XPla jx) (Xbil)IX) 

;=1 
m m 

= XP2Xl>2X + E (Xl>2ajX) (xbaJ'lX) + xl'IXPIX + E (XPIOiX) (Xb;PIX) 
,.,1 j=1 

no m 
+ L (xp'lai X) (XbiPIX) + .E (3;IJIUiX) (xb,I'2 X) 

,=J ;= 1 
Using equations 6.6, 6.7, 6.8, 6.9 

x+ t (XP'lujx) (xbj1JIX) + t (xl)lajx) (xbjl)2 X) 
1- 1 J=I 

m m 
-I- L: (Xp20jX) (XbiP2X) + L: (XPJU,x) (Xb01IX) 

;=1 i = 1 

== t (XP'lojx) (xbjp'lx) + t (21)lojX) (:z:bjplx) 
J= I J= I 
m m 

+ E (xJ>la,x) (xb,J>lx) + E (xp,a,x) (xb,p,x) 
i=1 i_ I 

Si nce 8 is a k-bi-idenl of R, so 

t (xP2ajx) (xbjplx) + ,f: (xp1ujx) (xbjP2x) + .E (XP2Ujx) (XbiP2X) 
,,,,,1 1=1 1=1 

m 

+ .E (XPIO,X) (XbiP\X) E B2 
;=1 

and t (xP2ajx) (xbjP2x) + t (xplajx) (xb>lx) + .f (XP2lt;x) (Xb iP2X) 
J ... I ]=1 , =<I 

m 

+ L: (Xp,UiX) (xb;Plx) E 8 2 

i= 1 - -So we have x E 8 2 and so 8 C B2. - -
T herefore B = B'l. 

(2) 0:9 (3) Straightforward. 
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(3) 0:9 (1) Let A, B be the left k-idcal and right k- ideal DC n, respecti~el y. Then 

