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Preface 

The range of peristaltic fl ows that occurs in physiology and engineering is 

very large. In patti cular such [1 ows are encountered in the esophagus, bile 

ducts, the ureter, the gastrointestinal tract, small blood vessels and many 

other glandular ducts tlu-oughout the body. The principle of peristalsis is also 

quite common in the industrial applications for instance the transpOlt of 

sanitary and corrosive fluids and blood pumps in the heart lung machine. It 

has been an established fact that most of the fluids in physiology are non

Newtonian. The motion of non-Newtonian fluids is an impOltant topic in the 

field of chemical, biomedical and environmental engineering and science. 

The governing equations in the non-Newtonian fluids are of higher order 

than the Navier-Stokes equations. The mathematical models of peristaltic 

flows involving non-Newtoni an fluids are of more intricate in nature. Such 

fl ows in the context of magnetohydrodynamics are of great interest for the 

movement of physiological fluid s, for exampl e, the blood and in view of 

analysis of peristaltic MHD compressor. However, very little has been 

reported yet on the peristalti c flows in the presence of an induced magnetic 

field. On the other hand, majority of available literature on the peristaltic 

flows analyzed the situation when no-slip condition has been considered. 

Such condition is not reliable especially in polymeric liquids with high 

molecular weight. No-slip condition is also not appropriate in physiological 

flows, thin film problems, rarefied fluid problems and flow on multiple 

interfaces. 

Another aspect whi ch is not yet given due attention in the literature is the 

heat and mass transfer effects on the peristaltic flows of non-Newtonian 



fl uids. No doubt, heat transfer in tissues is subject to heat conduction in 

tissues, heat convection because of blood fl ow through the pores of ti ssues 

and heat radiati on between surface and its environment. The heat transfer 

consideration U1 blood is very important in the oxygenation and 

hemodialysis processes. The simultaneous influence of heat and mass 

transfer in the peristalsis is also significant when one desires to analyze the 

Soret and Dufour effects. 

Motivated by the above discussion, the main objective here is to examine 

the effects of rheological properties, an induced magnetic field, pattial slip 

features and heat and mass transfer on the peristaltic flows. This thesis is 

structured as follows. 

Chapter one is prepared for the brief review on the peristaltic flows and 

some relevant definitions. Analysis for the peri staltic flow of a Carreau fl uid 

in a planar channel has been carried out in chapter two. Symmetric nature of 

flow is considered when the Reynolds number is low and wavelength is long. 

The results for different wave forms are established and compared. The 

pumping and trapping phenomena are given proper attenti on. It is noticed 

that the velocity at the center of chaImel and bolus size decrease when there 

is an increase in the Weissenberg number. The findings of this chapter have 

been published in Numerical Methods for Partial Differential Equations 

26, 519 (2010) . Chapter three extends the research work of chapter two in 

the presence of an applied magnetic field. The governing equations are 

developed and analysis has been performed when magnetic Reynolds 

number is small. It is concluded that longitudinal velocity reduces in a 

magnetohydrodynamic (MHO) fluid. FUl1her, the bolus size in MHO case 

also decreases when compared with the hydrodynamic fluid . These 

observations have been accepted for publications U1 Zeitschrift 



Naturforschung A 66a, 215 (2011). The influence of an induced magnetic 

field on the flow ana lysis discussed in chapter three is seen in chapter four. 

Mathematical modelling is presented in detail. Besides the flow quantities 

constructed in the previous chapters, the expressions of magnetic force 

function and axial induced magnetic fie ld have been developed additionally. 

It is found that an axial induced magnetic field exhibits symmetric nature 

about the origin. Moreover, axial induced magnetic fie ld is decreased in 

MHD fluid. The behaviour of current density near the channel wall s in MHD 

case is quite opposite to that of an induced magnetic field. Such conclusions 

have been published in Comm. Nonlinear Sci. Numer. Simulation 15, 

2407 (2010). Chapter five describes the influence of an induced magnetic 

field on the peristaltic flow of a Can'eau fluid in an asymmetric channel. The 

heat transfer is also taken into account. The walls of channel have different 

temperatures. The relevant equations are fi rst modeled and then solved. It is 

shown that pumping rate in Jo.1l-ID fluid decreases. The axial induced 

magnetic field about the origin is not symmetric. This is because of the 

phase difference in the considered shapes of the channel walls. The 

temperature is an increasing function of Brinkman number. The contents of 

this chapter have been submitted for publication in Comm. Nonlinear Sci. 

Numer. Simulation 16, 3559 (2011). Chapter six is devoted to the 

peristal ti c flow of hydrodynamic Carreal! fluid in an asymmetric channel in 

the presence of pattial slip and heat transfer. The associated equations and 

boundary condi tions are developed. The partial slip condition in terms of 

shear stress is accounted. It is seen that there is a crit ical value of mean flow 

rate for whi ch the frictional forces resists the flow along the chatmel walls. 

Below this critical value, the frictional force is an increasing function of sl ip 



parameter. Thi s research material has been accepted for publi cation In 

Zeitschrift Naturforschung A 65a, J12J (20JO). 

Chapter seven provides the analysis for peristaltic fl ow of a second order 

fluid in a planar channel. The flow is symmetric and fluid is electrically 

conducting. Induced magnetic field effect is included. The relevant 

equations are modeled and so lved for small wave number. Trapping and 

pumping are also examined. Better pumping performance is achieved when 

there is an increase in the material parameters of second order fluid. The 

magnetic force function is an increasing fu nction of viscoelastic parameter. 

The role of viscoelastic parameter on the current density distribution is 

qualitatively simi lar to that of the magnetic fo rce function. The size of the 

trapped bolus decreases when the viscoelastic parameter increases. The 

contents of this chapter have been accepted for publication in Int. J. 

Numerical Methods Flu ids. The considered flow problem in chapter seven 

in the presence of heat and mass transfer has been studied in chapter eight. 

The energy and concentration laws are examined additionally. Main 

conclusions of this chapter are accepted now in Zeitschrift Naturforschung 

A. The peristaltic flow of micropolar fluid in an asymmetric channel is 

discussed in chapter nine. The simultaneous effects of p3l1ial slip and heat 

and mass transfer are seen. Results for flo w quantities like stream function , 

axial and microrotation velocities, temperature and concentration etc are 

presented and analyzed 111 detail. It is found that behaviour of slip and 

microrotation parameters on the longitudinal pressure gradient IS 

qualitatively similar. The pressure gradient is an increasing function of 

coupling parameter. The pressure rise increases when slip parameter 

increases. The slip parameter on the temperature has opposite effect when 

compared with the pressure ri se. However, the effect of slip parameter on 



r 

the concentration field is si milar to that of pressure rise in a qual itative sense. 

Such observations have been accepted for publ ication in Chiense Phys. 
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Chapter 1 

Some relevant definitions and • reVIew 

The objective of this chapter is to present brief review (or the dynamics of peristaltic Bows and 

few standard definitions. 

1.1 Peristaltic pumping 

Peristaltic pumping is the process by which fluid can be transported due to travelling waves 

imposed on the walls of a tube or channel. Such process is quite useful in the situations where 

one prefers to aVOid any Internal moving parts for instance pistons in the pumping mechanism. 

There are man)' physiological and engineering phenomena where such process playa vital role. 

m the physiological world , the peristalsis has ample applications in the transport of urine from 

kidneys to the bladder, chyme in the gastrointestinal tract, spermatozoa in the ducts deferens of 

t.he male reproductive tract, ovum in the female fallop ian tube, vasomation of blood vessels and 

several others. Roller and finger pumps also work according to this mechanism. The process of 

peristalsis is significant for water translocation in tall trees. 

1.2 Review of literature 

It is noticed from the available literature that peristaltic transport subject to various approx~ 

imations have been discussed both theoretically and experimentally. Latham [l J ini tiated the 

research on the peristalsis by performing experiments. Aft.er such fundamental research, this 
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topic has received great attention in different situations. As per our information, next attempt 

has been presented by Shapirom 12]. He discussed the peristaltic pumping and retrograde 

pumping phenomena especially. Metry and Chauvet. [3] addressed the flow problem character

izing the intestinal peristaltic waves. Numerical solution has been obtained for t he resulting 

problem. It is shown that the presented numerical solution has a very good agreement with 

the e.xperimental data. The peristaltic activity regarding embryo transport within the uterine 

cavity in the tapered channel has been explained by Eytan et al. [4]. Here various character

istics of geometry, flow pattern , pressure distribution and reflux have been e.xamined ill detail. 

A novel electrostatic microchannel pump has been designed and simulated by Teymoori and 

Sani [5[. This microchannel pump works in view of peristalsis. They have studied drug delivery 

micropumps (which satisfy conditions such as drug compatibili ty, actuat ion safety, flow rate, 

self-priming, chip size, controlability of flow rate for all times and power consumption) and a 

novel micropump. The peristaltic motion of carrying and mixing chyme in small intestine under 

long wavelength assumpt ion has been analyzed by Lew et a1. [6). They obtained two solutions 

of the problem (i) a peristaltic carrying without net pressure gradient and (ii) a peristaltic 

compression with net transport of the fluid. The total solution is shown as a linear combina

tion of the two solutions. Lew and Fung [7) discussed the case for low Reynolds number in a 

\-ah·cd Ycssel .... itb special reference to flow in a valved vessel lie in veins and lymphatic ducts. 

They modeled the governing equations and obtained a series solution of the resulting problem. 

Particularly the change in the mean pressure and the velocity distribution along the tube axis 

for different orifice tube radius and the ratio of the iuertia-orifice distance to the tube radius 

have been computed. The inertia and streamline cun·ature effects on peristaltic pumping have 

been seen by Jaffrin [8). Such influence can be predicted in roller pump and gastrointestinal 

tracts. ' ;Valker and Shelley /9J discussed the shape optimization of peristaltic pumping. Rao and 

Mishra flO} have shared. experimental conclusions and pattern of peristaltic pumping in porous 

tube. Zien and Ostrach 1111 have reported. that in human ureters (which are tubular organs 

connecting kidneys to the bladder) t.he wavelength of the peristaltic wave is very small when 

compared to half width of the channel. They studied an incompressible viscous fluid in a two 

dimensional channel when long wavelength approximation is accounted. Vajravelu et al. [12) 

considered. the peristaltic pumping of a Herschel-Bulkley fluid in a channel. Gupta and Se-

6 



of wat! properties and heat transfer on peristaltic transport of an incompressible viscous fluid 

has been presented by Radhakrishnamacharya and Sriniyasulu 135]. Vajravclu et al. [36] ha\'e 

investigated the peristaltic flow under long wavelcngth assumption by explaining the effect of 

heat transfer in a vert ica! porous annulus. Goldstein et a1. [371 have presented a detail review 

regarding heat transfer upto 2003. Hayat et al. [381 have examined the effects of slip condition 

and heat transfcr on peristaltic Bow. Nadeem et a1. [391 have investigated the influence of heat 

and mass transfer on peristaltic flow of a third order fluid in a diverging tube. In these in

vestigations fluid considered is hydrodynamic. In magnetohydrodynamics, Kothandapani and 

Srinivas [401 studied the peristaltic flow of a Jeffery fluid tUlder the effect of magnetic field 

in an asymmetric channel. Mekheimer [41J considered the peristaltic flow of blood under the 

effect of constant magnetic field in a non-uniform channel. The effect of an induced magnetic 

field is not taken into account. Rayat et al. [4 2] and Hayat and Ali [43] have studied the effect 

of magnet.ic field on peristaltic flow of third order fluid in an asymmetric channel and Jeffery 

fluid in a tube respectively. Hayat et al. [44] have seen the influence of applied magnetic field 

on the peristaltic flow of Johnson-Segalman fluid in a channel with complaint walls. Wang et 

al. [45] have studied the MHO peristaltic flow of a Sisko fluid in symmetric and asymmetric 

channels. Hakeem et al. [46J have examined the ffects of magnetic field on trapping through 

peristaltic motion of Carreau fluid in a wliform chauuel. This sLuuy is all ~lt:1l5ion of the 

work done by Misery et al. [47] and Elshehawey et al. 148J. Effects of endoscope and magnetic 

field on peristaltic transport of Jeffery fluid are explained by Hayat et al. [49]. A mathematical 

model for peristaltic flow of blood under the action of magnetic field is constructed by Tzirtzi

lakis (50). Stud et 0.1. [51] provided the behaviour and pfLttern of pumping action of blood due 

to a constant applied magnetic field. Elshehawey et Ill. [52) have studied the influence of an 

inclined magnetic field on peristaltic flow of an electricall)1 conducting fluid through a porous 

medium between two inclined porous plates. They ha\'e presented a numerical study of their 

problem. Simultaneous effects of magnetic field and wall slip condition on peristaltic motion of 

a viscous fluid is studied by Ebaid 153]. Kothandapani and Srinivas [54] considered the same 

fluid in the presence of a constant magnetic field, wall properties, porous medium and heat and 

mass transfer. Ali et a1. 155] have studied tbe combined effects of magnetic field and variable 

viscosity on peristalt.ic flow of a viscous fluid in symmetric channel. Hayat and Hina 1561 have 
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discussed the simultaneous effects of slip condition, constant magnetic field , wall properties, 

heat and mass transfer on peristaltic flow of a !o.·iaxwell fluid. Srinivas et al. [57] provided a 

detailed description of the influence of partial slip condit ion, magnetic field and heat transfer 

on peristaltic transport of viscous fluid. Srinivas and Kothandapani [58J have also studied the 

!o.lHO peristaltic flow through a porous space in the presence of heat and mass transfer effects 

with complaint walls. Mekheimer and elmaboud 159J have examined the combined effects of 

heat transfer and magnetic field on peristaltic motion. They have presented an appUcation on 

endoscope (a biomedical instrument) under the physical occurring asswnpt ions of long wave

length and small Reynolds number. They have conducted a numerical study of pressure rise 

per wavelength and frictional forces. The peristaltic transport of a magneto viscous fluid in 

a two dimensional channel with porous boundaries is investigated theoretically by Elshehawey 

and Husseny [60]. Hayat et al. 161J discussed the influence of heat transfer on peristaltic motion 

of an electrically conducting fluid in a porous space. Nadeem and Akbar 162J have investigated 

the MHO peristaltic flow with variable viscosity and heat transfer. They obtained the solution 

of the problem by Admoian decomposition method. Hariharan et al. [631 reported the peri

staltic flow of a non-Newtonian fluid in a diverging tube under different assumptions related to 

Reynolds number, periodicity of waves. wavelength amplitude ratio, wave shape and frame of 

reference. i\.luH:uvel lL~y cOII.siUerW five possible wave forms on the channel walls, namely, sinu

soidal, multisinusoidal, triangular, square and trapezoidal waves and discussed the flow analysis 

in detail. A theoretical and experimental study for MHO flow is presented by Haim et al. [64}. 

In this study, they discussed mixer by considering only the effects of constant magneti c field 

and obtained some theoretical results. They also compared their results with the experimental 

data and found a very good agreement. i\"adeem and Akram [65} have investigated the 11HO 

peristaltic flow of viscous fluid in presence of partial slip effects. 

It has been noticed from the existing literature that peristalsis has been reported mostly 

in the presence of an applied magnetic field. Only few studies are available which examines 

the induced magnetic field effects on peristalsis for instance Vishnyakov and Pavlov [66}. They 

have studied the peristaltic flow of electrically conductive fluid under the effect of transverse 

induced magnetic field. Eldabe et al. [67} have also investigated the peristaltic flow (of a 

biovisc05ity fluid) under the action of induced magnetic field. Mekheimer 168, 69J have examined 
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(14) 

where T is the Cauchy stress tensor, S is the extra stress tensor, b is the body force per unit 

mass, p is the pressure and I is the identity tensor. 

1.4.3 Maxwell 's equations 

1.4.4 (a) Gauss's law 

\l,E=Pl, 
<0 

where PI is the charge density and E is the electric field. 

1.4.5 (b) Gauss's law for magnetism 

in which B is the magnetic field. 

1.4.6 (c) Faraday's law 

1.4.7 (d) Amperes law 

The differential form is 

\l.B = 0, 

8E 
'il x B = J.l.oJ + J-lot:0Ft, 

(1.5) 

(1.6) 

(1.7) 

(1.8) 

in which J.l.o is the magnetic constant, £0 is the electric constant, E is the electric field and J is 

the current density. 

1.4.8 (e) Ohms' law 

(1.9) 

where u is the electrical conductivity of the fluid. 

12 
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1.4.9 Ener gy equation 

It is of the following form 

(1.10) 

in which Cp is the specific heat, p the density, k the thermal conductivity, L the rate of strain 

tensor, T the temperature of flujd and T the Cauchy stress tensor. 

1.4.10 Concentl'ation equation 

In mathematical form , we can express as follows 

(1.11) . 

where D is coefficient of mass diffusivity, Tm the mean temperature, J(T the thermal diffusion 

ratio and C is the concentration of fluid. 

13 



Chapter 2 

Peristaltic transport of a Carreau 

fluid in a channel with different 

wave forms 

An analytic characterization of the rheological properties in the peristaltic flow of a Carreau 

fluid in a planar channel has been investigated in this chapter. Peristaltic wave trains on the 

channel walls are responsible for such Bow. Five explicit wave shapes have been taken into 

consideration. Based on the two-dimensional analysis, the important variables are identified. 

The infi uence of such parameters is carefully analyzed. Trapping and pumping phenomena have 

been numerically studied and interesting conclusions are drawn. 

2 .1 G overning equa tions 

\Ve investigate the peristaltic Bow of an incompressible Carreau fluid in a two-dimensional 

channel of width 2a. The Bow is induced by the periodic peristaltic wave of wavelength ~ 

and amplitude b propagating with constant speed c along the channel walls. Its instantaneous 
• 

height at any axial station X is defined by the expression given below as 

(2.1) 
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Five possible wave forms namely sinusoidal (s), multisinusoidal (ms), t riangular (t.), square (sq), 

trapezoidal (tr) waves are considered in the present analysis. 

In the laborntor:r frame (X', Y'), the flow is unsteady. However if observed in a coordinate 

system moving at speed c (wave frame), it behaves like a steady. The X'- axis is chosen parallel 

to the channel walls and V'-axis is chosen normal to it. The coordinates and the velocities in 

the two frames have been associated by the following relations 

(2.2) 

where 1,;,' and V i are the velocity components in the wave frame. 

The constitutive equations for Carreau fluid can be written as 

(2.3) 

(2.4) 

Here T denotes an extra stress tensor, TJoo infinite shear stress viscosity, TJo zero shear-rate 

viscosit:r, I' the time constant, n the climensionless power law index and 7r the second invariant 

of strain-rate tensor. 

Taking into account the case for which 'l}oo = 0, olle obtains the following expression 

(2.5) 

which reduces to viscous fluid situation when n = 1 or r = o. 

2.2 Problem statement 

The governing equations in the absence of body forces are 

"iJ. V' = 0, (2.6) 
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discussed the simultaneous effects of slip condit ion, constant magnelic field, wall properties, 

heal and mass transfer on peristaltic flow of a Maxwell fluid. Srinivas et a1. [57J provided a 

detailed description of the influence of partial slip condition, magnetic field and heat transfer 

on peristaltic transport of viscous fluid. Srinivas and I<othandapani [58J have also st udied the 

MHO peristaltic flow through a porous space in the presence of heal and mass transfer effects 

with complaint walls. Mekheimer and elmaboud 159] have examined the combined effects of 

heat transfer and magnetic field on peristaltic motion. They have presented an application on 

endoscope (a biomedical instrument) under the physical occurring assumptions of long wave

length and small Reynolds number. They have conducted a numerical study of pressure rise 

per wavelength and fridional forces. The peristaltic transport of a magneto viscous fluid in 

a two dimensional channel with porous boundaries is investigated theoretically by Elshehawey 

and Busseny [60]. Hayat et al. [611 discussed the influence of heat transfer on peristaltic motion 

of an electrically conducting fluid in a porous space. Kadeem and Akbar [62J have investigated 

the MHO peristaltic flow with variable viscosity and heat transfer. They obtained the solution 

of the problem by Admoian decomposition method. l:lariharan et a!. [63J reported the peri

staltic flow of a non-Newtonian fluid in a diverging tube under different assumpt ions related to 

Reynolds number, periodicity of waves, wavelength amplitude ratio, WB\'e shape and frame of 

reference. Moreover they considered five possible wave forms on the channel walls, namely, sinu

soidal, multisinusoidal, triangular, square and trapezoidal waves and discussed the flow analysis 

in detail. A theoretical and experimental study for MHD flow is presented by Haim et a1. [64). 

In this study, they discussed mixer by considering only the effects of constant magnetic fi eld 

and obtained some theoretical results. They also compared their results with the experimental 

data and found a very good agreement. I\"adeem and Akram [65] have investigated the MHD 

peristaltic flow of viscous fluid in presence of partial slip effects. 

It has been noticed from the existing literature that peristalsis has been reported mostly 

in the presence of an applied magnetic field. Only few studies are avail able which examines 

the induced magnetic fi eld effects on peristalsis for instance Vishnyako,' and Pavlov 166]. They 

have sLlldied the peristaltic flow of electrically conductive fluid under the effect of transverse 

induced magnetic field. Eldabe et aL [67J have also investigated the peristaltic flow (of a 

bioviscosity fluid) under the action of induced magnetic field. Mekheimer [68,691 have examined 
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the peristaltic flow of Couple stress and mkropolar fluids in the presence of a n induced magnetic 

field. Long wavelength and low Reynolds number assumptions have been used in order to 

simplify the equations. Recently Hayat et al. 170J have extended their own work on third order 

fluid by considering the effects of an induced magnetic field in a s:rmmetric and uniform channel. 

1. 3 Some b asic definitions 

This section includes some definitions which may be helpful fol' the wldel'standing of flow 

analysis in t.his thesis. 

1.3.1 R e trogr ad e pumping 

Retrograde means to "move backward", Retrograde pumping occurs when pressure rise per 

wavelength (.6P>.) is positive and dimensionless mean flow rale (6) is negative, i.e . 

.6.p..\ > 0 and 0 < O. 

1.3.2 Peristalt ic p ump ing 

A peristaltic pumping occurs when pressure rise per wavelength (.6.p~) and dimensionless mean 

flow rate (8) arc both positive, i.e. 

6.p~ > 0 and 8> O. 

This phenomenon occurs in many biological systems such as gastrointestinal tract. 

1.3.3 Free pumping 

Free pumping occurs when pressure rise per wavelength (f::).p~) is equal to zero Bnd the corre

sponding dimensionless mean flow rate (8) is greater than zero, i.e . 

.6.p~ = 0 and 8 > O. 

10 
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1.3.4 Augmented pumping (or copumping) 

It occurs when pressure risc per wavelength (6p>.) is negative and dimensionless mean flow rate 

(9) is positive, I.e. 

6p>. < 0 and 0 > O. 

1.3.5 'I\'ap ping 

The formation of internally circulating bolus of fluid by dosed streamlines is called trapping 

and this t rapped bolus is pushed ahead along with the peristaltic wave moving with constant 

wave speed c. 

1.4 Basic equations 

This section consists of some fundamental equations used in the mathematical models for the 

flows considered in this thesis. 

1.4.1 The continuity equation 

In mathematical form it is written as 

'::: + diy (pV) ~ 0 (1.1) 

which for an incompressible fluid reduces to 

di v V = 0, (1.2) 

where P is the density, t is the time and V is the velocity. 

1.4.2 T he equa tion of m otion 

Mathematically it is given by 

d:V --Pdt = divT + pb, (1.3) 

11 



(1.4) 

where T is the Cauchy slress tensor, S is the extra stress tensor, b is the body force per unit 

mass, p is the pressure and I is the identity tensor. 

1.4.3 Maxwell 's equations 

1.4.4 (a) Gauss's law 

'V.E= PI, 
<0 

where PI is the charge density and E is the electric field. 

1.4.5 (b) Gauss's law for magnetism 

in which B is the magnetic field. 

1.4.6 (c) Faraday's law 

1.4.7 (d) Amperes law 

The differential form is 

\l.B = 0, 

BE 
'V x B = /1oJ + poc08t' 

(1.5) 

(1.6) 

(1.7) 

(1.8) 

in which /-Lo is the magnetic constant, eO is the electric constant, E is the electric field and J is 

the current density. 

1.4.8 (e) Ohms' law 

(1.9) 

where a is the electrical conductivity of the fluid . 
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p (V"'. \7) V' = _Vp' +divT', (2.7) 

where Viis the velocity vector, p' the fluid pressure, 1" an extra stress lensor and the body 

forces are taken absent. 

The definHion of velocity is 

V' = (u' , v', 0) . 

The scalar form of equations (2.6) and (2.7) are 

The following variables are defined to obtain above dimensionless expressions 

x' y' vI v' t'e h= H , x= - y=-, u = --;;, v = oc' t=~, A' a a 
a pea a'rJ re a a = );, Re=-, 

p = CA1/0' 
"j,Ve =-, 1P=-

b' ryo , 
07"" 

T~I/=--' 

"oe 

a , 
a'i/Y 

'YI/ =--, 
"oe 

where Re is the Reynolds number and 5 is the wave number. 

The non-dimensional resulting equations become 

with 

Bu. Bv_O 
Bx+By-' 
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(2 .8) 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2 .15) 



-/ 

--2[ (,,- 1)11' ,.,] au 
Tu - 1 + ? e"Y a' _ x (2.16) 

T ~ _ [I ' (n -I)we'~'] (au +0,8v) 
zy ,... I) '!l. a' _ uy x 

(2.17) 

~2'[ (n-I) " , ,.,]8V 
TYII u 1 + 2 "Ie ",! 8y (2 .18) 

in which We is the Weissenberg number. 

The equations (2.14) and (2.15) subject to the long wavelength and low Reynolds number 

approximations take the forms 

8p~!... [(1+ (n-l)lVe,(au)' ) au], axay 2 ayay (2.19) 

ap ~ 0 ay . (2.20) 

From equations (2.19) and (2.20) , we have 

/ 

8', [(I + (n - I) lVe' (8U)") au] ~ 0 8y- 2 8y ay (2.21) 

The equation (2.20) indicates that 

The dimensionless volume flow rate in the laboratory frame is expressed as 

Q ~ foH U (X', y', f) dY', (2.22) 

where H = H (X', /!). The above equation in the W8\'C frame can be written as 

(2.23) 

in which h = h (x'). 
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Making use of Eqs.(2.2), (2.22) and (2 .23) , we obtain 

Q ~ q+ch. (2.24) 

At fixed position X', the time-averaged flow over a period T is 

11T Q'~- Qd' 
T 0 

(2.25) 

which after employing equation (2 .24) becomes 

Q'=q+ac. (2.26) 

If f) and F are the dimensionless mean flows in the laboratory and wave frames defined by 

then Eq.(2 .26) gives 

Q' 
f) =-, 

ac 
F~!L 

o ~ F+1, 

F = foh udy. 

ac 

The appropriate boundary conditions of the problem are 

8u=O aty = O, ay 

u=- l at y=h. 

Expression of the non-dimensional pressure rise per wavelength (.6.P>.) is 

18 

(2 .27) 

(2 .28) 

(2.29) 

(2 .30) 

(2.31) 

(2 .32) 



2. 3 Per t urba tio n solut ion 

In this section, our interest is to find the analytic solution of Egs. (2.19), (2.21) with boundary 

conditions (2.30) and (2.31). The closed form solution of the arising problem is not easy to 

obtain. Therefore we look for the perturbation solution. For such a solution, we write 

F ~ Fo+ W,'F, +O(W") , 

p = Po + We2Pl + 0 (Well ). 

(2.33) 

(2.34) 

(2 .35) 

Substituting the above equations in Egs. (2.19), (2.21), boundary conditions (2 .30) and (2.31), 

one has the following systems: 

2.3.1 Syst em for WeD 

2.3.2 System for We2 

d'PO £fluo 
dx=8y2 ' 

&Juo = 0 
ay3 ' 

Duo = 0 at y = 0, ay 
uo=-l at y=h, 

: ~ ~;" + (n ~ ') :y { (~~) '}, 
a'u, + (~) B' {(auo)' } ~ 0 
8y J 2 8y2 By 

aUI = 0 at y = 0, ay 
11.} = 0 at y = h, 
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(2 .36) 

(2.37) 

(2.38) 

(2.39) 

(2.40) 

(2.41) 

(2.42) 

(2.43) 

(2.44) 



(2.45) 

2 .3.3 Sol u t ion for \\leo system 

The solutions of Eqs.(2.36) and (2.37) along with the boundary conditions are (2.38) and (2.39) 

1 dpo (2 ') Uo = -- y - h -1. 
2 dx 

dpo 3 
dx~-h,(Fo+h). 

2.3.4 Solut io n for We2 system 

Here the longitudinal velocity and pressure gradient are given by 

dPI~_2.[F (n- l )h'(2.(F. h))'] 
dx h3 1 + 10 h3 0 + . 

(2.46) 

(2.47) 

(2.48) 

(2.49) 

Expression of lougitudinal velocity, longitudinal pressure gradient and pressure fise per wave

length Upto 0 (11' e2) are 

In the above solutions, we use 

u = 'lIo + H!e2ut, 

dp = dPo + WeZdP1, 
dx dx dx 

!:::'p:;., = .6.P>'o + We2.6.p>.\. 
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(2.50) 

(2.51) 

(2.52) 

(2.53) 



and neglect the terms which are greater than O(We2}. The longitudinal velocity and pressure 

gradient. after using Eq. (2.53) are 

-3 " , [ (n - 1) (t.- (F + h))3 ] 
u = 2h3 (F + h) (y - h) - 1 + We (1!~_1i4 _ 3h~1!2-3h~) , 

820 

(2.54) 

dp -3 ,[-3h
2
(n- l) (3 )3] 

dx~2h3(F+h)+We 10 h3(F+h). (2.55) 

The stream flmction Il' after utilizing u = %; and v = -* yields 

Ij!= 

(2.56) 

2.4 Expression for five wave s hapes 

The nondjmensional expressions of the considered wa\'e forms are given by the following equa-

tions: 

(1) Sinusoidal wave 

h(x) = 1 + i!Isin 21ix. 

(2) Multisinusoidal wave 

h(x) = 1 + q) sin 2N1rx, 

(3) 'Ihangular wave 

h(x)=l+cD 3 L 2sin{2{2m-1)1ix) . 
[

8 = (_1),"+1 ] 

1i m=l (2m - 1) 
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(4) Square wave 

[

4 = ( l )m+1 1 
h(x)= I +(I) ;;: l; (;m 1)cos{2 (2m- l) 1TX}. 

(5) Trapezoidal wave 

[
32 00 (_1)m+l,in{'(2m-l)} 1 

h(x)=I + Q) 2' L 3 2 sin{2(2m-l)1Tx} . 
11' m= l (2m-I) 

Total number of terms in the series that are incorporated in the analysis here are 50. Kote 

that the expressions for triangular, square and trapezoidal waves are derived from Fourier series. 
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Figure 2.1a: Plot showing velocity u versus y for narrow part of the channel for sinusoidal wave. 

22 



8. 4,~ .. 0.2, n . 0."1, K .. 0.25 

• F----::::::--_ =====-~~"'-;:===;l 
- -- --- __ w . .. . 

• 
, 

. , 

• 

y 

Figure 2.1b: Plot showing velocity u yersus y for narrow part of the channel for triangular wave. 
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Figure 2.1c: Plot. showing velocity u versus y for narrow part of the channel for square wave. 
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Figme 2.1d: Plot showing velocity 1L versus y for narrow part of the channel for trapezoidal 

wave. 
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Figure 2.2a: Plot showing velocity 1L versus y for wider part of the channel for sinusoidal wave. 
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Figure 2.2c: Plot showing velocity'll versus y for wider part of the channel for square wave. 
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Figure 2.2d: Plot showing velocity u versus y for wider part of the channel for trapezoidal wave. 
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Figure 2.3a: Plot showing dpjdx versus x for sinusoidal wave. Here ~ = 0.2, () = -2 and 

HIe = 0.1. 
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Figure 2.3b: Plot showing dp/dx versus x for triangular wave. Here W = 0.2, (J = -2 and 

We = 0.1. 
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Figure 2.3c: Plot showing dp/dx versus x for square wave. Here cj) = 0.2, () = -2 and HIe = 0.1. 
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Figure 2.3d, 

{Ve = 0.1. 
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Figure 2.4a: 

11. = 0.398. 
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Figure 2.4b: Plot showing dp/dx versus x for triangular wave. Here 1.) = 0.2, () = -2 and 

n = 0.398. 
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Figure 2.4c: Plot showing dp/dx versus x for square wave. Here iJ' = 0.2, e = - 2 and n = 0.398. 
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Figure 2.4d: Plot showing dpjdx versus x for trapezoidal wave. Here of! = 0.2, 8 = - 2 and 

n = 0.398. 
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Figure 2.5a: Plot showing 6.p>. versus flow rate 0 for sinusoidal wave form. Here 1]) = 0.2, 

We = 0.1. 
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Figure 2.5b: Plot showing t::..P;" versus fiow rate () for sinusoidal wave form. Here 4) = 0.2, 

n = 0.398. 
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Figure 2.6: Plot showing t::..p;..versus Bow rate 8 for multisinusoidal wave form. Here cf..o = 0.2, 

n ~ 0.398, N ~ 2. 
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Figure 2.7a: Plot showing b.p), versus fiow rate (J for triangular wave form. Here <ll = 0.2, 

We=O.l. 
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Figure 2.7b: Plot showing L'l.p>.versus fiow rate (j for triangular wave form. Here <]) = 0.2 , 

n = 0.398. 
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Figure 2.8a: Piot showing D.p>.. versus flow rate () for square wave form. Here ill = 0.2, H' e = 0.1. 
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Figure 2.8b: Plot showing Ap>.. verSllS flow rate () for square wave form. Here W = 0.2, n = 0.398. 
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Figure 2.9a: Plot showing Cl.p>. versus flow rate () for trapezoidal wave form. Hcre (j) = 0.2, 

We = 0.1. 
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Figure 2.9b: Plot showing 6p>. versus fiow rate () for trapezoidal wave form. Here ~ = 0.2. 

n = 0.398. 
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Figure 2.lOa: Streamlines for 11 = 1, (pane1(a)), n = 0.49G (panel (b)). The other parameters 

are II> = 0.2, We = 0.1, e = O.G1. 

Figure 2.10b: Streamlines for We = 0.1, (panel(a)), We = 0.2 (panel (b)). The other parame

ters are \l> = 0.2, n = 0.398, e = O.G1. 
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Figure 2.11 : Streamlines for cJ) = 0.2, (paneJ(a)), l' = 0.8 (panel (b)) . The other parameters 

are n = 0.398, W e = 0.1, () = 0.61. 

Figure 2.12a: Streamlines for n = I, (panel(a», n = 0.496 (panel (b)). The other parameters 

are <I.> = 0.2 , We = 0.1, e = 0.61. 
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Figure 2.12b: Streamlines for We = 0, (panel(a»), We = 0.2 (panel (b)). The other parameters 

are ~ = 0.2, e = 0.61, n = 0.398. 

Figure 2.13a: St.reamlines for 11. = 1, (paneJ(a», n = 0.496 (panel (b). The other parameters 

are <]) = 0.2, We = 0.1 , () = 0.61. 
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FigUl"e 2.13b: Streamlines for We = 0, (panel(a)), We = 0.2 (panel (b)). The other parameters 

are W = 0.2, B = 0.61, n = 0.398. 

2.5 D iscussion 

This section monitors the variations of the influential parameters on the longitudinal velocity 

and pressure gradient . In addition , the trapping and pumping processes have been analyzed by 

performing mlmeri cal integl'flt ion . 

The longitudinal velocity u(y) over two different cross-sections (narrow and wider parts) of 

the channel for different wave famls have been plotted in the Figures 2.1 and 2.2. It can be 

seen from these Figures that longitudinal velocity decreases at the center of the channel for all 

the considered \vave forms when We is increased. The magnitude of the velocity is less in the 

wider part of the channel when compared to the narrow part in all the such considered wave 

forms. In all these figures, the \'alue of B is equal to 4. For small values of 8, the effects of We 

on the velocity can not be noticed. 

2.5.1 Pressure gradient 

The pressure gradients versus x for djfferent wave forms have been potrayed in the Figures 

2.3 - 2.4. It is seen from Figures 2.3(a - d) that in all wave forms, the dp/dx increases with 

a decrease in n . This decrease is maximum for triangular wave and minimum for sinusoidal 

and trapezoidal waves. Figures 2.4(a - d) show the variation of W e on dp/dx. It is found 
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that the behaviour is quite opposite to that what we noticed in Figure 2.3. Here we can see 

that dpjdx increases for large values of We. A careful analysis indicates that dpjdx is small in 

the wider part of the channel. In this type of region, it is possible for ftow to occur with such 

small dpjdx. However, in the narrow part of the chalmel, it is requil'ed to apply much greater 

pressure gradient to maintain such flow. 

2.5.2 Pumping characteristics 

The expression for pressw'e rise per wavelength is evaluated numerically and is plotted for the 

five considered wave forms. When pressure difference 6.p>. = 0 which is the case of free pumping, 

the corresponding time mean flow rate is denoted by 00 . The maximum pressure against which 

the peristalsis works as a pump, that is, 6.p>. corresponding to 0 = 0 is denoted by Po. \:Vhen 

6.p>. < 0, the pressure assists the flow and it is known as copumping. Figures 2.5a and 2.5b 

analyze the role of 6.p>. with flow rate 0 for different dimensionless power law index nand 

Weissenberg number W e, respectively, for sinusoidal wave form. It is clear that 00 1 Po decreases 

upon increasing nand vVe. In copumping case, the pumping rate is independent upon nand 

HIe. Similar results can be achieved for multisinusoidal wave form (Figure 2.6). For triangular 

wave, ihe pumping rate is independent of values of n and We (Figure 2.7). It is also observed 

from this figure that there is no peristaltic pumping for triangular wave. From Figures 2.8 and 

2.9, we conclude that peristaltic pumping rate and free pumping flux are decreasing functions 

of n and We while ill copumping, the effects of n and We are not noticeable. Moreover, the 

pumping curve for square and trapezoidal waves have similar variations. 

2.5.3 Trapping 

The formation of internally circulati ng bolus of fluid by closed streamlines is called trapping and 

this t rapped bolus pushed ahead along with the peristaltic wave. The effects of n and We all 

trapping for different wave forms have been arranged in the Figures 2.10 - 2.13. These figures 

depict that by increasing (decreasing) We (n), the bolus squeezes (i.e. its size reduces) for all 

the considered wave forms. Interestingly for all the considered wave forms, trapping occurs at 

o = 0.61 and q, = 0.2. However for triangular wave, this is not the case. For triangular wave, 

the bolus appears only for large values of q, or O. 
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Chapter 3 

MHD peristaltic flow of a Carreau 

fl uid in a channel 

The main purpose of this chapter is to put forward the MHO flow analysis of peristaltic trans

port in the non-Newtonian fluids. For this aim, our interest here is to discuss the flow analysis 

of previous chapter in t he regime of magnetohydrodynamics. The Carreau fluid is electrically 

conducting ill tbe presence of a constanL applied magnetic field. The e. .... pressions of longitudinal 

velocity, pressure gradient, stream function are obtained. Results of these Bow quantities, trap

ping and pumping phenomena have been examined graphically for various values of Hartman 

number. 

3.1 Theory 

The physical model in t ue problem is quite similar to that which considered in chapter L Besides 

this, the fluid is electrically conducting and the channel walls are non-conducting. A uniform 

magnetic field S o is applied in the y' -direction. No electric field is taken into account. The 

magnetic Reynolds number is chosen small and hence the induced magnetic field is neglected. 

T he fundamental equations which can govern the magnetohydrodynamic (MHD) 80w are Eqs. 

(2.6), (2.8) and 

div B = 0, curlB =PeJ , J =u(E+ V x B), (3 .1 ) 

40 



(3.2) 

In the above expressions, p is the fluid pressure, iJ-l! the magnetic permeability, u the electrically 

conductivity, E the electric field, J the current density, B (= Bo + B tl the total magnetic field , 

Bo constant and B, is the induced magnetic field. Under low magnetic Reynolds number 

approximation, the Lorentz force reduces to 

J x B ~ -aB6 (V,O, 0) . 

Using the non-dimensional quantit ies in Eg. (2.12) along with 

Ow 8w 
u = ay' v = -0 ax ' 

equations (3 .2) and (3.3) give 

B" , 
M 2 =(1oa, 

~o 

(3 .3) 

(3.4) 

oRe [(aw ~ _ aw~) aw] __ ap _ 0' aT" _ aT" _ M,aw (3 .5) 
oyax Bx8y ay - ax 2 ax By By ' 

_63 Re [(8iJ! ~ _ ail! ~) aWl = _ 8p _ 620T:>:lI _ 60TJ/Y, 
ay ax ax By ax ay ax By 

(3.6) 

where 

(3 .7) 

[ 
(n- I ) ,.,] (a';, ,a'w) 

T xy = - 1+ 2 We l' 8y2 -0 BxZ ' (3.8) 

_?' [I (n - 1) lJ/ 2 ',2] {)2ql 
TlIy-wu + 2 ', e,) ox8y' (3.9) 

. _ [ '(~)' (a'w _ ,a',,)' ?' (a';' )']1 ,- 20 a a + a' 0 a' + -, a a xy y x xy 
(3 .10) 

In the foregoing equations, W e is the \Vcssinberg number , Re the Reynolds number and M the 

Hartman number. 

To facil itate the analysis, we adopt the assumptions of long wavelength and low Reynolds 

number [21 - 30] and therefore Eqs. (3 .5) and (3.G) after using Eqs. (3.10) take the forms 
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8p ~~ [1+ (n-I)We' (8''11)'] 8'w _M,ew, 
ax ay 2 ay2 ay2 ay 

8p ~ 0 
8y . 

The above equations imply that 

8' [ (n-l)W 2(8''11)'] {j21J! _l1282q/ =0 
ay2 1 + 2 e By2 ay2 J' 8y2 

and by Eq. (3.12), p" p(y). 

(3.11) 

(3.12) 

(3.13) 

The dimensionless bowldary conditions and pressure rise per wavelength f:l.p>, are analogous 

to those which presented in Egs. (2.30)-(2.32). For the convenience of readers, we again write 

these as 

e'w 
ay2 = 0 at y = 0, 

IIi = F, 
8'11 
By = -1 at y = h, 

61" ~ 1,' G~) dx, 

o F+ 1, 

r" 8iJi 
F = J

o 
By dy. 

3.2 Perturbation solution 

Taking into account the procedme of section (2.3), we have 

3.2.1 O(WeO) System 
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(3.15) 

(3 .16) 

(3.17) 
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;> 

> 

ljIo = 0, 8
2

1110 - 0 
8y2 - at y =0, 

1110 = Po, 
8wo y ~ h, -=-1 at 
8y 

3.2.2 O(We 2 ) System 

3.2.3 

8'''1 _ M,8
2
"1 + (n -I) 8

2 
[(8

2
'110)3] ~ 0, 

8y4 8y2 2 8y2 8y2 

dpl ~ 83
'11 1 _ M,8"1 + (n-I)!... [(8''110)3], 

dx 8 y3 8y 2 8y 8y2 

11'-'1 = 0, 
82

11'-'1 
8y2 = 0 at 

iJr 1 = F I , 8'110 ~ 0 
8y 

at 

r1 
dPI 

iJ.p>..] = io dx dx. 

Solution for O(l-!;/eO) system 

y = 0, 

y = h, 

At this order, we have 

'110 - (FoM+tanhMh) {Y_ sinhMy }_ sinhMy 
- Mh - tanhMh McoshMh McoshMh' (3.19) 

dPo = _M2 (MFO + tanhMh) . (3 .20) 
dx MIL tanhMh 

3.2.4 Solution for O (We2 ) system 

The sol utions of first order system are 
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F1yMcoshMh (n-l)(~-M2rMYCOShMh 
Mhcosh Mh - sinh Mk coshMh3 (Mhcosh Mh - sinh Mh) 

{ 
3hcosh3Mh _ sinh3Mh _ 3hz sinh Mit} _ en - 1) (~ - M

2
/ y 

64M4 64M5 16M3 cosh Mh3Mh 

{
-3COSh3Mh 3coshMh 3hSinhMh} FlsinhMy 

64M4 + 16M4 + 16M3 - MhcoshMh sinhMh 

(n-l)(~-M2rSinhMY {3hCOSh3Mh sinh3Mh 3h2SinhMh} 

+ cosh Mh3 (MhcoshMh-sillhMh) 64M4 - 64M5 - 16M3 

(n-l)(~-M2r { sinh3My 3YCOShMY} 
+ cosh Mh3 Mh - 64M5 + IGM4 

and the expression of an axial pressure gradient is 

dPl 
dx 

F1M3 cosh Mh (n -1) (~- M2t 

= - lv[hcosh Mh sinh Mh + cosh MhZ (Mhcosh Mh sinh Mh) 

{ 
3h cosh 3."1h _ sinh 3Mh _ 3h2 sinh MIL} + (n - 1) (~ - M

2
/ 

G4l\1 64M2 16 cosh Mh 3Mh 

{
3COShMh _ 3cosh3Mh 3hSil1hMh} 

16M2 64M2 + 16M . 

(3.21) 

(3.22) 

Expression of stream function and longitudinal pressure gradient and pressure rise per wave

length upto 0 (We2) are 

In the above solutions, we use 

tl =110 + IVe2uJ, 

dp _ dPo HI 2dpl 
dx -dx+ e dx ' 

D.p>. = D.P>.o + VI' e2 
D.P>'I' 
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(3.26) 

and neglect the terms whkh are greater than O(We2 ). The stream function and longitudinal 

pressure gradient after using Eq. (3.26) reduce to the following results 

'¥ (FM+tanhMh) { SinhMY} sinh My 
= Mh- tanhMh Y - McoshMh - M cosh Mh 

2 (d 2)' _ We (n-I) ~-M MYCOShMh{3hCOSh3Mh_Sinh3Mh_3h2SinbMh} 
coshMh3(MhcoshMh-sinhMh) 64M~ 64M5 16M3 

We
2
(n-l)(W.-M

2
rV{_3COSh3Mh 3 cosh Mh 3hSinhMh} 

cosh Mh3Mh 64.M4 + 16M4 + 16M3 

We2(n-l)(~ - M2)3SinhMY {3hCOSh3Mh sinh3Mh 3h2SinhMh} 
+ coshMh3(MhcoshMh-sinhMh) 64M4 - 64M5 - 16M3 

2 (d 2)' We en-I) ~ - M {3YCOShl\l[Y _ Si nh3MY} 
+ cosh Mh3Mh 16M4 64M5' 

dp = _FM3coshMh+M2sinhMh_We2(F+h)3M7(n_ l ) 
dx MhcoshMh-sinhMh 

12Mh - 8sinh 21\111. + sinh4Mh 
64 sinh Mil. - hAt sinh Mil. 

3.3 Expression for wave sh apes 

This section presents the four wave forms given by 

(1) Sinusoidal wave 

11 (x) = 1 + <I>sin2To"x. 

(2) 'Iriangular wave 

h{x)=l+IP 3" L zSin{2(2m-1)"/tx} . [
8 00 (-lr+1 1 

To" m=1 (2m-I) 
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:.:. 

(3) Square wave 

[

4 00 (_I)m+l 1 
h(x) = l + q, -; f (2m -I) cos{2(2m-I)7rx} . 

(4) Trapezoidal wave 

h{x)=l+1Il 2" L 3 2 sin{2{2m- l )7rx} . [
32 00 (_ I )m+l,;n{'(2m_I)} 1 
~ =1 (2m-I) 

Note that in the present analysis, the 50 terms have been accounted. 
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Fig\U"e 3.1a: Plot showing dp/dx versus x for sinusoidal wave. Here <II = 0.2, (j = -2 and 

W e = 0.1 and n=0.398. 
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Figure 3.lh: Plot showing dpjdx versus x for triangular wave. Here cI> = 0.2, () = -2 and 

We = 0.1 and 11=0.398. 
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F igure 3.l e: Plot showing dpj dx versus x for square wave. Here q, = 0.2, () = -2 and IVe = 0.1 

and 11=0.398. 
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Figure 3.1d: Plot showing dp/dx versus x for trapezoidal wave. Here ~ = 0.2, () = -2 and 

We = 0.1 and n= 0.398. 
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Figure 3.2: Plot showing b.p>. versus flow rate 0 for sinusoidal wave. Here ~ = 0.2, We = 0.4 

and 71 = 0.398. 
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Figure 3.3: Plot showing 6.p>. versus flow rate B for triangular wave. Here <!I = 0.2, {¥ e = 0.4 

and n = 0.398. 
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Figure 3.4: Plot showing t::.p>.. versus flow rate () for square wave. Here \II = 0.2, yVe = 0.4 and 

n = 0.398. 
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Figure 3.5: Plot showing IIp>. versus Bow rate (J for trapezoidal wave. Here ~ = 0.2, W e = 0.4 

and n = 0.398. 
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Figw'e 3.6a: Plot showing velocity u versus y for narrow part of the channel for sinusoidal wave. 

50 



. , 

• 

• 

rc==:::::::::::': "=:"c'.".·cJ:·C"C"cc·'='c"c'c"'CC'C".'c·='c'c·:"C"c·:·':'--------------l , 
------------ - - - - --:.---,., 

, 

'" 
----M .. 

• 
....... , M . :J 

'" 
• 

• ... ••• .., , 

Figure 3.6b: Plot showing yeJocity tL versus y for narrow part of the channel for triangular wave . 
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Figure 3.6c: Plot showing velocity '1.1 versus y for narrow part of the channel for square wave . 
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Figure 3.6d: Plot showing velocity u versus y for narrow part of the channel for trapezoidal 

wave. 
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Figure 3.7a: Plot showing velocity u versus y for wider part of the channel for sinusoidal wave. 
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Figure 3.7b: Plot showing velocity u versus y for wider part of the channel for triangular wave. 
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Figure 3.7c: Plot showing velocity tL versus y for wider part of the channel for square wave. 
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Figure 3.8: Streamlines (sinusoidal wave) for M = 0.2, (panel(a», M = 0.8 (panel (b». The 

other parameters are iI> = 0.4, n = 0.398, We = 0.04, () = 0.6 . 
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Figure 3.9: Streamlines (triangular wave) for M = 0.2, (panel(a», M = 0.8 (panel (b». The 

other parameters are 4.1 = 004, n, = 0.398, We = 0.04, () = 0.6. 
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Figure 3.10: Streamlines (square wave) for M = 0.2 , (panel(a», M = 0.8 (panel (b». The 

other parameters are ~ = 0.4 , n = 0.398, H'e = 0.04,9 = 0.6 . 

55 



., 
, • 
, , 
, , 

• • • • 

:1=0/// ~ ,== 
• \\ 
I==:::; 

f l\\~ 1---/ 
, 
• 

• 
u 

. " . •• " .. . .. " .. 
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other parameters are cP = OA, n = 0.398, W e = 0.04 , B = 0.6. 

3.4 Results and discussion 

Our primary interest in this study is to discuss the salient features of Hartman number (,M) on 

various flow quantities such as pressure gradient (dp/dx), pressure rise per wavelength (~p~ ), 

longitudinal velocity (u) and stream funct ion (IJI). Graphical results presented in the Figures 

3.1 - 3.11 illustrate these effects. 

Figures 3.1(a - d) present the variations in dp/dx versus x for four possible wave forms 

when different. values of }.f are taken into account. Here we can see that dp/ dx increases with 

an increase in A1 both in the wider and narrow parts of the channel. Moreover a much greater 

pressure gradient is required for the narrow part of t he channel in order to maintain the same 

flux as compared to that in the wider part of channel. A comparative study shows that dpjdx is 

greater for sinusoidal and trapezoidal waves and smaller for t riangular and square wave forms. 

In Figures 3.2 - 3.5 , the va riation of (6.P>.) with How rate 9 is displayed for different values 

of M. These Figures show that in all the considered wave forms, the Hartman number causes 

an increase in 6.p>. in pumping as well as copumping regions. The peristaltic pumping rate and 

free pumping rate increases with an increase in Af. However, in copumping for an appropriate 

negative value of 6.p)" the flow rate decreases by increasillg AI. A close look at. Figure 3.3 

(which is for triangular wave) reveals that. 6.p>. for t riangular wave is less in magnitude when 
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compared with the other waveforms. 

Figures 3.6(a - d} are sketched just to see the influence of At on longitudinal velocity in 

the narrow part of the channel for all the considered wave forms. From these figures , it is 

concluded that the longitudinal velocity ncar the centre of the channel decreru;es by increasing 

/It!. However, the opposite behaviour is seen near the wall. A comparison of these figures 

further reveals that at the channel centre, the longitudinal velocity is maximum in the case of 

sinusoidal and trapezoidal waves. 

Figures 3.7(a - d) illustrate the variation of u in the wider part of the channel for all the 

considered wave forms. We observe from these figures that the behaviour of velocity in wider 

part of the channel is quite similar to that of in the narrow part. 

To discuss the effects of M on the phenomenon of trapping we have prepared Figures 

(3.8 - 3.11). These figures reveal that by increasing M the size of the trapped bolus decreases 

and it vanishes when large values of M are taken into account. We have noticed from these 

figures that the lower trapping limit for triangular wave is less when compared with the other 

wave forms. 

3.5 Concluding remarks 

An analysis of peristaltic flow of MHD Carreau fluid is presented in a two dimensional channel 

under long wavelength and low Reynolds number approximations. Four different wave forms are 

examined. The effects of Hartman number (M) on pressure rise per wavelength, longitudinal 

velocity Rnd trapping phenomenon are seen through graphs. It is observed that b.p>. increases 

by increasing A1 and for triangular wave, its magnitude is less when compared with the others 

waves forms. The size of the trapped bolus is 11 decreasing fUllction of M. The lower trapping 

limit for triangular wave is less in comparison to the other wave forms. 
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Chapter 4 

Influence of induced magnetic field 

on peristaltic flow in a Carreau fluid 

In this chapter, the influence of an induced magnetic field on the peristaltic motion of a Carreau 

fluid in planar channel is studied. The associated mathematical modelling is developed. The 

solution expressions are derived using small Vleissenberg number and compared in different 

wave forms. The results for the pressure gradient, the stream function , the magnetic force 

function, the axial induced magnetic field and the distribution of current density are obtained.. 

Graphical illustrations nre presented and discussed. 

4,1 D evelopm e n t of m a them atical p r oblem 

We investigate the MHO fiow of an incompressible Carreau fluid in a two-dimensional channel 

of uniform thickness. Four possible wave forms namely sinusoidal (5), triangular (t), square 

(sq), trapezoidal (tr) travelling down on the channel walls are considered. \Ve consider a wave 

of amplitude b that propagates on the channel walls with constant speed c. The wave shape 

and the transformation between the laboratory and wave frames are given in section (3.3) 

and Eq. (2.2) respectively. The system is stressed by a constant magnet.ic field of strength 

, '( , " ') !fo in the transverse direction. This gives rise to an induced magnetic field H hx'(X ,1" ,t , 

h' (V'l" ')0) dh I I fild R'+(h' (V'y' ')R' h' (V'y' ') },' ...... , ,t, an encetletota magnetic e is x'''''I-" t, 0+ y' A, ,t, 

0). 
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The equations governing the present. flow may be put. in the form 

, , 
" . H ~ 0, ". E ~ 0, (4.1) 

'OAB =J, J =q E +J1~ V All , , , , {' (' '+)} (4.2) 

(4.3) 

'O'V'=o, (4.4) 

[n the above expressions, rI is the fluid pressure, J the current density, J1-~ magnetic permeabilit.y, 

q the electrical conductivity, E' an induced magnetic field and the velocity V ' and extra stress 

tensor T' are defined by expressions (2.8) and (2.5) respectively. 

With Eqs. (4.1)-(4.3), the induct.ion equation takes the following form 

(4.6) 

in which (= l/aJ1-~ is the magnetic diffusivity. 

The scalar equations in the laboratory frame are 

(4.7) 

(4.8) 

The above equations along with the transformations (2.2) may be written into the following 
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forms 

(4.9) 

(4. 10) 

Cons idering 

2." y' u! v' 2rrtl c 2rro2rf 
x~-- Y=-a' 1.1.=-, v= -, t ~ -A-' p~--, 

~ 
A ' c c CA~ 

ar' h' ip' ¢' a pea 
r ~-, h= -, ~=-, ¢~--, 6 =-, Re=-, 

I" a ca Hoa A ~ 

Rm ....;. uJleuc, S, = Ho fEi 
c p 

(4 .11) 

one can express Eqs. (4.6), (4.9) and (4.1O) as 

(4 .12) 

3{( 8 8) } 0Pm 28r" 8r" -Re6 1li1l - - w:.;- 1l1:r = --- +, -- +,--
ax By ay 8x 8x 

32(88) " - Reo 8, ¢1I8x - ¢:ray ¢. - Re6 S, tP:r1l1 (4.13) 

, 
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,-, 

, 

where in terms of stream function 111 and magnetic Corce fUllction t/J, we have 

a. "v ~ -6-ax 

(4.14) 

(4.15) 

where 6 is the wave number, We the Wessinberg number, S, the Strommer's number, Re the 

Reynolds number, Rm the magnetic Reynolds number, Pm is the magnetic pressure, /If the 

Hartman number and ':r,r, 7";1;11' 7"1/1/ and l' have been presented in Eqs. (3.7H3.10). 

Utilizing long wavelength and low Reynolds number approximations one may express Eqs. 

(4.12)-(4.14) as 

ap ~ ~ [{1 + (n. - 1) We' (8''I!)'} 8''I!] + M' (E _ a'l!) , 
& ~ 2 ~ ~ ~ 

(4.16) 

(4.17) 

(4.18) 

where Eq. (4.17) shows that p =F p(y) and hence p = p(x). Furthermore, Eqs. (4.16) and (4.17) 

after cross differentiation give 

a' [{ 1 + (n - 1) We' (a2'1!)'} a2'1!]_ M,a'iJ/ ~ o. 
8y2 2 8y2 8y2 8y2 

(4.19) 

We pose dimensionless boundary conditions and pressme rise per wavelength (6.p).) as 

follows 
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'l' = 0, 

III = F, 

&'w 
By'} = 0, 

ow 
-~-1 &y , 

a¢ = ° at. y = 0, &y , 

¢=o aty=h, 

r" (dP) 6.p>. = 10 dx dx, 

(4.20) 

(4.21) 

(4.22) 

where the dimensionless mean flows in laboratory (9) and wave (F) frames are defined as 

e ~ F+ 1, 

i hMI 
F ~ -& dy . 

o Y 

4.2 Perturbation solution 

In order to find the series solution, we e.'..:pand I¥, F and p as 

F =Fo+ We2Pl +0(We4), 

p = Po + Hle2Pl +0 (We4). 

(4.23) 

(4 .24) 

(4 .25) 

(4 .26) 

(4.27) 

Substituting Egs. (4 .25)-(4.27) into Eqs. (4.16) and (4.19H4.22), we have the following 

systems. 

