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Preface

The range of peristaltic flows that occurs in physiology and engineering is
very large. In particular such flows are encountered in the esophagus, bile
ducts, the ureter, the gastrointestinal tract, small blood vessels and many
other glandular ducts throughout the body. The principle of peristalsis is also
quite common in the industrial applications for instance the transport of
sanitary and corrosive fluids and blood pumps in the heart lung machine. It
has been an established fact that most of the fluids in physiology are non-
Newtonian. The motion of non-Newtonian fluids is an important topic in the
field of chemical, biomedical and environmental engineering and science.
The governing equations in the non-Newtonian fluids are of higher order
than the Navier-Stokes equations. The mathematical models of peristaltic
flows involving non-Newtonian fluids are of more intricate in nature. Such
flows in the context of magnetohydrodynamics are of great interest for the
movement of physiological fluids, for example, the blood and in view of
analysis of peristaltic MHD compressor. However, very little has been
reported yet on the peristaltic flows in the presence of an induced magnetic
field. On the other hand, majority of available literature on the peristaltic
flows analyzed the situation when no-slip condition has been considered.
Such condition is not reliable especially in polymeric liquids with high
molecular weight. No-slip condition is also not appropriate in physiological
flows, thin film problems, rarefied fluid problems and flow on multiple
interfaces.

Another aspect which is not yet given due attention in the literature is the

heat and mass transfer effects on the peristaltic flows of non-Newtonian



fluids. No doubt, heat transfer in tissues is subject to heat conduction in
tissues, heat convection because of blood flow through the pores of tissues
and heat radiation between surface and its environment. The heat transfer
consideration in blood is very important in the oxygenation and
hemodialysis processes. The simultaneous influence of heat and mass
transfer in the peristalsis is also significant when one desires to analyze the
Soret and Dufour effects.

Motivated by the above discussion, the main objective here is to examine
the effects of rheological properties, an induced magnetic field, partial slip
features and heat and mass transfer on the peristaltic flows. This thesis is
structured as follows.

Chapter one is prepared for the brief review on the peristaltic flows and
some relevant definitions. Analysis for the peristaltic flow of a Carreau fluid
in a planar channel has been carried out in chapter two. Symmetric nature of
flow is considered when the Reynolds number is low and wavelength is long.
The results for different wave forms are established and compared. The
pumping and trapping phenomena are given proper attention. It is noticed
that the velocity at the center of channel and bolus size decrease when there
is an increase in the Weissenberg number. The findings of this chapter have
been published in Numerical Methods for Partial Differential Equations
26, 519 (2010). Chapter three extends the research work of chapter two in
the presence of an applied magnetic field. The governing equations are
developed and analysis has been performed when magnetic Reynolds
number is small. It is concluded that longitudinal velocity reduces in a
magnetohydrodynamic (MHD) fluid. Further, the bolus size in MHD case
also decreases when compared with the hydrodynamic fluid. These

observations have been accepted for publications in Zeitschrift



Naturforschung A 66a, 215 (2011). The influence of an induced magnetic
field on the flow analysis discussed in chapter three is seen in chapter four.
Mathematical modelling is presented in detail. Besides the flow quantities
constructed in the previous chapters, the expressions of magnetic force
function and axial induced magnetic field have been developed additionally.
It is found that an axial induced magnetic field exhibits symmetric nature
about the origin. Moreover, axial induced magnetic field is decreased in
MHD fluid. The behaviour of current density near the channel walls in MHD
case is quite opposite to that of an induced magnetic field. Such conclusions
have been published in Comm. Nonlinear Sci. Numer. Simulation 15,
2407 (2010). Chapter five describes the influence of an induced magnetic
field on the peristaltic flow of a Carreau fluid in an asymmetric channel. The
heat transfer is also taken into account. The walls of channel have different
temperatures. The relevant equations are first modeled and then solved. It is
shown that pumping rate in MHD fluid decreases. The axial induced
magnetic field about the origin is not symmetric. This is because of the
phase difference in the considered shapes of the channel walls. The
temperature is an increasing function of Brinkman number. The contents of
this chapter have been submitted for publication in Comm. Nonlinear Sci.
Numer. Simulation 16, 3559 (2011). Chapter six is devoted to the
peristaltic flow of hydrodynamic Carreau fluid in an asymmetric channel in
the presence of partial slip and heat transfer. The associated equations and
boundary conditions are developed. The partial slip condition in terms of
shear stress is accounted. It is seen that there is a critical value of mean flow
rate for which the frictional forces resists the flow along the channel walls.

Below this critical value, the frictional force is an increasing function of slip



parameter. This research material has been accepted for publication in
Zeitschrift Naturforschung A 65a, 1121 (2010).

Chapter seven provides the analysis for peristaltic flow of a second order
fluid in a planar channel. The flow is symmetric and fluid is electrically
conducting. Induced magnetic field effect is included. The relevant
equations are modeled and solved for small wave number. Trapping and
pumping are also examined. Better pumping performance is achieved when
there is an increase in the material parameters of second order fluid. The
magnetic force function is an increasing function of viscoelastic parameter.
The role of viscoelastic parameter on the current density distribution is
qualitatively similar to that of the magnetic force function. The size of the
trapped bolus decreases when the viscoelastic parameter increases. The
contents of this chapter have been accepted for publication in Int. J.
Numerical Methods Fluids. The considered flow problem in chapter seven
in the presence of heat and mass transfer has been studied in chapter eight.
The energy and concentration laws are examined additionally. Main
conclusions of this chapter are accepted now in Zeitschrift Naturforschung
A. The peristaltic flow of micropolar fluid in an asymmetric channel is
discussed in chapter nine. The simultaneous effects of partial slip and heat
and mass transfer are seen. Results for flow quantities like stream function,
axial and microrotation velocities, temperature and concentration etc are
presented and analyzed in detail. It is found that behaviour of slip and
microrotation parameters on the longitudinal pressure gradient is
qualitatively similar. The pressure gradient is an increasing function of
coupling parameter. The pressure rise increases when slip parameter
increases. The slip parameter on the temperature has opposite effect when

compared with the pressure rise. However, the effect of slip parameter on



the concentration field is similar to that of pressure rise in a qualitative sense.
Such observations have been accepted for publication in Chiense Phys.
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Chapter 1

Some relevant definitions and review

The objective of this chapter is to present brief review for the dynamics of peristaltic flows and

few standard definitions.

1.1 Peristaltic pumping

Peristaltic pumping is the process by which fluid can be transported due to travelling waves
imposed on the walls of a tube or channel. Such process is quite useful in the situations where
one prefers to avoid any internal moving parts for instance pistons in the pumping mechanism.
There are many physiological and engineering phenomena where such process play a vital role.
In the physiological world, the peristalsis has ample applications in the transport of urine from
kidneys to the bladder, chyme in the gastrointestinal tract, spermatozoa in the ducts deferens of
the male reproductive tract, ovum in the female fallopian tube, vasomation of blood vessels and
several others. Roller and finger pumps also work according to this mechanism. The process of

peristalsis is significant for water translocation in tall trees.

1.2 Review of literature

It is noticed from the available literature that peristaltic transport subject to various approx-
imations have been discussed both theoretically and experimentally. Latham [1] initiated the

research on the peristalsis by performing experiments. After such fundamental research, this



topic has received great attention in different situations. As per our information, next attempt
has been presented by Shapirom [2]. He discussed the peristaltic pumping and retrograde
pumping phenomena especially. Metry and Chauvet [3] addressed the flow problem character-
izing the intestinal peristaltic waves. Numerical solution has been obtained for the resulting
problem. It is shown that the presented numerical solution has a very good agreement with
the experimental data. The peristaltic activity regarding embryo transport within the uterine
cavity in the tapered channel has been explained by Eytan et al. [4]. Here various character-
istics of geometry, flow pattern, pressure distribution and reflux have been examined in detail.
A novel electrostatic microchannel pump has been designed and simulated by Teymoori and
Sani [5]. This microchannel pump works in view of peristalsis. They have studied drug delivery
micropumps (which satisfy conditions such as drug compatibility, actuation safety, flow rate,
self-priming, chip size, controlability of flow rate for all times and power consumption) and a
novel micropump. The peristaltic motion of carrying and mixing chyme in small intestine under
long wavelength assumption has been analyzed by Lew et al. [6]. They obtained two solutions
of the problem (i) a peristaltic carrying without net pressure gradient and (ii) a peristaltic
compression with net transport of the fluid. The total solution is shown as a linear combina-
tion of the two solutions. Lew and Fung [7] discussed the case for low Reynolds number in a
valved vessel with special reference to flow in a valved vessel lie in veins and lymphatic ducts.
They modeled the governing equations and obtained a series solution of the resulting problem.
Particularly the change in the mean pressure and the velocity distribution along the tube axis
for different orifice tube radius and the ratio of the inertia-orifice distance to the tube radius
have been computed. The inertia and streamline curvature effects on peristaltic pumping have
been seen by Jaffrin [8]. Such influence can be predicted in roller pump and gastrointestinal
tracts. Walker and Shelley (9] discussed the shape optimization of peristaltic pumping. Rao and
Mishra [10] have shared experimental conclusions and pattern of peristaltic pumping in porous
tube. Zien and Ostrach [11] have reported that in human ureters (which are tubular organs
connecting kidneys to the bladder) the wavelength of the peristaltic wave is very small when
compared to half width of the channel. They studied an incompressible viscous fiuid in a two
dimensional channel when long wavelength approximation is accounted, Vajravelu et al. [12]

considered the peristaltic pumping of a Herschel-Bulkley fiuid in a channel. Gupta and Se-



of wall properties and heat transfer on peristaltic transport of an incompressible viscous fluid
has been presented by Radhakrishnamacharya and Srinivasulu [35]. Vajravelu et al. [36] have
investigated the peristaltic flow under long wavelength assumption by explaining the effect of
heat transfer in a vertical porous annulus. Goldstein et al. [37] have presented a detail review
regarding heat transfer upto 2003. Hayat et al. [38] have examined the effects of slip condition
and heat transfer on peristaltic flow. Nadeem et al. [39] have investigated the influence of heat
and mass transfer on peristaltic flow of a third order fluid in a diverging tube. In these in-
vestigations fluid considered is hydrodynamic. In magnetohydrodynamics, Kothandapani and
Srinivas [40] studied the peristaltic flow of a Jeffery fluid under the effect of magnetic field
in an asymmetric channel. Mekheimer [41] considered the peristaltic flow of blood under the
effect of constant magnetic field in a non-uniform channel. The effect of an induced magnetic
field is not taken into account. Hayat et al. [42] and Hayat and Ali [43] have studied the effect
of magnetic field on peristaltic flow of third order fluid in an asymmetric channel and Jeffery
fluid in a tube respectively. Hayat et al. [44] have seen the influence of applied magnetic field
on the peristaltic flow of Johnson-Segalman fluid in a channel with complaint walls. Wang et
al. [45] have studied the MHD peristaltic flow of a Sisko fluid in symmetric and asymmetric
channels. Hakeem et al. [46] have examined the ffects of magnetic field on trapping through
peristaltic motion of Carrean fluid in a uniform channel. This study is an extension of the
work done by Misery et al. [47] and Elshehawey et al. [48]. Effects of endoscope and magnetic
field on peristaltic transport of Jeffery fluid are explained by Hayat et al. [49]. A mathematical
model for peristaltic flow of blood under the action of magnetic field is constructed by Tzirtzi-
lakis [50]. Stud et al. [51] provided the behaviour and pattern of pumping action of blood due
to a constant applied magnetic field. Elshehawey et al, [52] have studied the influence of an
inclined magnetic field on peristaltic flow of an electrically conducting fluid through a porous
medium between two inclined porous plates. They have presented a numerical study of their
problem. Simultaneous effects of magnetic field and wall slip condition on peristaltic motion of
a viscous fluid is studied by Ebaid [53]. Kothandapani and Srinivas [54] considered the same
fluid in the presence of a constant magnetic field, wall properties, porous medium and heat and
mass transfer. Ali et al. [55] have studied the combined effects of magnetic field and variable

viscosity on peristaltic flow of a viscous fluid in symmetric channel. Hayat and Hina [56] have



discussed the simultaneous effects of slip condition, constant magnetic field, wall properties,
heat and mass transfer on peristaltic flow of a Maxwell fluid. Srinivas et al. [57] provided a
detailed description of the influence of partial slip condition, magnetic field and heat transfer
on peristaltic transport of viscous fluid. Srinivas and Kothandapani [58] have also studied the
MHD peristaltic flow through a porous space in the presence of heat and mass transfer effects
with complaint walls. Mekheimer and elmaboud [59] have examined the combined effects of
heat transfer and magnetic field on peristaltic motion. They have presented an application on
endoscope (a biomedical instrument) under the physical occurring assumptions of long wave-
length and small Reynolds number. They have conducted a numerical study of pressure rise
per wavelength and frictional forces. The peristaltic transport of a magneto viscous fluid in
a two dimensional channel with porous boundaries is investigated theoretically by Elshehawey
and Husseny [60]. Hayat et al. [61] discussed the influence of heat transfer on peristaltic motion
of an electrically conducting fluid in a porous space. Nadeem and Akbar [62] have investigated
the MHD peristaltic flow with variable viscosity and heat transfer. They obtained the solution
of the problem by Admoian decomposition method. Hariharan et al. [63] reported the peri-
staltic flow of a non-Newtonian fluid in a diverging tube under different assumptions related to
Reynolds number, periodicity of waves, wavelength amplitude ratio, wave shape and frame of
reference. Moreover Lhey considered five possible wave forms on the channel walls, namely, sinu-
soidal, multisinusoidal, triangular, square and trapezoidal waves and discussed the flow analysis
in detail. A theoretical and experimental study for MHD flow is presented by Haim et al. [64].
In this study, they discussed mixer by considering only the effects of constant magnetic field
and obtained some theoretical results. They also compared their results with the experimental
data and found a very good agreement. Nadeem and Akram [65] have investigated the MHD
peristaltic flow of viscous fluid in presence of partial slip effects.

It has been noticed from the existing literature that peristalsis has been reported mostly
in the presence of an applied magnetic field. Only few studies are available which examines
the induced magnetic field effects on peristalsis for instance Vishnyakov and Pavlov [66]. They
have studied the peristaltic flow of electrically conductive fluid under the effect of transverse
induced magnetic field. Eldabe et al. [67] have also investigated the peristaltic flow (of a
bioviscosity fluid) under the action of induced magnetic field. Mekheimer [68,69] have examined



"f:—-p-l'-%-g,

(1.4)

where T is the Cauchy stress tensor, S is the extra stress tensor, b is the body force per unit

mass, p is the pressure and I is the identity tensor.

1.4.3 Maxwell’s equations
1.4.4 (a) Gauss’s law

VE=2
=)

where p, is the charge density and E is the electric field.

1.4.5 (b) Gauss’s law for magnetism

V.B =0,

in which B is the magnetic field.

1.4.6 (c) Faraday’s law

B
VXE——E.

1.4.7 (d) Amperes law

The differential form is

aB
V x B = ppJ + togo 57

(L.5)

(1.6)

(1.7)

(1.8)

in which g is the magnetic constant, g is the electric constant, E is the electric field and Jis

the current density.

1.4.8 (e) Ohms’ law

J=0(E+VxB),

where & is the electrical conductivity of the fluid.

12
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1.4.9 Energy equation

It is of the following form

pc,,% = kV2*T +T.L, (1.10)

in which C, is the specific heat, p the density, k the thermal conductivity, L the rate of strain

tensor, T the temperature of fluid and T the Cauchy stress tensor.

1.4.10 Concentration equation

In mathematical form, we can express as follows

dC o .. DKr_,
o = Dvic+ STy, (L11)

where D is coefficient of mass diffusivity, T}, the mean temperature, K7 the thermal diffusion

ratio and C is the concentration of fluid.
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Chapter 2

Peristaltic transport of a Carreau
fluid in a channel with different

wave forms

An analytic characterization of the rheological properties in the peristaltic flow of a Carrean
fluid in a planar channel has been investigated in this chapter. Peristaltic wave trains on the
channel walls are responsible for such flow. Five explicit wave shapes have been taken into
consideration. Based on the two-dimensional analysis, the important variables are identified.
The influence of such parameters is carefully analyzed. Trapping and pumping phenomena have

been numerically studied and interesting conclusions are drawn.

2.1 Governing equations

We investigate the peristaltic flow of an incompressible Carreau fluid in a two-dimensional
channel of width 2a. The flow is induced by the periodic peristaltic wave of wavelength A
and amplitude b propagating with constant speed ¢ along the channel walls. Its instantaneous

height at any axial station X ' is defined by the expression given below as

Y =H (‘Yf - Ct!) (2.1)

A

14



Five possible wave forms namely sinusoidal (s), multisinusoidal (ms), triangular (t), square (sq),
trapezoidal (tr) waves are considered in the present analysis.

In the laboratory frame (X', Y”), the flow is unsteady. However if observed in a coordinate
system moving at speed ¢ (wave frame), it behaves like a steady. The X’—axis is chosen parallel
to the channel walls and Y'—axis is chosen normal to it. The coordinates and the velocities in

the two frames have been associated by the following relations
gd=X'~et, Y=Y,
o (2,y) =U"-¢ o (=,¢') =V, (2.2)

where %' and v’ are the velocity components in the wave frame.

The constitutive equations for Carrean fluid can be written as

T== [nm + (7 = o) (1 + (Fﬂz)"_;l] 7 (23)

(2.4)

Here T denotes an extra stress tensor, 7)., infinite shear stress viscosity, 7, zero shear-rate
viscosity, I' the time constant, n the dimensionless power law index and 7 the second invariant

of strain-rate tensor.

Taking into account the case for which 7, = 0, one obtains the following expression

= [’?u (1 4 (rﬂg) ¥] 3 (2.5)

which reduces to viscous fluid situation whenn=1or I' = (.

2.2 Problem statement

The governing equations in the absence of body forces are

V-V =0, (2.6)
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discussed the simultaneous effects of slip condition, constant magnetic field, wall properties,
heat and mass transfer on peristaltic flow of a Maxwell fluid. Srinivas et al. [57] provided a
detailed description of the influence of partial slip condition, magnetic field and heat transfer
on peristaltic transport of viscous fluid. Srinivas and Kothandapani [58] have also studied the
MHD peristaltic flow through a porous space in the presence of heat and mass transfer effects
with complaint walls. Mekheimer and elmaboud [59] have examined the combined effects of
heat transfer and magnetic field on peristaltic motion. They have presented an application on
endoscope (a biomedical instrument) under the physical occurring assumptions of long wave-
length and small Reynolds number. They have conducted a numerical study of pressure rise
per wavelength and frictional forces. The peristaltic transport of a magneto viscous fluid in
a two dimensional channel with porous boundaries is investigated theoretically by Elshehawey
and Husseny [60]. Hayat et al. [61] discussed the influence of heat transfer on peristaltic motion
of an electrically conducting fluid in a porous space. Nadeem and Akbar [62] have investigated
the MHD peristaltic low with variable viscosity and heat transfer. They obtained the solution
of the problem by Admoian decomposition method. Hariharan et al. [63] reported the peri-
staltic flow of a non-Newtonian fluid in a diverging tube under different assumptions related to
Reynolds number, periodicity of waves, wavelength amplitude ratio, wave shape and frame of
reference. Moreover they considered five possible wave forms on the channel walls, namely, sinu-
soidal, multisinusoidal, triangular, square and trapezoidal waves and discussed the flow analysis
in detail. A theoretical and experimental study for MHD flow is presented by Haim et al. [64].
In this study, they discussed mixer by considering only the effects of constant magnetic field
and obtained some theoretical results. They also compared their results with the experimental
data and found a very good agreement. Nadeem and Akram [65] have investigated the MHD
peristaltic flow of viscous fluid in presence of partial slip effects.

It has been noticed from the existing literature that peristalsis has been reported mostly
in the presence of an applied magnetic field. Only few studies are available which examines
the induced magnetic field effects on peristalsis for instance Vishnyakov and Pavlov [66]. They
have studied the peristaltic flow of electrically conductive fluid under the effect of transverse
induced magnetic field. Eldabe et al. [67] have also investigated the peristaltic flow (of a

bioviscosity fluid) under the action of induced magnetic field. Mekheimer [68,69] have examined



the peristaltic flow of Couple stress and micropolar fluids in the presence of an induced magnetic
field. Long wavelength and low Reynolds number assumptions have been used in order to
simplify the equations. Recently Hayat et al. [70] have extended their own work on third order

fluid by considering the effects of an induced magnetic field in a symmetric and uniform channel.

1.3 Some basic definitions

This section includes some definitions which may be helpful for the understanding of flow
analysis in this thesis.

1.3.1 Retrograde pumping

Retrograde means to "move backward". Retrograde pumping occurs when pressure rise per

wavelength (Ap,) is positive and dimensionless mean flow rate (f) is negative, i.e.

Apy>0 and 6<0.

1.3.2 Peristaltic pumping

A peristaltic pumping occurs when pressure rise per wavelength (Ap,) and dimensionless mean

flow rate (@) are both positive, iLe.

Apy >0 and 6> 0.

This phenomenon occurs in many biological systems such as gastrointestinal tract.

1.3.3 Free pumping

Free pumping occurs when pressure rise per wavelength (4p,) is equal to zero and the corre-

sponding dimensionless mean flow rate (#) is greater than zero, i.e.

Apy=0 and 6>0.
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1.3.4 Augmented pumping (or copumping)

It oceurs when pressure rise per wavelength (Apy) is negative and dimensionless mean flow rate

(@) is positive, i.e.
Apy<0 and €>0.

1.3.5 Trapping

The formation of internally circulating bolus of fluid by closed streamlines is called trapping

and this trapped bolus is pushed ahead along with the peristaltic wave moving with constant

wave speed c.

1.4 Basic equations

This section consists of some fundamental equations used in the mathematical models for the

flows considered in this thesis.

1.4.1 The continuity equation

In mathematical form it is written as

ap .

which for an incompressible fluid reduces to
divV =0, (1.2)
where p is the density, ¢ is the time and V is the velocity.

1.4.2 The equation of motion

Mathematically it is given by
P = AT+, (1.3

11



T =—pI +8§, (1.4)
where T is the Cauchy stress tensor, S is the extra stress tensor, b is the body force per unit
mass, p is the pressure and I is the identity tensor.

1.4.3 Maxwell’s equations

1.4.4 (a) Gauss’s law

V.E=EL (1.5)
£0

where p; is the charge density and E is the electric field.

1.4.5 (b) Gauss’s law for magnetism

V.B =0, (1.6)
in which B is the magnetic field.
1.4.6 (c) Faraday’s law
¥ B _%. (1.7)
1.4.7 (d) Amperes law
The differential form is
V x B = pgJ + poeu%—?, (1.8)

in which p is the magnetic constant, £q is the electric constant, E is the electric field and J is

the current density.

1.4.8 (e) Ohms’ law

J=0(E+V xB), (1.9)

where o is the electrical conductivity of the fluid.



p (V- V)V = -Vp +divr,

(2.7)

where V7 is the velocity vector, p' the fluid pressure, 7/ an extra stress tensor and the body

forces are taken absent.

The definition of velocity is

Vi = (o, v/,0).

The scalar form of equations (2.6) and (2.7) are

I Yy u' o' t'c
T=— == u=—, v=—, t=—, h=
A BET ¢’ 5c’ A’

2
c Te
6:2, R:———pa‘ =G_'P" T‘VE’"_, =
A 7o cATly a
’\ch: H'T;CL’ a‘r;"y
Tox = y Ty = Tyy = y
Mot 7loC o€

where Re is the Reynolds number and ¢ is the wave number.

The non-dimensional resulting equations become

u o,
oz oy
B 3p 257;‘:x a7 Ty
Red [uax +1:6 ] U 3% ) B By
d dp ar ar,
= P ¥ ok s38Tdy ey
Reé [u + v By] v 3y ) Bz By

with
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(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)



(n—1) du

o e o 2 S (B 9
- 2 [1+ 3 We*y 3z (2.16)
_ [y (a=1) . o.2] (Ou 2_5'_0) #
Ty = [h g el [(g g ) (2.17)
Tyy =20 [1 D ; 1)W'e2"y2] -g—; (2.18)

in which We is the Weissenberg number.
The equations (2.14) and (2.15) subject to the long wavelength and low Reynolds number

approximations take the forms

dp @ (n—1) ou\?\ ou
-
‘55 =0 (2.20)

From equations (2.19) and (2.20), we have

!
52 (n=1)_ 5 au)“‘ ou| .
57 [(H S We (ay )é; =0 (2.21)

The equation (2.20) indicates that

p#Fpy).

The dimensionless volume flow rate in the laboratory frame is expressed as

H

Q= f U (x',Y'¢)ay’, (2.22)

0
where H = H (X',t'). The above equation in the wave frame can be written as
h

q= ] u(,y') dy, (2.23)

0

in which h = h (2').
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Making use of Eqs.(2.2), (2.22) and (2.23), we obtain

Q=q+ch. (2.24)
At fixed position X, the time-averaged flow over a period T is

! 1 d

== dt 2.25
=z @ (225)

which after employing equation (2.24) becomes

Q' =q+ac. (2.26)

If & and F are the dimensionless mean flows in the laboratory and wave frames defined by

!
=< p_49 (2.27)
ac ac
then Eq.(2.26) gives
9=F+1, (2.28)
h
F= / udy. (2.29)
0

The appropriate boundary conditions of the problem are
% _0 aty=0, (2.30)
9y

u=-—1 at y=h. (2.31)

Expression of the non-dimensional pressure rise per wavelength (Ap,) is

1 d}‘]
— e ) 2.32
gy /o(dz)d“’ (2.32)
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2.3 Perturbation solution

In this section, our interest is to find the analytic solution of Eqs. (2.19), (2.21) with boundary
conditions (2.30) and (2.31). The closed form solution of the arising problem is not easy to

obtain, Therefore we look for the perturbation solution, For such a solution, we write

w=ug+ We'uy + 0 (We'), (2.33)
F=Fy+We’F +0 (We'), (2.34)
p=po+We'p + 0 (Wet). (2.35)

Substituting the above equations in Egs. (2.19), (2.21), boundary conditions (2.30) and (2.31),

one has the following systems:

2.3.1 System for We°

dp _ Ouo
dI = aygt (2‘36)
FPug
™ 0, (2.37)
dy
ug=-—1 at y=h, (2.39)
1 dpﬂ
Apy, = /O i, (2.40)
2.3.2 System for We?
dpp 8w | (n—1\ 8 [[8u)?
T {(a) ¢ e
&uy (n~1) & (81:.0)3
B O ) FEONTL b 2.4
5 T\ z o \\ o L
O o a g (2.43)
uy =0 at y=h, (2.44)
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d dp
= —dx, 2.45
Apy, fn ir dz ( )

2.3.3 Solution for We' system

The solutions of Eqgs.(2.36) and (2.37) along with the boundary conditions are (2.38) and (2.39)

1dpg
Uy ===

2 _p%) —1. A6
5z W —h) -1 (246)

dpo

3
=5 (Rt h). (2.47)

2.3.4 Solution for We® system

Here the longitudinal velocity and préssure gradient are given by

e LG T (U
n J B
‘% = ﬂ% R+ (—TS—M— ( (Fo +h)) ] (2.49)

Expression of longitudinal velocity, longitudinal pressure gradient and pressure rise per wave-

length upto O (We?) are

w = ug + Weuy, (2.50)
dp _dpy | ... adp
oy ., o , 2.51
dx  dzx . dz’ ( )
Apy = Apy, + We? Apy, . (2.52)
In the above solutions, we use
F=Fy+WeFR (2.53)
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and neglect the terms which are greater than O(We?). The longitudinal velocity and pressure

gradient after using Eq. (2.53) are

3 3
- =9 2 9 . (n—l) (E:; (F+h))
M—EE(F+hMy—h)ﬂ]+Hf (wﬂ4—“%L%U ; (2.54)
B 20
do_ =8 oy pyawe |01 (3 o) (2.55)
doz — 2h3 10 13 .
" ot __ & e
The stream function ¥ after utilizing u = v and v = — %= yields
g (v, 80-1y (-1 »°
2 2h 2h? 2h2
i 27(0-1)° 81(A—1)2 81(0—1 81 27(6-1)° 81(6— 1}% 81(6—1)
~He .~ B - th)y“Zfo?f“L Ut - St ‘
27 27(6-1)%* | B1(A—1)%y8 | 81(6-1)y? 27(6—1)% 31(3 —1)*ny® 31(9 ny®
+ We? +ﬁ¥ T = qon? B 20R8 ) nhby e Eﬁ? 4oh?ny . 40h6 20h5
ot 27(6-1)%°  81(0-1)%y5  B1(0-1)p° g@_; & 27(0—1)3n® 4 81(9—1}2313;
20R7 20R9 40R% 4007 40h 40R7

B1(0—1)ny® |, 27my
L T 0RT T 40

(2.56)

2.4 Expression for five wave shapes

The nondimensional expressions of the considered wave forms are given by the following equa-
tions:
(1) Sinusoidal wave
h(z) =1+ ®sin2nz.

(2) Multisinusoidal wave

h(z) =1+ ®sin2Nrz.
(3) Triangular wave

)m-!-]

h(z)=1+®

m=1

8 «— (=1
ﬁE(Zm— 2

D sin{2(2m — 1) nz}
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(4) Square wave

h(z)=1+® {_L—]r Z i(—gm cos {2 (2m — 1) rrr::}j] ;

m=1

-

(5) Trapezoidal wave

32 & (—=1)™sin {Z (2m —1)
h(z)=1+® [E P = {_31)2 }

sin {2 (2m — 1) nx}} g

m=1
Total number of terms in the series that are incorporated in the analysis here are 50. Note

that the expressions for triangular, square and trapezoidal waves are derived from Fourier series.

6=4,¢=02,n=0398,x=0.25

- -
-

Wes=0

weeeees We = 0.05

e === We=01

Figure 2.1a: Plot showing velocity u versus y for narrow part of the channel for sinusoidal wave.
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f=4,¢=02,n= 0398, x= 0.25

-1 F

Figure 2.1b: Plot showing velocity u versus y for narrow part of the channel for triangular wave.

E=4,¢0=02,n=0398, x =025

-1}

Figure 2.1c: Plot showing velocity u versus y for narrow part of the channel for square wave.
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8=4,¢=02,n=02398, x=025
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Figure 2.1d: Plot showing velocity u versus y for narrow part of the channel for trapezoidal

wave.

6=4,¢=0.2,n=0.398,x=0.25

Figure 2.2a: Plot showing velocity u versus y for wider part of the channel for sinusoidal wave.
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G=4,¢=0.2,n=0.398,x=0.25

— W=

e W= 205

- We=a1

Figure 2.2b: Plot showing velocity u versus y for wider part of the channel for triangular wave.

f=4,¢=02 n= 0398, x=025

Figure 2.2c: Plot showing velocity u versus y for wider part of the channel for square wave.
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f=4,¢=02,n=0398, x= 025

Figure 2.3a: Plot showing dp/dz versus z for sinusoidal wave. Here & = 0.2, # = —2 and

We=0.1.
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Figure 2.3b: Plot showing dp/dz versus z for triangular wave. Here ® = 0.2, # = —2 and
We =0.1.
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Figure 2.3c: Plot showing dp/dz versus z for square wave. Here ® = 0.2, ¢ = —2 and We = 0.1.
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Figure 2.3d: Plot showing dp/dz versus z for trapezoidal wave. Here ® = 0.2, § = —2 and
We=0.1.
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Figure 2.4a: Plot showing dp/dz versus  for sinusoidal wave. Here ® = 0.2, # = -2 and

= 0.398.
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Figure 2.4b: Plot showing dp/dz versus z for triangular wave. Here & = 0.2, § = —2 and

n = 0.398.
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Figure 2.4c: Plot showing dp/dz versus z for square wave. Here ® = 0.2, § = —2 and n = 0.398.



75

04 0.6 o8 1 1.2

Figure 2.4d: Plot showing dp/dz versus z for trapezoidal wave. Here ® = 0.2, # = —2 and
n = 0.398.
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Figure 2.5a: Plot showing Ap, versus flow rate # for sinusoidal wave form. Here ® = 0.2,

We =0.1.
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Figure 2.5b: Plot showing Apjversus flow rate # for sinusoidal wave form. Here & = 0.2,
n = (.398.

Figure 2.6: Plot showing Apyversus flow rate # for multisinusoidal wave form. Here ® = 0.2,
n=0.398, N = 2.
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Figure 2.7a: Plot showing Apy versus flow rate # for triangular wave form. Here & = 0.2,

We =0.1.
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Figure 2.7b: Plot showing Apjversus flow rate € for triangular

n = 0.398.
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Figure 2.8a: Plot showing Apy versus flow rate @ for square wave form. Here ® = 0.2, We = 0.1.

Figure 2.8b: Plot showing Apyversus flow rate @ for square wave form. Here & = 0.2, n = 0.398.
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Figure 2.9a: Plot showing Ap) versus flow rate @ for trapezoidal wave form. Here @ = 0.2,
We =0.1.

Figure 2.9b: Plot showing Apyversus flow rate @ for trapezoidal wave form. Here & = 0.2,
n = 0.398.
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Figure 2.10a: Streamlines for n = 1, (panel(a)), n = 0.496 (panel (b)). The other parameters
are ® =0.2, We = 0.1, 6 = 0.61.

Figure 2.10b: Streamlines for We = 0.1, (panel(a)), We = 0.2 (panel (b)). The other parame-
ters are @ = (0.2, n = 0.398, = 0.61.
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Figure 2.11: Streamlines for ® = 0.2, (panel(a)), & = 0.8 (panel (b)). The other parameters
are n = 0.398, We = 0.1, § = 0.61.

Figure 2.12a: Streamlines for n = 1, (panel(a)), n = 0.496 (panel (b)). The other parameters
are ® = 0.2, We = 0.1, = 0.61.

36



\/

T ]
15 151
—— i , ="
i el i ey
o | o -
4s ] E 05 ds [ 05

Figure 2.12b: Streamlines for We = 0, (panel(a)), We = 0.2 (panel (b)). The other parameters
are & = 0.2, 6 = 0.61, n — 0,398,

Figure 2.13a: Streamlines for n = 1, (panel(a)), n = 0.496 (panel (b)). The other parameters
are ® = 0.2, We=10.1, 8 = 0.61.
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Figure 2.13b: Streamlines for We = 0, (panel(a)), We = 0.2 (panel (b)). The other parameters
are & =0.2, 8 = 0.61, n = 0.398.

2.5 Discussion

This section monitors the variations of the influential parameters on the longitudinal velocity
and pressure gradient. In addition, the trapping and pumping processes have been analyzed by
performing numerical integration.

The longitudinal velocity u(y) over two different cross-sections (narrow and wider parts) of
the channel for different wave forms have been plotted in the Figures 2.1 and 2.2. It can be
seen from these Figures that longitudinal velocity decreases at the center of the channel for all
the considered wave forms when We is increased. The magnitude of the velocity is less in the
wider part of the channel when compared to the narrow part in all the such considered wave
forms. In all these figures, the value of ¢ is equal to 4. For small values of ¢, the effects of e

on the velocity can not be noticed.

2.5.1 Pressure gradient

The pressure gradients versus z for different wave forms have been potrayed in the Figures
2.3 —2.4. It is seen from Figures 2.3(a — d) that in all wave forms, the dp/dz increases with
a decrease in n. This decrease is maximum for triangular wave and minimum for sinusoidal

and trapezoidal waves. Figures 2.4(a — d) show the variation of We on dp/dz. It is found
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that the behaviour is quite opposite to that what we noticed in Figure 2.3. Here we can see
that dp/dz increases for large values of We. A careful analysis indicates that dp/dz is small in
the wider part of the channel. In this type of region, it is possible for flow to occur with such
small dp/dx. However, in the narrow part of the channel, it is required to apply much greater

pressure gradient to maintain such fow.

2.5.2 Pumping characteristics

The expression for pressure rise per wavelength is evaluated numerically and is plotted for the
five considered wave forms. When pressure difference &pg. = (0 which is the case of free pumping,
the corresponding time mean flow rate is denoted by fy. The maximum pressure against which
the peristalsis works as a pump, that is, Apy correspondin.g to @ = 0 is denoted by pg. When
Apy < 0, the pressure assists the flow and it is known as copumping. Figures 2.5a and 2.5b
analyze the role of Ap, with flow rate # for different dimensionless power law index n and
Weissenberg number We, respectively, for sinusoidal wave form. It is clear that 6p| pg decreases
upon increasing n and We. In copumping case, the pumping rate is independent upon n and
We. Similar results can be achieved for multisinusoidal wave form (Figure 2.6). For triangular
wave, the pumping rate is independent of values of n and We (Figure 2.7). It is also observed
from this figure that there is no peristaltic pumping for triangular wave. From Figures 2.8 and
2.9, we conclude that peristaltic pumping rate and free pumping flux are decreasing functions
of n and We while in copumping, the effects of n and We are not noticeable. Moreover, the

pumping curve for square and trapezoidal waves have similar variations.

2.5.3 Trapping

The formation of internally circulating bolus of fluid by closed streamlines is called trapping and
this trapped bolus pushed ahead along with the peristaltic wave. The effects of n and We on
trapping for different wave forms have been arranged in the Figures 2.10 — 2.13. These figures
depict that by increasing (decreasing ) We (n), the bolus squeezes (i.e. its size reduces) for all
the considered wave forms. Interestingly for all the considered wave forms, trapping occurs at
6 = 0.61 and ® = (0.2. However for triangular wave, this is not the case. For triangular wave,

the bolus appears only for large values of ® or 6.
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Chapter 3

MHD peristaltic flow of a Carreau

fluid in a channel

The main purpose of this chapter is to put forward the MHD flow analysis of peristaltic trans-
port in the non-Newtonian fluids. For this aim, our interest here is to discuss the flow analysis
of previous chapter in the regime of magnetohydrodynamics. The Carreau fluid is electrically
conducting in the presence of a constant applied magnetic field. The expressions of longitudinal
velocity, pressure gradient, stream function are obtained. Results of these flow quantities , trap-
ping and pumping phenomena have been examined graphically for various values of Hartman

number,

3.1 Theory

The physical model in the problem is quite similar to that which considered in chapter 1. Besides
this, the fluid is electrically conducting and the channel walls are non-conducting. A uniform
magnetic field By is applied in the Y —direction. No electric field is taken into account. The
magnetic Reynolds number is chosen small and hence the induced magnetic field is neglected.
The fundamental equations which can govern the magnetohydrodynamic (MHD) flow are Eqgs.
(2.6), (2.8) and

0B

divB=0, curlB=pJ, culE=-—, J=0(E+V xB), (3.1)
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p[% 4 (V-v)]?ﬁz—ﬁpwrdivFJerB. (3.2)

In the above expressions, p’ is the fluid pressure, p, the magnetic permeability, o the electrically
conductivity, B the electric field, J the current density, B (= By + B;) the total magnetic field,
By constant and B; is the induced magnetic field. Under low magnetic Reynolds number

approximation, the Lorentz force reduces to

J x B =—-0B§ (U,0,0). (3.3)

Using the non-dimensional quantities in Eq. (2.12) along with

9V 9V, gBjd®
u—ay,v— 66:1:’M =~ " (3.4)
equations (3.2) and (3.3) give
av 8 av o\ av op 8% or AT, o
JR ME S, s MY ER ) e T Yy St 5
e[(ay dr d=z ay) 83;] or 2 Oz dy M dy’ ()
awr g gv 9\ gv dp or or

—43 s M SO < 10 ) W ) SR« RN o il SO ool

I he Kau Oz Oz ay) 83::[ dy J Oz d Ay’ 3:6)
where
o (n=1)_ 5.9] 8°¥ =
Taz = 2[1—}- 5 We g 5203 (3.7)
i = (n—i) 7 2_,2 62@ 262qj
Ty = [1 + 7 Wes 7 0 522 ) ! (3.8)
- (n = 1) ;2.0 82‘1?

Ty =28 [1 - g We*s __Bscay’ (3.9)

1

8%w \* (o ,0%w\? 82w \?]*

L — |02 2 2 . .

4 |: § (Bmay) + (8y2 d 3::2) + 26 (3m6y) (3.10)

In the foregoing equations, We is the Wessinberg number, Re the Reynolds number and M the
Hartman number.
To facilitate the analysis, we adopt the assumptions of long wavelength and low Reynolds

number (21 — 30] and therefore Eqs. (3.5) and (3.6) after using Egs. (3.10) take the forms
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p 0 (n—1)_ , (8%0\?| 820 00
= e 7 — 22 3.11

dr Oy [ T wE (33;2 ay? M ay’ i)
dp
£ =0, 3.12
3y 0 (3.12)

The above equations imply that

0? (n—-1)._ , (8°T\*| 820 _ ,8%®

ey — M* =0 3.13

9y {H g e (Byz) dy? Oy* @5

and by Eq. (3.12), p # p(y).

The dimensionless boundary conditions and pressure rise per wavelength Ap, are analogous
to those which presented in Eqs. (2.30)-(2.32). For the convenience of readers, we again write

these as

a*w
= _ = Ly = 3.14
0, Gz =0aty=0, (3.14)
¥ =F, -aE:—-l at y = h, (3.15)
Ay
174d
W a .
= [ (2)as (3.16)
8 = F+1, (3.17)
h aw
F = —dy. 3.18
. By (3.18)

3.2 Perturbation solution

Taking into account the procedure of section (2.3), we have

3.2.1 O(We) System

64‘1’0 2 5'2 ‘]:"g -

oyt dy? ’
@ B 83\110 B 23‘1’0
de — 0y3 ay '’
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Gl al & gl
Oy?
r

Wy = Fy, 86;:—1 at y=h,

3.2.2 O(We?) System
1,

R n—1\ 8% [/8%T,\?
— 2 ! —_— 0 =
ot M e +( 2 )6y2 [(Byz)] .

dpy 8%, B ﬂ{za\ﬂg S n—1\ & 82, 8
dz 0y’ Ay 2 Joy|\ay?) |’
9%
\I’ = —_ = = D
a¥g
E’ — —— = h
1 Fll ay 0 t Y 3

3.2.3 Solution for O(We°) system

At this order, we have

- FoM + tanh Mh __sinh My __sinh My (3.19)
0= \Mh—tanh Mh ) \Y ™~ McoshMh | ~ Mcosh Mh' '
dpy o [ MFy-+tanh Mh o
b st Y, ¢ 2 .20
dz L ( Mh — tanh Mh (3:20)

3.2.4 Solution for O(We?) system

The solutions of first order system are
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3
d
o — _ PyMcoshmp _ (n=1) (% - M?) My cosh Mh
' 7 Mhcosh Mh —sinh Mh  cosh MA3 (Mh cosh Mh — sinh Mh)

3
3hcosh3Mh sinh3Mh  3h?sinh Mh (n—1) (% - Mg) l
{ 64M* 64MS  16M3 } "~ cosh Mh3Mh
—3cosh3Mh 3coshMh 3hsinh Mh Fy sinh My
{ GaMt T 16MA 16013 } ~ M cosh Mh — sinh Mh

3
(n—1) (%;—0 = M2) sinh My
+ cosh M3 (Mh cosh Mh — sinh Mh)

Joone )

3hcosh3M A B sinh 3Mh - 3hZsinh Mh
GAMA 64 M2 16013

_sinh3My  3ycosh My (3.21)
cosh Mh3Mh 64015 1604 '
and the expression of an axial pressure gradient is
3
d 2
dpp  FiMPcosh Mh (n-1) (% - 1%
dr ~  Mhcosh Mh —sinh Mh ' cosh Mh? (Mhcosh Mh — sinh Mh)
3
y d 2
3heosh3Mh _sinh3Mh  3h%sinhah) | (m—1) (% - a2)
G4 G402 16 cosh Mh3Mh
dcosh Mh  3cosh3Mh  3hsinh Mh (3.22)
1612 6402 16M -

Expression of stream function and longitudinal pressure gradient and pressure rise per wave-
length upto O (We?) are

u = ug + Weluy, (3.23)
dp _dpy | ... odp1

= o 20 Tl L= .24

dx dx+Meda:’ (3:24)
Apy = Apy, + WeApy,. (3.25)

In the above solutions, we use
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F = Fy+ We*F (3.26)

and neglect the terms which are greater than O(We?). The stream function and longitudinal

pressure gradient after using Eq. (3.26) reduce to the following results

s FM + tanh Mh __sinhMy |  sinhMy
~ \ Mh—tanh Mh M cosh Mh M cosh Mh

3

d

_ We*(n-1) (ﬁ% - M 2) Mycosh Mh (3h cosh3Mh  sinh3Mh  3h%sinh Mh
cosh M3 (Mh cosh Mh — sinh Mh) G4MT 6405 16M73

3
d
Wel(n=1) (- M) [ 3eoshamh | 3cosh Mh , 3hsinh Mh
cosh MRS Mh 64014 16313 16213

5 A (% - M) sinh My g cosh3an _ sinh3Mh 3h23mth}
cosh M h® (M h cosh Mh — sinh Mh) G4t 6405 16013

3
. We?(n—1) (*E— M?) 3ycosh My  sinh3My (3.27)
cosh Mh3Mh 16M4 64M3 [ ’
dp FM? cosh Mh + M?sinh Mh 9 34,7
e e —We“(F +} I (n—1
i M cosh Mh — sinh Mh VelF+a)M n=1)
12ATh — 8si WY i ih :
Th — 8sinh 2Mh + sinh 4 M h (3.25)

64 sinh M h — hM sinh Mh

3.3 Expression for wave shapes

This section presents the four wave forms given by
(1) Sinusoidal wave

h(z) =1+ ®sin27z.
(2) Triangular wave

m+1
h{z)=1+@ 32 25111{2 (2m—1)mz}|.
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(3) Square wave

h(z)=1+0 = i -(—_I)WH cos {2(2m — 1) mwz}
™ (2m—1) i )

m=1
(4) Trapezoidal wave

™Hsin {Z (2m —1)}

(2m—1)°

h(m)=1+®[§i(_n
m=1

Note that in the present analysis, the 50 terms have been accounted.