AnB isn k-quasi-idealof R. By theassumptiou, we bave DnA == (BnA)(BnAi ~ 
~~~ ," ,r"-.. 
BA ~ DnA = BnA and AnD = (AnB)(AnB) ~ AB. T herefore Ris both 

k-rcgular and k-intra-regular. _ 
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T heorem 260 Let R be a hcmifing. Then the following oonditions are equiualent: 

J. R is both k- regular and k-intra-regultlr. 

2. ~l f'lk J4 = 11. for each fuzzy k-bi-idcal Jt of R . 

3. 11. 0 k J.l. = J.l. for each fuzzy k-qutlsi-idcal J.l. of R. 

Proof. (1) => (2) Let R be both k-regular a nd k- illtrn-reguJar bemiring. Let It be 

a fuzzy k-bi-ideal of R and x E R . Then 1, 0 k 11. :5 It . Si.nce R is both k-reguJar and 

k-intru-regula r, then there exist elements 1JI , Pl, (lj, a~, bj, bj E R such tha t 

x + XVIX = XP2X 

and 
'" " x + L ajx2

bj = L ajx2bj 
j = 1 j = l 

As proved in the proof of Lemma 259 we have 

x+ t (xP2ajx) (xbj'1IX) + t (xPla» (xbjP'lx) 
J= I J= I 

n, m 
+ L: (XI',UiX) (xu,,,,x) + L: (xp,a,x) (xb,I',x) 

; = 1 i= 1 

= t (xP2ajx) (xbjP2 x) + t (xPlajx) (xbjpl x) 
J= 1 J= I 
m m 

+ E (xP2a,x) (xb,P2x) + E (xPIa;x) (XbiP1X) i_I ;= 1 
Thus, 

(~ "H)(x) ~ • V " ,, [61/.(a;)A/'(b;)]At-, [I'(ai) A "(bi )]] 

:.:+ E "rb,= E "jbJ ; - 1 j .. 1 

2: Jt (xP2ajx) 1\ Il. (xbjl1I X) 1\ Il. (xp1ajx) 1\ Jt (xbjl1'J.X ) 
t\J.l. (X1>2ajX) 1\ J.l. (XbiP2X) 1\ I' (XPI aix) t\ J.l. (XbiPI x) 

" "( X) 
This impl ies that 11 :5 11 r;lk It. 

Therefore Il. {' )k 11. = J1 . 

(2) => (3) Straightforward . 

(3) => (1) Let Q be any k-quasi-ideal of R. T hen XQ. the characteristic function 

of Q, is a fuzzy k-qunsi-ideal of R . By ~hc assumption XQ = XQ (:)k XQ = X...-"'-. T hus 
Q' -Q = Q'J. Hence by Lemma 259, R is both k-regular nnd k-intra-regular. _ 

T heorem 261 Let R be a hemidug thcn lhe following oonditions are cquiualent: 
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1. R is both k-regulnr and k-intra-regular. 

2. J1./\ /I ~ 11- 0 k /I for all fuzzy k-bi-ideal jJ., /I of R. 

3. 11-" /I ~ jJ. 0k /I for fuzzy k-bi-ideaJ J1. and k-quasi-ideal /I of R. 

4. J.t A /I ~ J1. 0k /I for fuzzy k-quasi-ideal Jt a nd k-bi-idcal 'I of R. 

5. J1. A ') 5: I' \Uk /I for all fuzzy k-quasi-ideal J1., /I of R. 

Proof. (1) :¢> (2) Let 1-' and ') be fuzzy k-bi-ideals of R and x E R. Since n is both 

k-regular and k-intra-regular, there exist elements Ph 1'2, ai, a~, hj, b~ E R such that 

x + XPIX == XP2X 

and 
"' " '"' , ,",.,. x + ~ aiX bi = ~ ajx bj 

i_ I j _ 1 

As proved in the proof of Lemmo. 259 we have 

X+ f: (XP2U~X) (xbjp lx) + t (xPla~x) (xb~P2x) 
)",,1 Ja l 

>II '" + E (X7J:zGiX) (xbilJ2X) + 1: (XPlaix) (XbiPIX) 
i=l .=1 

= t (XP2a~x) (xb~P2x) + t (xPla~x) (xb~PIX) 
1= 1 J=I 
m '" + E (X1)2(1,X) (xb;I>2X) + E (XI1IUiX) (:r.b,7JJx) 

;=1 
Thus we have 

('''''k'')(X)~ "' V" .. [.6["(a;)AV(b;)[A;6 [,.(a;) Av(O;)l] 
%+ E"i!J/= EIlJbj i. ' J"" 

;?: /.L ( XIJ:zajx) A /I ( Xh~Pl X) A Jt ( xPI u~x) A /I ( xb~I>.2X ) 
AJ1. (xl12a;x) A /I (xb il>.2X) /\ po (Xl' j aix) A /I (XbiPI x) 

~ (" A v}(x). 

Hence I' /\ /I 5: po 0k /I. 

(2) :¢> (3) => (5) and (2) :¢> (4) =} (5), si nce every fuzzy k-quMi-ideal of R is a 

fuzzy k-bi-ideal of R. 

(5) :¢> (1) Let Q be any k-quMi-ideaJ of R. Then XQ' the charncteristic fund ion 

of Q, is a fuzzy k-quasi-idcal of R. By the assumption 

XQ =+ "XQ /\ XQ s: XQ 0k XQ = X...-.....· 
Q' - - -So Q ~ Q2. Sincc Q 2 Q2 always true, t ucrefore Q = Q2, Hence R is both 

k-regular and k-inLra-regular. _ 



Chapter 7 

Prime k-bi-ideals in hemirings 

In this chapter we define prime, s trongly prime and 5emiprime k-bi-ideals of a hcmiring. 

We also define their ftlzzy versions fIlld characterize hemiriugs by the properties of these 

k-bi-ideals. 

Recall the following definitions. 

A hemiring R is said to be k-I'cgular if for each x E n, there exist n , b E R sHch 

that x + xa:[ = xbx. 

A hemiring n is said to be k-intm-reguJar if for each x E n, there exist aj, ai, bj, ~ E 
... " n stich that. x + L:uix2a: = Ebj x2bj . 

i = 1 ;=1 

A hemiring n is snid to be right k-\\'cak ly regular if for each x E --. R, x E (xR) . 
'" n 

That is for each x E n there exist ai, ai , bj , bj E R such Lhut x+ L:xa.xa~ = L: xbjxbj. 
j= 1 ; ,..1 

7.1 Right k-weakly regular hemirings 

In chapter 4 we characterized right k-weak ly regular hcmirillgs in terms of their right 

k- idcals [md fuzzy right k-ideals. In t.his section we cbaracterize right k-weakly regular 

hcmirings in terms of k-bi-ideals and fuzzy k-bi-ideals. 

TheOl."em 262 The following assc,·tions a7"tl cquivalent for a hemiril1.9 R WiUl, idClllity: 

1. R is right. k .. wcakly regular hemiring. -2. 8 n 1 ~ 81 foJ' every k-bi-idcal Band evcry k-ideal I of R . -3. Q n! ~ Q! for every k .. quasi-ideal Q and every k .. ideal I of R. 

Proof. (1) => (2) Let R be n right k .. wcnkly regular hemiring and B,I are k
bi .. ideal and k .. ideal of n, respectively. Let z E B n I . Then z E B and x E I. 

112 
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Sin ce R is right k-wenkly regulru· hemiring, there exist aj ,a~,bj,bj E R such that 
m n m n 

x+ LXO jxai = Lxbjxbj . Siucc x E 8 and x E I , we have Lxatxai and Lxbjxbj 
;= 1 j = 1 ;,.,1 j = 1 

m n ~ 

are ill 81. Thus from x -I- Lxo;xa: = Lxbjxbj it foHows that x E HI. lIence 
;= 1 j = 1 

'"'" BnI r; ill. 

(2) => (3) Obviolls. 

(3) => (1) Since every right k-ideal is a k-quasi-idcal, choose Q a right k-ideal of -R. T hen by hypothesis Q n 1 ~ QI for every right k-ideal Q and every k-iclenl I of 

'"'" '"'" R. But QI f; Qn i always holds. Hence Qn I = QI for every right k-idenl Q aDd 

every k-ideal I of R. Thus by P roposit ion 161, R is r ight k-weakly regular hemirillg . 

• 
T heorem 263 The following asscr·tions are equivolcfl t for a hcmirillg R with idcntity: 

1. R is right k-weakly regular hem iring. 

2. )./\ 1.1. 5: ). 0 k /1. for every fuzzy k-bi-ideal ). and every fuzzy k-ideallt of n. 

3. >. /\}J :s >. (0k II for every fuzzy k-quasi-ideal >. nod every fuzzy k-ideal 11. of It 

Proof. (1) => (2) Let R be a right k-weakly regular bemiring and ). , Jt be fuzzy k-bi

ideal and fuzzy k-ideal of R, respectively. Let x E R. Then there exist ai, a: , bJ> bj E R 
m ,I 

such that x + Lxa,xa: = Lxbjxb~. Now 
;",,1 j=1 

(,1 0'1')(X) ~ " V". [,0,(,1(C')AI'(d'))/\;6, (,1(cj)/\I'(dj))] 
:r:+ r: Cio.= E cjli; 

i _ I J",I 

? [,6, (,1(x) A M(a,xaD) A Z, (,1(x) A M(b;Xbj))] 

? [,0, (,1(x) A I'(X)) A L (,1(x) A I'(X))] 

~ (,I A I')(X). 

(2) => (3) Obvious. 

(3) => (1 ) Since every fuzzy right k-ideal is a fuzzy k-quosi-idcal of il, choose 

>. a fuzzy right k~ideal of R and It any fuzzy k-idcal of R. T hen by hypothesis, 

)." Il :s .A 0 k}J· But>. (:Jk J.L '.5 ). /\ It always true. Thus>. 0 k It = )./\ JL for every fuzzy 

right k-ideal >. a.nd fuzzy k-ideal/i. of R. Hence by T heorem 162, R is right k-weakly 
regu lru: hcmiring. _ 

T heorem 264 Thc following assertio1kS are cquiv(licnt f07· a hemi,-ifl9 R with identity: 
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1. R is right k-weakly regular hemiring. 

2. B n I n J ~ IifJ for every k-bl-idenl B , every k-idenl I and every right k-idenl 

J of R. -3. Q n I n J ~ Q I J for every k-quasi-ideal Q, every k-idenl I and every right k-idenl 

J of R. 

P mof. (1) => (2) Let R be a right k-wcakly regular hemiri ng and 8 ,1, J arc k-bi

ideal , k-ideal nnd right k-ideal of n , respectively. Let x E Bnl nJ. T heu x E B ,::r; E I 

and x E J. Since R is right k-weakly regular hemiring, there exist ai, a~, bj, OJ E II such 
",., m " 

that x+ Exaixai = Exbjxbj. Now xaixai+ EXUixa~aixa: = Exbjxbjaixai. Since 
;=: 1 j _ 1 ;= 1 j = 1 

no " 
X E il, "jxa;aj E I,:z;a~ E J and bjxlf;ai E J, we have Lxap;aiujxai, Exbjxbja,xa: E 

i=1 j = 1 
,-"'-... ,-"'-... m 

ilIJ. Thus xaixai e BIJ. Similarly xbjxbj E ilIJ. Hence f!'Om x + Lxaixai = 
j=1 

II ,-"'-... ,-"'-... 

I:xvjxbj it follows t1wL x E ill J . T his shows B n J n J ~ B I J. 
j=1 

(2) => (3) Obvious. 

(3) => (1) Since evcry right k-ideal is n k-quasi-ldeal, choose Q a right k- ldenl of 

---. "" Rand J = ll. Then by hypothesis Q n I n J = Q n I n R = Q n J !; Ql R ~ Ql. 
,-... "" But Ql ~ Q nI always true. Hence Q n I = QJ for every right k-ideal Q and every 

k-ideal J of R. Thus by Proposition 161, R is right k-weakly regular hemiring. a 

T heorem 265 The following assel·tions are C1luiualent JOT a hcmiring R with identity: 

L R is right k-weakly regular hemiring. 

2. ~ /\ p./\ " S ~ (vI.: I! 0k II for every fuzzy k-bi -ideal ~, every fuzzy k-ide<1i I! and 

every fuzzy right k-ideal ll of R. 

3. ~ 1\ p.1\ II S ~ 0 1. P. 0 k II fol' every fuzzy k-quasi-ideal ~, every fuzzy k-ideallL and 

every fmzy right k-ideal II of R. 