4.2.1 O (WeO) System 

Bpo = a3wo + M2 (E _ awo) , 
ax 8y3 8y 

84'l'0 282'l'o _ 
8y4 -M 8y2 -0, 
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'Po 0, 
a2wO y ~O, ~ --~O at 
ay2 

'Po ~ Fo, awo = ~l at y ~ h. 
ay 

4.2.2 O (H1e2 ) System 

apl ~ a3'P1 _ M28'f!1 + (n -1) ~ {(82'Po)3}, 
ax By3 Dy 2 ay ay:? 

a''P1 _ M2a2q,1 + (n -1) ~ {(a2 'Po )3} ~ 0 
ay'" ayZ 2 fly2 By2 ' 

'iiI ~ 0, a2
Wl = 0 

ay2 
at y ~O, 

'iiI Ft, 
aWl y ~ h. ~ -~O at 
ay 

Solving the resulting systems and then neglecting the terms of order greater than HI e2 , one has 

whence 

III = Wo + lFe2Wlo 

dp = d]JO + H'eZdPI 
dx dx dx' 

6.pJ. = .6.p>.o + W e2 6.p>'l ' 

FoyM cosh Mh +ysinhMh 
Wo = 

MhcoshMh-sinhMh 
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(Fo + h) sinh My 
MhcoshMh - sinh Mh ' 

(4.28) 

(4.29) 

(4.30) 

(4.31) 



Jlt I = FI Y·~ { cosh M h _ ,( n'C-:---:=I,,).>:( f:"o,-+.:...:;h:,-) '-,A.:c1,.,' y,-c"o-,,'h::.c,MC-'h 
Mhcosh Mh - sinhMh (Mhcosh Mh - sinh Mh)4 

{ 
3hcosh 3AIh _ sinh3Mh _ 3h2 sinh Mh} + (n - 1) (Fo + h)3M6y 

64M 64M2 16 (MhcoshMh-sinhMh)3 

{
:J COSh3,o\1h _ 3coshMh _ 3hSinld1h} _ F]sinhMy 

64M 16M 16 MhcoshMh-sinhMh 

+ (n-l)(Fo+h)3.M6 sinhMy {3hCOSh3Mh _ sillh3M!! _ 3h2 SillhMh} 
{MhcoshMh -sinhMh)4 64M 64M2 ]6 

_ (n- l }(Fo+h)3M6 { Sillh3MY _ 3YCOShMY} 
(Mhcosh Mh - sinh Mh)3 64M2 16M ' 

dPo = _ (FoM3 COShMh + M 2SinhMh _ /I12E) 
dx Mh cosh Mh - sinhMh ' 

dpi F\M3 cosh Mh (n- l )(Fo+h)3M9coshMh 
dx = - MhcoshM"h sinhMh + (MhcoshMh-sinhMh)4 

{
3h OOSh3Mh _ sinh3Mh _ 3h2SinhMh} _ (n- l )(Fo+h)3M8 

64M 64M2 16 (Mhcosh.~1h - sinh Mh)3 

{
3 COSh3Mh _ 3coshMh _ 3hSinhMh} 

64M 16M 16 ' 

(4 .32) 

(4 .33) 

(4.34) 

(4.35) 

(4.36) 

The stream fUllction III and magnetic force function ¢ are 

iJ! = (
FMCOShMh+sinhMh) (F+h)sinhMy 
MkcoshMh sinhMh y - MhcoshMh sinhMh 

_ We2 (n - 1) (F + h)3M7y cosh Mh {311 cosh3Mh _ sinh3Mh _ 3h2 sinh Mh} 
(MhcoshMh-sinhMh)4 64M 64M2 16 

+ lVe2 (71 - 1) (F + h )3 M6 sinh My {3h COSh 3Mh _ sinh3Mh _ 3h2 sinh Mh} 

(Mhcosh Mil - sinh Mh)4 64M 64M2 16 

_ We2 (n _ l }(F+h)3M6 {Sinh3MY _ 3YCOShMY} 
(MhcoshMh -sinhMh)3 64M2 16M 

+ We2 (n _ l}(F + h)3,M6y {3COSh3Mh _ 3coshMh _ 3hSinhMh} (4 .37) 
(MhcoshMh-sinhMh)3 64.M 16M 16 ' 
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I 
-----~----~, ((-36M(-2y' +F'hM'(-1 + n)W,'(h- y) 
384M (-Mhcosh!l1h + sinh Mh) 

(h + y) + 3F2h211{6( -1 + n)l\Ie2(h - y)(h + y} + h2(_2 + Af2(2l + h2(2 

W,'(h - V)(h + V)))) + Fh(-4 + M'(-2y' + 1.'(6 + M'( -2 + 3M'( -I + n) 

W,'(h - y)(h + V)))) + 2( -I + I.' M')'(h - y)(h + y)E) - 32.0/[( -3Fh' M' 

+2F'hM'( -I + n)W" + 3Fh'M'(2 + M'(2(-1 + n)W" + V')) + 3h'M'E 

+3,'(1 + E) + h'(6F'M'(-1 + n)W,' - 3(1 + E)) + h'M'(6 + M'(2 

(-I + n)We' - 3y'E))) c05h 2Mh + SM(3y' + h(F'M'(-1 + n)We' + 3F'hM' 

(-I + n)We' + 1.(-21 + M'(h'( -15 + M'(-I + n)We') + 9y')) + 3F(-6 

+M'( -3y' + 1.'(1 + M'(h' + (-I + n)We' - V'))))) - 3(1 + 6h'M' + h'M') 

(It - y)(h + y)Ecosh4Mh + 2(F + h)3 M4(_1 + n)W e2 cosh3My(hM cosh Mh - sinh Mh) 

+SF'M'( -I + n) W e'(. + 3M'(h - y)(h +y) + 3F'hM'(-1 + n)W,'(. + 3M' 

(I. - y)(h + y) + 3F( - . + M'(-2y' + 1.'(1. + M'(3h'(-2 + M'(-I + n)We') 

+6y' + (-I + n)W e'(4 - 3M'y'))))) + 1.( - 12 + M'(6y'(3 + 4E) + 31.' M' 

(2 + M'(-I + n) W e' + 8E) - h'(6( -3 + 'E) + M'(( -I + n)We'( -4 + 3M'y') 

+6Y'(1 + 'E)))))) 5inh 2Mh + G(F + h)eo'h My(12hM( -4 + 41.' M' + (F + h)'M' 

(-1 + n)We2) coshA'fh + hM{48 + 16h2 M2 - 3(F+ h)2M4( -1 + n)We2) cosh3Mh 

+12(-1 + h2M2)( -4 + (F + hfi\f4( -1 + n)We2 sinh Mh+ (-16 - 48h2U 2 

+(F + h)' M'(-I + n)W") ,inh3Mh + (-3F'hM'(-1 + n)We'(2 + 3M'(h - y)(h + y) 

+p3M 3( -1 + n) W e2{ -2 + 3M2{ _h2 +y2» + 3F(16 + M2(8y2 + h2(40 + M2 

(-8 - M'( - I + n)IVe' + 24y' + (-I + n)We'( -2 + 3M'y') )))) + 1.(48 + M' 

(-72y' + 1.'(216 + M'(3h'(8 - M'( -I + n)We') - 24y' + (-I + n)We'(-2 

+3M'y'))) + 96(1 + I.' M')(h - y)(h. + y)E))) 'inMMh + 72(F + h)' M' 

(- 1 + n) W e2y( -hM cosh Mh + sinh MIL) sinh My)Rm). (4.38) 

The axial induced magnetic field is given by 
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h:.:;(x, y) = 
1 

=c:-::.,--:-:-:--:'-:-:-:--,--,--:-::= ( (-36M (F' hM' ( - 1 + n) W e' (h - 'I) 
384M(-Mhcoshll1h+sinhMh}~ . 

+3F'h'M'(-1 + n}W e'(h - y} - 4y - F'hM'(-1 + n}W e'(h + y} 

-3F'h' M'( - 1 + n}We'(h + y} + h'M'(4y + h'(M'(-1 + n}\I'e'(h - y} 

- M' (- 1 + n}\I'e'(h + V))) + FhM'(-4y + h'(M'(-2 + 3M'(- 1 + n}We'} 

(h - y) - M'(-2 + 3M'( -1 + n}We'}(h + V))) + 2(-1 + h'M'}'(h - y}E 

-2( - 1 + h'M')'(h + y}E} - 32M(6Fh'M'y - 6h'M'yE + 6y(1 + E}} 

cosh 2Mh + BM(6y + h(18hM'y + 3FM'( - 6y - 2h'M'y}} - 3(1 + 6h'M' 

+ h4JH4)(h _ y}E + 3(1 + 6h2M2 + h4M4)(h + y}E} cosh4Mh + 72(F + h)3M6 

(-1 + n)We2ycosh My (-Mhcosh Mit + sinh Mh) + 8(F3 Af4(-1 + n) 11'e2(3M2 

(h - y) - 3M'(h + y}} + 3F'hM'( -1 + n}We'(3M'(h - y} - 3M'(h + y}} 

+3FM'(-4y + h'M'(12y - 6M'(-1 + n}W e'y}} + hM'(12y(3 + 4E} - h'M' 

(6M'( - 1 + n}We'y + 12y(1 + 4E}))) sinh 2Mh(6F'M'(- 1 + n}We'y - 3F'hM' 

(-1 + n}We'(3M'(h - y) - 3M'(h + y}} + 3FM'(16y + h'M'(4By + 6M' 

(- 1 + n} lI"eZy» + I11Hz( -1-14y + 112 M2( -48y + 6M2( -I + u)W e2y) ...,... 96 

(1 + h'M')(h - y}E - 96(1 + h'M')(h + y)E}} sinh 4M h + 72(F + h}' M' 

(-1 + n}We' sinh My (-Mh coshMh + sinl, Mh) + 6(F + h}M(12hM( -4 + 4h'M' 

+(F + hfAf4 ( - 1 + n)We2 coshMh + hM(48 + 16h2M2 - 3(F + h}2M4{_1 +n) 

We2) cosh 3Mh + 12(-1 + h2 M2)(_4 + (F + h)2M4( -1 + n)We2) sinh Mh 

+(- 16 - 48h2M2 + (F + h}2M4(_1 + n}1Ve2)sinh3Mh) sinh My + 6(F + h)3Af$ 

(-1 + n)We2 (MIz coshMh - sinh Mh) sinh 3My)R.n. (4.39) 

Like the preyious chapters, the graphical results and comparison have been sought here by 

considering 50 terms for four different wave forms namely Sinusoidal, Triangular, Square and 

Trapezoidal waves. 
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Figure 4.1: Plot. showing Ap>. versus flow rate 8 for sinusoidal wave. Here Ij) = 0.2, We = 0.4, 

E = -0.87, N = 1 and n = 0.398. 

m 
M- 2 

- - - M= 3 

'" - - M=.: ! 
M- 5 

0 
0 , 

'.-- 0 
%" -. .., 

-m 

-w 
-(12 0 02 " 06 08 

0 

Figure 4.2: Plot showing 6.p>. versus Bow rate () for triangular wave. Here ~ = 0.2, IVe = 0.4 , 

E = - 0.87, N = 1 and n = 0.398. 
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Figure 4.3: Piot showing b.p>. versus flow rate () for square wave. Here 41 = 0.2, l"'e = 004, 

E = -0.87, N = 1 and n = 0.398. 
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Figure 4.4 : Plot showing b.p>. versus flow rate () for trapezoidal wave. Here ip = 0.2, I¥e = OA , 

E = - 0.87, N = 1 and n = 0.398. 

68 



= 

· r'.c.c.~.:.:o.:.:.::::~~·':·~·~·:·:'~·:·~·~"::··:·~·~·~·:·~':'~::'----------------l 
- - - - :'-:"-='-::..-"", , 

• .-
~,':: 

" , , " , ,~ 
" '" , 

'" --M.' '" , 
" ....... lot .3 "\ 

• -- -- M • • 

., 
• . , .. •• • •• y 

Figure 4.5a: Plot showing velocity u. versus y ill narrow part of the channel (or sinusoidal wave. 
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Figure 4.5b: Plot showing velocity u versus y in narrow part of the channel for triangular wave. 
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Figure 4.5c: Plot showing velocity 'U versus y in narrow part of the channel for square wave. 
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Figure 4.78: Plot showing dp/dx versus x for sinusoidal wave. Here IlJ = 0.2, () _ -2 and 
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Figure 4.7d: Plot showing dpJdx versus x for trapezoidal wave. Here q, = 0.2, B = - 2 and 
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Figure 4.8a: Axial induced magnetic field versus y for sinusoidal wave. Here E = 0.3, n = 0.39B, 

<I' = 0.6, Rm = 1, We = 0.04, x = ~ and B = 3. 
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Figure 4.8b: A.xial induced magnetic field versus y for triangular wave. Here E = 0.3, 71 = 0.398, 

q, = 0.6, Rm = 1, W e = 0.04, x = ~ and () = 3. 
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Figure 4.8d: A.xial induced magnetic field versus y for trapezoidal wave. Here E = 0.3, n = 

0.398, ell = 0.6, Rm = 1, W e = 0.04, :t = ~ and (} = 3. 
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Figure 4 .lOc: Current density distribution versus y for square wave. Here E = 0.3, n = 0.398, 
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Figure 4.11c: Current density distri bution versus 'Y for square wave . Here E = O.3 f n = 0.398, 

of) = 0.6, Rm = 1, W e = 0.04, x = ~ and 111 = 1. 
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Figure 4.12: Streamlines (sinusoidal wave) for M = 0.2, (panet(a)), M = 1.1 (panel (b». The 

other parameters are ~ = 0.2, n = 0.398, W e = 0.4 and f) = 0.67. 

FigUl'e 4.13: Streamlines (triangular wave) for M = 0.2, (panel{a»), M = 1.1 {panel (b)). The 

other parameters are ~ = 0. 2, n = 0.398, We = 0.4 and (j = 0.67. 
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Figure 4.14: Streamlines (square wave) for M = 0.2, (panel(a)), M = 1.1 (panel (b)) . The 

other parameters are ell = 0.2, n = 0.398, We = 0.4 and B = 0.67. 

·0' I.'.,.," O. O. 

Figure 4.15: Streamlines (trapezoidal wave) for M = 0.2, (panel(a)), M = 1.1 (panel (b)). The 

other parameters are W = 0.4, n = 0.398, We = 0.4 and B = 0.67. 

4 .3 Results a nd discussion 

To discuss qualitatively the effects of various parameters of interest on flow quantities such as 

pressure rise per wavelength (.6p,\), longitudinal velocity (u), pressure gradient (dp/dx), the 

axial induced magnetic field (h.:), the current density distribution (Jz) and stream function 

('11), we have prepared Figures 4.1 - 4.15. The effects of M on b.p,\ for different wave forms 
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have been illustrated in the Figures 4.1 - 4.4. 

From Figures 4.1 - 4.4, we have concluded that the peristalsis has to work against a greater 

pressure rise for magnetohydrodynamic fluid as compared to hydrodynamic fluid. The peri

stalsis pumping rate and free pumping rat.e is enhanced for MHD fluid in comparison t.o hy

drodynamic fluid. In augmented pumping region the pumping rate increases by increasing M. 

However, for suitably chosen (6p;.. < 0) the pumping rate decreases for large values of M. A 

comparison of Figures 4.1 - 4.4 reveals that the pumping rate of square wave is maximum (for 

a fixed 6p>. > 0) and minimum for a triangular wave as is the pumping performance concerned. 

Figures 4.5 and 4.6 lead to the following conclusions about the effects of M on longitudinal 

velocity u: 

• The longitudinal velocity near the centre of the channel wall decreases by increasing M. 

An opposite behaviour is seen near the channel wall. 

• A comparison of these figures further reveals that at the channel centre, the longit.udinal 

velocity is maximum in the cases of sinusoidal and t rapezoidal waves. 

• The behaviour of velocity in the wider part of the channel is quite similar to that in the 

Darrow part. 

Figures 4.7(a - d) have been sketched to see the variation of dp/dx versus x for different 

values of JIl[. ' '''Ie can observe that: 

• Ivlagnitude of dp/d:r; for large val ues of M both in the wider and llaITOW part of the 

channel. Also this result is valid for all the considered wave forms. 

• The increase in dp/dx for M is maximum for t rapezoidal wave and minimum fOT t.riangular 

and square waves. 

The conclusion regarding an axial induced magnetic field (h1') with y over a cross section 

x = ;,/2 for different wave forms can be seen through Figures 4.8 and 4.9. These are: 

• The shape of the curves of h1' is independent of the wave shape. 
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• Axial induced magnetic field (hx ) decreases by increasing M and O. This decrease is 

maximum for the sinusoidal and triangular waves and minimum for square and trapezoidal 

waves. 

• Axial induced magnetic field (hx ) is symmetric about the origin. 

• Axial induced magnetic field in the half region (y ~ 0) is in one direction and it is in 

opposite direction in the other half region (y ::; 0). 

• The axial induced magnetic field is zero at y = O. 

T he profiles of the current density (Jz) over a cross section x = 7r /2 are sbown in the Figures 

4.10 and 4. 11 for different values of M and 0. These plots provide the following information: 

• The magnitude of the current density increases neal' the channel walls by increasing M. 

However, it decreases near and at the centre of the charillel. This result holds for aU wave 

forms. 

• Contrary to the above result the magnitude of Jz increases by increasing (J for all tbe 

considered wave forms. 

• The magnitude of the current density is maximum for square and trapezoidal waves and 

minimum for sinusoidal and triangular wa\'es. 

The phenomenon of trapping for different values of /11 is discussed through Figures 4.12 ~ 

4.15 . These figures show that: 

• The volume of the trapped bolus decreases in going from hydrodynamic to magnetohy

drodynam ics (MHD) fluid. 

• For large values of /11, the bolus disappears. 

4.4 Concluding remarks 

A mathematical model under long wavelength and low Reynolds number approximations is 

presented to study the effects of an induced magnetic field on the peristaltic transport of Carreau 
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fluid in a symmetric channel. Closed form expressions of stream function , longitudinal velocity, 

axial induced magnetic field and current density distribution are developed using perturbalion 

method. A comparative st.uriy is mad~ for different wave forms through graphs. It is concluded 

that the decrease in an induced magnetic field is maximum for sinusoidal and triangular waves 

and minimum for square and trapezoidal waves. However Jz is maximum for the square and 

trapezoidal waves and minimum for sinusoidal and triangular waves. We have noticed from 

these figures that the lower trapping limit for triangular wave is greater when compared with 

the other wave forms. 
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Chapter 5 

Influence of induced magnetic field 

and heat transfer on peristaltic 

transport of a Carreau fluid 

The problem of peristaltic flow of a non-Newtonian fluid in an asymmetric channel with heat 

transfer is investigated in this chapter. The non-Newtonian fluid is characterized by the consti

tutive equations of a Carreau fluid . The mathematical modelling is based upon the consideration 

of an induced magnetic field. The series solutions for velocity and temperature are established 

and their associated characteristics have been analyzed. Pumping and trapping mechanisms 

have been discussed in detail. 

5.1 Development of the mathematical problem 

Consider the MHD Bow of an incompressible Carreau fluid in an asymmetric channel of width 

dl + d2 . The fluid is magnetohydrodynamic and the channel walls are insulat ing. A uniform 

magnetic field B o is applied in the v-direction. The induced magnetic field effects are retained. 

The sinusoidal waves traveling down its walls may be expressed as 
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, [2~ 1 Y = hi (X, Y, t ) = d1 + al cos >: (X - et); upper wall, 

, [2. 1 Y = ~ (X , Y, t)= -d2 - blCOS T (X - ct) +¢; lower wall , (5.1 ) 

with ai, bl are the wave amplitudes, ). the wavelength and ¢ (0 ~ ¢ ~ 71') the phase difference. 

The symmetric channel case with waves out of phase is noticed for ¢ = 0 and when ¢ = 71'", it 

corresponds to the situation when waves are in phase. Further 

Thus, the equations governing the conservations of mass and momentum along with the induc

tion equation are introduced by Eqs. {4.1)-(4.6}. The conservation of energy is 

(5. 2) 

where 'I is the Cauchy stress tensor, L = gradV , p the density. Cp the specific heat at a 

constant volwnc, K. the thermal conductivity and T the temperature. 

The present flow in the laboratory frame need to be solved subject to the equations (4.7), 

(4.8) and the following equation 

( a' a' ) , (BU' ) 
= K aX,2 + ay,2 T+TX'X' ax' 

(8V' au') (OV') +T~'}" ax' + ay' + T~'y' ay' . (5 .3) 

The above equation in the wave frame is given by 

C( ,8 ,8) 
P p ll ax'+v ay' T = 

(5.4) 

Int.roducing the velocity components by usual defirritions 
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aw 
tI= By ' 

as well as transformations 

8w 
v=-Jax ' 

Pr = p/lCp . ' c' 
E = "c,.., (;;;T""! ----;;:r."o) , 

b= a2 r/ = T-To 
d1 ' TJ-To' 

the governing equations reduce to 

Re6{(8W ~ _ M~) a'l'} = _ apm +26~ {(I + (n- I)"".,.,) a''I! } 
ay ax Ox By ay 8x ax 2 I 8x8y 

~{(I (n-I)"" ,.,) (a'w _,,8'W)} 
+ ay + 2 e'Y 8y2 (JOx2 

, (a>l> 8 8>l> a ) a>l! ,a'<I> 
+ Re6St fJy8x - 8x8y ay + ReSt ay2> 

a'l' -6 (awa<l> _ a'l>a>l» + _1_\7'<1> = E, 
ay ay ax ax ay R", 

a'e B {I (n-I) I'lf ,.,} (a'q, _ .,a'q,) a'w =0 
8y2+ r + 2 e-y By'! d Ox'! By'! 
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(5.5) 

(5.6) 

(5.7) 

(5 .8) 

(5.9) 

(5.10) 

(5.11) 



where incompressibility condiiion is automatically satisfied and 

a'V a'V a<l> 
U = -a-y' v = -6-ax-' hz = 8y' 

h = _,a<l> 
, ax 

1 Jle (I1'+ r 
Pm=P+-2 Re6 2' Br=EPr. 

pc 

in which 6 is a wave number, We the Wessinbel'g number, St the Strommer's number, Re 

the Reynolds number, lim the magnetic Reynolds number, pm the magnetic pressure, Af the 

Hartman number, Pr the Prandtl number, E the Eckert number and Br the Brinkman number. 

Due to long wavelength approximation , we have 

8p = ~ [{I (n- I )W' (a' 'V) '} a,'V] ", ( _ a'l') 
8x. 8y + 2 e 8y2 8y2 +l'~ f 8y , 

ap = 0 
ay , 

8~ 1 82 41 
-+--=f, ay R", ay' 

a'o B [{ (,,-1)111 , (a''V)'} (8''1')'] =0 
{)y2+ r 1+ 2 e 8y2 8y2 ' 

where Eq. (5.13) shows that P =f:. p(y) and hence p = p(x). 

Cross differentiation of Eqs. (5.12) and (5.13) yield 

8' [{ (n - I) ,(8''V)'} 8''l'] ,8''1' 
8y2 1+ 2 We 8y2 8y2 - M 8y2 =0. 

(5.12) 

(5.13) 

(5.14) 

(5.15) 

(5 .16) 

The governing equations here need to be solved subject to the following boundary conditions 

on the stream function, the magnetic force function and the temperature 

F 8'1' , 
'JI='2' 8y =-1, 4>=0, 8 =0 aty=h1=1+acos211'x, 

F 8'1' '1'=-'2' By =-1, <1> =0, 0'=-1 "y=h,=-d-bccs(2rrx+¢), (5.17) 
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;::, 

where the dimensionless mean flows in laboratory (8) and wave (F) frames are related by the 

following expressions 

(5.18) 

(5 .19) 

and the dimensionless pressure rise per wavelength is 

(5 .20) 

5 .2 P erturbation solut ion 

For small Weissenberg number 

'I' ~ '1'0 + IVe''I'1 + 0 (We'), (5.21) 

ill = <l.Jo + W e241 1 TO (We4
) , (5.22) 

F = Fo+lI'e2Fl +0 (We4
) , (5.23) 

P = Po + II'e2pl + 0 (We4
) , (5.24) 

Upon making use of above equations into Eqs, (5 .12 ) and (5.14)-(5.17) and then equating the 

coefficients of like powers of H/ e2, the following systems can be determined: 

5.2.1 O (HleO) Syst em 

8"" ~ 0''1'0 + M' (E _ 8'110) , 
8x 8y 3 8y 

8"'1'0 _ M'if''Vo ~ 0 
8y4 8y2' 

8
2

cl>o = Rm (E _ 8iJ!o) 
8y2 ay , 



a'oo {(a'~o)'} ay2 + Br ay2 = 0, 

Fo ollio =-1 , 
Wo ~ 

2 ' To = 0, Bo = 0 at y = hI , ay , 

Wo 
Fo tNlo 

q,o = 0, e~ = -1 Y = h2· ~ ay = -1, at 2' 

5.2.2 O(We') System 

apt ~ a'w, _ M,aw, + (n -1) ~ {(a'wo) '} 
ax 8y3 ay 2 ay ay2 ' 

Q4'l1} _ M'l8
2

iJJ 1 + (" - 1) a' { (&2>J!O)'} = 0, 
8y4 ay2 2 ay2 ay2 

a'~, _ -R." (a~,) 
8yz- By' 

a'o, +Br {(a'W')' + n-l (B'Wo)'} ~O 
ay':! ay2 2 ay2 ' 

FJ aWl ' 
WI = 2' ay =0, <P,=o, B1=0 at y=hI, 

(5.25) 

FI aWl ' 
IDI -"2 ' ay = 0, Tl = 0, 81 = 0 at y = hz . (5.26 ) 

The above systems admit the following expressions 

1 
iJJ = 128L3 (M4( -1 + n)We2(hl - hZ)3(2( - cosh(M(3y - h] - 2hz) + cosh{M(y + hI - 2hz)) , 

+ cosh(M(3y - 21t) - hz}) - cosh(!\lI(y - Zh l ..L hz» + 2My{ -6sinh(M(y - hI) + 6sinh(M 

(y - I.,)) - Bs;nh(M(h, - I.,)) + s;nh(2M(h, - I.,)))) + M(12M( -1 + cosh(M(y + h,)))h1 

-(24My - 12My(cosh(M(y + hIl) + cosh(M(y + h,))) - 12 s;nh(M(y - hIl) + s;nh(M 

(3y - h, - 21.,)) - 3 s;nh(M(y + I., - 21., )) + 12 Shlh(M(y - I.,)) + s;nh(M(3y - 2h, - h,)) 

-16sinh(M(hl - hz» + 2sinh(2M(h} - hl » - 3sinh(M(y - 2h} + hz)) + 12M(-1 + cosh(M 
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(y + hl»hz) + h1(24My - 12My(cosh(M(y + hd) +cosh(M{y + hz») + 12sinh(M(y - htl) 

+ sinh{M(3y - h} - 2hz» - 3sinh(M(y + h} - 2~}) - 12sinh(M(y - h2» + sinh(M(3y - 21t) 

- h2)) + 12sinh(JH(h} - hz» - 2sinh(2M(h} - hz» - 3sinh(M(y - 2ltl - hz)) + 12M(cosh(M 

1 AI 
(y - h,)) - co'h(M(y + h,))h,)))) + --(2co'h(M(y + h,))(co'h(My) - ';nh(My)) ,;nh(-2 

L3 L4 

(y - h,))(co'h( A; (2y + h, + h,)) + ,;nl/; (2y + hi + h,))) + h~F (co'h(My) - ,;nh(My))(2 

(co'h(2My) - Myco'h(M(y + hll) - Myco,h(M(y + Ii,)) - co'h(M(h, + h,)) + ,;nh(2My) 

- My,;nh(M(y + h,)) - My,;nh(M(y + h,)) - ';nh(M(h, + h,)) + M(co'h(M(y + hll) 

+ ,;nh(M(y + hll) + ';nh(M(y + h,)))h, + ';nh(M(y + h,))h,) + (-co'h(My) + ,;nh(My))(y 

M 
(co'h(M(y + hll) - co'h(M(y + h,)) + ,;nh(M(y + hll) - ,;nh(M(y + h,)) + 2co'h( 2 

. M M. M 
(y - h,)) "nh( 2(y - "1l)(co,h(2(2y + hi + h,)) + "nh( 2(2y + hi + h,)))h,)), (5.27) 

dp M2 M M 1 2 
dx ~ (L, (-2(1 + ,) ,;nh( 2 (h, + h,)) - "'h( 2(h, + h,))(F - 'h, + ,h,))) + 12BLl (lV e 

M M 1 
(192M' (-1 + n) co'h( 2 (hi + h,))(,;nh( 2(h, + h2)))'(F + h, - h,)' + L, (M' (-1 + n) 

(h, - h,)'( -24 ,;nh(Mh, ) + 32 ';nh(M(h, - h,)) - 4 ,;nh(2M(h l - h,)) + 24 ,;nh(Mh,) 

-2sinh{M(h l - 2hz» - 2sinh(M(2hJ - hz» + 6sinll(M(2hJ + hz» - 6sinh(M(ht +2hz 

» - 3M( -4M sinh(M hZ)!Jr + h2{ -8 + 8cosh(M h]) + cosh(JI1(hJ - 2h2» + cosh(M(2hl -

hz» - cosh(M(2h\ + liz)} - cosh(M(h l + 2hz)) + 4M sinh(Mh1)hz) + htCS - 8cosh(Mhz) 

- cosh(M(h1 - 2hz}) - cosh(M(2ht - hz» + cosh{M(2h, + hz» + cosh(M(h) + 2h2»-

1 
4M sinh(MhJ)hz + 4Msinh(Mh2)hz»» + Ll (1'\1 1 

( -1 + n)(h1 - hZ)3{ -72 si.nh (Mhd - 72 

sinh (J\1 h2) + 2 sinh(M(hl - 2h2» + 2 sinh(M(2ht - hz» - 54 sinh(M(2hl + h2» + 54 sinh 

(M(hl + 2hz» + 3M( -41.1 sinh(Mh2)hr + hz{16 cosh{Mh1) + 8 cosh(Mhz) + cosh(M(ht -
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Q . 

2h,)) + cosh(M(2h, - h,)) - 9 cosh(M(2h, + h,)) - 9cosh(M(h, + 2h,)) + 4M 

sinh(Mht)h2) + hl ( -Bcosh{Mht) - 16cosh(Mh2) - cosh(M(h] - 2~» - cosh (M 

(2h, - h,)) + 9cosh(M(2h, + h,)) + 900sh(M(h, + 2h,)) - 4sinh(Mh,)h, + 4M 

The results of magnetic force funct ion <P and an axial induced magnetic field h:z; are 

(5.28) 

I M M 
<I> ~ 384L1 M' «64L1 M(F(6 + My(12 + My(3 + 2My))) cosh( 2(h, - h,)) - 6F(cosh( 2 (2y - h, 

. A1 . A1 
- h,)) + 2smh(2(2y - h, - h,))) + 6(My' + F( -2 + My)) smh( 2(h, - h,)) + 64L1M(6 

At . At A1 
cosh( 2(2y - h, - h,))h, - 6M(F + y) smh( 2 (h, - h,))h, + cosh( 2 (h, - h,))h,( -3(2 

+FM(4 + M'y')) + FM'h,(-3 + Mh,)) + 3M,(y' - hj)L,) + (2(36Mycosh(M(y - hI)) 

- 36Myoosh(M(y - h,)) - 36sinh(M(y - hIl) + sinh(M(3y - h, - 2h,)) - sinh(M(y + h, 

- 2h,)) + 36sinh(M (y - h,)) - sinh(M(3y - 2h, - h,)) + 36sinb(M(y - h,)) - sinh(M(3y 

- 2hl - h2» + 8(-4 + 3M2y2) sinh(.iVf(hl - h2» + (2 - 3M2y2) sinh(2M(hl - h2» + 3 sinh(M 

(y -2h, + h,))) + Afh,(cosh(M(3y - h, - 2h, )) - 9cosh(M(y + h, - 2h,)) + 72oosh(M 

(y - h,)) - 64cosh(M(h, - h,)) + cosh(2M(h, - h,)) - 9cosh(M(y - 2h, + h,)) + 6My 

(-6(-My + sinh(M(y - hI)) + sinh(M(y - h,))) - 8sinh(M(h, - h,))(- 2 - My(1 + My) 

+ Mh,(! + Mh,)) + 2M,(-y + h,)L,) - (72cosh(M(y - hI)) + cosh(M(3y - h, - 2h,)) 

- 9 cosh(M(y + hI - 2h2» + cosb(M(3y - 2h, - 11 2» - 64cosh(.!\1{ht - 11 2» + 6cosh(2."d 

(h, - h,)) + 6Mh,(6sinh(M(y - hIl) - 6sinh(M(y - h,)) - 8sinh(M(h, - h, )) - 6Mh, )) 

. . M 
L,) + 12M'hl( -3smh(M(y - h,))L, + M(y - h,)(64L1smh( 2(h, - h,)) + 3L,)))Rm) , 

(5.29) 
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1 

I M M =,;.,-. ;-o«(128LIM(F(2 + My(1 + My))co,h(-2 (hi - h,)) - F(2co,h(?(2y - hi - h,)) 
128L1M _ 

. j/ . M . M 
-h2»hJ - smh( "2(2y - hi - hz)}hl + smh( T(2y - hi - hz» hz - smhe "'2(h, - h2 ))(hl 

M 
(I + 2My - 2Mhd + h,) - co'h( 2(hl - h,))( - 2 + FM(I + My))hl + FM'(y - hdh,) 

+Y€£j - h] €Ld + 2(cosh{M(3y - hi - 2J/.2 » - cosh(M(y + hi - 2hz» - cosh(M(3y 

- Zhl - hz)) + cosh(M(y - 2hl + h2»L2 + M( -4y( - 6sinh(M(y - hi» + sinh(M(y 

-h,)) - 8,inh(M(hl - h,)) + 'inh(2M(hl - h,))) - hi (24My - 12My(co'h(M(y - hd) 

+ cosh(M(y - hz») + 12 sinh(M(y - hI» + sinh{M(3y - hI - 2h2» - 3sinh(M(y + hI 

-2h2)) - 3sinh(.M(y + hi - 2hz)} + 12sinh(M(y - hz» + sinh(M(3y - 2h} - h2)) -16 

sinh(M(hJ - h2)) + 2sinh(2.M(hl - hz» - 3sinh(M(y - 2hI - hz» + 12M(- cosh(M 

(y - h,))hl)h, + 12M( - I + co'h(M(y - hl)))hl)L,)Rm), (5 .30) 

and temperature is 

8' = (La - (2G2144~lM2 L~ «(Bd'" e2 (16384F4 L~ L~M8 £9 - 65536F3 Ff L~M8 LlO + 9S30F2 Lf L~ 
M8Lll - 65536FLfL~M8L12 + 16384LfL~M8 L13 - 393216LfL~M·10 L14 + (4L15 + Mhz{4 

L 16 - £17) + L18 + 4(L19 + L20»)L~L?) - 32M4h1(512L~ L~M4 L21 + 3L22L~L~ ) + 4M3h~ 

(16384L~L~M;' L23L24 + L25 + L20 - L27)L~L? - 3M2h~ (32768L~L~M6 L28L29 ) + L30 + 4 

Mh2L31 )L~L? - 2Mhl (327268F3 L~ L~L32 + 98304F2 L~ L~L32L33 + 98304F L~ L~L32L34 

+32768L~L~L32L35 + 19660L~L~L36 - L37 + L38 - L39 + L40 + 6.!'I1h2L 41 )}), {5.31} 
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Figure 5.1: Plot showing 6.p>. versus flow rate B. Here n = 0.398, We = 0.01, a = 0.6, f = 004, 

¢ = i, b = 0.4 and d = 1.1. 
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Figure 5.2: Plot showing 6.p>. versus flow rate B. Here n = 0.398, We = 0.01 , M = 1, € = 0.4 , 

a = 0.6, b = 0.4 and d = 1.1. 
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Figure 5.3: Plot showing IIp>. versus flow rate 9. Here n = 0.398, We = 0.01, M = 1, t: = 0.4, 

¢= i, b= 0.4 and d= 1.1. 
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Figure 5.4: Plot showing Ap>. versus flow rate O. Here n = 0.398, We = 0.01, M = 1, f = OA , 

¢ = i, (1 = 0.6 aud d= 1.1. 
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Figure 5.5: Plot showing 6p>. versus flow rate O. Here n = 0.398, H'e = 0.01, M = 1, (; = OA, 

¢ = i, a = 0.6 and b = OA. 
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Figure 5.6: Axial induced magnetic field versus y for different values of lIf. Here n = 0.398 , 

H'e = 0.01, a = 0.6, b = 0.3, d = 1.1, £" = 0.3, () = 3, ¢ = i and x = 0.2. 
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Figure 5.7: Axial induced magnetic field versus y for different values of rjJ. Here n = 0.398, 

We = 0.01, a = 0.6, b = 0.3, d = 1.1, E = 0.3, 8 = 3, At = 1 and x = 0.2. 
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Figure 5.8: Axial induced magnetic field versus y for different values of O. Here n = 0.398, 

We = 0.01 , a = 0.6, b = 0.3, d = 1.1, E = 0.3, M = 1, ¢ = i and:z: = 0.2. 
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Figure 5.9: Current density distribution versus y for different values of /1.1. Here 11. = 0.398, 

We = 0.01 , a = 0.6 , b = 0.3 , d = 1.1, f = 0.3, () = 3, ¢ = ~ and x = 0.2. 
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Figure 5.10: Current density distribution versus y for different values of 4>. Here n = 0.398 , 

W e = 0.01 , a = 0.6 , b = 0.3, d = 1.1, f = 0.3, () = 3, /II! = 1 and x = 0.2. 
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Figure 5.11: Current density distribution versus y for different values of B. Here n = 0.398, 

HIe = 0.01 , a = 0.6, b = 0.3, d = 1.1, € = 0.3, M = 1, 1> = i and x = 0.2. 
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Figure 5.12a: Streamlines for Af = 0.2 . The other parameters are a = b = OA, d = 1.1, 

n = 0.408, We = 0.03, ¢ = i and B = 1.5. 
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Figure 5.12h: Streamlines for M = 0.8. The other parameters are a = b = 0.4, d = 1.1, 

n = 0.498, We = 0.03, ¢ = ~ and () = 1.5. 
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Figure 5.13a: Streamlines for B = 1. The other parameters are a = b = OA, d = 1.1, n = 0.498, 

We = 0.03, ¢ = fi and M = 0.2. 
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Figure 5.13h: Streamlines for (J = 2. The other parameters are a = b = 0.4, d = 1.1, 11. = 0.498, 

W e = 0.03, ¢ = i and M = 0.2. 
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Figure 5.14a: Streamlines for ¢ = O. The other parameters are a = b = 0.4, d = 1.1, 11. = 0.498, 

We = 0.03 , () = 1.5 and M = 0.2. 
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Figure 5.14b: Streamlines for ¢ = i. The other parameters are a = b = OA, d = 1.1, n = 0.498, 

We = 0.03,0 = 1.5 and M = 0.2. 
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Figure 5.15a: Velocity distribution versus y for different values of M. 
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Figure 5.15h: Velocity distribution versus y for different values of e. 

O.S 

o 

-0. 5 

-1 

,.~ 
/ 

/,' 
/,' 

,,' ,-, ,-, 
': I: 

': I: 
I: --,= 0 , 

-1 

.••... -. ., = "i" 
----.,= ~ 

_0. 5 o O.S 

y 

Figure 5.15c: Velocity distribution versus y for different values of ¢. 
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Figure 5.16a: Temperature distribution versus y for different values of B7". Here n = 0.398, 

W e = 0.01, a = 0.6, b = 0.3, d = 1.1, f = 0.3, !L1 = 1, ¢ = 0.6,0 = 2 and x = 0.2. 

0.8 

0.6 

• 
OA 

0.2 

0 

-, - o.~ o 0.' , 

Figme 5.16b: Temperature distribution versus y for djfferent values of !L1. Here n = 0.398, 

H'e = 0.01, a = 0.6, b = 0.3, d = 1.1, f = 0.3, Br = 0.3, ¢ = 0.6, 0 = 2 and x = 0.2. 
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Figure 5.16c: Temperature distribution \'ersus y for different values of e. Here n = 0.398, 

H'e = 0.01, a = 0.6, b = 0.3, d = 1.1, € = 0.3, Br = 0.3, ¢ = 0.6 , A1 = 1 and x = 0.2. 
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Figure 5.16d: Temperature distribution versus y for different values of W e. Here n = 0.398, 

a = 0.6, b = 0.3, d = 1.1, € = 0.3, M = 1, Br = 0.3 , ¢ = 0.6, B = 2 and x = 0.2 . 
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where 

~, LI ~ 2sinh(~ (hI - h,» + McoSh(~ (hI - "'))(-"1 + ",), 

L, ~ MS(_l +n)(hl - h,)', 

L, ~ cosh( ~1 (hI + h2» + Sinh(~ (hI + h2)), 

L. 
. M M M 

2smh( T(hl - h,» - M eosh( 2 (hI + h,))/>I + M cosh(T("1 - h,»h" 

L5 ~ _2sinh(M (hI - h,» + Meosh(M (hI - h,»)(hl - ",), 
2 2 

L, . M M 
~ 4 "nh( 2 (hI - h,» + 2M eosh( T(hl - h,»( -hI + h,), 

L7 ~ M'(-l + n)(h l - h,)', 
1 
h } Z (2Br M4h1 (-y + hz) + B7ol\1zhZ( -F + hz)Z( _2MZy2 - cosh(/I1(h l - hz)} L, ~ 

2(hl , L6 
+cosh(2My - M(hl - hz» + 2MZyhz + BrMZhl{-F + h2)( _2M2y2 - cosh{M(ht 

-h2» + cosh(2My - M{h l - h2»F + 3{2M2yZ + cosh{M(h l - hz» - cosh(2My 

-Meh l - h2)hz + 2Mz(F - 2y)h~ - 2Mzh~ + BrMzhi( -2F(Mz(F - 2y)y - cosh(M 

("I - h,» + cosh(2My - M("I - "'»)+ (2M'(F - y)(F + 3y) - 3eosh(M(hl - h,» 

+cosh(2My - M{h! + h2» - 8M2Fh~ + GMzh~) + BrM2h~{2M2y(-F + y) - cosh{2My 

-M(hl - h,» + 2U' (2(F + y) - 3h,» + 2( - y + "1 )Ll ), 

L9 ~ (- 1 + n)(24MZy2 + 1Gcosh(M(ht - h2») - cosh(2M(hl - h2» + cosh(4My - 2M (hi 

-h,)) - l6eosh(2My - M(hl + h,», 

LlO ~ (-l + n)(6M'y(F + 4y) + 16eosh(M(hl - "'» - eosh(2M(hl - "')) + eosh(4My - 2M 

(hI + ",» - 16 eosh(2My - M(hl + h2»h" 

Lll ~ (- l +n)(8M'y(2F + 3y) + lBeosh(M(hl - h,» - lBeosh(2M(hl - h,» + eosh(4My 

-2M (hI + ",» - 1Beosh(2My - M(hl + h,))hj, 

LI, ~ (-l + n)(l2M'y(3F + 2y) + lBeosh(M(hl - ",)) - eosh(2M(hl - h,)) + cosh(4My 

-2M(hl + hz» -16cosh(2My - M(ltl + h2»h~, 
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~ L" ~ (- I + n)(24M'y(4F +y) + 16 oosh(M(h, - h,)) - M'y') + oash(4My - 2M - 2M(", + h,)) 

-16cosh(2My - Melt! + h2»h~, 

L14 ~ (-I + n)yh;, 

L,s ~ (-1635 + 5264M'y' - 192M,", + 12(137 + 24M'y') oash(2M(y - h,)) - 9 oosh(4M(y 

-hI)) - 1530osh(M(4y - h, - 3h,)) + 84oash(M(2y + h, - 3h,)) + ISoosh(2M(3y 

-hI - 2h,)) + 2 oosh(2M(y + h, - 2h,)) + 12(137 + 24MV) oash(2M(y - h,)) - 9 

cosh(4M(y - hz» - 153 cosh(M(4y - 3h l - hz» + lScosh(2M(3y - 2hi - hz)) 

-3460oosh(M(2y - h, - h,)) - 576M'y'oosh(M(2y - h, - h,)) + 324oosh(2M(2y 

-2h} - hz» - 36cosh(3M(2y - hi - hz» + (3529 - 4872M2y2 + 192M4y4) cosh(M 

(h, - ,~)) - 4(497 + 96M'y') oash(2M(h, - h,)) + (105 - SM'y') oosh(3M(h, 

- hz» -llCDSh(4M(hl - hz» + 84cosh(M(2y - 3h} + hz» + 2cosh(2M(y - 2hI 

+hz» + 96Mysillh(2M(y - ltd) -lOBMysinh(M(4y - hI - 3hz» + 48sinh(M(2y 

+h 1 - 3hz» + 96Mysinh(2M(y - hz}) - 108sinh(M(4y - 3h] - hz» - 288Mysinh(M 

(2y - h, - h,)) + 216Mysinh(2M(2y - h, - h,)) + 48Mysinh(M(2y - 3h, + h,)) , 

L'6 ~ (-1692sinh(2M(y - hIll + 18sinh(4M(y - h, )) - 99sinh(M(4y - h, - 3h,)) + 144 

sillh(M(2y + hi - 3hz» + 6sinh(2M(y + h, - 2hz» + 1594 sinh (2M(y - hz» - 18 

sinh(4M(y - hz» + 207sinh(M(4y - 3h l - hz» + 144sinh(M(2y - hi - hz» - 108 

sinh(2M(2y - h, - h,)) - 534sinh(2M(h, - h,)) + 4My(-96oash(2M(y - hI)) - 27 

oosh(M(4y - 3h, - 3h,)) + 24oosh(M(2y + h, - 3h,)) - 4Soosh(2M(y - h,)) + 27 

cosh(M(4y - 3h} - hz}) + 2(72 cosh(l\1(2y - hI - hz» + (609 - 48M2y2) cosh(M 

(hI - '1-2» + 4Scosh(2M(hl - h2)) + cosh(3M(h1 - h2)) - 12cosh(M(2y - 3hl 

+h,)) + 6My(-6sinh(2M(y - hI)) + 6sinh(2M(y - h,)) - (102 - 4M'y' + 32oash(M 

(h, - h,)) + oosh(2M(h, - II,))) sinh(M(h, - h,))))), 

L17 ~ 1476sinh(2M(hl - h2)) - 45sinh(3M(hl - h2)) - 2(2632My - 192M3y3 + sinh(4M 

(h,- h,)) + 96sinh(2M(y - 2h, + "')) + gsinh(6My - 2M(2h, + h2 )) - 9sioh(6My 

, -2M(h, + 2h,))) , 
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~ L" ~ 9co,h(4M(y -1'1)) - 27cosh(M(4y - hi - 3h,)) + 36cosh(M(2y - hi - 3h,)) +6 

cosh(2M(y + hi - 2h,)) + 4(253 + 24M'y') cosh (2M(y - h,)) - 9cosh(4M(y - h,)) 

-171 co'h(M( 4y - 3hl - "')) - 36 cosh(2M(2y - hi - h,)) + 12 cosh(3M(2y - hi 

-h,)) - 293cosh(M(hl - h,)) - 988cosh(2M(hl - h,)) - 21cosh(3M(hl - h,)) 

+ 6 cosh(2M(y - 2ltl + hz» + 6cosh(2M(y - 2ltI + 1t2)) + 288cosh(2My - M(ltl 

+h,)) + 6cosh(6My - 2M(2hl + h,)) + 6cosh(6My - 2M(hl + 2h,)), 

L" ~ «3 + 48M'y') cosh(M(2y - hi - h,)) + My(168sinh(2M(y - hi)) - 9 sinh(M(4y 

- hi - 3h,)) + 12sinh(M(2y + hi - 3h,)) + 1624>inh(M(hl - h,)) + 2My«- 403 

+8M'y') cosh(M(hl - h,)) - 58cosh(2M(hl - h,)) - 3 cosh(3M(hl - h,)) - 64 

Mysinh(M(h} - h2)} + 256sinh(2M(h) - h:?)) +8sinh{3M(ht - hz» - 3(8sinh(21\1 

(y - h,)) + 3 'inh(M(4y - 3hl - h,)) + 24 sinh(M(2y - hi - h,)) + 6 'inh(2M(2y 

-hi - h,)) - 4 sinh(M(2y - 3hl + h,))))), 

L20 4Mh2 (92My - 32.i\;[3 y3 - 48Mycosh(2M(y - hI» - 48Mycosh(M(2y - hI - hz» 

112Myco,h(2M(hl - h,)) + 6Myco'h(3M(hl - h,)) - 96'inh(2M(y - hi)) + 24 

sinh(2M(2y - hI - hz» - 12sinh{M(2y - 311 1 + hz» - 24Mh2 + 48M3y2h2 + 24 

M cosh (2M(y - h\»hz - 32M3y2h~ +3sinh(2M(ht - h2»(-11 - 8M2y2 + M2yh2) 

+ sinh(M(hl - hz» { -57 - 72M2y2 + 136M2yhz ) + 2AJ/ycosh(M(h1 - h2»)(435 

_ 16M2y2 + 8M2h~)}, 

L" ~ (- 1 + n){24.>\12(4F + y)y - 16 cosh(M(hl - hz» + cosh(2M(hl - h2» - cosh(4My 

-2M (hi + h,)) + 16co'h(2My - M(hl + h,)) + 24M'h,(-4F - 3y +4h,)), 

L" ~ (3 - 6M2y2 - 3cosh(2M(y - hz» + 17Msinh(M(hl - h2})(Y - hz) + 3Msinh(2M 

(h, - h2»(Y - h2) - 8M2yh 2 + 1BM2yh2 + 10M2 cosh(M(hl - h2))h2(Y - h2) + 14 

U 2h2) , , 
L'3 ~ (-l+n)(F-h,), 

L" ~ (12M'y( - 3F + 2y) + 16co'h(M(hl - h,)) - oosh(2M(hl - 11,)) + co'h(4My .. , 
- 2M(hl + h,) ) - 16 cosh(2My - M(hl + h,)) + 12M'(3F + y - 3h')h,), 
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~. 

L25 ~ 3(92My - 32M3y3 - +24s;>1h(2M(y - hi)) +9s;nh(M(4y - h, - 3h,))) - 96 

sinh(2M(y - h2» + 36sillh(M(2y - hI - h2» + 9sinh(2M(2y - hI - h2» + 112 

Mcosh(2M(h, - h,))(y - h,) + 6M cosh(3M(h, - h,))(y - h,) + 4MI.>, - 96M3y' 

h, - 4SM cosh(2M(y - h,)) + 4SM cosh(M(2y - hi - I,,))h, - 32M3y'h! + 160M3 

h! + sinh(M(h, - h,))(57 + 72M'y' + SM'(50y - 59h,)h,), 

L" ~ 3sinh(2M(h, - h,))(11 + SM'y' + SM'(2y - 31.>,)h,), 

L" ~ 2M cosh(M(h, - h,))( -y + h,)(435 - 16M'y' + 32M'h,(y + 21.>,)), 

L" ~ (- I +n)(F-h,)', 

L29 ~ (SM'(2F - 3y)y -16cosh(M(hl - h,)) + cosh(2M(hl - h,)) - cosh(4My - 2M 

(hi + h,)) + 16 cosh(2My - M(h , + h,)) + SM'h,( -2F + y + 2h,)), 

L30 ~ 1131 + 624M 2 y2 - 64M4 y 4 - 4(253 + 24M2y2) cosh(2M(y - h!) + 9cosh(4M(Y 

-ht}) + 171cosh(M(4y - hi - 3hz» -164cosh(M(2y + h1 - 3hz» - 6cosh{2M 

(y + h, - 21,,)) - 12(95 + SM'y') cosh(2M(y - h,)) + 9cosh(4M(y - h,)) + 27 

cosh(M(4y - 3111 - h:!» + 36cosh(2M(2y - hI - h2» -12cosh(3M(2y - hI 

-Itz )) + 296cosh(M(ht - 11.2» + 9S8cosh(2M(hJ - h2» + 21 cosh(3111(h1 - h2» 

-6cosh(6My - 2M(2h, + h,)) - 6cosh(6My - 2M (hi + 2h,)) +4(-3(-1 + M 

+18M2y2) cosh(M(2y - hi - h2» + My(24 sinh(2M(y - hi» + 9sinh(M(4y - hI 

-3ft'l» -12sinh(M(2y + hI - 3h2» -168sinh(2M(y - 11 2)) +9cosh(M(4y - 3 

hI - h2» + 72sinh(M(2y - hI - h2» + lSsinh(2M(2y - hI - hz» + 1624sinh(M 

(h, - h,)) + 2My«403 - BM'y') cosh(M(h, - h,)) + 56cosh(2M(h, - h,)) + 3 

cosh(3M(hl - h,)) - 64Mysi>1h(2M(h, - h,))) + 256si>1h(2M(h, - h,)) + 8 

sinh(3M(hl - hz» - 12 sinh(M{2y - 3h} + 11.2»)), 

L31 ~ (-36My - 32MV + 48Mycosh(2M(y - hi)) - 96Mycosh(2M(y - h, )) - 48My 

cosh(M(2y - hI - h2» + 2My(499 -16M2y2)cosh(M(h1 - h2» + 112Mycosh(2 

M(h, - h,)) +6Mycosh(3M(h, - h,)) + 4Ssinh(2M(y - h,)) + lBsinh(M(4y .. , 
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L" ~ 

L33 ~ 

L34 ~ 

L" ~ 

L36 ~ 

L37 ~ 

L36 ~ 

- 3h, - h,)) + 36 sinh(M(2y - h, - h,)) + 9sinh(2M(2y - h, - h,)) + (- 1453 

+600M2y2) sinh(M(h\ - hz)) + (157 + 72M2y2) sinh(2M(hl - hz)) - 8sinh (3M 

(hi - hz)) + 12sinh(M(2y - 3h l + hz)) +4Mhz(-6{-1 + 4M2'li +cosh(2M(y 

-h,)) + cosh(2M(y - h,)) - 4cosh(M(2y - h, - h,)) + (-451 + 48M'y') cosh( 

M(h, - h,)) - 56cosh(2M(h, - h,)) - 3cosh(3M(h, - h,)) + 2Mh,( - 59sinh(M 

(h, - h,))) - 9 sinh(2M(h, - h,))) - 2M cosh(M(h, - h,))(4y + 5h,) + 2M(2y 

+7h,)))), 

(-2M'(F' - 12y' ) + 16cosh(M(h, - h,)) + cosh(2M(h, - h,)) - cosh(4My - 2 

M (h, + h,)) + 16 cosh(2My - M(h , + h,))), 

(- 2M'(F' - 12y') + 16cosh(M(h, - h,)) - cosh(2M(h, - h,)) +cosh(4My - 2 

M(h, - h,)) - 16cosh(2My - M(h, + h,)))h" 

(4M2(2F2 - 3Fy - Gy2 ) - 16cosh(M{h l - hz)) + cosh (2M (hl - hz)) - cosh(4My 

-2M(h, + h,)) + 16 cosh(2My - M(h, + h,)))hl, 

12M2(_3p2 + 4Fy + 2y2) + 16 cosh(2My - M(hl + h2))h~, 

M g
( - 1 + n)(4F - 3y)hl, 

96G08LYL~M9( - 1 + n)h~, 

(2(-1596sinh(2M(y - hJl) + 18sinh (4M(y - h,) ) + 207sinh(M(4y - h, - 3h,)) 

+192sinh(M(2y + hi - 3hz}) +6sinh(2M(y + hi - 2hz)) + 1692sinh(2M(y 

-hz)) - IBsinh(4M(y - hz)) + 99sinh(M{y - 3h, - hz)) - 144sinh (.l\1(2y - hi 

-h,)) + 108sinh(2M(2y - h, - h,)) - 543sinh(M(h, - h,)) + 4My(48cosh(2 

M(y - hi)} - 27cosh(M{4y - h1 - 3hz)) + 24cosh(M(2y + hi - 3hz)) + 96 cosh(2 

M(y - I., )) + 27 cosh(M(4y - 3h, - h, )) - (72cosh(M(2y - h, - h,)) + (609 - 48 

M2y2) cosh(M(h} - hz)) + 48cosh(2M(hl - hz)) + cosh(3M{hl - hz)) + 12cosh(M 

(2y - 3h, + h,)) + 6My(6sinh(2M(y- h, )) - 6sinh(2M(y - h,)) + (102 - 4M'y' 

+32cosh(M(h, - h,)) + cosh(2M(h , - h,)))sinh(M (h, - h,))))), 
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1'76sinh(2M(h, - h,)) - '5sinh(3M(h, - h,)) - 2( -2632My + 192M'y' + 3sinh(' 

M(h, - h,)) + 72sinh(M(2y - 3h, + h,)) + 3sinh(2M(y - 2h, + h,)) + 9sinh(6My 

-2M(2h, + h,))), 

Mh,(- 13921 + '8MV(9 + 'MV) + 12(221 + 2'M'y') oosh(2M(Y - "d) - 27 

cosh(4M(y - hd) - 297cosh(M('y + h, - 3h,)) + 300 cosh(M(2y + h, - 3h,)) 

+ 18cosh(2M(3y - hl - 2hz )) + 18 cosh(2M(y + hI - 2hz» - 27cosh(4M(y 

-h,)) - 297 oosh(M('y - 3h, - h,)) + 18cosh(2M(3y - 2h, - h,)) + 2052 

oosh(M(2y - h, - h,)) -IOScosh(2M(2y - h, - ",)) + 36cosh(3M(2y - h, 

-h,)) + 8865 oosh(M(h, - h,)) - 2196 oosh(2M(h, - h,)) - '7 cosh(3M(h, 

-h,)) - 9 cosh('M(h, - h,)) + 300cosh(M(2y - 3h, + h,)) + 18cosh(2M(y 

-2", + h,)) + 12(221 + 24M'y')cosh(2M(y - h,)) - 56oosh(2M(h, - h,)) - 3 

cosh(3M(h, - h,))) +3(2'sinh(2M(y -I,,)) - 3sinh(M('y - h, - 3h,)) +' 

sinh(M(2y + h, - 3h,)) + 2'sinh(2M(y - h,)) - 3(sinh(M('y - 3h, - h,)) + 8 

sinh(M(2y - h, - h,)) +2sinh(2M(2y - h, - h,)) + 4sinh(M(2y - 3h, + h,))))), 

« - 36My - 32M'y' - 96Mycosh(2M(y - h,)) + '8Mycosh(2M(y - h,)) - '8My 

cosh(M(2y - h, - h,)) + 2My(499 - 16M'y') cosh(M(h, - h,)) + 122M cosh(2 

M(h, - h,)) + 6Mycosh(3M(h, - Ii,)) -120sinh(2M(y - hi)) - 9sinh(M('y - h, 

-3h,)) + 12sinh(M(2y + h, - 3h,)) + 48sinh(2M(y - h,)) + 18sinh(M(4y - 3h, 

-h,)) + 36sinh(M(2y - h, - h,)) + 9sinh(2M(2y - h, - h,)) + (1'53 - 600M' 

y') sinh(M(h, - h,)) + (157 - 72M'y') sinh(2M(h, - h,)) + S sinh(3M(h, - h,)) 

-24sinh(M(2y - 3h l + h2» + 2Mh2(56cosh{2.M(hl - h2) + 3cosh(3M(hl - hz» 

-2(1 - 24M'y' -12cosh(2M(y - hi)) + 12oosh(M(2y - h, - h,)) +SM'h,(2y 

+h,)) + cosh(M(h, - h,))(435 - 48M'.' + SM'h,(5y - h,))))£lL.f), 
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5.3 Discussion 

The main aim of this section is to study the behaviour of involved key parameters on pressure 

rise per wavelength (ApA). Therefore we have prepared Figures 5.1 - 5.5. The variation of 

Hartman number (M) on 6.PA is displayed in Figure 5.1. Here pumping rate increases with the 

decrease of M. In Figure 5.2, we have discussed the effects of phase difference (¢). It is noticed 

that in both pumping (.6.PA > 0) and free pumping (Ap.A = 0) regions, the pwnping decreases 

with an increase of ¢. However in copumping region (ApA < 0) this situation is quite opposite. 

The pumping increases for large values of ¢. It is also revealed that pumping rate increases 

with the decrease of ¢. As we can see (rom the Figmes 5.3 and 5.4 that pumping rate increases 

by decreasing the wave ampl itudes a and b. To observe the effects of chan nel width don 6.PA 

we have presented Figure 5.5. It shows that pumping decreases when d increases in pumping 

and free pumping regions. A quite reverse situation is observed in the copumping region where 

6.PA increases by increasing the channel width. 

Figures 5.6 - 5.11 describe tbe influence of Hartman number (AI), phase difference (tP) and 

volwne flow rate (0) on the axial induced magnetic field and the current density distribution. 

In Figures 5.6 - 5.8, it is focused that an axial induced magnetic field h:z; decreases when M, tP 

and 8 are increased. Moreover h:z; is not symmetric about the origin because the pbase difference 

is taken into account. The axial induced magnetic field is in one direction in some part of the 

region whereas in the other part it is in opposite directiOll . The current density distribution with 

y can be seen in the Figures 5.9 - 5.1L Figure 5.9 depicts that the current density distribution 

increases near the channel walls when M increases and decreases near the centre of tbe channel. 

In Figure 5.10, we found that Jz decreases with an increase of ¢ whereas in the other region, 

the behaviour is re\'erse. In Figure 5.11, it is found (contrary to Figure 5.9) that the current 

density distribution is an increasing function of volume flow rate 8. 

Figures 5.12 - 5.14 are for the trapping. Figures 5.12(a,b) show the streamlines for M. 

These depicts that size of the trapped bolus decreases with an increase in Hartman number 

M when ¢ = i. Figures 5.13(a, b) provide the effects of volume flow rate on trapping. The 

volume flow rate always effects the trapping process. These figures clearly indicate tbat the size 

of bolus increases for large values of O. Figures 5.14(a, b) compare the trapping phenomenon 

between sy mmetric and asymmetric channels. This figure shows that the size of the trapped 
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bolus increases by increasing phase difference 4; . It is also observed that trapped bolus moves 

towards left when large values of 4; are taken into account. 

Figures 5.15(a, b, c) show the variation of velocity (u) versus y for the different parameters. 

The effect of M on the longitudinal velocity (u) at cross section x = 0.25 is depicted in Figme 

5.1 5a. Here an increase in Iv! causes a decrease in the magnit ude of u at the boundaries and 

at the center of the channel. Clearly u increases when there is an increase in },I!. In Figure 

5.15b, the effect of 8 on u is captured. It is noticed that with all increase in 8, the velocity 

increases. Figure 5.15c is just displayed to see the variation of u for the different values of 4;. It 

is observed that u increases when ¢ decreases and such behaviour is quite opposite in the other 

region. In Figures 5.16(a, b, c, d), we have plotted the temperature distribution (B') versus y for 

the different values of parameters . In Figures 5.16(a, b), f)' increases for large values of Br and 

for small values of M. Similarly f)' increases with an increase ill () (Figure 5.16c). Figure 5.16d 

indicates that in the present situation We has no effect on ()'. It is noted from Figure 5. 16 that 

the shape of temperature profile is almost parabolic . 
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C hapter 6 

Peristaltic motion of a Carreau fluid 

in an asymmetric channel with 

partial slip and heat transfer 

characteristics 

The simultaneous effects of heat transfer and partial slip on the peristaltic motion in an asym

metric channel are studied in this chapter. Mathematical formulation is based upon the con

stitutive equations of a Carreau fluid. Slip condition in terms of shear stress is considered. 

The solution to the resulting problem is presented by employing long wavelength approxima

t ion. Results of stream fu nction, pressure gradient and temperatmc are developed. P umping, 

trapping and frictional forces are discussed in detail. 

6.1 Mathematical formulation 

We note that the physical model of the present problem is similar to that of the previous 

chapter . We consider the present flow situation for a hydrodynamic incompressible fluid in an 

asymmetric channel. The flow analysis is taken by t.aking slip effects on the walls of channel. 
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The governing two dimensional equations in usual notations can be put into the forms 

p ('/1,' ~ + v'~) '/1,' __ Bp' _ BS~,;z;' _ BS~'II' 
ax' By' - ax' 8x' ay' 1 

p ('/1,' ~ + v'~) v' = _ ap' _ as~'1I' _ 8S~'Ii. 
ax' ay' 8y' 8x' 8y' 

By performing the transformations 

211"x' 
X ~ -),-, 

y' 
y = d,' 

u' '/1,= -, , 
S=d1S' } h', 

j.J.c > L, = d} , 
h' 

h2 = d:' 

b- az ()'_ T-To 
- d, > - T, - To' 

a" v = -0- Br = E P r, ax' 

Pr = pvCp , , 

Re = pca, 
~ 

a, 
a = d

1
' 

(6.1) 

(6 .2) 

(6.3) 

(6.4) 

with the stream function W (x, y), we find that Eq. (6.1 ) is identically satisfied and Eqs. (6.2) 

and (6.3) can be written as 

;Re [(a" ~ _ a'l!~) a'l!] __ 8p _ ;asn _ as" 
8y8x 8x8y ay - ax ax ay ' 

(6.5) 

(6.6) 

(6.7) 

where for the convenience of readers we present 
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s .. ~ 
[ n-l '1. 2] 82

1]/ 
-2 l+~We"t azOy' (6.8) 

Sz, ~ [ n- I '.'] (B'W ,B'W) - 1 + -2-We ..., 8y2 - 0: 8x2 ' (6.9) 

S .. ~ [ n- l 2.2] a2
iJ! 

26 1 + -2-We "f az8y' (6.10) 

1 ~ [ ,(B2W)' (B2W _ ,B'W)' '(~)r 
26 azOy + 8y2 0: 8x2 + 26 azOy (6.11) 

in which W e is the Weissenberg number, Br the Bri nkman number, Pr the Prandtl number, Ec 

the Eckert number, Re the Reynolds number and 6 the wave number. Under the assumptions 

of long wavelength and low Reynolds number, the Eqs . (6.5)-(6.7) after using Eq. (6.9) become 

Bp ~!... [{I (n-I)W' (B2W)'} B'W] 
8xay + 2 c ay2 By'l' 

Bp ~ o 
By , 

~:, +B, [{I + (n; l)lI',' (~:;) '} (~:~) '] ~ 0, 

where Eq. (6.13) shows that p =F p{y) and hence p = p(z). 