20 |

1756 |

A

sin {2 (2m — 1) nm}] ;

04 123 [X: ] 1 12

Figure 3.1a: Plot showing dp/dz versus z for sinusoidal wave. Here ® = 0.2,

We=0.1 and n=0.398.
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Figure 3.1b: Plot showing dp/dz versus z for triangular wave. Here ® = 0.2, # = —2 and
We = 0.1 and n=0.398.
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Figure 3.1c: Plot showing dp/dz versus z for square wave.

and n=0.398.
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Here ® = 0.2, 6 = —2 and We = 0.1




0

178

15

o4 08 (1] | \E3

Figure 3.1d: Plot showing dp/dz versus z for trapezoidal wave. Here ® = 0.2, § = —2 and
We = 0.1 and n=0.398.

20 T T

15} —wm=2 | -
- = —M=3
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o

Figure 3.2: Plot showing Ap, versus flow rate @ for sinusoidal wave. Here ® = 0.2, We = 0.4
and n = 0.398.
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Figure 3.3: Plot showing Ap) versus flow rate 6 for triangular wave. Here ® = 0.2, We = 0.4
and n = (.398.

1.5 2

-}

0 0.5

Figure 3.4: Plot showing Ap) versus flow rate 8 for square wave. Here @ = (0.2, We = 0.4 and
n = 0.398.
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Figure 3.5: Plot showing Apy versus flow rate 6 for trapezoidal wave. Here & = (.2, We = 0.4
and n = 0.398.

G=4,¢0=02,n=0398, We =0.04, x=0.26

a 0.2 0.4 0.6 a.8

Figure 3.6a: Plot showing velocity u versus y for narrow part of the channel for sinusoidal wave.
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E=d,d¢=02,0=0308, We = 0.04, x=0.25
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o 0.2 0.4 0.6 0.8

Figure 3.6b: Plot showing velocity u versus y for narrow part of the channel for triangular wave.
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Figure 3.6c: Plot showing velocity u versus y for narrow part of the channel for square wave.
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Figure 3.6d: Plot showing velocity u versus y for narrow part of the channel for trapezoidal

wave.

2.5 |

1.5 |

0.5

-0.5

fud,¢=0.2,n= 0398, We =0.04, x=0.25
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Figure 3.7a: Plot showing velocity u versus y for wider part of the channel for sinusoidal wave.
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6=4,¢=02,n= 0398, We = 0,04, x=0.26

Figure 3.7b: Plot showing velocity u versus y for wider part of the channel for triangular wave.

f=d,¢=02,n=0398,We = 0.04, x = 0.25

Figure 3.7c: Plot showing velocity u versus y for wider part of the channel for square wave.
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G=d,¢=0.2 n= 0398, We = 0.04, x=-0.25

Figure 3.7d: Plot showing velocity u versus y for wider part of the channel for trapezoidal wave.

Figure 3.8: Streamlines (sinusoidal wave) for M = 0.2, (panel(a)), M = 0.8 (panel (b)). The
other parameters are ¢ = 0.4, n = 0.398, We = 0.04, 8 = 0.6.
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Figure 3.9: Streamlines (triangular wave) for M = 0.2, (panel(a)), M = 0.8 (panel (b)). The
other parameters are ® = 0.4, n = 0.398, We = 0,04, 8 = 0.6.
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Figure 3.10: Streamlines (square wave) for M = 0.2, (panel(a)), M = 0.8 (panel (b)). The
other parameters are ¢ = 0.4, n = 0.398, We = 0.04, 6 = 0.6.
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Figure 3.11: Streamlines (trapezoidal wave) for M = 0.2, (panel(a)), M = 0.8 (panel (b)). The
other parameters are & = 0.4, n = 0.398, We = 0.04, 6 = 0.6.
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3.4 Results and discussion

Our primary interest in this study is to discuss the salient features of Hartman number (M) on
various flow quantities such as pressure gradient (dp/dz), pressure rise per wavelength (Apy),
longitudinal velocity (u) and stream function (¥). Graphical results presented in the Figures
3.1 — 3.11 illustrate these effects.

Figures 3.1(a — d) present the variations in dp/dx versus « for four possible wave forms
when different values of M are taken into account. Here we can see that dp/dz increases with
an increase in M both in the wider and narrow parts of the channel. Moreover a much greater
pressure gradient is required for the narrow part of the channel in order to maintain the same
flux as compared to that in the wider part of channel. A comparative study shows that dp/dz is
greater for sinusoidal and trapezoidal waves and smaller for triangular and square wave forms.

In Figures 3.2 — 3.5, the variation of (Apy) with flow rate 6 is displayed for different values
of M. These Figures show that in all the considered wave forms, the Hartman number causes
an increase in Ap) in pumping as well as copumping regions. The peristaltic pumping rate and
free pumping rate increases with an increase in M. However, in copumping for an appropriate
negative value of Apy, the flow rate decreases by increasing M. A close look at Figure 3.3

(which is for triangular wave) reveals that Ap, for triangular wave is less in magnitude when
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compared with the other waveforms.

Figures 3.6(a — d) are sketched just to see the influence of M on longitudinal velocity in
the narrow part of the channel for all the considered wave forms. From these figures, it is
concluded that the longitudinal velocity near the centre of the channel decreases by increasing
M. However, the opposite behaviour is seen near the wall. A comparison of these figures
further reveals that at the channel centre, the longitudinal velocity is maximum in the case of
sinusoidal and trapezoidal waves.

Figures 3.7(a — d) illustrate the variation of u in the wider part of the channel for all the
considered wave forms. We observe from these figures that the behaviour of velocity in wider
part of the channel is quite similar to that of in the narrow part.

To discuss the effects of M on the phenomenon of trapping we have prepared Figures
(3.8 — 3.11). These figures reveal that by increasing M the size of the trapped bolus decreases
and it vanishes when large values of M are taken into account. We have noticed from these
figures that the lower trapping limit for triangular wave is less when compared with the other

wave forms.

3.5 Concluding remarks

An analysis of peristaltic flow of MHD Carreau fluid is presented in a two dimensional channel
under long wavelength and low Reynolds number approximations, Four different wave forms are
examined. The effects of Hartman number (M) on pressure rise per wavelength, longitudinal
velocity and trapping phenomenon are seen through graphs. It is observed that Apy increases
by increasing M and for triangular wave, its magnitude is less when compared with the others
waves forms. The size of the trapped bolus is a decreasing function of M. The lower trapping

limit for triangular wave is less in comparison to the other wave forms.
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Chapter 4

Influence of induced magnetic field

on peristaltic flow in a Carreau fluid

In this chapter, the influence of an induced magnetic field on the peristaltic motion of a Carreau
fluid in planar channel is studied. The associated mathematical modelling is developed. The
solution expressions are derived using small Weissenberg number and compared in different
wave forms. The results for the pressure gradient, the stream function, the magnetic force
function, the axial induced magnetic field and the distribution of current density are obtained.

Graphical illustrations are presented and discussed.

4.1 Development of mathematical problem

We investigate the MHD flow of an incompressible Carreau fluid in a two-dimensional channel
of uniform thickness. Four possible wave forms namely sinusoidal (s), triangular (t), square
(sq), trapezoidal (tr) travelling down on the channel walls are considered. We consider a wave
of amplitude b that propagates on the channel walls with constant speed ¢. The wave shape
and the transformation between the laboratory and wave frames are given in section (3.3)
and Eq. (2.2) respectively. The system is stressed by a constant magnetic field of strength
H(', in the transverse direction. This gives rise to an induced magnetic field H *(h:\., (X L),
hy(X',Y',£'), 0) and hence the total magnetic field is H'" (', (X', Y, 1), Hy+hy (X, Y', 1),
0).
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F e
v/

The equations governing the present flow may be put in the form

V.-H =0, V-E =0, (4.1)
VAH =7, J’=U{E’+;¢,(V’AH“)}, (4.2)
) OH'
VAE = —ﬂ,e"at—,, (43)
vV-Vi=0, (4.4)
7] i <77 i gt =g "+ 1 +\ 2 3
=+ (V! V) [V = -V + divT - { (H -V)—E(H ) V.  (45)

In the above expressions, g/ is the fluid pressure, J the current density, p, magnetic permeability,
o the electrical conductivity, E" an induced magnetic field and the velocity V7 and extra stress
tensor 7/ are defined by expressions (2.8) and (2.5) respectively.

With Eqs. (4.1)-(4.3), the induction equation takes the following form

oH"”

-7 = VA {V’AH‘*} + %VQH““ (4.6)

in which ¢ = 1/op, is the magnetic diffusivity.

The scalar equations in the laboratory frame are

8 4@ .8, _ 8 Oy Oyn o, (0HF
[az pd 7kl ay"] 0= S5 oY’ X’
h' NS L A
+He s 4 a‘ hf\"l (4?)
+H{JW
3 y 3 vl 8 ] . ap' 6?}3-"1#’ 6'}/3)’ 6H+2
[at'+Uax*+Va)”]V = Ty Tax T oy B
s S g -
tpug | TXPE k; LT o (4.8)
+H|JW

The above equations along with the transformations (2.2) may be written into the following
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\

forms

Considering
2ma! Y u' v " 2nt'c 2may/
I = == u=— v=— = = -
a e g e’ ¢’ x ' PE o
at’ h' o’ QS, a pea
= — = — = — - — §=— Re = —
> uc’ a’ v ca’ ¢ Hopa ¥ = '
Rm = opeac, Sp= %‘3\/% (4.11)

one can express Eqs. (4.6), (4.9) and (4.10) as

a d __6pm Max , OTay

8 d
+RedS} (qsya - %a_y) ¢, +Re S b, (4.12)

d d ap or ar
- 3 Rt oy R, 1L + 27 zy 4 yy
had {(q’”az 'I"‘ay) %} dy ¢ dr g oz

d a 2
— Red®Ss? (%ﬁ - ¢,§§) ¢ — Re8S70,,,  (4.13)

60



1
U, -0 (Vy¢, — Va0,) + R:v% =E, (4.14)

where in terms of stream function ¥ and magnetic force function ¢, we have

o 0T _ 9¢ 09
u—ay, U= 63:1:‘ hz—ay, hy = 63:
i\ 2
—p+2R Jp°(H+) (4.15)
pm—p+§ e T, i
o? 02
2_420 | O
¥ 66‘::2+3y2’

where § is the wave number, We the Wessinberg number, S; the Strommer’s number, Re the
Reynolds number, R,, the magnetic Reynolds number, p,, is the magnetic pressure, M the
Hartman number and 7gz, Tay, Tyy and 4 have been presented in Egs. (3.7)-(3.10).

Utilizing long wavelength and low Reynolds number approximations one may express Eqgs.

(4.12)-(4.14) as

a8 (n=1). , (8*W\*] *v 2( _6‘1')
=5 H1+ W (57 r gz M (B-F ) (4.16)
dp .
= =0, 4.1
5 (4.17)
v 1 8% _
& En W—E, (4.18)

where Eq. (4.17) shows that p # p(y) and hence p = p(z). Furthermore, Eqs. (4.16) and (4.17)

after cross differentiation give

0? (n—1) o (8?¥\?] 820 2020
?}'2. [{1 + 3 We (ayz) 3:9‘2 - M "0? =/0. (4.19)

We pose dimensionless boundary conditions and pressure rise per wavelength (Ap,) as

follows
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#v_ o

=0, a7 0, @ZO. aty =0,
Y= H, ?-\Ii=—1, ¢=0 aty=h,
Oy

2
Apy = f (%{—’) dz,
0 XL

(4.20)

(4.21)

(4.22)

where the dimensionless mean flows in laboratory () and wave (F) frames are defined as

8 = F+1,
h ow
B = —dy.
0o 9y i

4.2 Perturbation solution

In order to find the series solution, we expand ¥, F and p as

U =Ty + Werl; + 0 (Wet),
F=Fy+We*F, +0 (We*),

p=po+ Wepi +0 (We').

(4.23)
(4.24)

(4.25)
(4.26)

(4.27)

Substituting Eqs. (4.25)—(4.27) into Egs. (4.16) and (4.19)-(4.22), we have the following

systems.

4.2.1 O(We) System

a‘pu - 33\110 9 6\1‘0
oz dy? +Mr(' oy )’
oyt dy*

= [

G2



vy = 0, B2 =0 at y=0,
avg
Wy = Fyg, —=-1 at =h
0 0 3y at y

4.2.2 O(We?) System
O _ 8,00 (»,-;-1 v (32%)3 ,
oz oy? Oy 2 dy ay?

&, 2020 | (n—1\ 8 [[8%0p\%| _
ot Mo +( 2 )3? (6‘3;2) =R

92,

v, = 0, 83;2 =0 at y=0,
ov,

— _— i =k

\I—"] Fl, ay 0 al Y h

Solving the resulting systems and then neglecting the terms of order greater than We?, one has

U = Wp + We ¥y, (4.28)
j—z = %Z—“ + W’e2%, (4.29)
Apy = Apy, + WeApy,, (4.30)
whence
g = FoyyM cosh Mh + ysinh Mh (Fo + h)sinh My

Mhcosh Mh —sinh Mh  Mhcosh Mh — sinh Mh’ (4.31)

63



FyyM cosh Mh (n=1) (Fo + h)>M7ycosh Mh

" Mhcosh Mh —sishMh  (Mhcosh Mh — sinh Mh)®
{3hcosh3,w; sinh3Mh  3h%sinh Mh } L (n—1)(Fo+ h)*MOy
(

L 5

64M  64MZ 16 Mh cosh Mh — sinh Mh)*
dcosh3Mh  3coshMh  3hsinhMh) Fysinh My
64M 16M 16 Mhcosh Mh — sinh Mh
L) (Fo+ h)3M?® sinh My {3h cosh38Mh  sinh3Mh  3h%sinh Mh}
(Mh cosh Mh — sinh Mh)* 64M 6472 16
__ (n—1)(Fo+h)*M°® {sinh 3My  3ycosh M’y} (4.32)
(Mhcosh Mh —sinh MA)* | 64M? 16M : )
dpo [ FoM3cosh Mh+ M?*sinhMh
de ( MhoshMh—gohih 4 L) (4.33)
dpp  FyM®cosh Mh (n = 1) (Fo + h)®M® cosh Mh
de ~  Mhcosh Mh —sinhMh ' (Mhcosh Mh — sinh Mh)*
{3h cosh3Mh sinh3Mh  3h%sinh Mh} __ (n=1)(Fo+h)*M"
64M 64712 16 (Mhcosh Mh — sinh Mh)®
3cosh3Mh  3coshMh  3hsinh Mh (4.34)
64 M 16M 16 ’ :
2n dPO
= 25 4.35)
Ap)tn A dz: dml ( a.l
2 d
P1
= [ ldz 4.36
APJ\: A dn L ( ]

The stream function ¥ and magnetic force function ¢ are

v = (FMcosth—l—sinth)y_ (F + h)sinh My
Mh eosh M h — sinh Mh Mh cosh Mh — sinh Mh
We? (n—1) (F + h)*M7ycosh Mh [ 3hcosh3Mh sinh3Mh  3h%sinh Mh }
" (Mhcosh Mh — sinh Mh)"® { 6aM  6aMZ 16
We?(n—1)(F +h)3M®sinh My (3hcosh3Mh sinh3Mh  3h?sinh Mh }
(Mhcosh Mh — sinh Mh)* { 64M  64MZ 16

__We*(n—1)(F+ h)3M" {sinhBMy B 3ycoshMy}
(Mhcosh Mh — sinh Mh)® | 64M?2 16M
We? (n—1) (F + h)*MSy {3cosh 3Mh 3cosh Mh  3hsinh Mh}

4.37
(Mhcosh Mh —sinh Mh)® | 64M 16M 16 1)
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1
= —36M(—2y2 + F3hMO(—1 + n)We?(h — 4
® = 38401 (_Mhcosh Mh + sinh arhyE (=2 ( =)

(h+y) + 3F2h2 MO (=1 + n)We(h — y)(h + y) + R2(—=2 + M2(2y% + h%(2

Wel(h—y)(h+w))) + Fh(—4 + M?*(—2y® + h?(6 + M?*(—2 + 3M?*(—1 +n)

We2(h —y)(h+1)))) +2(~1+ R2M>*(h — y)(h + y) E) — 32M (-3Fh°M*
+2F3hM*(—1 + n)We? + 3Fh3M?(2 + M?(2(-1 + n)We? + y2)) + 3 M*E

+3y*(1 + E) + h*(6F*M* (=1 + n)We? — 3(1 + E)) + h*M>(6 + M?(2

(=1 +n)We? — 3y%E))) cosh 2Mh + 8M(3y? + h(F3M*(—1 +n)We? + 3F2hM*

(=1 +n)We? + h(—21 4+ M2(h*(—15 + M?(—1 + n)We?) + 9y?)) + 3F(—6

+M2(=3y% + h2(1 + M2(h? + (-1 +n)We? — %)) — 3(1 + 6h2 M2 + h*M*Y)

(h —y)(h + y)E cosh dMh + 2(F + h)* M*(—1 + n)We? cosh 3My(hM cosh M h — sinh Mh)
+8F3MA(—1 4+ n)We?(4 + 3M?*(h — y)(h + y) + 3F2AM*(—1 + n)We?(4 + 3M?
(h—y)(h+y) + 8F(—4 + M*(=2y + h?(14 + M?(3h*(—2 + M?(—1+ n)We?)

+6y% + (—1 +n)We(4 — 3M%y?))))) + h(—12 + M?(6y%(3 + 4E) + 3h* M?

(2+ M%(—1+n)We? + 8E) — h*(6(—3 + 4E) + M%((—1 +n)We?(—4 + 3M%y?)

+6y*(1 + 4F)))))) sinh 2Mh + 6(F + h) cosh My(12hM (-4 + 4h2M? + (F + h)*M*
(—1+n)We?) cosh Mh + hM(48 4+ 16h>M? — 3(F + h)>M*(—1 +n)We?) cosh 3Mh
+12(—1 + h*M?)(—4 + (F + h) M4 (=1 + n)We? sinh Mh + (—16 — 48h2 M

+(F + h)> M4 (—1 4+ n)We?) sinh 3Mh + (—3F?hM*(—1 + n)We*(2 + 3M2(h — y)(h + )
+FIM3(~1 + n)We? (=2 + 3M%(—h? +y?)) + 3F(16 + M?(8y® + h?(40 + M?

(—8 — M?(~1+n)We? + 24y® + (—1 + n)WeP(—2+ 3M3y?))))) + h(48 + M2

(=72 + h*(216 + M?*(3h*(8 — M?(=1 4+ n)We?) — 24y® + (-1 + n)We*(—2

+3M%y%))) + 96(1 + h2M>)(h — y)(h + y) E))) sinh 4Mh + T2(F + h)*M?

(=1 + n)Wey(—hM cosh Mh + sinh Mh) sinh My)R,p,). (4.38)

The axial induced magnetic field is given by
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1
384 M (—M h cosh M h + sinh Mh)*
+3F2R2 MO (=1 +n)WeP(h —y) — 4y — FPhMS (=1 + n)We?(h +y)

((—36M(F3hMS(—1 +n)We(h —y)

—-3F2R2 MO (-1 +n)We(h +y) + R M2 (dy + RA(MY (-1 + n)We*(h — y)
—~MY(=1+n)We(h +y))) + FAM?(—dy + h*(M*(—2 4 3M3*(~1 + n)We?)

(h —y) = M*(=2 + 3M3(—1+ n)We?)(h+v))) + 2(-1 + h®*M?)*(h — y)E
—2(=1+ h2M*)*(h +y)E) — 32M (6 Fh* M*y — 6h* M*yE + 6y(1 + E))

cosh 2M h + 8M (6y + h(18hM?y + 3F M*(—6y — 2h2M?y)) — 3(1 + 6h2M?
+hAM*)(h — y)E + 3(1 + 6h2M? + h*M*)(h + y) E) coshd M h + T2(F + h)* M°®

(=1 + n)We?y cosh My (—Mhcosh Mh + sinh Mh) + 8(F3M*4(—1 + n) We*(3M*
(h—y) = 3M*(h + 7)) + 3F2hM* (=1 + n)We*(3M?*(h — y) — 3M*(h +y))

+3F M*(—4y + h2M?(12y — 6M?%(—1 + n)We?y)) + hM>(12y(3 + 4E) — h*M?
(6M3(—=1 4+ n)Wey + 12y(1 + 4E)))) sinh 2Mh(6 F3 MO (~1 + n)We’y — 3F*hM*
(=1 +n)We?(3M2(h —y) — 3M?(h +y)) + 3FM*(16y + h2M*(48y + 6 M*

(=1 + n)Wey)) + hM2(—144y + W2 M*(—48y + 6M>(—-1 + n)Wey) + 96

(14 h>M?)(h — y)E — 96(1 + h*M?)(h + y)E)) sinh 4M h + T2(F + h)* M?

(=1 + n)We? sinh My (—Mh cosh Mh + sinh Mh) + 6(F + h) M (12hM (—4 + 4h* M*
+(F + h)*M* (=1 + n)We? cosh Mh + hM (48 + 16h>M? — 3(F + h)*M*(~1+n)
We?) cosh 8Mh + 12(—1 + h2M?)(—4 + (F + h)2M*(~1 + n)We?*) sinh Mh

+(—16 — 48h*M? + (F + h)>M*(~1 + n)We?) sinh 3Mh) sinh My + 6(F + h)*M®
(=14 n)We? (Mhcosh Mh — sinh Mh) sinh 3My) R, (4.39)

Like the previous chapters, the graphical results and comparison have been sought here by

considering 50 terms for four different wave forms namely Sinuscidal, Triangular, Square and

Trapezoidal waves.
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Figure 4.1: Plot showing Ap, versus flow rate ¢ for sinusoidal wave. Here ® = 0.2, We = 0.4,
= —0.87, N =1 and n = 0.398.
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Figure 4.2: Plot showing Apy versus flow rate @ for triangular wave. Here ® = 0.2, We = 04,
E=-0.87 N=1and n=0.398.
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Figure 4.3: Plot showing Ap) versus flow rate 6 for square wave. Here ® = 0.2, We = 0.4,
E=-0.87, N=1and n=0.398.
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Figure 4.4: Plot showing Ap versus flow rate @ for trapezoidal wave. Here ® = 0.2, We = 0.4,
E=-087, N=1and n =0.398.
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Pud =02 0=0298 We=0M,5+-02

Figure 4.5a: Plot showing velocity u versus y in narrow part of the channel for sinusoidal wave.

F=4,¢=01n=0398 We=004,5»-02

Figure 4.5b: Plot showing velocity u versus y in narrow part of the channel for triangular wave.
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Figure 4.5¢: Plot showing velocity w versus y in narrow part of the channel for square wave.

s

f=d,3=02,n=039 We=0.04,x=-02

i

-1}

Figure 4.5d: Plot showing velocity u versus y in narrow part of the channel for trapezoidal

wave,
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Figure 4.6a: Plot showing velocity u versus y in wider part of the channel for sinusoidal wave.

P=4,¢=02n=0398 We=0.04, =025

Figure 4.6b: Plot showing velocity w versus y in wider part of the channel for triangular wave.
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Figure 4.6¢c: Plot showing velocity u versus y in wider part of the channel for square wave.

0=4,¢=02,n=0398 We=004,x=029

15

Figure 4.6d: Plot showing velocity u versus y in wider part of the channel for trapezoidal wave.
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Figure 4.7a: Plot showing dp/dzr versus z for sinusoidal wave. Here @ = 0.

We=0.1 E=—04, and n=0.398.

08

"

n4

Figure 4.7b: Plot showing dp/dz versus z for triangular wave. Here & = 0.2, ¢

We=0.1 E=-0.4, and n = 0.398.
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Figure 4.7c: Plot showing dp/dz versus z for square wave. Here ® = 0.2, § = —2 and We = 0.1
E = -04, and n = 0.398.
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Figure 4.7d: Plot showing dp/dz versus z for trapezoidal wave. Here ® = 0.2, § = —2 and

We=0.1FE=-04, and n = 0.398,
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Figure 4.8a: Axial induced magnetic field versus y for sinusoidal wave. Here F = 0.3, n = 0.398,
® =06, Ry=1 We=0.04,2 =5 and 0 =3,
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Figure 4.8b: Axial induced magnetic field versus y for triangular wave. Here E = 0.3, n = 0.398,

® =06, Ryy=1, We=0.04, 2= 5 and 6 = 3,
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Figure 4.8c: Axial induced magnetic field versus y for square wave. Here E = 0.3, n = 0.398,
¢ =06, Rpp=1, We =0,04, z =% and 6 = 3.
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Figure 4.8d: Axial induced magnetic field versus y for trapezoidal wave, Here F = 0.3, n =
0.398, =06, Ry =1, We=0.04, z=F and 6 = 3.
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Figure 4.9a: Axial induced magnetic field versus y for sinusoidal wave. Here E' = 0.3, n = (.398,
¢ =06, R,=1 We=0.04d and M = 1.
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Figure 4.9b: Axial induced magnetic field versus y for triangular wave. Here £ = 0.3, n = 0.398.
¢ =06, Rn=1, We=0.04 and M = 1.
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Figure 4.9¢: Axial induced magnetic field versus y for square wave. Here £ = 0.3, n = 0.398,
® =06, Rm=1, We =0.04 and M = 1.
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Figure 4.9d: Axial induced magnetic field versus y for trapezoidal wave. Here FE = 0.3,
. =0.398, @ =06, R, =1, We=0.04 and M = 1.
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Figure 4.10a: Current density distribution versus y for sinusoidal wave. Here E = 0.3, n =

0.398, ® = 0.6, Ry =1, We =0.04, 2 = § and 6 = 3.

Figure 4.10b: Current density distribution versus y for triangular wave. Here E = 0.3, n =

0.398, ® = 0.6, Ry =1, We=0.04, z = § and 6 = —3.
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Figure 4.10c: Current density distribution versus y for square wave. Here E = 0.3, n = 0.398,
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Figure 4.10d: Current density distribution versus y for trapezoidal wave. Here E = 0.3, n =

02
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Figure 4.11a: Current density distribution versus y for sinusoidal wave. Here E = 0.3, n=

0.398, @ =0.6, Ry =1, We=0.04, 2 =5 and M = 1.
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Figure 4.11b: Current density distribution versus y for triangular wave. Here E = 03, n =
0.398, 2 =0.6, Bm =1, We=004, z=F and M =1,
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Figure 4.11c: Current density distribution versus y for square wave. Here E = 0.3, n = 0.398,
® =06, Rn=1 We=0.04, 2 =5 and M = 1.

Figure 4.11d: Current density distribution versus y for trapezoidal wave. Here E = 0.3,
n=0398, &=06 Rp,=1 We=004, z2=F and M = 1.
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Figure 4.12: Streamlines (sinusoidal wave) for M = 0.2, (panel(a)), M = 1.1 (panel (b)). The
other parameters are ® = 0.2, n = 0.398, We = 0.4 and 6 = 0.67.

Figure 4.13: Streamlines (triangular wave) for M = 0.2, (panel(a)), M = 1.1 (panel (b)). The
other parameters are ® = 0.2, n = 0.398, We = 0.4 and 6 = 0.67.
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Figure 4.14: Streamlines (square wave) for M = 0.2, (panel(a)), M = 1.1 (panel (b)). The
other parameters are ® = 0.2, n = 0.398, We = 0.4 and 6 = 0.67.

Figure 4.15: Streamlines (trapezoidal wave) for M = 0.2, (panel(a)), M = 1.1 (panel (b)). The
other parameters are ® = 0.4, n = 0.398, We = 0.4 and ¢ = 0.67.

4.3 Results and discussion

To discuss qualitatively the effects of various parameters of interest on flow quantities such as
pressure rise per wavelength (Ap,), longitudinal velocity (u), pressure gradient (dp/dz), the
axial induced magnetic field (h;), the current density distribution (J.) and stream function

(¥), we have prepared Figures 4.1 — 4.15. The effects of M on Ap, for different wave forms
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have been illustrated in the Figures 4.1 — 4.4,

From Figures 4.1 — 4.4, we have concluded that the peristalsis has to work against a greater
pressure rise for magnetohydrodynamic fluid as compared to hydrodynamic fluid. The peri-
stalsis pumping rate and free pumping rate is enhanced for MHD fluid in comparison to hy-
drodynamic fluid. In augmented pumping region the pumping rate increases by increasing M.
However, for suitably chosen (Apy < 0) the pumping rate decreases for large values of M. A
comparison of Figures 4.1 — 4.4 reveals that the pumping rate of square wave is maximum (for
a fixed Apy > 0) and minimum for a triangular wave as is the pumping performance concerned.

Figures 4.5 and 4.6 lead to the following conclusions about the effects of M on longitudinal

velocity u :

e The longitudinal velocity near the centre of the channel wall decreases by increasing M.

An opposite behaviour is seen near the channel wall.

o A comparison of these figures further reveals that at the channel centre, the longitudinal

velocity is maximum in the cases of sinusoidal and trapezoidal waves.

e The behaviour of velocity in the wider part of the channel is quite similar to that in the

narrow part.

Figures 4.7(a — d) have been sketched to see the variation of dp/dzx versus z for different

values of M. We can observe that:

* Magnitude of dp/dz for large values of M both in the wider and narrow part of the

channel. Also this result is valid for all the considered wave forms.

e The increase in dp/dx for M is maximum for trapezoidal wave and minimum for triangular

and square waves.

The conclusion regarding an axial induced magnetic field (h,) with y over a cross section

z = /2 for different wave forms can be seen through Figures 4.8 and 4.9. These are:

¢ The shape of the curves of h, is independent of the wave shape.
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» Axial induced magnetic field (hy) decreases by increasing M and @. This decrease is
maximum for the sinusoidal and triangular waves and minimum for square and trapezoidal

waves.
o Axial induced magnetic field (h) is symmetric about the origin.

¢ Axial induced magnetic field in the half region (y > 0) is in one direction and it is in

opposite direction in the other half region (y < 0).

e The axial induced magnetic field is zero at y = 0.

The profiles of the current density (J.) over a cross section & = 7 /2 are shown in the Figures

4.10 and 4.11 for different values of M and 6. These plots provide the following information:

s The magnitude of the current density increases near the channel walls by increasing M.
However, it decreases near and at the centre of the channel. This result holds for all wave

forms.

e Contrary to the above result the magnitude of J. increases by increasing @ for all the

considered wave forms.

» The magnitude of the current density is maximum for square and trapezoidal waves and

minimum for sinusoidal and triangular waves.

The phenomenon of trapping for different values of M is discussed through Figures 4.12 —
4.15. These figures show that:

e The volume of the trapped bolus decreases in going from hydrodynamic to magnetohy-

drodynamics (MHD) fiuid.

e For large values of M, the bolus disappears.

4.4 Concluding remarks

A mathematical model under long wavelength and low Reynolds number approximations is

presented to study the effects of an induced magnetic field on the peristaltic transport of Carreau
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fluid in a symmetric channel. Closed form expressions of stream function, longitudinal velocity,
axial induced magnetic field and current density distribution are developed using perturbation
method. A comparative study is made for different wave forms through graphs. It is concluded
that the decrease in an induced magnetic field is maximum for sinusoidal and triangular waves
and minimum for square and trapezoidal waves. However J. is maximum for the square and
trapezoidal waves and minimum for sinusoidal and triangular waves. We have noticed from
these figures that the lower trapping limit for triangular wave is greater when compared with

the other wave forms.
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Chapter 5

Influence of induced magnetic field
and heat transfer on peristaltic

transport of a Carreau fluid

The problem of peristaltic flow of a non-Newtonian fluid in an asymmetric channel with heat
transfer is investigated in this chapter. The non-Newtonian fluid is characterized by the consti-
tutive equations of a Carreau fluid. The mathematical modelling is based upon the consideration
of an induced magnetic field. The series solutions for velocity and temperature are established
and their associated characteristics have been analyzed. Pumping and trapping mechanisms

have been discussed in detail.

5.1 Development of the mathematical problem

Consider the MHD flow of an incompressible Carreau fluid in an asymmetric channel of width
dy + dg. The fluid is magnetohydrodynamic and the channel walls are insulating. A uniform
magnetic field By is applied in the y—direction. The induced magnetic field effects are retained.

The sinusoidal waves traveling down its walls may be expressed as
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Y= h; (X,Y,t) =d; +ajcos [2% (X — ct)] ;  upper wall,

Y = hy (X,Y,t) = —dy — by cos [2—“

3 (X —ct)+ q')} :  lower wall, (5.1)

with aj, by are the wave amplitudes, A the wavelength and ¢ (0 < ¢ < ) the phase difference.
The symmetric channel case with waves out of phase is noticed for ¢ = 0 and when ¢ = 7, it

corresponds to the situation when waves are in phase. Further

a} + b2 + 2a;by cos ¢ < (dy +d2)2 !

Thus, the equations governing the conservations of mass and momentum along with the induc-
tion equation are introduced by Eqs. (4.1)-(4.6). The conservation of energy is

pcp‘;—f = kV2T +71.L, (5.2)

where 7; is the Cauchy stress tensor, L = gradV, p the density, C, the specific heat at a
constant volume, x the thermal conductivity and T the temperature.
The present flow in the laboratory frame need to be solved subject to the equations (4.7),

(4.8) and the following equation

0 ., 8 , 0 (e P gg)
#Cr (8t'+U6X’+VBY’)T N ”(axm ave ) T+ x5
. [(oV' 8 av’
+Txf},: (W 1 ay!) +‘T (a_YF) . (53)

The above equation in the wave frame is given by
d g &° 8° ¢ fou v [ o
't 9 I = gl oo b Ty
PCp(u P +vay,)T h(az’ﬂ+3y’2)T+71’ (8::') + Tay (61:’+ By’)
. (O
+7 (%) , (5.4)
Introducing the velocity components by usual definitions
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o o
u= a_ye "6"875'1 (55)
as well as transformations
dg ] a2 ¥ T'—To puC',, C2
It awm 2t =l = Y o I . 5.6
¢ dy’ # dy’ i dy’ Py 2 % 7 £ Cp (Th — Tp) (5:6)
the governing equations reduce to
Vo o¥o\ov)|  Opm a (n—1) )82\11}
ReJ{(—a;ax azay)ay}_ & +2aaz{(1+ wer) o
a (n 1) )(3% 283'11)}
+—<¢| 1+ 0
Al
o 0 9P a\a 23 o
b.
+R63‘(6‘y8 89:81})6 ‘692' (5.7)
_res{(22_220) 6_\1!}:_%”@{ (1+ gtwesy?) }
n 52
Oy 0z Oz 8y dy Ox (%_1#_5.3_})
_ o528 (n—1) ,-_2-2) o°w
2 3:5{(1+ WY o
P o 8€I’ oD
s 8g2 [ O Lot
Red:y (ay dx Oz ay) ox
9?0
5 2 o2
Red S‘& oy’ (5.8)
aw avoe ov o 2
by J(By@m 6m8y)+-§m—v¢ # (5.9)
—yz-'f‘B‘r‘{l-{- ) "1*61}(6“‘;2—5 322 8y2 =0 (5.1{])
grv \* (8w 8% 8%
I 2 2 2
oo () (Ga-o2) e (22)]' o
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where incompressibility condition is automatically satisfied and

L A S S
\:‘:‘ U_ay| = 31"‘ I"'ayl v 63.'
A
1 ke (HY)
pm=p+§11e6—'ac:2 , Br=FEPr.
a2 a?
Ly BT L
A% —53:r2+8y2'

in which 4 is a wave number, We the Wessinberg number, S; the Strommer’s number, Re
the Reynolds number, R,, the magnetic Reynolds number, p,, the magnetic pressure, M the
Hartman number, Pr the Prandtl number, E the Eckert number and Br the Brinkman number.

Due to long wavelength approximation, we have

2-gffre s (5253 e (%), e
N g_; —0, (5.13)
g_;g + Br {1 - Qwé (?;y—f)z} (%%f-)z] =0, (5.15)

where Eq. (5.13) shows that p # p(y) and hence p = p(z).
Cross differentiation of Eqs. (5.12) and (5.13) yield

(n—1) fz(azw)g oru| 80w
{1+ W 57 ) (7| Mgz =0 (5.16)

The governing equations here need to be solved subject to the following boundary conditions

32

dy?

on the stream function, the magnetic force function and the temperature

F 0% ‘
\IJ_E, -5—1;-_—1, =0, # =0 aty=hy =1+ acos2nrz,
\pz_g‘ %=_1‘ =0, 0 =-1 sty=hy=—d—boos(2xz+¢), (517
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where the dimensionless mean flows in laboratory (#) and wave (F') frames are related by the

following expressions

@ =F+d+1,

(=) gy
Fe [ Sy =¥ (@) -
hao(z) OV

and the dimensionless pressure rise per wavelength is
2r

(2

1]

5.2 Perturbation solution

For small Weissenberg number

¥ (ha ()

U = g+ We¥; + 0 (Wet)

o = g + Wed; + 0 (We'),

F=F+WeF +0(We'),

p=po+We’p + 0 (We).

(5.18)

(5.19)

(5.20)

(5.21)
(5.22)
(5.23)
(5.24)

Upon making use of above equations into Eqs. (5.12) and (5.14)—(5.17) and then equating the

coefficients of like powers of We?, the following systems can be determined:

5.2.1 O(We%) System
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820y 82w5\*|
B2 + Br { (—8y2 ) = (),

_ ko 0¥y B B ' o
Yo = 355 F T 1, D=0, =0 at y=hy,
Fy o0 /
U = -3, “af:ﬁl’ By=0, fp=-1 at y=hs. (5.25)
5.2.2 O(We?) System
op _ U, 000 A (52%)3
gz~ Oyd Ay 2 ) oy dy? '
P a8 (n-1) & [ (80| _
Ayt Oy? 2 dy? Ay? 5
32¢‘1 av,
()
826, 20, \*  n-1 /820"
y* +Br{( ayz) E (3y2 ) e
Uy = % %:0, B =0, 6,=0 at y=h,
o _F]_ 5‘1’1 . o r o o - 0
U= -5 5, =0 @i=0, 6,=0 at y=h (5.26)
The above systems admit the following expressions
v o= 12;1,3 (MA(=1 4+ n)WeA(hy — ha)¥(2(— cosh(M (3y — hy — 2hg)) + cosh(M(y -+ hy — 2h2))
1

+ cosh(M(3y — 2hy — hg)) — cosh(M (y — 2h; + ha)) + 2My(—6 sinh(M (y — hy)) + 6sinh(M

(y — ha)) — 8sinh(M (hy — ho)) + sinh(2M (hy — hs)))) + M(12M(—1 + cosh(M(y + ha)))h?

—(24My — 12My(cosh(M(y + hy)) + cosh(M (y + he))) — 12sinh(M (y — hq)) + sinh(M

(8y — hy — 2hg)) — 3sinh(M(y + hy — 2ha)) + 12sinh(M (y — ha)) + sinh(M (3y — 2h; — ha))

—16sinh(M (hy — hg)) + 2sinh(2M (hy — hg)) — 3sinh(M (y — 2hy + hg)) + 12M(—1 + cosh(M
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\F

(5 + h1))ha) + b (24My — 12My(cosh(M(y + h1)) + cosh(M(y + ha))) + 12 sinh(M(y — h1))
+ sinh(M(3y — hy — 2ha)) — 3sinh(M (y + hy — 2hg)) — 12sinh(M (y — hg)) + sinh(M (3y — 2h;
— g O SN e Ba)) ~ BB i — )~ Biela My = B o)) & IEM (sl
(y — h1)) — cosh(M(y + h2))ha)))) + ﬁ@ cosh(M (y + hy))(cosh(My) — sinh(My)) Sinh(%
(v~ ha))(cosh( -2y + by + ha)) + sinh(};i(2y+ By ha)) 4 %E{cosh(My) _ sinh(My))(2
(cosh(@My) — My cosh(M{y+ hi)) — Mycosh(M(y + ha)) — cosh(M{hi + ha)) +sink(2y)

—~ Mysinh{M{y 4 hy)) = Misinbi(My 4 ha)) —sinh(M(h + hal) & M{cosh(Mly 4+ Fr))

+ sinh(M (y + hy)) + sinh(M (y + hg)))hy + sinh(M (y + hg))hg) + (— cosh(My) + sinh(My))(y

(cosh(M(y + hy)) — cosh(M (y + hg)) + sinh (M (y + hq)) — sinh(M (y + hs)) + 2cosh(—g-

(4 ha)) sinh( . (y — ) (cosh(g-(2y + by +ha) + sinh(o 2y + by + ha))ha)),  (527)
d 12
2 - (%(—2(1 + e)smh(%’{{m g = cosh(%(hl s T — e dhadi IQ;L?(WJ

(192047 (~1 4 n) cosh( 3 (b + h.z))(sinh(ﬂ;(hl + h)))2(F + hy — ha)® + LLI(MT(—I )
(hy — ho)(—24 sinh(Mhy) + 32sinh(M(hy — h)) — 4sinh(2M (hy — ha)) + 24 sinh(Mhs)
—2sinh(M(hy — 2hg)) — 2sinh(M(2hy — ha)) + 6sinh(M (2hy + hg)) — 6sinh(M (hy + 2hs
)) — 8M (—4M sinh(Mhg)h? + ho(—8 + 8 cosh(Mhy) + cosh(M (hy — 2ha)) + cosh(M(2hy —
ha)) — cosh(M(2h; + ha)) — cosh(M(hy + 2hg)) + 4M sinh(Mhy )hg) + hy (8 — 8 cosh(Mhs)
— cosh(M (hy — 2hg)) — cosh(M (2hy — hg)) + cosh(M (2hy + hy)) + cosh(M (hi + 2hg)) —
4M sinh(Mhy)ho + 4M sinh(Mha)hs)))) + Lil(flf(-—l +n)(hy — ho)3(—72sinh(Mhy) — 72
sinh(Mhg) + 2sinh(M(hy — 2hy)) + 2sinh(M(2h; — hg)) — 54sinh(M(2h; + hy)) + 54sinh
(M (hy + 2hg)) + 3M(—4M sinh(Mhg)h? + ho(16 cosh(Mhy) + 8 cosh(Mhg) + cosh(M (hy—
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vy

2hsy)) 4 cosh(M(2h; — ha)) — 9 cosh(M(2hy + ha)) — 9cosh(M (hy + 2hs)) +4M
sinh(Mh;)ha) + hi(—8 cosh(Mhy) — 16 cosh(Mhg) — cosh(M (hy — 2hg)) — cosh(M

(2hy — hs)) + 9 cosh(M(2hy + ha)) + 9 cosh(M (hy + 2ho)) — 4 sinh(Mhy )hg + 4M
sinh(Mhz)h2)))))). (5.28)

The results of magnetic force function ¢ and an axial induced magnetic field h, are

B — M M
SM(F(6+ M M i ) TN = iy, V.
o= SBALIN ((64LYM(F(6 y(12 + My(3 + 2My))) cosh( 5 (h1 — hy)) — 6F(cosh( 5 (2y - by

— hg)) + 2sinh(%(2y — hi = ha))) + 6(My? + F(=2 + My)) sinh (2L (h1 — hg)) + 64L3M (6

2
cosh{-fg@y — hy — hg))hg — 6M(F + ) sinh(%(hl — hg))hg + cosh(%(hI — hg))ha(—3(2

+ FM(4 + M?y?)) + FM?ha(—3 + Mhs)) + 3Me(y® — h3)L1) + (2(36 My cosh(M (y — hy))

— 36 My cosh(M (y — hg)) — 36 sinh(M (y — hy)) + sinh(M (3y — hy — 2hy)) — sinh(M (y + b1

— 2hs)) + 36 sinh(M (y — hg)) — sinh(M (3y — 2hy — ha)) + 36 sinh(M (y — hg)) — sinh(M(3y

— 2hy — ha)) + 8(—4 + 3M>y?) sinh(M (hy — hg)) + (2 — 3M?y?) sinh(2M (hy — ha)) + 3 sinh(M
(y — 2hy + hy))) + Mha(cosh(M (3y — hy — 2hs)) — 9 cosh(M (y + hy — 2ha)) + T2 cosh(M
(v — hg)) — 64 cosh(M (hy — ha)) + cosh(2M (hy — hg)) — 9 cosh(M (y — 2hy + ha)) + 6My
(—6(—My + sinh(M(y — hy)) + sinh(M(y — hy))) — 8sinh(M (hy — ho))(—2 — My(1 + My)

+ Mha(1 4+ Mhg)) + 2Me(—y + ha)L1) — (72 cosh(M (y — hy)) + cosh(M(3y — by — 2hs))

— 9cosh(M (y + h1 — 2hg)) + cosh(M (3y — 2h; — ha)) — 64 cosh(M (h; — ha)) + 6 cosh(2M

(h1 — hg)) + 6Mha(6sinh(M(y — hy)) — 6sinh(M (y — hg)) — 8sinh(M (hy — ho)) — 6Mhs2))
Lo) + 12M2h3(—3sinh(M (y — hg)) Lo + M(y — ho)(64L3 sinh(";—"r(hl — h2)) +3L2)))Rum),
(5.29)
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ha

B 3 , Mo pY) - LOT .
128L§ﬁf((128L1M'(F(2+}'-Jy{1+.My))cosh(2(h.1 ha)) F(Zcosh(2(2y hy — ho))

~ha) s sinh(%3 (2 — by ~ ha))ha + sinh("3 (2 — by — ha))ha — sinh(5 (s — ha)) (s
(1+2My—2Mhy) + ha) — ‘I'Sh(%(hl — h9))((=2+ FM (1 + My))hy + FM*(y — h1)ho)
+yeLy — hyeLy) + 2(cosh(M (3y — hy — 2hy)) — cosh(M (y + hy — 2ha)) — cosh(M (3y
—2hy — hy)) + cosh(M (y — 2hy + ha)) Lo + M(—4y(—6sinh(M(y — hy)) + sinh(M(y

—hg)) — 8sinh(M(hy — hg)) + sinh(2M (hy — hz))) — hy(24My — 12My(cosh(M(y — h1))
+ cosh(M (y — ha))) + 12sinh(M(y — hy)) + sinh(M (3y — hy — 2ho)) — 3sinh(M (y + hy
—2hg)) — 3sinh(M (y + hy — 2hg)) + 12sinh(M(y — ha)) + sinh(M (3y — 2hy — hg)) — 16
sinh(M (hy — hg)) + 2sinh(2M (hy — hg)) — 3sinh(M (y — 2hy — hg)) + 12M(— cosh(M

(¥ — h2))h1)ha + 12M (=1 + cosh(M(y — h1)))h3) L2) Rm), (5.30)

and temperature is

8!’