Peoof. (1) => (2) Let It be a right k-weakly regular hemiri ng and ~,/J.,,, be fuzzy 

k-bi-ideal, fuzzy k-idenl and fuzzy right k-ideal of R, respecti vely. Let x E R. Then 
m " 

there exist a j, ai , Vj ) vj E R such thnt x + E xaixui = L: XVjxbj. Now 
i .. 1 j=1 

[
Ii ((,\ 0 , ~)(C;) A v(<I;)) ] 

((,\ o,~) ('" vJ(x) = V i~ ' 
:o:+.E e;d,= t e~~ /\ j61 ((~ 0k/-t)(c~) 1\ II(~») 

.=1 , '""1 
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> [.A «A C), ,,)(xa,) A v(xam A .A (A 0, ,,)(xbj) A v(xbj) l] 
.~ I )~ I 

As 

'" [.A «A C). ,.)(xa,) A v(x)) A 'A ((A C,,, ,.)(xbj) A V(X))] 
. = 1 ) = 1 

(A O",)(xo,) = V [.A (A(,,) A ,.(d,)) A ~ (A(e)) A ,,(cf;) l] 
... .. 1",,1 ) - 1 

ZUj+ E Cjd, _ r: c;tt; 
.- 1 i- I 

> [,0, (A(X) A ,.(aixa'a,)) A L (A(x) A ,«bjXbjai))] 

( because XUi + Exaixu:aj = f.xbjX~ai) 
"= 1 j = l 

'" [i0, (A(x) A ,.(x)) A L (A(x) A ,.(X))] = (A A ~)(x) 
Similarly p. 0,.. IL)(xbj) ~ p, 1\ jL)(x). 

Thus [m • ] 
I(A 0 ,") Co, v[(x) '" i0, ((A O".)(xo;) A v(x)) A j0, ((A 0 . ,,)(xbj) A v(x)) 

'" (A A ,,)(x) A v(x) = «A A") A v)(x) 

(2) => (3) Obvious. 
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(3) => (1) Since every fuzzy right k-idenl is a fuzzy k-quasi-ideal of R, choose >. a 

fuzzy right k-ideal of R, jL any fuzzy k-ideal and XR fuzzy right k-ideal of R. Then by 

hypothesis>' 1\ 1.1. = >. 1\ 1.1. 1\ X/1 ::; >. (0; ,.. 1.1. 0 ,.. Xn :5 >. 0 ,.. I.l.. But>. 0 k J.t :-:; >. 1\ J.t always 

true. Thus >. 0,.. 1-' = ). 1\ Ii for every fuzzy right k-ideal ). and fuzzy k-idcal Jl of R . 

Helice by Theorem 162, R is right k-weakly regular hemiring. _ 

7.2 Prime and semiprime k-bi-ideals 

In Chapter 6 many charncterizations of k-rcgular, k- intra-regular and of both k-regular 

and k- intra-regular hemirings are given. Here we give some more characterizations of 

these bemirings. 

--Propos it io n 266 Let B\ and D2 be k-bi,·idcais of a hemiri11g R. Then B\B2 is a 

k-bi·ideal of R. 

--P roof. Let B I and B2 be k-bi·ideals of Rand X,Y E BJB2. T hen 

n , m , 

x+ E aiai = E bjbj 
i_ I j:o>1 

(7. 1 ) 
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and 
I' , 

y + E CgC~ = 2: did, 
g;1 /"., 1 

(7.2) 

for ui,bj,cg,d, E Bl . a; , bj,c~ , d; E 8 2. 

Now 

x + y + E aiai + E CgCg = E bibi + E elIcit . ( n . P . ) (m . q ) 

,=1 g= J i=1 t:: J 

As (E:~ I aia; + E:_ l CgC~) and (E;;"\ bib) + 2:1:01 dId,) arc ill B ] 82 so X + Y E 
....-.. 
8 18 2 . 

Mul t iplying the equation (7 .1) by Y we get 

(7.3) 

Mult iplying the equation (7.2) by E::"J aia; we get. 

i: aia;. + (t .ia;) (t e,e; ) = (t aia;) (t MI) 
,= ] ,=1 g= 1 .=1 1 ... 1 

(7.4) 

As each term in the expression of (E~I aia:) ( 2::",,1 CgC~) is the form (1ia:CgC~ 
where ai, C9 E BI and 0;, c~ E B2. Thus (o;a;cg ) c~ E (B i RBI) 8 2 ~ BJ 82· This im

plies ([;1:.., aia:) ([;:_1 CgC~) E B,B2· Similarly (L:~, aia:) (2:1=1 d,,,) E 81B 2. 

. () "". - s" "m . -8 8 Hence from equaLlon 7.4 we get LA= ' ajll,Y E 8 182. lllularly LJj=1 bjbjy E , . 2· ....-.. 
Thus from equation (7.3) we get :z:y E 8,82, -Hence 8,B2 is closed under addition and multiplicat ion. 

Now 

'(10h) R (10h)' = (81B2) R(B,82) ~ 10h -- --Let:z: +a = b for some a,b E 8,82,:Z: E R. Then:z: E B1B2 = H IB2. -Hence H,82 is a k-bl- ideal of R .• 

Prop osi t ion 267 Let A, J.l. be fu zzy k-bi- illcal of a hemiJ'111g R . Then A0k p. is a fuz.zy 

k -bi-idcal 0/ R. 

Proof. Let >., J.l. be fuzzy k-bi-ideal of R and x, y E R. Then 
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and 

To prove that x + a = b implies p. (oll.; Il)(z) ?: (A 0 1.; /J,)(a) 1\ (A 0 k I,)(b) , observe 

that 
m " 

I p 

a+ La;bi = L:ajbj and 11+ LCgdg = Lc~d~ , (7.7) 
;= 1 j ::1 9= 1 q= J 

together with x + a = II, gives 

'" m 

x+a+ L:a;bi = b+ La;b;, 
,= 1 ;= 1 

Thus, 
" '" x + La~bj = b+ LOib; 

j=1 i= 1 

and, consequently, 
" If ... 

X + E a~bj + E cgdg = b + E cgdg + E aib; 
j = 1 g= 1 g= 1 ,,,, I 

P m 

= E c~d~+ Eaib; 
q_ 1 ;=1 
m p, , 

= L: (lib. + L: c,/lqo Therefore, 
"= 1 q= 1 

II I In " 

X + L ajbj + L cgdg = L aib, + L c~d~, (7.8) 
J'" g- I ,=1 q= 1 
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Now, in view of equations (7.7) and (7.8), we have 

m 
II ("(a,)A,.(b,))A 
i=1 

;0. ( "( a;)A ,.( b;») A 

" II (A(c,)A ~(d,))A 
V V ~ 

g=1 

A (A(C;)A ,.(d;») 
1= 1 

< . V. (.0. (A(T.) A '«".)) A 1. (A(T;)A ,,(,,;»)) 
:r:+ r: r,h, ::. r: r;h; 

, .. I ' _ I 

Now 

P.0" 1-') 0 " (>. C!h p.) = (>. (;, ,, 1-' 0 " >.) r:;" p. 

Also 

.::; (>. 0 k Xn 0 k >.) 0 k I' 

:s. >. c:)" Ii. 

(A 0 , ~) 0 , Xn 0 , (",~",) ~ (A 0 ' ('' 0 ' Xn) 0 ' A) 0 , , • 

.::; {>' (::Ok Xn 0 " >.) 0 " fl·'::; ). 0 " 1-' 

Thus>. 0 " I' is a fuzzy k~bi- ideal of R . • 
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Defin iti on 268 Let n be a hemil·iJlg. A k -bi-idcal B of R is called p,"imc (reap. semi

plime) iJAA S; B (I'CS11. };if ~ n) implies ill ~ B or 82 ~ B (rc:;p. B1 S 8) 

for all k-bi-idcals n I, B2 of R. 

Definition 269 Let R be a hCllliring. A k-bi-idcal B of Fl. is called stlymgly lwimc if --DIB2 nil2BI ~ B implies Bl ~ B 0" B2 ~ B for (Ill k-bi-ideals BI. B2 of R . 

Obviously every strongly prime k~ bi~ idcal is a prime k-bi-ideal and every prime 

k~bi -ideal is a sem.i pri me k~bi~ideal. 
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Definit ion 270 A fuzzy k-bi-ideal A of a. hemtring R tS called prime (semiprime) if 

J1 0 k /1 .s A (,t 0k 1.1. .s >.) im1,lics IL $. A or /1 .s A (,t!5 A) f01" all fuzzy k-bi-icleals It, /I 

of Jl. 

A fuzzy k-bi-iclcal A of a hem iring R is called strongly prime if M 8., II 1\ II 8 k I' .s A 

implies IL .s A or 1/ .s A for all fuzzy k-bi-idenls 1.1., II of R. 

Lemma 271 Let R be a. hemil'illg, {Bi: i E l} a family 0/ prime k-bi-ideal of H. 

Theil n Bi is a. semiprime k-hi-ideal of R. 
iET 

Pl·OOf. St.raight.forward. • 

Pl'oposit ion 272 Let R be a hemiring anti It, II be fuzzy k-bi-idcals of R then 1.1. 1\ /1 

is also f uzzy k-bi-idcal of R. 

Proof. Let. x,y,z E R. T hen 

(i) 

("Av)(x +y) ~ 1.(X +y)Av(x+y) ~ [i'(x) A!'(Y)] A[v(x)Av(y)J 

( ii) 

(iii) 

~ [,'(X) A v(x)[ A [,,(y) A v(y)[ ~ (I' A v)(x) A ("A v)(y). 

(!'Av)(x.) ~ ,'(xy)Av(xY) ~ I'(x)AI,(y)Av(x)Av(y) 

~ ("A v) (x) A(I'A v)(y). 

(M 1\ /I) (xyz) = J1 (xyz) 1\ II (xyz) ~ l' (x) 1\ J.L (z) 1\ /I (x) II /I (z) 

= (,.1" /1) (x)" (/.1." /I) (z). 

(iv) Now let a,b,x E R such t hat x +0. = h. T hen 

("Av)(x) ~ 1'(x)Av(x)~[,.(a)A,,(b)[A[v(a)Av(b)[ 

~ [" (a) A v (a)[ A [" (b) A v (b)[ ~ (" A ,,)(a) A (" A v ) (b). 

Hence It 1\ 1/ is a fuzzy k-bi-ideal of R. • 

Proposition 273 Let R be a hemiring and {Ai: i E l} a family of fuzzy prime k-bi· 

ideal of R . Then /\ >.j is a semiprime fuzzy k-bi-idcai of R. 
iEi 

Proof. Straightforward. • 
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Definition 274 Let n be a hellliring. A k-bi-ideal B of R is Cilllcd 'irH!ciucible (resp. 

strongly itTeduciblc) if BI n B2 = 8 (rcsp. 8\ n 82 ~ D) implies B\ = B or 82 = D 

(t'Csp. 8 1 ~ 8 or 82 ~ il; f01" all k-bi-ideals 8\,B2 of R. 

Proposition 275 Every strongly irreducible semiprime k -bi-ideal of a IIemiring R is 

a st7Ymgly prime k-bi-icleal of R . 

Proof. Let B be a strongly irreducible semi prime k-bi-ideal of R. Let B 1, D2 be 

---- ----any k-bi-idcals of R such that B\B2nB2B1 ~ B. Since B\ n 82 is a k-bi-ideaJ and 
, .... .,............., ~ .... ..,............., 
(8, n 8,) (8, n 8,) £; 8,8" (8, n 8,) (8, n 8,) £; 8,8,. 

~ .... .......-"--., ..---"'--.. 
Thus (81 n B2)(8) n B2) ~ BIB2nB281 ~ B. Since B is a scmiprime k-bi-ideal 

of R, we have BI nB2 ~ B. As 8 is strongly irreducible, we have Bl ~ D or D2 ~ 8. 

Thus B is st rongly prime k-bi-ideal of R. _ 

Propos ition 276 Let R be a hemiri1lg amt [J be a k-bi-ideal of R. Let a E R be such 

that a ¢ 8. Then tJlCI"C exists an irn:d7Jcible k -bi-idcal A of R such that B ~ A and 

a ¢ A. 

Proof. Let:F be the collection of all k-bi-ideals of R which contains B but does 

not contain a. Then F t- (/1, because B C F T he collect ion :F is a partially ordered 

set under inclusion. As every totally ordered subset in :F is bounded above, so by 

Zorn's Lemma there exists a maximal clement say A E :F. We will show that A is an 

irreducible k-bi-ideal of R. Let C, D be two k-bi-ideals of R such that enD = A. 

If both C and D properly contains A then a E C and a E D, tben a E A. This 

contradicts Lhe fact that a ¢ A. Thus A = C or A = D. Hence A is an irreducible 

k-bi~ideal of R such that B ~ A and a ¢ A. • 

Definition 277 Let R be a herni77ng and>. a fuzzy k-bi-idcal of R then>. is called 

in·educible (resp. st7"Ongly in'educible) fuzzy k-bi-ideal of R if I-'/w = >. (resp. JJ./w :5 >.) 