From Eqs. (6.13) nnd (6.14), we get 

B'o [{I + (n-I)W,2 (B'<j))'} B''l)] ~ o. 
8y- 2 8y2 ay2 

The slip boundary conditions in the laboratory frame can be defined as 

U(X , HJ,f) 

U(X , H"f) 

The dimensionless boundary conditions are 

x-
= --SXl" 

" x-
~ -SXV 

" 
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F 8W {«!''it) (n-I) (B2'it)'} W="2' ay =-fJ 8y2 + 2 lVe
2 

By2 -l,U=Oaty=ht. 

F B'Jt {(B2'it) (n- I ) 2 (B2'it)'} 
it = -'2' ay = f3 ay2 + 2 We By'! - 1, (/ = 1 at y = h2 , (6.17) 

hI = 1 + a cos 27rx, 

1t2 = -d - beas (21rx + 4», 

where (3 = (t) is the dimensionless slip parameter, L is dimensional slip parameLer and hI 

and h2 are the dimensional form of the peristaltic walls. The dimensionless mean Bow rates in 

laboratory (9) and wave (F) fTames are 

(6.18) 

(6.19) 

and dimensionless pressure rise per wavelength is 

(2. (dP) 
!:::.P>. = io dx dx. (6.20) 

6.2 Perturbation solutio n 

Now we seek the perturbation solution. For that one has 

'it ~ 1J.10 + We'l'lll + 0 (We4) , (6.21) 

F ~ Fo+ Wo'F, +0 (\Vo') , (6.22) 

P ~ 110+ We'lPI +0 (W e4) , (6 .23) 

B ~ 80 + We'l81 + 0 (We4
). (6.24) 
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Making use of the above equations into Egs. (6.12)-(6.15) and (6.17) and then equating the 

coefficients of IVe2 we obtaiII 

6.2.1 System of order Weo 

8
4
1l'0=0 

{jy4 ' 
(6.25) 

opo lP1l'o 
ox = {jy3 ' (6.26) 

apa ~ 0 ay , (6.27) 

8200 _ (OZ1l'0)2 
oy2 - Br 8yZ (6.28) 

"'0 
Fo 8\l10 821l'0 

00 = 0 y ~ hItx} , ~ 

2' -~-/3--1 on ay By2 
'1>0 

Fo 81110 821l'0 
8'0 = 1 y~h2(x). ~ -2"' - ~+/3---1 on 

8y 8y2 
(6.29) 

6.2.2 System of order We2 

a'w, (~) ~ [( B2Wo)3] ~ 0 
By4 + 2 8y2 8y2 ' 

(6.30) 

ap, ~ B3'11, + (~) ~ [(a2WO)3] 
ox 8 y 3 2 8y 8y2 ' 

(6.31) 

BPI = 0 By , (6 .32) 

a20; ~B,. {( B2W,)2 + (~) [B2WO]'} 
8y2 8y2 2 8y2 

(6.33) 
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6.2.3 Solution for system of order Weo 

Solving Eq. (6.25H6.2B) and then using the boundary conditions (6.29) we have 

~O = 
1 , , 

(2(1.1 h,)'L6 (-«2y - hI - h,)(2(y - hl)(y - 1.,)(1.1 - h,) + Fo(2y - hI 

-2hl (y + 3iJ - 21.,) - h,(2y - 6iJ + h,))))), (6.35) 

d]JO 1 
dx ~ «2(1.1 _ h,)'Lo (3(4Fo + 4(1.1 - I.,))), (6.36) 

110 ~ (2(1.1 1 h,)'L6 «y - hJ)(BrFJ(y - h,)(2y' - 2yhl + 1.1- 2yh, + I.!) + 12BrFo 

(y - h2)(hl - h2)(2y2 - 2yht + hi - 2yh2 + h~) + (hi - hz)2{12Bry3 + hi (- 12Br 

y2 + 36,8Z + hi (6Bry + 12,8 + hi» - 3(BBry2 + 12,82 + hi (-4Bry + 8(3 + (1 + 2 

Br)hl))h, + 3(6Bry + 4iJ + hJ)h! - (I + 6Br)h!))) . (6.37) 

6.2.4 Solution for system of order W ez 

By using the zeroth-order solution (6.35) and (6. 37) into tbe first order system and then solving 

the resulting system nlong with the corresponding boundary conditions, we find that 

122 



1 .. , ' (2(h, _ 10,)' L: ((2y - h, - h,)( -216( -1+ n)r,(y - hll(y - 10,)( -6y Il + h, (-y(y - 6 

il) + (y + 2/i)hll + (y(y + 6iJ) - h, (1o/i + hll)h, + (-y + 21l + h,)h1) + 648( -I + n)FJ 

(-y + h, )(y - h,)(h, - h,)( -6y'/i + h, (-V(V - 6/i) + (y + 2P)hll + (v(y + 61l) - h, (10 

/i + hll)h, + (-y + 2jl + h,)h1) + 648( -1 + n)Fo( -y + h,)(y - h,)(h, - h,)'( -6y'p + 

10, (-y(y - G/l) + (y + 2P)hll + (y(y + 6P) - h, (lOP + hll)h, + (-y + 2/l + h,)h1) + (h, 

-h2)3(1296(- 1 + n)y4f3 + 5Flh~ + 10Flh~(y + 12.8 - 4hz) - 5F1h1(2y2 - I8y fJ -10 

8/l') + 6(y + 26/l)h, - 23hj) + 1.,(216(- 1 + n)v( -y'(y + 12/l) + 2Y(V + 2/l)h,(y - 2P) 

I.]) + 5F, (6/l- h,)3(2y' - h,(2y - 6P + h,))) + 4hl(54( - I + n)(y - h,)(y + 2/l- h,) 

+5F, (9P( -y' + 6y/l + 24iJ') + h,(2(y' - 9y/l- 135/l') + (y + 87/l- 81.'») + 2h, (10 

8( - 1 + n)(y3(y - 12iJ) + 28y'ph, - y(3y + 14P)I'] + 2(y - P)I~) - 5F, (-6/l + h,)'(6y' 

P + 1.,( -4(y' - 9P') + h,(3y - 30p + 4h,)))) + hi( - 216( - I + n)(y - h,)(2y(y - 2/i) -

h,(y - 1O/i + h,)) + 5F, (6/l- h,)(36P)( -y' + 2y/i + 6/l') - h,( - 12(.' - 2y/i - 39/i') 

+h,(4y - 210/i + 23h,))))))), 

dp, 
~ 

d. \,,)6 L! [648(-1 + n)(2y - h, - h,),(Fo + I., - h,)3] , 

~ = - 17S{h} ~ h2)l2 L~ (Br(n - l)(y - ht(y - h2)(F + hI - h2}4(L32 + L35 

+ 777600F2(n _ 1)y6,82 + 12BrFl(Y - hz)(h1 - h2){2y2 - 2yhl +h~ 

-2yh2 + h~) + 2(L31 + L33}hi + 4hr L39 + 105hF - 420hP(y - 6{3 + 2 

hz) + 2h}0 L34 + h~ L12 - sltT L16 - 8h~L17 + h1L18 + 4hl (L3664800F(n 

-1)y'P(F(y - 9/l) + 6y.8) - 216o(n - I)L37 - 216.'((n - I)(F - lOy)y' 

(31F + lOy) + L38 - 4(27 F'(n - I) + L,,)I.j + 4(81F(n - 1)+ 490y3 + 

8190y'P- 27y( -23 + 23n - 9JOP') + 810P( - 2 + 2n + 3S/i') 
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Perturbation solutions up to second order for W, dp/dx and 0' may be composed as 

I 
10(h, h,)'(6)1 + h, h,)' «2y - h, - h,)( - IO(y - h, )(v - h,)(h, - h,J' 

+(6fi + h, - h,)3 + W e'(-216F3(-1 +n)(y - h,)(y - h,)(-6V'fi + h,(-y(y - 6fi) 

+(y + 2fi)hd + (y(y + 6)1) - h, (IOfi + hdh, + (-y + 2fi + h,)h1) + 648F'( - I + n) 

(-y + hd(y - h,)(h, - h,)( -6y'fi + h, (-V(V - 6fi) + (y + 2fi)h,) + (Y(V + 6fi) - h, 

(lOfi + h,))h, + (-V + 2fi + h,)"1) + 648F( -I + n)( -y + h,)(V - h,)(h, - h,)' 

(-6y'fi + h, (-y(y - 6)1) + (y + 2fi)h,) + (y(y(y + 6/3) - h, (10)1 + h,))h, + (-V + 2fi 

+h,)h1) + (h, - h,)3(1296(-1 +n)v'fi +216h;(-1 +n)(v - h,)(V + 2fi - h,) 

+216( - I + n)yh,( -y'(y + 12)1) + 2y(y + 2fi)h, - (y - 2fi)h1 + 216( - I + n)yh, (y3 

(V -12fi) + 28V'fih, - y(3y + 14fi)h1 + (V - )1)h1) - 216(- 1 + n)h;(2y(y - 2fi) - h, 

(y - 10)1 - h,)))))), (6.41) 

dp I 
dx ~ 5(h, _ h,)'(6fi + h, _ h,)' (12(540F'( -1+ n)We'fi + (54F( -I + n)We'(F + 20fi) 

+(108(F( - I + n)IVe' + 5( -I + n)We' )1 + 10/33) + (54( - I + n)IVe' + 540fi' + 5(h, 

-h,)(18/3 + h, - h,))(h, - h,))(h, - h,))(h, - h,))(F + h, - h,)), (6.42) 
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where 

1 2 4 3 
(h h )l" «108B,(n - I)We (y - h.J(y - h,)(F + h, - h,) (L4' - 4h, (L" 

175 1 2 L6 

+216(n - I)y'( -300y'(y - 9fi)fi - IOFy(5y' - 180yfi + 552fi') + F'(75v' - 976yfi 

+1020fi')) + L44 + 2h1(L" + 2160(n - l )y'(120Fy(y - 9fi)fi + 180y'fi' + F'(5y' 

- 180yfi + 552fi')) + L" - 864y( - F(n - l )y(256y' + 2096yfi - 4620fi') - F'(n 

- I ) + 20y'(2Iy'(n - I - 10fi') - 2yfi(187 - 187n + 280fi')))h1- 72{3F'(n - I) 

+2y(980y3p + y2(98 1 ~ 98In + 7560.B2»)h~ + 6L22 + 1645h~0) + hf LI2 + 4320 

(n - 1)y4 hiL I3 + 432h~(4F(n - 1)y + L24 + 4y2 L14) + 4h~ LUi - 8hI L16 - 8h~ L17 

+ h1LlS - 48h~L21 - L29 - L30 - 12(9F2(n- l )L26 + 18FLs - 4(27F2{n- 1) 

+2(140y4 + 5040y'fi + 270yfi(17 - 17n) + 140fi')))h! + 4(SIF(n - I) + 490y'fi 

+810(-2 + 2n + 35~'))~ - 2(IOSn + S05y' + 67yfi + 54( -2 + 315P'))hl + 35(19 

(6 .43) 

L, _ 684(n - I )(F + h, - h1) 
- (h, - h,)8(6P + h, - h, )4' 

L, ~ (108F'{n - I)). L, ~ (324F'(n - I){h, - h,)) 

L4 ~ (324F'(n - I){h, - h,)'), L5 ~ (60Ph, + 7h;) , 

L, ~ (6P + h, + h,), L, ~ (60h, - 7h!) 

L, ~ (324F(n - I) (y - 2P)), L, ~ ({ - F' + 2Fy + 2y'), 

LIO ~ (F' + 2Fy + 4y' ), LII ~ (2B' F + 3B,y2 + ~), 

L" ~ (8(27 F'{n - I) - L, + 2{35y' - 16S0y'p + H05P'(4n - 4 + 21fi') + 135y' 

- 162y(P - n~ + 140~'))) - 16(S IF(n - I ) - 490y' + 8190y'p + 27y(-23 

+n - 910,82) + 81O,B( -2 + n + 35/32»hz + 12(-738 + 1435y2 - 9240y,8) h2 

+700{ 13y - 2IOP)~ + 17225h1), 
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L!3 ~ 

L" ~ 

L" ~ 

(ISOy'p' + 120FyP(y + 9P) + F'(5y' + 180yp + 552P'))), 

(15P'(n - I + 49P') + y'( -43 + n + 70P') + 2yP( - 113 + 113n + 280P'»), 

(108(-4F(n - l)y(47,' - 73yp - 30P') + F'(n - 1)(25y' + 6yp + 60P') 

+4y'(15P'(n - I + 49P') + y'( 43n - 43 + 70P') - 2yp - 2yP( -1I3n 

+113 + 280P'))) - 12(9F' - 18F(n - 1)(107y' - 334yP - 480P') + lOy 

(196y3p + 9yP(169 - 169n + 700P'»)h, + 8(243F'(n - I ) + y'(3267( 1 

- n) + 49140,8'))h! - S(1053F - Sly(23(n - I) + 140P') + 135p(79n(n 

-I) + 560P'))h! + 490(y - 186P)hl + 7595hg), 

L16 ~ (6(27 F'(n - I) (y - 2M - 18F(n - 1)(25y' + 6yP + 60P') + 2y( -140v' 

-9yP( -73(1 - n) + 9S0P'») + 2(27F'(n - I) + 2(140", - 5040y3/1 

-27.' - 270y/1(17(I- n) + 140/1')))h, -12(-261 -1120yp + 9450/1' 

+245y2)h~ + 3290h~), 

Ll7 (180y(F'(n -1)(47y' - 73y/1 - 30P') - 4F(n -1)y(43y' - 226y/1 + 15 

P') + y'(75(n - I)y' + 60P'(17n - 17 + 28/1') - 16y/1(16n - 16n + 35 

/1'))) - IOS(2F'(n - 1)(33y' - 82y/1 - 105/1') - 4Fy'( -ISOp'(16n 

- 16 + 21/1') + 8yj3(149 - 149n + 560P'»)h, + IS(3F' - 2y(9S0",P 

+27yP(83 - 83n + 420P')))h! + 2(567F'(n - I) - 2y(9S0y3p + 27y 

j3(83 - 83n + 420j3'»)h! + 189P(49 - 49n + 590P'»hl + 42(35y' 

+72n -72) }~ + 3290hD, 
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Ll8 ~ (864y'(2F'(n - 1)(43y' - 226yp + 15P') - 2F(n - l)y(75y' - 976yp 

+ 1020.3') + 5y'(5(n - I)y' - 180(n - l)y/1 + 24P'( -23 + 23n + 7P' 

+u/1))) + 864y( - 2F + 5y'( 45( n - I )y' + 36P'(33 - 33n + 28P') - 4 

yP( - 19 + 19n + 140P')))h, - 432( -4F(n - I )y - 20y'(2Iy'(n - I - 10 

P') - 9P'(19(n - I ) + 21P') + 2yP(187 - 187n + 280/1')))~ + 48(63 

F'(n - 1)( l1y - 18/1) - lOy(980y'p + 9y'(53n - 53 - 280P') + 9yp 

(-499 + 499n + 140/1'))) + 1O(245y' + 1701/1' (4 - 4n + 11/1') + 27 

y'(6ln - 61 + 70/1')))I>l- 32(756F(n - I) + 189/1(-49 + 49n + 590 

P'))hj + 24( -1206 + 735y' + 62370P')hl - 280(23y + 954/1)1<1 

+17255h!), 

L" ~ 48(27F'(n - 1)(25y' - 6yp + 60P') + 2y(140y'P + 270P'(1 - n + 21 

P') + 9y'(47n - 47 + 280P' ) + 9yp(73n - 73 + 980P')))hl + 8(27F' 

(n - I) + 405/1'(4n - 4 + 21P') + 135y'(5n - 5 + 98/1' ) + 162y(p(n 

- I + 140P'))))h! - 16(27F(n - I) + 70y' + 14070y'P + 8ly(n - I 

+70.B2»h~ + 2h:o (2( -54 + 54n + 245y2 - 2520y,8 + 5670,82) + 1645 

h1) + 4hi( 4(27 F(n - I) - 70y' + I 470y'/1 + 162/1(" - I + 35/1') - 81 

y(n - 1 + 70/1')) - 35( 49y - 438/1)h1- 2170h!), 
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c). 

u,o ~ '8(27F'(n - 1)(" + 2P) + 18F(n - 1)(25"' - 6yII+ GOP') + 2y(140"' 

p + 2708'(1 - n + 21P') + 9yP(-73 + 73n + 980P')))hi + 8(27F'(n 

-1) + 2(34"' + I 680y'p + 405P'(4n - 4 + 21P') + 135y'( -5 + 5n 

+9BP' + 162y(P - np + 140P')))h1 - 16(27 F(n - I) + 81"(n - 1+70 

P'))h! + 2hlO(2( -54 + 54n + 245y' - 2520yP + 5670P') + 70( - 126,6 

+l9y)/" + 1645h1) + 4hl('(27F(n - I ) - 70y' - 8l y(n - 1 + 70P')) 

- 2(108n - 6720yp + 54(-2 + 315P'))h, - 35( ' 9y - '38P)h1- 2170 

h~), 

L,. ~ (27F' (n - I )(y + 2P) + 18F(n - 1)(25y' - 6yp + 60P') + 2y( I'Oy'p 

+270P'(1 - n + 21 P') + 9y'(.7n -'7 + 280P') + 9YP(- 73 + 73n + 

9BOP'))), 

u" ~ (2160(n - l )y'(120Fy'p + 180v'P' + F'(5v' - 798P'))",), 

L" ~ (6'8(n - l)y'(300",P(y + 3P) + F'(25y' - 52'yP - 2660P') + IOFy 

(5y' + 60yP - 3.8P'))h1), 

Lu ~ 2I6y'(.F(n - l)y(75y' - 298yp - 3.80P') - F'(n - 1)(31y' + 2096 

yp + 2940P') + 20y'(5(n -I)y' + 90(n -I)yp + 3P'(.1 - 'In + 56 

P')))"~' 

L" ~ (216(2F'(n - 1)(33y' + 82y8 - 105P') + 'F(n - l)y(3Iy' + 459yp 

+120P') - y'( IBOP'(l6 - 16n + 21P') + 3y'( -'7 + .7n + 280P') 

+8yP(149 + 560P')))), 

Lw ~ ('(27 F'(n - I ) - IOBF(n - 1)( 13y - 27P) + 2(140y' + 5040y'p - 27 

y'( -41 + 41n + 1120P') + 2430P'(-3 + 3n + 78') + 270y8(17 - 17n 

+1.0P')))h;), 
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'" 

£27 ~ 

L" ~ 

L29 ~ 

(2160(n - l)y'(120Fy'~ + 180y'~' + F'(5y' - 798~'»h,), 

(216y(2F(n - l)y(55y' - 1644y~ - 2910~') - F'(n - 1)(109y' + 991 

y~ + 21O~') + 5y'(45 + 4y~( -19 + 19n + 140~'»)hl), 

(16(513F(n - 1) + 5(140y' + 1764y'~ - 27y(n - I - 140~') + 27~ 

(-41 + 41n + 280~'»)hl), 

L,o ~ (72(3F'(n - 1)( 45y + 308~) - 18F(n - 1)(45y' - 278y~ - 560~') + 2 

y(980y'~ + 270fJ'(23n - 23 + 7~') + 27y~(83 - 83n + 420~') + y'(91 

-981n + 7560~')))hl), 

L31 ~ 1296(n - l)y'( - 300/(y - 3~)~ + F'(25y' + 524y~ - 2660~') + 10Fy 

(-5y' + 60y~ + 384fJ'))h,(2592y'«n - l)y'(-39F' + 25v') - 1048F 

(n - I)y'~ + 60(n -1)(2IF' - 29y')~' + 840y'~') + h,(864y«n -I) 

y2(78F2 _ 75yZ) - 2800y3,83 -1680yz,84) + hz(216(F2 + 20y2(-374(n 

+ I)y~ - 2ly'(n - I - IO~))) + h,(72(18F(n - I) + 2y( -980y'~ + 9y' 

(109(n - I ) - 840~') - 27y~(83 - 83n + 420~'») + h,(16(243F' + y' 

(-3267 + 49140~')) + h,( -16(513F(n - I) + 5(140y' - 27y(n - I - 14 

~')27~(4In - 41 + 280~'»)) + h,(6( - 738 + 35(41y' + 990~'» + 35h, 

(-98y + 47h,»))))))), 
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L" ~ h,(-259200F(n - 1)y'P(6yP + F(y + 9P)) + h,( -864(n - 1)y3(3OOy'p 

(y + 9P) + lOFy(5y' + 180yP + 552/1') + F'(75y' + 976yp + 1020P')) 

10, + 864y'«n - l )y'L, + 4(n - 1)yL, + L3 + 840y>p')hl- 864y3«n 

_1),'(47 F' + 172Fy + 75y') + L,)hj + S(27 F'(n - I ) + 324F(n - 1) 

(" + 2/1) + 2(35"' + 16S0y'p + 405P'( -4 + 4n + 21/1') + L,))h! + L7 

-420(y + 6P) h! + 105hl' + 4320(n - l)y'L13 - 432hl(F(n - 1)(y'(25 

F + ISSy) - 2(3F - 146")y/l + 60(F - 2y)/I') + 4y'L,,) - 48h!L2I))), 

L33 ~ (2160(n - 1)y' (120F"(y - 9P)P + 180y'p' + F'(5y' - 180yP + 552P' 

))), 

L" ~ (2( -54 + 54n + 35(7y' - 72yp + 162P')) + 35h,(38y - 252P + 47",)), 

L" ~ (10Fy(5y' - 180yP + 552P') + F'(75y' - 976yp + 1020P')), 

L" ~ (F'(n - 1)(78y' + 584yp - 1260P')), 

L37 ~ (120Fy'p + 180y'/I' + F'(5y' - 798P'))h, - 216y'«n - l)(F - lOy)"' 

(31F + lOy)), 

L" ~ S(n - l)Y( -262F' - 149F" + 225y' )/I - 60(n - 1)(49F' + 232Fy + 41"') 

f32 + 3360y2.B4) h~ , 

L39 ~ (54y'(4 1 - 41n - 1120P') + 4860P'( -3 + 3n + 7P') + 540yP(17 - 17n 

+140P')), 
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, 
,( , 

L" ~ ((I ~1 )'L,((y-hl)(12BrF'y3 +hl(-12BrF(F-2y)y'+hl(6Bry(F' 
lj ~ .2 6 

-4Fy + 2y') + h l (12Br + hI (6Bry + 12fi + hIll)) + 2(3Bry(F' - 4Fy + 2 

Y') + 1'1 (12Br(F - y)y + hI (6Bry + 12fi + hIl))) + 2(3Bry(3F' + 8Fy + 2 

l) + hI (6Bry(F + 3y) + 54fi' + 6(B"F + 6fi)hl + (5 + 6Br)h;))h1- (1 + 6 

fi)hl- h,(24Br Fy'(F + y) + hI (hI (6Br F(F - 2y) + 108fi' + 12(Br + 4fi)hl 

+h;))) + 6L11 )), 

L.I ~ ((( -300y'(y - 9fi)fi - L35 + 216y'( -4F(n - l )y(75y' + 289yfi) + 20y'(5y' 

+3fi'(41 - 41n + 56fi')))h, + 432y(F(n - 1) + (265y' - 2096fi')) + 432 

y'(77F' - 5(y'( -53 + 53" - 2S0fi') + 84fi'(11 - 11n + fi')))hl), 

L" ~ (16(513F(n - 1) + 5(140y3 + 1764y'fi - 27y( - 1 + n - 140fi') + 27fi(-41 

+41n + 280P')))), 

L" (16(243F'(n - 1)+ 490y' + 11760y3fi + 810fi'(-36 + 36n + 49fi') 

(3267 - 3267n + 49140,B2))h~ - L42h~))> 

L" ~ 4(567 F' + 2(980y' + 54yfi( -499 + 499n + 140fi') + 135y'( -17 + 17n 

+244P')))hl, 

L" ~ 1296(n - l )y3( -300y' + 10Fy(-5y' + 60yfi + 384fi'))h, + 2592y'(-1048 

F(n - l)y' fi - 3F'(n - 1)(13y' - 420fi') + 5y'(5(n - l)y' + 12fi'( 29 - 29 

n + 14fi')))hj. 
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6.3 Discussion 

The main concern in this section is to study the phenomena of pumping, trapping and frictional 

forces. First the pumping characteristic against pressure rise per wavelength ~p>. is discussed. 

~p), is denoted by pO at zero volume flow rate (8) . Vi'hen ~P), > Po, then we have negative flux. 

The regions ~P>. = 0, !:::..P>. > 0 and !:::..P>. < 0 correspond to free pumping, peristaltic pumping 

and copumping regions respectively. For the analysis of pumping phenomenon, numerical inte

gration is performed and results are plotted . The effects of slip parameter ({3) on !:::..P>. is shown 

ill Figure 6.1. This figure concludes that peristaltic pumping rate increases by increasing {3 and 

¢. The results of no-slip condition can be deduced when {3 = O. 

Our next interest is to examine the trapping phenomenon. In the wave frame, the stream

lines are plotted for an asymmetric channel. To see the effects of physical parameters of interest, 

we have shown the Figures 6.2 and 6.3. Figures 6.2 (a,b) describe the variations of slip para

meter fj on trapping. This Fig. indicates that with an increase in {3, the upper bolus is going 

to expand and the lower oue is going to squeeze. The dimensionless Bow rate 8 is displayed ill 

Figures 6.3 (a, b). Here size of the upper bolus increases and of the lower bolus decreases when 

8 is increased. 

Temperature (8') for different Brinkman number (Br), phase difference (¢) and volume 

flow rate (8) is sketched in the Figures (6.4-6.6). Figure 6.4 depicts the effects of Br on 

temperature. In th is figure, temperature increases when BT increases. The temperature profile 

is almost parabolic. Figure 6.5 describes the influence of ¢ on temperature. Clearly temperature 

decreases when ¢ increases. It is noted that temperat.ure increases much in symmetric channel. 

T he effects of 0 on temperature (8') is displayed in Figure 6.6. Clearly temperature increases 

with nn increase in fJ and temperature profile looks parabolic. 

Figures 6.7 and 6.8 explain the frictional forces F>. for various values of slip parameter {3 at 

the channel walls. The frictional forces versus mean flow rate 8 at the upper wall of the channel 

can be presented in Figure 6.7. In this figure , there is critical value of 8 (0 < 8 < 0.5) for 

which F), resists the flow along the channel wall. Above (below) this critical point F>. decreases 

(increases) for large values of p. Figure 6.8 is plotted for the variation of /3 on the lower wall of 

the channel and its behaviour is quite similar to that in Figure 6.7. 
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Figure 6.1: Plot showing Ap>. versus flow rate n, Here n = 0.398, W e = 0.01, ¢ = i, 
a = b = 0.4 and d = 1.1. 
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Figure 6.2a: Streamlines for {3 = 0.03. The other parameters are n = 0.398) W e = 0.03, 

(} = 1.5, 1/>= i, a = b =0.4 and d= 1.1. 
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Figure 6.2h: St reamlines for f3 = 0.05. The other parameters are n = 0.398, We = 0.03, 

0= 1.5, ¢= i, a = b = OA and d= 1.1. 
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Figure 6 .3a: Streamlines for (J = 1. The other parameters are n = 0.398, W e = 0.03, f3 = 0.03, 

¢= i, a= b=OA and d= 1.1. 
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Figure 6.3h: Streamlines for () = 2. The other parameters are n = 0.398, We = 0.03, {3 = 0.03 , 

<P = i, a = b = 0.4 and d = 1.1. 
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Figme 6.4: Temperature distribution versus y for different values of Br. Here 

n = 0.398, We = 0.01, a = 0.6, b = 0.3, d = 1.1, B = 2, ¢ = 0.6, and x = 0.1. 
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Figure 6.5: Temperature distribution versus y for different values of ifJ. Here n = 0.398, 

We = 0.01, a = 0.6, b = 0.3, d = 1.1 , (J = 2, Br = 0.2 , and x = 0.1. 

" - ~ CD / "- . --- .. , - - - - "- - - - '.1 - , - "- - - , .. , '-, , '- "-.. , 
'-, "-, '-, 

'- '-, , '-
't:;, 0.' , 

'- " , , 
'-, , , 

,\ .. , , , 
, ' \ , , 

" 
, 

, '\ , 
-, ~, •• y 

Figw'e 6.6: Temperature d istribution versus y for different values of B. I·Jere n = 0.398, 

We = 0.01 , a = 0.6 , b = 0.3, d = 1.1, ¢ = 0.6, B7' = 0.2, and x = 0.1. 
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Figure 6.7: Effect of /3 on variation of F>. with () at the upper wall of the channel. Here 

n = 0.398, We = 0.01, a = 0.7, b = 1.2, d= 2, and ¢ = 32,,". 

u:.' 

0.5 

o 

-0.5 

-, 
- 1.5 

,8 '" 0.1 
fJ = 0.3 
,8 = 0.5 

= 0.7 

-2~--------____________________ ~ 
-, -0.5 0 0.5 

e 

Figure 6.8: Effect of {3 on variation of F>. with () at the lower wall of the channel. Here 

n =0.398, We=O.Ol , a=O.7, b = 1.2, d= 2, and ¢= 3;. 
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Chapter 7 

Peristaltic flow of a second order 

fluid in the presence of an induced 

magnetic field 

This chapter studies the effect of an induced magnetic field on peristaltic flow of an incom

pressible conducting second order fluid in a symmetric and planar channel. The flow analysis 

is discussed by taking into account the small wave number. The series solutions have been 

established for the pressure gradient, stream function , magnetic force function, axial induced 

magnetic field and current distribution across the channel. The effects of important parameters 

on the pressure rise per wavelength have been investiga ted by means of numerical integration. 

' Ve further study the effect of embedded flow parameters on the magnetic force function, the 

axial induced magnetic field and the current distribution across the channel. The phenomena 

of trapping and pumping are also examined. 

7.1 Basic equa tions 

We consider t he magnetohydrodynarnic flow of an incompressible second order fluid in a two 

dimensional channel of uniform thickness. \ 'Ve assume that the sinusoidal waves are t ravelling 

down its wall. A wave of small amplitude b propagates along its walls with constant speed c. 
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Ils instantaneous height at any axial station X is 

, _ (X' -ct') Y -H A . (7.1 ) 

It is further noticed that flow in laboratory (X', V') and wave (x', 11) frames are treated unsteady 

and steady, respectively. The transformations between the b,·o frames are 

x'=X'-ct', y'=Y', 

u'(x',y')=U'-c, v' (x',y') = V', (7.2) 

in which (U', VI) and (u', Vi) are the respective velocities in the laboratory and wave frames. 

The system is stressed by an external transverse uniform magnetic field of strength H~ 

which gives rise to an induced magnetic field If' (h~I(X', y', t'). h~, (X', y', t'), 0) and the 

. . '+(' ( , ") , '(" ') total magnetic field therefore IS H hx' X , Y , t , Ho + h~" X , Y , t , 0). 

walls of the channel are non conductive. 

The Cauchy stress tensor (T ) in second order fluid is 

with the Rivliu-Ericksen tensors in the forms 

AI ~ (g<ad V ) + (g<ad V )T, 

- dAl - - - 'fA 
A2 = ill + Aj (grad V) + (grad V) A j _ 

The fundamental equations of magnetohydrodynamic fluid are: 

(i) Maxv.'Cll's equations 

'V . H' = 0, 'V. E' = 0, 

, , , {' (' '+)} V A H = J , J = (J E + lIe V A Ii , 
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Moreover, the 

(7.3) 

(7.4) 

(7.5) 

(7.6) 

(7.7) 

(7.8) 



(ii) The continuity equation 

(7.9) 

(iii) The equation of motion is 

(7.10) 

where p' is the fluid pressure, p the fluid density, r- the coefficient of viscosity, 0'1 and 02 are 

the material constants, J ' the current density, fLe the magnetic permeability, a the electrical 

conductivity, T' an extra stress tensor, E' an electric field and the velocity VI is given by 

- (' , ) Y' = u,v,O . 

From equations (7.6)-{7.8), we obtain the following induction equation 

where <" = _1- indicates t.he magnetic diffusivity . . '. 
En view of the following dimensionless variables 

2"x' a' v' 21Tt!C y' 2rra2rJ 
x ~ - >.-, Y=-, u=-, v= -, t ~ ->.-, p= CAlL ' 0 c c 

ar' h' q/ <11' 0 Re=pca, r~-, h=-, III =~, <II = --, Ii = >:, 
~c a Hoa i' 

aw 8'1! 8il' 
Rm = O"J-Ieac, S - Ho f¥ 

t - c \ p' w~ - , 

c 1/= ay' v=-o-
8x' 

M 
It" = - 0 ax' 

A2 = 0'2C 

"' 

Re P S2 -}.12 'I.ffi l - , 

equations (7.3)-(7.10) admit the following forms 
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( '")' 1 IL£ H 
Pm=P+2- Reo 2 ' pc 

(7.11) 

(7.12) 

(7.13) 



(7.14) 

(7.15) 

(7.16) 

where IS is the wave number and 

> 
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Eliminating the pressure from equations (7.14) and (7.15), we have 

Re6 { (\J!y :x - \liz ~) \72\J! } = V
4

\J! + >'16 { (\J!y :x - Wx :y) \7
4

((1 } 

+ Re 516 { (<PI! :x -¢z ~) \72~) } + Re S;\72iJ.!y, (7.17) 

where 

(7.18) 

In a wave frame, the dimensionless boundary conditions and pressure rise per wavelength 6.p>, 

.,.e 

'l! = 0, 

IlJ = F, 

82 iIJ 81l) 
8y2 = 0, By = 0 at y = 0, 

a'll 
-=-1 {/ =o aty~h 8y' , 

6.PA = fo2~ (~:) dx. 

(7 .19) 

(7.20) 

The dimensionless mean flows in the laboratory (O) and wave (F) frames are related by the 

following expressions 

in which 

0= F+ 1, 

rh 8((1 
F= 10 aydy , 

h(x)=l+ ¢sin211"X, 

and ¢(= bja) is the amplitude ratio. 
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(7.22) 

(7.23) 



> 

7.2 Perturbation solution 

In order to proceed for the series solutions, we express the flow quantities in terms of small 

wave number as 

'I!~ 'l!o+o'l!,+O(o)', 

F ~ Fo + of, + 0 (0)', 

P~Po+Op.+O(o)', 

<I> = ol'O + 61ll, + 0 (&)2, 

(7.24) 

(7.25) 

(7.26) 

(7.27) 

Invoking equations (7.24)-(7.27) into equations (7.14).(7.16), (7.18) and (7.19) and then COffi-

paring the coefficients of like powers of 6, we get 

7.2 .1 Zeroth order system 

ffI'Ilo _ M282iI!o = 0 
8y4 8y2' 

8'<1>0 ~ R",(E _ 8'1!0) 
oy' oy , 

oPo ~ il''I!0 + M'(E _ 8'1!0) 
ax 8y3 8y , 

Ilio = 0, 

81110 =-1 
iJy , 

8Po ~ O 
8y , 

84.'0 
- = 0 at y = 0, 8y , 

1110 = Fo. 410 = 0, at y = h, 

where equation (7.31) shows that Po =F Po (Y)' 
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(7.29) 

(7.30) 

(7.31) 

(7.32) 



) 

7.2.2 First order system 

Re{(8'1'O~ _ 8'I<O~) 8''1'O} ~ 84
'1'1 +.\1 {(M'O~ _ 8'1'O~) 8''1'O} 

~fu fu~ ~ ~ ~fu fu~ ~ 

R S' {(8cI,O ~ _ 8PO~) 82
<1)0} R S2 83P1 

+e, 88888 2 +e I83 , yx xy y y 

(7.33) 

8ZPl = Rm {(8iIfo 8<Il o _ BiIfo B(>o) _ aiIfl} , 
By2 By ax a:1; ay ay 

(7 .34) 

~8:::f'+ } 
H2).1 + ).z)(a;:f)2 ' 

'11 1 = 0, 

811'1 
By = 0, 

7.2.3 Solution of zer oth order system 

8 <]'1 
8y = 0, at y = 0, 

(7.35) 

(7.36) 

(7.37) 

(7.38) 

From equations (7.28)-(7 .30) and (7 .32), we obtain stream funct ion (Wo), magnetic force func

tion (<Do) and axial pressure gradient as 

(
FOM cosh(Mh) + sinh (Mk» ) ( (Fo + h) sin h (My) ) 

11'0 = Mhcosh (Mh) - sinh ()I1h) y - Mhcosh (Mh) sinh (Mh) , 
(7.39) 

1 
Wo = 2.M·(M"hcosh (.!I1h) sinh (Mh» «cIllO cosh (Mil) + 2(F + h) cosh (My) 

+M(h - y)(h + y)(1 + E) sinh (Mh) + <li20)Rm), (7.40) 

aPa = _ ((FOM3 cosh (Mh) +M2
Sillh(Mh») _1I12E) 

ax Mhcosh (AIh) - sinh (Mh) , 
(7.41) 

144 



<1>" ~ F(-2+ M'(h-y)(h+y) +h(-2+M'(-h'+y')E)), 

<1> 20 ~ o((2+M'(-h'+y'))co,h (Mh)- 2co,h (My))F, . 
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7.2.4 Solution of first order system 

Expressions of stream function (iii!), magnetic force function (elld and axial and transverse 

pressure gradients at this order are 

WI ~ 24~1 [(cosh (2M(h + V)) - sinh (2M(h + y)))(M'(1 + M)(I + hM)Ps(cosh (Mh) 

+ sinh (Mh)) + M'(I + M)(- I + hM)p,(cosh (4Mh) + sinh (4Mh)) + M'(I + M) 

Psy(cosh (2My) + sinh (2My)) - M'(1 + M)(I + 2h M)p, (cosh (M(h +.y)) + 

sinh (M(lt + V))) + (- 144p8 + 24FIM7 y + 6M2(p5 + 8h]J7 - 4pg - 8PrY) + 3M3 

2h{ps - 4p9) - 3psY + 8pgy) + 4hM5P3y(h2 - y2) + M 4y( 12h2p3 - 3ps - 4P3 

y') + 'SM(", + 3p8( -h + y)))(cosh (2M(h + V)) + sinh (2M(h + V))) + (-24FI 

M6 + 811.3 M4p8 + 6(8Mp7 - 24p8 + M2(p5 - 4pg»)(cosh (3M(h + V»~ + sinh 3 

M(h + y)))( -I +. M)M' (-I + hM)Ps(cosh (4M(h + V)) - sinh (4M(h + V))) + M 

(h'M'(-3M", + lip, + 3M", - lips) +. 2h'M' (p, - P8) - 6h'M(- 6p, + 2M 

('" - "') +6P8 + M'(PI +'1'9)) +y(51( -p4 +P8) +1 5M(", - '" - P,Y+P8Y) 

+M'(6PI +6P9 +y(3", - 3", - 2p4Y+ 2p,"))) +hMy(51(-p, +Ps) + 15M 

('" - '" - p,y +. PBY) + M'(6PI + 6P9 + V(3", - 3", - 2p4Y + 2p,y))))(oosh( 

M(2h + V)) + sinh (M(2h + V))) + (144Ps - 4SM(p, + 3p8(h - V)) + 24FIM'y 

-6l\12{ps - 8hP7 - 4pg + 8P7Y) + 3M3(2h(ps - 4p9) - 3psY + 8pgy) + 4hM5p3 

y(h' - y') + M'( - 12h'p,y + 3psY + 4pJY' ))(cosh (2M(2h + V)) + sinh(2M(2h 

+y») + 2(12F1M 6 - 4h3M 4p3 - 3M2ps - 24MP7 + 72PB + 12M2pg)(cosh(M 

(3h +. V)) + sinh (M(3h + V))) - (-I + M)M'p,y(cosh (2M(3h +. V)) + sinh(2M 

(3h + V))) - 6h'M'(2M(", + 1'7) - 6(P4 + p,) + M'(PI - 1'9) + M( -4S", + 51 

(-P. + P8)Y) + M'y( - 6pl +. 61'9 +. y(3", - 31'7 - 2P4V + 2p8Y) + M'( -Sp, + 3(S 

1'9 + 5y(", - 1'7 - p,v + P8Y» ) + hM(-144p, + M(4Sp, + 51(p4 - p,)y) + M'y( 

146 



> 

-6pI - 6P9 + Y( -3", + 3p, + 2p,y - 2psY)) + M'(8ps - 3(81'9 + 5y(", - 1'7-

p,y + p,y)))))(co,h (M(4h + y» + ,;nh IMI4h + y») - (-1 + M)M'( - j + 2hM)ps 

(co'h (M(5h +y» + ,;nh (M(51t + y))) - 3.'1(17(-p, + p,) + 5M(", - 2ltp, - 1'7 + 

2hp,) + 2M' (PI + h(", - p,) + h'( -P. + p,) + 1'9»y(co'h (.'1(h + 2y» + 5;oh(M 

(h + 2y») - (-1 + M)M'(1 + hM)p,(co,h (2M(h + 2y» +shih (2M(1t + 2y») + 

2M(~12hM(M2pl + 2MP2 - 6p4) + 4h3M3p4 + 33Mp7 + 6h2M2(MP7 - 4ps)-

93p, + 2M'(4ps - 91'9»y(cosh (M(3h + 2y» + s;nh (M(3h + 2y))) + 3M(5M", 

+lOltMp, + 5M1'7 + 10hMp, - 17(p, + p,) + 2M'(PI - h(", + 1'7 + h(p, + p,» 

-1'9))y(cosh (M(5h + 2y)) + 5;oh (M(5h + 2y))) + M'( 1 + M)( 1 + 2hM)p5(cosh( 

M(h + 3y)) + s;nh (M(h + 3y»)) - (h3M3( - 3Mp2 + llp4 + 3Mp7 - llpB) + 21t' 

M'(p4 - p8) - 144p8 - 6h'M'(-6p4 + 2M(p2 - p7) + 6pS + M'(pl + p9) + M 

(48p7 + 51(p4 + pB)y) + M 3Y(-6p1 + 6p9 + y(3p2 + 3p7 + 2(P4 + pB)y» + M' 

(8p5 - 3(8p9 + 5y(p2 + p7 + (p4 + p8))) + hM( -144pB + M(4Sp7 + 51(p4 + 

p8)y) + M 3y( -6p1 + 6p9 + y(3p2 + 3p7 + 2(p4 + p8)y» + M'(8p8 - 3(8p9 + 5 

y(p2 + p7 + (p4 + p8)y)))))(cosh (M(2h + 3y)) + 5;nh (M(2h + 3y») + M(2h'M3 

(P4 + p,) + h3 M'(3M(p, + 1'7) - ll(P, + pal) - 6h'M(2M(p, + 1'7) - 6(p, + p,) 

+M'(PI - 1'9) + y(51(p, + p,) - 15M(P2 +1'7 + (p, + pg)y) + M'( -6pI + 61'9 + 

y(3P2 + 31'7 + 2(p, + p,)y))) + hMy(51(p, + p,) - 15M(]~ + 1'7 + (p, + p,)y) + 

M'( -6pI + 61'9 + y(3P2 + 31'7 + 2(p, + p,)y»»(cosh (M(4h + 3y» + s;nh(M(4h + 

3y»)( -1 + M)M'( -1 + 2hM)ps(cosh (M(51t + 3y» +s;nh (M(5h + 3y))), (7.42) 

q,1 = 24~4 [cosh(Mh)(G( - Gp8 + P9 + .J\1(2p13 + 8h 5 M6p4 + 12h4M 5(Mp-; - 4P8 

-M(piO + 4( -237p8 + M(SMJ's + 691'7 - 30M1'9») - 2M3(-93p, + M(8Mpg 

+337>7 - 18Mpg)) + y2 + h( -MP13 + 4P8 + 24M4(M2pl + 2M[J2 - 6p4)y2) 

147 



_8h3M 4( - 22p4 + M{3Mpl + 6P2 + MP4y2» - h2 M{PB + 2M2( - 165pB + M 

(-8Mp, - 451'7 + 18MP9 + 6M(Mp, - 4p,)y'))))) + M'( - 3456p, + 288FIM' 

(-2 + M2(h - yHh + y) + M(h4Nlpll + 24hsMsP3 + 6h2(ps + 96M2P7 - M 

(PI' + 288pg) + 6M'(p, - 81'9» + 36(5Mp, + 321'7 - 16MP9) + 6( -1'5 + M(P12 

+6(-48p, + M (3Mp, + 161'7 - 8MP9))))Y' - MplIY' - 48h'M'P3(-4 + M'y') 

+12hM( -96MP7Y + 288p,y + 2M'PlY' + 3M'(p, - 4P5Y + 16P9Y)))) cosh(U") 

-6(6pB - P9 +.M( -2P13 + 12h3M4(MP2 - 91),d + 12h4M 5pB + h(4p8 + M(-PI3 

+24M(2M'PI + 7MP2 - 31p,) - 12M'(MP2 - 5P.)y'» + ,,'(- 7SM'P7 + Mp, 

+414M'p, + 12M'(P9 - P,Y'» + M(PIO + 372pg + 6M( -141'7 + 4MP9 + M 

(5MP7 - Hp, - 2M'P9)y'»)))M(PiO + 372pg + 6M( -141'7 + 4MP9 + M(5M"., 

- I 7p, - 2.'1'P9)Y')))) cosh(2hM) + 12M'p,(J + M'(h(3 + h) - y'» cosh(3hM) 

+2Msp5cosh(2My){hM cosh (MIL) - sinh (Mh» - AJ3(h4 M(pll + 120M3P3) + 36 

M'p, + 36"( - 96p, + .'1(5Mp, + 321'7 - 16MP9)) - 144(SMP7 - 24p, + M'(p, 

-4P9»Y + 6(Mpl' - p, + 6M'ps )y' + M(pil + 24M'P3)Y' - 6h'(Mpl,(7P2 + 

62hpg) + M(piO - hpl, - 372p, + h'Ps) - 12M'( -PI + h(hp, + 1'7)) - 1'5 + 6 

M'(p, + 4p,.'))) sinh (Mh) + 6(6Ps - '" + M(-2pl' + 4hp, + 12M'(h - y)(h+ 

y) + 6M'(4PI - 69"'p, - 28h"., + 17p,y') + 6M'(h(13hP2 + ISh'Ps + S",)-

5("., + 2hp,)y'») si nh (2Mh) + 12cosh(My)4M'(J2FIM' + 72p, - M(4I.'A1'P3 

+3Mps + 241)7 - 12Mpg» + (6pB - 1'9 + M( -2P13 + M{PIO + 4h3 M 3( - 3M]J2 + 

lip, ) - Sh'M'p, + 16M(6P7 + M(p, - 3",)) - 24h'(-2MP7 + 6p, + M'", ) 

+Ps( -288 + y') + 4"M(-93p, + M(2IP2 + 93psy + M'y(6", + 3P2Y + 2p,y') + 

3M(2PI - 7y(p, + p,y»)) )))) cosh(M") - 4M'(1 + 2hM')p, oosh(2Mh) - (6Ps-

P9 + M(-2piJ + M(piO - 372p4 + 4h2M4 (-6Pl + h{2hp4 + 3P7» + PBy2 + 12M 

(7P2 - 24hps + 31pSY)""" 12M2{2Pl + 12h2p4 + 8hP7 - 7Y{P7 + P4Y» - 4M3(12 

h'P2 + IIh'p, - 4h(I" - 3",) - y(6", + 3P2Y + 2p,y'))))) sinh(Mh) + 4(1 + 2h ) 

M'pssinh(2Mh) - 12M'p,(1 + " (3 + ",11') - M'y')sinh(3Mh) + 12M«(Mpl' - 4 

PS)Y + 4hM'( - 165Ps + M(45P7 + 93p," + M'y(-6PI + 31'7. + 2p,y') + M(4p, 
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C' 

~. 

- 3(6pg + 7y(P2 + PB)))))) oosh(Mh) + (4PBY + M(660PB - PI") - 12M'(15P7+ 

31p,y) - 4M'y(-6PI + 3P7Y +2p,y') + M'(-16p5 + 12(6pg + 7y(p, + PBY)))) 

,;nh(M h) ,;nh(My) - 24M'P5(M hoosh (Mh) - s;nh (M h))Rm], (7.43) 

OPl = 
8x 

p3 AI M II"Rm 
A, - M' - A,II" + A,II" + (A, + M' )II"S, + 24QI {-((cosh (2Mh) 

- s;nh (2Mh))(2M'(1 + M)(l + 2hM)P5(oosh (Mh) + s;nh (Mh)) - 3(2M'PI 

+5MP2 + 2hM2P2 - 17p4 - lOhMp4 - 2h2/11 2P4 - 5M'P7 - 2hM2])7 + 17p8 

+lOhMpa + 2h2M2P8 + 2M2pg)(cosh Mh +sinh (Alk» - 2{- 1 + M)M2{1 

+hM)P5(oosh (2Mh) + s;nh (2M h)) - 2M'(1 + M)(l + hM)p,(oosh (2Mh) 

+sinh (2M h» + {12h2M 3p3 + 4h3M4va - 9M2p5 - 3M3pg - 48MP7 + 144rs 

+24M2pg)(cosh (2Mh) + sinh (2Mh» + (GM2Pt + 6hM3
pl + 6h2M4P1 + 15M 

1'2 + 15hM2P2 + 1211.2 M 31'2 + 3h3 M4P2 - SIP4 - 51hMp4 - 36h2 M2p4 - I1 h3 

M3 p4 - 2h4M4p4 - lS.IVps - 15hM2P7 - 12h2M 3P7 - 3h3M 4P1 + 51P7{1 + h) 

+h2 M2pg(36 + llhM + 2h2 M2) + GM2pg(1 + hM + 6h2 M2)(cosh (2Mh) + sinh 

(2Mh) + s;nh (2Mh))(6M'PI(1 + hM + h'M') + MP2(15 + 15hM + 12h'M' + 3 

h3M 3) +p,,(-51-51hM -36/l2M2 _llh3M 3 _2h4M4) -8M'lps(1 +hM)-M 

])7(33hM + 12h2M2 + 3h3M3) + ps(93 + 93hM + 3611.2 ]1.[2 + llh3M3 + 2h4M4) 

+M'pg(18M' + 18hM + 6h'M'))(oosh (2Mh) + s;nh (2Mh)) + 2(8h'M'", 

+6M'P5 + 487MP7 - 1441'8 - 24M'pg)(oosh (3Mh) + s;nh (3Mh)) + 2 

(-12hM3pl - 24hM2P2 + 72hMp4 + 4h3M 3p4 + 8M2p;, + 33Mp; + 6h 2M 3P7 

-93p. - 24h'M'Ps - 18M'pg)(oosh (3Mh) + ,;nh (3Mh)) - 2(-1 + M)M' 

(-1 + hM)P5(oosh (4Mh) + s;"h (4Mh)) - (1 + M)M'(-l + hM)p,(oosh (4Mh) 

+sinh (4Mh)) + {-12h 2 M3Pa + 4h3M 4Pa - 9M2pS + 3.M3ps - 48Mp-, + 144p8 

+24M'pg)(oosh (4Mh) + s;nh (4Mh)) + (-6M'PI + 6hM3pI - 6h'M'PI 

-15MP2 + 15hM2P2 - 12h2 M 3P'! + 3h3M~P2 + 51p4 - 51hMp4 + 36h2 M2p4 
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Q ' 

- llh3M Jp4 + 2h" M"P4 - BM2p5 + BhMJp& - 33MP7 + 33hA/2p; - 12hz 

/1.13117 + 3h3M"P7 + 93pB - 93hMps + 36hZ M2pB - llh3M3pB + 2h"M"ps + 18 

M2pg _ 18hM3pg + 6h2..u4pg)(cosh (4Mh) + sinh (4Mh) + (-6M2pl + 6ltM3p! 

6hz M4pl - 15.Mpz + 15hM2P2 - 12h2M3 P2 + 3h3M"P2 + 5IP4 - 51hMp4 

+36h2 M2p4 - I1h3M3p4 + 2h4M4p4 - 15MP7 + 15hM2 + 15hM2P7 + lShM2 

P7 -12h2M JP7 + 3h3 M 4 P7 + SIps - 51hMpg + 36h2M 2P8 - llh3M 3P8 + 2h4M" 

PI! + -15MP7 + 15hM2P7 - 12h2M 3P7 + 3h3M"P7 + SIps - 51hMp8 + 36h,2M2pB 

-llh3M 3p8 + 2h"M4p8 + 6M2p9 - 6hMJpg + 6/!2M4pg)(cosh (4Mh) + sinh (4M h» 

+2( -1 + M)M'( -1 + 2hM)P5(cosh (5Mh) + 5inh (5Mh)) + 3(5Mp, + 10hMp, + 5M 

P7 + 10hMp, - 17(p, + 1'8) + 2M' (PI - h(p, + hp, + P7 + hp,) - 1'9))(c05h (5M h) 
1 

+sinh (5Mh)) - (-1 + M)M'p,(cosh (6Mh) + sinh (6Mh)))) + L'M(k(FM cosh (Mh) 

- sinh (MIt))( - 2Loosh (Mh) + 2LFhM2 cosh (MIL) + Lh2M2 cosh (MIL) - 2Lh2 JI12Ecosh 

(Mh) - 2LFMsinh (Mh) + LFh2 M3 sinh (MIL) + 2LhMEsinh (Mh) - Lh3M3Esinh (Mh) + 

2FhM2 cosh (Mk) sinh (Mh) + 2h2 M 2cosh (Mh) sinh (Mh) - Fh3 M 4 cosh (Mit) sinh (Mh) + 

2h2 JL12cosh (Mh) sinh (l'ilh) - Fh3M4 cosh (Mh) sinh (Mh) + h"M4 cosh (Mh) sinh (Mh)-

,,' AI' (sinh (AIh))' (1 + E))Rm)Si) + ",,], (7.44) 

where 

8p,1 5 , '] ,,~,]2M co,h(My),mh(My)(h+Fo) (2-1, +-1,), 
uy L-

Q, ~ M°(l + hM + (-1 + hM)(cosh(2Mh) + sinh(2Mh))), 

L ~ (hM cosh(Mh) - sinh(Mh)), 

(7.45) 

PI ~ - 2~,](kM'(4M' -I,(FM cosh(Mh) +Sinh(Mh))( -hM cosh(Mh) + (1 + h(F + h) 

M') sinh(Mh)) - 4(FM cosh(Mh) + sinh(Mh))( -hM cosh(Mh) + (1 + h(F + h) 

M') sinh(Mh))n. + (-h(F + h)M'(2 + h(3F + 2h)M') + 2( -1 - h(2F + h)M' 
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+h3(F + h)M')E + (h(F + h)M'(2 - FhM') + 2(1 + h(2F + 3h)M' + h3(F 

+h)M' )E)co,h(2Mh) - hM(4E - (F + h)M'(2F - I. - 6hEll,;nh(2Mhll 

C), 
Rm))J, 

1'2 ~ ;3 [(k M3((F + h)M3 )'1 ((-F - 2h)M + (FM eo,h(Mh) + ';nh(Mh)) + (-F - h) 

M(( -2F - 2h)M + (FM co,h(Mh) + ,;nh(MhllR, + (2 + M'(F' + 41.' + Fh(7 

-2Ell - 2E - (2 - 2E + M'(F' + Fh + 21.' - 2h(F + 2h)E)) co'h(2Mh) - M 

(-I. + F(3 + 2h(F + h)M') + 21.(2 + h(F + h)M')E) s;nh(2Mh))H",))], 

P3 ~3 [(kM3(M(2F - 3hE) co'h(Mh) + (2 + 3E) ,;nh(Mhll], 

p, ~ 

(F + h)M'H", 
2£ 

P5 ~ - ;3 [2(F + h)kM'(-hM eosh(Mh)(1 + h(F + h)M') ,;nh(MhllRm], 

P6 ~ 

FIM3cosh(Mh) 
L 

1'7 ~ - ~3 [(F + h)kM3((-F - 2h)M + FM eo'h(Mh) + s;nh(Mh))Rm], 

Q pg ~ - 2~3 [(F + h)kM'(( -F - 2h)M + FM ,"'h(2Mh) + ,h,h(2Mh) )Rm], 

pg ~ - 2~3 [(F + h)kM'Rm(2M(F + 21. - hE+ h3M 3E) + 2M(- F + hE + h3M' 

co'h(2Mh) - 2(1 + 2h'M' E) ,;nh(2Mh) - hM(2 + h(3F + 2h)M' + (-2 + FhM') 

+FhM') co'h(2Mh) + (-2F + h)M ,;nh(2MhllRm))], 

PIO ~ - MIL3 [2k(FM co'h(Mh) + ';nh(Mh))( -hM co'h(Mh) + (1 + h(F + h)M') 

,;nh(Mh))Rm], 

PI> ~ 2~3 [kM(M(F - 2hE) co'h(Mh) + (1 + 2E) ,;nh(Mh))(( -F - 2h)M + FM 

cosh(2Mh) + sinh(2Mh)RmJ, 

Pl:? ~ 2L;M[k(FM co'h(Mh) + ,;"h(Mhll(M(F(-2 + 3h'M') - 2h(-1 + hM) 

(1 + hM)(-1 + E) + M(F(2 + h'M') - 2h(1 + E + h'M' E)) co'h(2Mh) 

+ (2 + hM'(- 2F + h + 4hEll ,;nh(2Mh)Rm], 

p" ~ 13 [(k( -1 + E - M'(F' + 31.' + Fh(5 + E)) + (1 + E + M'(F' + Fh + I.' 

151 



+ h(F + 2h)E» ,",b(2Mh) + M(2 + h(F + h)M')(F - hE) 'inh(2Mh), 

1 . 
Al ~ p[2(F + h)kM' (-hMco,b(Mh) + (I + h(F + h)M'),mh(Mh»J, 

A, ~ - 2~3 (k( -LE + FM co'h(Mh) + ' inh(Mh»(-2 L( -2 + h(2F + h)M' cosh(Mh) 

+ M( _h3 M' + 4hL' E + 4FL'inh(Mh) + hM(hM(hcosh(2Mh) - 2FLsinh(Mh)) 

+ (-2(F + h) + Fh'M') ,inh(2Mh»») , 

1 . 
A3 ~ - P [(F + h)kM((-F - 2h)M + FM co'h(2Mh) + ,mh(2Mh)) (3AI + 2),,)1, 

A, ~ 2~3 (kM((1 + (F' + SFh + 4h')M') co'h(Mh) - (I + F'M')co,h(3Mh) - 4M 

(F + h(F + h)'M' + Fco,h(2Mh»'inh(Mh» J, 

As ~ - ~3[(kM(-1 - (F' + 5Fh + 3h')M' + (I + (F' + Fh + h')M') cosh(2Mh) 

+ FM(2 + h(F + h)M') 'inh(2Mh»))[, 

A, ~ - ~3 [( M3k(F + h)(-(F + 2h)M + FM co'h(2Mh) + 'inh(2Mh»))[. 