1
N . - S
(Zs (262144L1M2Lg («
MBLyy — 65536 FLS LEM® Ly + 16384 L§ LEMOLyg — 393216 LS LEM ™ Lyg + (4Ly5 + Mha(4

Lig — L17) + Lig + 4(L1o + Log))) LAL2) — 32M*h$ (512L8 LAM* Loy + 3Lga LEL3) + 4M3h3

Bre*(16384F* LELEM® Lo — 65536 F° FS L3 M3 Ly + 9830F?LIL

(16384 LS LAM® Loz Log + Los + Log — Lay) L L% — 3M2h3 (32768 LY LE MO Log Lag) + Lag + 4
MhoLgy )LEL% — 2Mhy (327268 F3 LS L3 Ly + 98304 F? LS L% Lo a3 + 98304F L L3 L3z L

+32768L8 L3 L3y Las + 19660LS L3 Lag — Lar + Lag — Lag + Lo + 6MhaLa1))), (5.31)
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Figure 5.1: Plot showing Apy versus flow rate . Here n = 0.398, We = 0.01, a = 0.6, € = 0.4,

¢=%,b=04andd=11.
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Figure 5.2: Plot showing Ap, versus flow rate 6. Here n

a=0.6,b=04andd=11.
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Figure 5.3: Plot showing Ap, versus flow rate . Here n = 0.398, We =0.01, M =1, e = 0.4,
¢p=% b=04andd=11.
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Figure 5.4: Plot showing Apy versus flow rate 8. Here n = 0.398, We =0.01, M =1, e = 0.4,
¢p=%,a=06andd=11.
/
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Figure 5.5: Plot showing Ap, versus flow rate 8. Here n = 0.398, We =0.01, M =1, e = 04,
¢ =%, a=06and b= 04,

Figure 5.6: Axial induced magnetic field versus y for different values of M. Here n = (0.398,
We=0.01,a=06,06=03,d=11,e=03,0=3, ¢ =7 and 2 =0.2.
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Figure 5.7: Axial induced magnetic field versus y for different values of ¢. Here n = 0.398,
We=0.01,a=06,b=03,d=11,e=03,0=3, M=1and z=0.2.
Q
Figure 5.8: Axial induced magnetic field versus y for different values of #. Here n = 0.398,
We=001,a=06,0=03,d=11,e=03, M=1,¢=F and z =0.2.
J
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Figure 5.9: Current density distribution versus y for different values of M. Here n = 0.398,
We=0.01,a=06,b=03,d=11,€6=03,0=3,¢=F and z =0.2.

L#

0.5

Figure 5.10: Current density distribution versus y for different values of ¢. Here n = 0.398,
We=001,a=06,0=03,d=11,e=03,0=3, M =1and z=0.2.
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Figure 5.11: Current density distribution versus y for different values of 8. Here n = 0.398,

We=001,a=06b=03d=11,¢=03 M=1,¢=7% and z =0.2.

(&)

Figure 5.12a: Streamlines for M = 0.2. The other parameters are ¢ = b = 0.4, d

n=0.498, We = 0.03, ¢ = 7 and ¢ = 1.5.
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Figure 5.12b: Streamlines for M = 0.8. The other parameters are a = b = 0.4, d = 1.1,
n= 0498, We=0.03, ¢ = § and € = 1.5.
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Figure 5.13a: Streamlines for @ = 1. The other parameters are a = b = 0.4, d = 1.1, n = 0.498,
We=0.03, ¢ =% and M = 0.2,
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Figure 5.13b: Streamlines for # = 2. The other parameters are a = b= 0.4, d = 1.1, n = 0.498,
We=10.03, ¢=% and M =0.2.
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1.5 [} - =

Figure 5.14a: Streamlines for ¢ = 0. The other parameters are a = b= 0.4, d = 1.1, n = 0.498,
We=0.03,0=1.5and M =0.2.
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Figure 5.14b: Streamlines for ¢ = %. The other parameters are a = b= 0.4, d = 1.1, n = 0.498,
We=0.03, 6 =1.5 and M =0.2.
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Figure 5.15a: Velocity distribution versus y for different values of M.
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Figure 5.15b: Velocity distribution versus y for different values of 6.
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Figure 5.15¢: Velocity distribution versus y for different values of ¢.
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Figure 5.16a: Temperature distribution versus y for different values of Br. Here n = 0.39§,

We=0.01,a=066=03d=11,6=03 M=1,6=06,0=2and z =0.2.
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Figure 5.16b: Temperature distribution versus y for different values of M. Here n = (0.398,
We=001,a=06,6=03,d=1.1,¢e=03,Br=03,¢=06,0=2and z =0.2.
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Figure 5.16c: Temperature distribution versus y for different values of 6. Here n = 0.398,

We=0.01,a=06 b=03d=1.1,e=03, Br =03, ¢=0.6, M =1and z=0.2.
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Figure 5.16d: Temperature distribution versus y for different values of We. Here n = 0.398,

a=06,6=03,d=11,e=03, M=1, Br=0.3,¢=06, 8 =2and 2=02.
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where

(%(hl — ha))(—=h1 + ha),

2sinh((hs — hz)) + M cosh
M53(=1+n)(hy — ho)?,
cosh(%(h] + ha)) + sinh(% (hy + hg)),

ESinh(%{(h.l — ha)) — Mcush(%(h; + ha))hy + Mcosh(I;—{(h] — ha))ha,
~2sinh(p-(hy — hg)) + M cosh("y (hy — ha))(hy — ha),

4sinh(“2—4(h1 — ha)) + Zﬂlcosh(%(hl — ha))(—hy + ha),

MO(=1+n)(hy — hg)?,

m@BrM‘ih‘f(uy + ho) + BrM2ho(—F + ho)2(—2M2y® — cosh(M(hy — ha))
+cosh(2My — M(hy — hg)) + 2M?yhy + BrM2hy(—F + he)((=2M%*y? — cosh(M (hy
—hy)) + cosh(2My — M(hy — hs))F + 3(2M?y? + cosh(M (hy — hg)) — cosh(2My

~M(hy — ha))hg + 2M*(F — 2y)h3 — 2M?h3 + BrM2h3(—2F (M*(F — 2y)y — cosh(M
(hy — ha)) + cosh(2My — M(hy — hs))) + (2M>(F — y)(F + 3y) — 3 cosh(M (hy — h2))
+cosh(2My — M(hy + hy)) — SM2Fh% + 6M2h3) + BrM?h3(2M*y(—F + y) — cosh(2My
—M (hy — ha)) + 2M*(2(F +y) — 3ho)) + 2(—y + k1) L§),

(=1 +n)(24M?y* + 16 cosh(M (hy — ha)) — cosh(2M (hy — hg)) + cosh(4My — 2M (b
—hs)) — 16 cosh(2My — M(hy + ha)),

(=1 4 n)(6M>y(F + 4y) + 16 cosh(M (hy — ha)) — cosh(2M (hy — hy)) + cosh(4My — 2M
(hy + ha)) — 16 cosh(2My — M(hy + ha))ha,

(=1 + n)(8M?y(2F + 3y) + 16 cosh(M (hy — hg)) — 16 cosh(2M (hy — ha)) + cosh(4My
~2M (hy + hg)) — 16 cosh(2My — M (hy + ha))h3,

(=1 + n)(12M2y(3F + 2y) + 16 cosh(M (hy — hy)) — cosh(2M (hy — hg)) + cosh(4My

—2M (hy + hg)) — 16 cosh(2My — M (hy + hy))h3,
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- Lz =

Ly =

(s

Ly =

(=1 +n)(24M2y(4F +y) + 16 cosh(M (hy — hg)) — M%y?) + cosh(4My — 2M — 2M (hq + h2))

—16 cosh(2My — M (hy + ho))h3,

(=1 +n)yh3,

(—=1635 + 5264 M>y? — 192M*y* + 12(137 4 24M>y?) cosh(2M (y — hg)) — 9 cosh(4 M (y
~hy)) — 153 cosh(M (4y — hy — 3hy)) + 84 cosh(M(2y + hy — 3hs)) + 18 cosh(2M (3y
—hy — 2hg)) + 2 cosh(2M (y + hy — 2hg)) + 12(187 + 24M*y?) cosh(2M (y — ha)) — 9
cosh(4M (y — ha)) — 153 cosh(M (4y — 3hy — ha)) + 18 cosh(2M (3y — 2hy — ha))

—3460 cosh(M(2y — hy — hg)) — 576 M>y? cosh(M (2y — h1 — ho)) + 324 cosh(2M (2y
—2hy — hg)) — 36.cosh(3M(2y — hy — ha)) + (3529 — 4872M?%y* + 192M1*y*) cosh(M
(hy — hg)) — 4(497 + 96M%y?) cosh(2M (hy — hg)) + (105 — 8M?y?) cosh(3M (hy

—hg)) — 11 cosh(4M (hy — ha)) + 84 cosh(M (2y — 3hy + he)) + 2 cosh(2M (y — 2hy
+hg)) + 96 My sinh(2M (y — hy)) — 108 My sinh(M (4y — hy — 3ho)) + 48 sinh(M (2y
+hy — 8hy)) + 96 My sinh(2M (y — hg)) — 108 sinh(M (4y — 3hy — hs)) — 288 My sinh(M
(2y — h1 — hy)) + 216 My sinh(2M (2y — hy — hg)) + 48 My sinh(M (2y — 3hy + ha)),
(—1692sinh(2M (y — hy)) + 18sinh(4M (y — hy)) — 99 sinh(M (dy — hy — 3hg)) + 144
sinh(M (2y + hy — 8hg)) + 6sinh(2M (y + hy — 2hy)) + 1594 sinh(2M (y — hy)) — 18
sinh(4M (y — hg)) + 207 sinh(M (4y — 3hy — ha)) + 144 sinh (M (2y — hy — hg)) — 108
sinh(2M (2y — hy — hg)) — 534 sinh(2M (hy — hg)) + 4My(—96 cosh(2M (y — hy)) — 27
cosh(M (4y — 3hy — 3hg)) + 24 cosh(M(2y + hy — 3ha)) — 48 cosh(2M (y — ha)) + 27
cosh(M (4y — 8hy — ha)) + 2(72 cosh(M (2y — hy — hg)) + (609 — 48 M?y*) cosh(M

(hy — ha)) + 48 cosh(2M (hy — hg)) + cosh(3M (hy — ha)) — 12 cosh(M (2y — 3k

+hs)) + 6 My(—6sinh(2M (y — h1)) + 6sinh(2M (y — hg)) — (102 — 4M?y* 4 32 cosh(M
(h1 — hg)) + cosh(2M (hy — hg))) sinh(M (hy — hy))))),

1476 sinh(2M (hy — hg)) — 45 sinh(3M (hy — hg)) — 2(2632My — 192M3y® + sinh(4M
(hy — hg)) + 96 sinh(2M (y — 2hy + hy)) + 9sinh(6My — 2M(2hy + ha)) — 9sinh(6My

_2M(h1 +2h2)))1 110



¥

Lig

Loy

¥

Log

Loy

9 cosh(4M(y — hy)) — 27 cosh(M (dy — hy — 3hg)) + 36 cosh(M (2y — hy — 3ho)) + 6
cosh(2M (y + hy — 2hs)) + 4(253 + 24M>y?) cosh(2M (y — ha)) — 9 cosh(4M (y — hs))
—171 cosh(M (4y — 3hy — hs)) — 36 cosh(2M (2y — hy — h)) + 12 cosh(3M (2y — hy
—hs)) — 293 cosh(M (hy — ho)) — 988 cosh(2M (hy — ha)) — 21 cosh(3M (hy — hg))

+6 cosh(2M (y — 2hy + hg)) + 6 cosh(2M (y — 2hy + ha)) + 288 cosh(2My — M (hy
+h3)) + 6 cosh(6My — 2M (2hy + ha)) + 6 cosh(6My — 2M (hy + 2hg)),

((3 + 48 M%y?) cosh(M (2y — hy — hg)) + My(168sinh(2M (y — hy)) — 9 sinh(M (4y
—hy — 3ha)) + 12sinh(M(2y + hy — 3ha)) + 1624 sinh(M (hy — hg)) + 2My((—403
+8M?y?) cosh(M (k1 — ha)) — 58 cosh(2M (hq — hg)) — 3 cosh(3M (hy — hg)) — 64
Mysinh(M (hy — hg)) + 256 sinh(2M (hy — hg)) + 8sinh(3M (hy — ha)) — 3(8 sinh(2M
(y — ha)) + 3sinh(M (4y — 3hy — hg)) + 24 sinh(M(2y — by — hz)) + 6sinh(2M(2y
—hy — hg)) — 4sinh(M(2y — 3h1 + he))))),

AMho(92My — 32M3y® — 48 My cosh(2M (y — hy)) — 48 My cosh(M (2y — hy — ha))
112My cosh(2M (hy — hy)) + 6My cosh(3M (hy — hg)) — 96 sinh(2M (y — hy)) + 24
sinh(2M (2y — hy — ha)) — 12sinh(M (2y — 3hy + ha)) — 24M ho + 48 M>y?ho + 24
M cosh(2M (y — h1))hg — 32M3y*h3 + 3sinh(2M (hy — ho))(—11 — 8M2y% + Myhy)
+sinh(M (hy — ho)) (=57 — T2M*y? + 136 M?yho) + 2My cosh(M (hy — ha))(435
—16M%y% + 8M2h3)),

(=1 +n)(24M2%(4F + y)y — 16 cosh(M (hy — hg)) + cosh(2M (hy — hg)) — cosh(4 My
—2M (hy + hg)) + 16 cosh(2My — M(hy + hg)) + 24 M?ho(—4F — 3y + 4ha)),

(3 — 6M2y* — 3 cosh(2M (y — ha)) + 17M sinh(M(hy — he))(y — ha) + 3M sinh(2M
(hy — ha))(y — ha) — 8M2yhg + 18 M2yhy + 10M2 cosh(M (hy — ha))ha(y — ha) + 14
M?13),

(=1+n)(F — ha),

(12M?%y(—3F + 2y) + 16 cosh(M (hy — ha)) — cosh(2M (hq — hg)) + cosh(4My

—2M (hy + hg)) — 16 cosh(2My — Mﬂ}.i + hy)) + 12M2(3F + y — 3h%)hs),



(}

Log

Log

Lag

L3

3(92My — 32M3y® — 424 sinh(2M (y — hy)) + 9sinh(M (4y — hy — 3ha))) — 96
sinh(2M (y — hg)) + 36 sinh(M (2y — hy — hy)) + 9sinh(2M (2y — hy — hg)) + 112
M cosh(2M (hy — ha))(y — ha) + 6M cosh(3M (hy — ha))(y — ha) +4Mhy — 96M3y*
ha — 48 M cosh(2M (y — ho)) + 48M cosh(M (2y — hy — ha))ha — 32M3y%h3 + 16003
h3 + sinh(M (hy — ho))(57 + T2M2y? + 8M%(50y — 59hg)ha),

3sinh(2M (hy — hg))(11 + 8M?y? + 8M?(2y — 3ha)ha),

2M cosh(M(hy — hg))(—y + ha)(435 — 16M%y® + 32M2ha(y + 2h2)),

(=1 +n)(F — ho)?,

(8M?(2F — 3y)y — 16 cosh(M(hy — hg)) + cosh(2M (hy — h3)) — cosh(4My — 2M
(h1 + hg)) + 16 cosh(2My — M (hy + ho)) + 8M?ho(—2F + y + 2hs)),

1131 + 624 M?%y? — 64M*y* — 4(253 + 24M?y?) cosh(2M (y — h1)) + 9 cosh(4M (y
—h1)) + 171 cosh(M (4y — hy — 3hy)) — 164 cosh(M (2y + hy — 3hg)) — 6 cosh(2M
(y + hy — 2hg)) — 12(95 + 8M>y?) cosh(2M (y — ha)) + 9 cosh(4M (y — hy)) + 27
cosh(M (4y — 3hy — ha)) + 36 cosh(2M (2y — hy — ha)) — 12cosh(3M (2y — hy
—hy)) + 296 cosh(M (hy — hg)) + 988 cosh(2M (hy — ha)) + 21 cosh(3M (hy — hg))
—6 cosh(6My — 2M (2h; + hg)) — 6 cosh(6My — 2M (hy + 2h2)) +4(=3(-1+ M
+18M?%y?) cosh(M (2y — hy — hg)) + My(24sinh(2M (y — hy)) + 9sinh(M (dy — hy
—3hg)) — 12sinh(M (2y + hy — 3ho)) — 168 sinh(2M (y — ha)) + 9 cosh(M (dy — 3
hy — hg)) + 72sinh(M (2y — hy — ha)) + 18 sinh(2M (2y — hy — hg)) + 1624 sinh(M
(h1 — ha)) + 2My((403 — 8M?y?) cosh(M(hy — he)) + 56 cosh(2M (hy — hg)) + 3
cosh(3M (hy — hg)) — 64My sinh(2M (hy — hg))) + 256 sinh(2M (hy — ha)) + 8
sinh(3M (hy — hg)) — 12sinh(M(2y — 3hy + hg)))),

(=36My — 32M3y3 + 48 My cosh(2M (y — hy)) — 96 My cosh(2M (y — hg)) — 48 My
cosh(M(2y — hy — hg)) + 2My(499 — 16M%y?) cosh(M (hy — ha)) + 112My cosh(2
M (hy — hg)) + 6 My cosh(3M (hy — ho)) + 48sinh(2M (y — hy)) + 18 sinh(M (4y
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L33

L3y

—3hy — hg)) + 36sinh(M(2y — hy — hy)) + 9sinh(2M(2y — hy — ha)) + (—1453
+600M2y2) sinh(M (hy — ha)) + (167 + 72M*y?) sinh(2M (hy — hy)) — 8sinh(3M
(hy — hg)) + 12sinh(M (2y — kg + ho)) + 4Mho(—6(—1 + 4M?y? + cosh(2M (y
—hy)) + cosh(2M (y — ha)) — 4 cosh(M(2y — hy — hg)) + (—451 + 48M?y?) cosh(
M(hy — hg)) — 56 cosh(2M (hy — hg)) — 3 cosh(3M (hy — ha)) + 2M hy(—59 sinh(M
(h1 — h2))) — 9sinh(2M (hy — hg))) — 2M cosh(M (hy — ha))(dy + 5hg) + 2M (2y
+Thg)))),

(—2M2(F? — 12y%) + 16 cosh(M (hy — hg)) + cosh(2M (hy — hs)) — cosh(4My — 2
M(hy + hg)) + 16 cosh(2My — M(hy + hs))),

(—2M?(F? — 12y?) + 16 cosh(M (hy — hg)) — cosh(2M (hy — hg)) + cosh(4 My — 2
M(hy — hg)) — 16 cosh(2My — M (hy + hg)))ha,

(4M?%(2F?% — 3Fy — 6y%) — 16 cosh(M (hy — ho)) + cosh(2M (hy — hy)) — cosh(4My
—2M (hy + hs)) + 16 cosh(2My — M (hy + ha)))h2,

12M?(—3F? + 4Fy + 2y%) + 16 cosh(2My — M (hy + hg))h3,

MP(=1+n)(4F — 3y)h3,

96608 LSL3M°(—1 + n)h3,

(2(—1596 sinh(2M (y — hy)) + 18sinh(4M(y — hy)) + 207 sinh(M (4y — hy — 3ho))
+192 sinh (M (2y + hy — 3hg)) + 6sinh(2M (y + hy — 2hg)) + 1692 sinh(2M (y

—hy)) — 18sinh(4M (y — ha)) + 99 sinh(M (y — 3hy — hg)) — 144 sinh(M (2y — hy
—hs)) + 108 sinh (2M (2y — hy — ha)) — 543 sinh(M (hy — ha)) + 4My(48 cosh(2
M(y — hy)) — 27 cosh(M (4y — hy — 3hg)) + 24 cosh(M (2y + hy — 3hg)) + 96 cosh(2
M(y — hg)) + 27 cosh(M (dy — 3hy — hy)) — (72 cosh(M(2y — hy — hy)) + (609 — 48
M?y?) cosh(M (hy — hg)) + 48 cosh(2M (hy — hg)) + cosh(38M (hy — hg)) + 12 cosh(M
(2y — 3hy + hg)) 4+ 6My(6sinh(2M (y — hy)) — 6sinh(2M (y — hg)) + (102 — 4M%y?
+32 cosh(M(hy — hg)) + cosh(2M (hy — hy))) sinh(M (hy — ha))))).
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L3y =

”

Ly =

Ly =

1476 sinh(2M (hy — ha)) — 45sinh(3M (hy — ha)) — 2(—2632My + 192M°3y® + 3 sinh(4
M(hy — ha)) + 72sinh(M (2y — 3hy + ha)) + 3sinh(2M (y — 2h; + hg)) + 9sinh(6My
~2M(2hy + hz))),

Mhg(—13921 + 48 M2y%(9 + 4M?y?) + 12(221 + 24M*y?) cosh(2M (y — hy)) — 27
cosh(4M (y — hy)) — 297 cosh(M (4y + hy — 3ha)) + 300 cosh(M (2y + hy — 3hy))
+18 cosh(2M (3y — hy — 2hy)) + 18 cosh(2M (y + hy — 2hg)) — 27 cosh(4M (y

—hg)) — 297 cosh(M (dy — 3hy — ha)) + 18 cosh(2M (3y — 2h1 — ha)) + 2052
cosh(M(2y — hy — ha)) — 108 cosh(2M (2y — hy — ha)) + 36 cosh(3M (2y — hy

—hg)) + 8865 cosh(M (hy — hg)) — 2196 cosh(2M (hy — ha)) — 47 cosh(3M (hy

—hg)) — 9 cosh(4M(hy — ha)) + 300 cosh(M (2y — 3hy + hs)) + 18 cosh(2M (y

~2hy + ho)) + 12(221 + 24M*y?) cosh(2M (y — hg)) — 56 cosh(2M (hy — ha)) — 3
cosh(3M (hy — hg))) + 3(24 sinh(2M (y — hy)) — 3sinh(M (4y — hy — 3ha)) + 4
sinh(M(2y + hy — 3ha)) + 24 sinh(2M (y — hy)) — 3(sinh(M (dy — 3hy — hy)) + 8
sinh(M(2y — hy — hs)) + 2sinh(2M (2y — hy — hg)) + 4sinh(M (2y — 3hy + he))))),
((—36My — 32M3y* — 96 My cosh(2M (y — hy)) + 48 My cosh(2M (y — hg)) — 48My
cosh(M(2y — hy — ha)) + 2My(499 — 16M2y?) cosh(M (hy — hs)) + 122M cosh(2
M(hy — ha)) + 6My cosh(3M(hy — hy)) — 120 sinh(2M (y — hy)) — 9sinh(M (dy — hy
~3ha)) + 12sinh(M (2y + hy — 3hp)) + 48sinh(2M (y — hy)) + 18 sinh(M (4y — 3hy
—hg)) + 36sinh(M(2y — hy — hg)) + 9sinh(2M (2y — hy — ha)) + (1453 — 600>
y?) sinh(M(hy — hg)) + (157 — 72M?y?) sinh(2M (hy — hg)) + 8 sinh(3M (hy — hg))
—24 sinh(M (2y — 3hy + ha)) + 2Mhy(56 cosh(2M (hy — ha)) + 3 cosh(8M (hy — hy))
—2(1 — 24M?y? — 12 cosh(2M (y — 1)) + 12 cosh(M (2y — hy — ha)) + 8M%ha(2y
+ha)) + cosh(M (hy — ha))(435 — 48 M%y® + 8M>hy(5y — ha))))LEL3).
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5.3 Discussion

The main aim of this section is to study the behaviour of involved key parameters on pressure
rise per wavelength (Apy). Therefore we have prepared Figures 5.1 — 5.5. The variation of
Hartman number (M) on Ap, is displayed in Figure 5.1. Here pumping rate increases with the
decrease of M. In Figure 5.2, we have discussed the effects of phase difference (¢). It is noticed
that in both pumping (Apy > 0) and free pumping (Apy = 0) regions, the pumping decreases
with an increase of ¢. However in copumping region (Apy < 0) this situation is quite opposite.
The pumping increases for large values of ¢. It is also revealed that pumping rate increases
with the decrease of ¢. As we can see from the Figures 5.3 and 5.4 that pumping rate increases
by decreasing the wave amplitudes a and b. To observe the effects of channel width d on Apy
we have presented Figure 5.5. It shows that pumping decreases when d increases in pumping
and free pumping regions. A quite reverse situation is observed in the copumping region where
Ap, increases by increasing the channel width.

Figures 5.6 — 5.11 describe the influence of Hartman number (M), phase difference (¢) and
volume flow rate (#) on the axial induced magnetic field and the current density distribution.
In Figures 5.6 — 5.8, it is focused that an axial induced magnetic field h, decreases when M, ¢
and @ are increased. Moreover h; is not symmetric about the origin because the phase difference
is taken into account. The axial induced magnetic field is in one direction in some part of the
region whereas in the other part if is in opposite direction. The current density distribution with
y can be seen in the Figures 5.9 — 5.11, Figure 5.9 depicts that the current density distribution
increases near the channel walls when M increases and decreases near the centre of the channel.
In Figure 5.10, we found that .J. decreases with an increase of ¢ whereas in the other region,
the behaviour is reverse. In Figure 5.11, it is found (contrary to Figure 5.9) that the current
density distribution is an increasing function of volume flow rate 6.

Figures 5.12 — 5.14 are for the trapping. Figures 5.12(a,b) show the streamlines for M.
These depicts that size of the trapped bolus decreases with an increase in Hartman number
M when ¢ = Z. Figures 5.13(a,b) provide the effects of volume flow rate on trapping. The
volume flow rate always effects the trapping process. These figures clearly indicate that the size
of bolus increases for large values of 8. Figures 5.14(a,b) compare the trapping phenomenon

between symmetric and asymmetric channels. This figure shows that the size of the trapped
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bolus increases by increasing phase difference ¢. It is also observed that trapped bolus moves
towards left when large values of ¢ are taken into account.

Figures 5.15(a, b, ¢) show the variation of velacity (u) versus y for the different parameters.
The effect of M on the longitudinal velocity (u) at cross section z = 0.25 is depicted in Figure
5.15a. Here an increase in M causes a decrease in the magnitude of u at the boundaries and
at the center of the channel. Clearly u increases when there is an increase in M. In Figure
5.15b, the effect of # on u is captured. It is noticed that with an increase in #, the velocity
increases. Figure 5.15¢ is just displayed to see the variation of u for the different values of ¢. It
is observed that u increases when ¢ decreases and such behaviour is quite opposite in the other
region. In Figures 5.16(a, b, ¢, d), we have plotted the temperature distribution (') versus y for
the different values of parameters. In Figures 5.16(a, b), @' increases for large values of Br and
for small values of M. Similarly @' increases with an increase in 8 (Figure 5.16¢). Figure 5.16d
indicates that in the present situation We has no effect on #'. It is noted from Figure 5.16 that

the shape of temperature profile is almost parabolic.
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Chapter 6

Peristaltic motion of a Carreau fluid
in an asymmetric channel with
partial slip and heat transfer

characteristics

The simultaneous effects of heat transfer and partial slip on the peristaltic motion in an asym-
meftric channel are studied in this chapter. Mathematical formulation is based upon the con-
stitutive equations of a Carreau fluid. Slip condition in terms of shear stress is considered.
The solution to the resulting problem is presented by employing long wavelength approxima-
tion. Results of stream function, pressure gradient and temperature are developed. Pumping,

trapping and frictional forces are discussed in detail.

6.1 Mathematical formulation

We note that the physical model of the present problem is similar to that of the previous
chapter. We consider the present flow situation for a hydrodynamic incompressible fluid in an

asymmetric channel. The flow analysis is taken by taking slip effects on the walls of channel.

117



{

{

{=—

The governing two dimensional equations in usual notations can be put into the forms

v O
2= O 5|
a7 ay’ 0 (61)
/& L, 8\, 0 8BS O8
p( oz’ ® ay’ T T dz! ay' ' (6.2)
0 0N, _ 0P 9y 854
P(“axr“ayf VST T ar oy "2
By performing the transformations
! ! ! !
$=21;x ) y=g_: u=%g U=%; tZZﬂ;)Cg _2:’{3‘)’: Re:%!
1
S R Ry W 2mdy . dy ay
S = ‘u‘c, hl_d}‘ !2—3;, ﬁa, 5"_)\ ,d—a, a—dl,
s 2
b=ﬂl '|'=:1I—l TO, PT=%, ":'_'—E_) u @!
dy T, —Tp K Cp (Th — Tp) dy
V= —52—2, Br = EPr, (6.4)

with the stream function ¥ (z,y), we find that Eq. (6.1) is identically satisfied and Eqs. (6.2)

and (6.3) can be written as

0V 5 0U0\OU] 0y 05. 05 _
. [(By Jr Oz ay) 8y] T 9z é Oz By (6.5)
0V 0 0% 9\8Y] _ 0p 05y ,OS
62 _—— — | — =___2 Ty vy
& (n=1).. 2.0] (®¥ 80 8*¥
A v B _ .
ay? Br {1 =5 Wey } (6y2 ) 832) 35 0, (6.7)

where for the convenience of readers we present
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Ser = —2 [1+%W§-‘f’] :j;; (6.8)
By = —[1+“;1We2'}2] (%-F%), (6.9)
Sy = 28 [1+“T_1we?q‘-2] %, (6.10)
; 2w \?* /v ,0%w)\? 520 \??

N o= [252 (m) +(Ty2_ 2@) + 246% (m)l . (6.11)

in which We is the Weissenberg number, Br the Brinkman number, Pr the Prandtl number, Ec
the Eckert number, Re the Reynolds number and d the wave number. Under the assumptions

of long wavelength and low Reynolds number, the Eqs. (6.5)-(6.7) after using Eq. (6.9) become

== 2 2 2
% _ % [{1 " (n2 1) 2 (gy‘f) }‘;y‘f] , (6.12)
g_;v -0, (6.13)
2 - %
onffrosie @) @] o

where Eq. (6.13) shows that p # p(y) and hence p = p(z).
From Egs. (6.13) and (6.14), we get

(n—1)  ,(820\*| *v|
{1+ 7 (57) (77| = (6.15)

62

dy?

&

The slip boundary conditions in the laboratory frame can be defined as

U(X:l:_{hf) =

Ll = >

‘|

o
§;

U(X,Hz,t) = (6.16)

= >
-
0<

The dimensionless boundary conditions are
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_l‘e-’=(]aty:h1‘

_F v _ 2v\ | (n—1) 2(3% &
'I"E’B_y'_'a{(ay2)+ z Ve \op
F av Pr\  (n-1) _ , (0°T)? )
hy = 1+ acos2nmzx,
hy = —d-—beos(2wz+¢),

(6.17)

where f = (;ﬁ-) is the dimensionless slip parameter, L is dimensional slip parameter and h;

and hy are the dimensional form of the peristaltic walls, The dimensionless mean flow rates in

laboratory (@) and wave (F') frames are

0=F+d+1,

hyi(z)
P /ﬁ . %dy =0 (hy () — ¥ (h2 (2)),

and dimensionless pressure rise per wavelength is

6.2 Perturbation solution

Now we seek the perturbation solution. For that one has

U = U+ We'l; +0 (We'),
F = Fy+We'F;+0 (We'),

=
I

po+ We'py + 0 (We'),
8 = 6+ W8291 +0 (We‘) y
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(6.21)
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(6.23)
(6.24)



o=

Making use of the above equations into Eqs. (6.12)-(6.15) and (6.17) and then equating the

coefficients of We? we obtain

6.2.1 System of order We°

ﬁ—;ff =0, (6.25)
% = a_;%’ (6.26)
%—’;" 0, (6.27)

Uy = %, 66—?=—ﬁ%2—?—1 6p=0 on y=hi(z),
Uy = —%9, %%0 = +ﬁ%2—? -1  fy=1on y=hy(z). (6.29)

6.2.2 System of order We?

ENGHEE
2 (L] e
%5;1 =1 (6.32)
goe{G)-eAB) o

, 00=0 ony=h(z),

F] 6"111 3211’1 n—1 62‘1’(} g
\IJ = —_— — = —
. 2° Oy ﬁ{ dy* 3 dy? )

; o 3
v, — B ﬂi:g{‘ﬂ’w(” 1) (82‘1’0) } B =il gy e Ba () (6T80)

2 y?



6.2.3 Solution for system of order We’

Solving Eq. (6.25)-(6.28) and then using the boundary conditions (6.29) we have

-
Wy = m(—(@y — hy — ha)(2(y — ha)(y — ho)(hy — ha) + Fo(2y* — hi
—2hy(y + 38 — 2ha) — ha(2y — 68 + ha))))), (6.35)
. S, ST W W W (6.36)
dz  ‘(2(hy — ha)?Lg" "~ 0 L '

(2(hy — h2)?Ls
(y — ha)(hy — he)(2y® — 2yhy + h2 — 2yhy + h3) + (hy — he)?(12Bry® + hy(—12Br

g, = y — h1)(BrEg (y — ha)(2y® — 2yhy + hf — 2yhy + h3) + 12BrFy

y? + 3682 + hy(6Bry + 128 + hy)) — 3(8Bry® +128% + hy(—4Bry + 88 + (1 +2

Br)hi))ha + 3(6Bry + 48 + h1)h3 — (1 + 6Br)h3))). (6.37)

6.2.4 Solution for system of order We?

By using the zeroth-order solution (6.35) and (6.37) into the first order system and then solving

the resulting system along with the corresponding boundary conditions, we find that
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v, =

B, =

1
@ = ha)PLA "
B)+ (y+28)hy) + (u(y +68) — hy(108 + hy)Yhe + (—y + 28 + h])h-_";) + 648(—-1 + n)Fo2

(—y + h1)(y — ha)(hy — ha)(—6y*B + ha(—y(y — 68) + (y + 28)h1) + (y(y + 68) — ha(10
B+ h1))ha + (—y + 28 + h1)h3) + 648(—1 + n) Fo(—y + h1)(y — ha)(ha — ha)*(—6y°8 +
ha(—y(y — 68) + (y +28)h1) + (y(y + 68) — ha (108 + ha))ha + (—y + 28 + ha)h3) + (M
~hg)3(1296(~1 + n)y*B + 5F1AS + 10F h§(y + 128 — 4hg) — 5Fyhi(2y* — 18y — 10
86%) + 6(y + 268)ha — 23h3) + ha(216(—1 + n)y(—y*(y + 128) + 2y(y + 26)ha(y — 28)
h3) + 5F1(68 — ha)*(2y® — ho(2y — 68+ hp))) + 4h§(54(—1 + n)(y — ha)(y + 28 — ha)
+5F1(98(—y® + 6yB + 248%) + ho(2(y® — 9yB — 1358%) + (y + 878 — 8h?))) + 2k (10
8(—1+ n)(y3(y — 128) + 28y*Bhy — y(3y + 148)h3 + 2(y — B)AS) — 5F1(—68 + ha)*(6y°
B + ha(—4(y* — 98%) + ha(3y — 308 + 4hp)))) + h3(—216(—1 + n)(y — ha)(2y(y — 28) —
ha(y — 108 + ha)) + 5F1(68 — ha)(368)(~y” + 2y + 66%) — ha(~12(y* ~ 2y — 395°)
+ha(4y — 2108 + 23h2))))))), (6.38)

(2y — hy — ho)(—216(—1+ n)F(y — h1)(y — ha)(—6y*B + ha(—y(y — 6

an -

——— " b B2 113
e [648(—1 + n)(2y — hy — hg)*(Fo + h1 — ha)*] , (6.39)

1
T175(hy — ha)12L8 (Br(
+TT7600F2(n — 1)y%8% + 12BrFy(y — ha)(hy — ha)(2y* — 2yhy + h3

n—1)(y — ha(y — ho)(F + hy — ha)*(Lsa + Las

—2yha + h3) + 2(La; + Las)h? + 4h3 Lag + 105h1% — 420h} (y — 68 + 2
hg) + 2h}°Lag + h§Lyp — 8h]L1g — 8hiLy7 + hdLyg + 4hy(L3564800F (n
—1)y°B(F(y — 98) + 6y8) — 2160(n — 1) Lgy — 216y*((n — 1)(F — 10y)y*
(31F + 10y) + L3s — 4(27TF%(n — 1) + Lyg)h} + 4(81F (n — 1) + 490y® +
8190328 — 27y(—23 + 23n — 91052) + 8108(—2 + 2n + 3542)

h§ — Lag + 210k} + Loy + Los + Lag))), (6.40)
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Perturbation solutions up to second order for ¥, dp/dz and #' may be composed as

¥ = e (@ = h)(=10(y = h)(y — ha)(s — o)’
+(68 + hy — ha)® + WeP (=216 F3(—1 + n)(y — h1)(y — ha)(—6y°B + ha(—y(y — 68)
+(y + 2B)hy) + (y(y + 68) — h1 (108 + h1)ho + (—y + 28 + ha)h3) + 648F*(—1 +n)
(—y + h1)(y — ha)(h1 — he)(—6y*8 + ha(—y(y — 66) + (y + 28)h1) + (y(y + 68) —
(108 + h1))ho + (=y + 2B + h1)h3) + 648F (=1 + n)(—y + h1)(y — ha)(h1 — ho)?
(—6y*B + ha(—y(y — 68) + (y + 28)h1) + (y(y(y +68) — ha (108 + ha))he + (—y + 28
+hi)hd) + (hy — ho)*(1296(—1 + n)y* B + 216h3(—1 +n)(y — ha)(y + 28 — ha)
+216(~1 + n)yha(~y*(y + 128) + 2y(y + 28)h2 — (y — 28)h3 + 216(=1 + n)yhy (°
(v — 128) + 28y°Bhs — y(3y + 14B)h3 + (y — B)h3) — 216(~1 +n)hf(2y(y — 28) — ha

(y — 108 — h2)))))), (6.41)

i _ 1 EAOF2( ;2 - ;2 20
7. = 5(&1—!12)4(Gﬁ+h,1~h.2)4(12(°40F( 1+n)We' S + (54F(—1 +n)We*(F + 208)

+(108(F(—1 +n)We? + 5(—1 +n)We?B + 1083) + (54(—1 + n)We? + 5408% + 5(h;

—~h2)(188 + hy — ha))(hy — ha))(h1 — ho))(hy — h2))(F + hy — h2)), (6.42)
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where

Lo

1
175(hy — h)12L8
4+216(n — 1)y*(—300y°(y — 98)8 — 10Fy(5y® — 180y8 + 5525%) + F*(75y* — 976yp

((108Br(n — 1)We (y — h1)(y — ha)(F + hy — hs)*(Lag — 4h3(Lao

4+10208%)) + Lag + 2h%(Lgy + 2160(n — 1)y (120Fy(y — 98)8 + 180y28% + F?(5y°
—180y8 + 5525%)) + Las — 864y(—F (n — 1)y(256y° + 2096y — 46208%) — F*(n

—1) 4+ 20y%(21y%(n — 1 — 108?%) — 2yB(187 — 187n + 2808%)))hs — 72(3F%(n — 1)
+2y(980y°8 + y2(981 — 981n + 75605%)))h3 + 6 Log + 1645h3%) + A8 Lo + 4320

(n — 1)y*h3 Lz + 432h§(4F (n — 1)y + Log + 4y*L1g) + 4h5 L5 — 8k Lig — 8h3 L1z
+h3L1g — 48hl Loy — Lag — L — 12(9F%(n — 1) Log + 18F Lg — 4(27TF%(n — 1)
+2(140y* + 5040y° + 270yB(17 — 17n) + 1405%)))h + 4(81F (n — 1) + 490y°4
4-810(—2 + 2n + 358%))h§ — 2(108n + 805y* + 67y + 54(—2 + 3154%))h3 + 35(19
Y+ 1268)h3° — 210h3" + Log + Las + Lag))) + Lao), (6.43)

684(n — 1)(F + hy — hd)
(.-"1-1 — h-z)s(ﬁﬂ = J‘L] . fi.g}q!