implies 1.1. = >. or /I = >. (res". I" S >. or /I :5 >.) for all fuzzy k-bi-ideaLs 1',11 of R . 

Proposition 278 Let R be a hemiring. Theil CVCJlI st7"Ongly il'Tmucible sernilwime 

fltzzy k-bi-idcal of R is (I st71mgly pl'ime fuzzy k-bi-idcal of R. 

Proof. Let'>' be a strongly irreducible semi prime k-bi-ideal of R. Let It , /I be 

any fuzzy k-bi-ideals of n such that (/A- 0k /I) 1\ (/I 0k JJ.) :5 >.. As I' 1\ /I is a fuzzy 

k-bi-ideal of R and (I-' 1\ II) (:id v 1\ 1.1.) :5 JJ.0k v and (/A-/\ v) 0dv 1\ /-J) :5 v 0 k/L. Thus 

(,t 1\ v) (.)k (v 1\ Jt) :5 V, (ilk v) 1\ (II (.lk I') .$ >.. T hat is (Jt /\ v) Elk (v 1\ It) .$ ).. 
As ), is semiprime, we have I t 1\ /I :5 >.. Since.>. is strongly irreducible, we have 

p. :5 ). or II :S >.. Hence >. is strongly prime. _ 
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Propos ii.ion 279 Lct R be allcmidng, >. {,fuzzy k-bHdcal of n with>. (a) = 0, 1Uhen~ 

a is ally element of R and a E (0, 1 J. Then there exists a fuzzy irreducible k-bi-ideal J 
of R such that >. ~ 6 and 6 (a) = 0'. 

Proof. Let X = (p. : J.l. is a fuzzy k-bi-ideaJ of R, I,(a ) = a and A S /-,} . Then 

X f.,p, because>. E X . Let :F be a totally ordored subset of X, say :F = Pi : i E fl· 
We claim that V .Ai is a fuzzy k-bi-ideal of R containing .A. 

iEI 
Let x , yEn, consider 

(1) 

(y),;) (x) A (y ),;) (y) = (y (),; (X))) A (y (),; (V))) 

(2) 

= Y [Y(), ;(X»AA;(Y)] 

= Y [y (),; (x) A),; (y))] 

:;: Y [y (A! (x) A A! (V»)] 
where >.{ = max {.Ai , Aj} , noto that >.1 E {>'i : i E l} 

:;: V[v[>i(x+ y)]] =I/[A!(x+y)] 
J ' I,) 

:;: Y lA, (x+ y)1 = (y ),;) (x + y) 

(y A;) (xy) = Y (A; (XV)) 

(3) 

~ V ()" (x) A Aj (Y)) 
; 

= V (A; (x)) A V (),j (y)) 
; i 

= (y A;) (x) A (y A;) (V) 

(y A;) (xuz) = Y (A; (xvz» 

~ V (),; (x) A),j (z)) 
; 

= V (>;(x)) A V (Aj (z» , ; 

= (y ),;) (x) A (y A;) (z) 

(4) Now, 10Lx+a=b, wherea,b E R. Then 

( y A;) (a) A ( Y A;) (b) = (y (Ada))) A (y (A; (b») 

= Y [( y (A; (a))) A A; (b)] 
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~ Y [yc>; (a) A >';(b))] 

:5 Y [y (>.! (a) A >.! (b))] 
where)..1 = max {)..i , )..j} , note t.hat.)..{ E {)..i: i E J } 

~ Y [y ()..1 (X»)] because >.1 is a fuzzy k-bi-ideal 

~ I/[).!(x)l :5 V[).;(x)[ ~ (v).;) (x) 
OJ ' , 
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Thus V>'i is a fuzzy k-bi-idcul of R. Clearly >. ~ V Ai and V Ai (a) = V p,' (a» = 
; iii 

Of. Thus V).., is the l.u.b of F. Hence by Zorn's lemma there exis ts a fuzzy k- bi-ideal 
; 

o of n which is maximal with respect to ~he property that >. ~ 0 and o(a) = 0'. 

We will show that 0 is fuzzy irred ucible k-bi-ideal of R. Let 0 = 0, /\ 62, where 

0),02 are fuzzy k-bi-ideals of R. T hus 15 ~ 01 and 0 ~ 152. We claim that either 15 = 0, 

or 6 = tf2. Suppose O:f:. OJ and O:F 02. Since 0 is maximal with respect to the property 

that 5 (a) = Of and si nce 6 ~ 01 and 0 ~ 02, so 0, (a) I- 0' und 02 (a) =F 0'. Hence 

0' = 0 (a) = (0, "02) (a) = (6J) (a)" (02) (a) :f:. 0', whicb is impossi ble. Hellcc 6 = 0, 
or 0 = 02. Thus 6 is fuzzy irreducible k-bi-ideal of R . • 

Theore m 280 FOI' a hemi1'illg R, tlie following ltsse,·tioJUJ m'e equiuaic1fl: 

1. n is bot.h k-regular a nd k-intra-regular. 

---2. S2 = B for every k-bi-ideal B of R. 

--. --. 
3. H, nB2 ~ B,B2nB28, for nil k-bi -ideals 8"B2 of R. 

4. Each k-bi-ideal of R is semiprimc. 

5. Every proper k-bi-idcal of R is the intersection of all irred ucible scmiprimc k-bi

ideals of R which cont.ai n it . 

Proof. (I) ~ (2) This is Lemma 259. 

(2) =* (3) Let B" 82 be k-hi-ideals of R. Then B, nB2 is also a k-bi· idcal of It By ....----.... ,......-......, --------.. ,......-......, 
hypothesis B l nB2 = (Bl nB2 )2 ~ B I B2. Similarly B\ n B2 = (Bl nB2 )2 ~ B2B,. 

,......-......, ,......-......, ..-"--.. ..-"--.. 
Thus 8, n B2 ~ B jB2nB2B I. By Proposit ion 266 B JB2 and B2B, are k-bi-idcals of --. --. n and so 8 , 82 n B2B, is a k-bi-ide..'\1 of R. T hus by the hypothesis . 

B;iJ; n AA = '( B;iJ; n AA) (B;iJ; n AA)' 
~ ..-"--..,......-......, ....----.... ..........--... 

~ B, 8 2 B2Bl = B,B2B2BI ~ B,REJ ~ B, 
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.....--.... ".-....-. ".-....-. ~ 
Similady B1B2nB2B1 ~ B2 . Hence B1B2nB2Bl ~ Bl n 82. --This implies BIB2 n B2BI = BI n B2. 

(3) ::;;. (2) Obvious. -(2) => (4) Let B l , B2 be k-bi-ideals of R, such that B? ~ 82. T hen B? ~ 82. By -hypot.hesis BJ = B? ~ B2. T hus B2 is scmiprime. 

(4) '* (2) Obvious. 

(4) => (5) Let 8 be n proper k-bi-ideal of R. Then B is contained in the intersection 

of all ineducible k-bi-ideals of R which contain it Proposition 276, guarant.ees the 

existence of such irreducible k-bi-ideals. If a ¢ B, then there exists an irreducible 

k-bi-idenl of n which contain it but does not cont.ain a. Hence B is t.he intersection 

of all irred ucible k-bi-ideals of n whi ch contain it . By hypothesis each k-bi-ideal is 

scmiprime, so B is t.he intersedion of all irreducible scmiprime k-bi-ideals of Il which 

contain it.. - -(5) => (2) Let n be a k-bi-idenl of n. [f B2 = R then c1eady B = R. [f B2 -I- n, - -then 8 2 is proper k-bi-ideal of R containing B2 and so by our hypothesis, -B2 = n {8Ct; 8 0 ineducible semiprime k-bi-idcals of R}. 

Since each Eu is a semi prime k-hi-ideal, 8 ~ BCt for all 0, and so B ~ nCt Do = 

'"2', "2'-B . rhu!> B = 8 . • 

T heorem 281 Let n be a k-rcgulm' and k -intm-regular hemir-ing and D be a k-bi

ideal of n. Then B 18 st1'01lgly in'C(lltcible if anti only if B is strongly pdme. 

Proof. Proof follows from Theorem 280. • 

Theorem 282 Each k-bi-ideal of (t hemif-ing R is strongly ,wime if and only if R is 

k-''C!Julu7', k-intm.reguluf· and the set of k-bi-ideals of R is totally onlered by inclusion. 

Proof. Suppose that eacb k-bi-ideal of R is strongly prime. Then each k-bi-ideal 

of n is semiprime. Thus by T heorem 280, R is both k-regular a nd k-intra-rcgular. 

Now we show that. the set of k-bi-idcals of R is LotaUy ordered. Let B) and B2 be --any two k-bi-ideals of n. Then by Theorem 280, B] n B2 = B182n82BI. As each 

k-bi-idcal is strongly prime, BI n B2 is strongly prime. Hence either Bl ~ BI n B2 or 

82 ~ B I n B2 that is either BI ~ B2 or 8 2 ~ 8 1. 

Conversely, assume that R is k- regular, k-intra*regular and t he set of k-bi-ideals of 

R is totally ordered . We show that each k-bi-ideal of R is strongly prime. Let D, BI, B2 --be k-bi-ideals of R such that B1B2n82BI <; B. Since R is both k-regular and k-----.. ".-....-. ...--.. ~ 
intra-regula .. , by Theorem 280,81 n B2 = BIB2nB2Bt. Since BIB2nB2BI ~ 8, 
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SO 8\ n 82 ~ 8. As the fiet of k-bi-ideals of n is totally ordered, so either Bl ~ B2 

or D2 ~ Dl, that is, either B\ n 8 2 = 8\ or Bl n 82 = 82. Thus either Bl ~ D or 

D2 ~ B . • 

Theorem 283 If the set of k -bi-illclIls of n ;s totally on:lercd, then R is both k -n::ytllar 

and k-intra.-rcgular if and only if each k -bi-ideal of R is prime. 

Proof. Suppose that R is both k-regular and k-intra- regular. Let B , Bl, 8 2 be k--.. 
bi-ideals of n such that B l B2 ~ 8. Si nce the set of k-bi-ideals of n is totally ordered, 

'"'" --.. eituer 8\ ~ 8 2 or 8 2 ~ HI. Suppose 8 1 S; 82. Then 8~ ~ HI 8 2 ~ B. By Theorem 

280 , B is scmiprimc fiO Bl S; B. Hence B is prime k-bi-ideal of R. 

Conversely, assume t hat every k-bi·ideal of n is prime. Thus every k-bi-ideal of R 

is semi prime. Hence by Theorem 280, R is both k-regular a nd k-intra-regular. _ 

Theorem 284 Let R be (t hemi,·ing. Then the followin.gs m·e eqllivalcllt: 

1. The set of k-bi-ideals of R is totally ordered under inclusion. 

2. Each k-bi-ideal of R is strongly irreducible. 

3. Each k-bi-ideal of R is irreducible. 

Proof. (I) => (2) Let B , ilJ, B2 be k-bi-ideals of R such that B\ n B2 S; B . Siuce 

the set of k-bi-ideals of R is totally ordered under inclusion, so either B) S; 8 2 or 

8 2 ~ 8\. T hus either BI nB2 = B\ or Bl nB2 = B2· llence Bl n 82 S; B :> ill ~ B 

01· B2 ~ B . Thus B is strongly irreducible k-bi-ideal of R. 

(2) ::} (3) Let B, 8\ , B2 be k-bi-ideals of R such that 8\ n 8 2 = B . Theil D f B) 

or B S; B2. By the hypothesis, either B1 ~ B or 82 ~ B. Hence either B\ = 8 or 

O2 = B. T hus 8 is irreducible. 

(3) ::} (1) Let B 1, 82 be two k-bi-ide.:"l.ls of n. Then 8 I n 82 is a k- bi-ideal of Jl. 

Also 8 . n 82 = 8 1 n 82. So by hypothesis either Bl = Bl n 82 or D2 = Bl n 82, i.e.; 

either 8 1 !'; B2 or B2 ~ 8 1 . Hence the set of k-bi-ideals of R is totally ordered . _ 

T heorem 285 Fo" (.J. hemirin9 R. the fotlowill9 assel1iofls are equivale1lt: 

1. R is both k-regular und k-intra-regular. 