The stream and magnetic force functions upto order 0 (6) are: 

III 1 48FMycosh (Mh) 2 2 2 
~ QI [(cosh (Mh) ,inh (Mh» + (2( - 24M Y + 6M Pso + 48Mp,o + 48hM p,o 

-144pso - 144hMpso - 24M2pgJ - 24hM3pg6 + 12k2 M4p3YO + 4h3M sp3 

yo - 9M3psyJ - 3M4Psy6 - 48M2P7yJ + 144Mp8yJ + 24M3pgy6 - 4M4p3 

y3(j _ 4hM5P3y36 _ 3M(2M2pl + 5MP2 + 2hM2P'l, -17p4 -lOhMp4 - 2h2 

M2p4 - 5MP7 - 2hM2p7 + 17p8 + lOhMp8 + 2h2 M2p8 + 2M2pg)yc5{cosh(Mh) 

- sinh (Mh)) + 2M{ -12Id\13pl - 24hM2Pz + 72hMp4 + 4h3M Jp4 + BM2p5 

+ 33M'P7 + 6h2 M 3P7 - 93p8 - 24h2M2p8 - IBM2pg)y6(cosh (Mit) + sinh (Mh)) 

M3(1 + M)Psyo(co'h (2Mh) - ,inh (2Mh»)(24M'y - 6M'psO + 6hM3p,o - 48 

MP70 + 48hM2]J70 + 144pso - 144hMpgo + 24M2p96 - 24hM3pg6 _ 12h2l\14 

P3yb" + 4h3M 5p3Yc5 - 9M3psy6 + 3M4PsyJ - 48M2P7yJ + 144MpByJ + 24M3 

PflyJ + 4M4p3y3J - 4hM5P3y3J)(cosh (2Mh) + sinh (2Mh)) + 3M(5M]12 + lOhM 
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P4 + 5Mp; + 10ltMps - 17(P4 + PS) + 2M2 (PI - h(P2 + hP4 + Pi + hps) - pg»y5( 

oo,h (3Mh) + ,inh (3Mh)) - (-1 + M)M'p,yo(oo,h (4Mh) + ,inh (4Mh))2(12FMG 

+ 12hM6 - 4h3l114p35 - 3M-2p55 - 24Mp;o + 72ps5 + 12M2pg5(cosh (U(h - y» 

+ 'inh(M(h - y))) + M'(l + M)(- I + hM)p,o(oo'h (M(h - y)) +sinh (M(h - Y))) 

- (1 + M)M'(l + 2hMp,o(oo,h (M(3h - y)) + ,inh (M(3h - y))))M(-6h'M'Pl-

12h2M2P2 - 3h3M3pz + 36h2Mp4 + llh3M2p4 + 2h4M 3p4 + 12h2M 2P7 + 3h3M3 

P7 - 36h2 MPa - llh3 M2pS - 2h4 M3ps - 6h2 M3pg + 3(1 + hM)(2M2pI + 5Mpz 

-17p, - 5M", + 17p8 + 2M'pg)y + 3M(1 + hM)(Mp, - 5p, - M", + 5p,)y'-

2M2(l + hM)(p4- - ps)y3)o(cosh (My) - sinh (My»(6h2M4pl + 12h2M3pz + 3h3 lof4 

pz - 36h2 M2p4 - Ilh3M3p4 - 2h4M4p4 - 8M'lps(1 + M) - 48Mp;{ 1 + M) - 3h2 

M3p;( 4 + hM) + 144Ps(1 + hM) + h2 M2ps(36 + llhM + 2h2 M2) + 24M2pg(1 + h 

M) + 6h'M'pg + 6M'Ply(J + hM) + 15M'p,y(1 + hM) - 5IMp,y(1 + hM) + 15M' 

P7y(l + hM} - 51Mpsy(l + hM) - 6M3p9y{l + hM) + 3M3P2y'l(1 + hM) + 15M2p4 

y2(1 + hM) - 3M3P7y2(1 + hM) + 15M2pSY(1 + hM) - 2M 3p4y3(1 + hM) - 2M3ps 

y'(1 + hM))o(co'h (My) + ,inh (My)) + M'(1 + hM)p,o(co,h (2My) + ,inh (2My))+ 

M'(I + M)(1 + 2hM)p,o(oo'h (M(-h + y)) + 'inh (M( -h + y))) - M'(l + M)(l + 2 

hM)p,o(oo'h (M(h + y)) + ,inh (M(h + y))) - 2(12M'F + 12hMGh - 4h'M'p,o-

3M'p,o - 24M",0 + 72p,o + 12M'pgo)(oo,h (M(h + y)) + ,inh (M(h + y))) + M' 

(1 + M)( -I + hM) p,o(oo,h (2M(h + y)) +sinh (2M(h + y)))M( -6h' M'Pl - 12h' 

M2pz + 12h3 M 3P2 + 36Mh2p4 _ 1111 3 M2p4 + 2h4 M3 p4 _ 3hZ M2p7(4 - hM) + 1t2 

MPs(36 -llhM +2h2M2) +6h2M 3P9+(-1 +ltM)(2M2pl +5MP2 -17p4 +5M 

", -17p, - 2M'p,)y - 3M(-1 + hM) (M", - 5p, + M", - 5p,)y' - 2M'( -1 + h 

M)(p, + P8)y')0(00,h (M(2h +y)) +sinh (M(2h + y))) + (-1 + M)M'(-l + 2hM)p, 

o(oo'h (M(3h + y)) + 'inh (M(3h + y)))( -6h' M'Pl - 3h'M'p,(4 - hM) + h'M'p, 

(36 - llhM + 2h'M') - 8M'p,(J - hM) - 48M",(J - hM) - 3h'M'p,(4 - hM) 

+ 144ps (1 + hM) + h2M2pS(36 - IlhM + 2h2M2) + 24M2pg(1 - hM) + 6hz M 4P9 
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+ 6M3ply(1- hM) + 15M'P2y(1 - hAi) - 5IMp,y(1 - hM) - 15M'),;y(1 - hM) 

+ 5lMpgy(1 - hM) + 6M3P9y( l - hM) + 3M3P2v'(1 - hM ) - 15M'p,y'(1 + hM) 

- 3M3P7y2(1 - hM) + 15M2P8y2{1 - hM) - 2M3p4y3(1 - hM) + 2M3 pSy3(1 - It 

M);(co'h (M(2h -")) + ,;nh (M(2h - V))], 

" ~ - 24A~'L[(12M'«F(-2 + M'(h - y)(h + V)) + h(-2 + M'( -h' + "')E)) 

co'h(Mh) + 2(F + h)co,h(My) + M(h - y)(h+ y)(1 + E) ,;nh(Mh) +; 

«93p8 + M( 12h(M2pl + 2MP2 - 6PIl) - 4h3 M2p4 - 8Mp5 - 33])7 - 6h2 

M(Mp, - 4p,) + SIMP9)); - M'p,; co'h(3Mh) +; co,h(2Mh)(5Ip, + 

3M(- 5)'; + 2h( -5p, + M(P2 + hp,)) + 2MP9) - 2M'(1 + 2hM')p, 

cosh(My) - 24M5 sinh(Mh) + 12hz MJp30 sinh(Mh) - 3M3p5 6 sinh(Mh) 

12MJp3y2J sinh(Mh} - 24M5 Esinh(Mh) - 4MJpso cosh(2My) sinh(Mh) 

-(6M2pI + 15MP2 - 5Ip4 - 6h2M2p4 - 6hM2p7 - 30hMps)5 

';nh(2Mh) + 2co'h(My)(12(F + h)M' - (-72p, + M(4h3M3p3 + 3Mp, 

+24p, - 12MP9)); + (-5Ip, + h'M'(6PI - h(2hp, + 3)';)) + 3M(5P2 

+24hp8 - 7P8Y) + 3."12(2p1 - 12h2p4 - 8h]J7 + 3y(P7 + P4Y» + M3{12 

h'P2 + 11h3p, - 4h(p, - 3",) - y(6", + 3p," + 2P8Y'))); 'h!h(Mh) + 

(1 + 2h)M3ps6 sinh{2Mh) + M3pso sinh(3Mh) - 2(-21p8 + M(9P7 

+2Ip,y + M'"( -6pI + y(3)'; + 2p,y)) + M(4p, - 3(21'9 + 3y(P2 

+p,y))))); ,;nh(Mh) ,;nh(My) + co,h(Mh)(-24FM6 - (144p, + M(-9p, 

+ 24", + 4hM'P3 (h' - 3y')))); + 24hM' E + 2;« -72p8 + Af(h' M' 

(-3MP2 + 11P4) + 2-1P7 - 2h4U 3p8 + 4M(ps - 3pg) - 6hz M{ - 2M7>7 

+6p, + M'P9) + h(5lp, + M( - 151'2 + 21p," - 3M(2pI + 3y()'; + 

P4Y)) + 21M'y(6P9 + y(3P2 + 2p,y)))))) co'h(My) + 12hM(2M3p, 

cosh{2My) + (-21ps + M(9p7 + 21p4y."12y(-6Pl + 3p7y + 2P4y2) + M 
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(4p5 - 3(2pg + 3y(]'2 + p,y)))) - 4M'P5 ,osh(My) s;nh(My)))) + 4M' 

P5a s;nh(M h) s;nh(2AJ Y)) )R.ni. 

Expression of an axial induced magnetic field is 

1 
h. ~ 12M' Li(M(3p,y + M'y( -6pI + y(3pd 2p,y)) + M(4p5 - 3y(]'2 + 

P8Y)))6 cosh(My)L - 4M2psc5 cosh(2My)L + 12M'ly(M(hps6 + M2 

(-F + hE),osh(Mh) - (1'3a + M'(I + E))shlh(Mh) + (12(F+ h)M' 

+ 12(F + h)M6a - (4h'M'p, + 3(8M1'1 - 24p, + M'(P5 - 4pg)))a 

+a« -72p, + M(h'M'(-3M]'2 + lip,) + 241'1 - 2h'M'p, + 4M 

(p, - 3pg) - 6h' M( -2M1'1 + BPs + M'Ps) + h(72p, + M(-24]'2 

+3p,y + M'y(6pg + 3]'2y + 2p,y') - 3M(4PI + y(1'1 + p,y)))))) 

cosh(M h) - M2(1 + 2hM2)P5 cosh(2Mh) + {-72p4 + M(24pz 

+h2M 3{6Pl - 2h2p4 - 3hpd + 72hp8 - 3P8Y + 3M(4pl - 4ft 

(3hp, + 21'7) + p,y + p,y') + M'(h(12h]'2 - 4P5 + lIh'p, + 12pg) 

-Bpgy - 3]'2Y' - 2p,y'))) shlh(Mh) + (I + 2h)M'P5 s;nh(2Mh))) 

sinh(My) + 4M3psJLsinh(2My))R,.,,]. 

The current density distribution is given by 

7 .3 Analysis 

(7,47) 

(7,48) 

(7.49) 

Our special concern here is to discuss the influence of various paramet.ers of interest on the 

pressure rise per wave length (Ap>.), the magnetic force function (4)), the rodal induced magnetic 

field (h",), the current density distribution (J.,.) and trapping. For this purpose, we have prepared 

the Figures (7.1-7.8). 
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The expression for pressure rise per wavelength is computed numerically (due to the com

plexity of the integral) nnd few observations have been extracted by graphs. The variation of 

pressure rise per wavelength 6p>. versus dimensionless flow rate e for different values of parame

ten; ..\\ , >'2, Hartman number 1\1 and wave number 5 (i.e. our perturbation parameter) can be 

seen from Figures 7.1-7.4. Figures 7.1 and 7.2 show that for the pumping region (bop>. > 0), the 

increase in the values of A] and),2 gives better pumping performance. For free pumping region 

(.~p>. = 0), there is no difference between the pumping characteristics of the Newtonian and 

second order fluids. However in copumping region (bop). < 0) the behaviour is quite opposit,e 

when compared to the pumping region. There is decrease in pumping when we increase)., and 

).2 in copumping region. Figure 7.3 reveals that the pumping increases with an increase in per

turbation parameter J both in pumping and [ree pumping regions whereas pumping decreases 

with the increase of J in copumping region. Figure 7.4 is plotted to see the effect of Hartman 

number M on !::::.PA. It is observed that !::::.PA increases for large values of M both in pumping 

and copumping regions. For an appropriate value o[ volume flow rate 0, the pressure rise per 

wavelength (!::::.PA) increases for small values of M in the copumping regions. 

Figures 7.5-7.7 discllss the variations of magnetic [orce [unction CP, axial induced magnetic 

field h-x and current density distribution J: versus y for the different values of viscoelasticity)'" 

perturbation parameter J and Hartman number 111. Figures 7.5(a-c) show that the magnetic 

force function ~ increases as ).1 and M increase but decreases for large values of o. In Figures 

7.6(a-c), it is noted that the axial induced magnetic field h:z: is symmetric about the channel 

and decreases with an increase in).1 and M. It also decreases with the decrease of J. Moreover, 

in the half region h:z: is one direction while in the other half region, it is in opposite direction 

and is equal to zero at y = O. The Figures 7.7(a-c) are plotted to show that the current density 

distribution Jz increases with the increase in )., and M. Moreover Jz increases with a decrease 

in o. 
We now discuss trapping. The formation of an internally circulating bolus of fluid by closed 

stream lines is called t rapping and this trapped bolus is pushed ahead along with peristaltic 

wave. The effects of Hartman number on trapping is illustrated in the Figures 7.8(a-c) . The 

Figures 7.S{a-c) reflect that the size of the trapped bolus decreases with the increase of ).,. In 

these figures, we have observed that the size of the t.rapped bolus decreases with the increase 
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of M and vanishes ultimately when large values of M are taken into account. 
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Figure 7.1: Plot showing 6.p>. versus How rate 0 when ¢ = 0.4,6 = 0.6, M = 0.5, E = 0.8, 

lim = 1. Re = 1, St = 1 and ).2 = 0.8. 

5 

0 -
• 

.~ • \0 
• 

·15 , 
.", --)'2=0 

}'2 = 0.3 
·25 )'2 =0.6 

-30 
0 01 0.2 0.3 0.' 0.5 

• 

Figure 7.2: Plot showing 6.p>. versus How rate 0 when ¢ = 0.4, 6 = 0.6, M = 0.5, E = 0.8, 
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R,n = 1, Re = 1, St = 1 and Al = 0.8. 

0.3 0.4 0.5 , 

Figure 7.3: Plot showing .6.p>. versus flow rate () when ¢ = 0.4, M = 0.5, E = 0.8, Rm = 1, 

Re = I , St = 1, A} = 0.8, and A2 = 0.8. 
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Figure 7.4: Plot showing .6.p>. versus flow rate 8 when ¢ = 0.4 , 6 = 0.6, E = 0.8 , Rm = 1, 
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Re = I, St = 1, >'1 = 0.8 and >'2 = 0.8. 
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Figure 7.5a: Magnetic force fWlction versus y when 0 = 2, Rm = 1, Rt. = I, AI = 1, E = 0.8, 

t/> = 0.6, 8 = 0.08 and x = ~. 
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Figure 7.5b: Magnetic force function versus y when 0 = 2, R.n = 1, Re = 1, Af = 1, E = 0.8, 

¢ = 0.6, >'1 = -O.S and x = ~. 
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Figure 7.5c: Magnetic force function versus y when 8 = 2, Rm = 1, Re = 1, E = 0.8, ¢ = 0.6, 

!J = 0.08, >'1 = - 0.8 and x = ~. 

, 
__ •••• 01 

•••••••. 1, •• 04 

- - - '., .0., 

• · I------------~-----------~ 

-, 

,--.. -~ ~ /' -, L __ ,.,.-__ ,.,-_ _ .L. ___ ---.:...:::':--_----l 
.~. "{).2 0 0.2 D.' 

Figure 7.6a: Axial induced magnetic field ~ versus y when () = 2, Rm = 1, ~ = 1, M = 1, 

E = 0.8, ¢ = 0.6, !J = 0.08 and x = ~. 
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Figure 7.Gb: A.xial induced magnetic field hz versus y when () = 2, Rm = 1, Re = 1, AI = 1, 

E = 0.8, rp = 0.6, ~l = -0.8 and x = i. 

--- M_' 
.-. --.- It _ :.~ 

- - - ~ . :1 

• c~-------------------'~------------------~ 

-. 
-0.6 _0.4 - 0.2 c , " " c .• 

Figure 7.6c: A~dal induced magnetic field hr versus y when (J = 2, Rm = 1, Re = 1, 0 = 0.08, 

E = 0.8, ¢ = 0.6, >'1 = -0.8 and x = l 
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Figure 7.78: Current density distribution versus y when (J = 2, Rm = 1, Re = 1, M = 1, 

E = 0.8, rP = 0.6,6 = 0.08 and x = i. 
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Figure 7.7b: Current density distribution versus y when (J = 2, Rm = 1, R e = 1, AI = 1, 

E = 0.8, ¢ = 0.6, Al = - 0.8 and x = ~. 
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Figure 7.7c: Current density distribution versus y when 0 = 2, Rm = 1, Re. = 1, J = 0.08, 

E = 0.8, ¢ = 0.6, ).1 = - 0.8 and x = ~. 

Figure 7.Sa: Streamlines for M = 0.2 when ¢ = 0.6, R" = 1, Rm = 0.5, J = 0.09, B = 1, E = 0.8 

and ..\1 = 0.9. 
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Figure 7.8b: Streamlines for M = 0.6 when ¢ = 0.6 , Re = 1, Rm = 0.5, 0 = 0.09 , B = 1, 

E = 0.8 and >'1 = 0.9. 

Figure 7.Se: Streamlines for M = ] when ¢ = 0.6, Re = 1, Rm = 0.5, 0 = 0.09, B = 1, E = 0.8 

and).l = 0.9. 

164 



Chapter 8 

Simultaneous effects of induced 

magnetic field and heat and mass 

transfer on the peristaltic motion of 

second order fluid in a channel 

This chapter mainly investigates the effects of heat and mass transfer on the peristaltic Bow of 

magnetohydrodynamic (MHO) second order fluid in A channel. The induced magnetic field is 

taken into account. Problem formulation in a wave frame of reference is presented. The analy

sis of govern ing nonlinear problem is carried out under the assumption of small wave number. 

Explicit expressions of the pressure gradient I the stream function, the magnetic force function, 

the axial induced magnet ic field, the current density distribution, the temperature and concen

tration distribution Arc derived. The effects of embedded parameters into the mathematical 

problem arc also highlighted. 

8 .1 Problem formulation 

Vle consider the peristaltic flow of an incompressible second order and electrically conducting 

fluid in the presence of 8 uniform magnetic field. In addition heat and mass transfer effects 
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are considered . Nlathematical analysis is performed in the presence of an induced magnetic 

field. The second order fluid is considered in a symmetric channel of uniform thickness and 

non~conducting walls. A wave of amplitude b propagates along the channel walls with constant 

speed c. The geometry of the wall is 

h'(X', til = a + bsin 2; (X' - ct'), (8. 1) 

in which a is the half width of channel, b the wave amplitude, ). the wavelength, ~ the 

time and c the wave speed in the X'~direction. According to the Cartesian coordinate sys~ 

tern, the X' ~axis is chosen parallel to the channel walls and 1"" ~axis is taken normal to it. 

The fluid properties arc taken to be constant. The physical properties p, Ji-, a,}, 0'2, Ji-~, 

u, D, ](r, Tm , etc are taken constant throughout the fluid. The system is stressed by an 

external transverse uniform magnetic field of strength H~ which gives rise to an induced 

magnetic field H' (h~, (X', 1"" , t'), h;" (X', y', t'), 0) and the total magnetic field therefore is 

'+( , ( , ") , '(' ") ) H hx' X , 1'" ,t ,Ho + h}" X, Y ,t ,0. The governing equations of magneto second order 

fluid are: 

(i) Max··well's equations 

, 
\l. H = 0, \l. E = 0, 

'V A H ' ~ J', J' ~ U {E + ~, (V' A H '+) } , 

8H ' 
\l A E = - Ji-e. at' . 

(ii) The induction equation 

(iii) The continui ty equation 

'V. V' = o. 

(iv) The equation of motion 
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(8.3) 

(84) 

(8.5) 

(8.6) 



[
8 (' )] _ , _ { ,. 1 ( '+)' } P Bt' + v . 'V V' = - \lp + div r' - 11e. (Ii . \7) - '2 H '\l. (8.7) 

(v) The energy equation 

(8.8) 

(vi) The concentration equation 

(8 .9) 

where p is the fluid pressure, p the density, J the current density, Me magnetic permeability, ff 

the electrical conductivity, E the electric field , <; = aile the magnetic diffusivity, Cp specific heat, 

T the temperature, D the coefficient of mass diffusivity, Tm the mean temperature, J(T the 

thermal diffusion ratio, C the concentration, I~ the thennal conductivity, V' the velocity and 

extra stress r' in a second order fluid is defined by equations (7.3)-( 7.5). 

Using the transformations (7.2) and the velocity field (7.11), the resulting two-dimensional 

equations in the present case are 

(8.10) 

(
,8 ,8),8)1 

P uax, + Vay' u + ax' 

(8.11) 

(
,8 ,8), ap' 

P uax,+v ay' v + ay' = 

(8 .12) 
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(
a'T a2T) au' 

= x, 8x12 + 8y'2 + T~'"" ax' 

, (av l Bu') I Bu' 
+r x'y' ax' + By' + .,. lI'y' By' , 

(u' ~ + v'~) G _ D [a2G + a'G] + DJ<T (a2T + a2T) 
ax' ay' - 8x12 8y'2 Tm 8x12 8y'2 . 

The non-dimensional variables may be posited in the form 

21TX' y' u' Vi 27rfc 2rro'2rf aT' 

x ~ -).-, Y = a' U = c' v = c' t = -).-, p = CAP. ,'i = p.c' 

h' \]I' p ' a pea ale 
h=-,\]J=- , 4> =--, 0=,. Re=-,Rm=OP,eQC,AI=-, 

a ca Hoa "J.I. !1a 

>'2 = Ct:2
C

, u = 8aiIJ, v = _J~\J!, !Lx = ~ip, hy = -J~q) , ReRmSf = M2, 
fla y V I uy vX 

HOff/: 1 f-te(H'+/ -E c'l 
St=- -,Pm=P+-2 ReJ _? ,E=:a--,El=G(T ~)' 

c P pc- Wl oJ.te p I -.LO 

Pr = }-tCp 0' = T - To = C - Co S = J:!:.... s = pToDI<r B = E P. 
.' T ~,<p G G" D' r ~ c: ,r 1 n 

Ii, 1 - .LO 1- 0 P J1..L m 0 

(8.13) 

(8.14) 

(8.15) 

where El, Pr • Se, Sr, a, Re, Rm, Sand M are respectively the Eckert, Prandtl, Schmidt, 

Soret, wave, Reynolds, magnetic Reynolds, Strommer's and Hartman numbers. Here pm is the 

total pressure which is sum of ordinary and magnetic pressures, 'II the stream function and q, 

the magnetic force function. Also To, Co and T], C] are temperatures and concentrations at 

y = 0 and y = h respectively. 

The non-dimensional forms of Egs. (8.11)-(8.14) are 

(8.16) 
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(8.17) 

(8.18) 

(8.19) 

,Re [8 'l1 8<P _ 8'l18<Pj 
ayax ax By 

(8.20) 

where Eq. (8.10) is automatically satisfied and the values of T:r:r;, ';r;lI and 'Ull are given in the 

previous chapter. 

Elimination of pressure bet.ween Eqs. (8.16) and (8.17) gives 

with 

Re' {( '1":x - 'lI.:J "''lI} ~ "''1'+.>." {( '1":x - '1":y) "''1'} 
+ Re sl, { ( il>, :x -1. :y) ,,'il> } 
+ Re sl'V'l4J", (8.21) 

The non-dimensional boundary conditions and pressure rise per wavelength l:!.p>. in wave frame 

are given as 
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w =0, 
00' 
By =0, 

8<p 
8y = 0 at y = 0, 

w =F, B' ~ 0, "P=O at y=h, (8.22) 

~PA = 12x (:=) dx. (8.23) 

The dimensionless mean flows in laboratory (O) and wave (F) frames are related through the 

e)..'"Pressions given below 

whence 

h(x) =] + <J!sin2rrx 

and 4>(= bin) is the amplitude ra~io. 

8.2 Perturbation solution 

For series solution, we expand the flow quantities ill terms of small wave number {6} as: 

" ~ "0 + '''' + 0 (,)', 

p ~ Po + ,P, + O(,}', 

P ~Po +,p,+O('}', 

IlJ = <I)o + H)] + 0 (6}2 . 

(8.24) 

(8.25) 

(8.26) 

(8.27) 

(8 .28) 

(8.29) 

(S.30) 

Substitu ting Eqs. (8 .27)-(8.30) into Eqs.(8.16)-(8.22} and then comparing the coefficients of 

like powers of 6, we have the following systems 
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8.2.1 Zeroth order system 

Cflwo _ M28'li'Jfo _ 0 
8y4 ay2 - , 

8' <1>0 ~ Rm(E _ 8'Vo), 
8y' 8y 

01'0 ~ as'Vo + M'(E _ 8'Vo ), 
ax 8yJ ay 

81'0 ~ 0 
8y , 

0'11'. {(8';'0)'} a y2
0 + Br 8y2 = 0 

{)21l'o 
\110 = 0, 8y2 = 0, 

8'Vo 
lJy =-1, lJIo =Fo, 

{)qJo 
ay = 0, 

890 = 0 ay , 8"'0 ay = 0, at y = 0, 

Wo = 0, 0'0 = 0 tfJo = 0 at y = h. 

8.2.2 First order system. 

J71 



-\ - , 

Re [BiI'D 8V;o ~ Dllio ar,pO ] ~ _1 (D 2"P1) + Sr (a2~) 
By ax ax ay Sc By2 By'! 

1J!1 = 0, aB~ = 0 
8y , 

DIP! = 0 at y~O, 8y , 

aWl =0 w}=F}, 4>,=0, 0;=0, 'Pl=O at y=h. 8y , 

The above systems give the following solutions 

dp 1 
dx = (A14 + (o( A? (2A2 AI5M(A1(-1 + cosh(hM) + A 16) Re) 

+ 12Al M3 (Ag + Al7 + M(AA~ + 3A 18) + A4 sinh(hM) 
1 1 

75(F + h)M'R", A6 
+co'h(hM)(A13 + M (A, - h( 2A - A') 

1 1 

-4M(6A13 + A7 )}) + Al9 - A~2 (eM.' ReRr,.,A2o + M 

. MAIO 2 
A2d12hAs» + smh(hM)( -""2A3 + AI] + A22 - 12M 

1 

A'll) + 4h2 M4 A iz + 2M2 A:i!4 cosh(2hM) + cosh(hM)( 

A2" + 24h2M·1A26 - 4h"\13A27 - M2 A28 + MA29)S;) + 

A,,», (8.31) 
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:I. 

<I> ~ - '. [( I2M'«F( -2 + M'(h - y)(h + y» + h( -2 + M'(-h' + Y')E» 
24M"A, 

oosh(.'1h) + 2(F + h) ,osh(My) + M(h - y)(h + y)(1 + E) sinh(Mh) + 0 

«93ps + M(12h{J\1 2pl + 2MP2 - 6p4) - 4h3M2p<I - 8Mpf> - 33])1 - 6ft2 

M(Mp, - 4PB) + 8IMpg»o - M'pso ,osh(3Mh) + 0 ,osh(2Mh)(51PB+ 

3M( -5p, + 2h( -5p, + M(p, + hpB» + 2Mpg) - 2M'(I + 2hM')ps 

cosh(My) - 24Ms sinh(Mh) + 12h2M3p36 sinh(Mh) - 3M 3p56sinh(Mh) 

12MJp3y2asinh(Mh) - 24M5 Esinh(Mh) - 4M3p56 oosh(2My) sinh(Mh) 

- (6.t\1 2Pl + 15MP2 - 5Ip4 - 6h2M2p4 - 6hM2P7 - 30hMps)5sinh(2Mh) 

+ 2,osh(My)(I2(F + h)M' - (-12pB + M(4h3M 3PJ + 3Mp5 + 24p, -12 

Mpg))o + (-SIp, + h'M'(GpI - h(2hp, + 3p,)) + 3M(5pg + 24hpB 

- 7p8Y) + 3M2(2Pl - 12h2p4 - 8hP7 + 3y(P7 + P4Y)) + M3{ 12h2
}J2 

+ 11h3pB - 4"(p5 - 3pg) - y(Gpg + 3pgy + 2pSV')))osinh(Mh) + (1 

+ 2h).1\13pso sinh(2Mh) + M3pso sinh(3Mh) - 2(-21p8 + Af(9]J1 + 21 

p,y + M'y( - GpI + y(3p7 + 2p,y» + M( 4P5 - 3 (21'9 + 3y(pg + PBY»)) 

»6sinh(Mh)sinh (My) + cosh(Mh)(-24FM6 - (144Ps + M(-9ps + 24 

1'9 + 4hM'PJ(h' - 3y')))), + 24hM' E + 20« - 72pB + M(h' M'( -3Mpg 

+ IIp.,,) + 24P7 - 2h'" M3 ps + 4M(ps - 3pg) - 6h2 M{ -2M]J7 + 6ps+ 

M'p,) + h(5Ip, + M( - 15pg + 211'8Y - 3M(2pI + 3y(p, + p,y» + M' 

y(Gpg + y(3pg + 2pBy))))))cosh(My) + hM(2M3ps cosh(2My) + (-21 

PB + M(9p-, + 21P4yM 2y(-5Pl + 3P1Y + 2p4y2) + M(4ps - 3(2pg + 3y 

(1'2 + 1'8y)))) - 4M'P5 ,osh(My) sinh(.'1y»))) + 4M'pso sinh(Mh) 

sinh(2MY»)RmI· 

The axial induced magnetic field and the distribution of current density are given by 

ail> 
h;r;=-ay' 
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(8.35) 

The temperature and concentration distributions are 

L llo 1 . ( 0' ~ -, - 5, (Br(F + h)kO(co>h(3My) - smh(3My»)(M(JOM LI<3 + 9 -240 
4L39 2160L39M 

L,,(cosh(3M(h + y» - slnh(3M(h + y») - SL97(cosh(M(2h + y» - slnh(M(2h 

+y») - 2L,,(cosh(3M(2h + y)) - slnh(3M(2h + y») + 120L96(cosh(3M(3h + y)) 

- slnh(3M(3h + y))) - SL101(cosh(M(4h + y» - slnh(M('h + y))) - 5LiO,(cosh(M 

(6h + y» - slnh(M(6h + y») + kl(cosh(M(9h + y)) - shlh(M(9h + y))) - k1o(cosh 

(M(h + 2y)) - slnh(M(h + 2.») - 960Li09(cosh(M(3h + 2y» - slnh(M(3h + 2y») 

-kll(cosh(M(5h + 2y» - slnh(M(Sh + 2.») - kiO(cosh(M(9h + 2y)) - slnh(M(9h 

+2y))) + L99(cosh(M(2h + 3.)) - slnh(M(2h + 3y») - 2Li09(cosh(M(4h + 3y» 

- sinh(M(4h + 3y») + 240Li03(cosh(M(5h + 3y}) - sinh(M{Sh + 3y») + 240£104 

(cosh{M(7h + 3y» - sinh(M(7h + 3y») + L74(cosh(M(8h + 3y» - sinh(M(8h + 3 

y») - kiO(cosh(M(h + 4y)) - slnh(M(h + 4y))) + 960Li08(cosh(M(7h + 'y)) - slnh 

(M(7h + 4.») + 'BOk,(1 + F M)( -1 + hM)(cosh(M(9h + 'y» - slnh(M(9h + 'y))) 

-120( -1 + FM)(2 + 3hM + h' M')(hM( - 1 + FM) - 2E + 2h' M' E)(cosh(M(h + Sy 

)) - slnh(M(h + Sy») - 5L107(cosh(M(2h + 5y» - slnh(M(2h + 5y))) - k9(cosh(M 

(3h + 5y» - slnh(M(3h + 5y))) - 5LiOO(cosh(M('h + 5y» - slnh(M('h + 5y») - 5 

L90(cosb(M(6h + Sy)) - slnh(M(6h + 5.») - kg(cosh(M(7h + 5y» - slnh(M(7h + 5 

y») - SL,,(cosh(M(8h + 5y» - slnh(M(8h+ 5y») - 120Ll13(cosh(M(h + 3y))-

sinh(M(h + 3y»} - 960£116 + £120 + 120£122 + 15L127 - 5£140 + L141 + 120(£143 

+L14 ., + L14<,) + L150)Rm) - 5 Re(2M2(Ll 15 + LIn - 2M¢sin(21rx}L125} + gLl12~ 

Sill), (8 .36) 
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k36 1 . 
<p ~ -2 + 5 2 (Br(F + h)kSco(cos(3My) ~ smh(3,My)( ~5k34Sr Re+M(9k52 

4L39 2160L39 M 

SrRm + lOM(18k;)<j Re(Pr Sr + SeST) + MSr(kss + kS6 + kS7 ~ L58 + k59 + k60 + L91 

(,o'h(M(IOh + 3y)) - ,;nh(M(IOh + 3y))) - 9L I41 (W,h(M(4h + 5y)) - ,;nh(M(4h 

+5y))»'1)))), (8.37) 

where 

Al = (hM cosh(hM) ~ sinh(hM}), 

A, ~ (M'o ,o,h(2hM)(B(F + h)kM'(1 + 2hM') w,h(My) - hM ,o'h(hM) + (I + h(F + h) 

M' ';nb(hM)R." - 51(F + h)k( -(F + 2h)M + FM ,o'h(2hM) + ,;nh(2hM))R." + 6M'( 

5(F + h)k( -(F + 2h)M + FM ,o,h(2hM) + ';nh(2hM))R." + (F + h)kR.,,(2M(F + h(2 

+(-1 + h'M')E)) + 2M( -F + hE),o'h(2hM) - hM(2 + h(3F + 2h)M' + (-2 + 2h' 

M'E) + (-2F + h)M ';nh(2hM)R",) + h(-5(F + h)M( -hM ,o'h(hM) H;nh(hM))'R." 

+2kM((F + h)M' >'1 ( -(F + 2h)M + FM ,o'h(2hM) + ,;nh(2hM)) - (F + h)M( -(F 

+2h)M + FM ,o'h(2hM) H ;nh(2hM)) Re+(2 + M'(F' + 4h' +Fh(7 - 2E)) - 2 

E - (2 - 2E + M'(F' + Fh + 2h' - 2h(F + 2h)E)) ,osh(2hM) - M( -h + F(3 + 2h( 

F + h)M') + 21.(2 + h(F + h)M')E) ,;nh(2hM)R.,,))))), 

A, ~ 4h'kM6 (M(2F - 3hE) ,o,h(hM) + (2 + 3E) ';nh(hM))(-F + 2h)M + FM co,h(2hM) 

+ ,;nh(2hM))R.", 

A4 = M(3M(A30 ~ 4A34h2 M) + A33 + 2~3 (- 6Azg + 2A30h2 M3 + h(F + h)hM2 Rm«F + 
1 

2h)M( -72 + M'( -24 + h'(-ll + 6M'))) - 24hM'(-1 + h'M')E + 16hM'cosh(h 

M) + M(F(72 + M'(24 + h'(ll - 6M'))) - 24hM'(1 + h'M')E) w'h(2hM) - 16 

M'(l + h(F + h)M') s;nh(hM) + (72 + M'(24 + h'(ll + 6M'(-1 + BE)))) ,;nh(2h 

M) + 12hM'(2 + hM3(2 + hM' + (-2 + FhM') w'h(2hM) + (-2F + h)Ms;nh(2hM 

llR",))), 
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A5 ~ h'M'( lIh(F ;~')M' /l," + ~(AJlh + (F + h)kMR",«F + 2h)M(18 + (-6 + h')M' 
- I Al 

+6hM3( - 1 + I.' M')E + M(F( -18 - (-6 + h')M') + 6hM'(1 + I.' M')E) oo,h(2hM 

) - (18 + M'(-6 + I.' + 12h'M'E»,inh(2hM) - 3hM3(2 + h(3F + 2h)M' + (-2 + F 

hM') oo,h(2hM) + (-2F + hiM 'inh(2hM»R",))), 

As ~ 91,M' (3(F + h)M( - (F + 2h)M + FM oosh(2hM) + sinh(2hM»)(M')" - Re) + 3(2 + M' 

(F' + 41.' + F h(7 - 2E» - 2E - (2 - 2E + M'(F' + Fh + 2h'(F + 2h)E» oosh(2hM) 

- M( - h + F(3 + 2h(F + hiM') + 2h(2 + h(F + h)M')E) sinh(2hM» R", + ~(4(FM 
A, 

oosh(hM) + sinh(hM»(-hM oo,h(hM) + (I + h(F + hiM') sinh(hM»(M' AI - Re) 

+( -h(F + h)M'(2 + h(3F + 2h)M') + 2( - I _ h(2 F + hiM' + h3(F + h)M')E + (h 

(F + h)M'(2 - FhM') + 2(1 + h(2F + 3h)M' + h3(F + h)M')E) oosh(2hM) - hM 

(4E - (F + h)M'(2F - I. - 6hE» sinh(2hM))R",)), 
I 

A, ~ ?3««F + h)kM'R",( -6M(F + 21. - he + h3M' E ) + 4hM oosh(hM) - 6M(-F + hE 
_A, 

::5. 
+h3 M2 E) cosh(2h.<\1) - 4{1 + h(F + h)M2 sinh(hM) + G( l + 2h2 M2 E) sinh(2hM} 

+3hM(2 + h(3F + 2h)M' + (-2 + FhM') oosh(2hM) + (- 2F + h)Msinh(2hM»R",», 

As 
M' - 6(F + h)R", 1 

~ -,-( A + :dk{2{ - 1 + 2F2 + 4Fh + 3h2)M2 + (1 + (_2F2 - 2Fh + 102) 
- I Al 

M')oosh(2hM) + M( -F - 31.+ Fh(F + h)M')sinh(2hM))(-M' AI + Re) + (8 - 6E + 

M'(F'(4 + 31.' M') + Fh(30 + I.' M'(5 - 2E) - 4E) + 2h'(9 - h'M'(- 1 + E) + E» 

+(-8 + 6E + M' (F'( -4 + I.' M') + Fh( - 6 + h'M'(1 - 2E) + 4E) - 2h'(5 - 5E + h 

M' E))) oosh(2hM) - M(IOF'hM' + 1.( -4 + 12E + h'M'(-1 + 2E)) + F(12 + h'M' 

(9 + 2E))) sinh(2hM»R",))), 

A, ~3 (2(F + h)kM'( -M'( I + 2hM' ) oosh(2hM)( -hM oosh(hM) + (I + h(F + h)M')sinh 
I 

(hM » - SM3( -hM oosh(hM) + sinh(hM)(-hM oosh(hM) + (I + h(F + h)M')sinh(2hM 

» + IS( -(F + 2h)M + F M oosh(2hM) + sinh(2hM)))R",), 

A" ~ 9(F + h)kM3 Rm(2M(F + 2h - hE + Ihl' E) + 2M( -F + I.E + h3M' E) cosh(2hM) - 2 

(I + 2h'M' E ) sinh(2hM) - hM(2 + h(3F + 2h)M' + (-2 + FhM')cosh(2hM) + (-2F+ 
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h)M sinh(2hM))R", ), 

Au ~ ~(kM(4(F + h)M'(-hM oosh(hM) + (I + h(F + h)M')sinh +h)M'(-(hM)) - 32(F 
2A, 

hM oosh(hM) + (I + h(F + h)M')sinh(hM) + (FM oosh(hAf) + sinh(hM))(M(F(-2 + 3h' 

M' ) - 2h( -I + h'M')(-1 + E)) + M(F(2 + h'M') - 2h(1 + E + h'M'E))oosh(2hM) 

+(2 + hM'( -2F + h + 4hE))sinh(2hM)) + 2IM'(-(F + h)( - hM oosh(hM) + (I + h(F 

+h)M') sinh(hM)) - 2h'M(M(2F + 3hE) oosh(hM) + (2 + 3E)sinh(hM)( -(F + 2h)M 

+F M oosh(2hM) + sinh(2hM))))R",), 

A" ~ ~(kM(4(F + h)M'(-hM oosh(hM) + (I + h(F + h)M')sinh(hM)) - 32(F + h)M'(-h 
2A, 

M oosh(hM) + (I + h(F + h)M'M sinh(hM)) + (FM oosh(hM) + sinh(hM))(M(F(-2 + 3 

h'M') - 2h( -I + h' M')( -I + E)) + M(F(2 + h'M') - 2h(1 + E + h'M' E))oosh(2hM) 

+(2 + hM'(2F + h + 4hE)) sinh(2hM) + 24M'«-F - h)( - hM oosh(hM) + (I + h(F + h) 

M') sinh(hM) - 2h'M(M( 2F - 3hE) oosh(hM) + (2 + 3E) sinh(hM)) - (-(F + 2h)M + 2 

F M oosh(2hM) + sinh(2hM))))R",), 

:S A. 13 
I , 

~ -3(36(F + h)kM-« -F - 2h)M + FM oosh(2hM) + sinh(2hM))R",), 
A, 

A" ~ },12 E + -~l (.!"12(FM cosh(hM) + sinh(hM»), 

A15 ~ «-F - h)M + FM oosh(2hM) +Sinh(hM)), 

A" ~ (M( A ,F + h(F + h)M - FhM oosh(hM)) sinh(hM) - hM(sinh(hM))'), 

Ali 
I 

~ Al(12kM' (-kM oosh(hM) + sinh(hM))(M(2F - 3hE) oosh(hM) + (2 + 3E)sinh(hM))«-

F - 2h)M + FM oosh(2hM) + sinh(2hM))R",) , 

A18 1 3 A34 
~ (-3(8(F + h)kM « -F - 2h)M + FM oosh(2hM) +Sinh(2hM))R",) + M( --, )), 

A, A, 
I 

A19 ~ A'M (A,«-F - h)M + (F - hE)oosh(hM) + (I + E)sinh(hM))(2A, + A, (-2 + hM'(2F , 
+h - 2hE)) oosh(hM) + M( - 2h(F + h)M + A,(-2 + h'M')(F - hE) + hM(F(2 _ h'M') 

+h(2 + h'M'E)) oosh(hM))sinh(hM) - h'M'(1 + E)(sinh(hM))') Re~SI), 
I 

A" ~ (-3(4(F + h)kM' oosh(3hM) - (hM oosh(hM) + (I + h(F + h)M')sinh(hM))R", ) + A35 
A, 
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+2M'( ~(93(F + h)kM'(FM ,0'h(2hM) + ' inh(2hM) + 2M'( ~(93(F + h)kM'«-F 
2Al 2Al 

- 2h)M + FM ,0,h(2hM) + ,inh(2hM))Rm) + -;(8h3kM'(M(2F - 3hE) ,0'h(hM) + (2 
A, 

1 
+3E)'inh(hM))«-F - 2h)M + FM ,0,h(2hM) + ,inh(2hM))Rm) + (,(12(F + h)kM' 

A, 

«-F - 2h)M + FM ,0'h(2hM) H inh(2hM))Rm) - -;(8(F + h)kM4«-F - 2h)M + FM 
A, 

,0'h(2hM) + sinh(2hM))R",) + M'(-;(2(F + h)kM'( -10M ,0'h(hM) + (1 + h(F + h)M') 
.4, 

,inh(hM))Rm) - -;(2(F + h)kM'Rm(2M(F + 2h - hE + h3M'E) + 2M( - F + hE + 103M' E) 
A, 

cosh(2hM) - 2(1 + 2h2 Nf2 E) sinh(2hM) - hM(2 + h(3F + 2h)M2 + (-2 + Fhll{.!) cosh{2hM) 

+(-2F + h),inh(2hM))Rm)))), 

A21 ~ (4h
3
(F ~ h)M'Rm _ -;(16(F + h)kM3 ( -10M ,0'h(hM) + (1 + h(F + h)M' 'inh(hM))Rm) 

_AI Aj 

1, 3 . A35 21 
-,(33(F + h)kM « - F - 2h)M + FM ,osh(2hM) + ,mh(2hM))Rm - -3 + 610 M(A3 

At At I 

(2(F + h)kM'« -F - 2h)M + FM ,0'h(2hM) + ,inh(2hM))Rm) - -;«F + h)kM4 
A, 

«-F - 2h)M + FM ,0'h(2hM) + sinh (2hM))Rm), 
204(F + h)M4Rm 1 . 

A" ~ ( 2 - --3 (2k(FM ,0sh(hM) + smh(hM))( -10M ,0sh(hM) + (1 + h(F + h 
Al MAl 

A" 

)AJ' ) ,inh(hM))R",) - 12M(5A" - -; (12h(F + h)kM'«-F - 2h)M + FM onsh(2hAJ) + 
.4, 

' inh(2hAJ))Rm)). 
12h2(F + h)M"J4n 1 

~ ( ?A + ,(Sh(F + h)kM3«-F - 2h)M + FM onsh(2hM) Hinh(2hM)) 
- 1 Ai 

Rm) - -;(kM'(4M' ,,(FM on,h(hM) + 'inh(hM))( - hM ,0sh(hM) + (1 + h(F + h)M') 
A, 

'inh (hM)) - 4(FM ,0'h(hM) H inh(hM))(-hM ,0'h(hM) + (1 + h(F + h)M') sinh(hM)) 

Re +(-h(F + h)M'(2 + h(3F + 2h)M') + 2( -1 - h(2F + h)M' + h3(F + h)M4)E + (10 

(F + h)M'(2 - FhM') + 2(1 + h(2F + 3h)M' + h3(F + h)M4)E) ,0'h(2hM) - hM(4E

(F + h)M'(2F - 10 - 6hE )) 'inh(2hM))) ), 

~ (--;(4(F + h)kM4(1 + 2hM')(-hM on,h(hM) + (1 + h(F + h)M')'inh(hM))Rm) 
A, 

1 . 
-3( -----,(1 7(F + h)kM'«-F - 2h)M + FM ,0,h(2hM) + smh(2hM))Rm) + M 

2A, 
1 1 

(,(5(F + h)kM3« -F - 2h)M + FM ,osh(2hM) + 'inh(2hM))Rm) + ,«F + h)kM3 
A, A, 
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Rm(2M(F + 2h - hE + h' M' E) + 2M( -F + hE + h'M'E) cDsh(2hM) - 2(1 + 2h'M' E) 

sinh(2hM) - hM(2 + h(3F + 2h)M' + (-2 + FhM') cDsh(2hM) + (-2F + h)Msinh(2hMll 

Rm)) + 2h( -2' (5(F + h)M' Rm) + M(A" - A' ,(h(F + h)kM'«-F - 2h)M + FM 
Al 2 1 

CDsh(2hM) + sinh(2hM))Rm)))))), 

- 1 3 5 A31 ll eF + h)M4 Rm 
= 3(h4.(F + h)kM8 (FM cosh(2hM) + sinh(2hM))Rm) + 41. M (-, - 'A ) 

A1 A} - 1 

+-.2,« F + h)kM' Rm(2M(F + 2h - hE + h'M'E) + 2M( - F - hE + h' M' E) 
2.4, 

(cDsh(2hM) - 2( 1 + 2h'M'E) sinh(2hM) - hM(2 + h(3F + 2h)M' + (-2 + FhM') 

(cDsh(2hM) + (-2F + h)Msinh(2hMllRm)) , 
- 1 1 

~ (,(3(F + h)kM'« - F - 2h)M + FM(CDSh(2hM) + sinh(2hM))Rm) + ,(2(F + h)k 
A] Al 

M4« _ F - 2h)M + FM(cosh(2hM) + sinh(2hM))Jl",) + ,I, «F + h)kM4Rm(2M(F + 
-A) 

211 - hE + h3 M'lE) + 2M( -F + hE + h3M2E) cosh(2hM) - 2(1 + 2hz M2 E) sinh(2hM) 

- hM(2 + h(3F + 2h)M' + (-2 + FhM')(CDSh(2hM) + (-2F + h)M sinh(2hM))Rm))), 

~ (51(F ~h)M' Rm + M (- 15A" + ~(3kM'(4M' A) (FM(CDSh(hM) + sinh(hM))(-hM 
~Al A, 

cosh(hM) + (l ..t. k(F + h)M2) sinh(2hM)) - 4(FM cosh(hM) + sinh(hM))(-hM cosh(h 

M) + (I + h(F + h)M') sinh(h M )) Re+(-h(F + h)M'(3F + 2h)M') + 2( -I - h(2F + 

h)M' + h'(F + h)M4)E + (h(F + h)Af'(2 - FhM') + 2(J + h(2F + 3h)M' + h'(F + h 

)M')EcDSh(2hM) - hM(4E - (F + h)M'(2F - h - 6hE)) sinh(2hM))Rm)))), 
-1 , 

~ (--, (2k(FM cDsh(hM) + sinh(hMll(-hM cDsh(hM) + (1 + h(F + h)M ) sinh(hM))Rm) 
MAl 

1 -I 
+,(144(F + h)kM'« -F - 2h)M + FM cosh(2hM) + sinh(2hMllRm) + 16M( A' (6( 
~ ) 

3 -1 0) 

F + h)kM «-F - 2h)M + FM cosh(2hM) + sinh(2hM))Rm) + M ( , (2(F + h)kM-(-h 
A) 

M cDsh(hM ) + (I + h(F + h)M') sinh(hM))Rm) - , 1 , (3(F + h)kM' Rm(2M(F + 2h - h 
- A) 

E + h' M' E) + 2M( - F + hE + h'M'E) cDsh(2hM) - (I + 2h'M' E) sinh(2hM) 

-hAf(2 + h(3F + 2h)M' + (-2 + FhM' )CDSh(2hM ) + (- 2F + h)M sinh(2hM)))))), 

-1 2 'I 1 
~ (,(2(F + h)kM (- hM cDsh(hM) + (I + h(F + h)M-)sinh(hM))Rm) + ,(16h(F + h) 

A) A\ 

kM7( -hM cosh(hM) + (I + h(F + h)M' ) sinh(hM))Rm) + ~ (16h(F + h)kM7( -hM cDsh 
A) 
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(:) 

(hM) + (I + h(F + hIM') 'inh(hM))R",) + M( - ; (144(F + h)kM'«-F - 2h)M + FM 
Al 

cosh(2/u'1) + sinh(2hM))R.n) - 211: Ai (k(F M cosh(hM) + sinh(hM))(M(F{ -2 + 3hz M2) 

-2h( -I + hM)(1 + h.'1)(-1 + E)I + .'1(F(2 + h'M') - 2h(1 + E + h'M' E))ro'h(2h 

M) + (2 + hM'(-2F + h + 4hE»sinh(2hM))R",) + 2M(oo'h(hM) + 'inh(hM)(48(F + h 

)kM'« -F - 2h)M + FM oo,h(2hM ) H inh(2hM»R",) + M( ~(18(F + h)kM'( -hM 
Al 

oo'h(hM) + (I + h(F + hIM') 'inh(hM»R",) + ~(4kh'A{5(M(rosh(hM) + (2 + 3E) 
Al 

'inh(hM»)(FM oo,h(2hM) + 'inh(2hM))R",) + ~(12(F + h)kM'R",(2M(F + 2h - he 
Al 

+ h3 M2 E) + 2M(-F + hE + h31\1J 2E) cosh(2hM) - (1 + 2h2M2E) sinh(2hM) + (-2 + F 

hM') ro,h(2hM ) + (-2F + h) sinh(2hM»R",»))))), 
I 

~ ,(A,M'(4(F + h)M( - AI + h(F + hIM' sinh(hM» + 2(h(F + hIM' + AI(2 
Al 
F + h)M cosh(hM) + Al sinh(hM) - (F + h)M2(hcosh(2hM) - F Al sinh(hM) + FhM 

sinh(2hM)))AI)), 

A31 ~ 3kM'«(F + hIM' AI«-F - 2h)M + FM oo,h(2hM) Hinh(2hM» + (-F - h)M«-F 

-2h)M + FM co,h(2hM) + ,inh(2hM» Re+(2 + M' (F' + 4h' + Fh(7 - 2E)) - 2 

E - (2 - 2E + M'(F' + Fh + 2h' - 2h(F + 2hIE)) cosh(2hM) - M( -h + F(3 + 2h( 

F + hIM') + 2h(2 + h(F + h)M')E),inh(2hM))R",)), 

~ ~3 (kM'«F + hiM' AI«-F - 2h)M + FM co,h(2hM) + sinh(2hM» + (-F - h)M« 
I 

~ 

-F - 2h)M + FM oo'h(2hM) H inh(2hM)) Re +(2 + A{'(F' + 4h' + Fh(7 - 2E)) 

- 2E - (2 - 2E + M'(F' + Fh + 2h' - 2h(F + 2h)E» oo' h(2hM) - M( -h + F (3 + 

2h (F + hIM') + 2h(2 + h(F + h)M')E) 'inh(2hM»)R",», 
(F + h)M3(75 + 2h 4M4)Rm 

2.4.1 

~ 2(F + h)kM'R",( - hM oosh(hM) H inh(hM)) - ~(2M(F + h)) + 2M(- F + hE) oo,h 
Al 

(2hM) - 2{l + 2h2 M2 E) sinh(2hM) - hM(2 + M2 cosh(2hM) + (-2F + h) sinh(2hM)M 

)R",)) , 

~ 2M'sinh(2hM)(15A32 - _1_(3(F + h)M'(17 + 2h'M' )R",) + ~(kM'(12M(FM cosh 
2A \ Al 
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(hM) + ,;nh(hM)) + (3h(F + h)M(5(F + 2h) - 2( -I + F + 2h)M' + h(3F + 2h)M') - 6 

M(-I + h'(F + h)M')E - 3M(h(F + h)(5F - 2( -I + F)M') + 4(F + h)(1 + 2h)M' ,;nh( 

Mh) + 3h(-5h + F( -5 + 2M') + M'(4E + h(2 + hM'(1 + 6E)))) ,;nh(2hM)Rm))), 

A36 = 9(F + h)kM3 Rm,(2M(F + 2h) + 2M(hE - F + h3M'l E) cosh(2hM) - 2(1 + 2lt2 M'l E)sinh( 

2hM) - hM(2 + h + (3F + 2h)M' cosh(2hM) + (-2F + h)M s;nh(2hM))Rm), 

p, ~ -~[(kM'(4M' A,(FM oosh(Mh) + s;nh(Mh))(-hM cosh(Mh) + (I + h(F + h) 
2A, 

M') ,;nh(Mh)) - 4(FM cosh(Mh) + s;nh(Mh))(-hM cosh(Mh) + (J + h(F + h) 

M') s;nh(Mh))R. + (-h(F + h)M'(2 + h(3F + 2h)M') + 2( -I - h(2F + h)M' 

+h'(F + h)M' )E + (h(F + h)M'(2 - FhM') + 2( J + h(2F + 3h)M' + h'(F 

+h)M')E) cosh(2Mh) - hM(4E - (F + h)M'(2F - h - 6hE))sinh(2M h)) 

Rm))J, 

T>l ~ -;[(kM'«F + h)M' A,« -F - 2h)M + (FM cosh(Mh)+ sinh(Mh)) + (-F - h) 
A, 

p, ~ 

p, ~ 

P5 ~ 

1'6 ~ 

1'7 ~ 

Ps ~ 

P9 ~ 

M« -2F - 2h)M + (FM cosh(Mh) + sinh(Mh»Re. + (2 + M2(F2 + 4h2 + Fh(7 

-2E)) - 2E - (2 - 2E + M'(F' + Fh + 2h' - 2h(F + 2h)E)) cosh(2Mh) - M 

(-h + F(3 + 2h(F + h)M') + 2h(2 + h(F + h)M')E) s;nh(2Mh))Rm ))[, 

I . 
,[(kM'(M(2P - 3hE) co,h(Mh) + (2 + 3E) 'mh(Mh))J, 
Ai 
(F + h)JH4 Rm 

2A~ 

--;[2(P + h)kM'(-hM cosh(Mh)(1 + h(F + h)M'),inh(Mh))RmJ, 
A, 

FIM3cosh (Mh) 
A, 

I . 
- A' [(F + h)kM'« -F - 2h)M + FM cosh(Mh) + smh(Mh))RmJ, , 

I . 
----,[(F + h)kM'«-F - 2h)M + FM co'h(2Mh) + ,mh(2Mh))RmJ, 

2A, 

-? I ,[(F +h)kM'R",(2M(F + 2h _ hE + h'M'E) + 2M(-F+ hE + h'M' 
_A, 

cosh(2Mh) - 2(1 + 2h'M'E)sinh(2Mh) - hM(2 + h(3F + 2h)M' + (-2 + FhM') 

+PhM') oosh(2Mh) + (-2F + h)M sinh(2Mh))Rm))J, 
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LI ~ (2160h3 + M'(I + hM + (-I + hM)(cosh(2hM) + sinh(2hM))'), 

L2 = e3hM ky2« -4E + h}.!!2(7 P2hM2 + h( -9 + 20£) + 2F( ~2 + E + h2 M2(2 + 3 

E))))oosh(hM) + hM'(h + F( -4 + FhM')) + 2( -2 + FhM')( -I + h'M')E) 

cosh(3Mh) ~ 4.M( _P2hM2 + 2F{ -1 + h2M'2( -3 + E) + E) - h(3 - 7£ + h2 

M'(3 + E)) + (h + F(F - h)hM' + (2F - h)( - I + hM)E) cosh(3hM) - 4M 

(-F'hM' + 2F( - 1 + h'M'(-3 + E) + E) - h(3 - 7E + h'M'(3 + E)) + (h+F(F - h)h 

M' + (2F - h)( -1 + h' M')E) oosh(2Mh)) sinh(2M h))R",) , 

L3 ~ (2( -6 + 4E + M'(3F'( -4 + h'M') + 2h'( -14 - E + Ih{'(1 + E) + Fh(2 - (23 + E) 

+ (5 + 2E)h'M'))) + (-4E + hM'(7F'hM' + h(-9 + 20E) + 2F(-2 + E + h'M'(2 + 3E)))) 

oosh(hM) + oosh(2hM) + (hM'(h + F( -4 + FhM')) + 2(-2 + FhM')( -1 + h' M')E) cosh 

(3hM) + 2M(3F'hM' + F(4 + h'M'(U - 2E) - 6E) + h(7 - 13E + h'M'(6 + E)))sinh(h 

111) + 2M(4P2hM2 + P(18 + 5h2 M2) + (6 + h21v[2 + 8E» sinh(2hM) + 2hM(h( -1 + F(-F 

+ h)M') + (-F + h)( -I + h'M')E) sinh(3hM)), 

L4 = (l+hM + (-1 + hM)cosh(2Mh) + (-1 + h.M)sinh(2hM)}, 

L, ~ ((cosh(My) - sinh(My))(-Foosh(Mh) - hoosh(Mh) + yoosh(My) - FMyoosh(My) - yoosh 

(2Mh + My) - F(1 - My) cosh(2Mh + My) + (F + h) coshUvlh + 2My) - (F + h) sinh(Mh)+ 

y(1 - FM)sinh(My) - y(1 + FM) sinh(2Mh + My) + (F + h)sinh(Mh + 2My))), 

L, ~ (M(F + 2hE) oosh(hM) + (I - 2E)sinh(hM)), 

L, ~ (-(F + 2h)M + FM oosh(2hM) + sinh(2hM))Rm), 

L8 ~ (eM(3h-"lk( -hM oosh(hM) + (1 + h(F + h)M' sinh(hM))(2(F + h)M' I,,) ), 

L9 ~ (-hM oosh(hM) + (I + h(F + h)M') sinh(hM)), 

LlO ~ (e3hMk(oosh(My) - sinh(My))(M L,R", + R.(6M'( -10 + M( -F'M(17 + 2My(5 + My)) 

- FhM(71 + 2My(19 + 3My)) - 4(y + h'M(l! + My(6 + My)))) + (10 + M(4y + 2h'M(5 

+ My)))) oosh(2Mh) + M(7h + F(27 + IOh(F + h)M') + 2M(7F + 31. + 2Fh(F + h)M')y + 2 

(F + h)M'y')sinh(2hM)) + (102(-1 +E) + M(F'M(- 147 + 18h'M'(5 +2My) - 2My(51+ 
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sinh(2hM)) + (102(-1 + E) + M(F'M(-147 + 18h'M'(5 + 2My) - 2My(51 + My(51 

+2My))) + 4(3y(5 + My)(-1 + E) + 3h'M3(5 + 2My)(1 + E) - h'M(84 + 15E + 2My 

(My(9 + My) + 3(10 + E)))) + 3FhM( -195 + 14 E + 2M(h'M(5 + 2My)(5 + 2E) + y 

(-67 + 6E + My(-19 - 2My(-19 - 2My + 2E))))) + (F'M'(147 + 6h'M'(5 + 2My) 

+2My(51 + My(15 + 2My))) + FhM'(87 + 2My(39 + My(15 + 2My - 6E) - 18E) 

-42E + 6h' M'(5 + 2My)(1 + 2E)) + 6(( - 17 - 2My(5 + My))(-1 + E) + 2h'M'(5 

+2My)E + Ihl'(7 - 24E + 2My(3 + My - 2(4 + My)E)))) cosh(2hM) + M(6F'hM' 

(7 + 2My(3 + My)) + h(45 + 204E + 2My(21 + 60E + My(9 + 2My + 12E)) + 6h'M' 

(5 - 3E + 2My(1 + E + MyE))) + F(249 + 2My(SJ + My(21 + My)) + 6h'M'( - 3(-4 

+E) + 2My(4 + E + My(J + E))))) sinh(2hM)R;"si) + 6M'(-10 + M(-4y + M(4h' 

(6 + My(4 + My)) + F'(17 + 2My(5 + My)) + Fh(31 + 2My(1l + 3My)))) - (-2 

(1 + h'M')(5 + 2My) + F'M'(17 + 2My(5 + My)) + FhM'(17 + 2My(5 + My))) 

ccsh(2hM) + M(-27h + F(-7 + 1Oh(F + h)U' + 2M(-3F - 7h + 2Fh(F + h)M')y 

-2(F + h)M'y') sinh(2hM).J)), 

LII ~ (51 +My(-15+2My-12E)+60E), 

L12 ~ (-4y + M(17F' + 71Ft. + 44h' - 2(F + 3h)(F + 4h)My + 2(F + h)(F + 2h)M'y')), 

L1, = 3FMh(195 - 14E + 2M(h'M(-5 + 2My)(5 + 2E) + y( -67 + My(19 - 2My - 2E + 6 

E))), 

L1• ~ (e""k(cosh(My) Hinh(My))(M(6( -27 + 17E) + M(F'M(-309 + ISh' M'(5 - 2My) 

+2My) + 2My(93 + My(-21 + My))) + 3FMh( -397 + 14E - 2h'M'(-5 + 2My)(5 

+2E) + 2My(1l7 - 6E + My(-25 + 2My + 2E))) + 4(3y(7 + My(-1 + E) - 5E)-

3h' M 3(_5 + 2My(1 + E) + h' M(-15(12 + E) + 2My(My(12 + My) + 3(IS + E))))) 

+(162 -102E + M(F'M(309 - 2M(3h'M(-5 + 2My) + y(93 + My(-21 + 2My+ 6 

E))) + 6(-21.'A13( -5 + 2My)E + 2y(-7 + My + 5E - MyE) + h'M(17 - 24E + 2M 
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y( -5 + My + 8E - 2MyE»») co,h(2Mh) + M(6F'M'h(17 + 2My( -5 + My» + h(-

2A1yL13 + 3(49 + 68E) + 6hz Aj'l(5 - 3£ + 2My(-1 - E + MyEl» + F(471 - 2My 

(135 + My(-27 + 2My) + 6h'M'(22 - 3E + 2My(-6 - E + My(l + E»») sinh(2MiI) 

R.n + Re(GM2(IO + M L12 - (10 + M(-4y + 2hz 111(5 - 2My) + P'lM(17 + 2My(-5 

+My» + FhM(17 + 2MY(-5 + My»» cosh(2hM) + M M( -7h + F( -27 -lOh(F + h) 

M') + 2M(7 F + 3h + 2Fh(F + h)M')y - 2(F + h)MV) sinh(2hM) + (-102( - 1 + E) 

+M(F'M(147 + 2M(9h' M( -5 + 2My) + y(-51 + My(15 - 2My)))) + LI3 + 4(-3y 

(-5 + My)( - 1 + E) + 3h' M 3 (_5 + 2My)2E) + 6E))) + 4(-3y(-5 + My)( -1 + E) + 

3h'M3( -5 + 2My)(1 + E) + h'M(84 + 15E - 2My(My( -9 + My) + 3(10 + E))))) + 

(F' M'( - 147 + 6h'M'( - 5 + 2My) + 2My(51 + My(-15 + 2My))) + FhM'( - 87 + 42 

E + 2My(39 - 18E + My( - 15 + 2My + 6E))) + 6((17 + 2My(- 5 + My))( - 1 + E) + 

2h4 M4 + h2 M2( - 7 + 24£ + 2My(3 - BE + My( - 1 + 2£» ») cosh(2Mh) + M{ - 6F2h 

M'(7 + 2.'1y(-3 + My» + h( -3(15 + 68E) + 2M(y(21 + My(-9 + 2My - 12E) + 60 

E) + 3h'M( -5 + 3E + 2My))) + F( -249 + 2M(81y + M(y' + h'(9(-4 + E) + 6My)))) 

» sinh(2hM)~Sf) + 6M'(1O + M(FhM + F'M - 4(y + h'M(6 + My(-4 + My»» 

+(2(1 + h'M') + FhM'(17 + 2My(-5 + My))) cosh(2hM) + M(27h + 2My + 2(F + h) 

M'ly2 sinh(2hM)>., », 

L I5 = (24(8E + M'(12F' + Fh(14 + h'M') + h'(3 - 2E + 2h'M'E))) cosh(3Mh) - 42 cosh 

L16 = 

LIi = 

L" = 

LI9 = 

(4Mh», 

M(4F'hM'(3 + 5h'M') + F(135 + 1Bh'M' (-4 + E) - 48E + 2h'M'(-5 + 19E», 

(1 + 7F - 6h - h(12F' + h(-l + 41h) + F(-l + fi1h»M' ), 

(-1 + 7h+ h(9F' + (-1 + iI)/' +F(-l + 4h))M') cosh(2hM), 

(1 - 21F - IOh - (-1 + h)h(F + h)M') cosh(4hM) + 8¢sinh(2rrx)(sinh(hM))3( -hM cosh 