108F3(n — 1)), Ly = (324F%(n — 1)(h1 — ha))

L=

(
(324F%(n — 1)(hy — he)?), Ls = (60Bhy + Th?),
( h] + hg) Ly = (601’12 = 7h§)

Ly = (34F(n-1)(y-26)), Le=((-F*+2Fy+2°),
Liw = (F?+2Fy+4®), Lu=(2BrF+3Bry2+p),

= (8(27F?%(n — 1) — Lg + 2(35y° — 1680y°B + +4054%(4n — 4 + 218%) + 135y°
—162y(B — nB + 1408%))) — 16(81F(n — 1) — 490y° + 8190y>8 + 27y(—23
+n —9108%) + 8108(—2 + n + 3542)) hy + 12(—T738 + 1435y> — 9240y8)ho

+700(13y — 2108)k3 + 17225h3),
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Liz = (1809262 + 120FyB(y + 98) + F2(5y% + 180y8 + 55262))),
Ly = (158%(n—1+498%) + y2(—43 + n+ 708%) + 2yB(—113 + 113n + 28082))),

Lis = (108(—4F(n— 1)y(47y* — 73yB — 308%) + F2(n— 1)(25y° + 6yB + 605%)
+4y%(158%(n — 1 + 4982) + y*(43n — 43 + 708%) — 2yB — 2yB(—113n
+113 + 2808%))) — 12(9F? — 18F(n — 1)(107y* — 334y — 4805%) + 10y
(1963°8 + 9yB(169 — 169n + 7005%)))hy + 8(243F>(n — 1) + y*(3267(1
—n) + 491408%))h3 — 8(1053F — 81y(23(n — 1) + 14082) + 1355(79n(n
—1) + 5608%))h3 + 490(y — 1868)h3 + 7595h3),

Lig = (6(27F%(n—1)(y — 28) — 18F(n — 1)(25y% + 6yf + 608%) + 2y(—140y°
—9yB(—T73(1 — n) + 98082))) + 2(27F%(n — 1) + 2(140y* — 5040y°8
—27y® — 270yB(17(1 — n) + 1408%)))he — 12(—261 — 1120y + 94503%

+245y%) h3 + 3290h3),

Ly = (180y(F%(n — 1)(47y* — T3ypB — 308°) — 4F(n — 1)y(43y* — 226y + 15
B%) + y*(75(n — 1)y? + 608%(17n — 17 + 284%) — 16yB8(16n — 16n + 35
B%))) — 108(2F%(n — 1)(33y* — 82yp — 1058%) — 4Fy*(—18048%(16n
—16 + 218%) + 8yB(149 — 149n + 5608%)))hy + 18(3F2 — 2y(980y°3
+27yB(83 — 83n + 4208%)))h3 + 2(567F%(n — 1) — 2y(980y°B + 27y
B(83 — 83n + 4208%)))h3 + 1898(49 — 49n + 5908%))hj + 42(35y°

+72n — T2)h + 3290h3),
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Lis = (864y*(2F%(n—1)(43y® — 226y8 + 154°) — 2F(n — 1)y(75y* — 976y3
+10208%) + 55%(5(n — 1)y — 180(n — 1)yB + 243%*(—23 + 23n + 78°
+yB))) + 864y(—2F + 5y*(45(n — 1)y* + 365°(33 — 33n + 285%) — 4
yB(—19 + 19n + 14082)))hg — 432(—4F(n — 1)y — 20y*(21p%*(n — 1 =10
B%) — 98%(19(n — 1) + 215%) + 2yB(187 — 187n + 280%)))h3 + 48(63
F%(n —1)(11y — 188) — 10y(980y°8 + 93*(53n — 53 — 2808%) + 9y B
(—499 + 499n + 1408%))) + 10(245y* + 17015%(4 — dn + 115%) + 27
y?(61n — 61 + 708%)))hs — 32(756F (n — 1) + 1898(—49 + 49n + 590
B?))h3 + 24(—1206 + 735y + 623705%)h§ — 280(23y + 9543)h]
+17255h8),

Lig = 48(27F%(n—1)(25y° — 6yB + 608%) + 2y(140y°8 + 2708%(1 —n + 21
B?) + 9y*(4Tn — 47 + 2808%) + 9yB(73n — 73 + 9808%))) ] + 8(27F2
(n— 1) +4058%(4n — 4 + 218%) + 135y%(5n — 5+ 9882) + 162y(B(n
~1 4+ 14082))))h8 — 16(27F (n — 1) + 70y® + 14070y*8 + 81y(n — 1
+706%))hg + 2h3°(2(—54 + 54n + 245y® — 2520y8 + 567082) + 1645
h3) + 4h3(4(27F (n — 1) — 70y® + 147048 + 1628(n — 1 + 354%) — 81
y(n — 14 708%)) — 35(49y — 4388)h3 — 2170h3),
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Lo = 48(27F%(n —1)(y +28) + 18F(n — 1)(25¢® — 6yf + 604%) + 2y(140y>
B+ 2708%(1 — n+ 218%) + 9yB(—73 + 73n + 98032)))h} + 8(27F%(n
—1) + 2(34y* + 1680y°8 + 4058%(4n — 4 + 215%) + 135y*(—5 + 5n
+985% 4 162y(B — nfB + 1408%)))h§ — 16(27F(n — 1) 4+ 8ly(n — 1+ 70
B%))h3 + 2h1°(2(—54 + 54n + 245y% — 2520y + 56708%) + 70(—1263
+19y)ho + 1645h3) + 4k (4(27F (n — 1) — 70y® — 81y(n — 1 + 708%))
—2(108n — 6720y + 54(—2 + 3154%))hg — 35(49y — 4383)h3 — 2170
h3),

Ly = (27F%*n—1)(y +28)+ 18F(n —1)(25y* — 6yf + 608%) + 2y(140y°8
+2708%(1 — n+ 218%) + 9y%(47n — 47 + 28082) + 9yB(—T73 + T3n +
9805%))),

Ly = (2160(n — 1)y*(120Fy?8 + 180y%8% + F2(5y* — 7984%))hs),

Loz = (648(n —1)y3(300y°8(y + 38) + F2(25y° — 524y — 26608%) + 10Fy
(5y + 60yA — 3486%))h3),

Loy = 216y*(4F(n —1)y(75y* — 298y8 — 34804%) — F%(n — 1)(31y* + 2096
B + 29408%) + 20y*(5(n — 1)y* + 90(n — 1)yf + 35%(41 — 41n + 56
B))h3,

Loy = (216(2F%(n — 1)(33y> + 82y8 — 1058%) + 4F(n — 1)y(31y* + 459y 8
+1208%) — y*(1808%(16 — 16n + 215%) + 3y*(—47 + 47n + 2808%)
+8yp(149 + 5608%)))),

Lag = (4(27F%(n—1)— 108F(n — 1)(13y — 278) + 2(140y* + 5040y°3 — 27
v*(—41 + 41n + 112058%) + 24308%(—3 + 3n + 75%) + 270y8(17 — 17Tn
+14053%)))h3),
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Loy

Log

Lgy

L3

(2160(n — 1)y*(120Fy%B + 180y°6% + F*(5y* — 79843%))ha),
(216y(2F (n — 1)y(55y* — 1644y — 29104%) — F?(n — 1)(109y* + 991
yB + 2108%) + 5y°(45 + 4yB(—19 + 19n + 1408%))) ),

(16(513F (n — 1) + 5(140y® + 1764y — 27y(n — 1 — 1408%) + 278

(—41 + 41n + 28052)))A1),

(72(8F?(n — 1)(45y + 3088) — 18F (n — 1)(45y> — 278yB — 56082) + 2
y(980y> B + 2705%(23n — 23 + 78%) + 27yB(83 — 83n + 4204%) + 4%(91

—981n + 75608%)))h3),

1296(n — 1)y*(—300y(y — 38)B + F*(25y” + 524y — 26608°) + 10Fy
(—5y? + 60y + 38468%))ha(2592y%((n — 1)y (—39F?% + 25y%) — 1048F
(n — 1)y%B8 + 60(n — 1)(21F? — 29y°)5? + 840y B%) + ha(864y((n — 1)
y2(T8F% — 75y?) — 2800y°B% — 1680y24%) + ho(216(F2 + 20y*(—374(n
+1)yB — 21y%(n — 1 — 108))) + ho(72(18 F(n — 1) + 2y(—980y°4 + 9y/*
(109(n — 1) — 8408%) — 27yB(83 — 83n + 4208%))) + ha(16(243F* + y*
(—3267 + 491408%)) + ha(—16(513F(n — 1) + 5(140y°® — 27y(n— 1 — 14
B)278(41n — 41 4 2808%))) + ho(6(—738 + 35(41y* + 99082)) + 35k

(—98y + 47ha))))))))),
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Ly = hg(—259200F(n — 1)y°B(6yB + F(y + 98)) + ha(—864(n — 1)y3(3001°8
(y + 98) + 10Fy(5y> + 180y + 5528%) + F2(75y* + 976y8 + 10203%))

-
i hy + 864y*((n — 1)y*L;y + 4(n — 1)yLg + L3 + 840y 4)h3 — 864y°((n
~1)y2(47F2 + 172Fy + T5y®) + La)h3 + 8(27F%(n — 1) + 324F (n — 1)
(y + 28) + 2(35y* + 1680y B + 4058%(—4 + 4n + 218%) + Ls))hS + Ly
—420(y + 68)h3 + 105h3° + 4320(n — 1)y L1z — 432h3(F(n — 1)(¥*(25
F + 188y) — 2(3F — 146y)yp + 60(F — 2y)B?) + 4y*L14) — 48h§L21))),
Lag = (2160(n— 1)y*(120Fy(y — 98)8 + 1803252 + F?(5y* — 180y + 5523*
)1
Lag = (2(—54 + 54n + 35(7Ty? — 72yB + 1625%)) + 35hq(38y — 2528 + 47hy)),
Las = (10Fy(5y® — 180y8 + 5528%) + F2(75y° — 976y + 102053%)),
5.8
Lgg = (F*(n — 1)(78y* + 584y — 12605%)),
Ly; = (120Fy*B+ 180y%8% + F2(5y> — 7988%))hg — 216y ((n — 1)(F — 10y)y?
(31F + 10y)),
Lag = 8(n— 1)y(—262F2 — 149Fy + 225y%)B — 60(n — 1)(49F> + 232Fy + 41y°)
6% + 3360y%5*) k3,
Lyg = (54y%(41 — 41n — 11208%) + 48608%(—3 + 3n + 76%) + 540yB(17 — 17n
+1408%)),
-
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Ly = (m(

—4Fy + 2y%) + hi(12Br + hy (6Bry + 128 + hy)))) + 2(3Bry(F? — 4Fy + 2

(y — h1)(12BrF%y® + hy (-12BrF(F — 2y)y* + h1(6Bry(F*

y%) + h(12Br(F — y)y + hy (6Bry + 128 + hy)))) + 2(3Bry(3F? + 8Fy + 2
¥?) 4 h1(6Bry(F + 3y) + 5482 + 6(BrF + 68)hy + (5 + 6Br)h?)h% — (1 +6
B)h§ — ho(24BrFy*(F +y) + hy(hy (6BrF(F — 2y) + 10842 + 12(Br + 48)h
+h3))) +6L11)),

Lag = (((—300y*(y — 98)B — Las + 216y*(—4F(n — 1)y(75y* + 289y8) + 20y (5*
+34%(41 — 41n + 5682))) hg + 432y(F(n — 1) + (265y> — 20962)) + 432
y2(TTF? — 5(y(—53 + 53n — 28082) + 846%(11 — 11n + 2)))h3),

Ly = (16(513F(n — 1)+ 5(140y° + 1764428 — 27y(—1 + n — 14082) + 278(—41
+41n + 2808%)))),

Al

Liz = (16(243F%(n — 1) +490y* + 11760y°8 + 8104%(—36 + 36n + 495%)

(3267 — 3267n + 491408%))h§ — Lagh})),

Ly = 4(567TF? 4+ 2(980y" + 54yB(—499 + 499n + 1408%) + 135y%(—17 + 17n
+2446%)))h3,

Lis = 1296(n — 1)y*(—300y? + 10Fy(—5y% + 60yp + 384/2))hg + 2592y%(—1048
F(n —1)y*8 — 3F%(n — 1)(13y* — 4208%) + 5¢°(5(n — 1)y + 128%(29 — 29
n + 144%)))h3.
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6.3 Discussion

The main concern in this section is to study the phenomena of pumping, trapping and frictional
forces. First the pumping characteristic against pressure rise per wavelength Ap, is discussed.
Ap, is denoted by pp at zero volume flow rate (6). When Apy > pg, then we have negative flux.
The regions Apy = 0, Apy > 0 and Apy < 0 correspond to free pumping, peristaltic pumping
and copumping regions respectively. For the analysis of pumping phenomenon, numerical inte-
gration is performed and results are plotted. The effects of slip parameter (3) on Apy is shown
in Figure 6.1. This figure concludes that peristaltic pumping rate increases by increasing § and
¢b. The results of no-slip condition can be deduced when f# = 0.

QOur next interest is to examine the trapping phenomenon. In the wave frame, the stream-
lines are plotted for an asymmetric channel. To see the effects of physical parameters of interest,
we have shown the Figures 6.2 and 6.3. Figures 6.2 (a,b) describe the variations of slip para-
meter 5 on trapping. This Fig. indicates that with an increase in f, the upper bolus is going
to expand and the lower one is going to squeeze. The dimensionless flow rate # is displayed in
Figures 6.3 (a, b). Here size of the upper bolus increases and of the lower bolus decreases when
6 is increased.

Temperature (¢') for different Brinkman number (Br), phase difference (¢) and volume
flow rate (@) is sketched in the Figures (6.4-6.6). Figure 6.4 depicts the effects of Br on
temperature. In this figure, temperature increases when Br increases. The temperature profile
is almost parabolic. Figure 6.5 describes the influence of ¢ on temperature. Clearly temperature
decreases when ¢ increases, It is noted that temperature increases much in symmetric channel.
The effects of # on temperature (9’) is displayed in Figure 6.6. Clearly temperature increases
with an increase in @ and temperature profile looks parabolic.

Figures 6.7 and 6.8 explain the frictional forces Fy for various values of slip parameter 3 at
the channel walls. The frictional forces versus mean flow rate ¢ at the upper wall of the channel
can be presented in Figure 6.7. In this figure, there is critical value of @ (0 < 6 < 0.5) for
which F) resists the flow along the channel wall. Above (below) this critical point Fy decreases
(increases) for large values of 3. Figure 6.8 is plotted for the variation of £ on the lower wall of

the channel and its behaviour is quite similar to that in Figure 6.7.
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Figure 6.1: Plot showing Ap) versus flow rate #, Here n = 0.398, We
a=b=04andd=1.1.

06

as

Figure 6.2a: Streamlines for § = 0.03. The other parameters are n = (0.398, We = 0.03,

=15,¢=F a=b=04andd=11.
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Figure 6.2b: Streamlines for § = 0.05. The other parameters are n = 0.398, We = 0.03,
0=15¢=% a=b=04andd=11.

(&)

Figure 6.3a: Streamlines for # = 1. The other parameters are n = 0.398, We = 0.03, § = 0.03,
¢p=%a=b=04andd=11
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Figure 6.3b: Streamlines for # = 2. The other parameters are n = 0.398, We = 0.03, g = 0.03,
¢p=%,a=b=04andd=11.

Figure 6.4: Temperature distribution versus y for different values of Br. Here
n=0.398 We=0.01,a=06,b=03,d=11,0=2, ¢ =0.6, and z = 0.1.
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04
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Figure 6.5: Temperature distribution versus y for different values of ¢. Here n = 0.398,
We=0.01,a=06,b=03,d=11,0=2, Br=0.2, and z = 0.1.

Figure 6.6: Temperature distribution versus y for different values of 6. Here n = 0.398,

We=1001,a=06,b=03,d=1.1, ¢ =0.6, Br=0.2, and z = 0.1.
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Figure 6.7: Effect of § on variation of F) with @ at the upper wall of the channel. Here
n=0.398, We=0.01,a=07,b=12,d=2,and ¢ = 3.
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6
Figure 6.8: Effect of f# on variation of Fy with € at the lower wall of the channel. Here
n=0.398, We=0.01,a=0.7,b=12,d=2 and ¢ = 3F.
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Chapter 7

Peristaltic flow of a second order
fluid in the presence of an induced

magnetic field

This chapter studies the effect of an induced magnetic field on peristaltic flow of an incom-
pressible conducting second order fluid in a symmetric and planar channel. The flow analysis
is discussed by taking into account the small wave number. The series solutions have been
established for the pressure gradient, stream function, magnetic force function, axial induced
magnetic field and current distribution across the channel. The effects of important parameters
on the pressure rise per wavelength have been investigated by means of numerical integration.
We further study the effect of embedded flow parameters on the magnetic force function, the
axial induced magnetic field and the current distribution across the channel. The phenomena

of trapping and pumping are also examined.

7.1 Basic equations

We consider the magnetohydrodynamic flow of an incompressible second order fluid in a two
dimensional channel of uniform thickness. We assume that the sinusoidal waves are travelling

down its wall. A wave of small amplitude b propagates along its walls with constant speed c.
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Its instantaneous height at any axial station X is

Y = H (X’;ct’)' (7.1)

It is further noticed that flow in laboratory (X', Y”) and wave (2’,y’) frames are treated unsteady

and steady, respectively. The transformations between the two frames are

o =X"—-ct!, =Y,

o (@) =U0'—¢, v (z,¢)=V, (7.2)

in which (U, V') and (u/, ') are the respective velocities in the laboratory and wave frames.

The system is stressed by an external transverse uniform magnetic field of strength Hy
which gives rise to an induced magnetic field H'(k.,(X",Y",t'), hy,(X',Y',t'), 0) and the
total magnetic field therefore is H' ™ (k. (X", Y, 1), Hy + hy,(X',Y',t'), 0). Moreover, the
walls of the channel are non conductive.

The Cauchy stress tensor (T') in second order fluid is
= - - =2 -
T = —pL + pA; + a1 Ag + azh; (7.3)

with the Rivlin-Ericksen tensors in the forms

A, = (grad V) + (grad V)T, (7.4)
- d:&:l — 7 s\ T
Ay = % + Ai(grad V) + (grad V)" A;, (7.5)

The fundamental equations of magnetohydrodynamic fluid are:

(7) Maxwell’s equations

V-H =0, V-E =0, (7.6)

VAH =7, J'=a{E'+g, (v' AH‘*)}, (7.7)
) aH'

VAE = '—,U.e-gt-,—. (7'8)
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(41) The continuity equation

(7i1) The equation of motion is

ad / e 7 . — "+ 1 Y\ 2
P[E (V-V)JV’——V;DJ;-dwT’—,ue{(H -V)—§(H ) V},

(7.10)

where p’ is the fluid pressure, p the fluid density, p the coefficient of viscosity, @; and ag are

the material constants, J' the current density, s, the magnetic permeability, o the electrical

conductivity, 7/ an extra stress tensor, E' an electric field and the velocity V7 is given by

V= (u', v, 0) ’

From equations (7.6)-(7.8), we obtain the following induction equation

aH.H—

e at
where ¢ = % indicates the magnetic diffusivity.

In view of the following dimensionless variables

e 27! B EJ_" o . v o 2nt'e

== A ] y—as u'_cl C, == /\!
/ i i i

U (R S
pe a ca Hpa A

b 0D 1 He
h.m:a—y, hy = —6——, Re RmS? = M?, Pm=p+;Red
ajc aae
Al e pa y N2 = Ja

equations (7.3)-(7.10) admit the following forms

%
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d d op or. O
Resd (w0, —w, 2 = _9%m  50Tzz , OTzy
i {(”y(?::; \Pray) \Py} oz " '8z T Ay
d

+ RedS? { (q:,,a—i - ‘I”’a_y) q)y} +ReS2B,,,  (7.14)

Reé‘a {(‘Dygaa_: o \IIzi) ‘Pz} ix _apm +62871y + 56Tyy

dy Ay oz or
— Red%5? { (@yé% - @z;%) qaz} —Red%57®,,,  (7.15)
Uy, — 6 (U@, — U, ®,) + év% = E, (7.16)
where § is the wave number and
5.0 83w GEl) 82w \ 2 820\ 2
Top = 252 2 2 4 =
3 dy R dz%dy = Bzé‘y i (axay) it (3:1:2)
%W 520 92 AN 820\ 2
) | 4 O 4
~ 5 by G )+ halas (8$3y) fod (ay?-) i (aﬂ)
a2 62\11}
U 9y? da?

(aﬂ\p 623%) M6 v v 6333\3 s 03T
== 1

et 2 9z ozby? ~ 92 ° 928 ° 9z%0y
PV PV 8% 520 )
dx0y oy? Oz® Bxzdy”’
5.0 , 030 83w 82w \? A
= -9 4 21 Z = iy
Ty WBogeny T MW e 66m3y2+ g (6$3y) +2(3y2)

%W 92 2w 82w\ ? A AN
_ 2 2 = = phlE
256282} A2{48 (aa) (83;2) 5 (83:2)

0% 5%v .
" 92 Gy?

141



> 4

Eliminating the pressure from equations (7.14) and (7.15), we have

v,2 9,2 vegl = vt 2 g, 9 ) v
Reﬁ{(l’yaw ‘I’*a—y)v‘y}‘vq'“lé{(‘lyax q,,.ay)v w

15 %)
where
V2 = 62£2~ + el V4 = V22 (7.18)
T a2 ay?’ n ’ g

In a wave frame, the dimensionless boundary conditions and pressure rise per wavelength Apy

are

52y oD

B, DN 0¥ g
] ay2 01 ay 0 a y ]
G i, D i, bl g (7.19)
Oy
2 dp
= [T () 4. 20
Apy fo ( dm) da (7.20)

The dimensionless mean flows in the laboratory (f) and wave (F) frames are related by the

following expressions

f=F+1, (7.21)
h
Fe= @dy, (7.22)
o Oy
in which
h(zx) =1+ ¢sin2nz, (7.23)

and ¢(= b/a) is the amplitude ratio.
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7.2 Perturbation solution

In order to proceed for the series solutions, we express the flow quantities in terms of small

wave number as

U = W+ 60, + 0(6)%,
F=Fy+0F, +0(6),
p=po+dp1+0(6)*,
@ = Oy + 6@y + O (6)%.

(7.24)
(7.25)
(7.26)
(7.27)

Invoking equations (7.24)-(7.27) into equations (7.14)-(7.16), (7.18) and (7.19) and then com-

paring the coefficients of like powers of 4, we get

7.2.1 Zeroth order system

Ay’ 2 =0
L = R(B - 5,
%’;‘%_%3—’; M*(E %'-I;—“)
Wy =0, %:0, %:0, at y =0,
% _

-1, Ug=Fp, $o=0, at y=Ah,
ay 0 0 0 y

where equation (7.31) shows that pg # po (y) .
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7.2.2 First order system

o Re{(a\l’g o B a‘Ifgi 32‘I’g} - 34‘1"1 N vy 0 Ay _3_) 64q"g}
dy dz Or dy) By | oyt dy oz Oz dy) Oyt
0%y 0 9Py 9\ 0°® AL
2 08 0% 9 0 207
s {( by 9z Oz By) oy }+RGS‘ oy*
(7.33)
8%®, A 5@0 (’3‘1’0 ddy oA }
P - 7.34
oy? Rm{( dy Oz Oz Oy ) ay |’ o)
ap _ _Re{(%g - aq:[,_a_) a%}+aaxxsl_A 9V 'y 8 %‘,ﬂ%’ﬁ
dz dy 0z Oz Oy /) By Oy3 dz Oyt 33: %(2)\1-{-)\2) _WQ)E
7.35)
am 52\13 3311"0
. 9 =0 36
) oy 2(2’\1 +)‘2) 6_1,:2 ays 3 (7 )
9%, leLi 3] »
- 'LI»'1:0, —ay—z={], a—yzﬂ, at y:U, (73:‘)
o
% =0, "'1=F, & =0, at y=h. (7.38)

oy
7.2.3 Solution of zeroth order system

From equations (7.28)-(7.30) and (7.32), we obtain stream function (¥g), magnetic force func-

tion (®g) and axial pressure gradient as

oo (Fuﬂa' cosh(Mh) + sinh (M’h)) B (Fo + h)sinh (My) ) (7.39)
0= \ Mh cosh (Mh) — sinh (Mh) Y™ \ Mhcosh (Mh) — sinh (Mh) )’ ;

1

(1’0 = oﬂf(ﬂrfh = (},fh) - 51n_h ﬂ-fh)) (f(f’l[) cosh (Mh) -+ Q(F + h) cosh (M‘y')
+M(h — y)(h +y)(1 + E) sinh (Mh) + ®ag) Rmn), (7.40)
dpo _ [ ( FoM® cosh (Mh)+ M?sinh (Mh) Yy ) "
bz (( Mh cosh (M) — sinh (Mh) WG V4L

L7
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@19

Il

F(=2+ M%(h — y)(h +3) + h(=2 + M?*(—h? + *)E)),
8((2 + M?(—h® +y?)) cosh (Mh) — 2 cosh (My)) Fy.



4

AV

7.2.4 Solution of first order system

Expressions of stream function (¥,), magnetic force function (®4) and axial and transverse

pressure gradients at this order are

0y

ﬁ[(cosh (2M (h + y)) — sinh (2M (h +y)))(M?(1 4+ M)(1 4+ hM)ps(cosh (Mh)
+sinh (Mh)) + M3(1 4 M)(—1 + hM)ps(cosh (4Mh) + sinh (4MA)) + M3(1 + M)
psy(cosh (2My) + sinh (2My)) — M?(1 + M)(1 + 2hM)ps(cosh (M (h +1v)) +

sinh (M (h +y))) + (—144pg + 24Fy My + 6 M (ps + 8hpy — dpg — 8pry) + 3M°
2h(ps — 4po) — 3psy + 8poy) + 4hMpgy(h? — y*) + M*y(12h*p3 — 3ps — 4ps

y?) + 48 M (pr + 3ps(—h +y)))(cosh (2M (h + y)) + sinh (2M (h + y))) + (—24F,
M® + 8h* M*pg + 6(8Mp; — 24pg + M>(ps — 4pg)))(cosh (30 (h + y)) + sinh 3
M(h+y))(=1+ M)M?*(—1 + hM)ps(cosh (4M(h +y)) — sinh (4M(h+y))) + M
(R3M*(—3Mp2 + 11py + 3Mp; — 11pg) + 2h* M3 (py — ps) — 6h> M (—6py + 2M

(p2 — p7) + 6ps + M*(p1 + po)) + y(51(—pa + ps) + 15M (p2 — pr — pay + psy)
+M?(6py + 6po + y(3p2 — 3p7 — 2pay + 2psy))) + hMy(51(—ps + ps) + 15M

(P2 — Pr — pay + psy) + M*(6py + 6pg + y(3p2 — 3p7 — 2p4y + 2psy))))(cosh(

M (2h +y)) + sinh (M (2h +y))) + (144ps — 48M (p7 + 3ps(h — y)) + 24Fy M7y
~6M*(ps — 8hpy — 4py + 8pry) + 3M(2h(ps — 4ps) — 3psy + 8poy) + 4hM°py
y(h? — y*) + M*(—12hpsy + 8psy + 4pay®))(cosh (2M (2h + y)) + sinh(2M (2h
+1))) + 2(12F, M8 — 4h3 M*ps — 3M>ps — 24 M py + T2ps + 12M?pg) (cosh(M

(8h + 1)) + sinh (M(3h + y))) — (=1 + M)M3psy(cosh (2M (3h + y)) + sinh(2M
(3h+y))) — 6> M*(2M (py + pr) — 6(ps + ps) + M*(p1 — pg)) + M(—48p; + 51
(—=Pa + ps)y) + M3y(—6ps + 6ps +y(3p2 — 3p7 — 2pay + 2psy)) + M>(—8ps + 3(8

po + 5y(p2 — p7 — pay + psy))) + hM (—144ps + M (48p7 + 51(pa — ps)y) + M3y(
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¥

@,

~6py — 6pg + y(—3pa + 3p7 + 2pay — 2psy)) + M>(8ps — 3(8pg + 5y(p2 — pr —

Pay + psy)))))(cosh (M (4h + y)) + sinh (M (4h +y))) — (=1 + M)M?*(=1 + 2hM)ps
(cosh (M(5h +y)) + sinh (M (5h +y))) — 3M(17(—p4 + ps) + 5M (p2 — 2hps — p7 +
2hpg) + 2M*(py + h(pz — p7) + h*(—pa + ps) + po))y(cosh (M (h + 2y)) + sinh(M
(h+2y))) — (=1 + M)M?(1 + hM)ps(cosh (2M (h + 2y)) + sinh (2M (h + 2y))) +
2M (—12hM (M?py + 2Mpy — Gpa) + 4h* M°pg + 33Mpr + 61h° M>(Mpr — 4ps) —
93pg + 2M*(4ps — 9pg))y(cosh (M (3h + 2y)) + sinh (M (3h + 2y))) + 3M (5Mps
+10hMpy + 5Mpr + 10hMps — 17(pg + ps) + 2M(py — h(p2 + pr + hips + ps))
—po))y(cosh (M (5h + 2y)) + sinh (M (5h + 2y))) + M2(1 + M)(1 + 2hM)p5(cosh(
M (h + 3y)) +sinh (M(h + 3y))) — (R*M3(—3Mp2 + 11p4 + 3Mp7 — 11p8) + 2h*
M4 (p4 — p8) — 144p8 — 6h>M?(—6p4 + 2M (p2 — p7) + 6p8 + M2(pl + p9) + M
(48p7 + 51(p4 + p8)y) + M3y(—6p1 + 6p9 + y(3p2 + 3p7 + 2(p4 + p8)y)) + M?
(8p5 — 3(8p9 + Hy(p2 + p7 + (p4d + p8))) + hM (—144p8 + M (48pT + 51(pd +

P8)y) + M3y(—6pl + 6p9 + y(3p2 + 3pT + 2(pd + p8)y)) + M%(8p5 — 3(8p9 + 5
y(p2 + p7 + (p4 + p8)y)))))(cosh (M (2h + 3y)) + sinh (M (2h + 3y))) + M(2h* M°
(p4 + ps) + K M*(3M (pg + pr) — 11(ps + ps)) — 6h* M (2M (p2 + p7) — 6(ps + ps)
+M*(py — po) + y(51(pa + ps) — 15M (p2 + pr + (pa + ps)y) + M*(—6py + 6pg +
Y(3p2 + 3p7 + 2(ps + ps)y))) + hMy(51(ps + ps) — 1M (p2 + pr + (ps +ps)y) +

M2(~6p; + 6pg + y(3p2 + 3pr + 2pa + ps)y))))(cosh (M (4h + 3y)) + sinh(M (4h +

3y (=1 + M)M2%(=1 + 2hM)ps(cosh (M(5h + 3y)) + sinh (M (5h + 3y))), (7.42)

= —24;44 [cosh(Mh)(6(—6ps + po + M(2p13 + 8h® MPpy + 120 M® (M p; — 4pg
—M (p1o + 4(—287ps + M(8Mps -+ 69p; — 30Mpy))) — 2M3(—93ps + M (8Mps

+33p7 — 18Mpg)) +y° + h(—Mpyz + dps + 24 M (M?py + 2Mpy — 6p4)y?)
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—8h3MA(—22ps + M(3Mp; + 6pa2 + Mpay?)) — h® M (ps + 2M*(—165ps + M
(—8Mps — 45p7 + 18 Mpg + 6M (Mpy — 4ps)y?))))) + M>(—3456pg + 288 Fy M®
(=24 M?*(h — y)(h+y) + M(h*Mpyy + 24h° MPp3 + 6h* (ps + 96 M py — M
(p12 + 288pg) + 6M°(ps — 8pg)) + 36(5Mps + 32p; — 16 Mpg) + 6(—ps + M (p12
+6(—48pg + M (3Mps + 16p; — 8Mpg))))y* — Mpriy* — 48R3 M3pg(—4 + M*y?)
+12hM (—96 M pry + 288psy + 2Mpsy* + 3M?(ps — 4psy + 16pgy)))) cosh(M h)
—6(6ps — pg + M(—2p13 + 12h3 M4 (Mpy — 9pa) + 12h* M ps + h(4ps + M(—pi3
+24M (2M?py + TMpy — 31pg) — 12M3(Mpy — 5pg)y?)) + h*(—78M*pr + Mps
+414M3pg + 12M5(pg — psy?)) + M (pro + 372pg + 6M(—=14p; + 4Mpg + M
(5Mp7 — 17pg — 2M?pg)y?)))) M (p1o + 372pg + 6M(—14p; + 4Mpg + M(5Mp;
—17ps — 2M?pg)y?)))) cosh(2AM) + 12M*4ps(1 + M3(h(3 + h) — y*)) cosh(3hM)
+2M°ps cosh(2My) (hM cosh (Mh) — sinh (Mh)) — M3 (R*M (p11 + 120M3p3) + 36
M?2ps + 36h(—96ps + M(5Mps + 32p; — 16Mpg)) — 144(8Mp; — 24ps + M (ps
—4pg))y + 6(Mprz — ps + 6M*ps)y* + M(pn1 + 24M°pg)y* — 6h*(Mp1a(Tp +
62hps) + M (p1o — hpis — 372ps + h*pg) — 12M°(—py + h(hps + p7)) — ps + 6
M*(ps + 4pay®))) sinh (M) + 6(6ps — po + M(—2p13 + 4hpg + 12M*(h — y)(h +
y) + 6M3(4py — 69h°ps — 28hpr + 17pay®) + 6M>(h(13hps + 18k pg + 8pg) —
5(p2 + 2hps)y?))) sinh (2Mh) + 12 cosh(My)dM>(12F; M8 + 72pg — M(4h3M3py
+3Mps + 24p7 — 12Mpg)) + (6ps — po + M(—2p13 + M (pro + 4h3M3(—3Mp, +
11py) — 8h4 M*pg + 16 M (6p7 + M(ps — 3pg)) — 24h(—2Mp; + 6pg + M?pg)
+pg(—288 + y?) + 4h M (—93ps + M(21p; + 93psy + M>y(6pg + 3poy + 2psy®) +
3M(2py — Ty(pr + pay))))))) cosh(Mh) — AM*(1 + 2hM?)ps cosh(2M h) — (6ps —
po + M(—2p13 + M(pro — 372ps + 4h®>M*(—6p; + h(2hps + 3p7)) + psy® + 12M
(Tpa — 24hpg + 31pgy) + 12M2(2p; + 12h%py + 8hpy — Ty(pr + pay)) — 4M3(12
h®pa + 11h%ps — 4h(ps — 3ps) — y(6pe + 3pay + 2psy?))))) sinh(Mh) + 4(1 + 2h)

M?®pssinh(2Mh) — 12M3ps(1 + h(3 + hM?) — M?y?) sinh(3Mh) + 12M (((Mp13 — 4

ps)y + 4hM?(—165ps + M (45p; + 93pgy + My(—6py + 3pry + 2pay?) + M (4ps
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— 3(6pe + Ty(p2 + ps)))))) cosh(Mh) + (4psy + M(660ps — pray) — 12M*(15p7+

31pay) — 4MYy(—6py + 3p7y + 2per®) + M3 (—16ps + 12(6ps + Ty(p2 + psy))))

sinh(Mh) sinh(My) — 24 M*ps(Mh cosh (Mh) — sinh (Mh)) Ru), (7.43)
p3 A MR.Rm
‘43 = }\_ﬁ — AQRG -+ AsRe = = (A2 + ’ﬂ'{r_lj)ReSt t 2-_4.Q1 {_((mSh (QMh)

—sinh (2Mh))(2M*(1 + M)(1 + 2hM )ps(cosh (Mh) + sinh (Mh)) — 3(2M*p
+oMps + 2hM2pg — 17py — 10hMpy — 2h* M?*py — 5Mp; — 2hM2p7 + 17ps
+10hMpg + 2h> M?pg + 2M?pg)(cosh Mh + sinh (Mh)) — 2(—1 + M)M?(1

+hM )ps(cosh (2Mh) -+ sinh (2M 1)) — 2M?(1 4+ M)(1 + hM)ps(cosh (2Mh)
+sinh (2Mh)) + (12h2M3p3 + 4h3 M p3 — OM?ps — 3M3pg — 48 Mpy + 144pg
+24M?pg)(cosh (2M h) + sinh (2Mh)) + (6M?py 4+ 6hM3py + 6h2M*p; + 156M
P2+ 16hM®py 4+ 12R* M3py + 3h3 M py — 51ps — 51hMpy — 36h* M2pg — 114°
M3ps — 2R M*py — 15N ps — 15AM?py — 12h2M3py — 3h3 M4 py + 51p7(1 + h)
+h? M?pg(36 + 11AM + 2h* M?) 4 6 M?pg(1 + hM + 6h%M?)(cosh (2Mh) + sinh
(2Mh) + sinh (2Mh))(6M2py (1 + hM + h2M?) + Mps(15 + 15AM + 12h2M? + 3
R M3) + py(—=51 — 51hM — 36h°>M? — 11”3 M3 — 2 M*) — 8M?p5(1 + hM) — M
p7(38hM + 12h° M2 + 3h8M®) + pg(93 + 93hM + 362 M? + 11A3 M3 + 2nIM*)
+M?pg(18M? + 18hM + 6h* M?))(cosh (2Mh) + sinh (2Mh)) + 2(8h3 M*py
+6M?p; + 48T Mp; — 144pg — 24M*pg)(cosh (3Mh) + sinh (3MA)) + 2
(=12hM3py — 24hM®py + T2hMpy + 4h°M3py + 8M?ps + 33 Mpy + 6h>M3p;
—93pg — 24h* M?pg — 18 M *pg)(cosh (3Mh) + sinh (3Mh)) — 2(—1 + M)M?

(=1 + hM)ps(cosh (4Mh) + sinh (AMR)) — (1 + M)M>(—1 + hM )ps(cosh (4M k)
+sinh (4Mh)) + (=12h°M3p3 + 4h3M*ps — OM?ps + 3M3ps — 48 Mpr + 144pg
+24M?pg)(cosh (4Mh) + sinh (4MA)) + (—6M>py + 6hM>p; — 6h> M py
—15Mpg + 15hM2py — 1202 M3py + 3h3 M py + 51pg — 51hMpy + 36h° M?p,
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1113 M3py + 2h M*py — 8M?p5 + 8hM3ps — 33Mpy + 33hM%p; — 12h%
M3p; + 303 Mpy + 93pg — 93hMpg + 36h* M2 pg — 11h3M>pg + 2h* Mpg + 18
“ M?pg — 18hM°pg + 6h* M*pg)(cosh (4Mh) + sinh (4Mh)) + (—6M>py + 6hM>py
6h2M*p; — 15Mpy + 15AM?pg — 12h2 M3py + 33 M py + 51pg — 51hMpy
+36h2M2py — 11h3 M3py + 2R M*py — 15Mp; + 16hM? + 15hM2py + 15hM?
pr— 12h2M3p; + 3h3 M p; + 51ps — 51hMpg + 36h2M2pg — 11h3 M3pg + 2h4 M*
Py +—15Mpy + 15hM?py — 1282 M3 p7 + 3h3 Mp; + 51pg — 51hMpg + 36h*M?ps
—11h*M3pg + 2h* M pg + 6M>pg — 6hM3pg + 6h* M*pg) (cosh (4 M h) + sinh (4M h))
+2(=1+ M)M?(~1+ 2hM)ps(cosh (5Mh) + sinh (5Mh)) + 3(5Mpy + 10hMps + 5M
pr + 10hMpg — 17(py + ps) + 2M*(py — h(pa + hps + pr + hps) — pe))(cosh (5Mh)
+sinh (5Mh)) — (—1 + M)M?ps(cosh (6 Mh) + sinh (6Mh)))} + L—‘.}M—(k(FMoosh (Mh)
—sinh (Mh))(—2L cosh (Mh) + 2LFhM? cosh (Mh) + Lh®M? cosh (Mh) — 2Lh* M2E cosh
(Mh) — 2LF M sinh (Mh) + LFh? M® sinh (Mh) + 2LhM E sinh (Mh) — Lh® M3 E sinh (Mh) +
g 2FhM? cosh (Mh) sinh (Mh) + 2h* M? cosh (M) sinh (Mh) — Fh? M* cosh (Mh) sinh (Mh) -+
2h? M? cosh (Mh) sinh (Mh) — Fh®M* cosh (Mh) sinh (Mh) + h*M* cosh (Mh) sinh (Mh) —
h3 M3 (sinh (Mh))? (1 + E))Rmm)S?) + pe), (7.44)

op

By % [2M® cosh (My) sinh (My) (h + Fo)2(2\; + A2)], (7.45)

where

Q1 = M8(1 + hM + (—1 + hM)(cosh(2Mh) + sinh(2Mh))),

L = (hM cosh(Mh) — sinh(MHh)),

o= —%{(k}tﬂ(clehi(FM cosh(Mh) + sinh(Mh))(—hM cosh(Mh) + (1 + h(F + h)
M?) sinh(Mh)) — 4(FM cosh(Mh) + sinh(Mh))(—hM cosh(Mh) + (1 + h(F + h)
M?)sinh(Mh)) R, + (—h(F + h)M*(2 + h(3F + 2h)M?) + 2(—1 — h(2F + h)M*

1
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3
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s

pPr

Ps

Pa

P1o

P11

P12

P13

+h3(F + h)MY)E + (M(F + h)M?*(2 — FhM?) + 2(1 + h(2F + 3h)M? + h3(F
+h)M*)E) cosh(2Mh) — hM(4E — (F + h)M?(2F — h — 6hE)) sinh(2Mh))
Rm))l,

%[(kMa((F + h) M3\ ((—=F — 2h)M + (FM cosh(Mh) + sinh(Mh)) + (—F — h)
M((=2F — 2h)M + (FM cosh(MHh) + sinh(Mh))R. + (2 + M?(F? + 4h* + Fh(7
~2E)) — 2E — (2 — 2E + M*(F? + Fh+ 2h* — 2h(F + 2h)E)) cosh(2Mh) — M
(—=h -+ F(3+ 2h(F + h)M?) + 2h(2 + h(F + h)M?)E) sinh(2Mh)) R;))],
%{(kMa(M@F — 3hE) cosh(Mh) + (2 + 3E) sinh(Mh))],

(F 4+ h)M*R,,
2L i
-%[2(1:* + h)kM(—hM cosh(MA)(1 + h(F -+ h)M2) sinh(MA)) o],
Fy M3 cosh (Mh)
L 1
—% [(F + h)kM3((—F — 2h)M + FM cosh(Mh) + sinh(Mh))R,,],

= 2; [(F 4 h)kM?((—F — 2h)M + FM cosh(2Mh) + sinh(2Mh)) R,n),

- (F 4+ h)kM?Rn(2M(F + 2h — hE + h®M3E) + 2M(~F + hE + h3M?
2L3

cosh(2Mh) — 2(1 + 2h* M E) sinh(2Mh) — hM (2 + h(3F + 2h)M? + (=2 + FhM?)
+FhM?) cosh(2Mh) + (—2F + h) M sinh(2Mh))R.)),
—ﬁﬂk(FM cosh(Mh) - sinh(MR))(—hM cosh(Mh) + (1 + h(F + k)M?)

sinh(Mh))R,|.
1
2L3
cosh(2Mh) + sinh(2Mh))Ry,],
1
2L3M[
(14 hM)(=1+ E) + M(F(2 + h®*M?) — 2h(1 + E + h M*E)) cosh(2Mh)

[kM(M(F — 2hE) cosh(Mh) + (1 + 2E) sinh(Mh))((—F — 2h)M + FM
k(FM cosh(Mh) + sinh(Mh))(M(F(—=2 + 3h*M?) — 2h(—1 + hM)

+(2 + hM2(—2F + h + 4hE)) sinh(2Mh) Rpn),

Elg[(k(—l +E — M*(F? 4+ 3h® + Fh(5 + E)) + (1 + E + M*(F? + Fh + h*
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+ h(F + 2h)E)) cosh(2Mh) + M (2 + h(F + h)M?)(F — hE)sinh(2Mh),

1 .
Ay = E[Q(F + h)kM*(—hM cosh(Mh) + (1 + h(F + h)M?) sinh(Mh))],
1

2L3
+ M(=h*M? + 4hL*E + 4F L sinh(Mh) + hM (hM (h cosh(2M ) — 2F L sinh(Mh))

9

Ay = (k(—=LE + FM cosh(MHh) 4 sinh(Mh))(—2L(—2 + h(2F + h)M? cosh(Mh)

+ (—2(F + h) + Fh2M?) sinh(2Mh))))),

Ay= —%[(F + h)kM((—F — 2h)M + FM cosh(2Mh) + sinh(2Mh))(8\1 + 2X2)],

1
=33

(F + h(F + h)*M? 4 F cosh(2Mh)) sinh(Mh))],

Ay kM((1 + (F2% + 8Fh + 4h*)M?) cosh(Mh) — (1 + F2M?) cosh(3Mh) — 4M

As = —=3[(kM(=1— (F? + 5Fh + 3h*)M® + (1 + (F? + Fh+ h*)M?) cosh(2Mh)
+ FM(2+ h(F + h)M*)sinh(2M*h)))],
Ag=— ;3 [(M3Kk(F + h)(—(F + 2h)M + FM cosh(2Mh) + sinh(2Mh)))].