2. >. 0 1; >. = >. for every fuzzy k- bi-ideal >. of R. 

3. >. 1\ fJ. = (>. 0 k fL) 1\ (It '.:Jk >.) for ull fuzzy k-bi-ideals A,,.t of R. 

4. Each fuzzy k-bi-ideal of R is scmiprime. 
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5. Each proper fu ...... y k-bi-ideal of R is the intersect.ion of alJ irreducible scmiprime 

fuzzy k-bi-ideals of R whi ch contain it.. 

Proof. (1 ) ::> (2) This is Theorem 260. 

(2) => (3) Let )" J1. be fuzzy k-bi-ideals of R. Then >../\ 1.1. is also fuzzy k-bi-idcal of 

R. By hypothesis >../\ 1.1. = {>. /\ I.L} 0 1.: (>.. 1\ I') :5 >.. 0 k I'. Simjlady )./\ J.' :5 1.1. 0 1.:),. T hus 

), 1\ 1.1. 5, (), 01.:/.1.) 1\ (1.1. (.:)1.: >..) . 

Now by Proposition 267, (>. r:.il.: It) and (jJ. 0 1.:),) are fuzzy k-bi-ideals of R and so 

p. 0 1.- 1.1.) /\ (" 0 1.: >.) is a fuzzy k-bi-ideal of R. Thus by hypothesis 

((,I 0, ,,) A (" ,",,I)) = ((-I C)k/') A (" 0 , -I» 0 , ((,I 0 , ") A (,,0, ,I)) 

< (.\ (.!:II. 1.1.) !:)k (J1. 0 1. >..) :5 ), (:ll.: Xn 0 k 1.1. 5, ),. 

Similarly «),01.-I.1.) /\(}.t0k >.)) S J1.. T hus ('>'01. /4) /\(/.t 0 k'>') 5, '>'1\/.1.. 

Hence (.>. 0 1.: J.L) 1\ (,, 0 1. .>.) = A 1\ J1.. 

(3) ::> (2) Obvious. 

(2) ::> (4) LeL >',}.t be fuzzy k-bi-ideals of R such that>.. (:)/.:), :5 jJ. . Since iJy (2) 

), (~)I.: ), = )" so ), :5 J.L. Thus I' is scmiprimc. 

(4) => (2) Obv;ou,. 

(4) => (5) Let ), be a proper fuzzy k-bi-ideal of R. Then), is contained in the 

intcrsect.ion of all irreducible fuzzy k-bi-idcals of R which contain it.. Proposition 279, 

guarantees the exislence of such irreducible fuzzy k-bi·ideals. If a E Rand t E (0,11 

such that. ), (a) = t, thcn there cx is t.s an irreduciblc fuzzy k-bi-ideal J1.0 such that 

>.. S lA-o and l.to (a) = t. Hence >. is the intersection or all irreducible fuzzy k· bi-ideals 

of R which contain it. Dy hypothesis each fuzzy k·bi· jdeal is scmiprime. T hus A is tbe 

intersection of all irreducible, scmiprime fuzzy k-bi·jdeaJs of R which contain it . 

(5) => (2) Let>. be a fuzzy k-bi-ideal of R. Theil ),(:lk), is a fuzzy k- bi-ideal of R, so 

),0 1.:), = /\ ),n where ),0 are irreducible, scmipri.me fuzzy k-bi-ideals of R which contain 

), 0 1.:),. Si nce each ),0 is scmiprime, so ), .::; ),n for all 0' . Thus), ::; /\ An = ), 0 1.: ), . But 

), (:Ji.: ), ::; ), always. Helice), = >.. (:Jk),. • 

Theorem 286 Let R be fl k - f-cgular and k · i"tm·regulaf· hcmiring and), be a fuzzy 

k-bi-ideal of R. Then), is stmfl!/ly iJ"l-edltciblc if and only if), u stn)ngly prime. 

Proof. Proof follows Crom T heorem 285. • 

Theorem 287 Ead~ fuzzy k -bi· ideaf of a hemiri'lg R is stnmgly In-ime if and only 

if R is k·n:gular and k-intf"a-n~gula1" and the set of fuzzy k -bi-idcals of R is totally 

on.w-ed. 
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Proof. Suppose t.hat each fuzzy k-bi-ideul of n is strongly prime. Thcll each fuzzy 

k-bi-ideal of n is scl1l.ip rime. Thus by Theorem 285, R is both k-regular and k-intro.

rcgular. Now we show that. t.he sct of fuzzy k-bi-ideals of R is totally ordered. Let A and 

Il be a llY two fuzzy k-bi-ideals of n. Then by T heorem 285, >.1\J.t = (>. 0 " 1./.)/I.(ll 0 " A). 

As each fuzzy k-bi-ideal is strongly prime, " ~ "A It or It ~ A /I. It that. is e it.her >. 5 jJ 

01' It ::; >.. 
Conversely, assume that R is k-reguJar, k-intra-I'egular and the set. of fuzzy k-bi

ideals of R is tot.ally ordered. We show Umt each fuzzy k-bi-ideal of R is s trongly 

prime. Let A, 1-'-, v be fuzzy k-bi-ideals of n such that (jJ 0 " v) 1\ (v 0 " Jl) ~ A. Since 

R is both k-regular and k-intra-rcgular. by Theorem 285, IJ. 1\ v = (J./. 0 k v ) /I. (j/0k 1,1.). 

Since (Ii \:..lk v) A (v 0 k It) :5 A, so 1,1. A 11:5 A. As the set of fuzzy k-bi-idenls of R is 

totally ordered , so either It :5 v or v .:5 11.., that is, either I-'- A v = /./. OJ' I t 1\ v = v. Thus 

either Ii .:5 A or v :5 A. _ 

T heor c m 288 If th.e set of Juzzy k-bi-idcals oj R is totally ordered, llim R is both 

k-J'cgula7' (uul k-ifltm-f"Cgulaf' iJ and 011ly iJ each J1LZZY k- bi-ideal oj n is prime. 

Proo r. Suppose t hat R is both k-I'egular and k-intra-regular. Let A, 1-'-, J) be fuzzy 

k-bi-ideal.s of R such that. 11, GJ; v S A. Since t.he set of fuzzy k-bi-ideals of R is totally 

ordered , either /1 S II or II :5 It. Su ppose It :5 II . T hen I-'- 0k It :5 I-'- 0k v :5 A. By 

Theorem 285, A is semiprime so Il .:5 A. Hence A is prime fuzzy k-bi-ideal o f R . 

Conversely, assume that every fuzzy k-bi-ideal of R is prime. Thus every fuzzy 

k-bi-ideal of R is semiprime. Hence by Theorem 285, R is both k-regular and k-hltra· 

regula.r _ 

T heor em 289 Let R be a hcmiri71g. Then the following are equivalent: 

1. The set of a ll fuzzy k-bi- ideals of R is totally ordered under inclusion. 

2. Each fuzzy k-bi-ideal of n is strongl}' irreducible. 

3. Each fuzzy k-bi-idea l of R is irreducible. 

Pro of. (1) => (2) Let I t, II , A be any fuzzy k-bi-ideals of R. such t.hut. 11, 1\ v :5 >.. 
Si nce t.he set of fuzzy k-bi-ideals of n is tot.a1ly ordered, so either Ii .:5 v or v .:5 /-1. 

T herefore 1./.1\ v = /J. 0 1' Ill\ v = II. Hence /1, 1\ II .:5 A => ei t.her I' ::; A or /J S >.. Hence A 

is strongly irreducible. 

(2) ::::} (3) Let Il, v, >. be any fuzzy k-bi-idenls of R such t hat ItA v = >.. T hen A 5 Jt 

or >. :5 /J. By hypothesis, either Jt ::; A or II :5 A. SO eit.her It = A or v = A. T hus>. is 

irreducible. 



7. Prime k-bi- ideals in he mirings 127 

(3) =* (1) Lel 11., >.. be any fuzzy k-bi-ideals of R. T hen ),,1\ 11. is a fuzzy k-bi-ideal of 

R. Also ,\ /\ 11. = ).. A I" SO by hypothesis, ei ther ,\ = ,\ A I t or J-I. = ).. A It, that is either 

>.. :5 It or 11. ~ ,\. T herefore the set of fuzzy k-bi-ideals of R is totally ordered. _ 



Chapter 8 

Prime h-bi-ideals in h emirings 

In tbis chapter we define prime, strongly prime and scmiprimc h- bi-ideaJ,s of a hemiring. 

We also defi ne their fuzzy versions and chaructcrize hcmirings by t he propert ies of these 

h-bi-ideals. 

Recall the following defi nitions. 

A hemiring R is said to be h-hcmiregular if for c<\(;h Z E R, there exist at b, z E R 

s\lch that x + xax + z = xbx + z. 
A hemiring R is said to be h-intra-hemiregular if for each x E R, there exist 

III n 

a" ai, bJ • bj, z E R such that x + Ea.x2a: + % = Ebjx2bj + Z. 
i_ I j=l 

A hemiring R is said to be right It-weakly regular if for each x E R, x E (xR)2, 
m 

That is for each x E R there exist. aj,a~,bj.bj,z E R such that. x + Exaixai + z = 
;= 1 

" L: xbjxbj + z. 
j=1 

8 .1 Right h-weakly regular hemirings 

In chapter 5 we characterized right It-weakly regular hcmiriugs in terms of their right 

h· ideals and fuzzy right h· idcals. Now we charncLerize right It-weakly regular hemirings 

in terms of h-bi-ideals and fuzzy h· bi-ideals. 

Theor e m 290 The following assertions are equiuaic71t for a hemiring R with identity: 

L R is right It-weakly regular hemirillg. 

2. B n T £ BI fo r every It-hi-ideal B and every It-ideal I of R. 

3. Q n I !; Ql fo r every h-quasi-ideal Q lind every It- ideal l of It 

128 
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Proof. (1) => (2) Let R be a right It-weakly regular hemiring and B,I arc h

bi·ideal and lv-ideal of R, respectively. Let x E B n T. Theil x E Band :z; E / . 

Since R is right h-weukly regular hemi ring, there exist ui,u:,bj,bj,z E n such that 
m ~ m 

:z; +L:z;ai:r:a~ + z = Exbjxbj + z. Since:z; E Band:z; E I, we have L:xaixa~ and 
1= 1 j=1 j ,.d 

~ m" 
L:z;bjX~ are in DI. Thus from x + Lxaixa~ + z = Lxbjxbj + z it follows that. 
j=1 i_ I j _ J 

X E Bf. Hence B n 1 ~ 81. 

(2) => (3) Obvioll'. 

(3) => (1) Since every right Ii-ideal is au It-quasi-ideal, choose Q a right It-ideal of 

n. Then by hypothesis Q n I ~ ?Jl for every right h-ideal Q and every It-ideal 1 of R. 

Out. Ql ~ Q n f always holds. Hence Q n I = QJ for every right It-ideal Q and every 

h-ideal 1 of n. Thus by Proposit,ion H)S, R is right lv-weakly regular hemil"ing. _ 

Theorem 291 The followillg asse,·tiQ1l.S Ol"C equivalcnt for a hemiriTl9 n with iclelllity: 

1. R is right lv-weakly regular hemiring. 

2. >. /\ 11. 5: >. (:Jh 1~ for every fuzzy It-hi-ideal >. and every fuzzy lv-ideal J.l of R. 

J . >. /\ 11 5: >. {'l/l I~ for every fuzzy h-q uasi-idenl >. and every fuzzy lv-ideal I' of 1l. 

Proof. (1) => (2) Let R be a right. It-weakly regular hemiring and >.,/, be 

fuzzy h-bi-ideal a.nd fuzzy h- ideal or n, respectively. Let x E R. Then t here exist 
rn " 

a"a~,bj,bj, z E R such that x + L:xaixai + z = Lxbjxbj + z. Now 
i_ I j=1 

('\ 0,,~)(X)~ V [II ('\(C;)A~(d;))A II ('\(C;) A "«1;))] 
... .. I=- I J-I 