(hM) + (1 + h(F + h}M2) sinh(hM) + 2M(15F'l + h + 93Fh + 47hZ + 12Fh'l{F + h)l\12 

sinh(2hM) - (15F' + h + 9Fh - h')M sinh(4hM», 
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L20 ~ 

L" ~ 

(e<h"y(kM(162 - 150E + M'(P'(297 + 96},' M' + 43h'M') + h'(-24(-39 + E) + h' 

U-2(203 + 6£ + 8hz 1\12 E) + Fh(1419 - 162E + 2h2 M 2(178 - 54£ + h2 Jl{2{14 + 19£ 

»)) - 24(6 - BE + AJ'(12P' + P(78h - 7h'M') + },'(43 + 30E - 2h' M'(2 + 3E»» 

cosh(A/ h) + 4(6( -5 + 3E) + AJ2(3F2( -17 - 11hz M 2 + 4h4 AJ4) + hZ( -3 + 180£ + 2hz 

M'( -29 + 10E + h'M'E)) + Ph(6(8 + 9E) + },'.<{'(-97 + 14E +}" M'(7 + 12E))))) 

cosh(2hAI) + 144 cosh(3Mh) + L15 + (78E + M 2(F2(_93 + 36hz M2 + 5h4 U 4) + h2(36 

+h'M'(5 - 38E) + 72E) + Ph(-75 - 54E + 2},'M'( - 20 + 26E + 5h'M'E)))) ,,",h(4 

hM) - 24M(2P'hM' + h(8 - 34E + h'M'(l1 + 2E» - P(h'M'( - 17 + 4E) + 2(5 + 6 

E))) ,;nh(hM) - 2M(P'(84hM' + 40h'M') + F(249 + 4BE + 2h'M'(57 + 39E + 7h' 

M' (-2 + 5E))) + h(33 + 240E + 2h'M'( - 13 + lO7E + h'M'( -19 + 11E)))),;nh(2h 

M ) + 24M(6P'hM' + h(8 + h'M'(I - 2E) + IDE) + P (lB - 4E + h'M'(3 + 4E))) ,;nh 

(3hM) - L" + h(9(7 + 16E) - 2,,'M'( - 10 + (11 + 5h'M')E») ,;nh(4hM» Rm - -kR, 

(2M'(3M L17 + 12 ,;nh(2hM» + M(4DI8 + Dl9 ) + (M(-63h + 144hE + 32h'M'( 1 + 2 

E ) + P (B1 + 61.'A1'( -82 + E) + 4h' M' (28 + 13E») + 4hM( - 18( - 1 + E) + M'(F'(21 

+8h'M') + 4h'(-9 + (-6 + 4h'M')E) + 3Ph(- 15 + 2E + 4h'M'(1 + E))))co'h(2h 

M) - AI(41,F'M' + F(81 + 4Eh'M') + h(9 + 72E + 2h'k['(2 + 7E))) co'h(4hM) + 2 

(-30( -1 + E) + k['(51P' + 12h'(11 + 2Ih1'(1 - 2E)+ 10E») , ;n1, (2hM) + (30(-1 

+E) + M'(3P'(-17 + 4h'M') + Fh(-I + 2E»)) ';nh(4hM)~"si) + 2kM'(3M + 4M 

,,",h(2"M) + 2( - 6 - 12Fh'(F + h)M') ,;nh(2hM) + (6 + (-15F' - 7Fh + 14h')M' 

) ,;nh(4hM»A, », 

(24(-1 + FM)(l + hM )(2 + hM)(-2E+ hM(- l +FM + 2hME)) + 24e6MI(F'M' 

(-24 + hM(-5 + hM)(2 + hAI» + 12(-1 + E) - hM(14(1 + E) + hM(9 + hM 

+2(-3 + hM (l + hM»E» + 2PM(2(-9 + E) + hM(3(-4 + E) + hM( - 6 + (-3 + hM 

(-3 + hM»E))) ), 
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?-

L" ~ 24e'''' (4( -3 + E) + M(F' M ( -24 + hM(2 + hM( -1 + 7hM))) + 4F(7 + hM( -8 + hM 

(-4 + hAll -5 + hAl)))) + 6F( 1 + hM)' - h(2 - 38E + hM(31 - 58E + hM)))), 

£23 = 24e4hAl (24 - 20E + M(F2 M{48 + hM(6 + hM(1 + 7hM))) + 10(14 - 30E + hM(1l7 

+2E + hM(3 + hM(4 - 6E) + 22E))) + 2F(4 - 6E + hM(94 - 9E + hM(9 - E + h 

M(3 - 3E + hM(2 + 3E))))))) , 

L" ~ e'''' (6 + M(F' M( -351 + hMI831 + 2hM)) + F13(67 + 96E) + hMI- 6(277 + 3E) 

+hM(2505 - 168E + 2hM( - 328 + 39E)))) + h(255(1 + 2E) + hM(- 3 + 2hM(768 

-153E + hM( - 283 + 2hM(59 - 36E + hM(8 + 33E)) )))))), 

L" eThAt (162 - 198E + M(F'M(309 + hM(- 159 + 2hM(24 + 5hM(-4 + hM)))) + h(33 + 3S4 

E + hM(3 - 252E + 2hM(9( -2 + 9E) + hM(l + 2hM + 3(-9 + 2hM( -2 + hM))E)))) 

+F(471- 96E + hM(6(-21 + E) + hM(51 + 168E + 2hM(-38 - 9E +2hM(3 - 21E 

+hM(l HE)))))))) , 

L26 ~ ,'" (126 - 186E + M(F' M(267 + hM(129 + 2hM(24 + hM(14 + 5hM)))0 + h( - 63 - 318 

E + hM( - 3(1 + 76E ) + 2hM(18 - 99E + hM(7 - 57E + 2hM( - I + 3hME))))) + F ( -393 

+96E + hM( - 6(11 + E) + hM(-9(S + 24E) + 2hM(-32 - 39E + 2hM(-6 + 15E + h(M 

+6M E)))))))))R", + 2e' hAI kR,(2M'( - M(2 + 81F - 11h - h(21 F' + 6h( - I + 4h) - F(2 

+ 13h»M2 + 6Fh 3(F + h)A{4) cosh(3hM) + 2sinh(hM)(30 + (5IP2 + 294Fh + 10(2 + 16 

3h))M' + 6h'(9F' + 22Fh + llh')M' + (-30 - 3(17F' - IOFh + h(-2 + 9h))M' + 2h' 

(3F' + (2 - 5h)h + F(2 + 4h))M') oo,h(2hM) + 2M(1 + h(F + h)M')¢'inh(2rrx)(2hM 

co'h(2hM) - ,inh(2hM)) + M co'h(hM)(2 + 81F - 1110. - h(F( -2 + 21F) + (2 + 311F)h 

+ 220h2)M2 + 6{F - 4h)h3 (F + h)M4 + 4hM¢sinh(21rx) ( -2hM cosh(2hM) + sinh(2hM» 

) + (M(7F'hM'( -15 + 28h'M' ) + F (294 + 3h'M'(- 297 + 8E) + 4h'M'(37 + 44E)) + 

h(-57 + 306E + 4h<OM'(9 + 23E) - 2h'M'(302 + 79E))) co'h(hM) + M(F'M'h(105 + 

44h2M2 ) + 1t(57 + 2h2M2(8 - 125E) - 306E + 4h4M4 (_ 1 + 9E» + F( -294 - 3h? M2( 

35 + 8E) + 4h'M' (3 + 16E))) co,h(3hM) - 2(102(-1 + E) + M'(F'( - 147 - 24h'M'+ 
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20h4M 4) + 2Fh(-417 + 21E + 6h4 M4(3 + E) + h2.M2(_122 + 43E}} + h2(4h4M4(4 + 3 

E) - 2h'M'(58 + 9E) - 3(143 + 72E))) + (-102(-1 +E) + M'(F'(147 + 60h'M' + 4h' 

M') + 2Fh(2h' AI'(1 + 3E) + 5h'M' - 3) + h'(45 - 396E + 12h'M'E))) cosh(2hM)) 

si nh(hJ\1»~Sl) - 4e41dll (k(120(sinh(hM»3 + M((17F + 107h - h(85F2 + 153Fh)UZ - 6 

h3(F + h)M') + (-17F -107h+ 18Fh3(F + h)M') oosh(3hM) + M(153F' + 262Fh + 16 

3hz + 2h2M2)sinh(hM) - M{51FZ + 42Fh - 111hz + 2hZMZ}sinh(3hM»».1»), 

L" ~ slnh(2~x)(-hcosh(hM) + (1 +h(F+h)M')s;"h(hM))(2hMcosh(2hM) - slnh(2hM)), 

L" ~ (120(slnh(hM))3 + M(( -2 - 81F + 11h + h(F(-2 + 21F) + (2 + 311F)h + 220h')M'-

6(F - 4h)h3(F + h)M') cosh(hM) + (2 + 81F - 11h - h(21F' + 6h( - 1 + 4h) - F(2 + 1 

3h))M' + 6Fh3(F + h)M') cosh(3hM) - M(153F' - 2h + 558Fh + 353h' + 2h'(51F' 

+2F( -1 + 64h) + h( -2 + 71h))M') slnh(hM)), 

L29 ~ (-51F' + 30Fh + 3(2 - 9h)h + 2h'(3F' + (2 - 5h)h + F(2 + 4h))M'), 

L30 ~ (-M(7F'hM'( -15 + 28h'M') + F(249 + 3h' M'(-297 + 8E) + 4h'M'(37 + 44E)) + h 

(-57 + 306E + 4h'M'(9 + 23E) - 2h'M'(302 + 79E))) cosh(hM) + M(-F'hM'(105 + 

44h'M') + F(249 + 3h'M'(35 + 8E) - 4h'Al'(3 + 16E)) + h( -57 + 4h' M'(l - 9E) + 

306E + 2h' M'( - 8 + 125E)))cosh(3hM)+ (306( -I + E) + M'(9F'( -49 - 12h'M' + 4 

h'M') + h'( - 903 - 36E - 2h'M'(108 + E) + 4h'M'(8 + 3E)) + 2Fh( -753 + 63E + 2 

h' M'(17 + 3E) + h' M'( -214 + 5IE)))) slnh(hM) + (-102( -1 + E) + M'(F'(147 + 60 

h'M' + 4h'M') + 2Fh(2h' M'(1 + 3E) + 5h' M'( - 6 + 7E) - 3(27 + 7E)) + h'(45 - 3 

96E + 123h4 M4E - 2h2 MZ{8 + 17E)))sinh(3hM)R~Sl) , 

L" ~ (-309F' M - h( -1 + FM )(33 + FM(159 + 2hM(24 + 5hM(4 + hM))) + hM(-3 + 2hM( 

81 + hM(-1 + 2hM)))) - 6(F(1 + hM)(16 + hM( -15 + hM(-13 + 2hM(5 + 2hM)))) + 

h( -59 + hM(-42 + hM( -27 + hM( -9 + 2h.'1(2 + hM))))))E, 

L32 ~ 24e7hM (I + FM)(-2 + hM)( -I + hM)(-2E + hM(l + FM + 2hME)) + 24e'" (-12(-1 + 

E) + M(F'M(24 + hM( -2 + hM)(5 + hM)) + h( -14(1 + E) + hM(9 - 6E + hM(-1 + 2 
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(-1 + hM)E))) + 2F(2(-9 + E) + hM( -3(-4 + E) + hM(-6 + (-3 + hM(3 + hM)E))))), 

L" ~ 24eS
"'( -4(-3 + E) + M(F'M(24 + hM(2 + hM(l + 7hM))) + 4F(7 + hM(8 + hM(-4 + 

hM(5 + hM)))) + 6F(-1 + hM)'(2 + hM(l + hM))E + h(-2 + 38E + hM(31 - 58E + h 

M(-19 + 18E + 6hM(2 + E)))))) + 24e3hM (4(-6 + 5E) + M(F'M(-48 + "M(6 + hM(7 

hM - 1))) + "(14 - 30E + h.'1(-l77 - 2E + "M(3 + 22E + 2hM( -2 + 3E)))) + 2F(4-

6E + "M( -94 + 9E + ".'1(9 - E + hM(3( -1 + E) + hM(2 + 3E))))))), 

£34 ~ -,''''(-90 + 174E + M(F'M( -225 + hM(B01 + 2h.'1( -36 + hM(72 + 91".'1)))) + F(9( 

31 + 32E) + hM(6( -203 + 3E) + h.'1(2199 - 216E + 2h.'1( -370 + 9E + 2h.'1(119 - 33E 

+7hM(7 + 6E)))))) + h(225 + 546E + h.'1(-855 - 492E + 2hM(684 - 195E + h.'1( -30 

1+ 123E + 2hM(71 - 81E + hM(S + 33E)))))))), 

£35 ~ e'''' (198 - 210E + M(F'M(351 + hM(B31 + 2hM(12 + hM(30 - 9IhM)))) + F(3(67 + 

C. 96E) + hM(6(277 + 3E) - hM(3(-835 + 56E) + 2hM( -328 + 39E + 2hM(-B6 + 51E + 

7hM(7 + 6E)))))) + h(255(1 + 2E) + hM(1065 + 546E + 2hM(768 - 153E - hM( -283 

+153 + 2hM(-59 + 36E + hM(8 + 33E)))))))), 

L" ~ e'''' (126 - 186E + M(F' M(267 + hAf( -129 + 2hM(24 + hM( -14 + 5hM)))) + h(63 + 

318E + "M( -3(1 + 76E) + 2hM(-18 + 99E + hM(7 - 57E + 2hM(1 + 3hME))))) + F 

(393 + hM( -6 + hM(9 + 2"M(-32 + 2hM(6 - 15E))))))), 

L37 ~ ,3/,M (-M(-17F - 107h+ h(B5F' + 153Fh + 134h')M' + 6h 3(F + h)(3F + 4h)M' 

cosh(hM) + 120(sinh(hM))3 + M((-17F- I07h+ h(B5F' + 85Fh - 54h')M' + 18 

Fh 3 (F + h)M4 cosh(3hM) + M(153P2 + 262Fh + 163hz + 2h2(25F2 + 56Fh+ 37 

h2 )M2) sinh(hM) - lIIJ(51P2 + 282Fh + 163h2 + 2h2(25P2 + 56Fh + 37h2)M2) sinh 

(hM) - ."1(51p2 + 42Fh - 111h2 + 2h2M2)L43 Sillh(3hM»».I. 

L" ~ (k(2 + e3hM 14.( -8M3¢L27 + 2M2 £28 - MLz9sinh(hM») + L30 + M«3( -54 + 157F 

M + 6GE) + 111 L31) + L32 + L33 + L34 + L35 + L36)Rm + 4M3 L37), 
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b,. L39 ~ (I + hM + (- I + hM)(co,(2hM) + 'inh(2hM»), 

L" ~ (1 + hM + FhM2 + h2 M2), 

L" ~ (I - hM + PhM' + h'M') , 

L" ~ (31F2 + 32Fh - 5h2), 

L" ~ (36 + M(h(24 + M( -41 + h(24 + M(49 + 2h(6 + M(16 + hM(37 + 12hM)))))) + 6M 

(-6 + h(-4 + M( -9 + h(-4 + M(21 + 2h(-1 + 9M))))))V - 6hM'( - I + hM(5 + 4hM 

y' - 36(1 + V) + P'M'(63 + h( - 12 + M(37 + 2h(6 + M(34 + 9hM)))) - 6M(-15 + h 

. (-2 + M( -7 + 2h(1 + M»)))V - 6M'(3 + hM)V') + P( - 12 + M( -5 + h(60 + M(1l2 

+h(36 + M(57 + 2h(6 + M(65 + 2IhM))))))) + 12y - 6M(3 + P( -12 + M( -5 + h(60 

+M(1l2 + h(36 + M(57 + 2h(6 + M(65 + 2IhM»»» + 12y - 6M(3 + h(1O + M(-30 

+h(6 + M(-19 + 2h(1 + M))))))V - 6M'( -I + hM(8 + 5hM»y'»», 

C. L45 ~ (-12 + M(hM( -41 + h( -24 + M(45 + 2h(6 + M( -18 + 5hM)))) - 6M(-2 + h(4 + M 

(9 + h( -4 + M(-9 + 2h(1 + M»»»V - 6hM'(-1 + hM)V' + 12(1 + 2h + y) + P'M' 

(-21 + h( - 12 + M(37 + 2h(6 + h(-22 + 9hM»» - 6M(-1 + hM)(-5 + 2h(1 + M» 

V - 6M'( - I + hM)y') + P( -12 + M( -5 + ISh'M' - 2h'M'( -6 + 26M + 6M(1 + M) 

V) + 6V(2 + M(-3 + My)) - 12h( - I + M(2 + V + MV)) + h'M( -12 + M(37 + 6y(2 

+M(7 - MV»))))))' 

L" ~ (12 + M(h(24 - M(41 + h( -24 + M(45 + 2h( - 6 + M(IS + 5hM))}))) - 6M(2 + h(4 

+M(9 + h(4 + M(9 + 2h(1 + M))))))y + 6hM'(J + hM}y' - 12(1 + V} + P'M'(21 

+h( - 12 + M(37 + 2h(-6 + M(22 + 9hM)))} + 6M(1 + hM)(5 + 2h(1 + M}}V - 6 

M'(I + h.'1}V'} + P(-12 + M( -5 + ISh'M' + 2h'M'(-6 + 23M + 6M(1 + M}V} 

+6y(2 + M(-3 + My)} + 12h(-1 + M(2 +y + MV}} + h'M(-12 + M(37 + 6y(2 + M 

(7 - My))}))))}, 

L" ~ (-12 + 6Ph(P + h}M'(h - V)' + MM(2 + 45P + 7h + 12) + M'(h( -21P' - 6(-1 + h} 
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h + F(2 + 13h)) + 6(3F' - 2Fh + h')y - 6(F + h)y') + M'(-33F' + 6F(2h - 5y) 

+3h + 2y)) - 2M'(Fh'(-2 + 511 - 3y) + 3F'(1I - y)(211 + y) + h'(I1(-2 + 511) - 6 

hy + 3y'))) , 

L" ~ (-108 + (80 - 134h)M + M'(-297F' - 576Ph + 2(89 - 683h)h + 648y' + M3(-h(SI 

F' + 4h(41 + 94h) + F(-SO + 1619h)) + 18(1 + 36F - h)y') - 911(F + h)M7(h - y) 

(h + y)(7 F - 20h)h'(F + 4h)y') - 9M'(h - y)(h + y)(h'(93F' + h( -4 + 137h)) - (P 

+h)(3F + 5h)y') + M'( -h'(14S5F' + F(-98 + 5363h))) - (F + h)(3F + 5h)y' )M' 

(-h'( 1485P' + 2h( -58 + 1759h) + F( -98 + 5363h)) + 18(72F' + 252Ph + h( - I + 163 

h))y') + 9M'(h3(18P' + 11(2 + 203h) + P( -2 + 273h)) - 2h(F( -I + 12P) + h + 139 

Fh + IOlh')y' - (F + h)y')), 

L49 ~ (36 - M(2 + 45P + 7h + 36y) + M 3(h(2IP' + 2h(1 + 65h) + F(-2 + 167h)) - 6(9P' 

+34Fh + 1911')y + 6(F + h)y') + 2M'(II'( 42P' + h( -2 + 71 h) + P( -2 + 119h)) - 3 

h(F' + 21Ph + 14h')y - 3(F + h)(3F + 5h)y') - 6h(F + h)M'(h + y)(4h( -h + y) + P 

(h + V)) + M'(99P' + h(-2 + 227h - 6y) + 6F(54h + 5y))), 

L" ~ (12 + M(2 + 45F + 7h - 12y) + 6Fh(F + h)M'(h + y)' + 3M'(l1F' + h(-2 + 3h + 2y) 

-2F(2h + 5y)) + M 3(-3F'(7h + 6y) + F(h(2 + 13h) + 12hy - 6y') - 611«( -I + h)h 

+hy + V')) + 2M'(3F'(2h - y)(1I + y) + Fh'(-2 + 511 + 3y) + h'(h( -2 + 511) + 6hy 

+3y'))), 

L'I ~ (-36 - M(2 + 45P - 7h - 36y) + M 3(h(2 IF' + 211(1 + 6511) + F(-2 + 167h)) + 6(9P' 

+34PII + 19h')y + 6(F + h)y' + 2M'( -h'(42F' + h(-2 + 71h) + F( -2 + 119h) - 311 

(P' + 21FII + 14h')y + 3(F + 1I)(3P + 511)y') + 611(P + h)M'(1I - y)(F( -h + y) + 4h 

(h + V)) - M'(99P' + 6P(54h - 5y) + h( -2 + 227h + 6y))), 

L" (324 + M(334 - 739h + 9M(II(62 + h(253 + 2.'1(29 + 11(-17 + 2M(1 + h(17 + M(-6 

+ IIM))))))) - 8(12 + M(-I + h(1 + M(-3 + 11(9 + M(-3+ h(9 + (-2 + 511 )M))))) 

))y' - 4hM3(1 + hM)y') + F( -405 + IIM(3186 + M(334 + h( -3223 + 36M(7 - h(16 
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+M(2 + h(15 + M(4 + h(2 + 7hM))))))))) + 72M'(36 + hM(12 + M(I + h(5 + M 

(2 + h + 3h'M)))))y' + 36M'( -I + h'M')y') + 9F'M(99 + M( -h(33 + 4hM( -63 + h 

M(-18 + hM(1 + 7hM»))) + 24M(-8 - 4hM + h3M 3 )y' + 4M3(1 + hM)y')))), 

L53 ~ (108 + (80 - 134h)M + M 3(-h(8IF' + 4h(41 + 94h) + F( -80 + 169Ih» + 18(1 +36 

F - h)y') - 9h(h - y)(h + y) + 9M'(h - y)(h + y)(h'(93F' + h( -4 + 137h) + F(-4 

+242h» - (F + h)(3F + 5h)y') + M'(h'(1485F' + 2h(-58 + 1759h) + F( -98 + 5363 

h» - 18(72F' + 252Fh)y') + 9M'(h3(18F' + h(2 + 203h) + F( -2 + 273h)) - 2h(F( 

-I + 12F) + h + 139Fh + 101h')y' - (F + h)y')), 

L,. ~ (-12 + M(2 + 45F + 7h - 12y) + 6Fh(F + h)M'(h + V)' - M 3(h(2IF' + 6(-1 + h)h 

-F(2 + 13h» + 6(3F' - 2Fh + h')y + 6(F + h)y') + M'(-33F' - 3h(-2 + 3h + 2y) 

+6F(2h + 5y» - 2M'(3F'(2h - y)(h + y) + F'h(-2 + 5h + 3y) + h'(h( -2 + 5h) 

0- +6hy» 

L" ~ (-36 - M(2 + 45F + 7h + 36y) + M 3(h(2IF' + 2h(1 + 65h) + F(-2 + 167h)) - 6(9F' 

+34Fh + 19h2)y) + 2M~( _h2(42F2 + h(-2 + 71lt)) + 3h(F2 + 21Fh + 14h2)y + 3(F 

+h)y') - M'(99F' + h( -2 + 227h - 6y) + 6F(54h + 5y»), 

L56 ~ (324 + (-324 + 405F + 739h)M + 9M'«F' + 354Fh + h(62 + 253h) - 96y') + 36Fh(F 

+h)M' (h - y)(h + y)(7h' + y') + M 3(h(297 F' + 18h( -29 + 17h) + F( -334 + 3223h» 

+72(-1 - 36F + h)y') - 36M'(h - y)(h + y)(h'(F' + (F - h»)(F + h)y') + 36M'(J •. ' 

(7F(1 + 9F) + h - 16Fh + 17h') - 6(SF' - 4Fh + h(-I + 3h»y') + 36M'(h3(-18F' + 

F(2 + 15h)) + 2h(F( - I + 12F) - (3 + of)h + 9h')y' + (F + h)y')), 

L" ~ (108 + M(14 + 27F'M(1I + hM) + F(-405 + hM(162 + M(14 + 13h + 4( -I + h)hM») 

+h( -203 + M( IO + h(-37 + 2(-1 + h)M( -5 + 2hM»))), 

L" ~ (108 + M(14 + 27F'M(1I + hM) + F(-405 + hM( 162 + M(14 + 13h + 4( - I + h)hM») 

+h( -203 + M(IO + h(-37 + 2(-1 + h)M(-5 + 2hM)))))), 
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£59 ~ 

L60 ~ 

L61 ~ 

\~ 

L" ~ 

(12 + 2M +45FM + 7hM + 33F2M2 - 6hM2 - 12FhM2 +9h2M2 + 2FM3h- 21F2h.M 3 

+6h2M3 + 13Fh2 M3 _ 6h3 M3 _ 4Fh2 M4 + 12F2k2M4 _ 12FhM3y + 6h2 M3 y _ 6F2h 

M4 _ 6Fh2 M4y _ 12k3.M4y _ 12P2k2 M 5y _ 12Fh3 M 5y _ 6F M3y2 _ 6hM3y2 _ 6F2 M4 

y2 + 6h2 M4y2 + 6F2hM5 + 6Fh2 M5 y2), 

(40 + M(h(89 + FM(40 + hM(49 + 9hM( - I + 2hM))) + hM( -82 + hM(5S + 9hM(1 + 2 

hM)))) - 9M(- 1 + 2hM)(1 + hM(1 + (F + h)M»y')), 

(-126(-1 + E) + M(75F'M + 48M(6 + FM(5 + 9FM»y' - 3M3(2 + FM(I + FM»y' + 6 

(32F - 48My' + M3 y')E + 2h'M'(16 + 7E) + h(- 6(83 + FM( - 88 + 19FM)) - 48My' 

+M3y')E + 2h'M7 (16 + 7E) + h( - 6(83 + FM(-88 + 19FM» - 48M'y' - M'(-3 + F 

M(18 + FM»y' + 6(115 - 9FM - 24M'( -2 + FM)y' + M'( -I + FM)y')E) + 2h'M'( 

-9 - 29E + 7FM(5 + E)) + h'M( -213 + 612E + M(912My' - 9M3y' - 2F'M(195 - 72 

M'y' + M'y') + F( -1497 + M'y'(l1 - 4E) + 48MV(-18 + E) + 6E))) + h'M'(-209 

- 20E + M(38F'M - 4My'(8 + 3E) - F(93 + 136E»)) + h' M'(609 + 148E + M( - 153F' 

M ~ 2M'y'(17 -'- 3E») + h'M3(-978 + 164E + M(9F'M(13 + 4M'y') + 2My'(1l7 + 16 

E - M'y' E) + F(893 - 6E + 2M'y'(41 + 70E)))) + h3 .'1'( -3(101 + 358E) + 2M(F'M( 

65 + 77M'y') + My'(-302 - 58E + M'y'(3 +E» - F(720 - 118E + M'y'(-214+ 36E 

+M'y'(1 + E))))))), 

198(-1 + E) + M(F'M(-351 + M(h( -75 + 2hM(-99 + hM(35 + 18hM))) - 12(- 1 

+hM)(9 + hM(ll + 7hM»y + 6M(9 + hM(1 + 2hM»y' + 4M'(3 + hM)y3» - 36 

y(3 + My)(-I + E) + 4h' M'(8 + 3E) + h(3( -5 + 66E) - 2My(-18 + 54E + My(-3 

+2My + 18E))) + F(183 + M(-2y(36 + .l,;ly(15 + 2My)) + 4h'M'(17 + 3E) + h' 

M( - 651 + 2My(138 + My(63 + 10My - 12E)) + 60E) + 2h(-597 + 2My(99 + M 

y(51 + 8My - 9E) - 9E) + 63E) - 2h' M3(25 - 34E + 6My(l! + 6E» + 2h3M'( 

-286 + 15E + 6.'1y(-7 - 3E + My(1 + E»»», 
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L63 -582(-1 + E) + M( -1437h - h'M(lOlI + 4hM(65 + hM(-50 + hM(-17 + hM(13 

+6hM))))) + SM(-4S + hM( -24 + hM(-24 + hM(-14 + hM(5 + 2hM»))))y' + F' 

M(735 + M(h(159 + 4hM(222 + hM(S6 + hM(55 + 3hM(13 + 2hM))))) - SM(3 

+2hM)(24 + h'M'(S + hM))y' - 4M3(l + hM)(-1 + 2hM)y')) + 2(h(SI9 + hAl 

(214S + hM(1045 + hM( -397 + 4hM(-126 + hM( -I + hM)(22 + 7hM)))))) - S 

M(I + hM)( -24 + hM( -4S + hM(-48 + hM(-19 + 3hM(l + hM)))))y' - 4M3(l 

+hM)yll )E + F(-951 + 960M2y2 - 12M4y4 + 1152E + 8h7 M7(3 + 7E) + h2 M2 

(1245 + 744E + 192M2y2(2 + E) - 4M4y"(1 + 4E» - 4h4 M4(99 + 50£ + 2M2 

y'(3 + 26E)) + 2h3M3(3(4S + E) - 4MV(-33 + 20E + M'y'(l + E))))), 

L.. ~ 198(-1 + E) + M(F'.'1(-351 + M(h(75 + 2hM(-99 + hM(-35 + IShM))) + 12(1 

+hM)(9 + hM( -11 + 7hM»y + 6M(9 + hM( - I + 2hM))y' - 4M'( -3 + hM)y3)) 

- 36y(3 + My)( - 1 + E) + 4h'M'(8 + 3E) + h'M(-789 + 72E + 2My(90 + My(57 

+IOMy) + 36E)) + 2h3 M3(-135 - 37E + 6My( -3 - 3E + MyE)) - h'M( -651 

+60E) + 2h( -597 + 2My(99 + My(51 + SMy - 9E) - 9E) + 63E) + 2h'M3(25 

-34E + 6My(11 + 6E)) + 2h3M'(-2S6 + 6My(-7 - 3E + My(1 + E)))))), 

L65 ~ -66(-1 + E) + M(F'M(117 + M(h( -75 + 2hM(-3 + hM)(-7 + 2hM» + 12(-3 

HhM + h3M3)y + 6M( -I + hM)(3 + 2hM)y' + 4M'(-1 + hM)y3» + 12y(3 

+My)( - 1 + E) + 12h'M'E + 4h'M'(1 + 6MyE) + 2hg'M3(1 - 53E + 6My(1 

-3E + MyE» - 2h3M'(17 - 125E + 6My(3E + My(-1 + 3E» ) + h(3(-5 + 66 

E) - 2My( -IS + 54E + My(-3 + 2My + lSE))) + h'.'1(39 - 2SSE + 2My(-6 

+BOE + My\ -3 + 2My + 24E))) -;- F(IS3 + M(-2y + l.'Af(SI + 2.'1.(-S + My 

(3 + 2My - 12E)) + 60E) + 2h3M'(-30 - E + 6My(1 - 3E + My(1 + E))) + 6 

h(-15 - 7E + 2My(5 + E + My(1 + E)))))), 

L.. ~ (-126(-1 + E) + M(75F'M + 48M(6 + FM( -5 + 9FM»y' - 3M3(2 + FM( -1 + F 

M»y' + 6(-32F - 48My' + M3y')E + 2h'M'(16 + 7E) + 2h'M'(9 + 29E + 7F 
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M(5 + E)) + h'M'(-209 - 20E + M(38F'M - 4My'(8 + 3E) + F(93 + 136E))) 

+ h(498 - 690E + M(F2M(1l4 + 96M2y2 + M 4 y4) +3My2( 16 - 96E + M2y2(_1 

+2E)) + 6F(88 + MV(-3 + E) - 9E - 8M'y'( - 31 + 3E)))) + h' M4( - 609 - I 

48E - M( - 153F'M + 4My'(3 + 14E) + 2F(212 - 39E + 2M'y'(17 + 3E)))) + h' 

M( - 213 + 612E + M(912My' + F(1497 - 48M'y'(-18 + E) - 6E + MV(-l1 + 4 

E)))) + h3 M'(303 + I074E - 2M(F'M + F(720 - 118E + M'y'( -241 + 36E)))) 

+F(893 - 6E + 2M'y'(41 + 70E)))))), 

L67 ~ (-6 + M( - 3h(-60 + hM(-3 + hM(61 + 2hM(4 + 3hM( -8 + hM( - I + hM))) ))) + 6 

M(-2 + hM( -I + hM( -16 + hM(9 + 2hM(-1 + hM)) )))y' + 6M3
( - I + hM)'(1 + h 

M)y4 + F'M(6 + M(h(135 + hM(-243 + 2hM(IOS + hM(IS + hM( - 14 + 5hM))))) 

-6M(-1 + hM(4 + hM(5 + 2hM(-2 + hM))))y' + 2M3(-1 + hM)(3 + hM)y4 )) 

+ 6M(1 + hM(9 + hM(3 + hM(13 + 2hM(-6 + hM))))).' + 2hM4( -I + hM)(3 + h 

M)y4)))) , 

L" ~ (450(- 1 + E) + M(-F'M(501+ hM(615 + 16hM(12 + hM))) + h(-555 + 1122E 

+hM ( - 183 + 936E + 2hM(-8 + 11(13 + hM)E))) + F(951 - 384 + hM(1170 + h 

M(375 - 2(360 + hM)E))))), 

L69 ~ (-582(-1 + E) + M( 1437 + h'M(- 1011 + 4hM(65 + hM(50 + hM( - 17 + hM( - 13 

+6hM ))))) - 8M(48 + hM(-24 + hM(24 + hM(- 14 + hM(- 5 + 2hM)))))y' - 4M3 

(2 + hM)y4 + F'M(735 + M(h(-159 + 4hM(222 + hM)) - 8M(-3 + 2hM) - 4M3( 

- I + hM)(1 + 2hM)y4)) + 2(h( -819 + hM(2148 + hM(- I045 + hM(-397 + 4hM( 

126 + hM(1 + hM)))))) - 4M3 11 + hMI-I + hM))y4)E + F(951 + M(12My'(-80 + 

MV) + h( - 8MV(1 + E) + 192M'y'(3 + E) + 6(403 + 267E)) + 2h3M'(3(48 + E 

) - 4M'y'( -33 + 20E + M'y'(1 + E))))))), 

L" ~ (405( -1 + E)+ M(F'M( -501 + hM(615 + 16hM(- 12 + hM))) + h(555 - 1122E + h 

M( - 183 + 936 + 2hM(8 + II ( - 13 + hM)E))) + F( - 951 + hM(1170 - 918E + hM( 
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-375 + 2hM(16 + (-101 + ShM)E)))))), 

L71 ~ (-66(1 + E) + M(F' M(1l7 + M(h(75 + 2hM(3 + hM)(7 + 2hM)) +4M'(1 + hM)y' 

)) + 12h'M' E + h(15 - 198E - 2My(-18 + My(3 + 2My - 18E) + 54E)) + h'M(39 

-288E - 2My(-6 + My(3 + 2My - 24E) + 60E)) + F(-183 + M( -2y(36 + My( - 15 

+2My)) + 4h' M'(l + 3E) + 2h'M'(-30 - E + 6My(-1 + 3E + My(l + E))) + h' 

M( -Sl - 60E + 2My( - 6 + My( -3 + 2My + 12E))))))), 

L72 ~ (198(- 1 + E) + M(F' M( -351 + M(h( -75 + 2hM(-99 + hM(35 + 18hM))) + 12(- 1 

+hM)(9 + hM(ll + 7hM))y + 6M(9 + hM(l + 2hM))y' - 4M'(3 + hM)y')) - 36y 

(-3 + My)( - 1 + E) + h'M'(8 + 3E) + h(2My(-18 + My(3 + 2My - 18E) + ME) + 3 

(-5 + 66E)) + +2h'M'(-135 - 37E + 6My(3 + 3E + MyE)) - 2h'M'(251 + 7E + 2 

My(9(4 + 3E) + My(4My - 3(7 + E)))) + F(183 + M(2y(36 + My( - 15 + 2My)) + 4 

h'M'(17 + 3E) + 2h'M'( -25 + 34E + 6My(1l + 6E)) + 2h'M'(-286 + 15E + 6My 

(7 + 3E + My(l + E))) - 2h(597 - 63E + 2My(99 - 9E + My( -51 + 8My + 9E))) 

- h'M(651 - 60E + 2My(138 + My(-63 + lOMy + 12E))))))), 

L" ~ (198(-1 + E) + M(F'M( -351 + M(h( -75 + 2hM(-99 + hM(35 + 18hM))) + 12(-1 

+hM)(9 + hM(ll + 7hM))y + 6M(9 + hM(l + 2hM))y' - 4M'(3 + hM)y')) - 36y 

(- 3 + My)( -1 + E) + 4h'M'(8 + 3E) + 4h' M'( -9 - 4E + 6My(2 + 3E)) - h'M(789 

- 72E + 2My(90 + My(-57 + lOMy) + 36E)) + h(2My( - 18 + My(3 + 2My - 18E) 

+54E) + 3(-5 + 66E)) + 2h'M'(- 135 - 37E + 6My(3 + 3E + MyE)) - 2h'M'(251 

HE + 2My(9(4 + 3E) + My(4My - 3(7 + E)))) + F(183 + M(2y(36 + My(- 15 + 2M 

V)) + 4h' M'(17 + 3E) + 2h'M'( -25 + 34E + 6My(1l + 6E)) + 2h'M'(-286 + 15E 

+6My(7 + 3E + My(l + E))) - 2h(597 - 63E + 2My(99 - 9E + My( - 1 + 8My + 9E) 

)) - h'M(651 - 60E + 2My(138 + My(-63 + 10My + 12E))))))), 

L74 ~ (8730 - 22530E + M(16005h - 4S0y + M(h'(-37 155 + 2hM(10500 + hM( - 3905 +4 

hM(190 + hM( - 21 + hM))))) + 60h(5 + hM(-l + 2hM(1 + hM)))y + 80(36 + hM(12 
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+h'M'(-9 + hM(-21 + hM))))) + 60h(5 + hM( - 1 + 2hM(1 + hM) ))y + 80(36 + hM 

(12 + h' M'( -9 + hM(2 + hM))))y' - 40M( - 6 + hM(5 - hM + 2h'M'))y' - 8hM'(-1 

+hM)y') + F'M(8415 + M( -hi -3045 + 2hM(3390 + hM(230 + hM(155 + 56hM(-6 

+hM)))) ) + 60( - 1 + hM)(ll + 2hM(2 + hM))y + 40M(144 + hM(- 72 + hM(24 + h 

M( - 17 + 5hM)))).' - 40M'( -7 + 5hM + 2h'M')y' - 8M'(-1 + hM)y')) - 10(h(12 

hM(-9948 + hM(8755 + hM(- 2931 + 2hM(343 + 2hM))))) - 24( - 1 + hM)'( l - hM 

+h'M3 )y - 24M( - 2 + hM)(-l + hM)( -8 + hM(2 + hM(3 + hM)))y' + 8M'(1 + hM 

(1 + 2hM))y')E + F(22995 - 36960E + M (4y(-285 + 2My(65My + MV + 120(9-

2E) )) + 8h'M'(1 - 40E) + 40h'M'(-7 + 26E) + 4h'M'(428 + 395E)))) , 

L" ~ (198(-1 + E) + M(F'M( -351 + M(h(75 + 2hM(-99 + hM(- 35 + 18hM))) - 12(1 

+hM)(9 + hM(- ll + 7hM))y + 6M(9 + hM(- l + 2hM))y' + 4M'( - 3 + hM)y')) - 3 

y(-3 + My)( - l + E) + 4h'M'(8 + 3E) + F( - 183 + M( - 2y(36 + My( - 15 + 2My)) + 4 

h'M'(17 + 3E) - 2h' M'( -25 + 34E + 6MY(1l + 6E)) + 2h' M'( -286 + 15E + 6My 

(7 + 3E + My( l + E))) - 2h(597 - 63E + 2My(99 - 9E + My(-51 + 8My + 9E))) 

+h'M(651 - 60E + 2My(138 + My( -63 + 10My + 12E))))))), 

L76 ~ (-66(-1 + E) + M(F'M(1l7 + M(h(- 75 + 2hM(-3 + hM)(-7 + 2hM)) -12(-3 +2 

hM + h'M')y + 6M( - 1 + hM)(3 + 2hM)y' - 4M'(-1 + hM)y')) + 12y( - 3 + My) (E 

- 1) + 12h'M'E + +l2h'M' E + 4h' M' (l - 6MyE) + h'M(39 - 288E - 2My(-6 

+My(3 + 2My - 24E) + 60E)) + h(2My(-18 + My(3 + 2My - 18E) + 54E) + 3(-5 

+66E)) + 24h'M'(-17 + 125E + 66My(My + 3E - 3MyE)) + 2h'M'(1 - 53E 

+6My(-1 + 3E + 2MyE)) + F(183 + M(2y(36 + My(-15 + My)) + 4h'M'(1 

+3E) + h'M(81 + 2My(6 + My(3 - 2M. - 126E)) + 60E) - 2h' M'( -3 + 14 

E + 6My(1 + 2E)) + 6h( - 15 - 71E + 2My(- 5 - E + My (l + 4E))) + 21.' M'( -30 

-E + 6My( -1 + 3E + My(l + E))))))), 
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0- L77 ~ (-324 + M(12(27 - 891. + 18y) + F' M'(-567 + h(-1500 + M( -653 + 36h(30 

+M(-46 + h(9 + .'1(82 + h(4 + M( -55 + h(-4 + 17M))))))))) - 216hM( - I + 

hM)y - 72M'(-24 + hM(38 + hM(-28 + 9hM)))y' + 144hM'( - I + hM)y' + 36 

M'( -I + hM)y') + M(h(-221 + 9h(288 + M (25 + 4h(-71 + M (- 122 + h(31 + M 

(116 + h(8 + M( -47 + h( - 4 + 9M)))))))))) - 216h(2 + hM (-2 + hM))y - 12M 

(-2 + hM)(-6 + hM(20 + hM( - 14 + 5hM)))y' + 144My' + 36hM'(- 1 + hM)y') 

+F( - 1500 + M (-22 1 + h(I944 + M ( -882 + h(- 2904 + M + 36h(58 + M( - 20 + 

h(5 + M (83 + h(4 + M (-58 + h(-4 + 17M))))))))))) - 12M'(- l0 + hM(-I + h 

U ))y' + 144M'(-I + hM)(1 + h'M')y' + 36M' ( - I + h'M' )y')))), 

L78 ~ (-36 - 12M(-3 + F - 2h - 3y) + 6h(F + h)M6(h + y)(h(3F + 4h) - (F + 4h)y) 

+M' (h( F'(37 - 121. ) + 3F(I9 - 4h)h + 32h') - 6(F'(I5 - 21.) + 6Fh(5 + h) 

+h'(21 + 2h))y + 6(F + h)y') + 2M'( - h'(34F' + 65Fh + 37h') + 3h(7F' + F 

(19 + 2F)h + 2(9 + F )h')y + 3(F + h)(3F + 5h)y') + M' ( -4 Ih + 36y - 24h(h + 

y) + F(-5 - 60h + 12y)) - AJ'(3F'(21 + 4h) + h(h(49 - 12h - 24y) + 54y) - 2F 

(-9y + 2h(-28 ~ 9h + 15y)))), 

L79 ~ (-324 + M(F'M'(567 + 1.(1500 + M( -653 + 36h(30 + M(46 + h( -9 + M(62 + 

h(4 + M(55 + h(4 + 17M))))))))) + 216hM(1 + hM)y - 72M'(24 + hM(3S + h 

M(28 + 9hM))).' - 144hM'(1 + hM)y' + 36M' (1 + hM)y' ) + M(h( - 221 + 9h 

(288 + M(-25 + .h(71 + M(-I22 - h(-31 + M (116 + h(S + M ))))))))) + F (I500 

+M(-221 + h(1944 + M(882 + h(2904 + M(-2237 + 36h(58 + U(20 + h(-5 + M 

(83 + h(4 T M(58 T h(4 ~ 17M))))))))))) + 216y + 36M'(-I + h'M')y')))), 

Lso ~ (-54 + M(F' M'(189 + h(930 + M( - 175 + 10(204 T M(I723 + 9h(6 + M(82 + h(4 

+M(53 + h(-4 + 17M)))))) ))) - 54hM(- I + hM)y + 36hM3y') + M(h(14 + h(-32 

+ M (-802 + h(618 + M(-I322 + h(294 + M (1786 + 9h( -8 + M(I29 + h( - 4 + M ( 

69 + 20hM))))))))))) - 54h(2 + hM(2 + hM))y - 18M( -36 + hM( -46 + hM(80 + h 
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!2 .. M(G4 + hM (o? + 12hM)))))y' + 3GM(3 + hAr(2 + hM(2 + hM))) + y' + 9hM' (- 1 

+hAl(5 + 4hAl))y') + G(191h - 9(2 + 3y)) + F(930 + M( -40 + h(408 + M (305 + h 

(1872 + M(-579 + h(876 + M(3131 + 9h(-14 + h(-4 + 37M)))))))) + 36M'(-1 + h 

M (5 + hM(3 + hM)))y' + 9M'( - 1 + hM(S + 5hM))y')))) , 

L" ~ (12 + AI(I'M ( -41 + h(24 + M(45 + 2h(-6 + M(- l S + 5hM))))) + 6M( - 2 + h(-4 + M 

(9 + h(4 + (-9 + 2h( -1 + M))M))))y - 6hM'( -1 + hM)y' + 12(1 - 2h + y) + F'M' 

(-21 + h(12 + M(37 + 2h(-6 + M( - 22 + 9hM)))) + 6(-5 + 2h( -I + M))M( - 1 + h 

M)y - 6M'( - 1 + hM)y') + F(12 + M( - o + 1Sh'M' + 12h(-1 + 2M + (-1 + M)My) 

+2h'M'(- 6 - 23M + 6(-1 + M)My) + 6y(2 + M(3 + My)) + Ihf(12 + M(3? - 6y 

(-2 + M(7 + My)))))))), 

L" ~ (-6 + M(3h( -60 + hM(3 + hM(61 + 2hM( -, + 3hM(-8 + hM(l + hM)))) )) - 6M(2 

+hM( - 1 + hM(lG + hM(9 + 2hM(1 + hM)))))y' - 6M3( - 1 + hM)y' + F'M(6 + M 

(h( - 136 + hM(-243 + 2hM(- lOS + hM{l8 + hM(14 + 5hM ))))) - GM( - 1 + hM(-4 

+hM(5 + 2hM(2 + hM))))y' + 2M3(-3+ hM)y')) + F(-l80 + M (h(3 + hM(54 + h 

M( -297 + 2hM(-201 + hM(42 + hM(38 + 5hM)))))) - GM(-l + hM(9 + hM(-3 + h 

M(13 + 2hM)))) + (1 + hM)y')))), 

L" ~ (3G + 12M(3 + F - 2h + 3y) + M'(-oF - 'lh + GOFh + 24h' + 12(- 3 + F - 2h)y) 

+M'(h(37F' + 3F(19 + 4F)h + 4(8 + 3F)h' ) + G(- 6F( -0 + h)h + (21 - 2h)h' 

+F'(15 + 2h))y + G(F + h)y') + 2M'(- h'(3'F' + 65Fh + 37h' ) + 3h(-7F' + 2 

(-9 + F)h' )y + 3(F + h)(3F + 5h)y') + 6h(F + h )M'(h - y)(4h(h + y) + F (3h + V) ) 

+ M 3(3F'( -21 T 4h) - 2F(2h(28 + 9h - 15y) - 9y) - h( -h('9 + 12h) + G(9 + 4h) 

y))), 

L" ~ (-3G + 12M( - 3 + F - 2h - 3y + Gh(F + h)M'(I, T y)(h(3F + 4h) - (F + 'h)y) + M' 

(h(F'(37 - 12h) + 3F{l9 - 4h)h + 32h' ) - 6(F'(15 - 2h) + GFh(o + h ) + h'(21 + 2 
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h»y + 6(F + lI )y' + 2M'(h'(34F' + 65Fh + 371.') - 3h(7F' + FI19 + 2F)h + 219 

+F)h')y - 3(F + h)(3F + 5h)y') + M'1-41h + 36y - 24hlh + y) + F(-5 - 601. + 12 

V)) + M'(3F'(21 + 4h) - 2F( -9y + 2h( -28 + 9h + 15y)))), 

L" ~ I-54 + M(6118 - 1911. + 27y) + F'M'(-189 + h( -930 + MI - 175 + 1.(204 + MI-1723 

+9h( - 6 + M(82 + h(4 + M( -53 + 1.(4 + 17M))))))))) + 54hM + M (h(l4 + 1.(732 + At 

(802 + hi - 618 + M(- 1322 + 1.(294 + M( - 1786 + 9h(8 + MI129 + 1.( - 4 + M( - 69 + 20 

hM))))))))))) - 18M(36 + hM( - 46 + hM(- 80 + hM(64 + hM(- 37 + 12hM)))))y' + 9 

hM'1-1 + hM(-5 + 4hM))y') + F (-930 + MI - 40 + h(408 + M(- 305 + h( - 1872 + M 

(-579 + h(876 + M( - 3131 + 91.(14 + M(163 + h'M(4 + 37M) - 21.(6 + 55M))))))))) 

+54y + 54hMI5 + hM(-3 + hM))y - 18M'(-10 + hM(-134 + hM(78 + hM(-59 + 21 

hM))))y' - 36M'(1 + hM(5 + hM(- 3 + hM»))y' + 9M'(-1 + hM( - 8 + 5hM»)y' )))), 

L" ~ (-12 + M( -hM(4l + hl24 + M(45 + 21.(6 + M(18 + 5hM)))) + 6M(2 + h( - 4 + MI9 ~ h 

1-4 + M))))y + F'M'I21 + 1.112 + M(37 + 2h)) - 615 + 2h(-1 + M)) - 6M'(1 + hM) 

y') + F(12 + MI-5"" 2h'M'(6 + 23M - 6( - 1 + M)My) + h'M(12 + M(37 - 6yl-2 + M 

(7 + My)))))))), 

L" ~ (IF + 1.)(14 + Mlhl-31 + 2hM(13 + hM( -3 + hMI -3 + hM)))) + 10(-1 + hM)(l 

+hM( - 1 + hM))y - 2M( - 1 + hM)(l + hM(-l + hM))y' + FI -I + 2hM( - 1 + hM) 

12 + hM - My)(-3 + M(h + V)))))), 

L88 ~ 19 + M(h(-351 + 4hM(294 + IIM(-297 + hM(172 + hM(-24 + 5hM(-3 + hM)))))) 

-6M( -3 + hM(-l + 2hM(-4 + hM(9 + 2hM( - 3 + hM)))))y' + 4M'( - 1 + hM)'Y' 

+F'M(21 + Allhl -285 + 2hM(240 + hMI -11 7 + 2hM(14 ~ 5IoMI-2 + hM))))). 

L89 ~ -154h(2 + hM(-2 + hM»)y), 

L90 ~ 16(3 + 17E) + M (F'M( - 45 + M(h1765 + 2hM + 2hM (- 39 + hM(93 + 9IhM»)) - 12 

(24 + hM( - 1 + hM)(5 + 7hM ))y + 6M(15 + IIM(-3 + 2hM»y' + 4M'(-3 + hM)Y') 

+ F(375 + 288E + M I -2y(78 + My(-21 + 2My» + 28h'M'(7 + 6E) - 2h'M'(-271 
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C' +48E + 6My(1l + 6E» - 2h(9(33 + E) + 2My(294 - 9E + My( -7S + 8My + 9E») 

+h'M(1797 - 204E+ 2My(324 + My(-93 + lOMy + 12E))))))), 

L91 ~ (108 + M(-108 + F'M'(189 + h(IS6 + M( - 47 + 4h(-66 + (-13 + 27h)M»))) + h 

(-276 + M(277 + h(336 + M(49 + 4h( -57 + Af( -46 + h(IS + 14M»»)))) + F(156 

+M(61 + h( -312 T M(346 + h(360 + M(-231 + 4h( -78 + M + 27hM))))))))), 

L" ~ (3 + M(F(2 + hAl(13 + hM(-8 + hM» + M( - I + hM(-8 + ShM»y) + F'M(3 + M 

(-3y + hM(h+ V»~) + h(-I + M( -y + h(7 - SMy + hM( -S + 4My)))))), 

L93 ~ (-3 + M(-F'M(3 + h'M') - h(1 + hM(7 + ShM» - F2 + hM(13 + hM(8 + hM))) 

+(F + h)M( - I + FM(3 + hM) + hM(S + 4hM))y)), 

L94 ~ «F + h)(-14+ M(h(-31 + 2hM(-13+ hM(-3 + hM(3 + hM)))) + 10(1 + hU)(1 

+hM(1 + hM»y - 2M(1 + hAt)(1 + hM(1 + hM))y' + F(-I + 2"M(1 + hM)(3 + h 

M - My)( -2 + M(" + y»))))), 

L" ~ (-9 + M(h(-3S1 + 4hM(-294 + hM(-297 + hM( -172 + hM(-24 + ShM(3 + hM))) ))) 

-6M(3 + hM( - I + 2hM(4 + h-'1(9 + 2hM(3 + hM»))))y' + 4M'(1 + hM)V - 2hM' 

(I + hAl)'y') + F'M(-21 + M(-h(28S + 2hM(240 + hM(1l7 + 2hM(!4 + ShM(2 + h 

M))))) + 6M(-1 + hM(7 + 2hM(S + 2hM(2 + hM))))y' - 4M'(! + hM)'Y'»))), 

L96 ~ (F'M'(-24 + M( - 16y + h(6 + M(2h'M' - 4y(-1 + My) - h'M(13 + 2My(3 + My)) 

+h( -7 + 6My(3 + My»»))) + 12( - I + E) + M(2h'M' + 8y( -2 + 7E + MyE) + h'M' 

(-S(3 + 2E) + 2My(3 + My)( -I + 6E)) + ','M(-13 + 98E + 2My(9 + My(3 - 2E) + 10 

E» - 2h( -I + 3SE + 2My(-1 + My + 2SE + 3MyE))) + 2FM(2(-9 + E) + M(2h'M' 

+4y(-4 + 7E + MyE) + h'M'(-7(2 + E) + 2My(3 + My» + h'M(-1O + 43E T 2My 

(9 - My( -3 + E) + 5E» - h( -4 + 2SE + 2My( -2 + 25E + My(2 + 3E)))))), 

L97 ~ (90 - 162E + M(F' M(207 + M(h(93 + 2hM(33 + hM(ll + 5hM))) - 12(1 + hM)(8 

+hM( -3 + hM))y + 611'/(1 + hM)(-5 + 2hM)y' - 4M'(1 + hM)y')) + F(-297 + 96E 

+M(2y(78 + My(21 + 2My» + 4h'M'(1 + 6E) - h'M(63 + 2My(12 + My(9 + 2My 

;;>. 
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CI -12E)) + 204E} - 6h'M3(5 + 2My - 8E + 4MyE} + 2h3M'( -5 + 6My(3 - 3E + M 

y(1 + E))) + 6h( -3 + E + 2My(7 + E + My(1 + E))))))), 

Loa ~ (90 + (35 + 87E) + M(F'M(3285 + M(h(12285 + 2hM(-1965 + hM(4905 + 2hM(-35 

+2hM(146 + 193hM))))) - 30(33 + hM( -7 + 2hM(-3 + 7hM)))y + 20U'(21 + hM 

(-5 + 2hM( -4 + 7hM)))y3 - 4U'(-3 + hM)y')) + 20M'(21 + hM( -5 + 2hM(-4 + 7 

hM}))y3 - 4M'y')) + 20h'M'(135 - 44E) + 8h'M'(22 + 135E) + h(75(445 - 934 

E) + 2My(75 - ISOE + 2My(M'.' + 5My(-5 + 6E} - 120(5 + UE}})) + 5h'M(3( 

-957 + 4016E) + 2My(- 3(59 + 12E) + 2My(4BO + M'.' + 264E + My(35 + 12E)))) 

+F( 16125 - 37440E + M(4h'M'(1087 - 370E) + 20h'M'(77 + 72E) - 4h'M'(1356 

-205E + 70M'y'(7 + 6E)) + 2y(-285 + 2My(65My + M3y3)) - 101h1'(3128 - 57E 

+2My(-6(3 + 2E) + My(-349 + 24E + 2My(7 + 5E)))) + 5h'M(7491 + 1956 - 2My 

(-3(77 + 4£) + 2My(1176 + M'.' - 96E + My(51 + SE)))))))), 

L" ~ (S730 - 22530E + M(-16005h + 4S0y + M(-h'(37155 + 2hM + 2hM(10500 + hM 

(3905 + 4hM(190 + hM(21 + hM))))) - 6Oh(-5 + hM(-l + 2hM( -I + hM)))y - SO 

(-36 + hM(12 + h' M'(-9 + hM(-2 + hM))))y' + 40M( -6 + hM(-5 - hM + 2h3M3 

))Y' + ShM'(1 + hM)y') + F'M(8415 + M(-h(3045 + 2hM(3390 + hM(-230 + hM 

(155 + 56hM(6 + hM)))}} - SM"(l + hM)y')) - 10(h( -1293 + hM(- 994S + hM 

(-S755 + hM(-2931 + 2hM( -343 + 2hM( -51 + 2hM(-2 + hM))))))) + 8M'(-1 

+hM(l ~ hAI)(- 1 + 2hM))y3)E + F(105 + M(-10h(261 + SMy(9 + My(24 + My 

(-5 + E))) - 5463E) - 4y(-2S5 + 2My(65My + M3 y3 + 120(-9 + 2E))) - 20h' 

M 3(-136 - 373E + 2My(-3 - 6E + My(9 + 2My + 4(-9 + My)E))) + lOh 3M'( 

7(32 + 63E) + 4My(-6 + 12E - My(35 + 24E + 2My(-1 + 5E)))})))), 

LlOo ~ (6(-51 + 47 E) + M(F'M( -531 + M(h(-867 + 2hM(-9 + hM(-9 + 91hM})) -12 

(-24 +hM(l + h.'1)(-5 + 7hM))y - GM(15 + hM(3 + 2hM))y' + 4M'(3 + hM)y3 

)) + h( - 3(89 + 146E) + 2My(12 - 54E + My(3 - 2My + 18E))) + F(-3(35 + 96 

;>. 
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C! E) + M(-2y(78 + My( -21 + 2My)) + 2810' M'(7 + DE) - 2h' M'(l39 - 120E) 

-2h'A/'(310 - 45E + OMy(5 + My(1 + E))) + h'M(9(-323 + 20E) + 2My(324 

+My(-93 + lOMy + 12E))))))), 

LI01 ~ (6(3 + 17E) + M(F'M(-45 + M(h(-765 + 2hM(-39 + hM(-93 + 91hM))) - 12 

(-12 + hM(1 + hM)(-5 + 7hM))y + OM(15 + hM(3 + 2hM))y' + 4M'(3 + hM)y')) 

+4h'M'(8 + 33E) + 30y(5 + My - (3 + My)E) + 2h'M'( -555 + 225E + 2My(My 

(33 + 4My + 3E) + 3(34 + 9E))) + h'M'(2My(324 + My(93 + IOMy - 12E)) + 3 

(-599 + 08E)) + 2h'M'(-382 + 3E + 6My( -5 - 3E + My(1 + E)))))), 

L'02 ~ (90(35 - 87) + M(F'M(3285 + M(h(-12285 + 2hM(-1965 + hM( -4905 + 2hM 

(-35 + 2hM(-146 + 193hM))))) - 30( -33 + hM(-7 + 2hM(3 + 7hM)))y - 20M 

(-144 + hM( -408 + hM( -24 + hM(-51 + 91hM))))y' + 20M'(- 21 + hM(-5 + 2 

0 
hM(4 + 7hM)))y' - 4M'(3 + hM)y')) + 20y(0 + My( 12 + My(-3 + E) - IDE ) 

-3E) + 20h'M'(-135 + 44E) + 8h6 M' (22 + 135E) - 4h6 M'(1201 - 835E + 10 

M'y'(8 + 33E)) + -2h(- 15(352 + 007E) + 4My( -435 + AIy(-1800 + 4M'.' + 5 

My(37 + 3E)))) + 10h'M'( -3128 + 57E + 2My(-6(3 + 2E) + My(349 - 24E + 2 

My(7 + 5E)))) + IOh'AI'(-2495 + 84E + 2My(-3(ll + DE) + My(205 - 84£ + 2 

My(ll + DE)))) + 510' M(-3(2497 + 652E) - 2My(-3(77 + 4E) + 2My(M'.' + 24 

(-49 + 4E) + My(51 + 8E)))))))), 

Li03 ~ (F'M'( -24 + AI'(40h'M' - 52hy - 42h'M'y + 90y' + h'(-45 + 2M'y'))) + 4(-3 

+E) + 2FM'(-40y + h(24 + 2M'y'(94 - 9E) - 75E) + 84yE - 6h'M'y(2 + 3E) ~ 

010' M'P + 4E) - 2h'M'y(43 + 5E) + h'M'(-1l2 - 6M'y'(-1 + E) + 31E)) + M' 

(8y'(6 - 5E) + 4h6M'( -2 + 3E) + 4h.(-41 + 93E) + 2h'M'(-1l4 + 2M'y'(2 - 3 

E) + 125E) - 2h'M'y(9 + 130E) + h'(85 - 274E + 2M'y'(1l7 + 2E)))), 

LiO' ~ (12 - 8E + M(F' M(24 + M(h( -14 + hM(20 + hM(9 + 2hM(14 + 3hM)))) + 16y 

:> 
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0 

LI05 ~ 

£106 ~ 

-6hM( -4 + hM(-l + 4hM))y - 2M(24 + hM(6 + hM(2 + 3hM)))y')) + h3M' 

(111 - 250E) + 4h6M'(3 + 2E) + 2F(2 - 2E + M(h3M'(3 - 2My(15 + 5My - 9 

E) - 12E) + 2h6M'(1 + E) + 4h'M'(4 + 3E) - 4My(-7 + 14E + My(8 + E)) 

+h'M(34 - 47E + 2My(13 + My - 3MyE)) - h'M3( -29 + lIE + 2My(3 + 6E 

+ My(l + E))) + 2h(9 + 25E + My(2 + 25E + 2My( -7 + 3E))))))), 

(12 - 8E + M(F'M(24 + M(h( - 14 + hM(26 + hM(9 + 2hM(14 + 3hM)))) + 16y 

-6hM( -4 + hM(-l + 4hM))y - 2M(24 + hM(6 + hM(2 + 3hM)))y')) + h3M' 