The stream and magnetic force functions upto order O (4) are:

¥ - 1 [ A8F My cosh (M h)
a (cosh (MhR) — sinh (Mh))

o + (2(—24M%y + 6M?p56 + 48 Mp7é + 48hM?pyd
—~144pgd — 144hMpsd — 24 M?pg8 — 24hM3ped + 12h% M payd + 4h3 M5pg

yd — IM3psyd — M psyd — 48M2pryd + 144 M pgyd + 24 M poyd — 4M*ps

y38 — AhMPpay®s — 3M(2M?p; + 5Mpy + 2hM®py — 17py — 10hMpy — 2>
M?%py — 5Mpy — 2hM*py + 17ps + 10hMpg + 2h> M?pg + 2M?pg)yd(cosh(Mh)
—sinh (M) + 2M (=12hM3p; — 24hM?py + T2hMpy + 4h3 M>py + 8Mps
+33Mpy + 6h2M3p; — 93ps — 24h%M?pg — 18 M?pg)yé(cosh (Mh) + sinh (Mh))
M3(1 + M)psyd(cosh (2Mh) — sinh (2M h))(24 M8y — 6M>psé + 6hM>psd — 48
Mp76 + 48hM?pr6 + 144pgd — 144hMpgé + 24 M2 pg6 — 24hM3pgd — 1202 M*
p3y6 + A3 MBpayd — OM3psyd + 3MApsys — 48 M2 pryd + 144 Mpgyd + 24 M3
poyd + AM psy®s — AhMPpsy®6)(cosh (2Mh) + sinh (2Mh)) + 3M (5Mps + 10hM
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Pa+5Mpr + 10hMps — 17(ps + ps) + 2M*(p1 — h(p2 + hpa + pr + hps) — pa))yd(
cosh (3M h) + sinh (3Mh)) — (—1 + M)M3psyd(cosh (4Mh) + sinh (4Mh))2(12F M®
+ 12h M5 — 4RPM*pad — 3M*psb — 24 M p76 + T2pgd + 12M>pgé(cosh (M (h —y))
+sinh (M(h —y))) + M?(1 + M)(=1+ hM)psd(cosh (M (h — y)) + sinh (M (h — y)))
— (14 M)M?(1 + 2hMps6(cosh (M(3h — y)) + sinh (M(3h — y)))) M (—6h*M*p; —
12h2 M2 py — 3R3M3py + 36h% Mpy + 1183 M py + 2R M3py + 1202 M?py + 3R3 M3

pr — 36h? Mpg — 1103 M?pg — 2R M3pg — 6h2M3pg + 3(1 + hM)(2M?p; + 5Mpy

~ 17py — 5Mpy + 17ps + 2M?pg)y + 3M (1 + hM)(Mpy — 5pg — Mpr + 5ps)y*—
2M?(1 + hM)(ps — ps)y®)8(cosh (My) — sinh (My))(6h*M*p; + 1202 M3p, + 3h3 M4
P2 — 36R*M>py — 1113 M3py — 2R M py — 8M*ps(1 + M) — 48 Mp7(1 + M) — 3h?
M3pr(4 + hM) + 144pg(1 + hM) + h®M?pg(36 + 11AM + 2h2M?) + 24M%py(1 + h
M) + 6h2M*pg + 6 M3p1y(1 + AM) + 15M%poy(1 + hM) — 51Mpyy(1 + hM) + 15M2
pry(1 -+ hM) — 51 Mpgy(1 + hM) — 6M3poy(1 + hM) + 3M3pay®(1 + hM) + 15M2py
Y2 (1 + hM) — 3M3py2 (1 + hM) + 15 M2 pgy(1 + hM) — 2M3pgy (1 + hM) — 2M3pg
y3(1 4+ hM))d(cosh (My) + sinh (My)) + M?(1 4+ hM )ps8(cosh (2My) + sinh (2My))+
M?(1+ M)(1 + 2hM)psd(cosh (M(—h + y)) + sinh (M(—h +y))) — M2(1 + M)(1+2
hM )p56(cosh (M (h +1y)) + sinh (M (h +y))) — 2(12M8F + 12hM®h — 4h* M p36—
3M®psb — 24 Mp7d + T2psd + 12M2pgd)(cosh (M (h + ) + sinh (M (h +y))) + M*?
(14 M)(=1+ hM) psé(cosh (2M (h +y)) + sinh (2M (h +y))) M (—6h* M°py — 124
M%py + 120° M3py + 36 Mh2py — 1IR3 M%py + 20 M3 py — 3R2 M pr(4 — hM) + h?
Mps(36 — 11AM + 2h2M?®) + 6h2M3pg + (=1 + hM)(2M?p; + 5Mps — 17ps + 5M
pr — 17ps — 2M%pg)y — 3M (=1 + hM) (Mpy — 5ps + Mpy — 5pg)y® — 2M*(=1+h
M)(ps + ps)y®)d(cosh (M(2h +y)) + sinh (M(2h +y))) + (=1 + M)M>*(=1 + 2hM)p;
d(cosh (M (3h +y)) + sinh (M (3h + y)))(—6h> M*p; — 3h2M3py(4 — hM) + W2 M>p,
(36 — 11AM + 2h2M?) — 8M?ps(1 — hM) — 48Mp7(1 — hM) — 3h*M3p; (4 — hM)

+ 144pg(1 4+ hM) + h2M?pg(36 — 11hM + 2h°M?) 4+ 24M?pg(1 — hM) + 6h2 M pg
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+ 6M3pyy(1 — hM) + 15M>pyy(1 — hM) — 51 Mpgy(1 — hM) — 15M*pry(1 — hM)
+ 51 Mpgy(1 — hM) + 6 M poy(1 — hM) + 3M>poy®(1 — kM) — 15M % pyy* (1 + hM)
— 3M3pry®(1 — hM) + 15M?pgy®(1 — hM) — 2M3pgy®(1 — hM) 4+ 2M3pgy®(1 — h

M)é(cosh (M (2h — y)) + sinh (M (2h — y))], (7.46)

1
T 24M5L
cosh(Mh) + 2(F + h) cosh(My) + M(h — y)(h+y)(1 + E) sinh(Mh) + &

[(12MA((F (=24 M%(h — y)(h +y)) + h(=2 + M%(=h? + *)E))

((93ps + M(12h(M?py + 2Mpy — 6ps) — 4h®M>py — 8Mps — 33p7 — 6h>
M (Mp; — 4pg) + 81Mpg))§ — M*ps6 cosh(3Mh) + & cosh(2M k) (51ps +
3M(—5p7 + 2h(—5ps + M(ps + hps)) + 2Mpg) — 2M?(1 + 2hM?)ps
cosh(My) — 24M® sinh(Mh) 4 12h2 M3p36 sinh(Mh) — 3M3psé sinh(M h)
12M3pay?d sinh(Mh) — 24 M E sinh(Mh) — 4M>psd cosh(2My) sinh(Mh)
—(6M?py + 15Mpy — 51pg — 6h2M?py — 6hM>py — 30hMpg)d
sinh(2Mh) + 2 cosh(My)(12(F + h)M® — (=72ps + M (4h>*M3ps + 3Mps
+2dp7 — 12Mpg))6 + (—51pg + h*M*(6py — h(2hps + 3pr)) + 3M (5ps
+24hps — Tpsy) + 3M%(2p1 — 12h%ps — 8hpy + 3y(pr + pay)) + M3(12
h*pa + 11h°ps — dh(ps — 3pg) — y(6po + 3pay + 2psy®)))d sinh(Mh) +

(1 + 2h) M3psé sinh(2Mh) 4+ M3psd sinh(3Mh) — 2(—21pg + M (9p7
+21pgy + M2y (—6p1 + y(3pr + 2pay)) + M (dps — 3(2po + 3y (pe

+pgy)))))d sinh(Mh) sinh(My) + cosh(Mh)(—24F M® — (144pg + M(—9p;
+24pg + 4hM?p3(h® — 3y?))))6 + 24hMOE + 26((—72ps + M (h®M?
(—3Mpg + 11py) + 24p7 — 2k M3pg + 4M (ps — 3pg) — 6h>M(—2Mpy
+6pg + M?pg) + h(51pg + M(—15p; + 21pgy — 3M(2p1 + 3y(pr +

pay)) + 21M°y(6po + y(3ps + 2psy)))))) cosh(My) + 12hM (2M>ps

cosh(2My) + (—21ps + M (9p7 + 21psyM>y(—6py + 3pry + 2pay®) + M
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(4ps — 3(2ps + 3y(p2 + psy)))) — 4M°ps cosh(My) sinh(My)))) + 4M°
psd sinh(Mh) sinh(2My)) ) Rm). (7.47)

Expression of an axial induced magnetic field is

-Wl—u[(M(quy + M?y(—6p1 + y(3pr + 2pay)) + M(4ps — 3y(p2 +
psy)))6 cosh(My)L — 4M?ps6 cosh(2My) L + 12M>y(M (hpsd + M>
(—F + hE) cosh(Mh) — (pad + M*(1 + E)) sinh(MAh) + (12(F + h) M*
+12(F + h)M®§ — (4h3M*ps + 3(8Mpr — 24pg + M2 (ps — 4pg)))d
+8((—72ps + M (h3M%(—3Mpy + 11py) + 24py — 2h* M3pg + 4M
(ps — 3pg) — 6h2 M (—2Mpy + 6pg + Mpg) + h(72ps + M (—24p2
+3psy + M>y(6pg + 3pay + 2psy®) — 3M (4p1 + y(p7 + pay))))))
cosh(Mh) — M?(1 4 2hM?)ps cosh(2Mh) + (—T72pg + M (24p»
+h2M3(6p; — 2h°ps — Shpr) + T2hps — 3psy + 3M(4py — 4h

(8hpa + 2p7) + pry + pay®) + M*(h(12hpy — 4ps + 1142 ps + 12py)
—6pay — 3pay® — 2pgy®))) sinh(MR) + (1 + 2h) M3 ps sinh(2MA)))

sinh(My) + 4M°p;6 L sinh(2My)) Ry, (7.48)

The current density distribution is given by

2
J: = —‘Zy—f. (7.49)

7.3 Analysis

Our special concern here is to discuss the influence of various parameters of interest on the
pressure rise per wave length (Apy ), the magnetic force function (@), the axial induced magnetic
field (hg), the current density distribution (J.) and trapping. For this purpose, we have prepared
the Figures (7.1-7.8).
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The expression for pressure rise per wavelength is computed numerically (due to the com-
plexity of the integral) and few observations have been extracted by graphs. The variation of
pressure rise per wavelength Ap) versus dimensionless flow rate 8 for different values of parame-
ters Ay, Ag, Hartman number M and wave number § (i.e. our perturbation parameter) can be
seen from Figures 7.1-7.4. Figures 7.1 and 7.2 show that for the pumping region (Apy > 0), the
increase in the values of A\; and A gives better pumping performance. For free pumping region
(Apy = 0), there is no difference between the pumping characteristics of the Newtonian and
second order fluids. However in copumping region (Apy < 0) the behaviour is quite opposite
when compared to the pumping region. There is decrease in pumping when we increase Ay and
Ag in copumping region. Figure 7.3 reveals that the pumping increases with an increase in per-
turbation parameter § both in pumping and free pumping regions whereas pumping decreases
with the increase of § in copumping region. Figure 7.4 is plotted to see the effect of Hartman
number M on Ap,. It is observed that Ap) increases for large values of M both in pumping
and copumping regions. For an appropriate value of volume flow rate @, the pressure rise per
wavelength (Apy) increases for small values of M in the copumping regions.

Figures 7.5-7.7 discuss the variations of magnetic force function @, axial induced magnetic
field hy and current density distribution J. versus y for the different values of viscoelasticity Ay,
perturbation parameter § and Hartman number M. Figures 7.5(a-c) show that the magnetic
force function ® increases as A\ and M increase but decreases for large values of 4. In Figures
7.6(a-c), it is noted that the axial induced magnetic field h. is symmetric about the channel
and decreases with an increase in Ay and M. It also decreases with the decrease of . Moreover,
in the half region h, is one direction while in the other half region, it is in opposite direction
and is equal to zero at y = 0. The Figures 7.7(a-c) are plotted to show that the current density
distribution .J. increases with the increase in \; and M. Moreover J. increases with a decrease
in 4.

We now discuss trapping. The formation of an internally circulating bolus of fluid by closed
stream lines is called trapping and this trapped bolus is pushed ahead along with peristaltic
wave. The effects of Hartman number on trapping is illustrated in the Figures 7.8(a-c). The
Figures 7.8(a-c) reflect that the size of the trapped bolus decreases with the increase of A;. In

these figures, we have observed that the size of the trapped bolus decreases with the increase
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of M and vanishes ultimately when large values of M are taken into account.
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Figure 7.1: Plot showing Ap, versus flow rate # when ¢ = 0.4, 6 = 0.6, M = 0.5, E = 0.8,
Rn=1R.=1,85=1and A\, =08.

Figure 7.2: Plot showing Ap, versus flow rate # when ¢ = 0.4, § = 0.6, M = 0.5, E = 0.8,
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Rn=1R.,=1, 5 =1and A\; =0.8.

.
50 - : - :
0 01 0.2 0.3 0.4 05
(2
Figure 7.3: Plot showing Apy versus flow rate # when ¢ = 0.4, M = 0.5, E = 0.8, R, = 1,
£ Re=1,5 =1, \ =08, and Xp = 0.8.
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Figure 7.4: Plot showing Ap) versus flow rate # when ¢ = 0.4, § = 0.6, E = 0.8, Ry =1,
-
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Re=1,8 =1\ =08 and \s =0.8.
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Figure 7.5a: Magnetic force function versus y when 0 =2, R, =1, R, =1, M =1, E = 0.8,
¢ =0.6,0=0.08 and z = §.
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Figure 7.5b: Magnetic force function versus y when 0 =2, R, =1, R, =1, M =1, E = 0.8,
¢=06,A\ =—08and z = 3.
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Figure 7.5¢: Magnetic force function versus y when § =2, R,,, =1, R, =1, E =0.8, ¢ = 0.6,
§=0.08, \; =08 and z = %.
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Figure 7.6a: Axial induced magnetic field h, versus y when @ =2, R, =1, Re =1, M =1,
E=08,6=06,0=008 and z = 3.
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Figure 7.6b: Axial induced magnetic field h; versus y when 6 =2, R, =1, R, =1, M =1,
E=08,0=06, )\ =-08and z= 3.
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Figure 7.6¢: Axial induced magnetic field h, versus y when ¢ =2, R, =1, R =1, § = 0.08,
E=08,6=06,\ =-08and z = 3.
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Figure 7.7a: Current density distribution versus y when 6 = 2, R,, = 1, R,
E=08,0=0.6,6=0.08 and z = 7.
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Figure 7.7b: Current density distribution versus y when ¢ = 2, R, = 1, R,
E=08,6=06,\; =—-08and z = 3.
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Figure 7.7c: Current density distribution versus ¥ when 6 = 2, R,, = 1, R, = 1, § = 0.0§,
E=08,¢=06,A\ =-08andz=73.
Figure 7.8a: Streamlines for M = 0.2 when ¢ = 0.6, R, =1, R;, = 0.5,§ =0.09,6 =1, E = 0.8
and Ay = 0.9.
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Figure 7.8b: Streamlines for M = 0.6 when ¢ = 0.6, R. = 1, R, = 0.5, § = 0.09, 8 = 1,
E =0.8and \y =0.9.
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Figure 7.8¢c: Streamlines for M =1 when¢=0.6, B, =1, R, =05,6=0.09,86=1, E=0.8

and Ay = 0.9,
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Chapter 8

Simultaneous effects of induced
magnetic field and heat and mass
transfer on the peristaltic motion of

second order fluid in a channel

This chapter mainly investigates the effects of heat and mass transfer on the peristaltic flow of
magnetohydrodynamic (MHD) second order fluid in a channel. The induced magnetic field is
taken into account. Problem formulation in a wave frame of reference is presented. The analy-
sis of governing nonlinear problem is carried out under the assumption of small wave number.
Explicit expressions of the pressure gradient, the stream function, the magnetic force function,
the axial induced magnetic field, the current density distribution, the temperature and concen-
tration distribution are derived. The effects of embedded parameters into the mathematical

problem are also highlighted.

8.1 Problem formulation

We consider the peristaltic flow of an incompressible second order and electrically conducting

fluid in the presence of a uniform magnetic field. In addition heat and mass transfer effects
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are considered. Mathematical analysis is performed in the presence of an induced magnetic
field. The second order fluid is considered in a symmetric channel of uniform thickness and
non-conducting walls. A wave of amplitude b propagates along the channel walls with constant

speed c. The geometry of the wall is

2
K(X',¢') = a + bsin TW(X’ —et!), (8.1)

in which a is the half width of channel, b the wave amplitude, A the wavelength, t' the
time and ¢ the wave speed in the X'-direction. According to the Cartesian coordinate sys-
tem, the X'-axis is chosen parallel to the channel walls and Y’-axis is taken normal to it.
The fluid properties are taken to be constant. The physical properties p, p, ai, as, [,
o, D, Ky, T, etc are taken constant throughout the fluid. The system is stressed by an
external transverse uniform magnetic field of strength Hé which gives rise to an induced
magnetic field H'(h;(, (x". ¥4, h,;,, (X',Y',t), 0) and the total magnetic field therefore is
H'+(h’x,(X',Yr, t); HE, +h;,(X’, Y’,t’), 0). The governing equations of magneto second order
fluid are:

(7) Maxwell’s equations

V-H =0, V-E=0, (8.2)
VAl =7, J‘:a{E+,ue(v’nH’*)}, (8.3)
aH'
VAE= ~He g (8.4)
(#7) The induction equation
oH" PRETE I NP

= = VA {v AH } + W (8.5)

(#4i) The continuity equation
V-V =0. (8.6)

(iv) The equation of motion
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d ' i 1 I S _l e\ 2
p{g k(V 'V)]V = —Vp +divr ,ue{(H V) Q(H ) V}. (8.7)

(v) The energy equation

pcpi—f = kV2T + trac(T.L). (8.8)
(vi) The concentration equation
dC 9 DKT 2
— = DV*C'+ ——V*T, 8.9
dt J T y &)

where g/ is the fluid pressure, p the density, J the current density, x4, magnetic permeability, &
the electrical conductivity, E the electric field, ¢ = oy, the magnetic diffusivity, C}, specific heat,
T the temperature, D the coefficient of mass diffusivity, T}, the mean temperature, Kr the
thermal diffusion ratio, C' the concentration, # the thermal conductivity, V’ the velocity and
extra stress 7/ in a second order fluid is defined by equations (7.3)-(7.5).

Using the transformations (7.2) and the velocity field (7.11), the resulting two-dimensional

equations in the present case are

ou' '
y@ ,_) ,, 00 Orhy  OTwy o (0HY
P (“‘ o0 Vo) " Ter T By "By 2\ o

an’, o, K,
i, ( de & h;,a—; @ Hga—;,) , (8.11)

P ( - + 'L-’i) v+ o _ 4 Tey + _aT;n"y’ _Ee (6H+2)
u

ay’ oz’ ay' 2 oy’
an!, on!, o,
—i—#e( @ Gar T W 6;; + Ho ay’j ) (8.12)
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10 0 \g _ o (PT LT, o
pCy (u 8:c"+v8y’ T = K 6$’2+3y’2 +TI,,_;8$,

o' o o’
+T;xyr (@ + a—y’) +T;ryr 3_1}“ (813)

a a 8’C 0°C) DKy [0*T 0T
(u’@ +u’a_y’) =D [amm + aym] + T (axm + aym) i (8.14)

The non-dimensional variables may be posited in the form

$_27rm" _y u_fu_." U_v’ t_2?rt"c _ 2ma®p _ar’
=Ty ET g B PR EE Ty eAp ope’
] lIJJ '
h=%1‘y=ae :H—¢ la_%! Re:fﬁc—l,fi’,,n:opeac,/h:%,
0
_age v OV 0% 09 2 a0
Az—-pa. U—ay,v— 6‘3—, f;,; 'é"y—', hy—“fs-gi, RE.R,mSt-—M,
)2
Hy [n 1 “e(H) -E e
S=———- £e m = et ————— = ,E = ey
S P R e B e BTG @ T
pCp ,, T—-Tp C—Cy i pTo DKy
pr=t g _ , p= Be=L gpo BUT p pp. (815
. K Ty — Th ¥ C1—Cy ¢ pD 4 wTnCo ¥ 1 ( )

where E4y, P., Sc, Sr, 0, Re, R,,, S and M are respectively the Eckert, Prandtl, Schmidt,
Soret, wave, Reynolds, magnetic Reynolds, Strommer’s and Hartman numbers. Here p,, is the
total pressure which is sum of ordinary and magnetic pressures, ¥ the stream function and @
the magnetic force function. Also Ty, Cy and T3, are temperatures and concentrations at
y = 0 and y = h respectively.

The non-dimensional forms of Eqs. (8.11)-(8.14) are

Red { (\Iryé% = q;z_a_) ‘I’y} __ Opm +53T:r:z 2 0Ty

ady oz or Ay
d 0
+ RedS? { (cbya - d)za—y) @y} +ReS2®,,, (8.16)
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Re 63 {(@yi . q;x,aﬁ,) ‘I’I} _ _3}’377: +625Tmy +537y!f
Y

dz dy dx ox
3.2 d 0 2.2
. ~Red’S | (@ug; = Bagy ) o | —ResSi0ay, (8.17)
U, — 8 (U@, — U, B,) + iVQ‘I) = FE, (8.18)
Rin
v 98 ool 8% 0°¢' *W
Pt | o ISR [l B S
e {33} dr Oz 3y] (5 522+ Byz) +BT{5T“6:::6?;
o A v
B il = 8.19
4oy Gz~ 057 ) * rwimgel 8.19)
Ve 8¥dp] 1 [40% %
BiE {ay dr Ox By] ~ Se [6 dz? * dy?
0% 8%
2
—t == .2
+Sr [5 522 + 3y2] y (8.20)
" where Eq. (8.10) is automatically satisfied and the values of 74z, T2y and 7, are given in the
il |
. previous chapter.
Elimination of pressure between Eqs. (8.16) and (8.17) gives
a o 2 4 d d 4 }
‘ o | NRDY = Mo (0= — 0,2 ) Viu
RPJ{(‘P"&T ? a?f)v P} L {( Yoz sz‘y)v
+ReS26<¢ (@ 2, —¢ 9 v2p
¢ Yoz oy
+Re SV, (8.21)
with
# &
2_529 | 9 o4_ g2u2
Vo= 522 T By V= V5V
The non-dimensional boundary conditions and pressure rise per wavelength Ap, in wave frame
are given as
>
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U=0 =— = =0, = =0,
o 0, ay? T Oy b, Ay '
W= F @:_1! O =0, ¢ =0,

dy

2n d“p

af"=0 at y = 0,

¢w=0 at y=h,

(8.22)

(8.23)

The dimensionless mean flows in laboratory (#) and wave (F) frames are related through the

expressions given below

0=F+1,
" o
F= [ —dy,
o oy
whence
h(z) =1+ ¢sin2nz
-
.y and @(= b/a) is the amplitude ratio.

8.2 Perturbation solution

For series solution, we expand the flow quantities in terms of small wave number () as:

U =Wy + 60, +0(68)?,
F=Fy+8F +0(6)?,
p=po+0p+0(8)°,
@ = Py + 88 + O (8)%.

(8.24)

(8.25)

(8.26)

Substituting Eqgs. (8.27)-(8.30) into Eqs.(8.16)-(8.22) and then comparing the coefficients of

like powers of d, we have the following systems
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1

8.2.1 Zeroth order system

ik SOV L Y
ayt oy?
%:6‘6‘130 MA(E 3%:))1
ot o (5) -0
éi—;@g-{-Sr%r- 5
¥g =0, %=0, %=0, %i:g-=0, %=0, at y=0,
%\?=—1, Uog=Fy, $=0, 65=0 po=0at y=h.

8.2.2 First order system

(%0 0T 8 P _ 8 (5‘1’02 6\1:03) a“xpo}
dy 8z Oz dy) Ay | oyl g

dy 0z Oz dy) Oy
by & 0Py 8\ 8% A
2 oY 0< 0 2 1
L {( By bz Oz ay) o5 } tReS G

920, R { OV 0P x AU 3‘1’0) B 8‘1’1}
oy " dy Oz Az Oy dy |’

B e [[THe D W B Y, L, 0w 0 | R
oz = Wy s Gz oy) dy [TOP O 0 B | a4 a2 [

op 82‘1'0 63‘1‘0
By Pt Ga g
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=0, at y=0,

2
(S OOR 20, {220 20) (53
dy Oa dr 0 > 2 3y
- v ¥ £ + {8_111 + 4 (g‘_x;_yq: y
Be |20 Oy OV Bpgl . T —6%1) +5r (829}
dy dz dz Ay Se 2 dy?
9% a9, a6, 9y
\;’ = = —_— G —_— = —_
3 | 01 ayg 0: ay 1 ay 0:‘ ay
o,

— =0, Uy =F, & =0, 9"120, (,01:0 at y=h.

dy

The above systems give the following solutions

dx

1
RETYWIE

0 | + cosh(hM)(A3 + M(As — h(

24,

d 1
o A (Asa + (6( 5 (242415 M (A1 (1 + cosh(hM) + A1) Re)
],

(Ag -+ Avy + M55 +3Ass) + Ay sinh(hM)
1

75(F + h)M*R,, Ag
== ,_4,-?-)

—4AM(6A3 + A7))) + Arg — —1-(ehM Re R, Agg + M

M2
MAjg

243

A21)12hAg)) + sinh(hM)(—

+ A1 + Agg — 12M%

Asg) + 4h2M* Ayp + 2M? Agy cosh(2h M) + cosh(hM)(

Ags + 24h> M Agg — AhMB3 Agy — M2 Agg + M Agg)S?) +

Azp)),

—Lsg Lo

2e3"M 12 R, Lg

1
v o= + (- m(e%”kMy?LﬁL?—
1

ML =

(eM(3h+2y} kLg +

Ly
1
3ML}

(eMY(kM Loy + Log + Log + Log + Los + Log +

1
12M4L3
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(Lm - LM) -+

M3L3$
ng

C3ML3
1

1
24 ML

6M3LY * 24 M4L]

Lss)))))),

(8.31)

(8.32)
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s

e s
T 24MB A,
cosh(Mh) + 2(F + h) cosh(My) + M(h —y)(h + y)(1 + E) sinh(Mh) + &

((93ps + M (12h(M?*p; + 2Mpy — 6ps) — 4h°M3py — 8Mps — 33p7 — 6h?
M(Mpy — 4pg) + 81 M pg))é — M?psé cosh(3Mh) + & cosh(2Mh)(51ps+
3M (—5py + 2h(—5pg + M(pa + hps)) + 2Mpg) — 2M?(1 + 2hM?*)ps
cosh(My) — 24 M5 sinh(Mh) + 12203 p3d sinh(Mh) — 3M3psé sinh(Mh)
12M°3p3y?6 sinh(Mh) — 24 MP E sinh(Mh) — 4M3ps6 cosh(2My) sinh(Mh)
— (6M2%p Qr 15Mpy — 51pg — 6h> M?py — 6hM*p; — 30hMpg)d sinh(2Mh)
+ 2 cosh(My)(12(F + h)M® — (=72pg + M (4h® M°p3 + 3Mps + 24p7 — 12
Mpo))é + (—51pg + h2M*(6p; — h(2hpy + 3p7)) + 3M (5p2 + 24hps

— Tpsy) + 3M*(2py — 12h%py — 8hpr + 3y(pr + pay)) + M°(12h%py

+ 11h®pg — 4h(ps — 3pg) — y(6pe + 3p2y + 2psy?)))d sinh(Mh) + (1

+ 2h) M3psd sinh(2M ) + M®psd sinh(3Mh) — 2(—21ps + M (9pr + 21
pay + My(—6p1 + y(3pr + 2pay)) + M (4ps — 3(2p9 + 3y(p2 + pPsy)))

))d sinh(M h) sinh(My) + cosh(Mh)(—24FM® — (144pg + M(—9ps + 24
pg + 4hM2pg(h? — 3y7))))6 + 24hMBE + 26((—72pg + M(h*M?*(—3Mp;

+ 11ps) + 24p; — 2h* M3pg + 4M (ps — 3pg) — 6h* M (—2Mpr + 6ps+
M?pg) + h(51p4 + M (—15ps + 21pgy — 3M (2py + 3y(p7 + pay)) + M*
y(6pg + y(3p2 + 2psy)))))) cosh(My) + hM (2M3ps cosh(2My) + (—21

ps + M (9p7 + 21pay M>y(—6p1 + 3pry + 2pay®) + M (4ps — 3(2pe + 3y

(P2 + psy)))) — 4M*ps cosh(My) sinh(My)))) + 4M*ps6 sinh(Mh)

sinh(2My))) R

The axial induced magnetic field and the distribution of current density are given by

a®

S i
T ay!
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[(12MA((F(=2 + M2(h — y)(h + 1)) + h(—2 + M2(—h% + ) E))

(8.33)

(8.34)



-

-

e

57" (8.35)

Jz:

The temperature and concentration distributions are

9!

Lo 1
L3, ~ 2160L5, M7
Lyo(cosh(3M (h + y)) — sinh(3M (h +y))) — 5Lg7(cosh(M (2h + y)) — sinh(M (2h

(Br(F + h)ké(cosh(3My) — sinh(3My))(M(10M Ligz + 9(—240

+))) — 2Lgg(cosh(3M (2h + y)) — sinh(8M (2h + y))) + 120Lgg(cosh(3M (3h + y))

— sinh(3M(3h + y))) — 5L10y (cosh(M (4h + y)) — sinh(M (4h + y))) — 5L1gg(cosh(M
(6h +y)) — sinh(M (6h + y))) + ki1 (cosh(M (9h + y)) — sinh(M (9h + y))) — k1o(cosh
(M (h+ 2y)) — sinh(M(h + 2y))) — 960 L1gg(cosh(M (3h + 2y)) — sinh(M (3h + 2y)))
—kyy(cosh(M (5h + 2y)) — sinh(M (5h + 2y))) — kyo(cosh(M (9h + 2y)) — sinh(M(9h
+2y))) + Lgg(cosh(M (2h + 3y)) — sinh(M (2h + 3y))) — 2L109(cosh(M (4h + 3y))
—sinh(M (4h + 3y))) + 240Lg3(cosh(M(5h + 3y)) — sinh(M(5h + 3y))) + 240L104
(cosh(M (7h + 3y)) — sinh(M(Th + 3y))) + Lra(cosh(M (8h + 3y)) — sinh(M(8h + 3
y))) — kio(cosh(M (h + 4y)) — sinh(M (h + 4y))) + 960L10s(cosh(M (7h + 4y)) — sinh
(M(Th + 4y))) + 480ks(1 + FM)(—1 + hM)(cosh(M (9h + 4y)) — sinh(M(9h + 4y)))
—120(=1+ FM)(2 + 3hM + h®*M?)(hM (=1 + FM) — 2E + 2h* M?E)(cosh(M (h + 5y
)) — sinh(M (h + 5y))) — 5L1o7(cosh(M (2h + 5y)) — sinh(M (2h + 5y))) — ke (cosh(M
(3h + 5y)) — sinh(M (3h + 5y))) — 5Lyoo(cosh(M (4h + 5y)) — sinh(M (4h + 5y))) — 5
Lgo(cosh(M (6h + 5y)) — sinh(M (6h + 5y))) — ko(cosh(M (7h + 5y)) — sinh(M (Th + 5
y))) — 5Lgg(cosh(M (8h + 5y)) — sinh(M (8h + 5y))) — 120L113(cosh(M (h + 3y)) —
sinh(M (h + 3y))) — 960L116 + Ligo + 120L10g + 15L127 — 5L140 + L1a1 + 120(L1a3
+L144 + L1as) + L150) Rm) — 5 Re(2M?(L115 + Liog — 2Mpsin(2mz) Lyas) + 9L112 R,
S (8.36)

&
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-
where
A, =
Ay =
&%
Ag =
Ay =
>

k3g i 1
4L%; = 2160L3qM?2
SrRy + 10M (18ks4 Re(Pr Sr + SeSr) + M Sr(kss + kse + ks7 — Lss + kso + keo + Lo

(Br(F + h)kScd(cos(3My) — sinh(3My))(—5kss Sr Re +M(9kso

(cosh(M(10h + 3y)) — sinh(M (10h + 3y))) — 9L144(cosh( M (4h + 5y)) — sinh(M (4h
+59)))A1)))), (8.37)

(hM cosh(hM) — sinh(hM)),

(M?6 cosh(2hM ) (8(F + h)kM?(1 + 2hM?) cosh(My) — hM cosh(hM) + (1 + h(F + h)
M? sinh(hM) Ry, — 51(F + h)k(—(F + 2h)M + FM cosh(2hM) + sinh(2hM )Ry, + 6 M?(
5(F + h)k(—(F + 2h)M + FM cosh(2hM) + sinh(2hM)) Ry + (F + h)kRp (2M(F + h(2
+(=1+ h®M?)E)) 4+ 2M (—F + hE) cosh(2hM) — hM (2 + h(3F + 2h)M? + (-2 + 2h°
M?E) + (—2F + h)M sinh(2hM) Ryy) + h(—5(F + h)M(—hM cosh(hM) + sinh(hM))?R
+2kM ((F 4+ h)M3M (—(F + 2h)M + FM cosh(2hM) + sinh(2hM)) — (F + h)M(—(F
+2h)M + FM cosh(2hM) + sinh(2hM)) Re +(2 + M2(F? + 4h® + Fh(7 — 2E)) — 2

E — (2 —2E + M*(F? + Fh+ 2h* — 2h(F + 2h)E)) cosh(2hM) — M(—h + F(3 + 2h(

F -+ h)M?) 4 2h(2 + h(F + h)M?)E) sinh(2hM)Rn))))),

4h3 kM8 (M(2F — 3hE) cosh(hM) + (2 + 3E) sinh(hM))(—F + 2h)M + FM cosh(2hM)
+sinh(2hM)) Rpn,

M (3M(Asp — 4A34h* M) + Az + —2—}@(—61429 + 2430h2 M3 + h(F + h)kM? R ((F +
2h)M(—T2 + M?(—24 + h*(—11 + 6M?))) — 24hM>(—1 + h2M?)E + 16hM® cosh(h
M) + M(F(72 + M%(24 + h%(11 — 6M?2))) — 24hM?(1 + k2 M?)E) cosh(2hM) — 16
M*(1 + h(F + h)M?) sinh(hM) + (72 + M?(24 + h%(11 + 6M>(—1 + 8E)))) sinh(2h
M) + 12hM3(2 + hM3(2 + hM? + (=2 + FhM?) cosh(2hM) + (—2F + h)M sinh(2hM

))Rm))),
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—a—

Az

11A(F + h)M4R,,
24,4
+6hM3 (=1 4+ h*M?)E + M(F(~18 — (—6 + h*)M?) 4+ 6hM*(1 + h* M*)E) cosh(2hM

h2 M2

+ %(Agl h+ (F + h)kMR,((F + 2h)M (18 + (-6 + h?)M?
1

) — (18 4+ M?*(—6 + h? + 12h2M2E)) sinh(2hM ) — 3hM3(2 4+ h(3F + 2h)M? + (-2 + F
hM?) cosh(2hM) + (=2F + h)M sinh(2hM))Rm))),

9k M4 (3(F + h)M(—(F + 2h)M + FM cosh(2hM) + sinh(2hM))(M?X; — Re) + 3(2 + M?
(F? +4h® + Fh(T — 2E)) — 2E — (2 — 2E + M?(F? + Fh + 2h*(F + 2h)E)) cosh(2hM)
—M(=h + F(3 + 2h(F + h)M2) + 2h(2 + h(F + h)M2)E) sinh(2hM)) Bm + 21—:1;(4(FM
cosh(hM) + sinh(hM))(—hM cosh(hM) + (1 + h(F + h)M?) sinh(hM))(M?\; — Re)
+(=h(F + h)M*(2 + h(3F + 2h)M?) + 2(=1 — h(2F + h)M? + h3(F + h)M*)E + (h

(F 4+ h)M?(2 — FhM?) 4 2(1 + h(2F + 3h) M? + h3(F + h)M*)E) cosh(2hM) — hM

(4E — (F + h)M?(2F — h — 6hE)) sinh(2hM))R.)),

2—;1?((((10 + h)kM? Ry (—6M(F + 2h — hE + h3M*E) + 4hM cosh(hM) — 6M(—F + hE
+h3M?E) cosh(2hM) — 4(1 + h(F + h)M? sinh(hM) + 6(1 + 2h* M2 E) sinh(2hM)
+3hM (2 + h(8F + 2h)M? 4 (=2 + FhM?) cosh(2hM) + (—2F + h) M sinh(2hM))Rpm)),
ﬁ;’;(w—;m}?ﬂ + %(k(z(—l + 2F% 4+ 4Fh + 3h*)M? + (1 + (—2F% — 2Fh + h?)
M?) cosh(2hM) + M(—;“ — 8h+ Fh(F + h)M?)sinh(2hM))(—M?*\; + Re) + (8 — 6E +
M2(F?(4 + 3h2M?) + Fh(30 + h®M?(5 — 2E) — 4E) + 2h%(9 — k2M?*(-1+ E) + E))
+(—8+6E + M2(F?(—4 + h®M?) + Fh(—6 + h*M>*(1 — 2E) + 4E) — 2h*(5—-5E + h
M?E))) cosh(2hM) — M(10F2hM? + h(—4 + 12E + k*M?*(—1 + 2E)) + F(12 + h*M?

(9 + 2E))) sinh(2hM)) R))),

Ai?(zu«“ + h)kM?* (= M*(1 + 2hM?®) cosh(2hM ) (—=hM cosh(hM) + (1 + h(F + h)M?)sinh
(kM) — 8M3(—hM cosh(hM) + sinh(hM)(—hM cosh(hM) + (1 + h(F + h)M?) sinh(2hM
) 4+ 18(—=(F + 2h)M + FM cosh(2hM) + sinh(2kM)))Rum),

9(F + h)kM3 Ryn(2M(F + 2h — hE + h*M?E) + 2M(—F + hE + h®M2E) cosh(2hM) — 2

(14 2r2M2E) sinh(2hM) — hM (2 + h(3F + 2h)M? + (=2 + FhM?) cosh(2hM) + (—2F+
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—ly

» 3

Az =

Ay =

Ay =

A =

Ay =

Ay =

Agy =

h)M sinh(2hM)) Ry ),
1
oA
hM cosh(hM) + (1 + h(F + h)M?) sinh(hM) + (FM cosh(hM) + sinh(hM))(M(F(-2 + 3h?

(kM (4(F + h)M2(—hM cosh(hM) + (1 + h(F -+ h)M?) sinh +h) M®(—(hM)) — 32(F

M?) = 2h(=1+ h®*M?) (=1 4+ E)) + M(F(2 + h*M?) — 2h(1 + E + h*M*E)) cosh(2hM)
+(2 4+ hM?*(=2F + h + 4hE))sinh(2hM)) 4+ 21M8(—(F + h)(—=hM cosh(hM) + (1 + h(F
+h)M?)sinh(hM)) — 2h* M (M (2F + 3hE) cosh(hM) + (2 + 3E) sinh(hM)(—(F + 2h)M
+F M cosh(2hM) + sinh(2h.M)))) Ryn),

ﬁ(mm(z«“ + h)M%(—hM cosh(hM) + (1 + h(F + h)M?) sinh(hM)) — 32(F + h)MS(—h
M cosh(hM) + (1 + h(F + h)M?M sinh(hM)) + (FM cosh(hM) + sinh(hM))(M(F(-2 + 3
h2M?) — 2h(=1+ h2M?)(~1 + E)) + M(F(2 + h*M?) — 2h(1 + E + h*M2E)) cosh(2hM)
+(2 4+ hM?(2F + h + 4hE)) sinh(2hM) + 24M8((—F — h)(—hM cosh(hM) + (14 h(F + k)
M?)sinh(hM) — 2h2 M (M (2F — 3hE) cosh(hM) + (2 + 3E) sinh(hM)) = (—(F + 2h)M +2
FM cosh(2hM) + sinh(2hM)))) Rm),

- %(36(}?‘ + h)kM?((—F — 2h)M + FM cosh(2hM) + sinh(2hM))Rpy),

M?E + %(M’"(FM cosh(hM) + sinh(hM))),
Ay
((—F — h)M + FM cosh(2hM) + sinh(hM)),

(M(A1F + h(F + h)M — FhM cosh(hM)) sinh(hM) — hM (sinh(hM))?),
1
Aj(12k M4

F — 2h)M + FM cosh(2hM) + sinh(2hM))R,n),
i
(-5 (8(F + h)kM3((—F — 2h) M + F M cosh(2hM) + sinh(2hM))R,n) + M(—%) ),
Aj 1
.
ASM
+h — 2hE)) cosh(hM) + M(—=2h(F + h)M 4+ Ay (=2 + h®M?)(F — hE) + hM(F(2 — h®*M?)

(—kM cosh(hM) + sinh(hM))(M(2F — 3hE) cosh(hM) + (2 + 3E) sinh(hM))((—

(Ag((—F — h)M + (F — hE) cosh(AM) + (1 + E) sinh(hM))(24; + A1(~2 + hM2(2F

+h(2 + h®M?E)) cosh(hM)) sinh(hM) — h®M3(1 + E)(sinh(hM))?) Re R%,5?),

(~—5(4CF + RYkM® cosh(8h2M) — (hM cosh(hM) + (1 + h(F + K)M?) sinh(hM)) o) + Ase
adicr |
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An

Aoy

Aoy

+2M2 Q—AJ(QB.(F + h)kM?(FM cosh(2hM) + sinh(2AM) + 2M2(—A§(93(F + h)kM?*((—=F
1

—2h)M 4 FM cosh(2hM) + sinh(2hM))R,,) + F(BhakﬂJT(M(QF — 3hE) cosh(hM) + (2
1

+3E)sinh(hM))((—F — 2h)M + F M cosh(2h M) + sinh(2hM)) R,,) + (%(12@' + h)kM?
A

((—F — 2h)M + FM cosh(2hM) + sinh(2hM)) Rp) — %{S(F + hYEMA((—F — 2h)M + FM

1
cosh(2hM) + sinh(2hM))R.,) + M%%(?(F + h)kM*(—hM cosh(hM) + (1 + h(F + h)M?)
1
sinh(hM))Ryn) — %(2(1? + h)kM?R,(2M(F + 2h — hE + h3M?E) + 2M(—F + hE + k3 M*E)
1
cosh(2hM) — 2(1 + 2h* M E) sinh(2hM) — hM (2 + h(3F + 2h)M? + (=2 + FhM?) cosh(2h M)
+(=2F + h) sinh(2hM))R,)))),

3 6
AE+RNM B _ L 60p 4 B kM3 (—hM cosh(AM) + (1 + h(F + h)M2sinh(hM'))Rm)
24, A3

33(F + h)kM3*((—F — 2h)M + F M cosh(2hM) + sinh(2hM)) Ry — + 6h 2M(

A3(
(2(F + h)kM?*((=F — 2h)M + FM cosh(2hM) + sinh(2hM))R,) — —3((F + h)kM"
1

((=F = 2h)M + FM cosh(2hM) + sinh(2hM))R,,),
(204(1? + MR, 1
24, MA?

)M?) sinh(hM))R,,) — 12M (5Az0 — %(12:&(5‘ + h)kM?((—F — 2h)M + F M cosh(2hM) +
eS|

(2k(F M cosh(hM) -+ sinh(hM))(—hM cosh(hM) + (1 + h(F + h

sinh(2hM))Ryn) ).
(- 12h3(F + h)M"ﬁ’m
24, A3

Rm) — yx (LME(éMzAl(FM cosh(hM) + sinh(hM))(=hM cosh(hM) + (1 4 h(F + h)M?)

sinh(hM)) — 4(F M cosh(hM) + sinh(hM))(—hM cosh(hM) + (1 + h(F + h)M?) sinh(hM))

L (8h(F + h)kM3((~F — 2h)M + FM cosh(2hM) + sinh(2h.M))

Re +(—h(F + h)M*(2 + h(3F + 2h)M?) + 2(—1 — h(2F + h)M2 + h3(F + h)MYE + (h
(F + h)M?(2 — FRM?) 4+ 2(1 + h(2F + 3h)M? + h3(F + h)M*)E) cosh(2hM) — hM (4E —
(F + h)M?*(2F — h — 6hE)) sinh(2hM)))),

(hi(4(F + h)kM*(1+ 2hM?)(—hM cosh(hM) + (1 + h(F + h)M?) sinh(hM)) R

~3(—?(17(F + h)kM?((—F — 2h)M + FM cosh(2hM) + sinh(2hM))Rm) + M

(;3 (5(F + h)kM3((—F — 2h)M + FM cosh(2hM) + sinh(2hM))R,) + % ((F + h)kM?®
1
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Ags

Asg

Agg

Ron(2M(F + 2h — hE + h®M?E) + 2M(—F + hE + h®M2E) cosh(2hM) — 2(1 4 2h* M?E)
sinh(2hM) — hM(Q + h(3F + 2R)M?* + (=2 + FhM?) cosh(2hM) + (—2F + h)M sinh(2hM))

1
Rn)) + EJL(EA

o3 (h(F + h)kM?*((—F — 2h)M + FM
e !
cosh(2hM ) + sinh(2RA)) R0 )))))),

(5(F + h)M*Rp) + M(Asg —

An  1(F +h)M*Rp,

‘43 24; )

;T;(h“(F + h)kMB(FM cosh(2hM) + sinh(2hM ) Ry,) + 4h* M° (=%
1

+%((F + R)kM2R,(2M (F + 2h — hE + hM2E) + 2M(—F — hE + h*M*E)

1
(cosh(2hM) — 2(1 + 2h> M2E) sinh(2hM) — hM (2 + h(3F + 2h)M? + (=2 + FhM?)
(cosh(2hM ) + (—2F + h)M sinh(2hM))R,)),

(g (3 + WYkMP((—F — 20)M + FM (cosh(2hM) + sinh(2hM) ) Rom) + 15 (2(F +
1 1

M*((—=F — 2h)M + FM (cosh(2hM) + sinh(2hM)) Ryn) + (F + h)kM* R (2M (F +

2A3 (
2h — hE + h*M?E) 4+ 2M(~F + hE + h*M2E) cosh(2hM) — 2(1 + 2h2M>E) sinh(2hM)

—hM (2 + h(3F + 2h) M2 + (=2 + FhM?)(cosh(2hM) + (—2F + h)M sinh(2hM))R,,))),
51(F + h)M*R,,

( 2A;

cosh(hM) + (1 + h(F + h)M?) sinh(2hM)) — 4(FM cosh(hM) + sinh(hM))(—hM cosh(h

1
+ M(~15As + —5 (3kM(AM? M1 (FM (cosh(hM) + sinh (hM)) (~hM
%]

M) + (14 h(F + h)M?*)sinh(hM)) Re +(—h(F + h)M?(3F + 2h)M?) +2(—1 — h(2F +
R)M? + B3 (F + h)M4)E + (h(F + h)M2(2 — FRM?) + 2(1 + h(2F + 3h)M? + h3(F + h
)M*)E cosh(2hM) — hM(4E — (F + h)M?(2F — h — 6hE)) sinh(2hM)) Ry, ))))

(ﬁf 2k(F M cosh(hM) + sinh(hM))(—hM cosh(hM) + (1 + h(F + h)M?) sinh(hM)) R)

A3 (144(F + h)kM?((—F — 2h)M + FM cosh(2hM) + sinh(2hM)) Rm) + 161&4(% (6(
i ¥

F + h)kM3((—F — 2h)M + FM cosh(2hM) + sinh(2hM ) Rpn) + M (—= (2(F + h)kM?(=h

2;3 (3(F + h)kMsz(ZM(F +2h—h

E+h3M?E) + 2M(~F + hE + h3M*E) cosh(2hM) — (1 + 2h2M?E) sinh(2h M)

M cosh(hM) + (1 + h(F + h)M?) sinh(hM)) Rp) —

—~hM (2 + h(3F + 2h)M? + (2 + FhM?) cosh(2hM) + (—2F + h)M sinh(2hM)))))),

(;1—31,(2(5“ + h)kM?(—hM cosh(hM) + (1 4+ h(F + h)M?) sinh(hM))R) + Ai(mh,(F +h)
1 1

kMT(—hM cosh(hM) + (1 + h(F + h)M?) sinh(hM))R,,) + F (16h(F + h)kMT(—hM cosh
1
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Azp

Agz

-1
A
(k(FM cosh(hM) + sinh(hM))(M (F(—2 + 3h*M?)