z+ E c;d/ +.:"", r: r;.'.d' +z i., I.'" 

> [;01 ('\(x) A I«a;xa,)) A L ('\(x) A l«bjXbj))] 

2: [;01 ('\(x) A ~(x)) A L (.\(x) A ~(X))] 
~ (.\ A ,,)(X). 

(2) => (3) Obvious. 

(3) .=} (1) Since every fuzzy right It- ideal is a fuzzy h-quasi. ideal of R, choose >. a 
fuzzy right It- ideal of Rand J1. any fuzzy It-ideal of R. Then by hypothesis >'/\/1 . .$ >'0 ,,fl. 

But>. 8 h JI :'5 )./\ 11. always true. Thus )'(' )h I' = >./\ I' for every fuzzy right It-ideal ,,\ and 

ruzzy lv-ideal" of R. Hence by Theorem 196, R is right lv-weakly regular hemiring. • 

Theorem 292 The follo wing (lsscrtfOT/.S (Ire equilNllent fo r a hemiring R with identity: 
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I . R is right It-weakly regula r hemiring. 

2. B n 1 n J ~ BI J for every h-bi-ideal 8 , every It-ideal 1 and every right h- ideal 

J of R. 

3. QnlnJ ~ QJJ for every h-quasi-ideal Q, every h-ideal I and every right I~ideal 

J of R. 

P roof. (1) => (2) Let R be u right It-weakly regu.lar hemiring and B,l, J arc II-bi

ideal, I~ icleal and r ight It-ideal of R, respectively. Let x E BnlnJ. Theil XED. x E I 

and x E J. Since R is right It-weakly regular hemiring, t here exist ai. ai. bi> bj. z E R 
TIl n m 

such that. x + L:xuixai + z = L:xbjxbj + z. Now xaixai + Lxa.:xa;a,xa: + za,xai = 
;= 1 j = 1 i= 1 

" Lxbjxbjaixai + za;xai. Since x E B, aixaiai E I , xai E J and bjxbja, E I, we have 
j - I 

TIl " 
L:xa;xaia;xai, LxbjZbjaixa:. E B1 J . T hus xa.;xai E 8 I J. Sim ilarly xbjxbj E B1 J. 
;= 1 j = 1 

III" _ _ 

Hence from x -I- L xa,xai -I- z = L xbp;bj + z it follows t hat x E ili J. This shows 
i~ 1 j = l 

BnlnJ ~ BIJ. 

(2) '" (3) Ob,ious. 

(3) => (I) Siuce every right It-ideal is all h-quasi-ideal , choose Q a right It-ideal of 

Rand J = R. Then by hypothesis Qnl n J = QnInR = QnI ~ QIR ~ QI. But 

Ql ~ Qni always true. Hence Qn] = QI for every right. h- ideal Q and every h-ideal 

] of R . Thus by Lemma 195. R is right It-weakly regular hemiring. _ 

T heorem 293 The following (I.s.sc,·tion.s an! equivalcnt fo,' a hcmiring R with it/entity: 

1. R is right It-weakly regular hemi ri ng. 

2. >. A IJ./\ u :S >. (vh II 0 h 1/ for every ftlZzy h-bi-ideal A, every fuzzy h.- ideal JI and 

every fuzzy r ighl II-ideal /I of It 

3. >. /\ IJ./\ U :S >. c.:)h I' (' i /, U for every fuzzy II-q uasi-ideal A, every fuzzy h- ideal/.!. and 

every fuzzy right It-ideal u of R. 

Pro of. (1) => (2) Let R be a right It-weakly regular hemiring and >', I t,U be fuzzy 

It-bi-ideal, fuzzy It-ideal and fuzzy right h.-ideal of n. respectively. Let x E R. T hen 

"' " there exist a i, a~, bj , bj, z E R such that x + Lxu;xa~ + z = L: xbjxbj + z. Now 
;= 1 j = 1 

[
Ii ((,\ 0h ,')(0;) A v(<I;)) ] 

1('\ 0 h ,,) H h vJ(x) ~ V ;~.' 
m " • A 1\ (('\ 0 h ,,)(e;) A v(,I;)) 

z+ L: Cia;+:: z: ei~+z j = l 
, ,,, I J ", I 
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~ [.0, ((I. 'vh I')(X.,) A v( .. :)) A ;6, ((I. 0 h ")(XO,) A v(xbj) l] 
~ [,0, (()...)h/')(xa,) /\ v(x)) /\ ;6, ((I. 0h I')(XO;) /\ V(X))] 

As 

(I. 0 h ")(",) = '" V"' [,0, (I.(C;)A~(d;))AZ,(I.(C;)/\I,(dj)l] 
!I;(lj+:L c;d,+:= L cJ .i;+z 

, ,,, I , .. I 

~ [A (I.(x) A ,,(.,X.,.,) A .'11 (I.(X) /\ 1,(O;xlI;.,) l] 
.", 1 )= 1 

( because xai + fxaixaia; + zaj = t xbjxbjaj + za;) 
._ 1 ) - 1 

~ [,0, (I.(x) /\ I'(X)) A L (I.(x) /\ ~(X))] = (1./\ ~)(x) 
Similarly (:\ 0 /. Jt)(xbj ) '2:: (>.1\ ( ... )(z). 

Thus [m " ] 
1(1. (.)" I') '0" vJ(x) ~ ,0, ((I. ".)" I')(X.,) /\ v(x)) /\ ;O, ((I. 0, I')(XO;) A v(X» 

~ (1./\ ~)(x) /\ v(x) = ((I. A I') /\ v)(x). 

(2) => (3) Obvious. 

(3) => (1) Since every fuzzy right h-icleal is a fuzzy h-quasi-ideal of R, choose A a 

fuzzy right It-ideal of R, 11 any fuzzy '~ideal and XR fuzzy right h-ideal of R. Theu by 

hypothesis A 1\ (' = A 1\ fJ. /\ XR ~ A C: )J, Jj C:Jh XR ~ A (:)h 1-'. BuL A 0 h ( ... .$ A 1\ ( ... always 

true. ThuB A (')/1 ( ... = >. 1\ (1. for every (uzzy righL h-ideal >. and fuzzy It-ideal (t of R. 

I·lence by Theorem 196, R is right It-weakly regular hemiring. _ 

8 .2 Prime and semlpnme h-bi-ideals 

In 1461 many character izations of It-hemiregular, l~intra-bemiregulnr and of both It

hemiregular and h-intl'u-hcmiregular hemirillgs nre given. In this section we give some 

more characterizations of these hemirings. 

Proposition 294 Let B. ami Dz be It -bi-ideals of a hemi1ing R. Then D1il2 is an 

h-bi-ideal of R. 

Proof. Let B\ and B2 be '~b i-idea l s of R und x,y E B.B2. Then 

(8.1) 
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nnd 
I' q 

Y + L Cj.c~ + Z I = L dl~ + %1 (8.2) 
k=1 /",,1 

As (L:? ... , aia~ + E~= , CkC~) and (E;':' , bjb~ + El:s1 diet;) are in 8,82 so x+y E 

8,8'1. ' 
tvlulLiplying the equat.ion (8.1) by y we get 

fl, '", 

xy + L: ajCtty + zy = L: bjbjy + zy i_' j=' 
(8.3) 

Multiplying t he equation (8.2) by E?=I aia~ we gel 

(8.4) 

As each term in the expression of (I:;~, aia:) (I:Z=1 CkC~) is the fOfm aiu~ckc~ 
where ai, Ck E 8 1 and a~, c~ E IJ2. Thus (a,a;ck) c~ E (B,RB,) 82 ~ D,82. This im

plies (I:?=l aja:) (Llill CkC~) E 8,82· Similarly (E~=I Uia:) (El=, dl~) E 8,82. 
Hence from equation (8.11) we get EI=I a;a;y E 8182. Similarly Ej!.l bjbjy E 8,82. 

T hus from equation (8.3) we gel xy E 8 ,8 2. 

Hence 8,82 is closed under addition and multiplication. 

Now 

(B,B,) R(B,B,) ~ (B,B,) R(B,B,) >: B,B, 

Let X+0+2 = b+:: fOf some a,bE 8,82 ,X,Z E R. Then x E IJIB2= 8,82 . 

Hence 8 ,82 is an It-bi-ideal of R. • 

Proposition 295 Let).t IJ. be flUzy h-bi-idc(ll of fI hemiring R. Thcll ). 0 h J.' is a fuzzy 

It-hi-ideal of R. 

Proof. Let A,,, be fut'.zy /"-bi-ideals of n. and X, y E R. T hen 
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aud 

wherea;,bj,Ck l cll,a: , b~,c~.cl;,z, z l E n. 
Now 

(~0h1')(x+y) ~ • V '" [[L(-I(e' )A,,(f.))lA[L(~(e;)A,,(f;))ll 
r~· I/+ 'f.:C6!6+:= Le,!, +:: 

. .. 1 1. 1 

V 

i\~7' ~(ai)A+)\A 
i\j~ 1 -I(b;)A~(b;) A 
I\r"" l '\(Ck)"t'(C~) /\ 

1\7"'1 ,\ (ill) /\ I' (ciz) J 
" ,V _ , [i\;~.[~(ai)A~(a;)lAi\j~.[~(bj)A,+;)Jl 

z+ Ei. , O;R,+J:= E,. , I/i";+:: 

~ 

A , ,V. [i\t~.[~(Ck)A~(c;)l AN~I [*,)A,,(<t.)Jl 
I/+E . .. , qc.+:: ,=E,_1 d,.t,+.::, 
~ (~(.,,, ,,)(x) A (~CO" ~)(y). 

To prove that x + a + y = II + y impl ies (,\ 0 h 11.)(X) ?: (.\ 0 11 J.L){a) /\ (,\ 0 h 11.)(b), 

observe that 

'" " 
, p 

a+ Laibi + ZI = La~b~ +Z I and b + L Ckcik +";:2 = L c~d; + 22, (8.7) 
;=1 j=1 k= 1 '1= 1 

together with x + a + 1/ = b + V, gives 

fit '" 

X + a+ (LUib; + ;;\) +y = b+ (Latbi + 2,) +y. 

Thus, 
" m 

X + La~b~ +2\ +y = b+ L(Ljbj + %1 + y 
j = 1 ;=1 

(Iud, consequcnlly, 
"I I rn 

x+ E a~b~ + (E Ckdk +Z2) + 2, +y = b+ (E Ckdk +Z2 ) + L aib; + Z I +y 
j= 1 k= 1 k_ 1 ,= 1 

P , , m 

= Ec'1 d'1 +Z2+ L aibi + Z' +y 
q=1 i _ I 
m I ' " ' , = E a,b, + '-' c'1dq + 22 + z, +- y . 

• : 1 '1_ 1 
Therefore, 

"I fn I ' 

X +- I>~b~ +- I>kdk t- z2 + Z I + Y = L aib, + L c~d; + 22 +- 2 1 + y. (8.8) 
j=1 10_1 ,= 1 '12 1 
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Now, in view of equations (8.7) and (8.B), we havc 

P <), I,)(a) A (A (", I,)(b) 

< 

,. V." ([,0,(A(a;JAI.(b,+[,0,(A(aj)A,,(bj»)]) 
11+ EII,b;+.:- Ellj"i+: 

;.1 i-I 

V V 

m 

II (A(a;)AI,(b,IIA 
1= 1 

II (A(aj)AI'(bj»)' ,., 
p 

II (A(Ck)' 1,(d,IIA 
k= 1 

'II (A(c;)A I,(d;») ,., 
. V _ (,0,(A(g.)AI'(h. II A,0,(A(g;)AI'(h;»)) 

:<:+ E g. II.+:= L u;h;+: 

Now 

Also 

.0. 1 ,.1 

(..\ t:J II 11) ( ·Jh (..\ l ') h It) = (A f.:)h I-' (% ,.\) C:)h J.t 

< (A ':.III x'R 0 ,,"\) <:Jh 1-' 

.:5 ..\ (.Ihl-l 

{A (0 /, It) (0) /. Xn (;i/c (A r.i/, It) = (A (-)/. (Jt 0,. XR) 0 ,.,>,) 0 /i Jt 

< (A0hXR0h).)0hIJ 

< A0hJ.t 

Thus). 011 It is a fuzzy h-bi-idcaJ of R. • 
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Definition 296 Let R be a "emi,·illg. An h-bi-ideal B of R is called prime (reap. 

semiprime) if BlB2 ~ B (71!SP, H{ ~ B) implies B1 ~ B OJ' B2 ~ B (rcSl'. 131 ~ B) 

fOI' all h-bi-ideals 8 11 B2 of R. 

Definition 297 Let R be a hemi";.l1g. An It-bi-ideal 8 of R is calleil stn:mgly p,ime 

if B1 82 n 8281 C; 8 iml,liC3 B 1 ~ B OJ' 82 C; B for all h-bi-ideals 8 1, 82 of /l. 
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Obviously every strongly prime h .. bi-ideal is a prime h-bi-ideol and every prime 

h-bi-ideal is fl semiprilllc h .. Oi .. ideal. 

Definition 208 A fuuy h-bi-idclil ). of a hcmiring R is called primc (scmipr-imc) if 

It 0 " v .5 ). fit (~" It S ).) implies It S ). or v S ). (1' :5 ).) for all fuu:y h-bi .. idea18 IL, /I 

of R. 

A fuzzy It-hi .. ideal ). of 11 hern iring R is coiled strongly prime if /.L 0 " 11/\ 1/0h It S ). 

implies f.L :S ). or 11 :5 ). for all fuzzy II-bi .. ideals p., /1 of R. 