(111 + 2My(30 + My(9 - lOE) - 56E) - 250E) + 4h6M'(3 + 2E) + 21i'M'(9 

+16E) + 8y(2 - 7E + My( -3 + 2E)) - 2h'M3(9 - 22E + 2My(9 + 3My + 3E 

+2MyE)) + 2h' M(2 + 60E + My( -49 + 158E + 4My(-5 + 8E))) - 2h(5 - 19 

E + 2My( -20 + 34E + My(3 + 13E))) + 2F(2 - 2E + M(h3 M'(3 - 2My(15 + 5 

My - 9E) - 12E) + 2h'M 5 (1 + E) + 41.'At'(4 + 3E) - 4y(14E - 7 + My(8 + E)) 

+2h(9 + 25E + My(2 + 25E + 2My( -7 + 3E))) )))), 

(6(-51 + 47E) + M(F'M( -531 + M(h(867 + 2hM( - 9 + hM(9 + 91hM))) - 12 

(24 + hM(-l + hM)). - 6M(15 + hM(- 3 + 2hM))y' +4M'(- 3 + hM)y3)) + 36 

y(-5 + My(-l + E) + 3E) - h'M(1401 + 600E + 2My(264 + My(87 + 10My) + 

36E)) + h(267 + 438E - 2My(6( - 2 + 9E) + My(3 + 2My + 18E))) + F(3(35 + 

96E) + M( -2y(78 + My(21 + 2My)) + 2h( - 2My(249 + My(75 + 8My - 9E) - 9 

E ) + 9( - 127 + E)) + h'M(2907 + 2My(324 + My(93 + lOMy - 12E)) - 180E) 

- 2h3M'(316 - 45E + 6My( - 5 - 3E + My(l + E))))))), 

Li07 ~ (198 - 222E + M(-3(7h + 20y) + M(-h'( -3 + 2hM(-27 + 2hM(1 + hM))) + 12 

h(- 2 + Ihl'( -2 + hM ))y + 6(1 + hM) + 4hM(1 + hM)y3) + F'M(369 + M(h(195 

+2hM(15 + hM(23 + 5hM))) - 12(1 + hM) - 6M(1 + hM) - 4M'(1 + hM)y')) 

+6(h( -71 + hM( -56 + hM(-33 + hM(-7 + 2hM(3 + hM))))) - 2M(1 + hM(l 

+hM))y'( l + hM)')E + F( -567 + M(2y - 6h'M'(1 + 2My + 4( -4 + My)E) - h' 

M(33 + 180E + 2My(12 + My(-9 + 2My + 12E))))))) , 
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.D L\08 ~ 

L,,, ~ 

Luo ~ 

L llJ ~ 

0 

(-6 + 16E + M(F' M(-6 + M(h(-4 + hM( -I + 4hM» + 4y - My'» + 2M'(3 + 

E)y(-4 + My)(-I + 2E) + 2h'M'(-5 + 2E(8 + My(-4 + My))E) + Ih1(23 - 86 

E - 2My(-4 + My)(-I + 5E» + 2h(My(-4 + My)(-I + 2E) +2(-5 + 9E)) + 2 

F(hM( - I + My) + h'M'(1 + 2E) + hM( -4 - 15E - My( -4 + My)(1 + 2E»)))), 

(6 - 16E + M( -2h(1O + .'1y(4 + My» + F'M(6 + M(h(-4 + hM(1 + 4hM» + 4 

y + My'» + 4h(9 + My(4 + My»E - 2h'M'(3 + E) - y(4 + My)( -I + 2E) + 2h' 

M'( -5 + 2(8 + My(4 + My»E) + h'M( -23 + 86E + 2My(45 + My)( -I + 5E)) + 

2F(h'M'( - I + My(4 + My)) + h'M'(-5 + 3E) + hM(4 + 15E + My(4 + My)(1 

+2E))))), 

(2B,e2l," (F + h)' M'(2M'(h - y)(h + y) - cash(2hM) + oosh(2My»)), 

(9L,,(cash(M(2h + V)) + s;nh(M(2h + V»~) - 4Lss(cash(3M(2h + V»~ + sh,h 

(3M(2h + V»)) - 9L8J(cash(M(6h + V»~ + s;nh(M(6h + V»~) + 9L'I(cash(M 

(8h + V»~ + sh,h(M(8h + V»)) - 16LlI (F + h)(3 + M)(I + hM)(cash(3M(2h 

~y» + .h'h(3-'1(2h + V))) + 144L'1 (F + h)( -9 + M)(cosh(M(3h + 2y» + 

s;nh(.'1(3h + 2y))) - 288(F + h)(FhM + I)M(cosh(M(5h + 2y)) + s;nh(M(5h 

+2y))) - 144L.,(F + h)(M - 9)(hM - I)M(cash(M(7h + 2y» + s;nh(M(7h + 

2y») + L79(cosh(M(2h + 3y)) + sh'h(M(2h + 3y»)) + 4L,o(cash(M(4h + 3y» 

+s;nh(M(4h + 3y))) - 4608(F + h)M'(! + FhM')(h - y)(cash(M(5h + 3y» + 

s;nh(M(5h + 3y»)) - 2304(F + h)L"M'(hM - I)(h - y)(oosh(M(7h + 3y)) + 

s;nh(M(7h + 3y))) + L,,(cash(M(8h + 3y)) + s;nh(M(Bh + 3y))) + L" (cash 

(M(IOh + 3y)) + s;nh(.'1(IOh ~ 3y))) + 144(F + h)L'I.'1(9 + M)(I + hM)(cash 

(M(3h + 4y)) + sh'h(M(3h + 4y») - 288M(F + h)(9 + M)(I + FhM')(oosh(M 

(5h + 4y» + sh,h(M(5h + 4y))) - 144ML,,(F + h)(9 + M)(hM - 1)(cash(M(7 

h + 4y)) + sh,h(M(7h + 4y») + OL,,(cash(M(2h + 5y» + s;nh(M(2h + 5y») 

-9L,,(cosh(M(4h + 5y)) + s;nh(M(4h+ 5y))) - 9L18 (cosh(M(6h + 5y)) + 

s;nh(M(6h + 5y»)) + 9L,,(cosh(M(8h +5y)) + s;nh(M(Bh + 5y))) + 32M(F 
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p . +h)(3 + M) (I + FhM' )(co,h(M(5h + 6y)) + ,'nh(M(5h + 6y)))), 

Lllz ~ (L60eM(2h + y ) _ 4L61e3M{2h+I1J + LGZeM(4h+1I) + L63eM (2h+311} _ L64eM (6h+y) _ L6SeM (8h+lI ) 

+4L66eM(4h+311) + L6SeJM !/ + L 6ge M(S/,+311) _ L;oeM(IO+311) + L71 e(Zh+Sy) 

+L72e(4h+5YJ _ L7Se(6h+5l1) - L76e(Sh+5I1) - 192(1 + PM)( -1 + hM)(2 + My)( -1 + F 

111 - E + hME)(e(9hH'.» + e(9h+211) + e(hHY) + e{h+2l/» + 384M( - 2 + My)(5h+ F(2 + II 

(F + 4h)M2) + (- 3(F + 2h) + h2(F + 4h)M2)E)(e(s/'+4Y) _ e(5h+ZyJ + e(7h+4I1»), 

LI13 ~ (F'M'(24 + hM(6 + hM(7 - 13hM + 2h3 M 3
)) + 2M(1 + hM) - 2hM3(1 + hM)(2 

+hM)y' ) - 12(-1 + E) + M(-16y + h(2 + M(h( 13 - 15hM + 2h3 M 3 ) - 4y + 6hM 

(3 + hM)y - 2M( 1 + hM))) - 2(h(35 + hM(49 + hM)) - 2M( - I + hM)(2 + hM)y' 

(I + hM)')E) + 2FM(2( - 9 + E) + M(16y + 2h( -2 + M( -h + 2y + M(I + hM)(2 + 

hM)y')) + (h(25 + hM) + 2(1 + hM)'(-14 + 31>M(1 + hM))y - 2My'(- 1 + hM)(1 

q +hM)')E))), 

£114 ~ (-16L,,(F + h)( -3 + h)M(1 + hM)(oo'h(3hM) H'nh(3hM)) + 32(F + h)( -3 + M) 

(1 + FhM')(co'h(51>M) + "nh(5hM)) + 16L.,(F + h)( -3 + h)M(1 + hM)(oo'h(7h 

M) + "nh(7hM)) - (-108 + (F(-61 + 312h) - 1>(277 T 336h))M' + h(4(46 -15h) 

1>' + F'(47 + 2641>))M' + 4h'(14h' + Fh(1 + 27h))M5)(oosh(3My) + "nh(3My)) 

+2304L" (F + h)(h - y)(oosh(3M(I> + V)) + s'nh(3M(h + V))) + 16L42M(3 + M) 

(-I + hM)(oosh(M (7h + 6y)) + s'nh(M(7h + 6y))) + LllI), 

L Il5 ~ (288L" (-I + h)M(1 + hM)(oosh(M(3h + 4y)) + "nh(M(3h + 4y))) - 576(-1 + h) 

M(1 + FhM')(cosh(M(5h + 4y)) + s' nh (M(5h + 4y))) - 2BB( -I + h)L42M(cosh(M 

(71) ~ 4y )) + s'nh(M(71> + 4y))) - 9L5.(oosh(M(41> + 5y)) + s'nh(M(4h + 5y)))-

9L" - 9L,,(oosh(M(6h + 5y)) + s'nh(M(6h + 5y))) - 9L59(oosh(M(8h + 5y)) + 

s'nh(M(8h + 5y))) + 64( - I + h)M(1 + FhM')(oosh(M(5h + 6y)) + s'nh(M(5h + 6 

V))) + 32( -I + I»M Ld -I + hM)(cosh(M(7h + 6y)) + "nh(U(7h + 6y))), 

LUG ~ «-u - 4My - M2y2 + p 2M 2(_6 _ 4hM _ h2M2 + 4h3 M3 _ 4My _ M2y2 + h2M2(23 
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-.. y 

+SMy(1 - 5E) + 2M'y'(1 + 5E) - 86E) + (16E + 8MyE + 2M'y' + 2hM(4My(-1 

+2E) + M'ly'l(_l + 2£) + 2{ -5 + 9E» + 2Fl\1(h2.i\{;!( -1 + 4M"y + M'ly'l) + h4/1.14(1 

+2E) - hM(4 + 15E + M'y'(! + 2E) + 4My(1 + 2E))))(cosh(M(7h + 2y)) + ,inh 

(M(7h + 2y)))), 

Lll7 (24M(F2 M( -1 - 4hJM J + 2h4M4 _ 2hz M'l(5 + 5y + }\12y'l) + 2hM(6 + 5My + M'ly'l» 

+2F(7 - 5h" M'! + 2h5 M 5 + 5Nly + M'ly'l - 2h33 Jvl3( 4 + 5My + M'ly'l) - 2hM(8 + 5At 

Y + MV) + h'M'(19 + 15My + 3M'y')) + h( -6h'M' + 21.' M' + hM(31 + 20My + 4 

MV)))(co,h(M(7h + 2y)) + 'inh(M(7h + 2y))), 

£118 =.; (120(P2 M2( -24 - lOhM - 3hz .1\12 + 1t3 M 3 ) + 12( -1 + E) - 21t" M4 E - 14hM(1 + E 

+2FM(2( -9 + E) + 3hM(-4 + E - 31.' M'E + h' M'E - 3h'M'(2 + E)))(co'h(M(7h 

+5y)) + 'inh(M(7h + 5y)))), 

L llg = (120(P 2.t\12(-24 + 2hM - h'l},{l + 7h3M 3) + 4(-3 + E) - Gh4M 4 (2 +E) + h3M 3(_19 

+ISE) + 2hM( -I + 19E) + h'M'( -31 + 58E) + 2FM(14 + 6E + I.' M'(2 + 3E) + I. 

M( -16 + 9E)))(co'h(M(3h + 5y)) + 'inh(M(3h + 5")))), 

L 120 = (960(6 - 4My + M'ly'l + F'l M2(6 - 4hM + h2M2 + 4h3}.13 - 4My + M 2y 'l) - 16B + 8 

MyE - 2M'y' E + h2M'( -23 + 8My(1 - 5E) + 86E) + 2hM(My(4 - 8E) + M'Y'(-I 

+2E)) + 2FM(h'M'(-1 - 4My + M'y') + (8 - 4My + M'y')(-I + 2E) + h'M'(-5 

+3E) + hM(4 + 15E + M'y'(1 + 2E) - 4My(1 + 2E))))(co,h(M(3h + 4y)) Hinh 

(M(3h + 4y)))), 

Ll2l = (24(F + h)lI1(29 - 12h2/1{2 + 4h4 M4 + 20My + 4/1l~y2 + FhM2(23 + 20My + 4M2 

y'))(co,h(M(5h + 2y)) + 'inh(M(5h + 2y))) - 12(F + h)M(1 + FA1)(-1 + 10M) 

(co'h(M(9h + 2y)) + sinh(M(9h + 2y))) + L95(co'h(M(2h + 3y)) + 'inh(M(2h 

+3y))) + 2Lsz(co'h(M(4h + 3y)) + ' inh(M(4 h + 3y))) + Lss(co'h(M(Sh + 3y)) 

+sinh(M(Sh + 3y))) + Lss - 12M(F + 1.)( - I + FM)(I + hM)(co'h(M(h + 4y)) 

+'inh(M(h + 4y))) - 24ML,,(co,h(M(3h + 4y)) +'inh(M (3h + 4y))) - 24(F 
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+h)M(29 - 12hZ AJ2 + 4h4j1,f4 - 20My + 4M2y2)(cosh(M{Sh + 4y}) + sinh{M(Sh 

+4y))) + 24M Lg;(co'h(M(7h + 4y)) + 'inh(M(7h + 4y))) - 12M(F + h)( -I + 

hM)(oo'h(M(9h + 4y)) + 'inh(M(9h + 4y))) + 3(1 + hM)(1 + h'M' + hM'y + 

FM(-I + hM + My))(co'h(M(2h + 5y)) + ';nh(M(2h + 5y))) - 3L,,(co'h(M(4 

h + 5y)) + ,inh(M(4h + 5y))) - 3L,,{oo,h(M(6h + 5y)) + 'inh(M(6h + 5y)))), 

L122 = «F2 M2( - 48 + 6hllt[ - h21112 + 7h3 ]1.13) + 2hM(7 _ ISE) _ h'! M2(1l7 + 2E) + 2h4 

M'( - 2 + 3E) + 4( -6 + 5E) + h3M 3(3 + 22E) + 2FM(4 - h'M' - 6E + h'M'(2 

+3E)))(oo'h(M(5h + V)) + 'inh(M(5h + V)))), 

L"3 ~ (-32M( -1 + h)L" (oo'h(3hM) + 'inh(3hM)) + 64M( -1 + h)(1 + FhM')(co'h(5 

hM) H;nh(5hM)) + 32M( -1 + h)(1 + FhM')(co,h(7hM) + ,inh(7hM)) - L57 

(oo'h(3My) + 'inh(3My)) - 9L,,(oo,h(M(2h + V)) + 'inh(M(2h + V))) - 4L48 

(cosh(3.M(2h + V»~ + sinh(3."1(2h + 2y») - 9L49(cosh(M(4h + V»~ + sinh(M(4 

h + V))) - 9L",(oo'h(M(8h + V)) + 'inh(M(8h + V))) + 9L5j(co'h(M(6h + V)) 

Hinh(M(6h + V))) + L,,(oo,h(M(2h + 3y)) + ' inh(M(2h + 3y))) - 4L,,(co,h 

(M(4h + 3y)) + ,;nh(M(4h + 3y))) - L,,(oo'h(M(Sh + 3y)) + 'inh(M(Bh + 3 

V))) + (108 + (-14 + 405F + 203h)M + (297h' + 162Fh)M' + 4(-1 + h)h'(F 

+h)M')(oo,h(M(10h + 3y)) + 'inh(M(lOh + 3y)))), 

LI24 = (-16L.n{1 + h.i\1)(cosh(3hM) + sinh(3hM» + 32(1 + FhM2){cosh{ShM) + sinh 

(5hM)) + 16L.,{-1 + hM)(oo,h(7hM) + 'inh(7hM)) - 9L,j(1 + 2hM)(oo'h(M 

(2h + V)) + ' inh (M(2h + V))) + 4L"(o,,,h(3M(2h + V)) + 'inh(3M(2h + V))) 

-9L,,(1 + 2hM)(co,h(M(6h + V)) + 'inh(M(6h + V))) - 9L,,( -1 + 2hM) 

(oo'h(M(Sh + V)) + 'inh(M(8h + V))) - 16L,j(oo,h(3M(h + 2y )) + ' inh(N/(h 

+2y))) - 2S8(1 + FhM')(co,h(M(2h + 2y)) + 'inh(M(5h + 2y) )) - 144L" 

(- I + hM)(oo'h(M(7h + 2y)) + 'inh(M(7h + 2y)))), 
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p . £125 ~ «(( -167+ 72h'M' -lSh'M'(l -2FM +4MV) - hM(179 + 167FM + 108 

M'y') - 4( - 40 + JSh'M' + 9h'M'( -1 + 2FM) - 9M'y' + h'M'(5S + 9FM) 

+h'l J\12 (82 + 49FM - 18FM3y'l) - hM( -89 + 9M'2 y2 + FM{40 + 9M'ly2 + F 

M(40 + 9My)))(cosh(M(4h + 3y)) + sinh(M(4h + 3y))) + L" + L.,(7 + 2hM) 

(cosh(M(IOh + 3y)) + shlh(M(10h + 3y))) + 9L., (-1 + 2hM)(cosh(M(6h + 5 

V)) + sinh(M(6h + 5y))) - 9L,,( -J + 2hM)(cosh(M(Sh + 5y)) + sinh(M(Sh 

+5y))) + 32(1 + FhM')(cosh(M(5h + 6y)) + sinh(M(5h + 6y))) + 16L"(-1 

+hM)(cosh(M(7h + 6y)) + 'inh(M(7h + 6y))) + L>2.)), 

£126 ~ «-167 - 72h5 M" - 36h4 M<l(_ 3 + 2FM) - 36A{Zy'2 + 18h3M 3(1 + 2FM + 4 

.fL1'2 y'l) + hM(179 -l(j7FM + 108M'2y'2 _ 3GFM3 y'2) + 9h'l M'l(-39 _ 12M2 

y' + 2FM(7 + 4M'y')))(cosh(M(8h + 3y)) + sinh(M(Sh + 3y)))), 

L127 ~ «-162 + F'l M'l(-123 _ 257hM _ 72h'lM'l + 8h3 M 3 + 2h4M4) + 2h4M4}) 

+458£ - 4h5Ms E + 2h3 M3(4 T 95£) + h'lM2( -77 + 888E) + hM( -301 

+ 1146E) + F.I\1(28fJ + h'lM'l(149 - 960£) + 2hM(279 - 607E) - 480E 

+4h5 j\f5 E + 4h4 M4( -1 + 3E) - 2h3.M3(B + 109E»)(cosh(7 My) + sinh 

(7My))), 

L128 ~ (F'l M( -1 + 4h3M 3 + 2h4i\14 - 2h'lM'l(5 + My + M'ly'l) - 211M(6 + 5My + M2 

y'l) _ 2hM(6 + 5My + M'ly'l» + 2F( -7 + 5h4 M4 + 2h5 M 5 _ 5My + M'ly'l) - 2 

hM(8 + 5My + .lI1'ly'l) - h'lM'l(19 + 15My + 3M'ly'l » + h(6h4M4 + 2h51115 - 2 

h3M3(3 -'- 5My + M2y2) + 2112M2(13 + lOMy + 2M2y2) - hM(31 + 20My + 4 

M'y')))(co,h(M(3h + 2y)) + sinh(M(3h + 2y)) ), 

L I29 ~ (3(1 + FM)(-l + hM)(l + h'M' - hM'y + FM(l + hM - My))(cosh(M(Bh + 5 

y)) + sinh(M(8h + 5y)))), 

LI30 ~ (3( -J + F M)(J + hM)(J + h'M' + hM'y + F M( - J + "M + My))(cosh(M(2h 
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+5y)) + ;inh(M(2h + 5y»», 

L131 ~ (24(F + h)M(29 - 12h2M2 + 4h4111/4 - 20My + 4A12y2 + FhM2(23 - 20My 

+4M'y'»(co;h(M(5h + 4y» + ;inh(M(Sh + 4y)))), 

L132 (4(F + h)M(29 _12h2M2 + 4h4M4 + 20My +4M2y2 + FhM2(23 + 20My 

HM'y'»(co;h(.lVI(5h + 2y» + ;inh(.'1(5h + 2y»», 

LI33 ~ (2LS2(co;h(M(4h + 3y» + ; inh(M(4h + 3y))) + Lss(co;h(M(Sh + 3y» 

H inh(M(Bh + 3y»», 

£134 ~ (3(1 + FM)(-I + hM)(-I- 4hM + 2h'M' - 2M'y' +FM(-S + 2h'M' - 2M' 

y'»)(co;h(M(IOh + 3y» + ;inh(M(IOh + 3y»», 

L135 ~ (12(F + h)M(-1 + FM)( I + hM)(co;h(M(h + 4y» +;inh(U(h + 4y))) - 24M 

L,,(co;h(M(3h + 4y» + 'inh(M(3h + 4y»», 

L136 ~ (24(F + II)M(29 - 12h2 M2 + 4h4M4 - 20My + 4M2y2 + FhM2{23 - 20My + 4 
0 

M'y'»(co;h(M(5h + 4y» + ;inh(U(Sh + 4y»», 

L137 ~ (24M L87(co;h(U(7h + 4y» + ; inh(M(7h + 4y))) - 12(F + h)(1 + FM)(hM - I) 

M(co;h(M(9h + 4y» + ;inh(M(9h + 4y)))), 

L 138 ~ (120(24 + F'M'(48 + GhM + h'M' + 7h'M') + 2hM(7 - 15E) + 2h'M'(2 - 3E) 

-20E + h' M'(1l7 + 2E) + h'M'(3 + 22E) + 2FM(4 + hM(94 + 9E) - h'M'(9 

-E) - 3h'.'1'(-1 + E) - GE))), 

LI39 ~ (1 2h 6 M' E - 4h'M'(-1 + 9E + GMyE) + 12y(S + My - (3 + My)E) - 12h'M'(2 

L139 ~ (l2h'M' E - 4h' M'( -I + 9E + GMyE) + 12y(5 + My - (3 + My)E) - 12h'M'(2 

E)))), 

L140 ~ (198 + 22E + M(F'M(3G9 + Af(h( -195 + 2hM(IS + hM( -23 + ShM))) - 12(-1 

+hM)(8 + hM) - 4M'(-1 + hM)y')) + L
'
39 + 1,(21 + 42GE + 2My(G + My» + F 

(5G7 - 9GE + M(2y(78 + My(21 T 2My)) + h'M(33 - 2My(12 + My(9 + 2My» 

::" 
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<J 

+ISOE) - 2h' M'(50 + 3E + 6My(3 - 3E + My(1 + E))) - 6h(29 + E + 2My(7 

+E + My(1 + E))))))), 

LI41 ~ (960M(F'hM'(12 + 71.' M' + My( -4 + My)) + h(44 - 102E - My(-4 + My)(-5 

+12E) + h'M'(3 + (71 + SMy)E)) + 2F(1O - 24E - My(-4 + My)( -I + 3E) + h' 

M'(2 + 3E) + h'M'(21 + 5E + My( -4 + My)(2 + 3E))))), 

L", ~ «1 + FM(-I + hM)(-(1 + FM)(-6 + M(-2h+ h'M - y(4 + My))) - 2(-1 + hM) 

(-8 + M( - h + h'M - y(4 + My)))E) + 2M(F'M'h(12 + 7h'M' + My(4 + My)) 

+2F(1O - 24E + h' M'(2 + 3E) + h'M'(21 + 5E + My(4 + My)(2 + 3E))) + 1.(44 

- 102E + M(y(4 + My)(5 - 12E) + h'M(3 + (70 + SMy(4 + My))E))))), 

L", ~ (IShRe(3( -I + FM)(I + hM)( -I + 4hM + 2h'M' _ 2M'y' + F(5M - 2M'(h'y') 

))(cosh(3My) +o;nh(3My)) + 3(-1 + FM)(I + hM)(1 + h'M' - hM'y + FM(-I + h 

M - My))(cosh(M(2h + V)) + s;nh(M(2h + V))) + 2L,,(cosh(3M(2h + V)) +s;nh(3 

M(2h + V))) + 3(3 + Ih1'(5 + 4My) + h' M'(7 + 5My) + hAf(1 - My) + F'M'(3 

+h'M' ~ 3My - hyM') - 3(1 + FM)( -1 + hM)(1 + h'M' + hM'y + FM(I + hAi 

+My))(cosh(M(8h + V)) + s;nh(M(8h + V))) - 12(F + h)M( -I + FM)(1 + hM) - 2 

(cosh(M(2h + V)) + s;nh(M(2h + V))) - 24(F + h)(29 - 12h'M')(cosh(M(5h + 2y)) 

+sinh(M(5h.J- 2y») + L9S(cosh(M(2h + 3y» + sinh(M(2h + 3y») - 2Ls2(cosb(M 

(4h + 3y)) + s;nh(M (410 + 3y))) + L88(cosh(M(8h + 3y)) + s;nh(M(Sh + 3y))) - 3£92 

(cosh(M(6h + 5y)) ~ s;nh(M(6h + 5y))) - 3L9J(cosh(M(4h + 5y)) + s;nh(M(4h + 5y 

))) - 24L94M(cosh(M(3h + 4y» + sinh(M{3h + 4y» ) + £117 - 24."1£128 + L130 + L137 

+MAj L114 ), 

£", ~ (24 - 20E + M(F' M(48 + hM(6 + hM(1 + 7hM))) + h(14 - 30E + hM(1l7 + 2 

E+ hM(3 + hM(4 - 6E) + 22E))) +2F(4 - 6E + hM(94 - 9E + hM(9 - E + h 

M(3 - 3E + hM(2 + 3E)))))). 
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L 14$ ~ (- '1-3 + E) + M(F'M(2. + hMI2 + hM(1 + 7hM))) + .F(7 + hMIS + hM(-' 

+hM15 + 10M)))) + 6F(-1 + hM)'(2 + hM(1 + hM))E + 1.( -2 + 38E + hM(31 

-5SE + hM( - 19 + 18E + 6hMI2 + E)))))), 

L 146 ~ (960M(F'M'h(12 + 7h'M' + My(4 + My)) + 2F(1O - 2.E - My(' + My)(-I 

+3E) + h'M'(2 + 3E) + h'M'(21 + 5E + My(' + My )(2 + E))) + 10(" - 102 

E + M(y (' + My)15 - 12E) + h'M(3 + (70 + 8My(' + My))E))))), 

L147 ~ (12('(-3 + E) + M(F'M(-2. + hM(2 + hM( - I + 7hM))) + 'F(7 + hM( - 8 + h 

M( -. + hM( -5 + 10M)))) + 6F(1 + hM)'(2 + hM( _ I + hM))E - 10(2 - 38E + 10 

M(31 - 5SE + hM(19 - 18E + 6hM(2 + E))))))) , 

L148 ~ (' SO( - I + FM)(I + hM)(-1 + FM)(-6 + M(2h + h'M - y(. + My))) + 2(1 

+ hM)(-S + M(h + h'M - y(' + My)))E)), 

L149 ~ 1960MIF'hM'(12 + 7h'M' + My(' + My)) + 21'(10 - 2.E + My(. + My) 
(J 

(-I + 3E) + h'M'(2 + 3E) + h'M'(21 + 5E + My(' + My)(2 + E))) + 10(" 

-102E + M(y(' + My)(5 - 12E) + h'M(3 + (70 + 8My(' + My))E))))), 

L I50 ~ (15(-162 + '58E + M(F' M( -123 + hM(257 + 2hM(-36 + hM( -. + hM)))) 

+10(301 - l1'6E + hM( -77 + 88BE + 2hM( -. + hM( -7 + 2hM))E))) + l' 

(-285 + .SOE + hM(558 - 121.E + hM(-I'9 + 960E + 2hM( -8 - 109E + 2 

hM(1 + (-3 + hM)E)))))))), 

k ~ ,,~cos{27:"x), 

k, (120(1 + 1'-'1)(-2 + hM)( - I + hM)( -2E + hM(1 + FM + 2hME))), 

k, ~ (.SOI -IT FM)(I + 10.'1)1(-1 + 1'.'1)(-6 + M(2h - y(4 + My))) + 2(1 + 10M) 

(-S + M (h + h'M - y(. T My)))E)), 

k3 ~ (960M(F'M'h(12 + 7h'M' + My(' + My)) + 2F(10 - My(' + My)( - I + 3E) 

+h'M' (2 + 3E) + 10' M'(21 + 5E + My(' + My)(2 + E))) + 10(" - 102E + M(y(. 
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+My)(5 - t2E) + h'M(3 + (70 + 8My(4 + My»E»))), 

k, ~ (4S0(1 + FM)(-t + hAi)«l + FM)(-6 + M( -2h + h'M(3 + (70 + 8My(' + My»E»)))), 

ks ~ (1 + FM)(-6 + M(-2h+ h'M + y(' - My») - 2(-1 + hM)(8+ M(h - h'M +y(-' 

+My»)E), 

k, ~ (120(F' M'( - 24 + hM( -5 + hM(2 + hM» + 12(- 1 + E) - hM(l'(l + E) + hM(9 

+hM + 2( -3 + hM(l + hM»E)) + 2F M(2( -9 + E) + hM(3( -4 + E) + hM( -6 + ( 

- 3 + hM( -3 + hM))E))))), 

k, ~ (4BO(- 1 + FM)(l + hM)(M(-6 + M(2h + h'M - V»~ + 2(1 + 2hM)(-8 + M(h+ h' 

M - y(' + My)))E)), 

kg ~ (960M(F' M'h(12 + 7h'M' + My(' + My» + 2F(1O - 2,E - My(4 + My)(-l + 3 

E) + h'M'(2 + 3E) + h'M'(21 + 5E + My(4 + My)(2 + 3E))) + h(44 - !02E + M 

(j 
(y(4 + My)(5 - 12E) + h'M(3 + (70 + 8My(' + My))E))))), 

kg ~ (120(4(-3 + E) + M(F'M( -24 + hM(2 + hM(-l + 7hM») + 4F(7 + hM(-8 + hM 

(-4 + hM( -5 + hM»» + 6F(1 + hM)'(2 + hM(-l + hM))E - h(2 - 38E + hM(31 

-5SE + hM(19 - lBE + 6hM(2 + E»))))), 

klO ~ (480(-1 + FM)(l + hM)« -1 + FM)(-6 + M(2h + h'M - y(4 + My») + 2(1 + hM) 

(-S + M(h + ,,' M - y(' + My)))E)), 

kll ~ (960M(F'M'h(12 + 7h' M' ~ My(' ~ My» + 2F(10 - 2'E - My(' + My)( -1 + 3 

E) + h' M'(2 + 3E) + "'.'1'(21 + 5E + My(4 + My)(2 + 3E))) + "(44 - !02E + M 

(y(4 + My)(5 - 12E) + h'M(3 + (70 + 8MY(4 + My»E))))), 

k12 ~ (108 - 14M + 297P2 At'2 + lOhM2 + 162FhM2 - 37h21112 - 14Fh.J\13 - 113Fh2 

M3 + lOhSMJ _ 4Fh'2 M4 + 4h4M"), 

k13 ~ (-40 + 8911M - 40FhM2 + 82h z M2 + 49Fh2 M3 + 58h3 M3 + 9Fh3 M3 _ 9M2y2 

+9h 2 M"y2 _ 18Fh2 M"y2 _ 18hs .. V["y2), 

c" 
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d 

k14 (-162 + 285FM - 301hM - 123F2A[2 + 558FhM2 - 77h,zM2 - 257F2hM3 + 149 

h2M3 + 8h 3j\[3 _72F2h2M4 -16Fh JM4 + 2h4M4 + 8F2h3M 5 _ 4Fh~M5 + 2F2 

h4M 6 + 458£ - 480FM E + 1146hM E + 1214FhM2 + 888h2M2E - 14h4M4 E 

+ 12Fh4M 5E - 4h5M sE + 4FhSM 6E ), 

kl, ~ (BE + M( -2hM (2y(20 + 3My) - 4FMy(1 + 7My) + F'M(7 + 6My(2 + My))) + B 

My'(3 + FM( -8 + 6FM - E) - 2E) - 4FE - 2h( - 19 + 2FM(- 5 + 2My)(- 5 +3M 

y) + 2My(- 34 + 13My)) E + 4h'M'(- 3 - 2E + FM(I + E )) + By(2 - 7E + FM) 

+h3 M'(111 - 250E + M (3F'M + 2y(-30 + My (9 - JOE ) + 56E) + F (- 6 + 4My 

(-15 + 9E)))) + 21h1(2 + M(F'M( - 13 + My(3 + 2My)) + F(34 - 47E + 2My 

(-13 + My - 3MyE)) )) + 2h'M3(9 - 22E + M(-14F'M + F(29 - liE - 2My(-3 

-6E + My(1 + E))))))), 

h, ~ (24 - 20E + M(F'M(4B + hM(6 + hM(1 + 7hM))) + h(14 - 30E + hM(1I7 + 2E 

+hM(3 + hM(4 - GE ) + 22E))) + 2F(4 - 6E + hM(94 - 9E + hM(3 - 3E + hM 

(2 + 3E))))))' 

kl7 ~ (198 - 222E + M(F' M(369 + M(h( -195 + 2hM(15 + hM( -23 + 5hM))) - 12(-1 

+hM)(B + hM(3 + hM))y - 6M(-1 + hM) - 4M'(-1 + hM)y3)) + +6h3M'(-9 + 

33E + 2My(-2 + 3E + My(3 T 2My + 18E))) + F(567 - 96E + M(4h'M'I(1 + 6E) 

+h'M(33 - 2My + 180E) + 21hf'(50 + 3E + 6My(3 - 3E + M y(1 + E))) - 6h 

(29 + E + 2My(7 + E + My(1 + E))))))), 

loIS ~ F'M'(24 + hM(6 + hM(' - l3hM + 2h3 M 3)) + 2M(1 + hM)( -B + 3hM 

(2 + hM))Y') - 12(-1 + E) + M( - 16y + h(2 + M(h(13 - 15hM + 2h3M 3) 

-4y + GhM(3 + hM)y - 2My' )) - 2(h(35 + hM(49 + hM(5 - 17hM + 2 

h3M 3))) - 2M( - 1 + hM)(2 + hM)y'(I + hM)')E) + M(16y + 2h( - 2 + M 
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.b, 

1.:19 ~ 

k20 ~ 

1.:21 ~ 

k;12 ~ 

1.:23 ~ 

(-h(5 - 7hM + h'M') + 2y - 3hM(3 + hAJ)y')) + (h(25 + hM(43 + hM(7 

-15hM + 2h'AJ'))) + 2(1 + hM)'(-14 + 3hM(1 + hM))y - 2M(-1 + h 

M)(2 + hAI)(y + hMy)')E», 

(-167 + M(h(279 + M(-167F - 261h + 18h(7F + h)M + 36h'(F + 3h)M' 

-72h'(F + h)M')) + 36M( -I + 2hM)(1 + hM( -I + (F + h)M»y')), 

(-6 + 16E + M( -2h(1O + My(4 + My)) + F'M( - 6 + M(h(-4 + hM(-1 +4h 

M)) - 4y - M.')) + 4h(9 + My(4 + My))E + 2h'M'( -5 + 2(8 + My(4 + M 

y))E) + h'M(23 - 86E) + 2F(h'M'( -I + My(4 + My)) + h'M'(5 - 3E) + 

(8 + My(4 + My»)(-I + 2E) + h'M'(1 + 2E) + hM(-4 - 15E - My(4 + My) 

(I + 2E))))), 

«F + h)( - 14 + M(h(-31 + 2hM( -13 + hM( -3 + hM(3 + hM)))) - 10(1 + h 

M)(I + hM(1 + hM»y - 2M(l + hM)(1 + hM(1 + hM»y' + F( - I + 2hM(1 

+hM)(-2 + hM - My)(3 + M(h + V)))))), 

IF + h)(14 + Mlh( -31 + 2hM(13 + hMI-3 + hM(-3 + hM)))) - 2M(-1 + h 

M)(I + hAI(-1 + hM))y' + F(-I + 2hM(-1 + hAJ)(-3 + hM - My)(2 + M(h 

+y»))))), 

-32M L.,(-I + hM)(co,h(3hM) Hinh(3hM)) + 64(-1 + h)M(1 + FhM') 

(co,h(5hM) + 'inh(5hM)) + 32M Ld -I + hM)(co'h(7hM) + 'inh(7hM» 

-LS7(cosh(3My) + sinh(3My» - 9LH(cosh(M(2h + y» + sinh{M(2h + y 

»)) - 4L,,(co'h(M(2h + V»~ + 'inh(M(2h + V))) - 9L,,(co,h(M(4h + V»~ 

Hinh(M(4h + V))) - 9L;o(oo'h(M(Sh + V)) + 'inh(M(Sh + V))) - 9L" 

(co'h(M(6h + V)) + 'inh(M(6h + V))) + 32( - I + h)L., (co'h(3M(2h + V)) 

'inh(3M(2h + V))) - 576ML'I(-1 + h)(1 + FhM')(co,h(M(5h + 2y» + 

'inhIM(5h + 2y))) + L,,(oo'h(M(2h + 3y)) + 'inh(M(2h + 3y»)) + 4L" 
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b. (cosh(M(4h + 3y)) + sinh(M(4h + 3y))) - Lsdcosh(iIJ(8h + 3y)) + sinh 

IMIBh + 3y))) + k12lcoshIM(IOh + 3y)) + sinh(M(lOh + 3y))) - L,,(cosh 

(M(2h + 5y)) + sinh(A/(2h + 5y))) - 9L,,(cosh(M(4h + 5y)) + sinhlM(4h 

+5y))) - 9L,,(cosh(M(6h + 5y)) + sinh(M(6h + 5y))) - 9L59(cosh(M(Sh 

+5y)) + sinh(M(Bh + 5y))) + 32MLd -I + hM)(cosh(M(7h + 6y)) + sinh 

(M(7h + 7y))), 

k" ~ (-16( 1 + hM)L41(cosh(3hM) + sinh(3hM)) + (cosh(3M(h + 2y)) + sinh(3M(h + 2y) 

))) + 32(1 + FhM')(cosh(5hM) + sinh(5hM)) + 16L,,(cosh(7hM) + sinh(7hM)) + 

L60(cosh(3M(2h + y)) + sinh(3M(2h + y)))(-167 - 36M'y' + ISh'M'(! - 2FM + 4 

MV) - 9h' M'(29 + 12M'y' + 2FM(7 + 4M'y')))(cosh(M(2h + 3y)) + sinh(AJ(2h 

+3y))) + kI9 (cosh(M(8h + 3y)) + sinh(M(Sh + 3y))) - 9L.,(1 + 2hM)(cosh(M(4h 

+5y)) + sinh(M(4h + 5y»)) + 9£'11 (-1 + 2hM)(cosh(1I4(6h + 5y)) + sinh(M(6h + 5y 

))) - 9L.,( -I + 2hM)(cosh(M(Bh + 5y)) + sinh(M(Sh + 5y))) + 32(1 + FhM')(cosh 

(M(5h + 6y)) + sinh(M(5h + 6y))) + 16L,,( - I + hM)(cosh(M(7h + 6y)) +sinh(M(7h 

+Gy))) 

k2a (I +F'M' + 2hM(-1 +E) - E + 2h'M'E + h'M'(-2 + 5E) + 2FM(-1 + h'M' + E 

+hM(1 + E))), 

k26 ~ F2M2(24 - lOhM + 3h2 M2 + h3M'l) _ 12(-1 + E) + 2h4 M4E _ 14hM(1 + E) _ h3M3 

(I + 2E) + 2F M(2( -9 + E) - 3hM( -4 + E) - 3hM( -4 + E) + 3h' M' E + h' M' E - 3 

h'M'(2 + E)), 

"27 ~ F2M2(_48 + GhM - h2 M2 + 7h3/113) + 2h1l1(7 _ 15E} - h2M2(1l7 + 2E) + 2h4M4 

(-2 + 3E) + 4( -6 + 5E)h'M'(3 + 22E) + 2FM(4 - h'M'(-9 + E) + 3h'M'(-1 + 

E) - 6E + h' M'(2 + 3E) + hM( -94 + 9E)), 

kZ8 ~ F2 M 2(_48 + 6hM _ 112M2 + 7h3M 3) + 2h.H(7 _ 15E) _ 112 M2(117 + 2E) + 2h4M4 

,( ., 
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k29 ~ 

k30 

k31 ~ 

k32 ~ 

k33 ~ 

k34 ~ 

(-2 + 3E) + 4( -6 + 5E) + 1.'A1'(3 + 22E) + 2F Al)4 + h' M'(2 + 3E) + hM( -94 + 

9E», 

F'M'(24 + 2hM) + h'M'(31 - 5SE) - 4( -3 + E) + h'M'(-19 + 18E) + 2hM(-1 

+ 19E) + 2FM(14 + hM(16 - 9E} + 6E + h'M'(-S + 3E) + h'M'(2 + 3E}}, 

(-4( - 3 + E ) + M(F' M(24 + hM(2 + hM(l + 7hM))} + 4F(7 + hM(8 + hM(-4 

+hM(5 + hM)))) + 6F( -1 + hM}'(2 + hM(l + hM}}E + h(-2 + 3SE + hM(31 

- 5SE + hM( -19 + lSE + 6hM(2 + E})))}}, 

(3 + M(h + F ( -2 + hM(13 + hM(S + hM)} + M( - 1 + hM(S + 5hM»y} + F'M(3 

+M(3y + hM(h + y}}} + hM( -y + h(7 + 5My + hM(5 + 4My}}))}, 

(20F + 44h + 12P2.!\12h + 3h3M2 +4Fh4M 4 - 8FMy+ 20Mhy + p 2M 4y'!h+ 2 

FM2y'! + 5hM2y2 - 48FE - l02hE + lOFh2 M2 + 70h3M 2E + 6Fh4M 4E + 24F 

MyE + 48hMyE - 12hM2y2E + 2Fh2 M4y2E + Bh3 M4y2 E ), 

(P2j\f2h (12 + 7h'! M2 + My( - 4 + J\lJy)) + h(44 - 102E - IV/y( - 4 + My) + h2M2(3 

-(70 + SMy( -4 + My}}E)) + 2F( -24E - My( -4 + My)( -1 + 3E} + h' M'(2 + 3 

E} + h'M'(21 + 5E + My( -4 + My)(2 + 3E}}}}, 

«2M'(i'33 - 2k"M + 9(L,,(,osh(3My) + sinh(3My}} + L60(,osh(M(2h + y)) + 

sinh(M{2h + V))) - 4L13l(cosh(3M{2h + V)) + sinh(3M(2h + V»)) + L6Z(cosh(M 

(4h + y)) + ' inh(M(4h + y))) - L,,(oosh(M(6h + y}} + ' inh(M(6h + y}}} - L" 

(,osh(M(8h + y)) + sinh(M(8h + y))) + 192(-1 + FM)(l + hM)(2 + My)(eosh( 

M(h + 2y)) + sinh(M(h + 2y}}} - 3S4k,, (oosh(M(3h + 2y) } + sinh(M(3h + 2y}} } 

- 384k,, (eosb(M(5 h + 2y}} + sinh(M(5h + 2y}}} + L63(eosh(M(2h + 3y)) + 

sinh(M(2h + 3y }}} + 4L66(eosh(M(4h + 3y}} + sinh(M(4h + 3y}}} - L69(eosh(M 

(Sh + 3y}) + sinh(M(Sh + 3y})) - L70 leoshlM(10h + 3y}) + sinh(M(10h + 6y})) 

+384k25(cosh(M(3h + 4y )) + sinh (M(3h +4y)) + k26(cosh(M(5h + 4y» + sinh 
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0- (M(5h + 4y))) + L" (co,h(M(2h + 5y)) + ,;nh(M(2h + 5y») + L,,(co'h(M(4h + 

5y» + ,;nh(M(4h + 5y») - L,,(co,h(AJ(6h + 5y» + ,;nh(M(6h + 5y») - L" 

(co,h(M(8h + 5y» + ,;nh(M(8h + 5y) )))R~Si), 

k35 ~ (6 - 16E + M(F' M(6 + M(h(-4 + hM(l HhM» - 4y + My'» - 2h'M3 (3 + E) 

-y( - 4 + My)( -1 + 2E) + 2h3M'(-5 + 2(8 + My(-4 + My))E + h'M(-23 + 86E) 

+2F(h'M'(- 1 + My( -4 + My» + (8 + My(-4 + My»)( - 1 + 2E) + h'M'( l + 2E) 

+h' M'( -5 + 3E) + hM(' + 15E + My(-4 + My)(l + 2E))))), 

k'6 ~ (2Br(F + h)'M'ScSr(2M'(h - y)(h + y) - co'h(2hM) + co'h(2My»), 

k37 ~ (-162 + 458E + M(F'M( - 123 + hM(257 + 2hM(-36 + hM( -4 + hM»)) + h(301 

- 1146E + hM(-77 + 888E + 2hM( -4 + hM + (-95 + hM( - 7 + 2hM))E))) + F( 

-258 + 4S0E + hM(558 - 1214E + hM( -149 + 2hM( -S + 2hM(1 + (-3 + hM)E 

() »»»), 
k38 ~ (-3 + M(h - F'M(3 + M(hM(h- y) + 3y» + hM(-y + h(-7 - 5My + hM(5 +4M 

V»)) - F(2 + M(y + h(13 + M(Sy + h( -8 + hM - 5My))))))), 

k39 (-J08 + M(-10S + F'M'(lS9 + h(156 + M(47 + 4h(66 + (-13 + 27h)M»» + h 

(-276 + M(-227 + h(-336 + M(49 + 4h( -57 + M(46 + h(-15 + 14M»))))) + F 

(156 + Af(-61 + h(312 + M(346 + M(231 + 4h(78 + M + 27M!))))))), 

k40 ~ (1- Flr.f + FhM2 +h2M2 +y+FM2y + hM2y), 

k41 ~ (15k14 (co,h(3My) + (,;nh(3My» - 240k15(co'h(3M(h + V»~ + ';nh(3M(h + V»~) 

-120ki6(cosh{5M(h + V»~ + sinh (5M(h + V»~) - 5L97(cosh(M(2h + V»~ + sinh 

{M(2h + V»~} -+ 120kz7(cosh(M(3h - V»~ + sinh(M{3h + V»~) -;-- 120L97(cosh(3M 

(3h + V»~ + ,;nh(3M(3h + V»~) - 5L101 (co'h(M( 4h + V»~ + ,;nh(M(4h + V))) + 

128k2s{cosh{M(5h + V)) + si nll(.M(5h + V»~) - 5LI06{cosh(M(6h + V»~ + sinh(M 

(6h + V))) + 120k,,(co,h(M(7h + V)) + ,; nh (M(7h + y»)L 
k" ~ «-1 + FM)(-6 + Af(2h - y(4 + My»)) + 2(1 + hM)(-8 + M(h + h'M - y(4 + My) 

,j ,-
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~> ))E), 

k43 ~ (F'hM'(J2 + 7h' AI' + MV(4 + MV» + 2F(JO - 24E - MV(4 + MV)( -J + 3E) + h' 

M'(2 + 3E) + 1<'A1'(2J + 5E + MV(' + My)(2 + E») + h(44 - 102E + M(V(4 + M 

y)(5 - J2E) + h'M(3 + (70 + SMV(4 + My»E)))), 

k44 ~ «-J + FM)(6 + M(2h - h'M +V(4 + MV») - 2( -J + hM)(S + M(h - Ihl + y(4 

+MV)))E), 

k45 ~ (L,,(009h(M(2h + 3y» + 9inh(M(2h + 3V))) - 2LIO,(009h(M(4h + 3V)) + 9inh(M 

(4h + 3V») + 240Ll03(009h(M(5h + 3y» + 9inh(M(5h + 3V))) + 240L104(009h(M 

(7h + 3V» + 9inh(M(7h + 3V))) + L,,(009h(M(Sh + 3y» + 9inh(M(Sh + 3V») + J5 

k37(o09h(M(1Oh + 3y)) + 9inh(M( JOh + 3y))) + 960k35(OO9h(M(3h + 4V» + 9inh( 

M(3h + 4V))) + 960k,,M(009h(M(5h + 4V» + 9inh(M(5h + 4V») + 960L108(009h 

(M(7h + 4V)) + 9inh(M(7h + 4V)))), 

k46 ~ (p2 M'l( -24 + 2hM _ h211f2 + 7h3MS) + 11.3 M3( -19 + 18E) + 112 M 2(-31 + 8E) + 2F 

M(J4 + 6E + h'M'( -10 + 3E) + h'M'(-8 + 3E) + h'.'1'(2 + 3E) + hAf( -J6 + 9E» ), 

k47 ~ (p'l M2( -24 _ lO}!..!\! _ 3h2.~12 + h3M3) + 12( - 1 + E) - 2h4M4E - 3hz M2(-3 + 2E) 

-h'M'(J + 2E) + 2FM(2( -9 + E) + 3hM(-4 + E) - 3h'M'E + h'M'E - 3h'M' 

(2+ E»), 

h48 ~ (k41 + "', - 4801",(- J + FM)(J + hM)(OO9h(M(h + 2V» + 9inh(M(h + 2y»», 

k49 ~ (-1 + 5FM + 4h.'H + 2h2M2 - 2Fh2 M2 _ 2M2y2 + 2FM3y2), 

kso ~ (1 - FM T FhM2 + h2/L1 2 - FM2y - hM2y), 

kSl ~ (-6 + 4My - M2 y'l + h21\12(1 - 4E) + 16E + 211.3 M3 E - 8My + 2M2y2 - 2hM(l + (7 

-.MV + M'y')E», 

kS2 ~ (1"8 - 960LI09(009h(M(3h + 2y)) + 9inh(M(3h + 2V))) - 960Mkdo09h(M(5h + 2V» 

+sinh(M(5h + 2y» ) - 960k2o(cosh(M(7h+ 2y» + sinh(M(7h + 2y») - 480k44 (Cosh 

,( .-
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:i 

(M(9h + 2y)) + sinh(M(9h + 2y») - 120k,,(oosh(M(h + 3y» + sinh(M(h + 3y))) + 

k",(oo'h(M(h + 4y» + sinh(M(h + 4y))) + k,,(oosh(M(9h + 4y» + sinh(M(9h + 4y») 

-5L107(Oosh(M(2h + 5y» + sinh(M(2h + 5y))) - 120k,,(oosh(M(3h + 5y» + sinh(M 

(3h + 5y») - 5LlOO(Oosh(M(4h + 5y» + sinh(M( 4h + 5y))) - 5L90(Oosh(M(6h + 5y)) 

+ si"h(M(6h + 5y))) - 120k,,(oosh(M(7h + 5y)) + sinh(M(7h + 5y»)) - 5L89(oosh( 

M(Bh + 5y)) + sinh(M(Bh + 5y»))), 

k53 ~ (2L67(oosh(3M(2h + V»~ + sinh(3M(2h + V))) + 3k31 (oosh(M(4h + V)) + sinh(M(4h 

+y») + 3k3S(oosh(M(6h + U)) + sinh(M(6h + V))) - 24k21M(oosh(M(3h + 2y» + 

sinh(M(3h + 2"») + 24M k,,(oosh(M(7h + 2y)) + sinh(M(7h + 2y))) - 12(F + h)M 

(1 + F M)(oosh(M(9h + 2y» + sinh(M(9h + 2y») + L,,(oosh(M(2h + 3y)) + sinh(M 

(2h + 3y») - 2LS2(oosh(M(4h + 3y» + sinh(M(4h + 3y))) + L88(oosh(M(Sh + 3y» 

+sinh(M(8h + 3y») - 24M L94(oosh(M(3h + 4y» + sinh(M(3h + 4y») + 24ML87 

(oosh(M(7h + 4y)) + sinh(M(7h + 4y») + 3k40( -1 + F M)(1 + hM)(oosh(M(2h + 5 

V»~ + sinh(M(2h + 5y)))), 

k" ~ (k53 + 3k,,( -1 + F M)(] + hM)(oosh(3My) + sinh(3My)) + 3k;o( - ] + F M)( - 1 + hAI) 

(oosh(M(h + 2y» + sinh(M(h + 2y))) - 3L,,(oosh(M(4h + 5y)) + sinh(M(4h + 5y» ) 

-3L92(oosh(M(6h + 5y)) + sinh(M(6h + 5y»))), 

k" ~ (-16(F + h)L'I (- 3 + M)M(l + hM)(oosh(3Mh) + sinh(3Mh» + 32(F + h)( -3 + M)M 

(1 + FhM')(oosh(5Mh) + sinh(5Mh» + 16(F + h)L.,{-3 + M)(oosh(7Mh) + sinh(7Mh)) 

-k39(oosh(3My) + sinh(3My» + 240L'1 (h - y)(oosh(3M(h + V»~ + sinh(3M(h + V))) 

-4L,,(oosh(3M(2h + V»~ + sinh(3M(2h + V»)) - 9L83(oosh(M(6h + V»~ + sinh(M(6h 

+y») + 144(F + h)L'I(1 + hM)(oosh(M(3h + 2y» + sinh(M(3h + 2y)))), 

k" ~ (L,,(oosh(M(2h + 3y» + 'inh(M(2" + 3y))) - 4Lso(oosh(M(4h + 3y» + sinh(M(4h 

+3y ))) - 2304M'L.,{F + h)(-1 + hM)(h - y)(oosh(M(7h + 3y» + sinh(M(7h + 3y))) 

+L77(oosh(M(Sh + 3y)) + sinh(M(Sh + 3y»)), 
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v-

o 

kS7 ~ 

kS8 ~ 

k59 ~ 

k60 ~ 

(144M L 41 (F + h)(9 + M)!I + hM)(cosh(M(3h + 4y) ) + s;nh(M(3h + 4y))) - 288M(F 

+h)(9 + M)(J + FhM2)(cosh(M(5h + 4y)) + s;nh(M(5h + 4y))) - 144M L.,(9 + M) 

(-I + hM)(cosh(M(2h + 5y)) + s;nh(M(2" + 5")))) , 

(144M L,,(F + ")(9 + M)( -I + hM)(cosh(M(7h + 2y)) + sh'h (M(7h + 2y))) + L91 

(cosh(M(lOh + 3y)) + s;nh(M(IOh + 3y))) - 9L,,(cosh(M(4h + 5y)) + s;nh(M(4h 

+5y)))), 

(9L7S(cosh(M(6h + 5y)) + s;nh (M(6h + 5y))) + 9L.,(cosh(M(8h + 5y)) + s;nh(M 

(8h + 5y)))), 

(32(F + h)M(3 + M)(I + FhM')(cosh(M(5h + 6y )) + s;nh(M(5h + 6y))) + 16ML., 

(3 + .'1)( - I + hM)(cosh(M(7h + 6y)) + s;nh(M(7h + 6y)))). 
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Figure 8.1: Plot showing !:::.p>.. versus flow rate 0 when if> = 0.4, ]vI = 0.5, E = 0.8, Rm = 1, 

Re = 1, St = 1,)>1 = 0.8 and'\2 = 0.8. 
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Figure 8.2: Plot showing fip>.. versus flow rate 0 when <P = 0.4, fJ = 0.6, E = 0.8, Rm = 1, 

Re = 1, St = 1, AI =0.8 and A2 =0.8. 
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Figure 8.3a: Magnetic force function versus y when () = 2, R.n = 1, ~ = 1, !If = 1, E = 0.8, 

¢ = 0.6. {) = 0.08 and x =~ . 
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Figure 8.3b: Magnetic force function versus y when B = 2, Rm = 1, Re = 1, ],,1 = 1, E = 0.8, 

¢ = 0.6, '\1 = - 0.8 and x = ~. 
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Figure 8.3c: Magnetic fo rce function versus y when 0 = 2, Rm = 1, Re = I , E = 0.8, ¢ = 0.6 , 

(; = 0.08, >q = - 0,8 and x = l 
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Figure 8.4a: A:"ial induced magnetic field hz versus 11 when 0 = 2, ~n = 1, R~ = 1, M = 1, 

E = 0.8. ¢ = 0.6, J = 0.08 and x = ~. 
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Figure 8.4b: Axinl induced magnetic field h" versus 11 when 8 = 2, ~n = I , Re = 1, AI = 1, 

E = 0.8, ¢ = 0.6,).1 = - 0.8 and x = l' 
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Figure SAc: A.-xial induced magnetic field hz versus y when () = 2, R,. .. = 1, Re = 1, 6 = 0.08, 

E = 0.8, ¢ = 0.6, '\1 = - 0.8 and x = ~. 
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Figure 8.5a: Current. density distribution versus y when () = 2, R". = 1, Re = 1, M = 1, 

E = 0.8, ¢ = 0.6,6 = 0.08 and x = ~. 
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Figure B.5b: Current density distribution versus y when (j = 2, Rm = 1, 14. = 1, M = 1, 

E = 0.8, ¢ = 0.6, >'1 = -0.8 and x = ~. 
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Figure 8.5c: Current density distribution versus y when () = 2, Rm = 1, 14. = 1, C = 0.08, 

E = 0.8, <p = 0.6, A} = - 0.8 and x = ~. 
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6 

Figure 8.6a: Streamlines for /1.4 = 0.2 when ¢ = 0.6, Re = 1, Rm = 0.5, J = 0.09, 0 = 1, E = 0.8 

and A} = 0.9. 

Figure 8.6h: Streamlines for lit! = 0.8 when 1> = 0.6, Re = 1, Rm = 0.5, J = 0.09, () = 1, 

E = 0.8 and Al = 0.9. 
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Figure 8.7a: Streamlines for 0 = 0.8 when ¢ = 0.6, Re = 1, Rm = 0.5, !J = 0.09, AI = 0.2 , 

E = 0.8 and Al = 0.9. 

Figure 8.7b: Streamlines for 9 = 1.2 when t/J = 0.6. l4. = 1, Rm = 0.5, !J = 0.09, M = 0.2 , 

E = 0.8 and AI = 0.9. 
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Figure 8.8a: Variation of M on ()' when Br = 1, Pr = 1, 1> = 0.6, Re = 1, Rm = 1, 6 = 0.01, 

(} = 1, E = 0.4 and Al = 0.09. 
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Figure 8.Sb: Variation of Br on 0' when M = 1, Pr = 1, ¢ = 0.6, fie = 1, Rm = 1, 6 = 0.01 , 

e = 1, E = 0.4 and )'1 = 0.09 . 
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Figure B.Sc: Variation of (J on (f when BT = 1, Pr = 1, <p = 0.6, Re = 1, Rm = 1, 0 = 0.01, 

0= 1, E = 0.4 and ),1 = 0.09. 
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Figure 8.9a: Variation of Man r.p when Br = 1, Pr = 1, Se = 1, Sr = 1, ¢ = 0.6, R~ = 1, 

Rrn = 1, 0 = 0.01, () = 3, E = 0.4 and '\1 = 0.09. 
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Figure 8.9b: Variation of Br on I{) when AI = 1, Pr = 1, Se = I , Sr = I , ¢ = 0.6, ~ = 1, 

Rm = 1, 6 = 0.01, {} = 3, E = 0.4 and ).1 = 0.09. 
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Figure 8.9c: Variation of Sc on ;p when ill = 1, Pr = 1, Br = 1, Sr = 1, ¢ = 0.6. ~ = 1. 

Rm = 1, 6 = 0.01, 0 - 3, E = 0.4 and),1 = 0.09. 
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Figure 8.9d: Variation of Sr on rp when /11 = 1, Pr = 1, Br = 1, Sc = 1, q, = 0.6, 14 = I, 

Rm = 1, 0 = 0.01, () = 3, E = 0.4 and '\1 = 0.09. 

y 

Figure 8.ge: \'ariation of Br on 'P when IL1 = 1, Pr = 1, Sc = I, Sr = 1, q, = 0.6, Re = 1, 

R", ~ I , 6 ~ om, 8 ~ 3, E ~ 0.4 and AI ~ 0.09. 
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8.3 Results and discussion 

In order to analyze 1 he variations of the pertiuent plll'ameters of iuterest on the various flow 

quantit ies such as thc prcssure rise per wavelength (.6.Pl) , the stream function (ill) , the magnetic 

force function (cII ). the axial induced magnetic field (~), the current density distribution (J.,), 

the temperature distribution (B') and the concentration distribution (~), we have prepared 

Figures 8.1-8.9. 

The expression for the pressure rise per wavelength is computed numerically and presented 

graphica!ly. Figures 8.1 and 8.2 illustrate the variations of pressure rise per wavelength versus 

11 for different values of wave number Co} and Hartman number (.M). In Figure 8.1 , we have 

noticed that t::.p>.. increases with an increase ill 0 in the peristaltic pumping and free pumping 

regions. HO\ .... ever in the copumping region, an opposite behaviour is observed. Here .6.p>.. 

decreases when 0 is increased. ~ loreover the volume flow rate is maximum for small values of 

o. In Figure 8 .2, it is found that !J.Pl increases for large values of M in the pumping and free 

pumping regions . For the appropriate values of volume flow rale (e), .6.Pl decreases with an 

increase of M in the copmoping region. The volume flow rate (e) is maximum for small \'alues 

of M. 

Figures 8.3-8.6 discllss the \'ariations of magnetic force function 4.1 , axial induced magnetic 

field hx and current density distribmion J~ versus 11 for different values of ..\], J and M. Figures 

8.3(n-c) reveal that the magnetic force function I}) increases as..\l and M increase but decreases 

when large values of 0 a re taken into aCCowlt. In Figures 8.4(a-c), it is shown that the axial 

induced magnetic field ha;. is symmetric about the channel and decreases with an increase in 

).1 and M. However it decreases when J is decreased. Moreover, in the half region (y > 0), 

hz has one direction and in the other hali region (y < 0), it is in the opposite direction. It is 

equal to zero for y = O. The Figmes 8.5(a-c) are plotled to describe that the current density 

distribution J: increascs with an increase of ).1 and M. Moreover it is noticed that J~ increases 

with a decrease of o. 
In peristalsis, trapping is one of the more important and interesting phenomenon. Figures 

8.6 and 8.7 explain this phenomenon for different values of lIf and e. Here we have seen t hat 

the size of the trapped bolus is going to be squeezed when lIf is increased. The volume flow 

rate (e) has an increasing effect on napping. Here the trapped bolus increases in size with an 
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increase of e. 
Figures B.B(a. ~ c) depict the variations of the temperature distribution (0') for different 

values of AI, B7' (Ind e Figmc 8(1 indicates that the temperature is decreasing function of M. 

Figures 8.8 (b & c) present an opposite picture when compared to Figure S.8a. Here Br and e 
show increasing effect on the temperature profile. The temperature increases by increasing Br 

and e. In these figures, we have observed that the temperature profile parabolic in nature. 