(hM) + (1 + h(F + h)M?)sinh(hM))Rp) + M(— (144(F + h)kM?((=F — 2h)M + FM

1
2M A3
—2h(—1 4 hM)(1 + hM)(=1 + E)) + M(F(2 + h®’M?) — 2h(1 + E + h*M?E)) cosh(2h

cosh(2hM) + sinh(2hM))R,)

M) + (2 + hM%(—2F + h + 4hE)) sinh(2hM)) Ryn) + 2M (cosh(RM) + sinh(hM)(48(F + h
VeM3((=F — 2h)M + FM cosh(2hM) + sinh(2hM)) Ryn) + M(%(lS(F + h)kM2(—hM
1

cosh(hM) + (1 + h(F + h)M?) sinh(hM))R.) + Ai?(alkh%ﬁ(M(cosh(hM) +(2+3E)
sinh(hM))(FM cosh(2hM) + sinh(2hM))R,,) + Ai?(mu? + h)kM2 R, (2M(F +2h — hE
+h3M2E) + 2M(—F + hE + h®M2E) cosh(2hM) — (1 + 2h2M?E) sinh(2hM) + (-2 + F
hM?) cosh(2hM ) + (—2F + h) sinh(2hM))R.))))))),

Z%(AgM:’(ZI(F + h)M(—A; + h(F + h)M? sinh(hM)) + 2(h(F + h)M? + A;(2

F + h)M cosh(hM) + Ay sinh(hM) — (F + h)M?(h cosh(2hM) — F Ay sinh(hM) + FhM
sinh(2hM)))A1)),

3kM*((F + h)M3X  ((—=F — 2h)M + FM cosh(2hM) + sinh(2hM)) + (=F — h)M((—F
—2h)M + FM cosh(2hM) + sinh(2hM)) Re +(2 + M?(F? + 4h? + Fh(T — 2E)) — 2

E — (2 - 2E + M*(F? + Fh + 2h* — 2h(F + 2h)E)) cosh(2hM) — M(—h + F(3 + 2h(

F + h)M?) + 2h(2 + h(F + h)M?)E) sinh(2hM)) Rm)),
Y
A
—F — 2h)M + FM cosh(2hM) + sinh(2hM)) Re +(2 + M*(F? + 4h® + Fh(7 — 2BE))

(kM3 ((F + h)M3 X\ ((—=F — 2h)M + FM cosh(2hM) + sinh(2hM)) + (—F — h)M((

~2F — (2 — 2E + M*(F® + Fh + 2h® — 2h(F + 2h)E)) cosh(2hM) — M(—h + F(3 +

2h(F + h)M?) + 2h(2 + h(F + h)M?)E) sinh(2hM)) Rpn)),
(F + h)M3(75 + 2h* M*)R,,,
24,4 '
1

2(F + h)kM2R,,(—hM cosh(hM) + sinh(hM)) — Z:];@M(F + h)) + 2M(—F + hE) cosh

(2hM) — 2(1 + 2h* M2 E) sinh(2hM) — hM (2 + M? cosh(2hM) + (—=2F + h) sinh(2hM)M
)Rm)),

9 M3 sinh(2hM)(15A33 — L

A}

1
(3(F + h)M*(17 + 2h*M?)Rpn) + —= (kM?(12M (F M cosh

24,
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Y

(hM ) + sinh(hM)) + (3h(F + h)M(5(F + 2h) — 2(=1 4 F + 2h) M? + h(3F + 2h)M*) — 6
M(~1+h¥(F + h)M*)E — 3M(h(F + h)(5F — 2(—1 + F)M?) 4+ 4(F + h)(1 + 2h) M? sinh(
Mh) + 3h(=5h + F(=5+ 2M?) + M*(4E + h(2 + hM?*(1 + 6E)))) sinh(2hM) R,))),
Asg = 9(F +h)kM3R(2M (F + 2h) 4+ 2M (hE — F + h*M?E) cosh(2hM) — 2(1 4 2h* M E) sinh(

2hM) — hM (2 + h 4 (3F + 2h)M? cosh(2hM) + (=2F + h)M sinh(2hM))R,,),

mo= —g—i—?[(kﬂﬁ(a!ﬂa’?)q(l:‘ﬂ-f cosh(MHh) + sinh(Mh))(—hM cosh(Mh) + (1 + h(F + h)
M?)sinh(Mh)) — 4(FM cosh(Mh) + sinh(Mh))(—hM cosh(Mh) + (1 + h(F + h)
M?)sinh(Mh))Re + (—h(F + h)M?(2 + h(3F + 2h)M?) + 2(—1 — h(2F + h)M?
+h3(F + h)MYE + (h(F + h)M*(2 — FAM?) + 2(1 + h(2F + 3h)M? + h3(F
+h)M*)E) cosh(2Mh) — hM(4E — (F + h)M?(2F — h — 6hE))sinh(2Mh))
Ri))l,

P2 = —;—?[(kM:‘((F + h)M3\ ((=F — 2h)M + (FM cosh(Mh) 4 sinh(Mh)) + (—=F — h)
M((—2F — 2h)M + (F M cosh(Mh) + sinh(Mh)) R, + (2 + M?(F2 + 4h® + Fh(7
—2E)) — 2E — (2 — 2E + M*(F? + Fh+ 2h% — 2h(F + 2h)E)) cosh(2Mh) — M
(=h+ F(3 + 2h(F + h)M?) + 2h(2 + h(F + h)M?)E) sinh(2M 1)) R,))].

1 :
P = = [(kM3(M(2F — 8hE) cosh(Mh) + (2 + 3E) sinh(Mh))],
e |
_ (F+h)MR,
Pa = _24?-__
1 2
ps = —5[2(F+ h)kM?(—hM cosh(MB)(1 + h(F + h)M?) sinh(MAh)) Ry,
1
Fy M3 cosh (M)
Pe = ¥
Ay
1
pr = —2-3-[(1? + h)kM3((—F — 2h)M + F M cosh(Mh) + sinh(Mh)) R,
1
1
Py = _‘-J-E[(F + h)kM?((=F — 2h)M + FM cosh(2MR) + sinh(2Mh)) R,
Ty
pa = : [(F + h)kM? R (2M(F + 2h — hE + h* M3E) + 2M(—F + hE + h®M*

53
cosh(2Mh) — 2(1 + 2h* M2 E) sinh(2Mh) — hM (2 + h(3F + 2h)M? + (-2 + FhM?)

+FhM?) cosh(2Mh) + (—=2F + h)M sinh(2Mh))Rp))],
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Ly = (2160h® + M*(1 + hM + (=1 + hM)(cosh(2hM) + sinh(2AM))?),
Lo = " oy ((—4E + hM*(TF*hM® + h(—9 4 20E) + 2F(-2+ E + K M?(2+ 3
E)))) cosh(hM) + hM?*(h + F(—4 + FhM?)) +2(=2 + FhM?*)(=1 + h*M?)E)
cosh(3Mh) — 4M(—F2*hM? + 2F (=1 + h*M?*(-3 + E) + E) — h(3 — TE + h?
M*(3 4 E)) + (h + F(F — h)hM? 4 (2F — h)(—1 + hM)E) cosh(3hM) — 4M
(—F*hM? + 2F (=14 h®M*(-3 + E) + B) — h(3 — TE + h*M?*(3 + E)) + (h + F(F — h)h
M? + (2F — h)(=1 + h2M?)E) cosh(2Mh)) sinh(2Mh)) Rpn),
Ly = (2(—6 + 4E + M*(3F%*(—4 + h*M?) + 2h*(~14 — E + h®*M*(1 + E) + Fh(2— (23 + E)
+ (54 2B)h?M?))) + (—4AE + hM?*(TF2hM? + h(—9 + 20E) + 2F(-2 + E + h2M*(2 + 3E))))
cosh(hM) + cosh(2hM) + (hM?(h + F(—4 + FhM?)) + 2(—2 4+ FAM?)(—1 + h®? M?)E) cosh
(BhM) + 2M (3F?hM? + F(4 + h®M?(11 = 2E) — 6E) + h(7 — 13E + h*M*(6 + E))) sinh(h
M) +2M(4F2h M2 + F(18 + 5h2M?) + (6 + h®M? 4 8E)) sinh(2hM) + 2hM (h(—1+ F(—F
' +h)M?) + (=F + h)(—1 + h*M?)E) sinh(3hM)),
a Ly = (14 hM + (=14 hM) cosh(2ZMh) + (=1 + hM) sinh(2hM)),
Ly = ((cosh(My) — sinh(My))(—F cosh(Mh) — hcosh(Mh) + ycosh(My) — F My cosh(My) — y cosh
(2Mh + My) — F(1 — My) cosh(2Mh + My) + (F + h) cosh(Mh + 2My) — (F + h) sinh(Mh)+
y(1— FM)sinh(My) — y(1 + FM)sinh(2Mh + My) + (F + h) sinh(Mh + 2My))),
Lg = (M(F + 2hE) cosh(hM) + (1 — 2E) sinh(hM)),
L7 = (—(F + 2h)M + FM cosh(2hM) + sinh(2hM))R,,),
Lg = (eMBh=2)(_hM cosh(hM) + (1 + h(F + h)M?sinh(hM))(2(F + h)M?),)),
Lg = (—hM cosh(hM) + (1 + h(F + h)M?) sinh(hM)),
L1o = (e**M ky(cosh(My) — sinh(My))(M LgRm + Re(6M2(—10 + M(—F?M(17 + 2My(5 + My))
— FRM (71 + 2My(19 + 3My)) — 4(y + h2M (11 + My(6 + My)))) + (10 + M(dy + 2h*M (5
+ My)))) cosh(2Mh) + M(7h + F(27 + 10h(F + h)M?) + 2M(7F + 3h + 2Fh(F + h)M?)y + 2
(F + R)M?y?) sinh(2hM)) + (102(—1 + E) + M (F2M(—147 + 18h2M?(5 + 2My) — 2My(51+

Y,
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Ly
Lyg

L4

sinh(2hAM)) + (102(=1 + E) + M(F2M(—147 + 18> M>(5 + 2My) — 2My(51 + My(51
+2M7y))) + 4(3y(5 + My)(—1 + E) + 3h*M3(5 + 2My)(1 + E) — h2M (84 + 15E + 2My
(My(9 + My) + 3(10 + E)))) + 3FhM(—195 + 14E + 2M (h* M (5 + 2My)(5 + 2E) +y
(=67 + 6E + My(—19 — 2My(—19 — 2My + 2E))))) + (F2M?*(147 + 6h*M?*(5 + 2My)
+2My(51 + My(15 + 2My))) + FhM?(87 + 2My(39 + My(15 + 2My — 6E) — 18E)
—42E + 6R2M?(5 + 2My)(1 + 2E)) + 6((—17 — 2My(5 + My))(—1 + E) + 2 M*(5
+2My)E + h*M*(7 — 24E + 2My(3 + My — 2(4 + My)E)))) cosh(2hM) + M (6F2hM*
(7 + 2My(3 + My)) + h(45 + 204 + 2My(21 + 60E + My(9 + 2My + 12E)) + 6h*M*
(5 — 3B 4+ 2My(1 + E + MyE))) + F(249 + 2My(81 + My(21 + My)) + 6h*M?*(—3(—4
+E) 4+ 2My(4 + E + My(1 + E))))) sinh(2hM) R%, S?) + 6M* (=10 + M(—4y + M(4h®
(6 + My(4 + My)) + F*(17 + 2My(5 + My)) + Fh(31 + 2My(11 + 3My)))) — (-2

(1 + R2M?)(5 + 2My) + F2M?(17 + 2My(5 + My)) + FRM?(17 + 2My(5 + My)))
cosh(2hM) + M(—27h + F(~T7 + 10h(F + h)M? + 2M(—3F — Th + 2Fh(F + h)M?)y
—2(F + h)M?*y?) sinh(2h M), )),

(51 + My(—15 4+ 2My — 12E) + 60E),

(—4y + M(17F2 + T1Fh + 44h* — 2(F + 3h)(F + 4h)My + 2(F + h)(F + 2h)M*y?)),
3FMh(195 — 14E + 2M (h®M (=5 + 2My)(5 + 2E) + y(—67 + My(19 — 2My — 2E + 6
E))),

(MM k(cosh(My) + sinh(My))(M(6(—27 + 17E) + M(F?M(—309 + 18h* M?(5 — 2My)
+2My) + 2My(93 + My(—21 + My))) + 3F Mh(-397 + 14E — 2h2M?(~5 + 2My)(5
+2F) 4+ 2My(117 — 6E + My(—25+ 2My + 2E))) + 4(3y(7 + My(—1+ E) — 5E) —
3RIM3(—5 4+ 2My(1 4+ E) + h2M(-15(12 + E) + 2My(My(12 + My) + 3(18 + E)))))
+(162 — 102E + M(F?M (309 — 2M (3h*M (-5 + 2My) + y(93 + My(—21 + 2My + 6
E))) + 6(—2h*M3(—5 + 2My)E + 2y(—7 + My + 5E — MyE) + h?M (17 — 24E +2M
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Lyg

y(=5+ My + 8E — 2MyE))))) cosh(2Mh) + M(6F?M?h(17 + 2My(—5 + My)) + h(—
OMyLyz + 3(49 + 68E) + 6hM3(5 — 3E + 2My(—1 — E 4+ MyE))) + F(471 — 2My
(135 + My(—27 + 2My) + 6h*M*(22 — 8E + 2My(—6 — E + My(1 + E))))) sinh(2Mh)
Ry + Re(6M3(10 + M Lyg — (10 + M(—4y + 2h* M (5 — 2My) + F2M(17 4+ 2My(-5
+My)) + FARM (17 + 2My(—5 + My)))) cosh(2hM) + MM(—Th + F(~27 — 10h(F + h)
M?) + 2M(7F + 3h + 2Fh(F + h)M?)y — 2(F + h)M?y?)sinh(2hM) + (—102(~1 + E)
+M(F2M (147 + 2M (9h® M (—5 + 2My) + y(—51 + My(15 — 2My)))) + L13 + 4(-3y
(=5 + My)(—=1+ E) + 3h* M3(=5 4+ 2My)2E) + 6E))) + 4(-3y(—5 + My)(-1+ E) +
3hAM3 (=5 + 2My)(1 + E) + h®M (84 + 15E — 2My(My(—=9 + My) + 3(10 + E))))) +
(F2M?(—147 4 6h2M?(—5 + 2My) + 2My(51 + My(—15 + 2My))) + FhM?(—87 + 42
E + 2My(39 — 18E + My(—15 + 2My + 6E))) + 6((17 + 2My(—5 + My)) (-1 + E) +
2R M 4+ WPMP (T + 24E + 2My(3 — 8E + My(—1 +2E))))) cosh(2Mh) + M(—6F2h
M2(7 + 2My(—3 + My)) + h(=3(15 + 68E) + 2M (y(21 + My(—9 + 2My — 12E) + 60
E) + 3h*M (=5 + 3E + 2My))) + F(—249 + 2M (81y + M (y® + h*(9(—4 + E) + 6My))))
) sinh(2AM) R, S2) + 6 M*(10 + M(FhM + F*M — 4(y + h®M (6 + My(—4 + My))))
+(2(1 + h®2M?) + FRM*(17 + 2My(—5 + My))) cosh(2hM) + M(2Th + 2My + 2(F + h)
M?2y? sinh(2hM) A1),

(24(8E + M*(12F?% + Fh(14 + h®M?) + h*(3 — 2E + 2h*M*E))) cosh(3M k) — 42 cosh
(4Mh)),

M(AF?hM®(3 + 5k M?) + F(135 + 18h2M?(—4 + E) — 48E + 2h4M*(-5 + 19E)),

(L+ 7F — 6h — h(12F? + h(—1+ 41h) + F(—1 + 61h)) M?),

(=14 Th+ h(9F? + (=1 4 h)h + F(—=1 + 4h)) M?) cosh(2h M ),

(1 —21F — 10k — (=1 + h)h(F + h)M?) cosh(4hM ) + 8¢ sinh(2nz)(sinh(hM))3(—hM cosh
(hM) + (1 + h(F + h)M?) sinh(hM) + 2M(15F2 + h + 93Fh + 47Th? + 12Fh?(F + h)M?
sinh(2hM) — (15F2 + h + 9Fh — h?) M sinh(4hM)),
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Lap = (e™y(kM(162 — 150E + M2(F2(297 + 96h*M? + 43h* M*) + h*(—24(-39 + E) + h*

Loy

M?(203 + 6E + 8h* ME) + Fh(1419 — 162E + 2h*M>(178 — 54E + h®M*(14 + 19E
)))) — 24(6 — 8E + M*(12F? + F(78h — Th3M?) 4 h*(43 + 30E — 2h*M*(2 + 3E))))
cosh(Mh) + 4(6(—5 + 3E) + M2(3F2(—17 — 112 M? + 4h*M*) + h?(—3 + 180E + 2h?
M?(—=29 + 10E + h®M2E)) + Fh(6(8 + 9E) + h2M>*(—97 + 14E + h2M*(T + 12E)))))
cosh(2hM) + 144 cosh(3Mh) + Ly + (T8E + M*(F?(—93 + 36h*M? + 5h* M*) + h?(36
+h2M?(5 — 38E) + T2E) + Fh(—175 — 54F + 2h* M*(—20 + 26E + 5h* M*E)))) cosh(4
hM) — 24M (2F*hM? + h(8 — 34E + h®M?*(11 + 2E)) — F(K*M*(—17 +4E) +2(5+6
E)))sinh(AM) — 2M (F?(84hM? + 40 M*) + F(249 + 48E + 2h* M*(57 + 39E + Th?
M?(-2+5E))) + h(33 + 240F + 2h*M?*(—13 + 107E + h®2M?(-19 + 11E)))) sinh(2h
M)+ 24M(6F2hM? + h(8 + h*M?(1 — 2E) + 10E) + F(18 — 4F + h*M?*(3 + 4E))) sinh
(3hM) — Lyg + h(9(7 + 16E) — 2h* M?(—10 + (11 + 5h>M*)E))) sinh(4hM)) Ry, — —kR,
(2M>(3M Ly7 + 12sinh(2hM)) 4+ M(4Lyg + Lig) + (M(—63h + 144hE + 32h°M*(1 + 2
E) + F(81 + 6h*M?(—82 + E) + 4h* M*(28 + 13E))) + 4hM (—18(-1 + E) + M*(F?(21
+8h°M?) + 4h* (=9 + (=6 + 4 M?)E) + 3Fh(—15 + 2E + 4h*M*(1 + E)))) cosh(2h
M) — M(4hF*M? + F(81 + 4ER*M*) + h(9 + T2E + 2h° M?(2 + 7E))) cosh(4hM) + 2
(=30(=1+ E) + M?(51F? + 12h%(11 + 2h2M?(1 — 2E) + 10E))) sinh(2hM) + (30(-1
+E) + M*(3F?(=17 + 4h*M?) + Fh(—1 + 2E))) sinh(4hM) R% S?) 4 2kM*(3M + 4M
cosh(2hM) + 2(—6 — 12Fh?(F + h)M*) sinh(2hM) + (6 + (—15F2 — TFh + 14h?) M?

) sinh(4hM)) A1),

(24(=1 + FM)(1 + hM)(2+ hM)(=2E + hM (=1 + FM + 2hME)) + 24¢%"M (F2 M2
(=24 + hM (-5 + hM)(2 + hM)) + 12(—1 + E) — hM(14(1 + E) + hM(9 + hM
+2(=3+hM(1 + hM))E)) + 2FM(2(-9 + E) + hkM(3(—4 + E) + hM(—6 + (-3 + hM
(=3+ hM))E)))),
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¢

Lag

Lz

Loy

Log

24e?"M(4(—3 + B) + M(F*M(—24 + hM (2 + hM(—1 + ThM))) + 4F(7 + hM(—8 + hM
(=44 hM (=5 + hM)))) 4+ 6F(1 + hM)* — h(2 — 38E + hM (31 — 58 + hM)))),

24¢""M (24 — 20E + M(F>M (48 + hM (6 + hM (1 + ThM))) + h(14 — 30E + hM (117

+2F + hM (3 + hM(4 — 6E) + 22E))) + 2F(4 — 6E + hM(94 — 9E + AM(9—E + h
M(3—3E + hM(2+3E)))))),

"M (6 + M(F?M(~351 + hM (831 + 2hM)) + F(3(67 + 96E) + hM (—6(277 + 3E)

+hM (2505 — 168E + 2hM (—328 + 39E)))) + h(255(1 + 2E) + hM (-3 + 2hM (768
—~153F + hM (—283 + 2hM (59 — 36E + hM (8 + 33E)))))))),

e™M (162 — 198E + M(F2M(309 + hM (—159 + 2hM (24 + 5hM (—4 + hM)))) + h(33 + 354
E + hM (3 — 252E + 2hM (9(—2 + 9E) + hM (1 + 2hM + 3(—9 + 2hM (-2 + hM))E))))
+F(471 — 96E + hM(6(—21 + E) + hM (51 + 168E + 2hM (—38 — 9F + 2hM (3 — 21F
+hM(1+6E)))))))),

e"™M (126 — 186 E + M(F>M(267 -+ hM (129 + 2hM (24 + hM (14 + 5hM)))0 + h(—63 — 318
E + hM(—3(1 + T6E) + 2hM (18 — 99E + hM (7 — 57E + 2hM (-1 + 3hME))))) + F(—393
+96E + hM(—6(11 + E) + hM(—9(5 + 24E) + 2hM (=32 — 39E + 2hM (=6 4 15E + h(M
FEME))))) R + 26" MR (2M*(— M (2 + 81F — 11h — h(21F2 + 6h(—1+ 4h) — F(2
+13h))M? + 6Fh*(F + h)M*) cosh(3hM) + 2sinh(hM)(30 + (51F2 + 204Fh + h(2 + 16
3h))M? + 6h*(9F% + 22Fh + 11h%)M* + (=30 — 3(17F2 — 10Fh + h(—2 + 9h)) M2 + 242
(3F2 + (2 — 5h)h + F(2 + 4h)) M*) cosh(2h M) + 2M (1 + h(F + h)M?)¢sinh(2rz)(2hM
cosh(2hM) — sinh(2hM)) + M cosh(hM)(2 + 81F — 11h — h(F(=2 + 21F) + (2 + 311F)h
+220h2) M? + 6(F — 4h)h3(F + h)M* + 4hM ¢ sinh(272) (—2hM cosh(2hM ) + sinh(2hM))
) + (M(TF2hM?(—15 + 28h% M?) + F(294 + 3h* M?(—297 + 8E) + 4h* M*(37 + 44E)) +
h(—57 -+ 306 E + 4h10M*(9 + 23E) — 2h*M?(302 + 79E))) cosh(hM) + M (FM2h(105 +
441> M?) + h(57 + 2h*M?(8 — 125E) — 306E + 4h* M4 (=1 + 9E)) + F(—294 — 3h2M%(

35 + 8E) + 4h* M*(3 + 16E))) cosh(3hM) — 2(102(=1 + E) + M?(F?(—147 — 24h*M*+
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(>

.f\\

Loy
Log

Log

Lag

L3

L3y

20h* M*) + 2Fh(—417 + 21E + 6k M*(3 + E) + h? M?(—122 + 43E)) 4 h*(4h*M*(4 + 3
E) — 2h*M?(58 + 9F) — 3(143 + 72E))) + (=102(=1 + E) + M?(F?(147 + 60h>M? + 4h*
M) + 2FR(20* M (1 + 3E) + 5h* M? — 3) + h?(45 — 396E + 12h* M*E))) cosh(2hM))
sinh(hM))R2,5?) — 4™ (k(120(sinh(hM))® + M((17F + 107h — h(85F2 + 153Fh)M* — 6
R3(F + h)M™) + (—=17F — 107Th + 18 Fh3(F + h)M*) cosh(8hM) + M (153F? + 262Fh + 16
3h? + 2h* M?) sinh(hM) — M (51F% + 42Fh — 111A% 4 2h® M?) sinh(3hM))) 1)),
sinh(2mz)(—h cosh(hM) + (1 + h(F + h)M?)sinh(hM))(2hM cosh(2hM) — sinh(2hM)),
(120(sinh(hM))3 + M((=2 — 81F + 11h + h(F(=2 + 21F) + (2 + 311F)h + 220h*)M? —
6(F — 4h)h*(F + h)M*) cosh(hM) + (2 4 81F — 11h — h(21F? 4 6h(—1+ 4h) — F(2 +1
3h))M? + 6Fh*(F + h)M*) cosh(3hM) — M(153F2 — 2h + 558 Fh + 353h + 2h%(51F>
+2F(—1+ 64h) + h(—2 + 71h))M?) sinh(hM)),

(=51F2 4 30Fh + 3(2 — 9h)h + 2h*(3F? 4 (2 — 5h)h + F(2 + 4h)) M?),

(=M (TF?hM?*(—15 + 28h®M?) + F(249 + 3h2M>(—297 + 8E) + 4h* M*4(37 + 44E)) + h
(=57 + 306 + 4h* M*(9 + 23E) — 2h2M?(302 + 79E))) cosh(hM) + M (—F2hM?(105 +
44K M®) + F(249 + 3h2M?(35 4 8E) — 4h* M*(3 + 16 E)) + h(—57 + 4h*M*(1 - 9E) +
306E + 2h*M?(—8 + 125E))) cosh(3hM) + (306(—1 + E) + M2(9OF?(—49 — 12 M? + 4
hAM4) + h?(—903 — 36E — 2h2M>(108 + E) + 4h*M*(8 + 3E)) + 2Fh(—753 + 63E + 2
WAMA(1T + 3E) + h2M?(-214 + 51E)))) sinh(hM) + (=102(—1 + E) + M2(F?(147 + 60
h2M? + 4h* M*) + 2Fh(2h M1 + 3E) + 5h2M?(—6 + TE) — 3(27 + TE)) + h%(45— 3
96E + 123h* M*E — 2h M*(8 + 17E))) sinh(3hM) R2,52),

(—309F2M — h(—1+ FM)(33 + FM (159 + 2hM (24 + 5hM (4 + hM))) + hM(—3 + 2hM(
81 + hM(—1+ 2hM)))) — 6(F(1 + hM)(16 + hM (=15 + hM(—13 + 2hM (5 + 2hM)))) +
h(—59 + hM (—42 + hM (=27 + hM (=9 + 2hM (2 + hM))))E,

24e™M (1 + FM)(—2 4 hM)(—1 + hM)(—2E + hM(1 + FM + 2hME)) + 24e"M (—12(—1 +
E) + M(F2M(24 + hM (=2 + hM)(5 4+ hM)) + h(—14(1 + E) + hM(9 — 6E + hM(—1 +2
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(>~

L33

L3ay

Lgs

Laq

L3g

(=14 hM)E))) +2F(2(=9 + E) + hM(-3(—4 + E) + hM(—6 + (=3 + hM (3 + hM)E))))),
24 M (—4(—3 + E) + M(F>M (24 + hM (2 + hM(1 4+ ThM))) + 4F(7 + hM(8 + hM(—4 +
hM (5 + hM)))) + 6 F(—1 + hM)?*(2 + hM (1 + hM))E + h(—2 + 38E + hM(31 — 58E + h
M (=19 + 18E + 6hM(2 + E)))))) + 24e*"M (4(—6 + 5E) + M(F?M(—48 + hM(6 + hM(7
hM —1))) + h(14 — 30E 4+ hM (=177 — 2E + hM (3 + 22E + 2hM (-2 + 3E)))) + 2F(4 —
6E + hM(—94 + 9E + hM(9 — E + hM(3(=1 + E) + hM (2 + 3E))))))),

—ethM (90 4+ 174E + M(F?M(—225 + hM (801 + 2hM (—36 + hM (72 + 91hM)))) + F(9(
31+ 32E) + hM(6(—203 + 3E) + hM (2199 — 216 E + 2hM (—370 + 9E + 2hM (119 — 33E
+ThM (T + 6E)))))) + h(225 + 546 E + hM (—855 — 492E + 2hM (684 — 195E + hM(-30
14 123E + 2hM (71 — 81E + hM (8 + 33E)))))))),

"M (198 — 210E + M(F?M(351 + hM (831 + 2hM (12 + hM (30 — 91hM)))) + F(3(67 +
96E) + hM(6(277 + 3E) — hM (3(—835 + 56 E) + 2hM(—328 + 39E + 2hM (—86 + 51F +
ThM (7 + 6E)))))) + h(255(1 + 2E) + hM (1065 + 546 E + 2hM (768 — 153E — hM (—283
+153 + 2hM (=59 + 36 E + hM (8 + 33E)))))))),

eShM (126 — 186F + M(F2M(267 + hM(—129 + 2hM (24 + hM(—14 + 5hM)))) + h(63 +
318E + hM(—3(1 + 76E) + 2hM (=18 + 99E + hM (7 — 57F + 2hM (1 + 3hME))))) + F
(393 + hM (=6 + hM (9 + 2hM (—32 + 2hM (6 — 15E))))))),

MM (M (—17F — 107h + h(85F? + 158Fh + 134h*)M? + 6h*(F + h)(3F + 4h)M*
cosh(hM) + 120(sinh(hM))® + M((—17F — 107h + h(85F2 + 85Fh — 54h?)M? + 18
Fh3(F + h)M* cosh(3hM) + M(153F? + 262Fh + 163h® 4+ 2h*(25F? + 56 Fh + 37

h*)M?) sinh(hM) — M(51F? + 262Fh + 163h% + 2h%(25F2 + 56 Fh + 37h?) M?) sinh

(hM) — M(51F% + 42Fh — 111h2 + 2k M?) Lyg sinh(3hM))) A1,

(k(2 + "M R (~8M3p Loy + 2M® Log — M Lyg sinh(hM))) + Lag + M((3(—54 + 157F

M + 66E) + MLgy) + La + Lag + Lsa + Las + Lag) Rin +4M3Lyz),
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A Lag

Lo
Ly

L

> Lgs
Ny
Las
L4z
-

(14 hM + (=1 + hM)(cos(2hM) + sinh(2hM)),

(1 4+ hM + FhM? 4 h2M?),

(1 — hM + FhM? + h2M?),

(31F? + 32Fh — 5h%),

(36 + M (h(24 + M(—41 + h(24 + M(49 + 2h(6 + M (16 + hM (37 + 12hM)))))) + 6M
(=6 + h(—4 + M (=9 + h(—4 + M (21 + 2h(—1 + 9M))))))y — 6hM>(—1 + hM (5 + 4hM

y? — 36(1 +y) + F2M?(63 + h(—12 + M(37 + 2h(6 + M(34 + 9hM)))) — 6M(—15+ h

(=24 M(=T7 +2h(1 + M))))y — 6M*(3 + hM)y?) + F(—12 + M(—5 + h(60 + M(112

+h(36 + M (57 + 2h(6 + M (65 + 21hM))))))) + 12y — 6M (3 + F(—12 + M (-5 + h(60

+M (112 + h(36 + M (57 + 2h(6 + M (65 + 21hM)))))) + 12y — 6M (3 + h(10 + M(—30

+h(6 + M(—19 + 2h(1 + M))))))y — 6M?(=1 + hM (8 + 5hM))y?)))),

(=12 + M(hM(—41 + h(—24 + M (45 4 2h(6 + M(—18 + 5hM)))) — 6M(—2+ h(4 + M

(9 + h(—4 + M (=9 + 2h(1 + M))))))y — 6hM3(—1 + hM)y? + 12(1 + 2k +y) + F2M?

(=21 4 h(—12 + M (37 + 2h(6 + h(—22 4+ 9AM)))) — 6M(—1 + hM)(—5 + 2h(1 4+ M))

y — 6M? (=1 + hM)y?) + F(=12 + M(—5+ 18h* M* — 2h3 M?(—6 + 26 M + 6M(1 + M)
y) + 6y(2+ M(—3 + My)) — 12h(=1+ M(2+ y + My)) + h*M (=12 + M(37 + 6y(2

+M(7 = My)))))))),

(12 + M (h(24 — M (41 + h(—24 + M (45 + 2h(—6 + M (18 + 5hM)))))) — 6M (2 + h(4

+M(9+ h(4 + M(9+ 2h(1 + M)y + 6AM3(1 + hM)y? — 12(1 +y) + F2M2(21

+h(—12 + M (37 + 2h(—6 + M(22 + 9hM)))) 4+ 6M (1 + hM)(5 + 2h(1 + M))y —

M2(1 4+ hM)y?) + F(—12 + M(—5 4 18h* M* + 213 M?(—6 + 23M + 6M (1 + M)y)

+6y(2 + M(—3 + My)) + 12h(-1+ M(2 +y + My)) + h*M (=12 + M (37 + 6y(2 + M

(7= My)))))),
(=124 6Fh(F + h)M®(h — y)? + MM (2 + 45F + Th+ 12) + M3(h(—21F? — 6(—1 + h)
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g

\/

Lyg

Lyg

Lsg

Lo

h+ F(2+ 13h)) + 6(3F% — 2Fh + h®)y — 6(F + h)y*) + M*(-33F2 + 6 F(2h — 5y)
+3h + 2y)) — 2M*(Fh%(—2 + 5h — 3y) + 3F%(h — y)(2h + y) + h*(h(—2+ 5h) — 6

hy + 3y%))),

(—108 + (80 — 134h)M + M>*(—297F? — 576 Fh + 2(89 — 683h)h + 648y + M3(—h(81
F? + 4h(41 + 94h) + F(—80 + 1619h)) + 18(1 + 36F — h)y?) — 9h(F + h)M"(h —y)
(h+y)((TF — 20R)h*(F + 4h)y?) — OMO(h — y)(h + y) (h*(98F2 + h(—4 + 137h)) — (F
+h)(3F + 5h)y?) + M*(~h?(1485F% + F(—98 + 5363h))) — (F + h)(3F + 5h)y?) M*
(—h2(1485F2 + 2h(—58 + 1759h) + F(—98 + 5363h)) + 18(72F2 + 252Fh + h(—1 + 163
h)y?) +9MP(h3(18F2 + h(2 + 203h) + F(—2 + 273h)) — 2h(F(—1 + 12F) + h + 139
Fh+101h%)y? — (F + h)y*)),

(36 — M(2 + 45F + Th + 36y) + M3(h(21F* + 2h(1 + 65h) + F(—2 + 167h)) — 6(9F>
+34Fh + 19h%)y + 6(F + h)y?) + 2M*(h*(42F? + h(—2 + T1h) 4+ F(—2 + 119h)) — 3
h(F? + 21Fh + 14h%)y — 3(F + h)(3F + 5h)y*) — 6h(F + h)M°(h +y)(4h(—h +y) + F
(h+y)) + M2(99F? + h(—2 + 227h — 6y) + 6F(54h + 5y))),

(12 + M(2 +45F + Th — 12y) + 6 Fh(F + h)M3(h +y)* + 3M?(11F? + h(—2 + 3h + 2y)
—2F(2h + 5y)) + M3(=8F%(Th + 6y) + F(h(2 + 13h) 4+ 12hy — 63%) — 6h((=1 + h)h
+hy +y*)) + 2M* (3F%(2h — y)(h +y) + Fh*(=2 + 5h + 3y) + h2(h(—2 + 5h) + 6hy
+3y%))),

(=36 — M(2 +45F — Th — 36y) + M3(h(21F? + 2h(1 + 65h) + F(—2 + 167h)) + 6(9F>
+34Fh + 19h*)y + 6(F + h)y? + 2M*(—h?(42F? + h(—2 + T1h) + F(—2 + 119h) — 3h
(F2 +21Fh+ 14h%)y + 3(F + h)(3F + 5h)y?) + 6A(F + h)M®(h — y)(F(—h +y) + 4h
(h+y)) — M?(99F? 4 6F(54h — 5y) + h(—2 + 227h + 6y))),

(324 + M (334 — 739h + 9M (h(62 + h(253 + 2M (29 + h(—17 + 2M (1 + k(17 4+ M(—6
+hM))))))) — 8(12 + M(—1 + h(1 4+ M(=3 + h(9 + M(—3 + h(9 + (=2 + 5h)M)))))
Ny? — 4hM3(1 + hM)y*) + F(—405 + hM (3186 + M (334 + h(—3223 + 36M (7 — h(16
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Ls3

Ls4

Lss

Lsg

Ls7

Lzg

+M (24 h(15 + M4+ h(2+ ThM))))))))) + T2M>(36 + hM (12 + M(1 + h(5 + M

(2+ h +3h*M)))))y% + 36 M4 (—1 + A2 M?)y*) + OF? M (99 + M(—h(33 + 4hM(—63 + h
M (=18 + hM (1 + ThM)))) + 24M (—8 — 4hM + h3M3)y? + 4M3(1 + hM)y")))),

(108 + (80 — 134h)M + M3(—h(81F2 ++ 4h(41 + 94h) + F(—80 + 1691h)) + 18(1 + 36

F — h)y?) — 9h(h — y)(h+y) + 9MO(h — y)(h+ y) (h*(93F2 + h(—4 + 137h) + F(—4
+242h)) — (F + h)(3F + 5h)y®) + M*(h*(1485F* + 2h(—58 + 1759h) + F(—98 + 5363
h)) — 18(72F2 4 252Fh)y?) + OIM®(h3(18F? + h(2 + 203h) + F(—2 + 273h)) — 2h(F(
~1+12F) + h+ 139Fh + 101h%)y* — (F + h)y")),

(=124 M (2 +45F + Th — 12y) + 6 Fh(F + h)M®(h +y)® — M3(h(21F* + 6(—1 + h)h
—F(2+13h)) + 6(3F% — 2Fh + h2)y + 6(F + h)y*) + M*(—33F2 — 3h(—2 + 3h + 2y)
+6F(2h + 5y)) — 2M*(3F2(2h — y)(h +y) + F*h(-2 + 5h + 3y) + h*(h(—2 + 5h)
+6hy))

(—36 — M(2 +45F + Th + 36y) + M3(h(21F? + 2h(1 + 65h) + F(—2 + 167h)) — 6(9F>
+34Fh + 19h%)y) + 2M Y (—h*(42F% + h(—=2 + T1h)) + 3h(F? + 21Fh + 14h2)y + 3(F
+h)y?) — M*(99F? + h(—2+ 22Th — 6y) + 6F(54h + 5y))),

(324 + (=324 + 405F + 739h) M + OIM2((F? + 354Fh + h(62 + 253h) — 96y2) 4 36 Fh(F
+h)MT(h = y)(h 4 y)(Th? + y?) + M3(h(297F? + 18h(—29 + 17h) + F(—334 + 3223h))
+72(—1 = 86F + h)y®) — 36 M*(h — y)(h + y)(h*(F? + (F — h))(F + h)y?) + 36M*(h?
(TF(1+9F) +h — 16 Fh + 17h?) — 6(8F% — 4Fh + h(—1+ 3h))y?) + 36 M° (h3(—18F2 +
F(2 +15h)) + 2h(F(=1+ 12F) — (3 + 5F)h 4+ 9h%)y® + (F + h)y*)),

(108 + M(14 + 27TF2M(11 + hM) + F(—405 + hM (162 + M (14 + 13h + 4(—1 + h)hM)))
+h(—203 + M (10 + h(—37 + 2(—=1 + h)M (=5 + 2hM))))),

(108 + M (14 + 27F2M (11 + hM) + F(—405 + hM (162 + M (14 + 13h + 4(—1 + h)hM)))
+h(—=203 + M (10 + h(=37 + 2(=1 + h)M (=5 + 2hM)))))),
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& Lss =
Lep =
Ler =
Lgy =

\¥,

(12 + 2M + 45F M + ThM + 33F2M* — 6hM? — 12FhM? + 9h2M? + 2F M3h — 21F*hM®
+6h2 M3 + 13Fh2M® — 6h3 M3 — AFRMA + 12F2R2M* — 12FhM3y + 6k2 M3y — 6F2h
M* — 6FR2 MYy — 12h3 My — 12F2h2 My — 12Fh8MPy — 6F M3y? — 6hM3y? — 6F*M*
y? + 6h2My? + 6F2hM® + 6Fh> M3y?),

(40 + M (h(89 + FM (40 + hM (49 + 9hM (—1 + 2hM))) + hM (—82 + hM (58 + 9hM (1 + 2
hM)))) — IM (=1 + 2hM)(1 + hM(1 + (F 4+ h)M))y?)),

(—126(—1+ E) + M(T5F*M + 48M (6 + FM (5 + 9FM))y? — 3M3(2 + FM (1 + FM))y* + 6
(32F — 48My? + M3y")E + 2h8 M7 (16 + 7E) + h(—6(83 + FM(—88 + 19F M)) — 48 My*
+M3Y"E + 2h8 M7(16 + TE) + h(—6(83 + FM(—88 + 19FM)) — 48M%y? — M* (-3 + F
M(18 + FM))y* +6(115 — 9F M — 24 M?*(—-2 + FM)y® + M*(—1 + FM)y*)E) + 2h7 M5(
—9 —29E + TFM(5+ E)) + h*M(—213 + 612E + M(912My? — 9M3y* — 2F2M (195 — 72
My + MAy*) + F(—1497 + M**(11 — 4F) + 48M%y*(—18 + E) + 6E))) + h®M®(-209
—20E + M(38F2M — 4My*(8 + 3E) — F(93 4 136E))) + h® M*(609 + 148E + M(~153F2
M +2M%*y*(17 + 3E))) + kI M3(—978 + 164E + M(9F2M (13 + 4M2y?) + 2My2(117 + 16
E — M*y’E) + F(893 — 6E + 2M*y?(41 + T0E)))) + h3M?(—3(101 + 358E) + 2M (FM (
65 + TTM?y?) + My*(~302 — 58E + M*y%(3 + E)) — F(720 — 118F + M?y?(—214 + 36E
+M*y* (1 + E))))))),

198(—1 + E) + M(F2M (=351 + M (h(—75 + 2hM (—99 + hM (35 + 18hM))) — 12(~1
+hM)(9 + hM (11 + ThM))y + 6M(9 + hM (1 + 2hM))y? + 4M>(3 + hM)y®)) — 36

y(8 + My)(=1+ E) + 4h°M®(8 + 3E) + h(3(—5 + 66E) — 2My(—18 + 54E + My(—3
+2My + 18E))) + F(183 + M(—2y(36 + My(15 + 2My)) + 4h° MA(17 + 3E) + h*
M(—651 + 2My(138 + My(63 + 10My — 12E)) + 60E) + 2h(—597 + 2My(99 + M

y(51 + 8My — 9E) — 9E) + 63E) — 20 M3(25 — 34E + 6My(11 + 6E)) + 2h* M?(

—286 + 15E 4+ 6My(—7 — 3E + My(1 + E)))))),



¥

Leg = —582(—1+ E)+ M(—1437h — h®M (1011 + 4hM (65 + hM(—50 + hM (=17 + hM (13
+6hM))))) + 8M (—48 + hM(—24 + hM(—24 + hM(—14 + hM(5 + 2hM)))))y* + F?
M (735 + M(h(159 + 4hM(222 + hM (86 + hM (55 + 3hM (13 + 2hM))))) — 8M(3
+2hM)(24 + h2M?(8 + hM))y® — AM3(1 + hM) (=1 + 2hM)y*)) + 2(h(819 + hM
(2148 + hM (1045 + hM(—397 + 4hM(—126 + hM(—1 + hM)(22 + ThM)))))) — 8
M(1+ hM)(—24 + hM (—48 + hM(—48 + hM(—19 + 3hM (1 + hM)))))y* — 4M3(1
+hM)y")E + F(—951 +960M%y? — 12M*%y* + 1152E + 8h" M7 (3 + TE) + h* M?
(1245 + T44E + 192M>y?(2 + E) — AM*y (1 + 4E)) — 4h* M*(99 + 50E + 2M>
¥2(3 + 26E)) + 2R M3(3(48 + E) — 4M?y*(-33 + 20E + M%%(1 + E))))),

Lgs = 198(—1+ E) + M(F?M(—351 + M (h(75 + 2hM (—99 + hM (=35 + 18hM))) + 12(1
+hM)(9 + hM (=11 4+ ThM))y + 6M (9 + hM(—1 + 2hM))y? — 4M?*(=3 + hM)y®))
—36y(3 + My)(=1+ E) + 4h°M®(8 4 3E) + h* M (—789 + T2E + 2My(90 + My(57
+10My) + 36E)) + 2h*M3(—-135 — 37E + 6My(—3 — 3E + MyE)) — h®*M(—-651
+60E) + 2h(—597 + 2My(99 + My(51 + 8My — 9E) — 9E) + 63E) + 2h1M3(25
—34E + 6My(11 + 6E)) + 2h3M?(=286 + 6My(—7 — 3E + My(1 + E)))))),

Lgs = —66(—1+E)+ M(F*M(117 + M(h(=75 + 2hM (=3 + hM)(=T7 + 2hM)) +12(-3
+2hM + BP*M®)y + 6M (=1 + hM)(3 + 2hM)y® + AM3(—=1 + hM)y®)) + 12y(3
+My)(—=1+ E) + 12h8MOE + 4h® M*(1 + 6 MyE) + 2hg*M3(1 — 53E + 6 My(1
—3E + MyE)) — 2h*M2%(17 — 125E + 6 My(3E + My(—1+ 3E))) + h(3(—5 + 66
E) — 2My(—18 + 54E + My(—3 + 2My + 18E))) + h* M (39 — 288E + 2My(—6
+60E + My(—3 + 2My + 24E))) + F(183 + M(—2y + h2M (81 + 2My(—6 + My
(34 2My — 12E)) + 60E) + 2h*M?*(~30 — E + 6My(1 — 3E + My(1 + E))) +6
h(—15 — TE + 2My(5 + E + My(1 + E)))))),

Lgg = (=126(—1+ E)+ M(T5F*M +48M(6+ FM(-5+9FM))y® —3M3(2+ FM(-1+F
M))y* + 6(—32F — 48My? + M3y)E + 2h8M7(16 + TE) + 2h" MS(9 + 29E + 7F
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Lgr =

Lgg =

Lgg =

Ly =

e,
=

M(5 + E)) + hSM5(—209 — 20E + M(38F?M — 4My*(8 + 3E) + F(93 + 136E)))
+h(498 — 690 + M(F2M(114 + 96 M2y? + M*y*) + 3My*(16 — 96E + M>y*(—1
+2E)) + 6F(88 + M*y*(—3 + E) — 9E — 8M%y*(—31 + 3E)))) + h®M*(-609 — 1

48E — M(—153F2M + 4My*(3 + 14E) + 2F(212 — 39E + 2M?y*(17 + 3E)))) + h?