Lemma 299 Let R be a hemi1'i.l1g, {Bi: i E f} a family of prime /L .. bi .. iclcal 0/ R. 

Then n Bi is n scmi1wime h-bi .. ideal 0/ R. 
iel 

P roof. Straightforward. • 

Proposition 300 Let R be a hemi1"in.g fUul I' . v be fuzzy h-bi-idcals 0/ R then It /\ II 

i" also fuzzy h-bi-idcal of R. 

Proof. Let X, Y, z E R. Then 

(i) 

(~Av)(X+Y) = ~(x+y)Av(x+y) ~ [,'(x)AI,(y)[A[v(x)Av(y)) 

( ii) 

(iii) 

= I,'(x) A v(x)[ A iI' (y) A v (y)1 = (" A v) (x) A (" A v)(y). 

(,t /\ v) (xy) = Jt (xy) /\ v (xy) ;-:: Jt (x) 1\ Jt (y) " v (x) " v (y) 

= (" A v) (x) A (,' A v)(y). 

(11," I/ )(XYZ) = l' (xyz) A /I (xyz) ~ It (x) A 11, (2) A /I (3;) A /I (z) 

= ("Av)(X)A("Av)(z). 

(iv) Now let a,b,z,;:; E Rsuch that x+a+z = b+z. Then 

(~Av)(x) = p(X)Av(X) ~ [p(a) AI,(b)1 A [v(a) Av(b)1 

= [" (a) A v(a)1 A iI,(b) A v (b)1 = (pA v) (a) A ("A v) (b). 

lIence ILA /I is a fuzzy h-bi-ideo.l of R . • 
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Proposition 301 Let n be a IIellul'ing and {~. : i E J} a fmmly of fuzzy prime h-hi

tdeal of R. Then A Ai is a scmi1wime fu. zzy It-bi-ideal of R. 
iEI 

Proof. Straight forward. _ 

Definition 302 Let R be a hemil·iT/g. An /I-bi-ideal B of R is called in'educible (1'es. 

st1'ongly irreducible) if BI n B2 = B (nu;JI. 8\ n B2 ~ 8) implies 8 1 = B or 82 = E 

(,·esp. BI ~ E or B2 £;;; 8) fOl' all /t -bi-illeals B I ,E2 of R. 

Propositio n 303 EVeI'Y stmnyly in-cducible semi111'ime It-bi-illeal of a hemiring R is 

a st1'OIIgly pl'ime !lobi-ideal of R. 

Proof. Let B be a st rongly irreducible sClil iprimc hrbi-ideal of R. Let 81, B2 be 

any /lobi-ideals of R stich that"'jj"j1j2 n B2Bi ~ B. Since B\ n 82 is an It-bi-ideal and 

(B, n B,)(B, n B,) ~ IJIB" (B, n B,)(B, n B,) ~ 8,8, _ 

Thus (81 n 82) (BI n 82) £;;; 8 182 nB2Bl ~ B. Sincc 8 is a sellliprime /l-bi-ideal 

of R, we have BI n 8 2 ~ 8. As B is strongly irreducible, we have 8 1 ~ B or 82 ~ 8. 

Thus B is strongly prime IL-bi-ideal of R. • 

P "oposition 304 Let R be a hemil'ing and B be an It -hi-ideal of R . Let a E R be 

such that a ¢ B. Then there exists all. ir'l'Cciucible h-bi-ideal A of R such that B S; A 

and a. f/: A. 

Proof. Let:F be the collection of all h-bi-ideals of R which conlains B but don 't 

cOIILain a. Then:F::F rD. because B E F. The collection :F is a partially ordered 

set under inclusion. As every totally ordered subset in :F is bounded. above, 80 by 

Zorn's Lenffim lhel'(l exists a maximal element say A E F. We will show thaL A is an 

ineducible h-bi-ideal of R. Let C, D be two h-bi-ideals of R such that enD = A. 

If both C and D propcrly cont.ains A I.hen a E C and a E D, then a E A. Tills 

contradicts the fact that a f/: A. Thus A = C or A = D. Hence A is a ll irreducible 

ft-bi-ideal or n such that B ~ A and a ¢ A. _ 

Definition 305 Let n be a hemiring a?ld A a fuzzy !lobi-ideal of R then A is callctl 

in-cducible (res. stnmgiy il'Hxtucible) fuzzy h-bi-ideal of n if IlA 1/ = A (,'C!>. 1tAv:5 A) 

implies Il = A OJ' 1/ = A (ns. It S A 01' /1 $ A) for all fllzzy h-bi-ideals p, 1/ of R. 

Propos it ion 306 Let n be a hel11idng. Then every st7'Ongly irreducible scmi1J1-ime 

f!luy h-bi-ideal of It is a stnmgly lwime fuzzy h-bi-idcnl of R. 
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Proof. Let A be a. s trongly irreducible semi prime h-bi-ideal of n. Let 1-', v be 

any fuzzy It-bi-ideals of n such that (/-, Co.l}. v) A (v0/, /-') :s ..\. As 1-'/\ v is n fuzzy 

It-bi-ideal of R and (,t A u) 0 h (II A It) :s 1-, 0 h v and (I-' A v) 0 h (ll A It) :s V0h It. Thus 

(/-,/\ v) (0) /, (u/\I-') :S (/-, ,-,'/, v) /\( 1/(')" /-') :s A. That is (1-'/\ v) 0 h (vA 1-') :s A. 

As A is scmiprime, we have It /\ v ::; A. Since A is strongly irreducible, we have 

Jl :s A or II :s A. Hence A is strongly prime. _ 

Proposition 307 Let n be a hem.i1'iJIg, ).. tl fuzzy /t -bi-ideal of R with A (a) = (t, tuhen~ 

a is any element of Rand Cl' E (0,11- Then there exists a fuzzy irreducible h-bi-ideal fJ 

of R such that A:S If and 0 (a) = a. 

Proof. Let X = tl-': Jt is a fuzzy It-bi-ideal of n, 1-' (a) = a and A ::;: It} . T heil 

X I: t/I, because A EX. Let:F be a totally ordered subset of X, say :F = Pi : i E I}. 
We claim that V Ai is a fuzzy h-bi-idea\ of n cont.a ining A. 

iel 
Let x, y, z E R, consider 

(1) 

(y A}X) A (y A;) (y) = (y (A; (X))) A (y (Ai (Y))) 

(2) 

= Y [Y(A,(X))AAi(Y)] 

= Y [Y(A;(X) AAj(Y))] 

"y [y (A: (x) AAI (v))] 
where A{ = max {A;, Aj) , note that A{ E {Ai: i E I} 

" Y[Y[Ai(x +v)J] 

= v[AI(x + y)] 
,> 

" YIA;(X+V)J = (y A;) (x+y) 

(V A;) (XV) = V (A; (xy)) ~ V (A; (x) A Ai (y)) 
• • • 

= V (A; (x)) A V (Ai (y)) 
i i 

= (y A;) (x)A (y A) (V) 

(3) 

( V A;) (xY') = V (A; (xY')) ~ V (A; (x) A Aj (,)) . . , 
= V (A. (x)) A V (Aj (z)) , ; 
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= (y A.) (xl A (Y ).;) ('I 
(4) Now, let x + a + z = u+ z, where B,ue R. Thcli 

(y).;) (alA (y).;)(bl = (Y().,(all) A (Y ()';(bll) 

= Y [( y()., (all) A).; (bl] 

= Y [y (A; (al A.; (bll] 

$ Y [y ().i (al A).i (bl)] 
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whcre >.1 = max Pi, >'j} , note that >.1 E Pi : i E !} 

~ y [y (>'! (X»)] because >.1 is a fuzzy It-bi-ideal 

= V H (xl] $ V I).; (xii = (V).;) (xl 
1,1 1 • 

Thus V>'i is a fuzzy It-bi-ideal of R. Clearly>' ::; V>'i and V >.;{a) = V (>'i (a» = 
; i i ; 

o. Thus V>'i is the l.u.b of F. Hence by Zorn 's lemma there exists a fuzzy It-bi-ideal 
; 

{) of R which is maximal with respe<:t to Lhe proper!.y that >'.5 0 and 0 (a) = o. 

We will show that 0 is fuzzy irreducible It-hi-ideal of R. Let IS = 01 A (h, where 

01,02 are fuzzy It-bi-ideals of R. Thus 0:::; 01 and 0.5 62. We claim that either 6 = 01 
or 0 = 02. Suppose 0 if- 01 and 0 =F 02. Since 0 is maximal with respect to the property 

that 0 (a) = 0 and since 0 ~ OJ and 0 ~ 62 , so OJ (a) =F 0 and 02 (a) =F o. Hence 

0= 6 (a) = (6) A 62) (a) = (6d (a) A (62) (a) =F a, which is impossible. Hence 0 = 0\ 

or 6 = 02. Thus 6 is fuzzy irreduci ble It-bi-ideal of R . • 

Theorem 308 For a hemil-ing R. thc following asseltioll,s are equivalent: 

1. R is both h-hemiregular and h-i ntra-IlCl l1 iregular. 

2. 8 2 = D for every It-bi-idea l B of R. 

3. B\ n B2 = B) 82 n /32BI for all h-hi-icleals BI, B2 of R. 

4. Eacb It-hi-ideal of n is semipl·imc. 

5. Every propcr It-bi- ideal of n is the in tersectioll of nil irreduciblc scmiprimc h-bi

ideals of R which contain it. 

P roof. (1) # (2) This is Lemma 63. 

(2) => (3) Let Bit 82 be /lobi-ideals of n. Then BI n 82 is also 11 11 h-bi-ideal of R. 

Dy hypothesis B1nB2 = (BI n 82)2 ~ 8182. Similarly B1nB2 = (HI nB2)2 ~ D281. 
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Thus HI n 82 ~ 8 182 n 828]. Oy Propositioll 294 IJ;li2 and B2BI are h-bi-idcals of 

R and so 8 ,B2 n B2DI is an It-hi· ideal of R. Thus by the hypo~hesis 

13'\B2n B2B l = (B,82nB2BJ) (1ilB2nB2B t ) 

~ BIBa 82B\ = BIB2B2H , ~ B",RB"" , f; HI 

Similarly E l B2 n B2BI ~ 82. Hence BIB2 n 8 28 , ~ 8 1 n 82. 

T his jmplies B1 B2 n B2Bl = B ] n 82. 

(3 ) => (2) Obv;ou,. 

(2) => (4) Let HI. 82 be It-hi-ideals of n such that. B~ ~ 82- T hen B~ ~ 82. Dy 

hypothesis Dl = B'f ~ 82. Thus 82 is scmipl'ime. 

(4) => (2) Obvious. 

(4) => (5) Let B be a proper h-bi·ideal of n. T hen B is contained in the intersection 

of all irreducible h-bi-ideals of n which contain it. Proposition 304, guarnntees tbe 

existence of such il'l'cduci ble h.- bi-ideals. If a ¢ B. then there exists an irreducible 

It-hi-ideal of R which contain it. but does not contain a. Hence B is the intersection 

of all irreducible It-bi-ideals of R which contain it. By hypothesis each '~bi- ideal is 

semi prime, so B is t he intersection of nit irreducible semiprime '~bi-idea ls of R which 

conLain it. 

(5) => (2) Let B be an It-bi-ideal of R. If B2 = R then c1eady B = R. II D'l =I R, 

then B2 is a proper h.-hi-ideal of R contllining JJ'I amI 50 by Ollr hypothesis, 

B2 = n {Bo : Bo irreducible semi prime '~bi-idea1s of R} . 

Since each Sa is n semi prime h- bi-ideal, n ~ Bo for a lt cr, and so B ~ n .. Bo = JJ'I. 
Thus 1P = 8 . • 

T heorem 309 Let R be an h-hemiregul(l.7· and h-inlra-hcmiregular hemiring fl.nd B 

bc fl.n /L-bi-ideal of R. Then B is stmngly in'cducible if and only if B is stl1mgly ,wime. 

P roof. Proof follows from T heorem 308. • 

T heorem 310 Ead~ It -bi-ideal of fI. hemidng R is stnmgly prime if and only if R is 

h -hemil1!gulm', h-intm-hemi"egular and the set of h-bi-ideals of R is totally ordered by 

illcl1lsion. 

Proof. Suppose Lhat each h-bi-ideal of R is strongly prime. Then each It-hi-ideal 

of R is semi prime. T hus by Theorem 308, R is both h-hem.iregular and Il-- intra