F igures B.9(a - e) describe the variations of the concentration distribution (~) for different 

values of 111, Br, Se, Sr and O. Pigmc 8.9a shows that the concentration distribution increases 

with an increase in M. However in Figures 9 (b - e), the situation is quite opposite. In these 

figures, the concentration distribution increases for the small values of BT, Sc, Sr and O. 
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Chapter 9 

A mathematical model for the study 

of slip effects on the peristaltic 

motion of micropolar fluid with heat 

and mass transfer 

In this chapter, we present a mothcffiMical model with an interest to examine the peristaltic mo

tion in an asymmetric channel by taking into account the partiaJ slip and heat and Illass transfer 

effects. Constitutive relationships for a micropolar fluid are used. The solution procedure for 

nonlinear analysis is given under long wavelength and low Reynolds number approximations. 

The effects of sundry parameters entering into the expressions of axial velocity, temperature 

and concentration profiles are explored. Pumping and trapping phenomena arc discussed. 

9.1 D evelopment of t he mathematical problem 

We examine the peristaltic flow of an incompressible micropolar fluid in an asymmetric channel 

baving width d} + d2 . The sinusoidal wa,'es traveling down its walls are given by the following 

ex-pressiol)s: 
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h'l {.X. }', t) = d, + u] COS [~ (x - ct)]; upper wall, 

h;(X,Y,t) = -d2 - b1cos [2; (X -et) +4>] ; lower wall. 

(9.1 ) 

(9.2) 

Here al and bl are the wave amplitudes, >. is the wavelength, i is the time, ;(0 s ¢.s rr) is 

the phase difference. It is noticed that the case ¢ = 0 corresponds to symmetric channel with 

waves out of phase and for dJ = 7r, it correponds to the situation when waves are in phase. Also 

aI, bl , d) and d2 satisfy the following condition 

(9.3) 

We also assume that the walls have only transverse motion. The Bow in laboratory (X', V') 

and wave (x', y/) frames are treated unsteady and steady, respectively. The transformations 

between the two frames fire gi ven below: 

X' = X' - et', y' = yl, 

'ti' (X',y') = V' - e, Vi (x',y') = Vi, (9.4) 

in which (U' , V') and (1/, v') are the respective velocit.y components in the laboratory and wave 

frames. 

Neglecting body force and body couple, the equations governing the present flow are 

"·V'~O, (9.5) 

P l0. \7) V' = _Vp' + k'O X Wi + (JJ. + h) '02V', (9.6) 

Pi' (V" V) w' = -2/,;w' + kV x Vi -, ('0 x '0 x Wi) + (0'+f3 +,) '0 (\7. Wi) , (9.7) 

dT 
1Kdt: ~ ",,'T + T.L, (9.8) 
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0 

(9.9) 

where V'is velocit.y vector, Wi is the micl"orotaction vector, rI is the pressure, p is the density, 

l is the microgyrat.ion parameter, ~ is the specific hea!., /I is the kinematic viscosity, K. is 

thermal conductivity, ..,. is the Cauchy stress tensor, D is the coefficient of mass diffusivity, Tm 

is the mean temperature, J(T is the thermal-d iffusion ratio, T is the temperature and C is the 

concentration of fluid. Further, the material constants satisfy the following inequalities 

The velocity field and microrotation vector are defined as 

V' - (' '0) - tt, v, , Wi = (O,O,w') . 

'We introduce the non-dimensional variables given below 

x' y' u' >.v' t' , d2p' 
X = >:", y = d

1
' u= -, v = die' t = -:X' p~-'-C c>.p. > 

h h~ h~ 'li' d = dl d = d2 a, 
1 = d

1
' hz = d~' iIt=cd

1
' A' d, · a= d

J
' 

, 
C-Co Pr = pVi:; E~ 

c· I' 
'P~ 

Co r; (TI To)' Se = pD' 
" 

a'li 
t/. = By' 

a>l< 
v=-

ax' 

(9 .10) 

(9 .11) 

Re= pca , d1 T' 
T~--, 

I' I'C 

b = a2 
d, ' 

(j' = T-To, 
TJ-To 

pDJ(TTO 
51· = (9.12) 

rtTmCo 
, 

(9.13) 

in whkb J is tbe wave number, Re the Reynolds number , Pr the Prandtl number, E the Eckert 

number , Br the Brinkman number, Sc the SchmidL number and Sr the Soret number. 

By using Egs. (9 .12) and (9.13) into Egs. (9.5)-(9 .9 ), we get 

(9 .14) 

(9.15) 
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, 
-0 

Re' (a'll a",' _ a'll al) ~ ~ (.,a'", + a'",) + Sr (.,a'O' + a'8'). 
By 8x. ax ay Se 8x2 By'}. 8x2 By2 

(9.17) 

Adopting long wavelength and low Reynolds number procedure one obtains 

N aw + 8''11 ~ (1 - N ) ap , ay 8yJ ax (9.18) 

ap ~ O 
8y , (9.19) 

a2qJ 2 - N 82w 
-2w- By' +(M2)ay' ~o, (9.20) 

a'O' { ( 1 a''II N ) a''II} 
By2 + Br 1 - N ay2 - l _ N w ay2 = 0, (9.21) 

1 a'", 8'0' 
Be By'l + Sr ay2 =: 0, (9.22) 

where Eq. (9.19) shows that p #:- p(y) and hence p = p(x) . 

From Eqs. (9.18) and (9.19), one can write 

(9.23) 

where N = k/(/J + k) is the coupling number (0 :s N :s 1), M2 = d'fk(2!J- + k)/ (,(JJ. + k» is 

the micl'opoiar parameter and 0', /3 do not arise in the governing equation as the microrotation 

vector is solenoidaL When k ---. 0, these equations reduce to the Navier-Stokes equations. 

The dimensionJess boundary conditions are 

F a'll (1 a' 'II N ) 
IJI = 2' ay = -{3 1 _ N By2 + 1 _ N W - 1, 9'=0, r,o=O aty=h1, (9.24) 

III = _ F 8w = f3 (_1_8
2

iJ1 + ~w) - 1 
2 ' ay I -N 8y'l 1 -N ' 

9' = 1, If' = 0 at y = h2, (9.25) 
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<.) 

hi = 1 +a eos(2/Tx) , 

h2 = -d-bcos(2/Tx+¢), (9.26) 

where (j (= t) is the dimensionless slip parameter. L is dimensional slip parameter and hI and 

h2 are the dimensional form of the peristaltic walls. 

The dimensionless pressure rise per wavelength is 

(9.27) 

The dimensionless mean flows in the laboratory (0) and wave (F) frames are related by the 

following expressions 

9.2 Exact solution 

With the help of Eqs. (9.18) and (9.20).(9.25), we have the following expressions 

(9.28) 

(9.29) 

1 (M(N - 2)Y) 1 
u ~ - 3M'(N _ 2) {( - 3(C,+ 2C,)N ,",h ..j(N _ 2)' + ..j(N 2)' (3( V(N 2)' 

(M'(2C. + 2C,y + Cll) + N(CI + 2C, + M'( -C. + 2C,y + C,y'))) - (2C, + Cs) 

M( -2 + N)N 'inh (MIN - 2)Y) ))), (9.30) 
..j(N - 2)' 

1 (M(N - 2)Y) 1 
w ~ - (N 2) {-NC, + Cs - y(CI + NCo) + 12C, - Cs) ,",h ..j(N 2)' + M ..jIN 2)' 

((N _ 2)(CI + 2C,) 'inh (M(N - 2)Y))), (9 .31) 
V(N 2)' 

dPi _CI + NC6 
dxy=o- 1 N' 
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(, 

w = 3M2(~T _ 2) {3N(2C2 + lvJ2 y2C2 - M2C3 + y(el - M2c,d + Cb) + M2(y3C1 + 6G3 

+ 6yC4 + 3y2Ca) + Ny(6 + M2y2)C6 _ 3N(2Cz + Cs ) cosh (M (N - 2)V) _ 
J(N - 2)' 

1 (3(11' _ 2)N(C, + 2C,) sinh (M (N - 2)Y) )), (9.33) 
M J(N 2)' J(N - 2)' 

0' 1 ( ')3/' 1 1 ) ( ) ~ L59 (4 - 11' 1-(4 N')3/,L60 + Br«4 N')3/ ,L61 +48M(N - 611' C6N - C, 

+L62L58)) + 1.,( -48BrM(N - 6)11'( -C, + 6C6) sinh(L;' (y - "')) + « -C, + 2C6) 

'1 1/2. L57 1 
(4-11') smh(-;;-(y-h,)))- (')3/,L63+3BrNL"L64)), (9.34) _ 4 - 11' 

((J = 2185 (Br(4 - N2)3/2 ScSr(cosh(2(y + hI + h2)Ls7 ) - sinh(2(y + hi + h2)Ls7»)(L67 + hI 

(24M(6 - N)N(C6N - CIl(oosh(yL,,) - oosh(h,L,,) + sinh(yL,,) - sinh(h,L" )«2C6 

+CIl(4 - 11")'/'(_ 1 + oosh«y + ",,)L57 ) + sinh«y + h,)L,,) + 2C,M(2 + 11')(1 + oosh 

«y + I.,) L,,) + si nh«y + ",) L,,)) + CsM(2 + 11')(1 + oosh«y + I.,) L57 ) + sinh«y + h,) 

L,, ))))(oosh«y +21., + I.,) L57 ) +sinh«y + 21., + h,)L,,) - (11' 2)(: N,) ,/,(4M3(2 

+Nf(cosh«y + 2h, + hz) Ls7 ) + sinh«y + 2hl + h2) L57)(y2( -3CgM2(8 + N 3 ) - 2C5M2 

(2 + N)(3C,N(3N - 4) + 2C6(N - 2)Ny + C, (3N' + 4y - 2Ny)) + cl1 -'Ai'y' - 11'3(3 + 

2M'y) + 11"(6 + M'(y - 4)y)) + N'(-24CgM'(2 + 11') + 2C,C6M'(-B - 211' + N')y + cl 
(11' - 2)( - 12 + M'(2 + N)y')) + 2C,N(C,M'(2 + 11') + C6( 12N + 4MV ))) + 3(CgM'( 

8 + 11'3) + 2CsM'N + N'(Cl(N - 2) + C,(4C6(N - 2) - 2C,M'N(2 + 11')))) + 3NL57L" 

) + 3Ny( -S M (N - 6)(NC6 - CtHcosh(h1Ls7 ) - cosh(hzLs7) + sinh(h1L57} - sinh(hzLs7 

))«2C6 + C, )(4 - 11")' /'(-1 + oosh((h, + I.,) L,,) + sinh«h, + I.,) L,,))) + M(2 + 11')( 

2C, + Cs)(1 + oosh«h, + h,) Lsr) + sinhllh, + I.,) L57 )))(oosh«2y + h, + I.,) L,,) + sinh 

«2y + hi + h2) L57) + L57 £83 ) + hz( -24(CoN - Cd(cosh(yLs7) - cosh(h1Ls7) + sinh(yL57) 

-sinh(h,L,,) ) + (oosh(2 (y + I., + ",) L,,) + sinh(2(y + I., + h,) L,,) )L,,)))), (9.35) 
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6. 

0 

Now we write the definitions of C1 - Ce and several values therein . 

c, ~ 

c, ~ 

C3 ~ 

C, -

c, ~ 

c, 
C, ~ 

c, ~ 

C9 ~ 

CiO ~ 

( (C,(C, + C9 + CiO)) ) 
(Cll + C l2 + CI3 + C14 ) , 

(_I_(CI5(GI6 + Cl7 + GI8») , 
GIQ G20 

CG21 + C22 + C23») , 
C" 

(_1_ (£5C25(C26 + C27 + C28»)) 
C2Q (hI 11.2) , 

( C30(C31 + C32) ) 
(C33 + C3~ + C35 + C36 + C37) , 

(-(C,(C" + C39))) , 

c" 
(3M'(N - I)(F + h, - h,)), 

(2(N - 2)'(N - I )N L1(2 + N - 4L3) + 2(N - 2)'(N - I)N Li(2 + N - 4L,)), 

-(N - 2)L,(4N(2 - 3N + N')L,(2 + N - 1£3 - 2L,) + M(h,(N( -8 + 6N + N' 

+N3) - 4( -2 + N + N 3)L3) - (N - I )h,( - 4(2 + N)L3 + N(8 + 2N + N' - 4N 

L,)) - 4fi(-2N Lj + L3(4 - 4N - 2N£, ) + N(-4 + N £,)))£,), 

-M(N - 2)L,«N - I)«N - l )h,(N(8 + 2N + N') - 4N' £3 - 4(N - 2)£, + h, 

(N(-8 + 6N + N' + N 3) - 4( -2 + N + N 3)£,) + 4fi( -4N + N L3(N - 2L,) + h, 

(N( -8 + 6N + N' + N 3) - 4(-2 + N + N 3)L,) + 4fi( -4N + N L3(N - 2L,) + 4( 

N + I)L, - 2NL1))L, + N(2(2 - 3N + N')(L3 - L,)' - M'(N - I )hi( -4N + ( 

6 + N)L3 + (N - 2)L,) - M'(N - l)h1( -4N + (N - 2)L3 + (6 + N)L,) - M'fi 

h2(-8N - 4NL~ + (-4 + 4N + N 2)L4 + £3(12 + 4N + N 2 - 4NL4») + M 2hl (2 

(N - I)h, ( -4N + (N + 2)£3 + (N + 2)L,) + fi(-BN + (12 + 4N + N')L, - 4N 

L; + L3( -4 + 4N + N' - 4NL,))))L,))), 

Cll (M3(_2 + N)( -I + N)'hl(L,(-2N + (2 + N)L3) - L,(-2N + (2 + N)L,))£, + 

M'( - I + N)h;« - 2 + N)'(- I + N)N L1(-1O + N + 8£3) + (-2 + N) ' (- I + N) 
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1..\. 
G12 ~ 

0 
G'3 ~ 

G14 ~ 

M( - 2( -1 + N )h,( - 2N + (2 + N)L3) + ~( -2N Ll + N(8 - 3N + N L.) + L3(-8 

- 2N + 4NL. )) )L:12 )) ), 

-2M(N - 2)L,( - 2(N - 1)1.,( -2N(N + 2)L.) + P«8 - 3N)N + N L3(N - 2L.) 

-2(4 + N)L. + 4N Ll))L, + N«2 - 3N + N')L] + 2(N - I )L3( -3N + 2(N + 

I)L, + (-1 + N)L.( -GN + (10 + N)L.))L,) + h,(N(2 - 3N + N')'(3N - M' 

h!)L;(2 + N - 4L3) + (N - 2)'(N - 1)NL!(3(N - I )N(2 + N - 4L3) - 24M' 

~h,(L. - 1) - M'(N - 1)1.,(-10 + N + 8L.)) - (N - 2)L,(2N(2 - 3N + N' 

)L,(3(N - I)N(2 + N - 4L3) - 3M~'h,(N' - 4(N - I)L3) + 2M'(N -1)h! 

(N - 1 - 2£3 + L.) + M(M'(N - 1)'h!(-2N + (2 + N)L3) - G(N - I)Nf3( -

4(N - I)L] + L3(4 + 2N + N' - 4L.) + 2N(L. - 2» + 2M'(N - 1)f3hl(4N 

L] + N(8 - 3N + NL.) - 2L3(4+N + NL.) + 3h,( -4NL6 - 2N(-2(N - 2 

N' + N 3 + 2M'f3' - M'Nf3') + (N - 1)'NL,) + L3(N' - 8M'f3' + N 3(M' 

~' - 7) - 4N(M'f3' + 1) + 2N'(5 + M'f3') + 4(N - I)N L,)))L,), 

(M L,( -M'(N - 1)'h!( -2N + (2+ N)L.) + 2M'(N - 1)f3hl«8 - 3N) - 2(4+ N)L. - 2 

N Ll + N L3(N + 4L.) - G(N - I )Nf3( -4N + L.(4 + 2N + N') - 4Ll + L3(2N - 4(N-

I)L.» + 3h,(4N(N - 2N' ~ N 3 + 2M' f3' - M'Nf3') + (N' - 8M'j3' + N 3(M'f3' - 7) 

- 4N(1 + M'j3') + 2N'(5 + M'f3'»L. + 4(N - 1)'NL; - 2NL3«N - 1)'N + 2(1 - N 

- N' + N 3 - 2M'j3' + M'NB' )L.»)L,), 

-« (N - I)N(3(N - I )N(2 + N - 4L3 )(L3 - L.)' + M'hl«10 + 9N + N')L] + (N - 1) 

L.( -BN + (N - 2)L.) + (N - I)L3(-3N + 2( 1 + N)L.» + BM'f3h,(-2NL. + N L3(-2 

+(4 + N)L.)))L,) + h,(-3(N - 2)'(L15 - 2M(N - 2)L,(-2M'(N - 2)'h!(-2N + (N 

+2)L.) - 3(N - 1)Nf3 + L30 + 3h,(4N(N - 2N' + N 3 + 2M' f3' - M'j3'N) + (N' - 8 

M2(32 + N 3{M2{32 _ 7) _ 4N(1 + /I.{1f32) + 2N2(5 + M2f32))L4 - 2N L~ + 2N 2(5 + M2 

P')L.»)L,) + L,,), 
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C l5 = 3M2(F + hi - h2), 

Cl 6 ~ (2 - 3N + N')(hl(2(N - 2)2(N - I)N L1- (N - 2)LIL,(2N(2 - 3N + N') + M(2(N

I )Nh, - (N - 2)P(N - 2£,))L,) + (M(N - 2)L,( -2(N - I )Nh, + (N - 2)fi(N - 2£, 

)) + (N - I )N(N - 2£, )(L, - L,)L,)L, + M(2 - 3N + N')hl(LI(N + 2L,) + L,(N 

- 2L,) )L, + h,(2(N - 2)'(N - l )NLj - (N - 2)LI(2N(2 - 3N + N')L, + M« -2 + 

N)P - (N - l )h,)(N - 2L,)L,) - M(-2 + N)« -2 + NJe - (N - l )h,)L,(N + 2L,)L, 

+(N - I)N(N - 2L,)(L, - L,)L,))L,), 

CI7 ~ (-«-2 + N)'(N - 1)(Llhl - L,h,)«-2 + N)'(N - I )NL1(2 +N - 4L,) + (N - 2)'(N 

-I)N Lj(2 + N - 4L,) - (N - 2)LI(2N(2 - 3N + N')L,(2 + N - 2L, - 2L,) + M( -I + 

N)h,(N(6 + N) - 2(2 + 3N)L,)(N - I)h l ( - 2(N + 2)L, + N(6 + N - 4L,)) - 2P(-2NLj 

+ L,(4 + 4N - 2N L,) + N( -4 + NL,)))L,) - (N(6 + N) - 2(2 + 3N)L,) + 2P(-4N + N 

L,(N - 2L,) + 4(1 + N)L, - 2N L;))L,) , 

Cl8 ~ «N(2 - 3N + N')(L, - L,)' - M'(N - 1)hj(-4N + (6 + N)L, + (N - 2)L,) - M'(N

I )hl( -4N + (-2 + N)L, + (6 + N)L,) - M'Ph,( -SN - 4N Lj + (-4 + 4N + N')L, + L, 

(12 + 4N + N' - 4NL,)) + M'hl (2( - I + N)h,( -4N + (2 + N)L, + (2 + N)L,) + P(-

8N + (12 + 4N + N 2)L4 - 4NL~ + La( -4 + 4N + JV2 - 4N £4) ))£5) , 

C20 = (M3L5L9-3Mh~L22+L20+L2d> 

C21 = (M(-l + N)hf(L31 - L32 + £33)£5), 

C" (h,(FN(2 - 3N + N')'(3N - M'hl)Ll(2 + N - 4L,) + (-2 + N)'(N - 1)NL1L" + L" 

+ L36 + {Lli - 3M(N - 1 )h~ L3B + 2M(N - 2)£2L39 + (N - l)N £40 + h~L'11 - 2M 3(N 

- 2)(N - 1)'hjL,L,1 - 2M'(N - 2)(N - 1)'hjL,L" - 6M' N( -(2 + N)' Lj + 2M(N 

-2)NPL,(-2 + L, + L, )L, - (N - I)(L, - L,)( -4N + (2 + N)L, + (2 + N) 

L.)L5) - (N( -2 - 7N' + 4FM'p + N(9 - 3FM'e)) + (3N' - 4FM'p + 2N 

(-3 + FM'e)+ 1\"(3 + FM'P))L. - 2FM'PL; + NL,(N - 4(1\' - I)L.))L5 
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+N'(3 + FM'8))L, + L,N(N(-2 + 2N + FM'fi) - 4(N - I)L,))L,), 

c" ~ +FM N(2(N - I)L,( - 3N + (4 + N)L,) - (N - I )L,( - 2N + (6 + N)L,)) + M' 

(F - 2h2)LsL2a, 

C" ~ (2(h,L" + M(N - 2)L,L,L,,) + hI (L" + 2M'(N - 2)(N - I )'h1L,( - 2N + ( 

2 + N)L,)L,«2 - N)L,(4N(N - 2N' + N' + 2M'fi' + NM'P') - 2(N - 2L,) 

+«2 - N)L,(4N(N - 2N' + N' + 2M'e' + NM'fi')Ll) + L46L,)L,M(N - I) 

h,«N - 2)'(N - I)NL1- 2M(N - 2)fiL,«8 - 3N)N + N'L, - 2(4 + N )L, ) + 

N«-2 + N + N') + 2L,(N - 1)(-3N + 2(N + I )L,) + (N - I )L,(-6N + (6 + N 

)L.))L,)) - M'L,L" - M'(N - l )hl«N - I)NLi(-lO + SL, + N) + 2(N - 2) 

LI(2N(2 - 3N + N')L,( - I + N + L, - 2L,) + M( - 2(N - I)h,( -2N + (2 + N)L, 

) + fit -2NL! + N(S - 3N + NL,) + L,( -S - 2N + 4NL,)))L,) - 2M(N - 2)L,( 

-2(N - I)h,( -2N + (N + 2)L,) + fi«S - 3N)N + NL,(N - 2L,) - 2(4 + N)L, 

HNL1))L, + L,,))), 

0 c" ~ (N - I)(F + hI - h,), 

C" 3N(N - 2)(LI - L,) + M(3Nhl + M'hl- 3Nh, - M'h!)L,)(2(N - 2)'(N - I 

)NLl(2 + N - 4L,) + 2(N - 2)'(N - I )NL1(2 + N - 4L,) - (N - 2)LI(4N(2-

3N + N2 )L2(2 + N - 2L3 - 2L4 ) + M{h2 {N ( -8 + GN + N2 + N3) - 4( -2 + N + 

N')L, - (N - l)hl( - 4(N + 2)L, +N(S+2N +N' -4NL,)) - 4fi(-2NLl +L, 

(4 + 4N - 2NL,) + N(N - 4L,)))L,), 

c" ~ (-M(N - 2)L,( - (N - l)h,(N(S + 2N + N') - 4N'L, - 4(2 + N)L,) + hl(N(-8 

+ 6N + N' + N') - 4(2 + N + N')L,) + 4fi(-4N + NL,(N - 2L,) + 4(1 + N)L, 

-2N L1 ))L,), 

C" ~ N(2(2 - 3N + N')(L, - L,)' - M'(N - I)'hl( -4N + (6 + N)L, + (N - 2)L,) -

M'(N - 1)hi(-4N + (N - 2)L,(6 + N)L,) - M'fih,(-8N - 4NLl + (-4 +4N + 

N')L, + L,(12 + 4N +N' - 4NL,)) + M'hl (2(N -1)h,(-4N + (2 + N)L, + ( 
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2 + N)L4) + ~(-SN + 12 + 4N + N')L4 - 4NLl + L3( -4 + 4N + N' - 4NL4))), 

c" ~ (L47 + (L"L51 - M'(N - 2)L,(-M'h1(-2N + L,(2 + N)) + 2M'(N - 1 )~hj((S 

6- -3N)N - 2(4 + N)L4 - 2N Ll + N L3(N + 4L4)) - 6(N - I )N~(-4N + L3(2N-

4(N - I)L4)) - 4LJ + L3(2N - 4(N - I )L4)) + 3h,(4N(N - 2N' + N 3 + 2M'~' 

-N M'~') + (N' _ SM'~' + N 3(_7 + M'~') - 4N(1 + M'~') + 2N'(5 + M'~' 

))L4 - 2N L3((N - I )' N + 2(1 - N - N' + N 3 - 2M'~' + N M'~')L,)))L, + L52 

(N - 2)((N - 2)LI(N - 2L3) - (N - 2)L,(N - 2L4) + M(-h,(N - 2L3) + hl(N-

2L4))L, )), 

c30 ~ 3M'(N - 2)(N - I )(F + hi - h,), 

C31 ~ (2(N - 2)'(N - I)N(LI - L,)(hILI - h,L,) + M(N - 2)((N - 2)~hl - (N - I)h, 

)(hl(LI(N + 2L3) + L,(N - 2£,)) - h,(LI(N - 2L3) + L,(N +2L4)))L" 

C32 ~ (-(N -1 )N(-h, (N - 2L3) + hl(N - 2L4))(L3 - L4)L,) , 

C33 ~ ((M3(N - 2)(N - l)'h1(LI(-2N + (2 + N)L3) + L,(2N - (2 + N)L4))L, + M' (N 

0 - 1)h!(NL1(N - 2)'(N - 1)( -10 + S£3 + N) + (N - 2)'N L,(2 + N - 4L4) + 2(N 

-2)L,(2(N - 2)N £,(N - I) + M( -2(N - l)h,( - 2N + (2 + N)L3) + P((S - 3N)N 

-2£3(4 + N + NL3) + N(N + 4L3)L,))L,) - 2ML,( -2(N - I)h,( -2N + (2 + N) 

£4) + ~(N(S - 3N + N L3) - 2(4 + N + NL4)L4 + 4N£l))L, + (N - I)N((N - 2)Lj 

+2L3( -3N + 2(N + I )L.) + L4( - 6N + (10 + N)L4))L,), 

c,. ~ (h,(N(2 + 3N + N') + (N - 2)'NL! + (3(N - I )N - M'(N - l)h1( - 1O + N + SL.)) 

-(N - 2)LI(2(N - 2)NL,(3(N - I )N(2 + N - 4L3) + 2M'(N - l )h!( - I + N - 2L3 

+£4)) + M(M'(N - l)'h1(2N - (2 + N)L3) - 6(N - 1)(-4(N - I )Lj + £3(4 + N( 

N - 2) - 4L4) + 2N( -2 + L4)) + 3h,(4N((N - I )' N - M'~'(N - 2)) + L3((N - I 

)'N(-4 + N(N - 2)) + M'~'(N - 2))L3) - 2N(N -1)L4) + 2M'(N - 1)Il'h1(4NL j 

-2L3(N - 1)))L5)), 

03;; ~ M(N - 2)L,(M'(N - I )' + 6(N - 1)~( - 2N(L3 - 2) + 4Lj) + 3h,(4N((N - 1) - M' 
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6- c" ~ 

C37 

0 

C" -

C" ~ 

(N - 2)fi') + L,(N(N - 1) + 4(N - I )NL,) + 2N L3( -(N - I)N - 2((N - 2) + M'p' 

(N - I))L,))), 

(( -(N - I)N(3N(N - 1) + 6M'e'( -2(N - 2L3) + N( -2 + (4 + N)L3)L.) + M' 

(N - l )h,((10 + N)Ll + 2L3( -3N + 2(1 + N)L,)))L,) - 3Mhl(M(N - 2) + (N 

-2)L,(2M(N - I)N L, + L3((N - 1)'N( -4 + N(2 + N)) + 4(N - I)N L3) - 2 

N((N - 1)'N + 2((N - 1)'(N + 1) + M'e'(N - 2)L3) + 2M'Ph,((8 - 3N)N + 

N(N - 2£3)L,))L,))), 

-(N - 2)L,(4N((N - I )' - M'(N - 2)fi') - 4N((N - 1)'(N - 2)fi')L.) + MN 

(N - I)(( -2 + N + N 2)h2Ll + L.(N(N - 1) + !>,(-6N + (6 + N)L,)) + 2L3(h, 

(-3(N - 1) + 2N L,) + NP( -2 + (4 + N - 4L,)L,)))L,) + h,( -3(N - 2)NL1(-

M'(N - 2)hl + N(N - 1)) + 2(N - 2)L,(3(N - 2)NL,(2M2(N -1 - L3) + 2M' 

fi'(-N' + 2(N - I)L3 + 2(N -1)L.)) + M(-2M'hl +3h,(4N((N _I)' - M'fi' 

(N - 2)) + L3(N(N -1)' - 2N((N - I )N + M'fi'(N - 2))L3) - 2N((N - I )' + 

((N -1)'N + M'(N - 2)fi')L3)L.) - 3Nfi(-4Lj + L3(4 - 4(N - I )L.)) + 3M' 

l>l( -2(4 + N)L3 + 2N Lj))L5) + £.) + 3h,(4N((N - I)' - M'fi') + (N - 2)M' 

fi')L. - 2N L3((N - I )' N + L.)))L, + 3N(N - 1)(N(N - 1) + M'(N - l)hi((6 

+N)Lj + L,(-6N + (2 + N)L,)) +4M'fih,(2L,(N - L.) + 2Lj(1 - NL,) + NL3( -2 + 

(4 + N - 2L,)L,)))L,), 

((N - 2)'(N - 1)i\"(L, - L,)(L, (2 + N - 4L3) - L2(2 + N - 4L,))), 

(M(N - 2)(L, ( -2Nfi(-4 + NL3) + 4fi( -2 - 2N + NL3)L, + 4NfiL;- (N - l )h, 

(N(6 + N) - 2(2 + 3N)L,) + h,(((N - l)N(6 + N - 4L3) - 2( -2 + N + N')L.)) + L, 

(Bfi(L3 - N) - (N - l)h,(N(6 + N) - 2(2 + 3N)L3) + (N - l )h,( - 2(N + 2)L3 + N(6 

+N - 4L.)) + 2Nfi(NL, - 2L3(-2 + L3 + L,))))L, + ((N - 2)(N - I)N(L3 - L.)' 

-M'(N - l)hl(- 4N - (6 + N)L, + (N - 2)L,) - M'(N - l)hl( -4N + (N - 2)L3 + 

(6 + N)L,) + M'fih,(BN + 4NLj- (4 + N(N + 4))L, - L3(12 + N(N + 4) - 4NL.)) 
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+M'hl( -4P(2N + L3) + 2(11' - l)h,(- 4N + (2 + N)L3 + (2 + N)L,) + P(12L, + 11' 

(4 + 11' - .I L, )(L3 - L,))))L,). 

6- c" ~ (M3(N - 2)(11' - J)'h1(L I(-2N + (11' + 2)L3) + L,(2N - (2 + N)L.,))L5 +L,,) + M 

(11' - 2)L,(M'(N - J)'hj(2N - (2 + N)L,) + (11' - I)NP(-2N(L3 - 2) - (4 - (11' - 1 

)L3)L,) +3h,(4N(N - 1)'11' - M'P') + L,(N - 1)'11' + 4(11' - 1)NL,) +2NL3(-(N 

- 1)11' - 2«11' - 1)(11' + 1) + 411' L,) + 211' L3«N - 1)'11' - 2((11' - 1)'(11' + 1)))L,)) + 

L,,))), 

LI . (M (-2+N)It, ) 
~ smh , v'( -2 + N)' 

L, . h(M(-2+N) lt l) 
~ SII1 , v'( -2 + 11')' 

L3 h (M( -2 + N)hl ) 
~ cos , 

,j( -2 + 11')' 

L, ~ h (M(-2+N)It, ) cos , 
,,1(-2 + 11')' 

0 L, ~ (4 - 4N + N Z), 

L6 ~ ((1- 11" + 11'3 - 2M'P' + 11'(-1 + M'p'))L1) , 

L7 ~ ((11' - 2)LI(1I' - 2L3) - (11' - 2)L,(N - 2L,) + M( -It,(N - 2L3) + hl(N - 2L,))L5), 

L6 ((11' - 2)LI(L3 - 1) - (lY - 2)L,(L, -1) + M(-h,(L3 -1) + hl(L, - I))L5), 

L, ~ (1 - N:! + N J - 2M282 + N( -1 ...L M2B2», 

LIO ~ (11' - 2)(11' - 1)'h1 (L I(- 2;" T (2 + ;")L3) - L, (- 2N + (2 + N )L,)), 

LII ~ ((2 - 311' + N')L1 + 2(11' - I )L3(-3N + 2(11' + I)L, + (11' - I)L,( -611' + (10 + N)L,)), 

LI2 ~ (M'(2 - 3N + N')h! - BM'Ph,(L3 - 1) + (11' - 1)11'(2 + 11' - 4L,)), 

L!3 ~ ((11' - 1)11'(2 + N - 4L,) - BM'Bh,(L, - J) - M'(N - l)h!(-6 + 11' + 4L,)), 

LI4 ~ (3N(2 - 3." + :V' )L,(2M'(N - 1)1t!(N - 1 - L3J+ (N - I)N(2 + N - 4L,) - 2M'PIt,( 

N' - 2(11' - I)L3 - 2(11' - I )L, )) + M(-2M'(N - 1)'hj( - 211' + (2 + N)L3) - 3(N - 1) 

N/I(4L! + 2N(L, - 2) + L3(4 + 2N + 11" - 4(N - I)L,)) + 3M'(N - 1)/lh!( -2(4 + N) 

L3 + 2N L5 + 1V(8 - 31'; + N Lid) + 3h z( -2N(N - 2N2 + N 3 - 2M2{J2 + M2!32N)L~ - 2 

.::;, 
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L" = 

L" = 

LI7 = 

LI8 = 

L" = 

L" = 

N( -2(N - 2N2 + N 3 + 2M2(32 _ M2{32N) + (N - 1)2N L4) + L3(NS _ BM2{32 + N 3(N/2 

0' - 7) - 4N(1 + M'O') + 2N'(5 + M'O') - 2N(N - 2N' + N' - 2M'0' + M'O' N)L, 

)))L,), 

«-3lN - 2)'(N - I)N L1lM'(2 - 3N + N')hj - BM'Oh2(L3 - I) + (N - I)N(2 + N 

-4 L,» - 3( -2 + N)'(N - I)N L!«N - I)N(2 + N - 4L,) - BM'Oh,(L, - 1) - M' 

(N - l)hj( - 6 +N + 4L,)) + (2(N - 2)LI(3N(2 - 3N + N')£o(2M'(N - 1)hj(N-I 

-L,) + (N - I)N(2 + N - 4L,) - 2M'Oh,(N' - 2(N - I )L, - 2(N -I)L,)) + M(-

2M'(2 + N) - 3(N - I )NO + L,(N' - BM'O' - 4N(1 + M'O') - 2N(N - 2N' + N'-

2M'0' + NM'O')L,)))L,)) + L,), 

(-4N + 2L, + (4 + 2N + N')L,(N - I )L1) + Oh,«BN - 3N)N - 2(4 + N)L, + NL,( 

N + 2L,)), 

(N - 2)'(N - I )N L1(BO(L, - I ) + (N - 1)1.,(-6 + N + 4L,))), 

2M'(N - 2)(N - 1)'hjL,(-2N + (2 + N)L,)L, + Af(N - l )h,«N - 2)'(N -I)hj£o 

(-2N + (2 + N)L,)L, + M(N - l)h,«N - 2)'(N - I )N L! - 2M(N - 2)OL,«B - 3N 

)N + N'L, - 2(4 + N)L. + 2NL1)L, + N«-2 + N + N')L1 +2(N - 1)L,(-3N + (N 

+ I )L,( -6N + (6 + N)L,))L,), 

L,(2M(N - I)NO(-2(N - 2L,)L, + NL,(-2 + (4 + N)L, - 4L1))L, + (2 - N)£o(4 

N(N - 2L,)L, + NL,( -2 + (4 + N)L, - 4L1))L, + (N - 2)L,(4N(N - 2N' + N' + 

2M'0' - M'O'N) - 2(N - I)'N L,(N - 2L,) + (N' - BM'O' + N'(-7 + M'O')-

4N(1 ~ M'O' ) + 2N' (5 + M'O'))L, - 4NL1L,» + (N - 2)LI(-2MN(2 - 3N + N' 

)L,(-2(N - 1)1.,(- 1_ A' - L,) ~ ,B(N' - 4(N - I )L, )) + L;NL1(4(N - I )' - 2M' 

(N - 1)'I.j( -2N + (2 + N)L,) - 2N(N - I)#,(N(B - 3N + N L,) + 2(-4 - N + N 

L,))L, + L,(N' - BM'O' + N'(M'O' - 7) - 4N(1 + M'O') + 2N'(5 + M'O') - 4 

NL,L,))), 

M'(N - l)hl«N - 2)'(N - I )NL1( -10 + N + BL,) + (N - 2)'(N - 1),",( -2N + (2 
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+N)L3 + ~(-2NLj + N(8 - 3N + NL,) + L3( -8 - 2N + 4N L,)))L, ) - 2M(N - 2) 

LzL;,LiO + N LsLll), 

6 
L" (hl(-2M(N - 2)L,(-2M'(N -1)'h;(-2N + (N + 2)L,) - 3(N - I )N~(-4N + 2£3 ~ 

(N - 2L,) + (4 + 2N + N')L, - 4(N - I)Ll) + 3M'(N - IWh]((8 - 3N)N - 2(4 

+N)L, + N L3(N + 2£,)) + 3h,(4N(N - 2N' + N 3 + 2M'fJ' - M'fJ'N) + (N'-

8M' fJ' + N 3(M'P' - 7) - 4N(1 + M'P') + 2N'(5 + M'~'))L, - 2N(N - 2N' + 

N 3 _ 2M2 f32 + M2f32 N)L~ _ 2NL3«N _ l }2 N + (N _ 2N2 + N J _ 2M2f32 + M2 

fJ'N)Ll- 2NL3«N - I)' N + (N - 2N' + N 3 + 2M'p' _ NM'~') + N' - 8M'P' 

+N3(M'fJ' - 7) - 4N(1 + M'fJ') + 2N'(5 + M'P'))L, - 2N(N - 2N' + N 3 - 2 

M2{32 + N M2/32)L~ - 2NL3({N - 1}2N + eN _ 2N2 + N 3 - 2M2 f32 + NM2(32)L4 

)))L, + 3(N - I)N«N - I )N(2 + N - 4L,)(L3 - L,)' + M'hl((5N - 6 + N')Lj 

+2(N - 1)L3(- 3N + 2(N + I )L,) ) + 6M'Ph,(-2NL, + 4Lj(1 - NL,) + NL3 

(-2 + (4 + N )L,)))L, - (N - 2)LI(2N(2 - 3N + N')L,(3(N - I)N(2 + N - 4 

L3) - 3M'fJ h,(N' - 4(N - I)L3) + 2M'(N - 1)/.j(N - I - 2L3 + L,)) + M L:/' 

(-M'(N - I)'hj ( -2N + (N + 2)L3) - 6(N - I )NfJ( -4(N - I )Lj + L3(4 + 2N + 

N 2 + 4£4» + 2.""(£4 - 2» + 2M2(N - 1)f3h~(4NL~ + N(8 - 3N + NL4) - 2L3 

(4 + N + NL,)) + 2M'(N - 1)phl(4NLj +N(8 - 3N +NL,) - 2£3(4 + N + N 

L,)) + 3h, ( -2N(-2(N - 2N' + N 3 + 2M'fJ' - M'fJ'N) + (N - I )'NL,) - 4N 

LjL,))) + NLI, + M(N - 2)L,LsI-M'(N - I )h; + 2M'(-1 + N)fJ«B - 3N)N 

-2(4 + N)L, - 2N Ll + NL3(N + 4L,)) + 4N(1 + M'P') + 2N' (M'f!' + 5))L, 

+4(N - If,,rL~ - 21'/£3«N _ 1)2N + 2(1 -N - N2 +N3 _ 2M2 f3 2 + NM2f32) 

L,)) - 6L16) + LI6)), 

L" ~ 3(N - 2J'(N - l )N Li( -M'(2 - 3N + N')h; + (N - I)N(2 + N - 4L,)) + 3(N-

2)' (N - I)NL1(N - I)N - BM'f!h,(L, - I) - M' (N - 1)(6 + N + 4L,)) - (N 

-2)LI(3NL,( 2M'(N - l )hl(N -I - L3) + (N - I)N(2 + N - 2L4)(N' - 2(N 

i"), 
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6 

o 

£" ~ 

L24 ~ 

£" ~ 

£26 ~ 

-I)L, - 2(11' - I)L4)) + M(-2M'(N - 1)'h!(- 2N + L,) -3(11' - 1)NP(-4L! 

+L,(4 + 211' + 11" - 4(11' - I)L4)) + 3M'(N - I )Phj( - 2(4 + N)L, + 11'(8 - 311' 

+11' L4)) + 3h,( - 211' (11' - 211" + 11" - 2M'P' + NM'P')Lj- 211'( - 2(11' - 211' + 

11" + 2M'P' - NM'P') + 11' L4 ) + L,(N' - 8M'P' + 11"(_7 + M'P') - 411'(1 + 

M'P') + 211"(5 + M'P') - 211'(11' - I)L4)))L,), 

3(11' - I)NP(-4N + 2L,(N - 2£4) + (4 + 211' + N')L4 - 4(11' - I )L1), 

(11" - 8M'P' + N'(M'P' - 7) - 411'(1 + M'P') + 211"(5 + M'P')), 

(11' - 2)(11' - 1)'h1(L,(-2N + (2 + N)L,) - L,(-2N + (2 + N)L4)), 

(M'(N - 2)(11' - 1)'hl(F - 2h,)(L,( -211' + (2 + N)L,) - L,(- 2N + (2 + N)L4 

))L,), 

Lzr ~ (M'(N - l)hl«N - 2)'(11' - 1)11' L1( -10 + 11' + 8L,) + (11' - 2)'(11' - 1)11' Lj(2+ 

11' - 4L4) + 2L,(2N + (-2(11' - I )h,) + P( - 2NLj + +L,( -8 - 211' + 4NL4)))L,)), 

L" ~ (11'«2 - 3N + N')Lj + 2(11' - I )L,( - 311' + 2( 1 + N)L4) + (11' - I)L4(- 6N + (10 

+N)L4))L,), 

L" ~ 3Mh1(M(N - 2)'(11' - I )NL1(8P(L, - I) + (11' - l)h,(-6 + 11' + 4L,)) + (11'-

2)L,(-2M -"(2 - 3N T 11" + L,)( -2(11' - l )h,(L4 - I ~ 11') + P(N' - 4(11' - I)L4 

)) + (4(11' -1)'NLj- 2M'(N - 1)'h1(-2N + (2 + N)L,)(-2(N - 211" - 11") + 

(11' - 1)'NL4) + L,(N' - 8M'p' + N'(M'P' - 7) - 4N(M'P' + I ) - 411'(1- 11" 

+11" - 2M'P' + 11'(1 + M'P'))L4) + 2M'N(N - I)Ph,(N(8 - 311' + NL4) + 2L, 

(-4 - 11' +11'£4) )£') + 2M' (N - 1)(11' - 2)h1L,(-2N + (2 + 11')£4)£') + (-(11'-

2)L,(4N( 1 - 11" - 11" + 2M'p' + 11' M'P') - 2(11' - I )' £,11' (11' - 2L4)(N' - 8M' 

p' + N' (M'P' - 7) - 411'(1 + M'P') + 211" (5 + M'P'))£4 - 411' (1 - 11" + 11"-

2M'p' + 11'( - I + M' p'))Ll + 2M(N - I)NP(-2(N - 2£4)L4 + 11'£3(-2(4 + 11') 

£4 - 4L1)) + L,) + M( -I + N)h,« - 2 + N)'(N - I)NLj- 2M(N - 2)PL,«8-

311' )11' + 11" L3 - 2(4 + N)L4 + 2NL1)L, + 11'«-2 + 11' + N')L,))), 
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£30 ~ (-M' £,£, + 3M h;(ML17 + L" + L19) - L20 + hIe -3(N - I)N((N - I)N(2 + N 

-4£4)(L3 - L,d2 + M2h~(-6 + 5N + N2)L5 + 2(N - 1)L3( -3N + 2(N + 1)L4) 

0 +(N - I )L,( -GN + (N + 2)£,)) + 4M'Ph,(2£,(-N + £,) + £1(2 - 2N L,) + N 

£,(-2 + (4 + N)L, - 2£;)))L, + 3(N - 2)'(N - I )N£;£, + 3(N - 2)'(N - I)N 

L1£, - 2(N - 2)£,L, + 2M(N - 2)£,£,(-2M'(N -1)'I.J( - 2N + (2 + N)L,)-

3(N - I)NP(-4N + 2£,(N - 2£.) + (4 + 2N + N')£, - 4(N - 1)£;) + 3M'(N 

-1)ph1((s - 3N)N - 2(N + 4)L. + N L,(N + 2L.» + 3M'(N - I)Ph!((S - 3 

N)N - 2(4 + N)L, + NL,(N + 2L,» + 3h,(4N(N - 2N' + N' + 2M'P' - N M' 

13') - 2N(N - 2N' +N' - 2M'p' + NM'P')L; -2NL,((-1 +N)'N+(N-2 

N' + N' - 2M'P' + NM'p')L.) + L.L,») + ",,-((N -1)N(3(N - 1)N(2 + N 

-4£,)(£, - £.)' + M'h!(( -10 + 9N + N')L1 + (N - I)L,(-GN + (N - 2)L.) 

+2(N - I )L,( -3N + 2(N + I )L,)) + 6M'ph,( -2N £, + 4L1(1 - N L,) + NL, 

(-2 + (4 + N»L,)))L, - 6M'Ph,(NL,( - 2 + (4 + N)L,)))£, - N L" - £,,-
, 
{J M(N - 2)L,( -M'(N - 1)'h1 + (2 + N)L, + 2(4 + N)L. - 2NL; + NL,(N + 4 

L.» - 6L16 + 3h,(4N(N - 2N' + N3 + 2M'P' - NM'P') + 4(N -I)N L;-

2NL,(N + 2(1 - N' + 11" - 2M'P' + NM'P')L,) + L,)) + L,(2NL,(3(N-

1)(2 + N - 'L,) - 3M'Ph,(N' - 4(N - I)L,) + 2M'I.j (4N L1 + N(B - 3N + 

N £,) - 2£,(4 + N + NL,)) + 3h,( -2N( -2(N - 2N' + N' + 2M'P' - 11' M'p' 

) + (N - I)'NL,) - 4NLlL, + L,(4(N - I )'NL, + £,,))))))) , 

£'1 ~ (M(N - 2)'(N - I )N£;c4h,( -4 + N + 2L,) + F(-IO + 11' + 8L,)) + M( -2 + 

N')(-I + N)N(F - 2h,)£1(2 + 11' - 4£,) - 2(11' - 2)L, (-MN(2 - 3N + N')L, 

(2F( -I + N + L, - 2£,) - "'(-10 + 11' + 4L, + 4L,» + (2FM'NPL1- M'( 

N - I )hl( -2N + (2 + N)£,) + £,( -21N' + 311" + BFM'p + 2N(9 + FM'P) + 

4N( -3 + 3N - FM'P)£,) + N( - 18 + 33N - 15N' - BFM'P + 3FM'NP + N( 
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-6 + 611' - FM'~)L,) + M'h,( -4NPLl + L,(2F( -2 + 11' + 11") + (-4 + 811'-

3N')~ - 4N~L.) + 2N(-2F(N - I ) + (2 + 3N)~ - 2N~L.»)L,» , 

6- L" ~ (2(11' - 2)L,(6N - 311" - 3N' + 8FM'NP - 3FM'N~L, - 18N L, + 15N'L. 

+3NJ L4 - SFM2 L,,/3 - 2FM2Nf3L4 - 2FM2Nf3L3L4 + 12N L! - 12N2L~ + 

4FM' N~Ll + M'(N - 1)~(-2N(2 + NOL.) + M'h,(2N(2F(N - I ) + (-2 + 

3N)~) - 2N /3L,(N - 2L.) - (2F( -2 + N + N') + (-4 + 8N + N')/3)L. + 4N 

PL;»L,), 

L33 ~ (M(N - I)N(( -N - 2)(F - 2h,)Ll + £,(4h,(-3N + (4 + N)L.) + F( -6N + ( 

10 + N)L.» + 2£,(F( -3N + 2(N + I )L.) - ho( -6N + (10 + N)L.»), 

L34 ~ (3F(N - 1)11'(2 + N + -4L,) + FM'(N - I)hi(-IO + N + 8L.) - 61.,( - 2N + 

N' + N' + 4FM'/3 - 4(11' - I)NL, - 4FM'L.P)) + (N - 2)L,(3h,(2N(2 - 3 

N + N')£,(N(-2 + N + 11" - FM'N/3) - 4(11' - 1)(11' - FM'P)£,) + M( -4N 

(-2(2 - 3N + N')p + F( -I - 311" + N' - 2M'/3' + N(3 + M'~')))Ll)), 

L35 ~ (M(N - 2)L,(FM'(N - 1)'hJ(- 2N + (2 + N)L. + 6F(N - I)N/3(12 - 4N + 

N' - 2£,(N - 2£,) + 2(-8+ N)L. + 4L;)) - 2(N - l )hi(N(-18 + 33N - 15 

N' - 8FM'/3 + 3FM'NP) + (-2IN' + 3N' + 8FM'/3 + 211'(9 + FM'/3»L. + 

2FM'/3N £. + N L,(N(-6 + 6N - FM'/3) + 4(-3 + 3N - FM'P)L.» + 31.,(-

2(N - 2)N((6 - 7N + N')/3 + F(3 - 6N + 3N' + 2M'~'» + (-2N(12 - 16N 

+ 3N2 + N 3){3 + F(3 - 6N + 3N2 + 2M2(32» + (-2N(12 _ IBN + 3N2 + N 3) 

P + F(2N' + N' - SM'/3' + N' - 4N(4 + M'~') + 2N'(18 + M'P')))L. + 4 

F (N - I)'NL; + 2N £,(F(N - 1)'11' - 2(-2(2 - 3N + N')P + F(-I + 311' - 3N' 

+N' - 2M'P' + NM'P')L.»))), 

LJ6 ~ -(N - I)N(-12(N - I)N(F - 2h,)Lj- L.(6N( -2 + N + N' - 2FM'~)h, + 3F 

N(-2 + N + 11")( - 2 + L.) + FM'(N - I)hi( -6N + (II' - 2)L.» + Ll(3FN(-10 

+9N + N 2) - FM2( - 10 + 9N + N2)h~ - 61l1J( -6N + 5N2 + N 3 + 4FM2{3 + 4N 

I::" 
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('). 

L37 ~ 

L" ~ 

0 

L39 ~ 

c.\ 

(-I + N - FM'B)L,)) - 2L,(FM'(N - I )hi( - 3N + 2(N + I)L,) - 3Nh,(-2 + 

N + .,.,.,2 + 2FM2/3 + (-6 +5N +N2 - 4FAl1NJ3)L4 ) + 3FN(-2 + N +N2 + 4(N 

- I )L, - 2(N - I)L;)))L,), 

h j ({-2 + N)2(N - l )N L?{ -3FM2(2 - 3N + N2)h~ + 2MZ(N - 1 ) h~(2 + N 

-4£3) - 6hz{ -2N + N 2 + N 3 - 4FM2J3 + 4(N - N 2 + FM2/3) LJ) + 3F(N 

- 1)N(2 + N - 4L3) - Ghz(-2N + N2 + N 3 - 4FM2 f3 + 4(N - N 2 + FM2(3 

)L,) + 3F(N - I )N(2 + N - 4L,)) - (N - 2)'(N - I )N Lj(3F(N - I )N(2 

+N - 4L, ) + 4M'(N - l )h!(-4 + N + 2L,) - 3FM'(N - I)hj( -6 + N + 

4L,) - 6h,( - 2N + N' + N' - 4FM'{3 + 4(N - N' + FM'{3) L,)) + 2(N -

2)(M2h;(NL,( - 10 + N + 4L, + 4L, ) + M( -4N{3 L, ) + 2N( -2F(N - I) + 

(2 - 3N){3 + N{3L,))L,), 

(FMN(2 - 3N + N')L,(-4 + N + 2L, ) + (-2FM'N{3L! + L,(3N' - 4FM' 

{3 +2N(-3 + FM' {3) + N'(3 + FM'{3) - 4(N - I)NL,) + N(-2 - 7N' + 4 

FM'{3 + N(9 - 3FM'{3) + N(-2 + 2N + 2FM'{3) L,))L,) - GNh,(2(N - 2) 

(N - I )'(N - FM'{3)L,(L, - L,) + M(( -2(2 - 3N + N'W + F(N - 2N' + 

N' - 2M'{3' + M'{3'N))Ll- (N - 1)(F(-2 + 5N - 3N') - (-2 + A')'{3 + 

F(N - I )N L,) - L,(F(A' - I)' A' + (-2(2 - 3N + N'){3 + F(N - 2N' + N' 

-2M'{3' +NM'{3'))L,))L,) - M'(-I + N)'hl(- 2N + (2 + N)L,)L,) + 

3FM(N - 1)Nf3(12 - 4N + N 2 + 4L~ - 2NL4 + 2L3{-8 + N + 2L4»L~), 

((M'(N - 1)'h! (- 2N + (2 +N)L, + 3F(N - I)N{3(-4 - 4N + N' + 2L,(N 

-2L,) - 2( -8 + N L,) - 4L; ) - (M'(N - l )h;(2N(-2F(N - I ) + (2 + 311') 

{3) + (2F + (-4 + 811' - 3N'){3) L, - 4N{3 L,(N + L, )) - 311"(-9 + FM'{3)) 

+NL,(N - (-4 + 4N + FM'f3) + 2FM'f3L,)) + GNh,(N - 1)(F (2 - 5N + 

3N 2
) + (N - 2).8) - (-2(2 - 3.N...J,.. N 2)f3 + F(N +2N2 + N3 + 2M2{32 + NM2 

{3') + 2FM'{3L,)) + L,(FN + (-2(2 - 3N + N'W + F(N + 2N' + N' + 2M' 
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p' + NM'P'))L,)))L5), 

L" ~ (L,(-3F(N - 1)11'(2 + N - 4L,)(L, - 2) + 2M'(N - l)h!(-6N + (N - 2)L,) 

-3FM 2(N - l)h~( -6 + (N + 2)L4) + Gh2(-2N(-2 + N + N 2) + (-6N + 5N2 

+N3 - 4FM'/3)L,)) + Ll(3FM'(5N - 6 + N')hj - 4M'(-4 +3N + N')hj 

+3F(N - I )A"(2 + N - 4L4) - 6h2( -ON + 5JV2 + N 3 - 4F M2f3 + 4N(2 - 2N 

+FM'{3)L,)) - 2L3(3F(N - 1)11'(2 + N - 4L,) + 3FM'(N - l)hj(N + (4 + 

N)L,) - M'(N - l )h!(6N + (10 + N)L,) - 6Nh,( -2 + II' + 11" + (4 - 4N + 2 

FM'P)LlN)))L,), 

L'I ~ (3(N - 2)'(N - 1)11' Ll(-ZM'(2 - 3N + N')hj + FM'(N - l )h,(-6 + N + 4 

L3) + hl(3(N - 2)'NL1( -2M'(2 - 3N + N')hj + FM'(N - 1)1.,( -6 + N + 

4L3) + 2( -211' + N' + N 3 + 4FM'p - 4FM'PL3 - 4(N - I )NL,)) - (N - 2 

)L1(6NL,(N(-2 + N +N' - FM'{3N) - 4(11' -1)L,FM'h,(N - I)) + M(-

2M'(N - I)h! ( -2N + (N + 2)L3) + 12M'(N - I)N'Phl- 6(N - l)h,(4(N 

-I)NL! + L3(3N3 + 4FM'p + 11'(6 - 2FM'P) + N'(-9 + FM'P)) + N(-I 

0+ 2111' - llN' - 4FM'{3 - FM'{3N + N( -4 + 4N + FM'{3)L,)) + 3(4F(N 

-I)'A-Ll ~ 2N«N - 2)(6 - 7N + N'){3 + F(3 - 611' + 3N' + 2M'{3')) +F 

L4N) + £3(-2N(12 - 16N + 3N2 + N 3)/3 -;. F(2N 4 + N 5 - 8/112/32 + N 3 - 4N 

(4 + M'{3') + 2N') - 411'(-2(2 - 3N + N')P + F( -I + 3N - 3N' + 11'3 - 2M' 

{3' + M'/3'N))L,))L,), 

L" (I -211' + (N + 2)L,)L5 - 31 -M(N - 2)L,(2N«4 - 4N - N' + N 3)P + F(2 - N 

-4N' + 3M' /3' - 2M'/3'N)) - 2F(N -1)'NL3(N - 2L,) + (-2N(12 -16N 

+3N2 + N 3 )f3 + F(-2N4 + N 5 - 8M2f32 + 2N2(16 + M2(32»)L<I - 4N(-2t3 + 

F(-I + 3N - 3N' + N 3 - 2M'{3' + NM'{3'))Ll) - 2(N - I)N(L.(N(L,(N( - 2 

+N + N' +2FM'{3) - L, +4(N -I)L; ) + NL3(2 - N - N' +2FM'p + (-6 

+5N - 4M'{3 - FM'PN)L, + (4 - 4N + 4FM'p) Ll ))L5)L5)), 
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L43 ~ (-N(2 - 3N + N'),(3N - M'hl)Ll(2 + N - 4L3) - (N - 2)'(N - I)N L1(3(N 

-1)N(2 + N - 4L3) - 24M'~h, - M'(N - I)hl( - 10 + N + 8L,)) + LI(2N( 

2 - 3N + N')L,(3(N - I)N - 3M'~(N' - 4(N - I )L3) + 2M'(N - l)hl (N-

1- 2L3 + L,» + M(-M'(N - 1)(-2N + (2 + N)L3) - 6N~(N - 1)( -4(N - I 

)L3 + 2N(L. - 2» + 2M'(N - 1)~hl(4NL1- 2L3(4 + N + NL.)) + 3h,(-4N 

(N - 2N2 + N 3 + 2M2/32 - NM2(32)} _ 2N(-2(N _ 2N2 + N 3 + 2M2{32 _ N M2 

~') + (N - I )NL.) + L3(N' - 8M'~' + N 3(7 _ M'~') - 4N(1 + M'P') + 2N' 

(5 + M'~') + 4(N - I)' N L.)))L,), 

L.. ~ (-M'(N - 1)'hl(-2N + (2 + N)L.) + 2M'(N - 1)~hl«8 - 3N)N - 2(4 + N)L, 

-2N L1) - 6N~(N - 1)(-4N - 4L1 + L3(2N - 4(N - I )L,» + 3h,(4N(N - 2 

N' + N 3 + 2M'~' _ NM'~') + (N' - 8M'~' _ 4N(1 + M'~') + 2N'(5 + M' 

fJ'»L. +4(N -I)'NL. - 2N«N -1)'N+2(I-N -N'+N3 - 2M'~'+N 

M'~')L.»)L, + N(3(N - I)N(2 + N - 4L3)(L3 - L,)' + M'hl«IO - N') + 

L.( -6N + (N - 2)L.) + (N - I)L3( -3N + 2(N + I)L. » + 6M'~h,(-2NL. + 

L1(4 - 4N L.) + NL3(-2 + (4 + N)L.))), 

L., (2M(N - 2)L"L,(-2M'(N - 1)'hl(-2N + (2 + N)L.) - 3(N -1)NP(-4N + 

2L3(N - 2L,) - 4(N - I )L1) + 3M'(N - 1 )~hl«8 - 3N)N - 2(4 + N)L. + 

N L3(N + 2L4 ») + 3hz(4N (N - 2N2 + .N3 + 2M2{32 _ N M2(32 ) + (N5 _ 8M2 

~'+ N 3( -7 + M'~2) - 4N(1 + M'~') + 2N'(5 + M'fJ'»L. - 2N L.«N

I)'N + (N - 2N' + N3 - 2M'~' + NM'~')L.»)L, - 3(N - I)N«N - I)N 

(L3 - L.)' + M'«-6 + 5N + N')L1 + 2(N - 1)( - 3N + 2(N - I)L.) + L.(N 

-1)( -6N + (2 + N)L.» + 4M'~h,(2L.(L. - N) + 2L1(1 - NL.) + NL3(-

2 + (4 + N)L. - 2L1)))L,) + 3Mhl(M(N - 2)'(N - I)N Ll(8~(L3 - I ) + (N 

-1)h,( -6 + N + 4L3» + LI(N - 2)( - 2MN L,(-2(N - I)h, + ~(N' - 4(N 

-I)L.)) + (4(N - I)' NL1- 2M'(N - l )'hl(-2N + (2 + N)) - 2N( - 2(N 
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p. 

-2N' + N' - 2M'p' + N M'8') + (N - I )L,) + L,(N' - 8M'p' + N'(-7 

+ .H2B2 ) _ <IN(l + _,,2 8'1.) + 2N2(5 + M2(32) - 4NL4 ) + 2M2(N - 1)8h2(N( 

8 - 3N + NL,) + 2£,( -4 - N - N £,»)£,), 

£" ~ (2M(N - 1)NP(-2(N - 2£,)£, + N£,(-2 + (4 +N)L, - 4L1»)), 

£" ~ (M(N - 2)£,L48 + M(N - 2)L,( - M'(N - l )hj(-2N + (2 + N)£,) + 2M'(N 

- 1)phjL" - 2M(N - 2)L,(-2M'(N + I)'hj( -2N + (N + 2)L,) - 3(N - I 

)NP(-4N + 2L,(N - 2L,) - 4(N - I)L1) + 3M'(N - I )Ph!((8 - 3N)N - 2( 

N + 4)L,) + 3h,(4N(N - 2N' + N' - 2M'p' + NM'P') + (N' - 8M'/3' + 

N'(-7 + M'P') - 4N(1 + M'P') + 2N'(5 + M'/3'»L, - 2NL,((N - I )N + 

(N - 2N' + N' - 2M'p' + NM'P')£,)))L,), 

£48 ~ (M'(N - 2)(N - 1)'hl(L,(-2N + (N + 2)L,) - (-2N + (2 + N)L,))L, + 

M'(N - l )hi((N - I )(N - 2)'N Ll( - 10 + N + BL,) + (N - 2)'(N - I)NL! 