M (=213 + 612E + M(912My? + F(1497 — 48M*y*(—18 + E) — 6E + My* (11 + 4
E)))) + h3M?(303 + 1074E — 2M (F2M + F(720 — 118E + M*y*(—241 + 36E))))
+F(893 — 6E + 2M?y%(41 + 70E)))))),

(=6 4+ M(—3h(—60 4+ hM (=3 + hM (61 + 2hM (4 + 3hM{—8 + hM(—1 + hM)))))) + 6
M(—2 + hM (=1 + hM(—16 + AM(9 + 2hM (=1 + hM)))))y? + 6M3(=1 + hM)*(1 + h
M)y + F2M (6 + M (h(135 + hM (—243 + 2hM (108 + hM (18 + hM(—14 + 5hM)))))
—6M (—1+ hM (4 + hM(5 + 2hM (=2 + hM))))y? + 2M3(=1 + hM)(3 + hM)y*))
+6M (1 + hM (9 + hM (3 + hM(13 + 2RM(—6 + hM)))))y* + 2hM*(—1 + hM)(3 + h
M)y")))),

(450(=1+ E) + M(—F2M (501 + hM (615 + 16hM (12 + hM))) + h(—555 + 1122E
+hM(—183 + 936 + 2hM (—8 + 11(13 + hM)E))) + F(951 — 384 + hM (1170 + h
M(375 — 2(360 + hM)E))))),

(—582(—1 + E) + M (1437 4+ h2M(—1011 + 4hM (65 + hM (50 + hM (=17 + hM (13
+6hM))))) — 8M (48 4+ hM(—24 + hM (24 + hM(—14 + hM (=5 + 2hM)))))y? — 4M3
(2 4 hM)y® + F2M (735 + M (h(—159 + 4hM (222 + hM)) — 8M (-3 + 2h M) — AM3(
—1+AM)(1 4 2hM)y*)) + 2(h(—819 + hM (2148 + hM (—1045 + hM (—397 + 4hM (
126 + hM (1 + AM)))))) — 4AM3(1 + M (=14 hM))y*)E + F(951 + M(12My*(—80 +
M2y?) + h(—8M%*(1 + E) + 192M%y*(3 + E) + 6(403 + 267E)) + 2h*M?*(3(48 + E

) — 4M?y*(—33 + 20E + M*y*(1 + E))))))),

(405(—1 + E) + M(F2M(—501 + hM (615 + 16hM(—12 + hM))) + h(555 — 1122E + h
M(—183 + 936 -+ 2hM (8 + 11(—13 + hM)E))) + F(—951 + hM (1170 — 918E + hM(
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—375 + 2hM (16 + (—101 + 8hM)E)))))),

(—66(1 + E) + M(F2M (117 + M(h(75 + 2hM (3 + hM)(7 + 2hM)) + 4M?(1 + hM)y®
)) + 12h° MPE + h(15 — 198 — 2My(—18 + My(3 + 2My — 18E) + 54E)) + h*M (39
—288E — 2My(—6 + My(3 + 2My — 24E) + 60E)) + F(—183 + M(—2y(36 + My(—15
+2My)) + 4h® M*(1 + 3E) 4 2h3M?(—30 — E + 6My(—1+ 3E + My(1 + E))) + h?
M(—81 — 60E + 2My(—6 + My(—3 + 2My + 12E))))))),

(198(—1+ E) + M(F?M(—351 + M (h(=75 + 2hM (99 + hM (35 + 18hM))) + 12(-1
+hM)(9 + hM (11 4+ ThM))y + 6 M (9 + hM(1 + 2hM))y? — 4M*(3 + hM)y®)) — 36y
(=3 + My)(—1+ E) + hSM3(8 + 3E) + h(2My(—18 + My(3 + 2My — 18E) + 54F) + 3
(=54 66E)) + +2h*M3(—135 — 37E + 6My(3 + 3E + MyE)) — 2h8M?(251 + 7TE + 2
My(9(4 + 3E) + My(4My — 3(7 + E)))) + F(183 + M (2y(36 + My(—15 + 2My)) + 4
RPMA(17 + 3E) + 2h* M3(—25 + 34E + 6 My(11 + 6E)) + 2h* M*(—286 + 15E + 6 My
(7+ 3E + My(1 + E))) — 2h(597 — 63E + 2My(99 — 9E + My(-51 4+ 8My + 9E)))
—~h*M (651 — 60E + 2My(138 + My(—63 + 10My + 12E))))))),

(198(—1+ E) + M(F*M(—351 + M(h(—=75 + 2hM(—99 + hM(35 + 18hM))) + 12(—1
+hM)(9 + hM (11 4+ ThM))y + 6 M (9 + hM (1 + 2hM))y? — 4M?(3 + hM)y®)) — 36y
(=3 + My)(—1+ E) +4hSM>(8 + 3E) + 4h° M*(—9 — 4E + 6 My(2 + 3E)) — h2M (789
~T2E + 2My(90 + My(—57 + 10My) + 36E)) + h(2My(—18 + My(3 + 2My — 18E)
+54E) + 3(—5+ 66E)) + 2h*M3(—135 — 37E + 6 My(3 + 3E + MyE)) — 2h8M?(251
+7E + 2My(9(4 + 3E) + My(4My — 3(7 + E)))) + F(183 + M (2y(36 + My(—15 + 2M
y)) + 4R MA(17 + 3E) + 20 M3 (=25 + 34E + 6My(11 + 6E)) + 2h3 M2 (—286 + 15E
+6My(7 + 3E + My(1 + E))) — 2h(597 — 63E + 2My(99 — 9E + My(—1 + 8My + 9E)
)) — h*M (651 — 60E + 2My(138 + My(—63 + 10My + 12E))))))),

(8730 — 22530E + M (16005h — 480y + M (h*(—37155 + 2hM (10500 + hM (—3905 + 4

hM (190 + hM (=21 + hM))))) + 60h(5 + hM(—1 + 2hM (1 + hM)))y + 80(36 + hM (12
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L+g

+h2M?(=9 + hM (=21 + hM))))) + 60h(5 + hM (—1 + 2hM (1 + hM)))y + 80(36 + hM
(12 + h2M?*(=9 + hM(2 + hM))))y? — 40M(—6 4+ hM (5 — hM + 2h3M3))y* — 8hM* (-1
+hM)y®) + F? M (8415 + M(—h(—3045 + 2hM (3390 + hM (230 + hM (155 + 56h M (—6
+hM))))) 4 60(=1 4 AM)(11 + 2AM (2 + hM))y + 40M (144 + hM (=72 + hM(24 + h
M(—=17 + 5hM))))y? — 40M?(—T7 + 5hM + 2h3M3)y® — 8M4(—1 + hM)y®)) — 10(h(12
hM (~9948 + hM (8755 + hM(—2931 + 2hM (343 + 2hM))))) — 24(~1 + hM)*(1 — hM
+h3M3)y — 24M (-2 + hM)(=1 + hM)(~8 + hM (2 + hM (3 + hM)))y? + 8M*(1 +hM
(14 2RM))y®)E + F(22995 — 36960F + M (4y(—285 + 2My(65My + M3y + 120(9 —
2E))) + 8h" M®(1 — 40E) + 40h M5(~7 + 26 E) + 4h® M*4(428 + 395E)))),

(198(—1 + E) + M(F2M(—351 + M (h(75 + 2hM (—99 + hM(—35 + 18hM))) — 12(1
+hM)(9 + hM (=11 + ThM))y + 6 M (9 + hM (=1 4 2hM))y® + 4AM>*(-3 + hM)y?)) — 3
y(=3 4+ My) (=1 + E) + 4hSM®(8 4 3E) + F(—183 + M (—2y(36 + My(—15 + 2My)) + 4
R3SMA(17 + 3E) — 2 M3(—25 + 34E + 6My(11 + 6E)) + 2h3M*(—286 + 15E + 6My
(7+3E + My(1 + E))) — 2h(597 — 63E + 2My(99 — 9E + My(—51 + 8My + 9E)))
+h2M (651 — 60E + 2My(138 + My(—63 + 10My + 12E))))))),

(—66(—1+ E) + M(F2M(117 + M(h(=75 + 2hM (-3 + hM)(—T + 2hM)) — 12(-3 + 2
hM + W3 M®)y + 6M (=1 + hM)(8 + 2hM)y* — 4M? (=1 + hM)y®)) + 12y(—3 + My)(E
—1) + 12h M5 E + +12h8 M E + 4h® M*(1 — 6 MyE) + h® M (39 — 288E — 2My(—6
+My(3 + 2My — 24E) + GOE)) + h(2My(—18 + My(3 + 2My — 18E) + 54E) + 3(—5
+66E)) + 24h*M? (=17 + 125E + 66 My(My + 3E — 3MyE)) + 2h*M3(1 — 53E
+6My(—1+ 3E + 2MyE)) + F(183 + M (2y(36 + My(—15 + My)) + 4h°M*(1

+3E) + h*M (81 + 2My(6 + My(3 — 2My — 126E)) + 60E) — 2h* M3(-3 + 14

E +6My(1 + 2E)) + 6h(—15 — T1E + 2My(—5 — E + My(1 + 4E))) + 2h3 M?(-30

—E +6My(=1+3E + My(1+ E)))))),
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(—324 + M(12(27 — 89h + 18y) + F2M?*(—567 4 h(—1500 + M(—653 + 36h(30
+M(—46 + h(9 + M(82 + h(4 + M(=55 + h(—4 + 17M))))))))) — 216AM (-1 +
hM )y — T2M?(—24 + hM (38 + hM(—28 + 9hM)))y> + 144hM> (-1 + hM)y® + 36
M4 (=1 + hM)y*) + M(h(—221 + 9h(288 + M (25 + 4h(—T1 + M(—122 + h(31 + M
(116 + h(8 + M (—47 + h(—4 +9M)))))))))) — 216h(2 + hM (-2 + hM))y — 72M
(=2 4 hM) (=6 + hM (20 + hM (14 + 5hM)))y* + 144My® + 36hM4(—1 + hM)y?)
+F(=1500 + M (=221 + h(1944 + M(—882 + h(—2904 + M + 36h(58 + M(—20 +
h(5+ M(83 + h(4 + M(—58 + h(—4 + 17M)))))))))) — 72M?(—10 + hM(-1+h
M)y + 144M?(—1 4+ hM)(1 + B2 M?)y® + 36 M4 (-1 + K2 M?)y%)))),

(=36 — 12M (=3 + F — 2h — 3y) + 6h(F + h)M®(h + y)(h(3F + 4h) — (F + 4h)y)
+M*(h(F*(37 — 12h) + 3F (19 — 4h)h + 32h%) — 6(F3(15 — 2h) 4 6Fh(5 + h)
+h3(21 + 2h))y + 6(F + h)y?) + 2M3(—h?(34F? + 65Fh + 37h?) + 3h(TF* + F

(19 + 2F)h + 2(9 + F)h?)y + 3(F + h)(3F + 5h)y*) + M*(—41h + 36y — 24h(h +

y) + F(—=5 — 60h + 12y)) — M3(3F2(21 + 4h) + h(h(49 — 12h — 24y) + 54y) — 2F
(—9y + 2h(—28 + 9k + 15y)))),

(—324 + M(F2M®(567 + h(1500 + M(—653 + 36h(30 + M (46 + h(—9 + M (62 +
h(4 4+ M(55 + h(4 + 17TM))))))))) + 216hM (1 + hM )y — T2M?(24 + hM (38 + h

M (28 4+ 9hM)))y® — 144hM3(1 + hM)y® + 36 M4 (1 + AM)y*) + M (h(-221 + 9k
(288 + M (—25 + 4h(71 + M (=122 — h(=31 + M(116 + h(8 + M))))))))) + F(1500
+M(—221 + h(1944 + M (882 + h(2904 -+ M(—2237 + 36h(58 + M (20 + h(—5 + M
(83 + h(4 + M(58 + h(4 +17TM))))))))))) + 216y + 36M4(—1 + K2 M2)y%)))),

(=54 + M(F?M?*(189 + h(930 4+ M (=175 + h(204 + M (1723 + 9h(6 + M (82 + h(4
+M(53 + h(—4 4+ 17TM))))))))) — 54hM (—1 + hM)y + 36hM>y®) + M(h(14 + h(—32
+M(—802 + h(618 + M(—1322 + h(294 + M (1786 + 9h(—8 + M (129 + h(—4 + M(
69 4 20hM))))))))))) — 54h(2 + hM (2 + hM))y — 18 M (—36 + hM(—46 + hM (80 + h
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Lgy

M (64 + hM (37 + 12hM)))))v® + 36 M (3 + hM (2 4+ hM(2 + hM))) + y* + 9hM (-1
+hM(5 + 4hM))y*) + 6(191h — 9(2 + 3y)) + F(930 + M(—40 + h(408 + M (305 + h
(1872 4+ M(—579 + h(876 + M (3131 + 9h(—14 + h(—4 + 37TM)))))))) + 36M*(-1+ h
M(5 4 hM (3 + hM)))y® +9M* (=1 + hM (8 + 5hM))y*)))),

(12 + M(hM (=41 + h(24 + M(45 + 2h(—6 + M (=18 + 5hM))))) + 6M (=2 + h(—4 + M
(9 + h(d + (=9 + 2h(=1 + M))M))))y — 6hM3 (=1 + hM)y® + 12(1 — 2h + y) + F2M?
(=21 + h(12 + M (37 + 2h(—6 + M (=22 + 9hM)))) + 6(—5 + 2h(=1 + M))M(-1+h
M)y — 6M*(—1 + hM)y?) + F(12 + M(=5 + 18h4M* + 12h(—1 + 2M + (=1 + M)My)
+2R3M?(—6 — 28M + 6(—1 + M)My) + 6y(2 + M(3 + My)) + h>M(12 + M(37 — 6y
(=24 M(7+ My)))))),

(=6 + M(3h(—60 + hM(3 + hM (61 + 2hM (—4 + 3hM(—8 + hM (1 + hM)))))) — 6M(2
+hM (=1 + hM(16 + hM (9 + 2hM (1 + hM)))))y® — 6M3 (=1 + hM)y* + FM(6 + M
(h(—136 + hM(—243 + 2h M (—108 + hM (18 + hM(14 + 5hM))))) — 6M (-1 + hM (-4
+hM(5 + 2hM (2 + hM))))y? + 2M3(=3 + hM)y*)) + F(—180 + M (h(3 + hM (54 + h
M(—297 + 2h M (=201 + hM (42 + hM (38 + 5hM)))))) — 6M(—1 + hM(9 + hM (=3 +h
M(13 +2hM)))) + (1 + kM),

(36 + 12M (3 + F — 2h + 3y) + M*(=5F — 41h + 60Fh + 24h* + 12(=3 + F — 2h)y)
+MA(h(37TF? + 3F(19 + 4F)h + 4(8 + 8F)h?) + 6(—6F (=5 + h)h + (21 — 2h)h?
+F%(15 + 2h))y + 6(F + h)y®) + 2M5(~h?(34F? + 65Fh + 37h?) + 3h(-TF% +2

(=9 + F)h?)y + 3(F + h)(3F + 5h)y?) + 6h(F + h)MS(h — y)(4h(h +y) + F(3h +y))
+M3(3F%(—21 + 4h) — 2F(2h(28 + 9h — 15y) — 9y) + h(—h(49 + 12h) + 6(9 + 4h)

),

(=36 + 12M (=8 + F — 2h — 3y + 6h(F + h)MO(h + y)(h(3F + 4h) — (F + 4h)y) + M*
(R(F%(37 — 12h) + 3F (19 — 4h)h + 32h?) — 6(F2(15 — 2h) + 6Fh(5+ h) + h?(21 +2

198



>

Lgs

Lgy
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h))y + 6(F + h)y® + 2M3(h*(34F?% + 65Fh + 37h?) — Sh(TF? + F(19 + 2F)h +2(9
+F)h?)y — 3(F + h)(3F + 5h)y®) + M>(—41h + 36y — 24h(h +y) + F(—5 — 60h + 12
y)) + M3(3F%(21 + 4h) — 2F(—9y + 2h(—28 + 9h + 15y)))),

(=54 + M(6(18 — 191h + 27y) + F2M*(—189 + h(—930 + M(—175 + h(204 + M(—1723
+9h(—6+ M (82 + h(4+ M(-53 + h(4 4+ 17M))))))))) + 54hM + M (h(14 + h(732 + M
(802 + h(—618 + M (—1322 + h(294 + M (1786 + 9h(8 4+ M (129 + h(—4 + M (—69 + 20
AM)))IN))) — 18M (36 + hM (—46 + hM(—80 + hM (64 + hM (—37 + 12AM)))))y* + 9
AM*(—1 + hM (=5 + 4hM))y*) + F(—930 + M(—40 + h(408 + M(—305 + h(—1872 + M
(—579 + h(876 + M(—3131 + 9h(14 + M (163 + h®M(4 + 37TM) — 2h(6 + 55M)))))))))
+54y + 54hM (5 + hM (=3 + hM))y — 18M?(—10 + hM(—134 + hM (78 + hM(—59 + 21
hM))))y® — 36 M>(1 + hM (5 + hM (=3 + hM)))y® + 9M* (=1 + hM (-8 + 5hM))y*)))),
(=12 + M(—hM(41 + h(24 + M(45 + 2h(6 + M (18 + 5hM))))) + 6M(2 + h(—4 + M(9 + h
(=4 4+ M)y + F2M?(21 + h(12 + M(37 + 2h)) — 6(5 + 2h(—=1+ M)) — 6M?(1 + hM)
y?) + F(12 + M(=5+ 2h3M?(6 + 28M — 6(—1+ M)My) + h*M(12 + M(37 — 6y(-2+ M
(7+ My))))))),

((F + h)(14 + M(h(—=31 + 2hM (13 4+ hM (=3 + hM (=3 + hM)))) + 10(=1 + hM)(1
+hM(~1+ hM))y — 2M (=1 + hM)(1 + hM(~1 + hM))y* + F(—1 + 2hM (-1 + hM)
(24 hM - My)(=3 + M(h+y)))))),

(9 + M(h(—351 + 4hM (294 + hM (=297 + hM (172 + hM(—24 + 5hM(~3 + hM))))))
—6M (=3 + hM (=1 + 2hM(—4 + hM(9 + 2hM (=3 + hM)))))y* + 4M3(=1 + hM)*y*
+F2M(21 + M(h(—285 + 2hM (240 + hM(—117 + 2kM (14 + 5hM (=2 + hM))))),
—(54h(2 + hM (=2 + hM))y),

(6(3 + 17E) + M(F2M(—45 4+ M (h(765 + 2hM + 2hM (=39 + hM (93 + 91hM))) — 12
(24 + hM (=1 4 hM)(5 + ThM))y + 6 M (15 + hM (=3 + 2hM))y? + 4M*(=3 + hM)y®))
+F (375 + 288E + M(—2y(78 + My(—21 + 2My)) + 28h° M*(7 + 6 E) — 2h* M3(-271
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+48F + 6My(11 + 6E)) — 2h(9(33 + E) 4+ 2My(294 — 9E + My(—75 + 8My +9E)))
+h2M (1797 — 204E + 2My(324 + My(—93 + 10My + 12E))))))),

(108 + M(—108 + F2M?(189 + h(156 + M(—47 + 4h(—66 + (=13 + 27Th)M)))) + h
(—276 + M(277 + h(336 + M(49 + 4h(—57 + M(—46 + h(15 + 14M))))))) + F(156
+M(61 + h(—312 + M (346 + h(360 + M(—231 4 4h(=78 + M + 27ThM))))))))),

(3 + M(F(2 + hM (13 + hM (=8 + hM)) + M(=1 + hM (-8 + 5hM))y) + F*M(3 + M
(—3y + hM(h+y))) + h(=1+ M(—y + h(7 — My + hM(-5 + 4My)))))),

(=34 M(—=F2M(3 + h®2M?) — h(1 + hM (T + 5hM)) — F2 + hM (13 + hM (8 + hM)))
+(F + h)M(=1+ FM(3 + hM) + hM(5 + 4hM))y)),

((F + h)(—14 + M(h(—31 + 2hM (=13 + hM (=3 + hM (3 + hM)))) + 10(1 + AM)(1
+hM(1 4+ hM))y — 2M (1 + hM)(1 4+ hM(1 + hM))y* + F(=1 4 2hM (1 + hM)(3 + h
M = My)(=2+ M(h+y)))))),

(=9 + M (h(—351 + 4hM(—294 + hM(—297 + hM(—172 + hM (=24 + 5AM (3 + hM))))))
—6M(3+hM(—1+2hM (4 + hM(9 + 2hM (3 + hM)))))y? +4M3(1 + hM)*y* — 2hM®
(1+ hM)2y%) + F2M (=21 + M(—h(285 + 2hM (240 + hM (117 + 2hM (14 + 5hM(2 + h
M))))) + 6M (=1 + hM(7 + 2hM (5 + 2hM (2 + hM))))y? — AM3(1 + hM)%y*)))),
(F2M?*(—24 + M(—=16y + h(6 + M(2h*M® — dy(—1 + My) — h2M(13 + 2My(3 + My))
+h(=T 4 6My(3 + My)))))) + 12(~1+ E) + M(2h5M* + 8y(~2 + TE + MyE) + h3M*
(—5(3 + 2E) + 2My(3 + My)(—1 + 6E)) + h®M(—13 + 98E + 2My(9 + My(3 — 2E) + 10
E)) — 2h(~=1+ 35E + 2My(—1+ My + 25E + 3MyE))) + 2F M(2(—9 + E) + M(2h°M*
+4y(—4 4+ TE + MyE) + h3M?*(=7(2 + E) + 2My(3 + My)) + h*M(-10 + 43E + 2My
(9 — My(=3 + E) +5E)) — h(—4 + 25E + 2My(—2 + 25E + My(2 + 3E)))))),

(90 — 162E + M (F2M (207 + M (h(93 + 2hM (33 4+ hM (11 + 5hM))) — 12(1 + hM)(8
+hM (=8 + hM))y + 6 M (1 + hM)(=5 4 2hM)y* — 4M?(1 + hM)y®)) + F(—297 + 96 E
+M(2y(78 + My(21 4+ 2My)) + 4h°M*(1 + 6E) — h2M (63 + 2My(12 + My(9 + 2My
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—12E)) + 204E) — 6h*M3(5 + 2My — 8E + 4AMyE) + 2h3M?(—5 + 6My(3 — 3E + M
y(1+ E))) + 6h(=3 + E + 2My(7 + E + My(1 + E))))),

(90 + (35 + 87E) + M(F2M (3285 + M (h(12285 + 2hM(—1965 + hM (4905 + 2hM(—35
+2hM (146 + 193hM))))) — 30(33 4+ hM (=7 + 2hM (-3 + ThM)))y + 20M*(21 + hM
(=5 + 2hM(—4 + ThM)))y® — AMY(=8 + hM)y®)) + 20M%(21 + hM (=5 + 2hM (-4 + 7
hM)))y® — AM*y5)) + 20h" MO(135 — 44E) + 8h8M7 (22 + 135E) + h(75(445 — 934

E) + 2My(75 — 180E + 2My(M3y® + 5My(—5 + 6E) — 120(5 + 11E)))) + 5h2M(3(
—957 4+ 4016E) + 2My(—3(59 + 12E) + 2My(480 + M3y® + 264F + My(35 + 12E))))
+F(16125 — 37440F + M(4hM®(1087 — 370F) + 20h” MS(77 + 72E) — 4h®M*(1356
—205E + T0M?y*(7 + 6E)) + 2y(—285 + 2My(65My + M3y®)) — 10h3M*(3128 — 57E
+2My(—6(3 + 2E) + My(—349 + 24E + 2My(7 + 5E)))) + 5h* M (7491 + 1956 — 2My
(=3(77 4+ 4E) + 2My(1176 + M3® — 96E + My(51 + 8E)))))))),

(8730 — 22530F + M (—16005h + 480y + M (—h>(37155 + 2hM + 2hM (10500 + hM
(3905 + 4hM (190 + hM (21 + hM))))) — 60h(—5 + hM(—1 + 2hM (=1 + hM)))y — 80
(=36 + hM(12 + h*M%(—9 + hM(—2 + hM))))y? + 40M(—6 + hM (-5 — hM + 2h3M3
Ny + 8RMA(1 + hM)y®) + FEM (8415 + M(—h(3045 + 2hM (3390 + hM (—230 + hM
(155 + 56hM (6 4 hM))))) — SMA(1 + hM)y®)) — 10(h(—1293 + hM (—9948 + hM
(—8755 + hM (—2931 + 2h M (—343 + 2hM (51 + 2hM (-2 + hM))))))) + 8M3(-1
+hM(1 + hM)(=1+2hM))y*)E + F(105 + M(—10h(261 + 8My(9 + My(24 + My
(=5 + E))) — 5463F) — 4y(—285 + 2My(65My + M3y® + 120(—9 + 2E))) — 20h*
M3(=136 — 373E + 2My(—3 — 6E + My(9 + 2My + 4(—9 + My)E))) + 10h* M?(

7(32 + 63E) + 4My(—6 + 12E — My(35 + 24E + 2My(—1 4 5E)))))))),

(6(—51 + 4TE) + M(F2M (=531 + M(h(—867 + 2hM (=9 + hM(—9 + 91hM))) — 12
(=24 + hM (1 + hM)(=5 + ThM))y — 6M (15 + hM (3 + 2hM))y* + 4M?(3 + hM)y®

) + h(—3(89 + 146E) + 2My(12 — 54 + My(3 — 2My + 18E))) 4+ F(—3(35 + 96
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E) 4+ M(—2y(78 + My(—21+ 2My)) + 28h° M4(7 + 6E) — 2h* M3(139 — 120E)
—2h3M?(316 — 45E + 6My(5 + My(1 + E))) + h> M (9(—323 + 20E) + 2My(324
+My(-93 + 10My + 12E))))))),

(6(3 + 17E) + M(F2M(—45 + M(h(—765 + 2hM (-39 + hM(—93 + 91hM))) — 12
(—12 + hM(1 4+ hM)(=5 + ThM))y + 6M (15 + hM (3 + 2hM))y* + 4M*(3 + hM)y®))
+4h8MP (8 + 33E) + 36y(5 + My — (3 + My)E) + 2h*M?(—555 + 225E + 2My(My
(33 + 4My + 3E) + 3(34 + 9E))) + h®M*(2My(324 + My(93 + 10My — 12E)) + 3
(—599 + 68E)) + 2h3M3(—382 + 3E + 6My(—5 — 3E + My(1 + E)))))),

(90(35 — 87) + M(F2M (3285 + M (h(—12285 + 2hM (—1965 + hM(—4905 + 2hM
(=35 + 2hM (—146 + 193hM))))) — 30(—33 + hM (=T + 2hM (3 + ThM)))y — 20M
(=144 + hM(—408 + hM(—24 4+ hM (=51 + 91hM))))y® + 20M?(—21 + hM (-5 + 2
hM (4 + ThM)))y® — 4AM*(3 + hM)y®)) + 20y(6 + My(12 + My(-3 + E) — 16E)
—3E) + 20h" M®(—135 + 44E) + 8hSM7(22 + 135E) — 4h®M>(1261 — 835E + 10
M?2(8 + 33E)) + —2h(—15(352 + 607TE) + 4 My(—435 + My(—1800 + 4M3y> + 5
My(37 + 3E)))) + 10h3M2%(—3128 + 57F + 2My(—6(3 + 2E) + My(349 — 24E + 2
My(7 + 5E)))) + 10h* M3(—2495 + 84E + 2My(—3(11 + 6E) + My(205 — 84E + 2
My(11 + 6E)))) + 5h> M (—3(2497 + 652E) — 2My(—3(77 + 4F) + 2My(M3y® + 24
(—49 +4E) + My(51 + 8E)))))))),

(F2M?(—24 + M?(40h* M? — 52hy — 423 M2y + 96y> + h?(—45 + 2M?%y?))) + 4(-3
+E) + 2F M*(—40y + h(24 + 2M*y?(94 — 9E) — 75E) + 84yE — 6h*M*y(2 + 3E) +
6hM* (1 + 4E) — 2h* M2y (43 + 5E) + h®M?*(—-112 — 6M?y?*(—1 + E) 4 31E)) + M?
(8¥%(6 — 5E) + 4h° M4 (=2 + 3E) + dhy(—41 + 93E) + 2h* M?(—114 + 2M%y%(2 - 3
E) +125E) — 2h3 M?y(9 + 130E) + h%(85 — 274E + 2M%y*(117 + 2E)))),

(12 — 8E + M(F®M (24 + M(h(—14 + hM(26 + hM(9 + 2hM (14 + 3hM)))) + 16y
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Q

Lios

L1ps

Loy

—6hM (=4 + hM(—1 4+ 4hM))y — 2M (24 + hM (6 + hM (2 + 3hM)))y?)) + h3M>
(111 — 250F) + 4h8M>(3 + 2E) + 2F(2 — 2E + M(h®M*(3 — 2My(15 + 5My — 9
E) — 12E) + 2h8M5(1 + E) + 4h°M*(4 + 3E) — AMy(—T7 + 14E + My(8 + E))
+h?M (34 — ATE + 2My(13 + My — 3MyE)) — h*M3(-29 + 11E + 2My(3 + 6E
+My(1+ E))) + 2h(9 4+ 25E + My(2 + 25E + 2My(—T+ 3E))))))),

(12— 8E + M(F?M (24 + M(h(—14 + hM (26 + hM (9 + 2hM (14 + 3hM)))) + 16y
—6hM (—4 + hM (=1 + 4hM))y — 2M (24 + hM (6 + hM (2 + 3hM)))y?)) + 2 M?
(111 + 2My(30 + My(9 — 10E) — 56 E) — 250E) + 4h®M>(3 + 2E) + 25 M4 (9
+16E) + 8y(2 — TE + My(—3 + 2E)) — 2h4M3(9 — 22F + 2My(9 + 3My + 3E
+2MyE)) + 2h* M (2 + 60E + My(—49 + 158E + 4My(—5 + 8E))) — 2h(5 — 19

E +2My(—20 + 34E + My(3 + 13E))) + 2F (2 — 2E + M(h*M*(3 — 2My(15+ 5
My —9E) — 12E) + 2h°M3(1 + E) + 4h°M*(4 + 3E) — 4y(14E — 7+ My(8 + E))
+2h(9 + 25E + My(2 + 25E + 2My(—7 + 3E))))))),

(6(—51 +4TE) + M(F?M(~531 + M (h(867 4 2hM (—9 + hM(9 + 91hM))) — 12
(24 + hM(—1 + hM))y — 6M (15 + hM (=3 + 2hM))y* + 4M>(—3 + hM)y®)) + 36
y(—5+ My(—=1+ E) + 3E) — h®M (1401 + 600E -+ 2My(264 + My(87 + 10My) +
36E)) + h(267 + 438E — 2My(6(—2 + 9E) + My(3 + 2My + 18E))) + F(3(35 +
96F) + M (—2y(78 + My(21 + 2My)) + 2h(—2My(249 + My(75+8My — 9E) — 9
E) +9(—127 + E)) + h* M (2907 + 2My(324 + My(93 + 10My — 12E)) — 180E)
—~2h3M?(316 — 45E + 6My(—5 — 3E + My(1 + E)))))),

(198 — 222F + M(—3(7h + 20y) + M(—h*(=3 + 2hM (=27 + 2hM (1 + hM))) + 12
h(—2+ h®M?*(—2 + hM))y + 6(1 + hM) + 4hM (1 + hM)y®) + F2M(369 + M (h(195
+2hM (15 + hM (23 4 5hM))) — 12(1 + hM) — 6M (1 + hM) — AM?(1 + hM)y3))
+6(h(—T1 + hM (=56 + hM(—33 + hM (=7 + 2hM (3 + hM))))) — 2M (1 + hM(1
+hM))y*(1 4+ hM)*)E + F(=567 + M(2y — 6h* M3(1 + 2My + 4(—4 + My)E) — h?
M(33 + 180E + 2My(12 + My(—9 ;—Da?;My +12E)))))),



Liog = (—6+16E + M(F?*M(—6+ M(h(—4 + hM(—1+ 4hM)) + 4y — My?)) + 2M3(3 +
E)y(—4 4+ My)(—1 + 2E) + 2h*M?(—5 + 2E(8 + My(—4 + My))E) + h®M (23 — 86
E — 2My(—4 + My)(—1 + 5E)) + 2h(My(—4 + My)(—1 + 2E) + 2(—5 + 9E)) +2
F(hM(=1+ My) + h*M*(1 + 2E) + hM (-4 — 15E — My(—4 + My)(1 + 2E))))),

Ligg = (6—16E + M(—2h(10 + My(4 + My)) + F>M(6 + M(h(—4 + hM(1 + 4hM)) +4
¥+ My?)) 4+ 4h(9 + My(4 + My))E — 2k M3(3 + E) — y(4 + My)(—1 + 2E) + 2h*
M?(—5 + 2(8 + My(4 + My))E) + h> M (23 + 86 E + 2My(45 + My)(—1 +5E)) +
2F(h2M?(—1 + My(4 + My)) + h*M3(=5 + 3E) + hM(4 + 15E + My(4 + My)(1
+2E))))).

Lo = (2Bre®™(F + h)2M?(2M3*(h — y)(h +y) — cosh(2hM) + cosh(2My))),

Ly = (9Lgs(cosh(M(2h + y)) + sinh(M (2h +y))) — 4Lgs(cosh(3M (2h + y)) + sinh
(3M (2h +y))) — 9Lgs(cosh(M (6h + y)) + sinh(M (6h +y))) + 9Ls (cosh(M
(8h + 1)) + sinh(M(8h +y))) — 16Lyy (F + h)(3 + M)(1 + hM)(cosh(3M(2h
+y)) + sinh(3M(2h + y))) + 144L4; (F + h)(—9 + M)(cosh(M (3h + 2y)) +
sinh(M (3h + 2y))) — 288(F + h)(FhM -+ 1)M(cosh(M(5h + 2y)) + sinh(M(5h
+2y))) — 144L4o(F + h)(M — 9)(hM — 1)M(cosh(M(7h + 2y)) + sinh(M(Th +
2y))) + Lyg(cosh(M(2h + 3y)) + sinh(M(2h + 3y))) + 4Lgo(cosh(M (4h + 3y))
+sinh(M (4h + 3y))) — 4608(F + h)M>*(1 + FhM?)(h — y)(cosh(M(5h + 3y)) +
sinh(M (5h + 3y))) — 2304(F + h) LggM*(hM — 1)(h — y)(cosh(M (Th + 3y)) +
sinh(M(Th + 3y))) + Laz(cosh(M(8h + 3y)) + sinh(M(8h + 3y))) + Loi (cosh
(M (10h + 8y)) + sinh(M(10h + 3y))) + 144(F + h)Lgy M(9 4+ M)(1 + hM)(cosh
(M (8h + 4y)) + sinh(M (3h + 4y))) — 288 M (F + h)(9 + M)(1 + FhM?*)(cosh(M
(5h + dy)) + sinh(M (5h + 4y))) — 144M Lyg(F + h)(9 + M) (hM — 1)(cosh(M(7
h + 4y)) + sinh(M(Th + 4y))) + 9Lag(cosh(M (2h + 5y)) + sinh(M (2h + 5y)))
—9Ly4(cosh(M (4h + 5y)) + sinh(M (4h + 5y))) — 9L7s(cosh(M(6h + 5y)) +
sinh(M (6h + 5y))) + 9L45(cosh(M(28614+ 5y)) + sinh(M(8h + 5y))) + 32M(F



4
|

Ly

L3

Li14

Lis

+h)(8 + M)(1 + FhM?)(cosh(M(5h + 6y)) + sinh(M(5h + 6y)))).

(LBGEM(Q:.+3,,} B 4L61E3J\J[23:+yj & ngeﬁmhﬂ" 3 LﬁseM@h—l—Sy} - L646M(5h+3.r) B LSEEM[Sh+y)
+ALggeM(@h+3y) | Lege®M¥ L [ggeMEh+3y) _ 1.0 M(10+3y) | Fn o(2h+5y)
+LyoelhF5) _ [ooe(6h450) _ [o0e(8h+00) _ 192(1 + FM) (=1 +hM)(2+ My)(-1+F
M — E + hME)(e®h+4) 4 oOh+2) o olhtdy) 4 o(h+20)) o 384N (-2 + My)(5h+F(2+h
(F + 4h)M?) + (—=3(F + 2h) + h*(F + 4h) M?)E)(e(M+4) — 6h+2) | o(Th+dv)y),
(F2M?(24 + hM (6 + hM(T — 13hM + 2R3 M3)) + 2M (1 + hM) — 2hM3(1 + hM)(2
+hM)y?) = 12(=1+ E) + M(—=16y + h(2 + M(h(13 — 15hM + 2h*M3) — 4y + 6RM

(3 4+ hM)y — 2M (1 + hM))) — 2(h(35 + hM (49 + hM)) — 2M (=1 + hM)(2 + hM)y?
(1 +hM)?)E) + 2FM(2(—=9 + E) + M(16y + 2h(—2 4+ M(=h + 2y + M(1 4+ hM)(2 +
hM)y?)) + (h(25 + hM) + 2(1 + hM)?(—=14 + 3hM (1 4+ hM))y — 2My* (=1 + hM)(1
+hM)?)E))),

(=16Lyg1 (F + h)(=3 + h)M (1 4+ hM)(cosh(3hM) + sinh(3hM)) + 32(F + h)(—3 + M)
(1+ FhM?)(cosh(5hAM) + sinh(5hM)) + 16Lgo(F + h)(—3 + h)M (1 + hM)(cosh(Th
M) + sinh(7ThM)) — (=108 + (F(—61 + 312h) — h(277 + 336h)) M? + h(4(46 — 15h)

h% 4 F2(47 + 264h)) M* + 4h%(14h2% + Fh(1 + 27h)) M®)(cosh(3My) + sinh(3My))
+2304 L1 (F + h)(h — y)(cosh(3M (h + y)) + sinh(3M (h +y))) + 16 Lyo M (3 + M)
(=14 hM)(cosh(M(Th + 6y)) + sinh(M(7h + 6y))) + L111),

(288L41(—1 + h)M (1 + hM)(cosh(M (3h + 4y)) + sinh(M (3h + 4y))) — 576(—1+ h)
M(1 + FhM?)(cosh(M (5h + 4y)) + sinh(M (5h + 4y))) — 288(—1 + h) Lyp M (cosh(M
(Th +4y)) + sinh (M (Th + 4y))) — 9Lsq(cosh(M (4h + 5y)) + sinh(M (4h + 5y))) —

9Lsg — 9Lss(cosh(M (6h + 5y)) + sinh(M (6h + 5y))) — 9Lsg(cosh(M (8h + 5y)) +
sinh(M (8h + 5y))) + 64(—1 + h)M(1 4+ FhM?)(cosh(M (5h + 6y)) + sinh(M (5h + 6
y))) + 32(—1 + h)M Lgs(—1 4 hM)(cosh(M(Th + 6y)) + sinh(M(7h + 6y))),

((—=6 — 4My — M°y® + F2M?(—6 — 4hM — h®M? + 4h3M® — 4My — My + K2 M?(23
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L1y

Liig

Lyg

L1ag

Ly

+8My(1 — 5E) + 2M*y*(1 + 5E) — 86E) + (16E + 8MyE + 2M*y* 4+ 2hM (4My(—1
+2E) + M%y%(~1 4 2E) + 2(—5 + 9E)) + 2F M (h* M*(—1 + 4My + M*y?) + h*M*(1
+2E) — hM (4 + 15E + M?y*(1 + 2E) 4+ 4My(1 4 2E))))(cosh(M (Th + 2y)) + sinh
(M(Th+2y)))),

(24M (F2M(~1 — 4h3M® 4 2n* M4 — 2R2M?(5 + 5y + M*y?) + 2hM (6 + 5My + M?y?))
+2F (7 — 5h* M* + 2RO M® 4 5My + M?y? — 2h33 M3 (4 + 5My + M%*y?) — 2hM (8 + 5M
y + M2%y?) + h2M2(19 + 15My + 3M%y?)) + h(—6h*M* + 2h° M® + hM (31 + 20My + 4
M%y?)))(cosh(M(Th + 2y)) + sinh (M (Th + 2))),

(120( F2M?(—24 — 10hM — 3h*M?* + h®M3) +12(-1+ E) — 2h*M*E — 14hM(1 + E
+2FM(2(=9 + E) + 3hM(—4 + E — 3h* M3E + h*M*E — 3h°M?(2 + E)))(cosh(M(Th
+5y)) + sinh(M(7h + 5y)))),

(120(F2M?*(—24 + 2hM — B2 M? + Th®M®) + 4(-3 + E) — 6k M4 (2 + B) + h®M3(-19
+18E) + 2hM (=1 + 19E) + h® M?(—31 + 58E) + 2F M (14 + 6E + h*M*(2+ 3E) + h
M(~16 + 9E)))(cosh(M (3h + 5y)) + sinh(M (3h + 5y)))),

(960(6 — 4My + M?y® + F2M?*(6 — 4hM + h®>M?® + 4h3M® — 4My + M?*y?) — 16E + 8
MyE — 2M*y*E + h*M?*(—23 + 8My(1 — 5E) + 86E) + 2hM (My(4 — 8E) + M?y?(~1
+2E)) + 2F M (h*M?*(—1 — 4My + M*y?) + (8 — 4My + M?y*)(—1 + 2E) + h®M3(—5
+3E) + hM(4 + 15E + M*y*(1 + 2E) — 4My(1 + 2E))))(cosh(M (3h + 4y)) + sinh
(M(3h + 4y)))),

(24(F + h)M(29 — 121 M? + 4hM* + 20My + 4M?y? + FhM?(23 + 20My + 4M?
y%))(cosh(M(5h + 2y)) + sinh(M (5h + 2y))) — 12(F + h)M(1 + FM)(-=1+ hM)
(cosh(M (9% + 2y)) + sinh(M(9h + 2y))) + Los(cosh(M (2h + 3y)) + sinh(M (2h

+3y))) + 2Lz (cosh(M (4h + 3y)) + sinh(M (4h + 3y))) + Lgs(cosh(M (8h + 3y))

+ sinh(M(8h + 3y))) + Lgg — 12M(F + h)(=1 4+ FM)(1 + hM)(cosh(M(h + 4y))
+sinh(M(h + 4y))) — 24M Log(cosh(M (3h + 4y)) + sinh(M (3h + 4y))) — 24(F
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Ligs =
Lyz =
)
Ly =

+h)M(29 — 12k M2 + ah* MY — 20My + 4M>y*)(cosh(M (5h + 4y)) + sinh(M(5h
+4y))) + 24M Lg; (cosh(M (Th + 4y)) + sinh(M (Th + 4y))) — 12M(F + h)(-1 +
hM)(cosh(M (9h + 4y)) + sinh(M (9h + 4y))) + 3(1 + hM) (1 + K2 M? + hM?y +
FM(—1+ hM + My))(cosh(M(2h + 5y)) + sinh(M(2h + 5y))) — 3Lg3(cosh(M (4
h + 5y)) + sinh(M (4h + 5y))) — 3Lga(cosh(M (6h + 5y)) + sinh(M (6h + 5y)))),
((F2M*(—48 + 6hM — h°M® 4 Th®M?) + 2hM (7 — 15E) — h*M?(117 + 2E) + 2h*
M*(—2+3E) +4(—6 + 5E) + h®M3(3 + 22E) + 2F M (4 — h>M? — 6E + h*M*(2
+3E)))(cosh(M(5h + y)) + sinh(M(5h +y)))),