hcmiregulnl". Now we show thaL the set of '~bi-idea ls of R is totally ordered. Let B I 

and B2 be any two II-bi-ideals of n. Then by Theorem 308, B,nB2 = B1B2nB2Bl. As 
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each It-bi-ideal is s t.rongly prime, 8 1 n 8 2 is st.rongly prime. Hence either BI f; il l n B2 

or 8 2 f; 81 n B2 that is either BI C; B'J or B2 C; 8 1. 

Conversely, assume that R is h-hcmiregular, h-int ra-hcmireguJar and the set of h

bi-ideals of R is LataH)' ordered . We show t hat each '~bi-idcal of R is strongly prime. 

Let B , 8 1, B2 be It.-bi-ideals of R such tlmt BIB2 n B2BI ~ 8. Since R is both h

hcmiregular and h-intra-hcmiregular, by Theorem 308, 8 1 n 8 2 = BI B2n B2BI ' Since 

0 1 D2 n B2BI C; B, so 8 1 n B2 ~ B . As the set of It-bi-ideals of R is totally ordered, 

so either BI ~ 82 or 82 ~ B I , that is, either BI nB2 = B\ or BI nB2 = 82. T hus 

eithcr B\ ~ B or 82 ~ D. _ 

Theorem 311 II the set 01 h -b;.-idcals 01 R is totally ordered, Uum n is both It

hemiregulm· and h-inlm-hemiregulm· il and ollly il each " -bi-ideal 01 R is pJ·jme. 

P r oof. Suppose that. R is both h-hemiregular a nd h-i.u t ra-hemircgnlnr. Let 

B, B\, 82 be h-bi-ideals of R such that B\B2 C; B. Since the set. of h-bi-ideals of R is 

totally ordered, either 8 1 C; 82 or 8 2 C; 8 1• Suppose 8\ C; 82· Then B? C; BIB2 C; B . 

By Theorem 308, 8 is semiprime so BI C; B. Helice B is prime It-bi-ideal of n. 
Conversely, fl!;swne that every h-bi-ideal of R is prime. T hus every '~bi-ideal of R is 

semlpnme. Hence by Theorem 308, R is both h-hemi reguJar and h-intra-hcmi regular. 

• 
Theor em 31 2 Let R be a hemi11.J1g. Then the loi/owing are equivalent: 

1. The seL of It-bi-ideals of R is totally ordered under inclusion. 

2. Each h~bi~ideal of n is strongly irreducible. 

3. Each h-bi-ideal of n is irreducible. 

Proof. (1) =:;. (2) Let B, B\ ,B2 be h-bi~idcals of R such that BI n B2 C; B . Sincc 

lhe set of h-bi-ideals of n is totally ordered under incl usion, so either 81 C; B2 or 

82 C; B I· Thus either BI n 82 = BI or BI n B2 = 82· Hence Bl n B2 C; B => ill S;; B 
or 82 C; B. Thus B is s trongly irreducible h-bi-ideal of R. 

(2) => (3) Let B,8h B2 be n-bi-idealsof Rsuch that Bl nB2 = B. Then B C; B t 

01" B C; 82. By the hypothesis, either BI C; B or 82 ~ B. Hence either 8 1 = 8 or 

B2 = B. Thus 8 is iHeduciblc. 

(3) => (1) LeL 8 1,82 be two h-bi-ideals of R. Theil BI n 82 is an /lo bi-ideal of n. 
Also 81 nB2 = 81 n 82. So by hypotllcsis either 8 1 = 8 1 n 8201" B2 = 81 n 82, i.e.; 

either BI C; B2 or B2 C; 8 1. Hence the set of '~b i - idea ls of R is tot.aUy ordered . _ 

Theorem 313 For a. hemirill.9 n, the l ollowing assert10ns an~ equivalent: 
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1. R is both h~helllil'eguhw and h~int.m~hcrnil'cgu l ar. 

2. >. (~It >. = >. for every fuzzy II-bi-ideal >. of R. 

3. >. /\ /.1. = (>. (:1" /.1.) /\ (J.L (?!h ") for all fuzzy It-bi-ideals >., J.L of n. 

4. Each fuzzy h- bi-iden l of R is semi prime. 

5. Each proper fuzzy II-bi-ideal of R is the intersection o f aU irreducible semiprime 

fuzzy /l-bi-iderus of R which contain it. 

Proof. (1) ;} (2) This is Theorem 64. 

(2) => (3) Let >' , I.t be fuzzy h~ bi -ideals of n. Then>. /\ J.L is also fuzzy h.-bi-ideal of 

R . By hypothesis>. A I' = (" A It) 0 h (>. /\1.1.) :5 >. 0h It. Simila rly >./\ /t :5 1.1. 0 h ).. Thus 

J. A " ,,; (J. 0 " ") A (" '''h J.). 
Now by P l'Oposi Lion 295 , (" (·jh I') and (,t Flh ") arc fuzzy h- bi~ideals of R and so 

( >. 011 1') /\ (I' 0 /1 >.) is t\ fuzzy /i.-bi-ideal of R. Thus by hypothesis 

«J. 0 " ,,) A (,' '"h J.)) ~ «J. (')h ,,) A (" 0 h J.)) 0 h «J. 0 " ,,) A (,' 0h J.)) 

:5 (>. I:)" J.L) 0 " (I' (:)11 ") :5 >. 0 11 Xn 0h " :5 'x. 

Similarly «>. ("h 1') /\ (/P' 11t ")) :5 It. T hus (" ("h 1.1.) /\ (1& (')h'x) :5 >./\ Jt. 

Uence (>. ")/1 /L) /\ (,t 1.:,/, >.) = ,,\ 1\ It. 

(3) => (2) Obviou,. 

(2) ~ (4) Let ", I' be fuzzy It-bi-ideals of R such t hat>. 0h >. :5 It . Since by (2) 

" <:)It ,,\ = ", so ,,\ :5 11.· Thus Jt is semi prime. 

(4) => (2) Obviou,. 

(4) => (5) Let >. be u proper fuzzy It-bi-ideal of R. Then>. is contained ill the 

intersection of all irreducible fuzzy It-bi-ideals of R which contain it. Propositioll 307, 

guarantees the existence of such irreducible fuzzy It-bi-ideals. If a E R and t E (0,11 

such tlm~ "(a) = t, then there exists <In irreducible fuzzy It-bi-ideal Ita sllch that 

>. :::; 1'0. and 1'0. (a ) = t . Hence>. is tbe intersection of all irreducible fuzzy !lobi-ideals 

of R wh ich contain it. Oy hypothesis each fuzzy h-bi-ideal is semiprime. Thus'x is thc 

intersection of aU irreducible. scmipl'ime fuzzy Ilt-bi-ideals of R which contain it. 

(5) =? (2) Let" be a fuzzy It-bi-ideal of R. Then "\0hA is a fuzzy h-bi-ideal of il, so 

"\ (.),," = A Aa where >'0 are irreducible, semiprime fuzzy It-bi-ideals of R which contain 

"(' j" >.. Since each >'0 is sentiprime, so >. :5 >'a for all 0'. Thus>. :5 A >'0 = >. 0 h A. But 

"(:Jh" :5 A always. Hence A = >. .'Ih >. . • 

T heorem 314 Let R be an h -hemimgular and h -i71tm-hemiregula7' hemiJ'ing and ,,\ be 

a fuzzy It-bi-ideal of R. Then>' is strongly in'Cducible if and ollly if" 15 sL7'Ongly prime. 
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Proof. Proof follows from T heorem 313 .• 

Theorem 315 Each fuzzy h -bi-ideal of a hemiring R is strongly p,-ime if and Oflly if 

n is h -hcmiregular, h -illtm-hemiregular and the set of fuzzy h -bi-ideals of n is totally 

onlered. 

Proof. Suppose that each fuzzy It-bi-ideal of R is st.rongly prime. Then each 

fuzzy It- bi-ideal of n is semiprillle. T hus by Theorem 313, R is bot.h h-hemiregular 

and h-iutra-hcmiregulnr. Now we show t.hat. the set of fuzzy It-bi-ideals of R is t.otally 

ordered. Let. A and J.t be any two fuzzy h-bi-ideals of R. T hen by Theorem 313, 

A 1\ 1.1. = (A ro ll! 1.1.) 1\ (It lo ll! A) . As each fuzzy It-bi-ideal is strongly primc, A 1\ I' is 

st.rongly primc. Hence either A :5 A 1\ /' or I' :5 A 1\ p. that is either A :5 I ' or 11 :5 A. 

Conversely, assume that n is h-hemiregulnr, h-intra-hemiregular aod the set of 

fuzzy /i.-bi-ideals of R is totally ordered. We show t hat each fuzzy II-bi-ideal of n is 

sLrongly prime. Let A, It, II be fuzzy h·bi-ideals of R such Lhat. (fL 0 11 II) 1\ (1/ 0 h 11) ~ A. 

Since R is boLh h-hemiregular and h-intra-hemiregular, by Theorem 313, 1,1\11 = 
(,I (:)h /I) 1\ (V(:)h 1-') . Since (P. I:Jh /I) 1\ (/I ( ;\h/.I.) :5 A, SOJ1I\/I:5 >. . As the set of fuzzy 

It-bi-ideals of R is totally ordered , .so either It :::: v or v :::: p., that is, either It 1\ /I = P 

or 1-''' v = v. Thus either It :::: A or /I $ A. • 

Theorem 316 If the set of fuzzy h -bi- ideals of R is totally onleloed, then n i~ both 

h-hemin:gltlal-and h-inLm-hemin:gll.larif anti Dilly if each fuzzy h -bi.-idCtll of n is pI-jme. 

Pt·oof. Suppose t hat. n is both h-hemiregular and h-intra-hemiregular. Let. A, I I , /I 

be fuzzy It-bi-ideals of R such that IH'JII I~ $ A. Since the set of fllzzy It-bi-ideals of R 

is totally ordered, eit.her /' ~ /I or II :::: It. Suppose I' :::: /I. Then It (jIh I' :5 I' 0 h /I :5 A. 

Dy Theorem 313, A is scmiprime so It:5 A. Hence A is prime. 

Conversely, nSSlUlle t.hat every fuzzy It-bi-ideal of R is prime. Thus every fuzzy 

II-bi-ideal of R is semi prime. Hence by T heorem 313, n is both h-hemiregul;u and 

It-iIMa-hemi regular. • 

Theor e m 317 Let R be a hemi1'illg. Theil the following moe equivalent.: 

I. The set of all fuzzy h-bi· ideols of R is totally ordered WIder inclusion. 

2. Each ful.zy hobi.ideal of n is s trongly irreducible. 

3. Each fuu.y It-bi-ideal of R is irreducible. 

Proof. (1) '* (2) Let 1.1.. II. A bc any fuzzy h·bi-idcals of R such t hat 11, 1\ II :5 A. 

Since t.he set of fuzzy It-bi-ideals of R is totally ordered, so either I' :::: /I or v $' I'· 
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Therefore IJ /\ 1/ =!-t OJ' ,t" 1/ = II. Hence It /\ /1 S. ).. => either p. .:S A or v ~ A. lIence ).. 

is strongly irreducible. 

(2) => (3) Let 11. , 1/, ).. be any fuu.y h-bi-ideals of n such that p../\ /1 = )... T hen A :5 J.l. 

or ).. ~ 1/. Dy hypothesis, either It :5 ).. or 1/ :s )... So either IJ. = A or 1/ = )... T hus).. is 

irreducible. 

(3) => (1) Let p.,).. be any fuzzy It-bi-ideals of R. T hen "\1\1.1. is a fuzzy It-bi-ideal of 

R. Also). /\ J.I. = ).. /\ 1.1. . So by hypothesis, either).. = ,.\ IIIl or I' = A 1\ 11., t hat is either 

A .:5 It or JI. .:5 A. Therefore the sct of fuzzy h·bi-ideals of R is totally ordered. _ 
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