(2 + N - 4£, ) + 2(N - 2)L,(2NL,(2 - 3N + N')(-I + N + L, - 2L,) + M 

(-2(N - I)h,( -2N + (2 + N)L, + M -2NL! + N(B - 3N + NL,(N - I )))L, 

) - 2ML,((N - I)h,( -2N + (2 + N)L,) + P((8 - 3N)N + 4NL,))L, + N(( 

2 - 3N + N')L! + 2(N - I )L,(-3N + 2(N + I)L,)(N - I )L,(-6N + (10 + 

N)£,»L,) + h,(N(2 - 3N + N')'(3N - M'h!)Ll(2 + N - 4L,) + (N - 2)' 

(3(N - I )N(2 + N - 4L,) - 24M'8h, (L, - I) - M'(N - I )hj) - (N - 2)L, 

(3(N -1)(2 + N - 4L,) + 2M'(N - 1)h!(N - I - 2L, + L,»))) + MI - M'hl 

- 6(N - I)PN(-4(N - I )L! + L,(4 + 2N + N' - 4L,) + 2N(£, - 2» + 2M' 

(4NL! + N(8 - 3N + NL,) - 2L,(4 + N + NL,» +3h,(-4N(I - N' + N'-

2M'j3' + N(I + M'P') + £,(N' - BM'8' + N'(-7 + M'P' ) - 4N(1 + M'p' 

) + 2N'(5 + M'P') + 4(N - I)' N £,)))L,), 

£" ~ (6(-1 + N)NP( - 4N + (4 + 2N + N')L, + L,(2N - 4(N - I)L,» + 3h,(4N 

(N - 2N' + N' + 2M'j3' - NM'P') + (N' - BM'8' + N'( - 7 + M'8') - 4N 
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i) 

(1 + Af'P') + 2N'(5 + NJ'P'»L, + 4(N - I)NLl - 2NL3«N - I )' N + 2(N 

-1) + (1 - N - N 3 - 2M'S' + NM'S')L,)))L5 - N(3N(N - 1)(L3 - L,)' 

+M2h~({(-10 + 9N + N 2 )L5 +- L4( -uN + (N - 2)L4) + 2(N - 1)L3(-3.N + 

2L,,(N -1») + 6M'Ph,(-2NL, +NL3(-2+ (4 + N)L,»)L5) + h,(-3(N 

-4L,) - NJ'(N - 1)101(-6 + N + 4L,» + 2£,(3N(2 - 3N + N') L, (2 M '( 

- 1 + N - L3) - 2M'Ph,(N' - 2(N - I)L,)) + M (-2 M'(N - 1)'h!(-2N 

+(N + 2)L3) - 3(N - 1)(2N(N - 1) + L3(4 + 2N + N' - 4L,» + 310,(-2 

N(N - 2N2 + N 3 - 2M2{J2 + NM2fP)L5 _ 2N(-2(N _ 2N2 + N 3 + 2M2{32 

-N M'P' ) + N L, ) + L3(N' + N 3( - 7 + M'P') - 4N(1 + M'P') + 2N'(5 

+ M 2rP ) - 2N(N - 2N2 + N 3 - 211,1/1/32 + N M2 {J 2)L4»Ls), 

L50 = (3(N - I)N«N - 1)N(L3 - L,)' + M'hW - 6 + 5N + N')Lj + 2(N - 1)L3 

« -3N + 2(N + l )L, ) + L,(N - 1)( -6N + (2 + N)L,» + 4M'Ph,(2L,(L, 

-N) + 2Lj( 1 - NL,) + N L3( - 2(4 + N)L, - 2Ll»)L5) - 3Mhl(M(N - 2 

)'(N - l)N L;(B(P(L3 - 1) + (N - 1)10,) + (2 - N)L,( -2M N(2 - 3N + N' 

)L, (-2(N - 1)10, + P(N' - 4(N - I)L,» + (4(N - I )' - 2N( -2(N - 2N2 

+N3 + 2Af2{32 _ NM2j32) + (N - 1)2NL4) + L3(N5 _ 8M2(32 + N 3( -7 + 

Af'P') - 4N(1 + M'P') + 2N'(5 + M'P') - 4N( I - N' + N 3 _ 2M'P' + 

N(-l + M'P'»L,) +2M'(N -l)Ph,(N -3N + NL,)+2L3(-4 -N +N 

L,)))L5) + «-(N - 2)L,(4N(N - 2N' + N 3 + 2Af'P' - NM'P') + (N5 _ 

BM'P' + N 3(_7 + Af'P') - 4N(1 + M'P') + 2N'(5 + M'P'»L, - 4N(1 

_N2 + N3 - 2M2p2 + N(-l + M2p2»LD + 2.~1 N{3( -2(N - 2)L4 + NL3( 

- 2 + (4 + N)L,»L,) + M(N - l )h,«N - 2)3(N -l)NLj- 2M(N - 2)P 

Lz({8 - 3N)N + N 2 L3 - 2(4 + N)L4 + 2NL~)L5 + N{(-2 + N + N 2)L5 + ( 

N - 1)L,(-6N + (6 + N)L,»L,»))) - «N - l )N(F + 10, - h,)(6(N - 2)L, 

- 6(N - 2)£, + NJ L5)«N - 2)'(N - 1)!VL;- (N - 2)L,(2N(2 - 3N + N' 
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)L, + M((N - I)h, - (N - l)h,(-2(2 + N)L, + N(6 + N - 4L,» - 2(3(-

2N Lj + L,(4 + 4N - 2N L,) + N( -4 + N L,»)L,) - M(N - 2)L,(-Nh,(N( 

6 + N) - 2(2 + N)L,) + 2(3(-4N + 4(1 + N)L. - 2NL1))L, - (N(L, - L.)' 

-M'(N - l )h1( -4N + (6 + N)L, + (N - 2)L.) - M'(3h,( -SN - 4NLl + L, 

(12 + 4N + N' - 4NL.» + M'h,(2(N - I)h, ( - 4N + (2 + N)L.) + (3( -SN 

+L.(12 + 4N + N') + L,( -4 + 4N + N' - 4NL.))))L,)), 

LSi ~ (- M'(N - 2)(N - l)hl (L, (2N + (2 + N)L,) - L,(-2N + (2 + N)L,»L, 

-M'(N - l)hlliN - 2)'(N - I)NLl(-1O + N + SL,) + (-2 + N)'NL1( 

2 + N - 4L,) + 2(N - 2)L, (2N(2 - 3N + N')L, + M( - 2(N - 1)11, + (3(-

2N L; + N(S - 3N + NL.) + L,(-8 - 2N + 4NL,»))L,) - 2M L,)( -2(N

l)h,(-2N + (2 + N)L,) + (3((8 - 3N)N + NL,(N - 2L,) - 2(4 + N)L, + 

4NL;»L, + N(2 - 3N + N')L; + (N - I )L.( -6N + (10 + N)L.))L,) + h, 

(-N(2 - 3N + N')'(3(N -1)N(2 + N - 4L,) - 24M'(3h,(L, - I» + M( 

-M'(N - I)'h! - 6(N - I)N(3 + (-4(N - I)L; + 2NL,(-2 + L,)) + 3 

h,(-4N(I- N' + N' - 2M'(3' + N(- I + M'(3'))Ll- 2N(-2(N - 2N' + 

N J - 2M282 _ NM2{32) + (N - l)N £4) + L3(N S _ 8M2(J2 + N3( -7 + M2 

(3') - 4N(1 + M'(3') + 2N'(5 + M'(3') - 4(N - I)' N L.))), 

L" 2M(N - 2)L,( -2M'(N - 1)'h!( -2N + (2 + N)L,) - 3(N - I)N(3( -4N + 

2L,(N - 2L,) + (4 + 2N + N')L, - 4(N - I)L;) + 3M'(N - 1)(3h1((8 -

3N)N - 2(4 + N)L, + N L,(N - 2£,» + 3h,(4N(N - 2N' + N' + 2M'(3' 

-NM'(3') + (N' - 8M'(3' + N'( -7 + M'(3') - 4N(1 + M'(3') + 2N'(5 

+M'(3'»L, + 3Mh,(M(N - 2)'(N - 1)NL;(8(3(L, - I) + (N - l)h,(4 

L, + N - 6)) + L,(-2MN L,(-2(N - l)h,(N - I - L.) + (3(N' - 4(N

I)L.)) + (4(N - I)N Ll- 2M'(N - 1)'hl( -2N + (2 + N)L,) - 2N - 2N 

+(N - I)' N L.) + L,(N' - SM'(3' + N'(-7 + M'(3') - 4N(1 + M'(3') 
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-, , , 

+2N'(5 + M'P') - 4N(1 - N' + N 3 - 2M'p' + N(- I + M'P'))L,) + 2 

M'h,(N(B - 311' + 11' L,) + 2L3( - 4 - 11' + 11' L,)))L5) + (-(11' - 2)L,(4N 

(N - 2N'l + .V3 + 2M2(32 - Nlo,f2/32) + (N" _ BM2{:J2 + N 3( -7 + M2{32) 

-4N(I + JJ!'(32) + 2N2(5 + J\[2{32»L4 - 4N( 1 - ",2 + N J - 2M2{32 + N 

(-I + M 'P')) L, ) + M(N - 1)h, ((N - 2) 3(11' - I ) - 2Mh,((8 - 311')11' + 

N2L3 + 2NL~ ) L5 + N«-2 + N + .N'l)L§ + ZeN -1)L3(-3.'" + 2(1 + N)L4) 

+(11' - I)L, ( -611' + (6 + N)L,))L5), 

L" ~ (L54 + M(N - 2)L,(M'(N - I)' + 6(11' - l)fi( - 2N(L3 - 2) + 4L!) + 3 

h,(4N«(N - I) - M'(N - 2)P') + L,(N(N - I) + 4(N - I)NL,) + 211' 

L3( -(11' - I)N - 2((N - 2) + M'P'(N - I))L,))) - (11' - I)N(3N(N

I) + 6M'P'( - 2(N - 2L3) + 11'( -2 + (4 + N)L3)L,) + M'(N - I)h,(( 

to + N)L5 + 2L3( - 3N + 2(1 + N)L,)))L5) - 3Mhl(M(N - 2) + (11'-

2)L,(2M(N - l )N L, + L3((N - I)'N( -4 + N(2 + N)) + 4(11' - I)NL3 

) - 2N((N - I)'N + 2((11' - 1)'(11' + I) + M'P'(N - 2)L3) +2M'fih, 

((8 - 3N)N + N(N - 1£3)L,))L5) - (N - 2)L,(4N((N - I)' - M'(N-

2)fi') - 4N((N - I )'(N - 2)P')L,) + MN(N - 1)(( -2 + 11' + N')h,L5 

+L4(N(N - 1) + It? ( -6.iV + (6 + N)L4» + 2L3(h2(-3(N - 1) + 2NL4 

) + NP(-2+ (4 +N - 4L,)L,)))L5)+ h,(-3(N - 2)NLlI-M'(N - 2) 

I~ + N{N -1» + 2(N - 2)L1(3(N - 2)l'lL2(2M2(N - 1 - L3) + 2M2 

P'(-N' + 2(11' - I )L, + 2(11' - I )L,)) + M(-2M'/~ + 3h,(4N«N -

I)' - M'P'(N - 2) ) + L3(N(N - I)' - 2N«N - 1)11' + M'P'(N - 2 

)) L3) - 2N«(N - I )' + «11' - I )' N + M'(N - 2)P')L3)L,) - 3NP(-4 

L! + L3(4 - 4(N - I )L,)) + 3M'h!( -2(4 + N)L3 + 2NL1))L5) + L,) 

+3h,( 4N(( N - 1)' - M'P') + (N - 2)M'P')L, - 211' L 3« N - I)' N 

+L, ))) L 5 + 3N(N - 1)lN(N - 1) +U'(N - l)hi ((6 + N)L! + L, (- 6 
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0 L" ~ 

... 
Lj 

Lss ~ 

N + (2 + N)L,» + 4M'#II,(2L,(N - L,) + 21!(1 - NL,) + N L3(-2 

+(4 + N - 2L,)L, »)L,), 

M 3(N - 2)(N - I J'IIl(L,(-2N + (2 + N)L3) + L,(2N - (2 + N)L,))L, 

+M'(N - l )hl(NLl(N - 2)'(N - 1)(-10 +8L3 + N) + (N - 2)'NL,( 

2 + N - 4L,) + 2(N - 2)L,(2(N - 2)NL,(N - I) + M(-2(N - l )h,(- 2 

N + (2 + N)L3) + ,8((8 - 3N)N - 2L3(4 + N + NL3) + N(N + 4L3)L,» 

L,) - 2M L,( -2(N - l )h,( - 2N + (2 + N)L,) + #(N(8 - 3N + NL3) - 2 

(4 + 11' + N L, )L, + 411' £: ))L, + (11' - I )N((N - 2)L! + 213( - 3N + 2(N 

+ 1)L, ) + L,( - 611' + (10 + N)L,»L,) + h,(N(2 + 3N + N') + (N - 2)' 

NL! + (3(N - I)N - M'(N - 1)h!( - 10 + N + 8L,)) - (N - 2)L, (2(N-

2)11' L,(3(N - 1)11'(2 + 11' - 4L3) + 2M'(N - 1)h!(-1 + N - 2L3 + L,)) 

+ M (M'(N - 1)'h!(2N - (2 + N)L3) - 6(11' - 1)( -4(11' - I)L! + L3(4 + 

11'(11' - 2) - 4L,) + 211'( -2 + L,)) + 311,(411'((11' - 1)'11' - M'#'(N - 2) 

+L3«N - 1)' 11'(-4 + N(N - 2) + M'#'(N - 2»L3) - 2N(N - I )L, ) + 

2M'(N - 1),8'hl(4NL! - 213(N - 1)))L,), 

M' (N - l)hl((N - 2)'(N - 1)11' L; + (N - 2)'(N - I )NL! + 2(N - 2)L, 

(2(11' - 2)(11' - 1)NL,(- 1 + 11' + L3 - 2L,) + M(-2(N - 1)11,( -211' + (2 

+N)L3) + ,8«8 - 3N)N - 213(4 + 11' + NL,) + N(N + 4L3)£,»L,) - 2 

M(N - 2)L,( - 2(N - 1)11, + #(N(8 - 3N + N L3) - 2(4 + N + 11' L3)£'») 

L, + (N - 1)11'«11' - 2)Lj + 2L,(-6N(lO + N)L,))L,) + II,(N(2 - 3N + 

N') + L,(N - 2)(N - 1) + 3M',8I", (N' - 4(N - 1)£3) + 2M'(N - l )h! 

) + M(M'(N - 1)h!(2N - L,(N - 2)) - 5N(N - 1)(-4(N - I )L! + 211' 

(L, - 2» + 3h,(4N((N - I )'N - M'(N - 2),8') + L3((N - I )N - 4N( 

(11' - 1)'(N + I) + M'(N - 2)#')L3) - 2N(N - I)L,) + 2M',811!(4N L! 

+11'(8 - 3N) - 2L,(4 + N + N L,»)) + L,), 
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c> 

o , 

L56 -(N - I )N(3(N - I)N(2 + N - 4L,)(L, - L,)' + 6M'Ph,( - 2(N - 2£,) 

L, + NL, + 2M'h1(N - 1)1(10+ N)Lj + 2L,(-3N + 2(1 + N)L,)))L,) 

- 3M "l(M(N - 2)'(N - I)' N ",L1 + M N Ll(8fl(L, - I) + (N - I)h,( 

L:a ~ 

L" ~ 

L59 ~ 

L60 ~ 

-6 + N + 4L,)) + (N - 2)L,(2M(N - 2)(N - I)NL, + (4N«N - I)' 

N - M'(N - 2)P') + L,«N - I)'N + 4N(N - I)L,) + 2M'(N - I)'hl 
(2N - (N - 2)L3) - 2PM'(N - 1)",«8 - 3N)N - 2(4 + N)L3))L,) - 2 

M'(N - 1)flh,(N(8 - 3N + NL3) - 2(4 + 3)L, + 2NL;))L, + M(N - I 

)N«-2 + N + N')",Lj + L,(-4fl(N - 2£,) + (N -1)h,(-6N + (6 + N 

)L,)) + 2L3(h, + Nfl( - 2 + (4 + N - 4L,)L,)))L , - 2M(N - 2)L,(-2 

M'(N - l )h1 + 3M'hl(N - 1)«8 - 3N)N - 2(4 + N)L, + NL3) + 3N/l 

(-4N + 2L3(N - 2L,)) +3h,(4N + «N - 1)'N(-4 + N(2 + N)) + M' 

(2 + N)/l')L, - 2NL3«N -1)'N + «N - I )'N + M'P')L,)))L, + 3N 

(N - J)«N - I)N(L3 - L,)' + M'h1«6 + N)Lj + 2L3 + L4( -6N + (2 

+N)L,)) + 4M'/lh,(2L4( -N + L,) + 2Lj(1 - NL,) + N L3(-2 + (4 + 

N - 2L,)L4)))L,), 

M(2 + N) 
(4 - N')' /" 

M(4 - N')'/', 

(12M'(N - I )(N + 2)'(h, - ",)), 

(6B,·M3(2 + N3)(C~M'(8 + N 3) + 2C,M' N(2 + N)(C,N + C,(3N - 4)) + 

N'(Cl(N - 2) + 4(Cl(N - 2) + 2C?M'(2+ N)) + C,(4C6(N - 2) - 2C,M' 

N(2 + N))))"l(y - h,)) + Cl(2 + N) - (4 _ ~')3/' (4MBr(2 + N)4(C, - N 

C,)(-2C,(N - 2) + N(C,(N - 4) + C,N))hl(y - ",)) - (4 _ ~'l' /,(2BrM' 
I 

(2 + N 3)(C, - C,N)hj(y - h,)) + (4 _ N'),/' (6MBr(C~M'(8 + N 3) + 2C, 

M'N(C,N + C,(3N - 4)) + N'(Cl(N - 2) + 4(Cl (N - 2) + 2C?M') + C,( 

4C,(N - 2) - 2C,) ))yh1) + (4 _ ~")'/,(2BrM'(2 + N 3)(C, - C,N)yhj)-

260 



? 

1 L-7 
3Y((4 _ N')'/' (4M'(N - l)N",) - 16BrM((2C, + Cs)M(2 + N) oo,h(-t 

L s-(h, - h,» + (C, + 2C6)(4 + N) oo,h(2'(h, - ",))) + BrNL57(2(oo'h( 

h,L57 ) - oo,h(h,L57»)(2( - C,(N - 6) + (-2C, + C,(N - 4»N) - N(C;(N 

-2) - M'(N - 2» oo,h(",L,7) - N(CI(N - 2) - (2C, - Cs)' M'(N - 2)) 

L57 
oo'h(h,L57) + 4(C,2C6)( -2(Cs(N - 6)+ N) oo'h( 2 (h , - h,» + (2C, 

L-7 Ls- LS7 
+Cs)N(oa'h( -t(3h, - h,» + oo'h( 2'(h, - 3h,»» 'inh( 2(h, -

",»)L58 »), 

L61 ~ (2BrMs(2 + N)'(C, - C6N)'hj(y - ",», 
L6'l ~ (2M'y'( 3C;M'(8 + N') + 2CsM' (N + 2)(3C,(3N - 4) + 2C6(N - 2)Ny) + 

Cl(4M2y2 + N 3(3 + 2A12y) _ N 2(6 + M2y}) + N 2(24CiM2 - 2C~(N - 2» 
-2CJN(C2_~12{2 + N)(3M2 + 4y - lV) + C6(12N + M2 N3y + 4M2y2»» + 

2ciN cosh(2yL,57) + BCICsN cosh(2yLs7) + 2CgN cosh(2yLs7) + BciM2 

N cosh(2yLs7) + 8C2CsM 2 N cosh(2yLs7) + 2cl M2 N cosh{2yLs7) - ci N 2 

cosh(2yL57 ) - 4C1 C6A12 cosh(2yL 57 ) - 4CgN2 cosh(2yL57) + 4C2CsM 2 

tV2 cosh(2yLs7) - 96C2CsM2 cosh(hJL,57) - 48Cg,M2 cosh(hILs7) + 32CI 

C2M2N cosh (h1Ls7 ) + 64CiM2N cosh(hJLsi} + 16CJCsM 2N cosh(hILs7) 

- 16Cl M2 N cosh(h J LS7) + 16CiM2 N 2 cosh(h1Ls7) + BCl Cs1I12 N 2 cosh 

(hJLsi) + 16C2C51112]V2 cosh(hJ L57) - 4C5C2M2 N J cosh(hl L,57) - 2cf N 

cosh(hJ LS7) - 8CICsN cosh(2hJLs7) - 8C~N cosh(2h]Ls7) - 8CSC2M2 

N cosh(2h JL57) - 4ciM2 N 2 cosh(2hJLs7) - ClM2 N 2 cosh(2hJ LS7) - 96 

C]C2/112 y cosh(h2Ls7 ) - 48C1CsM2ycosh(h'}.Ls7) - 32C]C2 M 2Ny cosh 

(lt2Ls7) - 16C1 C5/112 _Ny cosh(h2Ls7) + 32C1 C2/112 N 2y cosh(h2Ls7) + 4 

C] CsM2 N 2y cosh(h2Ls7) + 32CsC2M2 N 2y cosh(h2Ls7} + 16CsC6M2 N 2 

Y oo,h(",L57 ) - (-2(Cs(6 - N) + C, (-6y + N(2 + y ») 'inh(yL57) + (2C, 

+Cs)N sinh(2h] L57 ) - 12Cs sinh(h}Ls7) + 4C,N sinh(hJLS7) - 2C2N2 
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b 

sinh(h1Ls7) - 2CzNsinh(2h1Ls7) - CsNsinh(2hzLs7) -12C1ysinh(hzLs7 

) + 12C6Ny sinh (hzL51) - 2CsN2ysinh (hz£S7» , 

L63 ~ (2M3(2 + N)3( - 3Br(C, + 2C6)Y' + (N - 2)NV + M'(2 + N)(BrNy' (6C, 

+ 4C5(C, + 2C6)y + C1(C, + 4C6)y2 + 8C2(3C5 + yC,» - 2( - 12 + BTY'! 

(6Cg + 4C,C,y)) + N 3(-6 + Bry'(C6y(2C, + CoY) + 2C,)) - N'(lB +Br 

y2(24Cg + 6C1CS + 2C?V + 4C6C5 + 2CIG6 + 2Cly2))) + 3Br(C~M2(8 + 

N 3) + 2C,M'N(2 + N)(C,N + C2(3N - 4)) + N'(CI(N - 2) + 4(Cl(N - 2 

) + 2CiM') + C,(4C,(N - 2) + C,N)) - BrM'(C, + 2C6)'(N' - 4)), 

L64 = (96CzCsM2 cosh(yLs7) + 48Cl coSh{Y£S7) - 32C} CZM2 N cosh(yLs1) - 64 

CiM2N cosh{yLs7) - 16CsCzM2 N cosh{yLs7) + 16C~M2N cosh(yLs7) - 16 

C1 CZM2 N 2 cosh(yLs7) - IGC? M2 N2 cosh(yLs7) - BCI CsM2 N 2 cosh(yLs7) 

-16C'lCsM 2N 2 (:osh(yLs7 ) - 4clM2N 2 cosh(yLs7) + 88CiM2N 3 cosh{yLs7 

) + 4C2C5M2 N 3 cosh(yLs7) + 96C1 C ZM2y cosh(yLs7) + 48Cl C SM2 cosh(y 

LS7) - 48CsCsM2 N cosh(yLs7) - 88Gl CZM2 N 2y cosh(yLs7) - 4C1C5M2 N'ly 

cosh(yLs7) - 32C2C6YM2 N2 cosh{yLs7) - 16CsC6yM2 N 2 cosh{yLs7) + 8C2 

C6y.l1,lj2 N 3 cosh{yLs7) + 4CsC6yM2 N 3 cosh(yLs7) + 8C~yN cosh(2yLs7) + 8C2 

CsyMZ]\1 cosh{2yLs7} - cf N Z cosh(2yLs7) - 4C} C6N2 cosh(2yLs7) + 4C§Mz 

N Z cosh(2yLs7) + 4CzCsM2 N Z cosh(2yLs7) + 4C'lCsM 2 N 2 cosh{2yLs7) + C~ 

M2 NZ cosh(2yLs7 ) - 96C} CZM2y cosh(h1Ls7) - 48C} CsM2y cosh(hILs7) -

32C}C2M:!Nycosh(h1Ls7) - 16CI02M2Nycosh{hlLs7) + 48CsC6M2 Ny cosh 

(h.}LS7) + 32CI02M2N2ycosh(hlLs7) + 16CsC6MZN2ycosh(hILs7) - 40sGs 

M Z N3y cosh (h l Ls7 ) + 64Ci /.:fz N cosh(hzLs7) + 1601 CsMZ N cosh(hzLs7) - 16 

CgM2 N cosh(hzLs7) - 2eiN cosh{2h2Ls7) - 8CIGsN cosh(2hzLs7) - 8C~N 

cosh(2h2L57) - Bci M2.N cosh(2hzLs7) - BC2CsM z N cosh(2hzLs7) - 2C~Mz 

N cosh(2hzLs7) + 4C}CsN2 cosh(2h2Ls7) + 4C~MzN cosh(2hzLs7) - CgMZNZ 

co,h(2h,L,,) + 8M(N - 6)(NC6 - C')'inh(L;, (h , - h,))((2C, + C,)co'h( 
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L57 . LSi T('" - 10,)) + (2C, + C,)M(N + 2) smh( 2 (10, - h,)))h, + (2C, + C,) 

sinh(yLr.7) + (2C2 + Cs)N sinh(2yLs7) - 12CIY sinh(hl LS7) - 2Cl Ny sinh(hlL57 

) - 2C6N2y sinh(hl L,,7) + 4CINy sinh(h2Lr,7) + 8C2Ny sinh(h2L57) - 2C2N2 sinh 

(h'lL57) - 2C']..N sinh(2h'lL,,7) - G"N sinh(2h2L"7 )L58), 

£" ~ «N - 2)(4 - N')''') T (4 _ J~'I'/,(4M'(2 + N')(C, - C,N)'h:(y - h,))-

(N _ 2)(4
1 

_ N')'/' (12M'( -CiM'(S + N') - 2C,M' N(2 + N) + N'(C1(N - 2) 

-y(cosh(2(y + h, + 10,)£,,) + sinh(2(Y + h , + 10,)£57)) - (SM'(2 + N)'(C, 

-C,NI( - 2C,(N - 2) + N(C, - C,N))y(cosh(2(y + 10, + 10,)£57) + sinh(2(y + 

h, + 10')£57 IIh;). 

£" ~ (4M'(2 + N')y'( -3CiM'(S + N') - 2C,M'(2 + N)(3C,N(3N - 4) + 2C, 

(N - 2)Ny + Ct{3N 2 + 4y - 2Ny» + C?(_4M2y 2 - N 3(3 + 2M2y) + N 2( 

-24Ci M'(2 + N) + 2C,C,M'( -8 - 2N + N')y + C~(N - 21( -12 + M'(2 

+N)y'))2C,N(C,M'(2 + N) + C,(12N + M'N'y + 4M'y' - N'(6 + M' 

(y - 2)y)))))' 

L67 = «N 2)(4
1 

_ N:!)112 (12M3(2 + N)2( -cl A[2(S + N3) - 2Cs M2 N(2 + N) + 

N 2(-C?(N - 2) - 4(Cg{l'{ - 2) + 2CiM2(2 + .N» + Cl ( -4C6 + 2C2M2N( 

2 + N))))(cosh(2(y + 10, + 10,)£57 ) + sinh(2(y + 10, + h')£57))hll + 

I " (N _ 2)(4 _ 11")'/' (8M (2 + N) (NC, - Cll( - 2C,(N - 2) + N(C,(N - 2 

)(cosh(2(y + ", + h')£57 ) '",inh(2(y + h, + h,)L57 )))h1)) + (4 ~')' /' 
(4M"(2 + N)3(.f\rCa - CI)(cosh(2{y + hI .l. h2)Ls7) + sinh(2(y + hi + h2)Ls7 

I 
IIh1)) - (/, _ 2)(4 _ .'·')'/,(12M'(2 + N)'(CiM'(8+ N') - 2C,M'N - 4( 

Cg(l\" - 2) + G:d2 + ".) + 2CiM2(2 + JY»»y(cosh(2(y + 11.1 + h2)Ls7 ) + sinh 

I 
(2(y + h, + 10,)£,;)))1.))) - '1'/,(4M'(2 + N)'(NC, - C,)'y(oosh(2 

(4 - 11'-

(y + hi + h2)Ls7) + sinh(2(y + 11.1 + h2)L"7»)h~», 
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---' 

L6S = «C2C~M2 N cosh(2(y + hdLs7) + 2cl /1/1 N cosh(2(y + ht}Ls7) - C~ N 2 cosh 

(2(y + hI ) Lij7) <lCI C6N2 cosh(2(y + hJ)Ls7) + 4ciM2;V2 cosh(2 (y + hdLs1 

) + 4C2CsM 2 t/~ cosh(2(y + h l )Ls7) + elM2 N 2 cosh{2(y + h} )L57) - BCI C6 

N cosh(2(y ~ hi )L57) - 2CgM2 N cosh(2(y + hI )£57) + Cr N 2 cosh(2(y + hI) 

LSi) + 4Cl C(jN2 cosh(2(hJ + 112 )£:'7 ) - 4ciM2 N 2 cosh(2(h1 + h2)£57) - 4C2 

GsM N(4 - N 2)l/2 cosh(2(h1 + h2)£&7) - sciN cosh(2(2y + hi + h2)£57) - 8 

CiM'lN cosh(2(2y + hI + h2)£57) - 8C2Cr,M2N cosh(2(2y + hI + h2)£57) - 2 

CgM2 N cosh{2(2y + hi + h2)£57) + Cr N 2 cosh(2{2y + hI + 1'-2)£57) + 4C1C6 

N 2 cosh(2(2y + hi + h2)£57) + 4clN2 cosh(2(2y + hI + h2 )£57) - 4ciM2 N 2 

cosh(2(2y + hi + JI.2)LS7 ) - 4C2CSU2N2COSh(2(2y + hi + h2)£57) - CgM2N 2 

cosh«2y + 2h} + h2)£57) + 96C'lCsA{! cosh«2y + 2hl + h2)Ls7 ) + 48clM2 

cosh«2y + 2hl + h2)Lc,7) -l.. 32C1C2M2Noosh«2y + 2hl + h2)L57) - 64C~M2 

N cosh« 2y + 2hl + hz}L57) - 16C} C5M2 N cosh«2y + 2hl + 11 2)L57) + ] Gcl 

M2 N cosh{{2y + 2hl + h2)Ls7 ) + 1GC1 C2M2 N 2 cosh{{2y + 2hl + h2)Ls7 ) ~ 1 

6ciM2 N 2 cosh«2y + 2hl + 112 )Ls7 ) + 8Cl.M2 N 2 cosh«2y + 2hl + h2 )Ls7 ) + 

8C?M2 N 3 cosh«2y + 2hl + h2)Ls7) + 4C2Cc,1'f21V3 cosh«2y + 2hl + hz)L57) 

+32C2CaM j\'(4 - .\'2)1'2 cosh({2y..,.. 2111 + 112)Ls7 ) - 4C1 C2M 2 N(4 _ N2)1/2 

cosh«2y + 2111 + h2)L57) - BC2C6M2 N 2 cosh« 2y + 2hl + h2 ) 

Ls7 ) + 2cl M2 N cosh(2(y + hi + 2h2)Ls7) - Cr N 2 cosh(2(y + hi + 2h2 )L57) + 

4C] C2M 2 N 2 cosh(2(y + hi + 2hz)Ls7) -i- 4CI C2M N(4 - N2)l/2 cosh(2(y + hi 

+2h2)Ls7) + 8C2C6M,V(4 - ,1\,2)1/2 cosh(2(y + h} + 2h2)Ls7) - 96C2CSM2 

cosh«y + 2hl + 2h2 )L57) - 48CEM2 oosh«y + 2hJ .J.. 2h2)L57 ) + 32CI C2.M2 

cosh«y + 2hl + 2h2 )Ls7) + lGC2CsM 2N 2 cosh«y + 2111 + 2112 )Ls7) + 4Cg 

1112 N 2 cosh«y + 2hl + 2h2)Ls7 ) + 8C5M2 N 3 cosh«y + 2ltl + 2h2)Ls7) - 4 

C2CsM 2 N l cosh«y + 2hl + 2112)L57) - 16CI C2M(4 - N2)1/2 cosh«y + 2hl 
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0-
+2hz)Ls7 l - 32C2C6M N(4 - N2)1/2 cosh«y + 2hl + 2hz)L<;,7) + 4C1C2M 

N 2 ( 4 - N2)1/2 cosh({y + 2h, + 2hz)L s7 )) . 

L69 ~ «-2C~N - BelG6N - SClN - 2CgM 2N + erNz + 4clN2 + 4C1CsN2 - Cg 

M2 N 2 + 2CfM(4 - N 2)1/2) cosh(2{y + hz)Ls7) + (2C?N + 8C1CsN + BelN 

+2CgM2 N - erN2 - 4C1CsNz - 4clN2 - 2Cl CsMN(4 - N 2)1/2 + 4C5G6 

MN(4 - N2) 1/2) cosh(2(h1 + hz}Ls7) + (2erN + 8C]CsN + BelN + 2CEM2 

N - NCr + 4C]C6N2 - 4clN + 5CgM2N 2 + 2C1CsM N(4 - .N2)1/2) cosb(2 

(2y + hI + h-z )LS7 ) + (2CgM2N +4C]C6N 2 +4clN2 - CgM2N 2 - 2C1CsM 

N(4 - N2)1 /2}cosh(2(y + 2ltl + hz)Ls?) + (-48C1CsM 2y + 4C]CsM 2N Zy + 

16CsC6MZNZy + 48CgM2 + 16CIC5M2 N - 4CgM2N Z - 48C5C6M(4 _ N 2 

)1 /2 + 4C1CsMN{4 - NZ)I/2 + 8CsCsMN(4 - N 2)1/2)cosh«y +2h1 + 2hz ) 

0 
L57) + (48CgM'Z - 16C1 C5M2 N - 4Cg 1Hz N + 24Cl C5M - 48C5C6M - 4C1 

C5MN(4 - N 2)1/2 - 48C5CsM2y) cosh«3y + 2h, + 2h2)Ls7) + (16C,CsM 2 

Ny - 48CsC6Nll1Zy - 4C,CsM 2 N 2y + 16C5C6M2NZy + 16C1CsM 2 N - 16 

C;M2 N + 8Cl C2lv{2 N 2) cosh«2y + 2hl + 3h2)Ls7 », 
L70 ~ « -ci M2(2 + N)(cosh(2yL57) + sinh (2yLs7 »(cosh(h1Ls7) + cosh(hzLs7) 

- cosh«2h, + hz)L57) + cosh«h, + 2h2)L57) + cosh(h1L57) + sinh(h2L57 

) - 8 cosh«2hl + hz)Ls7) + 2.'" cosh«hl + 2h2)Ls1 )(cosh{h1Ls7) + cosh{ 

hZL57) - 8 cosh«hl + I1 z)L57) + 2N cosh«h1 + 112)L57) + sinh{h) L57) + 

sinh{h2Ls7 ) - 8sinh « hl + hz)L51 ) + 2N sinh«h, + hz )Ls7) + sinh«2hl + hz 

)L57) + sinh{(hl + 2hz )L57) - cosh(2(y + 2hl + hz)Ls7) + cosh (2(y + hi + 

2hz )L57) + sinh(2(y + h 1)L57) - sinh(2(y + h2)Ls7 ) - sinh(2(y + 2hl + hz)L57 ) 

+ sinh(2(y + hi + 2h, )L" )))), 

L7I ~ (C,(N - 2)(cosh(2(y + hdL,,) - cosh(2(y + Iv,)L57) - cosh (2(y + 2hl + h2) 

L 57) + cosh(2(y + hi + 2hz )L57) + sinh (2(y + h1)L57 } - sinh(2(y + hz)Ls7 )-

,'-
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,'- sinh(2(y + 2hJ + h:dLs7) + sinh(2(y + hi + 2h2)Ls7» + /11C2«4 - N 2)1/2 cosh 

(2(y + h l )Ls7 ) - (4 - N'l)1/2cosh (2(Y + 11.2)£57) + (4 - N 2)1/2cosh(2(Y + 2h\ + 

h2)L57) - (4 - /Il2)1/2 cosh(2(y + 11.1 + 2h2)L,s7) + (4 - N'l)l/'! sinh (2{y + h)Ls7 

) - (4 - N')'!' s;nh(2(Y + h, )L,,) + (4M(2 + N) + (N - 4)(4 - N')'I')(oosh«2y 

+211.1 + h2)L~1) + sinh({2y + 2hJ + h2)L57» - (4 - .. "r2)1/2 sinh(2 (y + hi + 2h'l) 

L,,) + (4M(2 + N ) - (N - 4)(4 - N')' I')(co.h«2y + 2h, + 3h,)L,,) + s;nh«2y 

+21., +3h,)L,,» - (4M(2+N) - (N -4)(4 - N')'I')(c05h«2y+3h, + 21.,) 

L,,) + s;nh«2y + 31., + 2h,)£,,)) , +3h,)L,,» - (4M(2 + N) - (N - 4)(4 - N' 

)'I')(c05h«2y + 31., + 2h, )L,, ) + s;nh«2y + 3h, + 2h,)L,,)) , 

L72 = «2CrN + 8el Ga + SCaN) 005h(2 (y + h l )Ls7) + (8C2CaM'lN'l(4 - N 2)1/2 - 96C1 

C2 M2y - 48C1 CsM 2y - 16C1CsNM'ly + 48CsC6NM'ly + 4G1CsN'lM'ly - 4CsCaN 3 

M2y)cosh({y + 2ltl + 2h2 )Ls7) + (96C2C5;\12 - .18CgM'l + 32C1C2M2N + 16GICS 

/If'lN _ 16CgM'lN + 16C1C2 M 2 N 2 + 16CiM 2N'l + 16CIGzMN(4 - N 'l )1/2 + 32C] C2 

At'! N 3(4 - 1\''1)1/2 + 16CICzMN(4 - N 2 )1/2 _ 8C2C6Al~ N(4 _ )V'l)l/,! - 48C1Cs M 2y 

+4C,C$.N2111 2y - 4CSC6N3M2y) cosh«3y + 2h} + 2h2)Lsi) + (96C}C$M2 + 48Cg 

M2 + 32C1Csl\"M'2 + 32C}CzNM2 + 16Cl.1\'M2 - 16C1C21\'2/112 - 8C}CsN 2M 2 - 4 

CgN2M2 + 8C§N3M2 + 16CICzMN(4 - N 2)112 - 3202CsM N(4 _ N2)1 /2 + 4C1C2M 

N 2(4 - NZ)I/2) cosh(2y + 2h} + 3h2)Ls1) + (96C1 C2M2y + 48CI CSM2y + 32C, C'2 

111'2 Ny + 16C, CsM2 Ny - 96CzCsM2 Ny - 8CI C2M2 N 2y - 4Cl CsM'2 N 2y - 16CsCsN2 

M'2y +4CsCsM 2y + 48C1CsM 2y + 16C1CsNM'2y - 8C1C2M2N2y - 4C,CsN'2M'2y -

32C2CsM 2yN'2 + 4CsC6,M'2 N 3y) cosh«2y "'"' 3111 ...j... 2112 )L57)( -8C, C6 .'" - 8clN - 8C? 

M 2N - 8CSC2/I,I['2N - 2clM'2N + 4C1C6N'2 - 4ciM2N z + C1C2MN2(4 _ N2)1/2 + 8 

C6C2MN2 (4 - N 2)1/'2 - 8C&C6N 1112 + CrN + 4clN + 96CsCsM2 - 32C1C2MN2 - 1 

GC}CsMN2 - 16C1C211121\'2 - 16CiM2N 2 + 4CSC2M 2N 3) cosh«2y + 2hl + h2)Lsi 

)), 
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(", L" ~ 

L" ~ 

a 

L7s ~ 

«-BCzC"M2N(4 - N'l)l/2 + 2CrN +8CzCGN +8CgN + BCiNM2 + BC1C"NM2 - cr 
N 2 - 4clN2 + 4C2CsN'l.ivr'l - 96C2C51\12 + 8C1CsM 2N'l + 4C~M2 - 4C'lCsM'lN3 -

4BC1C"M2Ny + 4CICsM 2N'ly + 4C'lC5M 2N 3 + 164C}CzMN{4 - N'l}1/2 + 32CzC6N 

M(4 - N 'l) l/2 - 4CIC2MN2 + 16C1CS.M'l N) CDsh«3y + 2hl + 2h2)Ls7»; 

«24C,C5M(4 - N')' /' + 48C,C,M(4 - N')'/' - 4C,C,MN(4 - N')' /' - BC,C,M(4 

_N'l)l/2 _ 48CgM2 + 16C1C 5/112 N - CgM'l N + IGC]C5M 2N + 16C,CsM 2N + C~M2 

N 2 
- 24C1C5M 2 + 8C6CsM2N)cosh«2y + 3hl + 2h2)L57) + CiM2N(2 + N){cosh(y 

L 57) + cosh(hJLs7) + cosh« 2y + hdLs7) - cos«y + 2hdLs7) - sinh(yLs7) + sinh(hJ 

L57 ) + sinh«2y + htlL~)1) + sinh«y + 2ht)L57» + (-2C? N - BCI G6N - 8CgN - 2Cg 

NM2 + erN2 +4C1C6N2 + 4clN2 - CgM2N'l + 2C1CsMN(4 _ N'l)l/:! + 4CSC6M {4-

N2)1/2)sinh(2(y + h2)L57) + (2Cr N + BCIGsN + 8clN + 2C;M2N - C?N2 - 4clN2 

+c1M2N 2 - 4C5C6M N)sillh (2(h, + h2)Lsi ) + (C1CsMN(4 - N2)1/2 - 4CSC6MN(4 

_N2)1/2 _ 48Cl1l12 - 16C1C5M 2N + 16GlM2N - 8C}C5M 2N 2 - 4CgM2 N - 8C}C5/112 

N 2 - 24C,C;-)11(4 - N Z)' /2) sinh ({y + 2h, + 2h2)Lsi ) + (4C5C6M21\r3y + 48G1M2 + 16 

C,C"M2N 2 - 4CgAI2N 2 + 24C1C5(4 _ N2)l /2 M + 48C5C6111(4 - 11,12)1/2 - 4C,Cs_MN(4 

_N2)1/2) sillh{(3y + 2h] + 2h2)L,,7)), 

(CzM(2 + N)(cosh{2yLs7) + sinh(2yL5i »)(cosh{hJ Ls7 ) - cosh(h2L57) - cosh«2hl + h2 

)L57) + cosh«hl + 2h2)L57) + sinh(h]Ls;) - sinh(h2Ls7) - sinh«2h] + h2)£57) + sinh 

«hI + 2h2 )L~7 »)(I\," cosh(h l LS7) - N cosh(h2L57) - 12cosh{(hl + h2)Ls7) - 6N cosh«h J 

+h2)Ls7) + 1'.,r2 cosh«h1 + h2)L~7) + N cosh«2hl + hz)L57) + N cosh«h t + 2hz)Ls;) + 

N sinh{h1Ls7) + N sinh{h2L57) + 12 sinh«h} + h2)Ls7) - 6N sinh«hl + h2)Ls7) + N 2 

sinh«hl + h2)L57) + Nsinh{(2hl + h2)L57) + 12sinh«h} + h2)L,,7) - 6Nsinh«h t + h2) 

LSi) + N 2 sinh«hl + h2)L,,7) + N sinh«2h] + h2)L,,7) + N sinh«2h} + h2)Ls7) + N sinh 

«hi + 2hz )L,,7 ) + 2G6( 4 - N2)I/Z{cosh{2yL57) + sinh(2yLs7 »)(cosh(hJ L57) - cosh(h2Ltoi) 
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- sinh(hl L57) + sinh(hzL57 »)(N cosh{hlL57) + N cosh(hzL57) + 12 cosh«hl + hz) 

L57) - 2N cosh«h, + hz)L57 ) + 12 cosh(2(h] + h2)L57) - 2N cosh(2(hl + hz)Ls7) 

+N cosh«3hl + 2h2)Ls7} + N cosh«2hJ + 3hz)L57) + N sinh(hJLs7) + N sinh(hz 

L,,) + N sinh«3h, + 2",)L,,) + N sinh«2h, + 3h,)L,,)), 

L" ~ «C, + 2C,)(4 - N')'/'( - I + cosh«h, + h,)L,,) + sinh«h, + h,)L,,)) + 2C, 

M(2+ N) + C,M(2 + N)(I + cosh«", + h,)L,,) + sinh«h, + h,)L,,)))«cosh 

«2y + h, + h,)£,,) + sinh«2y + h, + h,)£,,))) + £,,(C1M'(2 + N)(cosh(2y 

L57) + sinh(2yL57»)( - cosh(hJ £S7) + cosh(hzLs7) + cos«2hl + hz)Ls7) - cosh 

«h, + 2h,)L,,) - sinh(h,L5,) + sinh(h,L,,) + sinh«2h, + h,)L,,)) - sinh«h, 

+2hz)L57 »)}eN cosh(hl L57 ) + N cosh(h2L57) + 24 cosh«hl + h2)Ls7 ) - 4N 

cosh{(h l + 2h2)Ls7) + N cosh{(h 1 + 2hz)Ls7) + N sinh(hJL57) + N sinh(hzLs7) 

+24 sinh«h, + hz}Ls7) + 4N sinh«hl + hz)Ls7} + N sinh«2hl + hz)Ls7) + N 

sinh«h, + 2",)£,,)) + N(CI(N - 2)(cosh«h, + y)L,,) - cosh(2(y + h,)L,,) + 

sinh(2(y + h,)£,,) - sinh(2(Y + h,)L,,)) - c, (C, + 2Cs)(cosh«2y + 2h, + h,) 

L,,) - cosh«2y + 2h, + 3",)£,, ) - cosh« 2y + h, + 21., )£,, ) + cosh«2y + 3h, 

+ 2hz) Ls7) + sinh «2y + 2h, + hz) Ls7 ) - sinh«2y + 2hl + 3hz )Ls7 ) - sinh« 2y 

+hl + 2h2)Ls7) + sinh«2y + 311 1 T 2hz)Ls7»)Lss») , 

L77 = «-SCI CsM N( 4 - N2)I /Z + 48CsC6Mz + CICsMz NZ - 16CsC6Mz N2y + 4CSC6 

MZ N3y + 48Cl CsMZy - 16C1 CsM'! Ny + 4C, CsMz NZy - 4CSC6Mz Nly) sinh«3 

y + 2hl + 2h2)Ls7 ) + (48C~MZ + 16C1C5MzN - 16C~MzN + 8C1CsM2N2 + 4cl 
MZNz + 48CsC6 M(4 _ .N2)l/Z _ 4C1CsMN(4 _ NZ)l/Z -SCsCaMN (4 _ N2)I /Z) 

sinh«2y + hI + 2hz}L,,7) + (4SC~MZ + 16C)CsMzN + BCIC"M'!N'! - 24CICsM 

(4 - N')'/' - 'BCsC,M(4 - N')'/' +4C,C,NM(4 - N')'/' + 8C,C,MN(4 - N')' /' 

) sinh«2y + 3h, + 2h,)£,,)), 
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L78 = « -CsM(2 + N)(cosh(yL57) - cosh(hJLs7) - cosh«2y + hz)Ls7) + cosh«y + 2 

hz)Ls7) + sinh(yLs7) - sinh(hJ LS7) - 2 sinh«2y + hl)Ls7 ) + sinh({y + 2h1)Ls7 ) 

)(N co5h(yL57) - N cosh(hlLSd - 12 cosh«y + hilLs7) - 6N cosh«y + hdLs7) 

+N2 cosh«2y + hdLs7) + N cosh«y + 2h1)Ls7 ) + N sinh(yLs7 ) + N sinh(hJLS7 

) + 12 5inh«y + hdL,,) - 6N 5inh«y + hdL,,) + N 5inh«y + 2h,)L" ))(005h(2 

h,L,,) + 5inh(2I1,L,,))), 

£" ~ «N(4 - N')'/' c05h(2(y + h,)L,,) - (N(4 - N')'/' c05h(2(h, + h,)L,,) + N 

(4 - N2)1/2 cosh(2(2y + hi + hz)Ls7) - N(4 - N'2)1/2 cosh(2(y + 2hl + h2)Ls7 

) + N(4 - N')' /' 5inh(2(y + h,)L,,) - N( 4 - N')'/2 5inh(2(h, + h,)L,,) + N(4 

-N')'/' 5inh(2(2y + h, + h,)L,,) - N(4 - N')'/' 5inh(2(y + 2h, + h,)L,,)

«N - 4)N(4 - N')'/' + 2M(2 + N)) + 2M(-12 - 4N + N')(C05h«2y + 2h, + 

3h,)L,,) + 5inh«2y + 2h, + 3h,)L,,)) + N(4M(2 + N) + (N - 4)(4 _ N')'/' 

(c05h«2y + h, + 2h,)L,,) +5inh«2y + h, + 2h,)L,,)) - N(-4M(2 + N) + ( 

N - 4)(4 - N')'/2)(005h«2y + h, + 2h, )L,,) + 5inh«2y + h, + 2h,)L,,)))), 

L8() = (48CsCGM2Ny + 8 + C1CsM2N2y + 32CsCzM2N2y + 16CsCsM'2N2y - Bese2 

M 2N3y) sinh«3y + 2hl + 2hz)Ls7) + (9GC'lCsM2N - 32C1CzM2N - 64CiM'2N 

-16C1C5M2N + 16ClM'lN -lGC j CzM2N 2 - 8C,CsM2N 2 - 16C'lCsM 2N 2 + 

4CsCzM 2/,/J. - 16CtC2MN{4 - N2)1/2 - 32C/iCzMN(4 _ N 2)1/2 + 4C1CzMN2( 

4 - N2)l/2 + 8C2CsMN2(4 - N2)1/2)sinh(2y +2hl + 3h2)Ls7) + (16CsC6M2N3 

y + 96C1 C2/112y + 48C1 CSM2y + 32C, C2/112 Ny + 16G1 CSM2 Ny - 96C6C2M2 N 

y - 8C, C2/112 N'ly - 4C, CsM'l N'ly - 32C6C2M'l N2y - 16CsC6M2 N'ly + 8C6C2 

M' N'y) 5i11h«2y + 3h, + 2h,)L,,) - 4M(N - 6)( -2C,M(2 + N)(C05h«2y + 2h, 

+h2)Ls7 ) + cosh(2y + 2h, + 3h2)Ls7) - cosh(2y + 3h, + 2h2)L57) - sinh«2 

y + 311, + 2h,)L,,) + 5inh«2y + h, + 2h,)L,,) +5inh«2y + 2h, + 3h,)L,,)))), 
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( , LSI ~ (C, + 2C6)(C<;,(cosh(h, L,~7) + sinh( hI L57 ))( - cosh(yLs7) + cosh(h:!Ls7) - sin h 

(yLs;) + sinh(hzLs7 »)(N cosh(yLs7) + cosh(h2L57) + 12 cosh«y + h2)L:H) + 2N 

cosh(2(y + hz)Ls7) + N cosh«(2y + 3h2)Ls7) + N sinh(yL57 ) + sinh(hzLs7) + 12 

sinh«y + h2 )L s7 ) + 12sinh(2(y + h2}Ls7)N + N 2 sinh«2y + 3h2)Ls7» - 2( -C6 

(N - G)JVy + GI( - 2N cosh« 2y + 2h} + h2 )Ls7 ) + 2N cosh«2y + 21t} + 3h2}L57) 

+( - 6y + N(2 + y»(cosh«y + 2111 + 2h2)Ls7) + sinh«y + 2h, + 2hz)Ls7» + 2 

N sinh({2y + 2hl + 3h2)L57} - (N - 6)y(cosh«2y + hI + 2h2)L57) + sinh«2y + 

h, + 2h,)L,,)) + (N - 6)Y(C05h«2y + 311, + 2h,)L,,) + 5inh«2y + 3h, + 2h,) 

L,,)))) ), 

L82 ~ (48CsC6_",[2.Ny + SC1CzM2 N 2y + 4C, CsM2 N 2y + 32C6C2M2 JV2 y _ 8C6C2/112 N l 

Y - 4CSC6M2jV2y)sinh« 3y + 2hl + 2hz )Ls7) + (96C2CsM2 + 48C~M2 - 32C1 

() 
CzM2N - 16C,C<;,M2 IV - 16C1C2 .1\12N 2 - 8C1C5M 2l'/.l - 16C2C5M 2N 2 - 4C~ 

M2 N 2 + 8ci M2 N 2 + 4C2C5.1\12 N 3) sinh«(3y + 2ltl + 2h2)L57) + (96Cl C2l\{ly + 

48C1C5A/2y + 32C} C2.1\12 Ny + 16CI C5AP Ny - 96C2C6N M2 y - 48C5C61\12 Ny 

-8C}C2/112 N 2y - 32C6C2/112 N 2y - 16C:.C6.1\12 N 2y + 8C2C6/112 N 3y + 4C5C6 

.I\12N 3y + 9GCIC2M2y + 32C}C2M2Ny - 9GC2C6M2Ny - 48C5C6M2Ny - 32C2 

G,M'Ny + 8G,G,M'N3y + 4G,G,M'N3y - 4M(N - 6)(G,N - G,)( -2N(2 + N) 

(cosh«2y + 2ltl + h2)L57) + sinh«2y + 2hl + 112)L57) + sinh«2y + h, + 2h2)L57 

) - sinh(2y + 3h, + h2)Ls7» - C5/11(2 + N)(cosh«2Y + 2ltl + h2)Ls7 ) + cosh« 

2y + 2hl + 3112 )L57 ) - cosh«2y + hi + 2112)L57) + sinh«2y + 21t} + 1t2)L57) - sinh 

«2y + hi + 2h 2)L57) - sinh « 2y T 3h l + 211 2)L57 »)lt2 + Lss + L72 + L73 + 2L58 

LSI )' 

L63 ~ cg M2(2 or N)(cosh(2yL,57) + sinh(2yL,57 »( - cosh(hIL57) + cosh(h2La7) + cosh 

({2ltI + h2)L57 ) - cosh«h1 + 2h2)L57) - sil1h(h IL,57) + sinh(h2L57) + sinh«2 
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hi + h2)L57» - (Ncosh(hIL57l + cosh(h2L57) + 24cosh«hl + 11,2)£57) ~ 4N cosh 

« hI + hz) £57) + N cosh«2hJ + 112)L57) + N cosh«hl + 2h2 )L57) + N sinh(h1 £57) 

+N sinh(h2L57) + 24 Sillh«h1 + h2)L57) + 4Nsinh«2hJ + h2)L57) + N sinh«h1 

+21.,)£,,» + N(C1(N - 2)(co'h((y+ hd£,,) - co'h((y + 1.')£57) - 00'h(2(y 

+2h1 + h,z)L57 } + cosh{2(y + hi + 2h2}L57) + sin h(2(y + hIlLs7) - sinb(2(y + 

h2}L57) - sinh(2(y + 2h, + hz)L57) + sinh(2(y + hi + 2h2)L57» + 4L70 + 4Cl 

£71) - 20sM £'s», 

L84 = (4(Cl + 2C6)(C6(N ~ 6)Ny(cosh«2y + 2hl + h2}Ls7) ~ cosh{(y + 2hl + 2h2)Ls7) + 

sinh{(y + 2h + 2112 )£57) + sinh«3y + 2h, + 2h2)£57) - sinh({2y + 2hl + 3h2)L57» 

+C l (-2N cosh«2y + hi + 2h2)Ls7) + 2N cosh«2y + 3h l + 2h2)Ls7) ~ (N - Gly( 

00'h((2y + 2h, + h,)£,,) + 'inh((2y + 2 + I., + h')£57)( - 6y + N(2 + y))(co'h((y + 

2hl + 2h2)L57) + sinh{(y + 2hl + 2h2)L57» - (~6y + N(2 + y»(cosh{(3y + 2hl + 2 

h')£57) +Sinh((3y + 2h, + 2"')£57» + (N - 6)y(co'h((2y + 21., +3"')£57) +sinh 

{(2y + 2h j + 3h2 )L57» - 2N sinh « 2y + hI + 2h2)Ls7) + 2N Sillh«y + 3hl + 2h2)£57 

»» , 
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Figure 9.1: Plot showing dp/ dx versus x. Here N = 0.2, M = 1, a = 0.6, b = 0.2, d = 8, B = ~2 

and 4>= ~. 
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Figure 9.2: Plot showing dp/ dx versus x . Here N = 0.2 , fJ = 0.03 , a = 0.6, b = 0.2, d = 8, 

B = -2 and 4> = ~. 
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Figure 9.3: Plot showing dp/ dx versus x. Here {J = 0.03, M = 1, a = 0.6, b = 0.2, d = 8, 

f} = -2 and q,=~. 
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Figure 9.4: Plot showing tlp). versus y. Here N = 0.2 , M = 1, a = b = 0.4, d = 1.1 and q, = i. 
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Figure 9.5: Plot showing !::.p>. versus y . Here f3 = 0.03, M = 1, a = b = 0.4, d = 1. 1 and ¢ = ii . 
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Figure 9.6: Plot showing .6.p;., versus y. J-Tere {3 = 0.03, IV = 0.2, a = b = 0.4, d = 1.1 and 

A._l!: 
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Figure 9.7: Temperature distribution versus y for different values of /3. Here N = 0.2, M = 1, 

Br = 0.3, a = 0.6, b = 0.3, d = 1.1, ¢ = 0.6, B = 2 and x = 0.1. 
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Figure 9.8: Temperature distribution versus y for different values of B1·. Here N = 0.2, M = 1, 

{3 = 0.03, a = 0.6 , b = 0.3 , d = 1.1, ¢ = 0.6 , B = 2 and x = 0.1. 
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Figure 9.9: Temperat.ure distribution versus y for different values of O. Here N = 0.2, AI = I , 

f3::: 0.03, a = 0.6, II = 0.3, d = 1.1 , ¢ = 0.6, BT = 0.3 and:t = 0. 1. 
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Figure 9.10: Conce:ltration distribution versus y for different values of {3. Here N = 0.2, AI = 1, 

Br = 4, ScSr = 1, a = b = 0.4, d = 1.1, ¢ = 0.6, 8 = 2 and x = 0.1. 
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Figure 9.11: Concentralion distribution versus y fo r different values of Br. Here N = 0.2, 

M = 1, P = 0.03, ScSr = 1, a = b = OA, d = 1.1, ¢ = 0.6,8 = 2 and x = 0.1. 
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Figure 9.12: Concentration distribution versus y for different values of SeST. Here N = 0.2, 

M = 1, f3 = 0.03, Br = 4, a= b=O.4, d= 1.1, ¢ = 0.6, () = 2 and x =0.1. 
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Figure 9.13a: Streamlines Cor f3 = O. The other parameters are N = 0.2, M = 1, a = b = 004, 

d = 0.9, ¢ = i and B = 1.5 . 
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Figure 9.13b: Streamlines for f3 = 0.03. The other parameters are N = 0.2. M = 1, a = b = 0.4, 

d = 0.9, ¢ = i and 0 = 1.5. 
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Figure 9.13c: Streamlines for /3 = 0.05. The other parameters are N = 0.2 , M = 1, a = b = 0.4, 

d = 0.9, dJ = ~ and 0 = 1.5. 
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Figure 9.14: Plot showing veloci ty u versus y for different values of /3. 
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Figure 9.15: Plot showing velocity u versus 11 for different values of fJ. 

9.3 Discussio n 

Figmes 9.1- 9.15 present the effects of various par<IJnelers of interest on the flow quantities such 

as the pressure gradient (dp/dx), the pressure rise per wavelength (~P)..), the stream function 

('*'), the temperature (0'), the concentration (cp) distribution and \'elocity (u) of the fluid. 

Figures 9.1 - 9.3 show the variations of dp/dx versus x for different values of slip parameter 

(P), the microrotation paramerer (M) and the coupling number (N). In Figures 9.1 and 9.2, 

we can see that dp/dx increases for small values of {J and M. However the effect of M on dp/dx 

is insignificant. Figure 9.3 indicates that the behaviour of N on dp/dx is completely opposite 

when compared to (3 and M. Here dp/dx increases with an increase in N. In these figures, we 

can also observe that in the wider part of the channel, dp/dx is small. In such region, Bow 

can occur without applying a large dp/dx.. However in the naTTOW part of the channel, a much 

greater pressme gradient is needed in order to retain the same Aux to pass it. 

The effects of slip paramctcr (P), the microrotation parameter (M) and the coupling number 

(N) on 6.]J). hav\:: Ut:CII illustrated in the Figures 9.4 - 9.6. From Figures 9.4 and 9.5, it is 

concluded that ~p). increases and decreases with the increase of (3 and M in the retrograde 

pumping region. For an appropriat.e yalue of a, there is an increase in tJ.p). with the increase 
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of {J and 111 in the augmented pumping reg'ion. Figure 9.G shows that the pressure rise per 

wavelength (6.P..\) increases and decreases with the increase of N in the retrograde pumping 

region. However for an appropriate value of 8, !J.p>. increases for small values of N in the 

augmented pumping region. 

The influence of various parameters on the temperature distribution is illustrated in the 

F igures 9.7 - 9.9. Figure 9.7 depicts the tempel'llltll'e profile fo r different values of {J. The 

slip effects have the ability to decrease the fluid temperature. In this Figure, we have noticed 

that (f decreases when the stip parumeter increases. F igures 9.8 and 9.9 represent the variation 

of (f for different values of Brinkman number (Br) and dimensionless Bow rate (8). Here the 

temperature is an increasing funct ion of Br and 8. 

Figures 9. 10 - 9.12 are plot.ted to see the effects of slip parameter (P), the Brinkman num

ber (Br) and the product (ScSr). III Figu re 9.10, we have observed that the concentration 

distribution (cp) increases by increasing p. Figures 9.11 and 9.12 depict that t he behaviour of 

ScSr and Br are quite opposite to that given in F igure 9.10. In these figures it is noticed that 

cp decreases with the increase of B,· and ScSr. 

Another interesting phenomenon of peristalsis is trapping. The format ion of internally 

closed circulating bolus of the fluid by closed streamlines is called trapping and this trapped 

bolus is pushed ahead along with the peristaltic \\'ave. We have plotted Figures 9.13(a - c) 

i.o show the effect of slip parameter on trapping. These figures reveal that the size of trapped 

bolus decreases with an increase of 13. 

In Figures 9.14 and 9.15, we have plotted the axial velocity u \'ersus y for different \'3.lues 

of slip parameter (f3) and dimensionless mean flow rate (8). Figure 9.14 reflects that the axial 

velocity (tt) increases for small values of f3 neal' the centre of the channel. However a reverse 

situation occurs near the channel walls. Here 11 increases \\'ith an increase in p. In Figure 9.15, 

it is noticed that u increases by increasing dimensionless mean flow rate 8 as it supports the 

ftow. 
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