(—82M(—1+ h) Ly (cosh(3hM) + sinh(3hM)) + 64M (—1 + h)(1 + FhM?)(cosh(5
hM) + sinh(5hM)) + 32M(—1 + h)(1 + FhM?)(cosh(7ThM) + sinh(ThM)) — Lz
(cosh(3My) + sinh(3My)) — 9Lyz(cosh(M (2h + y)) + sinh(M (2h + y))) — 4L4s
(cosh(3M (2h + y)) + sinh(3M (2h + 2y))) — 9Lyg(cosh(M (4h + y)) + sinh(M (4
h+y))) — 9Ls0(cosh(M (8h + y)) + sinh(M (8h +y))) + 9Lz1(cosh(M (6h +y))
+sinh(M(6h + y))) + Lsa(cosh(M (2h + 3y)) + sinh(M (2h + 3y))) — 4L53(cosh
(M(4h + 3y)) + sinh(M (4h + 3y))) — Lsg(cosh(M (8h + 3y)) + sinh(M(8h + 3

y))) + (108 + (—14 + 405F + 203h) M + (297h? + 162Fh) M® + 4(—1 + h)h*(F
+h)M*)(cosh(M (10h + 3y)) + sinh(M(10h + 3y)))),

(—16L41 (1 + hM )(cosh(3hM) + sinh(3hM)) + 32(1 + FhM?)(cosh(5hM) + sinh
(5hM)) + 16 Laa(—1 + hAM)(cosh(ThM) + sinh(7ThM)) — 9L41 (1 + 2hM)(cosh(M
(2h +y)) + sinh(M(2h +y))) + 4Leo(cosh(3M (2h + y)) + sinh(8M (2h +)))
—9L42(1 + 2hM )(cosh(M (6h + y)) + sinh(M(6h + y))) — 9Lga(—1 + 2k M)
(cosh(M (8h +y)) + sinh(M (8h + y))) — 16Lax (cosh(8M (h + 2y)) + sinh(M (h
+2y))) — 288(1 + FhM*)(cosh(M (2h + 2y)) + sinh(M (5h + 2y))) — 144 Lys

(=1 M )(cosh(M(Th + 2y)) + sinh(M(Th + 2y)))),

207



Q

Lias

Lisg

Loy

Lisg

Lyag

Lizo

(((—167 + 7T2R° M® — 18h* M3(1 — 2F M + 4M*y*) — hM (179 + 167F M + 108
M2y?) — 4(—40 + 185 M® + 94 MA(—1 + 2F M) — OM?y? + K3 M3 (58 + 9F M)
+h?M?(82 + 49F M — 18F M3y?) — hM (-89 + 9IM?*y? + FM (40 + 9M*y? + F
M (40 + 9My)))(cosh(M (4h + 3y)) + sinh (M (4h + 3y))) + Log + Laa(7 + 2hM)
(cosh(M (10h + 3y)) + sinh(M (10h + 3y))) + 9L41(—1 + 2hM)(cosh(M(6h + 5
y)) + sinh(M (6h + 5y))) — 9L4o(—1 + 2hM ) (cosh(M (8h + 5y)) -+ sinh(M (8h
+5y))) + 32(1 + FhM?)(cosh(M (5h + 6y)) + sinh(M (5h + 6y))) + 16 Lao(—1
+hM)(cosh(M (Th-+ 6y)) + sinh(M(Th + 6y))) + L124)),

((—167 — 72h° M — 36h* M*(—3 + 2F M) — 36 M?y? + 18h3M3(1 + 2F M + 4
M?*y?) + hM (179 — 167F M + 108M>y? — 36 F M3y?) + 9h? M?(—89 — 122

y? + 2F M (7 + 4M>y?)))(cosh(M (8h + 3y)) + sinh(M (8h + 3y)))),

((—=162 + F2M?(~123 — 257h M — 72h2M? + 8h3 M3 + 2h4MY) + 2R MY))
+458E — 4h° MPE + 2h3 M3 (4 + 95E) + h2M?(—77 + 888E) + hM (—301
+1146E) + FM (285 + h? M?(149 — 960E) + 2hM (279 — 607E) — 480F
+AWSMPE + 4h* M*(—1 + 8E) — 2h° M3(8 + 109E)))(cosh(7My) + sinh
(7My))),

(FEM(—=1+ 4h* M3 + 2h* M4 — 2R2M?(5 + My + M%y?) — 2hM (6 + 5My + M?
y?) — 2hM (6 + 5My + M2y®)) + 2F (=T + 5h* M* + 2h° M5 — 5 My + M?y?) — 2
hM (8 + 5My + M2y?) — R2M3(19 + 15My + 3M?%y?)) + h(6h* M* + 2R3 M5 — 2
h3M3(3 + 5My + M>y?) + 20 M*(13 + 10My + 2M?y?) — hM (31 + 20My + 4
M?y*)))(cosh(M (3h + 2y)) + sinh(M (3h + 2y))),

(3(1+ FM)(—1+ hM)(1 + h2M? — hM?y + FM(1 + hM — My))(cosh(M(8h + 5
y)) +sinh(M(8h + 5y)))),

(3(—1+ FM)(1 +hM)(1 + h2M? + hM?y + FM(—=1 + hM + My))(cosh(M(2h



o

7

Lz

L3z

Liaa

L34

Lags

L3

Ly3g

L13g

Lygp

+5y)) + sinh(M(2h + 5y)))),

(24(F 4 h)M (29 — 12h2 M? + AR M?* — 20My + 4M?y? + FRM?*(23 — 20My
+4M*?y*))(cosh(M (5h + 4y)) + sinh(M(5h + 4y)))),

(4(F + h)M (29 — 12h* M? + 4h* M* + 20My + 4M%y? + FhM?(23 + 20My
+4M%y?))(cosh(M (5h + 2y)) + sinh(M(5h + 2y)))),

(2Lga(cosh(M(4h + 3y)) + Siph(M(cih 4+ 3y))) + Lss(cosh(M (8h + 3y))
+sinh(M(8h + 3y)))),

(3(1 + FM)(—1 + hM)(—1 — 4hM + 2h2M? — 2M?y% + FM (-5 + 2h° M2 — 2M?
y?))(cosh(M (10h + 3y)) + sinh(M(10k + 3y)))),

(12(F + h)M(=1+ FM)(1 4 hM)(cosh(M (h + 4y)) + sinh (M (h + 4y))) — 24M
Lg4(cosh(M (3h + 4y)) + sinh(M (3h + 4y)))),

(24(F + h)M (29 — 12h2M? + 4h*M* — 20My + 4M*y® + FhM?(23 — 20My + 4
M2y?))(cosh(M (5h + 4y)) + sinh(M (5h + 4y)))),

(24M Lgz(cosh(M (Th + 4y)) + sinh(M(7h + 4y))) — 12(F + h)(1 + FM)(hM — 1)
M (cosh(M(9h + 4y)) + sinh(M(9h + 4y)))),

(120(24 + F2M?(48 + 6hM + h®>M?* 4+ Th*M3) + 2hM (T — 15E) + 2h* M*(2 - 3E)
—20F + h2M?(117 + 2E) + h®M>(3 + 22F) + 2F M (4 4+ hM (94 + 9E) — h>M?(9
—E) - 3h*M3(~1+ E) — 6E))),

(12hSMPE — 4h® M*(—1 + 9E + 6MyE) + 12y(5 + My — (3 + My)E) — 12h* M3 (2
(12hSMOE — 4h° M*(—1+ 9E + 6MyE) + 12y(5 + My — (3 + My)E) — 12h4M3(2
E))),

(198 + 22E + M(F?M (369 + M (h(—195 + 2AM (15 + hM (=23 + 5hM))) — 12(-1
+hM)(8 + hM) — AM? (=1 + hM)y®)) + Lizg + h(21 + 426 + 2My(6 + My)) + F
(567 — 96E + M (2y(78 + My(21 + 2My)) + h> M (33 — 2My(12 + My(9 + 2My))
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%)

)

Lin =

Lz =

Lyy =

+180E) — 2h° M?(50 4 3E + 6My(3 — 3E + My(1 + E))) — 6h(29 + E + 2My(7

+E + My(1 + E)))))),

(960M (F2hM>(12 4+ Th*M? + My(—4 + My)) + h(44 — 102E — My(—4 + My)(-5
+12E) + h*M?(3 + (71 + 8My)E)) + 2F(10 — 24E — My(—4 + My)(=1+3E) + h*
M*(2+3E) + h®M?(21 + 5E + My(—4 + My)(2 + 3E))))),

(1+ FM(=1+hM)(—=(1+ FM)(—6 + M(—2h+ h*M — y(4 + My))) — 2(=1 + hM)
(=8 4+ M(—h+ h®M — y(4 + My)))E) + 2M (F2M?h(12 + Th*M?* + My(4 + My))
+2F(10 — 24E + h*M*(2+ 3E) + h®M?(21 + 5E + My(4 + My)(2 + 3E))) + h(44
—102E + M(y(4 + My)(5 — 12E) + h2M (3 + (70 + 8My(4 + My))E))))),

(18 PrRe(3(—1 + FM)(1 + hM)(—1 4 4hM + 2h2M? — 2M>y? + F(5M — 2M3(h%?)
))(cosh(3My) + sinh(3My)) + 3(—1 + FM)(1 + hM)(1 + h®M? — hM*y + FM(-1+h
M — My))(cosh(M(2h + y)) + sinh(M (2h + y))) + 2Lg7(cosh(3M (2h + y)) + sinh(3
M(2h+y))) + 3(3 + h3M3(5 + 4My) + h2M>(7 + 5My) + hM(1 — My) + F2M*(3
+h2M? + 3My + hyM?) — 3(1 + FM)(=1 + hM)(1 + K2 M? + hM?y + FM(1 + hM
+My))(cosh(M(8h + y)) + sinh(M(8h +y))) — 12(F + h)M (=1 + FM)(1 + hM) — 2
(cosh(M (2h + y)) -+ sinh(M (2h +y))) — 24(F + h)(29 — 12h% M?)(cosh(M (5h + 2y))
+sinh(M (5h + 2y))) + Las(cosh(M (2h + 3y)) + sinh(M (2h + 3y))) — 2Lgg(cosh(M
(4h + By)) + sinh(M (4h + 3y))) + Lss(cosh(M (8h + 3y)) + sinh(M(8h + 3y))) — 3Lg2
(cosh(M (6h + 5y)) + sinh(M (6h + 5y))) — 3Lg3(cosh(M (4h + 5y)) + sinh(M (4h + 5y
))) — 24Lgs M (cosh(M (3h + 4y)) + sinh(M (3h + 4y))) + L117 — 24M Lygg + L13o + Ly37
+M A L114),

(24 — 20E + M (F2M (48 + hM (6 + hM (1 + ThM))) + h(14 — 30E + hM (117 + 2

E +hM(3+ hM(4 - 6E) +22E))) +2F(4 — 6E +hM (94 — 9E +hM(9 — E+ h
M(3 — 3E + hM(2+3E))))).



)

Lhgs

Lygg

Ly

Liag

Lysg

(—~4(—3 + E) + M(F*M (24 + hM (2 + hM (1 + ThM))) + 4F(7 + hM (8 + hM(—4
+hM(5 + hM)))) + 6F (=1 + hM)*(2 + kM (1 + hM))E + h(—2 + 38E + hM (31
—58E + hM(—19 + 18E + 6hM (2 + E)))))),

(960M (F?M2h(12 + Th®M? 4+ My(4 + My)) + 2F(10 — 24E — My(4 + My)(-1
+3E) + h*M4(2 + 3E) + h2M*(21 + 5E + My(4 4+ My)(2 + E))) + h(44 — 102

E + M(y(4 + My)(5 — 12E) + h*M (3 + (70 + 8My(4 + My))E))))),

(12(4(—=3 + E) + M(F2M(—24 + hM(2 + hM(~1+ThM))) + 4F(7 + hM (-8 + h
M(—4+ hM(=54 hM)))) +6F (1 + hM)*(2 + hM(=1+ hM))E — h(2 — 38E + h
M(31 — 58E + hM(19 — 18E + 6hM (2 + E))))))).

(480(—1 + FM)(1 + hM)((—1 + FM)(—6 + M(2h + h2M — y(4 + My))) +2(1
+hM)(—8 + M(h + h*M —y(4 + My)))E)),

(960M (F*hM?(12 + Th*M? + My(4 + My)) + 2F(10 — 24E + My(4 + My)
(=1+3E) + h*M*(2 + 3E) + h®M?(21 + 5E + My(4 + My)(2 + E))) + h(44
—102E + M(y(4 + My)(5 — 12E) + h*M (3 + (70 + 8My(4 + My))E))))),
(15(—162 + 458E + M(F>M(—123 + hM (257 + 2hM(—36 + hM(—4 + hM))))
+h(301 — 1146E + hM(—~T7 + 888E + 2hM(—4 + hM (=T + 2hM))E))) + F
(—285 + 480E + hM (558 — 1214E + hM(—149 + 960F + 2hM(—8 — 109E + 2
hM(1+ (=3 + hM)E)))))))),

¢ cos(2ma),

(120(1 + FM) (=2 + hM)(—=1 + hM)(—2E + hM(1 + FM + 2hME))),

(480(—1+ FM)(1 + hM)((—1 + FM)(—6 + M(2h — y(4 + My))) +2(1 + hM)
(=8 + M(h+ h*M — y(4 + My)))E)),

(960M (F2M2h(12 + Th® M? + My(4 + My)) + 2F (10 — My(4 + My)(~1 + 3E)
+hAMA(2 4+ 3E) + h®M>(21 4 5B + My(4 + My)(2+ E))) + h(44 — 102E + M(y(4
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Q)

kg

k12

k13

+My)(5 — 12E) + h*M (3 + (70 + 8My(4 + My)) E))))),

(480(1 4+ FM) (=1 + hM)((1 + FM)(—6 + M(—2h + h®M(3 + (70 + 8My(4 + My))E))))),
(14 FM)(—6 + M(—2h + h*M + y(4 — My))) — 2(—1 + hM)(8 + M(h — h®M +y(—4
+My)))E),

(120(F2M?(—24 + hM (=5 + hM (2 + hM)) 4+ 12(=1 + E) — hM(14(1 + E) + hM (9
+hM + 2(—3 + hM(1 4 hM))E)) + 2FM(2(—9 4+ E) + hM(3(—4 + E) + hM(—6 + (
—~3 + hM(=3+ hM))E))))),

(480(—1 + FM)(1 + hM)(M (=6 + M(2h + h>M — y)) + 2(1 + 2hM)(—8 + M(h + h?
M —y(4 + My)))E)),

(960M (F2M2h(12 + Th*M? + My(4 + My)) + 2F(10 — 24E — My(4 + My)(-1+3
E) + h*M*2 + 3E) + h®M*(21 + 5E + My(4 + My)(2 + 3E))) + h(44 — 102E + M
(y(4 + My)(5 — 12E) + h®M (3 + (70 + 8My(4 + My))E))))),

(120(4(=3 + E) + M(F>M (=24 + hM (2 + hM(=1+ ThM))) + 4F (7 + hM(—8 + hM
(=4 + hRM (=5 + hM)))) + 6 F(1 + hM)?*(2 + hM(—1 4 hM))E — h(2 — 38E + hM(31
—~58E + hM(19 — 18E + 6hM (2 + E))))))),

(480(=1 + FM)(1 + hM)((=1 + FM)(—6 + M(2h + h* M — y(4 + My))) + 2(1 + hM)
(=8 + M(h+ h®M — y(4 + My)))E)),

(960M (F2M?*h(12 + Th*M® + My(4 + My)) + 2F(10 — 24E — My(4 + My)(-1+3
E) + h*M*(2+3E) + h® M*(21 + 5E + My(4 + My)(2+3E))) + h(44 — 102E + M
(y(4 + My)(5 — 12E) + h*M(3 + (70 + 8My(4 + My))E))))),

(108 — 14M + 297F2M?® + 10hM? + 162FhM? — 37Th*M? — 14FhM® — 113Fh?

M3+ 10h3M® — 4FR2M* + 4h* M?),

(—40 + 89hM — A0FhM? 4+ 82h* M? + 49Fh* M® + 583 M3 + 9Fh3 M3 — 9M?%y2

+9R2MAy? — 18Fh2MPy? — 1813 M5y?),
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k14

k1s

k1e

k17

ks

(—162 + 285F M — 301hM — 123F2M? + 558 FhM? — TTh2M? — 25TF?h M + 149
R2M3 48R3 M3 — T2F2R2M* — 16Fh3 M + 2R M? + 8F2h3 MP — 4Fh M® + 2F?

h MO 4 458 E — 480F ME + 1146hME + 1214FhM? + 888h*M*E — 14h*M'E
+12Fh*M®E — 4h® M®E + 4Fh*M®E),

(8E + M(—2hM(2y(20 + 3My) — 4F My(1 + TMy) + F>M(7 + 6 My(2 + My))) + 8
My*(3 + FM(~8 + 6FM — E) — 2E) — 4FE — 2h(—19 + 2F M (=5 + 2My) (=5 + 3M
y) + 2My(—34 + 13My))E + 4h®M®(=3 - 2E + FM(1+ E)) + 8y(2 — TE + FM)
+h3M2(111 — 250E + M(3F2M + 2y(—30 + My(9 — 10E) + 56E) + F(—6 + 4My
(=15 + 9E)))) + 2h°M (2 + M(F?>M(—13 + My(3 + 2My)) + F(34 — 47E + 2My
(—13 + My — 3MyE)))) + 2h*M3(9 — 22E + M(—~14F?M + F(29 — 11E — 2My(—3
—6E + My(1+ E))))))),

(24 — 20E + M(F*M (48 + hM (6 + hM(1 4 ThM))) + h(14 — 30E + hM (117 + 2E
+hM(3 + hM(4 — 6E) + 22E))) + 2F(4 — 6E + hM (94 — 9E + hM (3 — 3E + hM
(2+3E)))N),

(198 — 222 + M(F?M(369 + M(h(—195 + 2hM (15 + hM (—23 + 5hM))) — 12(-1
+hM)(8 + hM (3 + hM))y — 6M(—1 + hM) — AM?(=1 + hM)y®)) + +6h3 M3(—9 +
33E + 2My(—2 + 3E + My(3 + 2My + 18E))) + F(567 — 96E + M(4h®M*(1 + 6E)
+h?M (33 — 2My + 180E) + 2h3M>(50 + 3E + 6 My(3 — 3E 4+ My(1 + E))) — 6h
(29 + E + 2My(7 + E + My(1 + E))))))),

F2M?(24 + hM (6 + hM (7 — 13hM + 2h°* M®)) + 2M (1 + hM)(—8 + 3hM

(24 hM))y?) — 12(=1+ E) + M(—16y + h(2 + M(h(13 — 15hM + 2R3 M?)

—4y + 6hM (3 + hM)y — 2My?)) — 2(h(35 + hM (49 + hM(5 — 1ThM +2

h3M®))) = 2M (=1 + hM)(2 + hM)y?(1 + hM)*)E) + M(16y + 2h(=2 + M
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k1g

ka0

koo

kg3

(—h(5 — ThM + h3M®) + 2y — 3hM (3 + hM)y?)) + (h(25 + hM (43 + hM (7
—~15hM + 2R3 M3))) + 2(1 + hM)?(—14 + 3hM (1 + hM))y — 2M (-1 +h
M)(2+ hM)(y + hMy)*)E)),

(=167 + M(h(279 + M(—167F — 261h + 18h(7F + h)M + 36h*(F + 3h)M?
—~T2h3(F + h)M?)) 4 36 M (—1 + 2hM)(1 + hM(=1+ (F + h)M))y?)),

(—6 -+ 16E + M(—2h(10 + My(4 + My)) + F2M(—6 + M(h(~4 + hM (=1 + 4h
M)) — 4y — My®)) + 4h(9 + My(4 + My))E + 2h° M?(—5 + 2(8 + My(4 + M
Y)E) + h*M(23 — 86E) + 2F (h*M?(—1 + My(4 + My)) + h®M3(5 — 3E) +

(8 + My(4 + My))(—=1+2E) + h*M*(1 + 2E) + hM(—4 — 15E — My(4 + My)
(1+2E))))),

((F + h)(—14 + M(h(—31 + 2hM (=13 + hM(~3 + hM (3 + hM)))) — 10(1 + h
M)(1+ hM(1 + hM))y — 2M (1 + hM)(1 + hM(1 + hM))y® + F(—-1+ 2hM(1
+hM)(-2+ hM — My)(3 + M(h +y)))))),

(F + h)(14 + M(h(—31 + 2hM (13 + hM (=3 + hM(=3 + hM)))) — 2M(—1+h
M)(1+hM(=1+ hM))y? + F(—1 + 2hM (=1 + hM)(—=3 + hM — My)(2 + M(h
+¥))));

~32M Ly3 (—1 + hM)(cosh(3hM) + sinh(3hM)) + 64(~1 + h)M(1 + FhM?)
(cosh(5hM) + sinh(5hM)) + 32M Laa(—1 + hM)(cosh(7hM) + sinh(7hM))
—Lg7(cosh(3My) + sinh(3My)) — 9L47(cosh(M(2h + y)) + sinh(M(2h + y

))) = 4Lag(cosh(M (2h + y)) + sinh(M(2h + y))) — 9Lag(cosh(M (4h +y))
+sinh(M (4h + y))) — 9Lso(cosh(M(8h + y)) + sinh(M (8 + y))) — 9Ls;
(cosh(M(6h +y)) + sinh(M(6h +y))) + 32(—=1 + h) L4y (cosh(3M (2h + )
sinh(3M(2h + y))) — 576 M Lay (—1 + h)(1 + FhM®)(cosh(M (5h + 2y)) +
sinh(M(5h + 2y))) + Lsa(cosh(M(2h + 3y)) + sinh(M (2h + 3y))) + 4Ls3
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AN

koy =

kog =

(cosh(M (4h + 3y)) + sinh(M (dh + 3y))) — Lsg(cosh(M (8h + 3y)) + sinh

(M (8h + 3y))) + ki2(cosh(M (10h + 3y)) + sinh(M (10h + 3y))) — Lz4(cosh

(M (2h + 5y)) + sinh(M (2h + 5y))) — 9Lsg(cosh(M(4h + 5y)) + sinh(M (4h

+5y))) — 9Ls5(cosh(M(6h + 5y)) + sinh(M (6h + 5y))) — 9Lse(cosh(M (8h

+5y)) + sinh(M (8h + 5y))) + 32M Lgo(—1 + hM )(cosh(M(Th + 6y)) + sinh

(M(7h+ Ty))),

(—16(1 + hM ) Lay ((cosh(3hM ) + sinh(3hM)) + (cosh(3M (h + 2y)) + sinh(3M (h + 2y)
))) + 32(1 + FhM?)(cosh(5hM) + sinh(5hM)) + 16 Lyp(cosh(ThM) + sinh(7hM)) +
Leo(cosh(3M (2h + y)) + sinh(3M (2h + y))) (167 — 36M>y* + 18h°M*(1 — 2F M +4
M?y?) — 9R2M?(29 + 12M%y? + 2F M (7 + 4M?y?))) (cosh(M (2h + 3y)) + sinh(M(2h
+3y))) + kig(cosh(M (8h + 3y)) + sinh(M (8h + 3y))) — 9L4a(1 + 2hM )(cosh(M (4h
+5y)) + sinh(M(4h + 5y))) + 9L41(—1 + 2hM)(cosh(M (6h + 5y)) + sinh(M (6h + 5y

))) = 9Laa(—1 + 2hM)(cosh(M (8h -+ 5y)) + sinh (M (8h + 5y))) -+ 32(1 + FhM?)(cosh
(M (5h + 6y)) + sinh(M (5h + 6y))) + 16 Laa(—1 + hM)(cosh(M (Th + 6y)) + sinh(M(7h
+6y)))

(14 F2M? +2hM(~1+E) — E+203M3E + h*M?*(-2 + 5E) + 2FM (-1 + P M? + E
+hM(1 + E))),

F2M?(24 — 10hM + 3h2M? + h®M?) — 12(-1+ E) + 2h*M*E — 14hM (1 + E) — k* M3
(1+2E)+2FM(2(-9 + E) — 3hM(—4 + E) — 3hM (-4 + E) + 3h3M3E + h*M*E - 3
h*M?(2 + E)),

F2M?(—48 + 6hM — h2M? + Th8M®) + 2hM (7 - 15E) — h2M>2(117 + 2E) + 2h* M*
(=24 8E) + 4(—6 + 5E)h3M3(3 + 22F) + 2F M (4 — h2M>*(—=9 + E) + 3h3M3(-1 +

E) — 6E + h*M*(2 + 3E) + hM(—94 + 9E)),

F2M?(—48 + 6hM — h2M? + Th3M®) + 2hM (7 — 15E) — h2M2(117 + 2E) + 2k M*
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™\

kg

k30

k3o

k33

ka4

(=24 3E) +4(—6 +5E) + h3M3(3 + 22E) + 2F M)4 + h*M*(2 + 3E) + hM (—-94 +
9E)),

F2M?(24 + 2hM) + h3M3(31 — 58E) — 4(—3 4 E) + h3M3(—19 + 18E) + 2AM (-1
+19E) +2FM (14 + hM(16 — 9E) + 6E + h*M?*(—8 + 3E) + h*M*(2 + 3E)),
(—4(=8 + E) + M(F>M (24 4+ hM (2 + hM(1 + ThM))) + 4F (7 + hM (8 + hM (-4
+hM (5 + hM)))) + 6F(—1 + hM)*(2 + hM(1 + hM))E + h(—2 + 38E + hM (31
—~58E + hM(—~19 + 18E + 6hM (2 + E)))))),

(8 + M(h+ F(=2+ hM(13 + hM (8 + hM)) + M(—1+ hM (8 + 5hM))y) + F2M(3
+M(3y + hM(h +y))) + hM(—y + k(7 + 5My + hM(5 + 4My))))),

(20F + 44h + 12F?M?h + 3h3M?® + 4FhAM* — 8F My + 20Mhy + F2M%*h + 2
FM?*y? + 5hM*y? — 48FE — 102hE + 10Fh*M? + TOR* M2E + 6 FR*M*E + 24F
MyE + 48hMyE — 12hM*y%E + 2FR*MY*E + 8h3M42E),

(F2M2h(12 + Th*M? + My(—4 + My)) + h(44 — 102E — My(—4 + My) + h®>M>*(3
+(70 4+ 8My(—4 + My))E)) +2F(—24F — My(—4 + My)(-1+3E) + h*M*(2+3
E) +h?M?(21 + 5E + My(—4 4+ My)(2+ 3E)))),

((2M?(kgg — 2kog M + 9(Lgg(cosh(3My) + sinh(3My)) + Leg(cosh(M(2h + y)) +
sinh(M (2h + y))) — 4Lg1(cosh(3M (2h + y)) + sinh(3M (2h + y))) + Lga(cosh(M

(4h + y)) +sinh(M(4h +y))) — Lea(cosh(M (61 + y)) + sinh(M (6h +y))) — Lgs
(cosh(M (8h + y)) + sinh(M(8h -+ y))) + 192(—1 + FM)(1 + hM)(2 + My)(cosh(
M(h+ 2y)) + sinh(M(h+ 2y))) — 384kos(cosh(M (3h + 2y)) + sinh(M (3h + 2y)))
—384kag(cosh(M (5h + 2y)) + sinh(M (5h + 2y))) + Les(cosh(M(2h + 3y)) +

sinh(M (2h 4 3y))) + 4 Lgg(cosh(M (4h + 3y)) + sinh(M (4h + 3y))) — Lgo(cosh(M
(8h + 3y)) + sinh(M (8h + 3y))) — Lro(cosh(M(10h + 3y)) + sinh(M (10h + 6y)))
+384kgs (cosh(M (3h + 4y)) + sinh(M (3h + 4y))) + kag(cosh(M (5h + 4y)) + sinh



N
O

T

k3

ka7

k3g

k3g

k42

(M(5h + 4y))) + L (cosh(M(2h + 5y)) + sinh(M (2h + 5y))) + Lya(cosh(M (4h +
5y)) + sinh(M(4h + 5y))) — Lys(cosh(M (6h + 5y)) + sinh(M(6k + 5y))) — L7s
(cosh(M (8h + 5y)) + sinh(M (8h + 5y)))) R2,52),

(6 — 16E + M(F>M(6 + M(h(—4 + hM (1 + 4hM)) — 4y + My?)) — 2h*M3(3 + E)
—y(—4+ My)(—1+2E) + 2h8M>*(—5 + 2(8 + My(—4 + My))E + h®M(—23 + 86E)
+2F(R*M?(~1 + My(—4 + My)) + (8 + My(—4 + My))(~1+2E) + h*M*(1 + 2E)
+h3M3(—5+ 3E) + hM(4 + 15E + My(—4 + My)(1 + 2E))))),

(2Br(F + h)?M2ScSr(2M%(h — y)(h + y) — cosh(2hM) + cosh(2My))),

(—162 + 458E + M(F?M(—123 + hM (257 + 2hM (—36 + hM (—4 + hM)))) + h(301
—1146E + hM(~77 + 888E + 2hM(—4 + hM + (—95 + hM (=T + 2hM))E))) + F(
—258 + 480F + hM (558 — 1214E + hM(—149 + 2hM (-8 + 2hM (1 + (=3 + hM)E
D)

(=3 + M(h— F2M (3 + M(hM(h—y) + 3y)) + hM(—=y + h(=7 — 5My + hM (5 + 4M
y))) — F(2+ M(y + h(13 + M(8y + h(—8 + hM — 5My))))))),

(=108 + M(—108 + F2M>(189 + h(156 + M (47 -+ 4h(66 + (=13 + 2Th)M)))) + h
(—276 + M (—227 + h(—336 + M (49 + 4h(—57 + M(46 + h(—15 + 14M))))))) + F
(156 + M(—61 + h(312 + M (346 + M (231 + 4h(78 + M + 2ThM))))))))),

(1= FM + FhM? + B2M? +y + FM?y + hM?%y),

(15k14(cosh(3My) + (sinh(3My)) — 240k;5(cosh(3M (h + y)) + sinh(3M (h + y)))
—120k;6(cosh(5M (h + y)) + sinh(5M (h +y))) — 5Lg7(cosh(M(2h + y)) + sinh
(M(2h+y))) + 120ksy(cosh( M (3h + y)) + sinh(M (3h +y))) + 120Lgr(cosh(3M

(3h + 1)) 4 sinh(3M(3h +y))) — 5Ly01 (cosh(M (4h + y)) + sinh(M (4h +y))) +
128kog(cosh(M (5h + y)) + sinh(M (5h + y))) — 5L1gg(cosh(M (6h + y)) + sinh(M

(6h +1))) + 120kgg(cosh(M (Th +y)) + sinh(M (7h +v)))),

(=14 FM)(—6 + M(2h — y(4 + My))) + 2(1 + hM)(—=8 + M(h+ h*M — y(4 + My)
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kas

kag

kar

kag
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ks

))E),

(F2hM?(12 + Th®M? + My(4 + My)) + 2F(10 — 24E — My(4 + My)(—-1+ 3E) + h?
M2+ 3E) + h®M*(21 + 5E 4+ My(4 + My)(2 + E))) + h(44 — 102E + M (y(4 + M
y)(5 — 12E) + h®M (3 + (70 + 8My(4 + My))E)))),

((=1 4+ FM)(6+ M(2h — h®M +y(4 + My))) — 2(—1 + hM)(8 + M(h — h®*M + y(4
+My)))E),

(Lgg(cosh(M(2h + 3y)) + sinh(M (2h + 3y))) — 2L102(cosh(M (4h + 3y)) + sinh(M

(4h + 3y))) + 240L;g3(cosh(M (5h + 3y)) + sinh(M (5h + 3y))) + 240L1g4(cosh(M

(Th + 3y)) + sinh(M(7Th + 3y))) + L74(cosh(M (8h + 3y)) + sinh(M (8h + 3y))) + 15
kar(cosh(M (10h + 3y)) + sinh(M (10h -+ 3y))) + 960kss (cosh(M (3h + 4y)) 4 sinh(

M (3h +4y))) + 960kso M (cosh(M (5h + 4y)) + sinh(M (5h + 4y))) + 960L10s(cosh
(M(Th + 4y)) + sinh( M (7h + 4y)))),

(F2M?(—24 4+ 2hM — h®M? + Th3M®) + h3M3(—19 + 18E) + h®M?*(-31 + 8E) + 2F
M (14 + 6E + W3 M3(=10 + 3E) + h®*M?(=8 + 3E) + h'M*(2 + 3E) + hM(—16 + 9E))),
(F2M?(—24 — 10hM — 302 M? 4+ BB M3) 4+ 12(—1+ E) — 2 MAE — 3h2M?*(-3 + 2E)
—h3M3(1 +2E) + 2FM(2(-9 + E) + 3hM (-4 + E) — 3h3M3E + WM'E - 3h2 M?
(2+E))),

(kay + kas — 480kga(—1 + FM)(1 + hM)(cosh(M (h + 2y)) + sinh(M (h + 2y)))),
(—1+B5FM + 4hM + 2h°M? — 2Fh2M? — 2M%2 + 2F M3y?),

(1= FM + FhM? + h®2M? — FM?y — hM?%y),

(=6 +4My — M2y® + h2M?(1 — 4E) + 16E + 2h3M3E — 8My + 2M?%y® — 2hM (1 + (7
—4My + M*y*)E)),

(kg — 960Lq0g(cosh(M (3h + 2y)) + sinh(M(3h + 2y))) — 960 M kygz(cosh(M (5h + 2y))
+sinh(M (5h + 2y))) — 960kog(cosh(M (Th + 2y)) + sinh(M (Th + 2y))) — 480kg4(cosh
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1=

&

ks3

kss

kse =

(M (9h + 2y)) + sinh(M(9h + 2y))) — 120kg(cosh(M (h + 3y)) + sinh(M (h + 3y))) +
kso(cosh(M (h + 4y)) + sinh(M (h + 4y))) + ks1 (cosh(M(9h + 4y)) + sinh(M (9% + 4y)))
—5Lyg7(cosh(M (2h + 5y)) + sinh(M (2h + 5y))) — 120ksg(cosh(M (3h + 5y)) + sinh(M
(3h + 5y))) — 5L1po(cosh(M (4h + 5y)) + sinh(M (4h + 5y))) — 5Lgg(cosh(M (6h + 5y))
+sinh(M (6h + 5y))) — 120ks7(cosh(M(Th + 5y)) + sinh(M (7h + 5y))) — 5Lgs(cosh(

M (8h + 5y)) + sinh(M (8h + 5y)))),

(2Le7(cosh(3M (2h + y)) + sinh(8M(2h +y))) + 3ksy (cosh(M (4h + y)) + sinh(M (4h
+y))) + 3kss(cosh(M(6h + y)) + sinh (M (6h + y))) — 24koy M (cosh(M (3h + 2y)) +
sinh(M (3h + 2y))) + 24 Mkoy(cosh(M (Th + 2y)) + sinh(M(7h + 2y))) — 12(F + h)M

(1 + FM)(cosh(M (9h + 2y)) + sinh(M (9h + 2y))) + Los(cosh(M (2h + 3y)) + sinh(M
(2h + 3y))) — 2Lgs(cosh(M (4h + 3y)) + sinh(M (4h + 3y))) + Lgs(cosh(M (8h + 3y))
+sinh(M(8h + 3y))) — 24M Lgg(cosh(M (3h + 4y)) + sinh(M(3h + 4y))) + 24M Lg;
(cosh(M (Th + 4y)) + sinh(M(7h + 4y))) + 3kso(—1 + FM)(1 + hM)(cosh(M(2h + 5

y)) + sinh(M (24 + 5y)))),

(ks + 3kag(—1 + FM)(1 + hM)(cosh(3My) + sinh(3My)) + 3ksp(—1 + FM)(—1 + hM)
(cosh(M (h + 2y)) + sinh(M (h + 2y))) — 3Lga(cosh(M(4h + 5y)) + sinh(M (4h + 5v)))
—3Lgo(cosh(M (6h + 5y)) + sinh(M(6h + 5y)))),

(—16(F + h)La1(—3 + M)M (1 + hM)(cosh(3Mh) + sinh(3Mh)) + 32(F + h) (=3 + M)M

(14 FhM?)(cosh(5Mh) + sinh(5Mh)) + 16(F + k) Lga(—3 + M)(cosh(7TMR) + sinh(7TMh))

—ksg(cosh(3My) + sinh(3My)) + 240L4y (h — y)(cosh(3M (h + y)) + sinh(3M (h +v)))
—4Lgs(cosh(3M (2h + y)) + sinh(3M (2h + y))) — 9Lgs(cosh(M (6h + y)) + sinh(M (6h
+y))) + 144(F + h) L1 (1 + hM)(cosh(M (3h + 2y)) + sinh(M (3h + 2y)))),
(Lo7(cosh(M (2h + 3y)) + sinh(M (2h + 3y))) — 4Lgo(cosh(M (4h + 3y)) + sinh(M (4k
+3y))) — 2304M> Lag(F + h)(—1+ hM)(h — y)(cosh(M (Th + 3y)) + sinh(M(7h + 3y)))

+Ly7(cosh(M (8h + 3y)) + sinh(M(8h + 3y)))),
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ksz

k59

keo

(144M Lgy (F + h)(9 + M)(1 + hM)(cosh(M(3h + 4y)) + sinh(M(3h + 4y))) — 288M (F

+h)(9 + M)(1 + FhM?)(cosh(M(5h + 4y)) + sinh(M (5h + 4y))) — 144 M Lg3(9 + M)

(=1 + hM)(cosh(M(2h + 5y)) + sinh(M (2h + 5y)))),

(144M Ly (F + h)(9 + M)(—1 + hM)(cosh(M(7h + 2y)) + sinh(M(7h + 2y))) + La

(cosh(M(10h + 3y)) + sinh(M (10h + 3y))) — 9L44(cosh(M (4h + 5y)) + sinh (M (4h

+5y)))).

(9L7g(cosh(M (Gh + 5y)) + sinh(M (6h + 5y))) + 9L45(cosh(M (8h + 5y)) + sinh(M

(8h +5y)))),

(32(F + h)M(3 + M)(1 + FhM?)(cosh(M (5h + 6y)) + sinh(M(5h + 6y))) + 167 Ly

(34 M)(—1+ hM)(cosh(M(Th + 6y)) + sinh(M(7h + 6y)))).
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Figure 8.1: Plot showing Ap, versus flow rate § when ¢ = 0.4, M = 0.5, E = 0.8, R, = 1,

Re=1,8,=1, ) =0.8 and )p =0.8.
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Figure 8.2: Plot showing Ap, versus flow rate ¢ when ¢ = 04, § = 06, E = 0.8, R, = 1,
Re=1,8=1,A; =0.8 and A\, =0.8.
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Figure 8.3a: Magnetic force function versus y when 8 =2, R, =1, R, =1, M =1, E=10.8,
¢ =0.6,6 =008 and z = 3.

oo

221



N

-0.375 }
-0.4
-0.425 |
—-0.45 |

i

-0.475 }
-0.5
-0.525

Figure 8.3b: Magnetic force function versus y when § =2, R, =1, Re =1, M =1, E = (.8,

¢=0.06, A =—-08 and z =
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Figure 8.3c: Magnetic force function versus y when # = 2, R, =1, R =1, E = 0.8, ¢ = 0.6,
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Figure 8.4a: Axial induced magnetic field h, versus y when 6 =2, R,, =1, R, =1, M =1,
E=08,¢=006,0=008 and z = 7.

Figure 8.4b: Axial induced magnetic field h, versus y when 6 =2, R, =1, R, =1, M =1,
E=08,¢6=06,\y =-08and z= 3.
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Figure 8.4¢: Axial induced magnetic field h, versus y when # =2, R,, =1, R, = 1, § = 0.08,
E=08,6=06,\ =-08and z=13.
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Figure 8.5a; Current density distribution versus y when 0 = 2, Ry = 1, Re = 1, M =1,
E=08,6=06,0=008 and z = 3.
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Figure 8.5b: Current density distribution versus y when 6 = 2, R,

E=08,6=06 ) =-08andz=I.
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Figure 8.5¢: Current density distribution versus y when 8 = 2, R, =1, R, = 1, § = 0.08,

E=08,6=06,\=-08andz=1.
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W,
Figure 8.6a: Streamlines for M = 0.2 when ¢ =0.6, Re. =1, R,y =05, =0.09, =1, E =0.8
and A; = 0.9.

£\
Figure 8.6b: Streamlines for M = 0.8 when ¢ = 0.6, R, = 1, R, = 0.5, § = 0.09, § = 1,
E=0.8 and \; = 0.9,
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Figure 8.7a: Streamlines for ¢ = 0.8 when ¢ = 0.6, R. = 1, R, = 0.5, d = 0.09, M = 0.2,
E =0.8 and A\; = 0.9.

Figure 8.7b: Streamlines for # = 1.2 when ¢ = 0.6, R. = 1, Ry, = 0.5, 6§ = 0.09, M = 0.2,

E =0.8 and X\; =0.9.
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Figure 8.8a: Variation of M on 8’ when Br =1, Pr=1,¢ =06, R. =1, R, = 1, § = 0.01,

§=1, E=0.4and )\ = 0.09.
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Figure 8.8b: Variation of Br on # when M =1, Pr=1,¢ =06, Re = 1, Rn = 1, § = 0.01,

=1, E=0.4 and Ay = 0.09.
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Figure 8.8c: Variation of @ on §' when Br =1, Pr =1, ¢ = 0.6, R, = 1, Ry = 1, § = 0.01,
0=1, E=0.4and A\; = 0.09.
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Figure 8.9a: Variation of M on ¢ when Br =1, Pr=1,8c=1,8r=1,¢ =06, R. = 1,
R,=1,6=001,60=3, E=04 and M\ = 0.09.
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Figure 8.9b: Variation of Br on ¢y when M =1, Pr =1, Sc=1,Sr=1,¢ =06, R. = 1,
Rn=1,6=001,0=3, £E=0.4 and X, =0.09.
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Figure 8.9¢: Variation of Scon g when M =1, Pr=1,Br=1,Sr=1 ¢ =06, R. = 1,
Rn=14=001,60=3, E=0.4and \; = 0.09.
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Figure 8.9d: Variation of Sron ¢ when M =1, Pr=1,Br=1,8c=1,¢ =06, R. =1,
O\ Rm=1,6=001,8 =3, E =04 and Ay = 0.09,
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Figure 8.9e: Variation of Br on g when M =1, Pr=1,8S¢=1,Sr=1,¢ =06, R. = 1,
Rn=1,6=001,606=3, E=0.4and A\; = 0.09.
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8.3 Results and discussion

In order to analyze the variations of the pertinent parameters of interest on the various flow
quantities such as the pressure rise per wavelength (Ap, ), the stream function (W), the magnetic
force function (@), the axial induced magnetic field (h.), the current density distribution (J.),
the temperature distribution (#') and the concentration distribution (¢), we have prepared
Figures 8.1-8.9.

The expression for the pressure rise per wavelength is computed numerically and presented
graphically. Figures 8.1 and 8.2 illustrate the variations of pressure rise per wavelength versus
y for different values of wave number (§) and Hartman number (M). In Figure 8.1, we have
noticed that Apy increases with an increase in 4 in the peristaltic pumping and free pumping
regions. However in the copumping region, an opposite behaviour is observed. Here Ap)
decreases when 4§ is increased. Moreover the volume flow rate is maximum for small values of
4. In Figure 8.2, it is found that Ap, increases for large values of A in the pumping and free
pumping regions. For the appropriate values of volume flow rate (€), Apy decreases with an
increase of M in the copumping region. The volume flow rate (#) is maximum for small values
of M.

Figures 8.3-8.6 discuss the variations of magnetic force function @, axial induced magnetic
field h and current density distribution J. versus y for different values of Ay, d and M. Figures
8.3(a-c) reveal that the magnetic force function @ increases as \; and M increase but decreases
when large values of § are taken into account. In Figures 8.4(a-c), it is shown that the axial
induced magnetic field h, is symmetric about the channel and decreases with an increase in
A and M. However it decreases when 4 is decreased. Moreover, in the half region (y > 0),
hz has one direction and in the other half region (y < 0), it is in the opposite direction. It is
equal to zero for y = 0. The Figures 8.5(a-c) are plotted to describe that the current density
distribution J. increases with an increase of Ay and M. Moreover it is noticed that J. increases
with a decrease of 4.

In peristalsis, trapping is one of the more important and interesting phenomenon. Figures
8.6 and 8.7 explain this phenomenon for different values of M and 0. Here we have seen that
the size of the trapped bolus is going to be squeezed when M is increased. The volume flow

rate (#) has an increasing effect on trapping. Here the trapped bolus increases in size with an
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increase of 6.

Figures 8.8(a — ¢) depict the variations of the temperature distribution (¢') for different
values of M, Br and #. Figure 8a indicates that the temperature is decreasing function of M.
Figures 8.8 (b & ¢) present an opposite picture when compared to Figure 8.8a. Here Br and 0
show increasing effect on the temperature profile. The temperature increases by increasing Br
and f. In these figures, we have observed that the temperature profile parabolic in nature.

Figures 8.9(a — ) describe the variations of the concentration distribution (¢) for different
values of M, Br, S¢, S and 6. Figure 8.9a shows that the concentration distribution increases
with an increase in M. However in Figures 9 (b — €), the situation is quite opposite. In these

figures, the concentration distribution increases for the small values of Br, Se¢, Sr and 6.
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Chapter 9

A mathematical model for the study
of slip effects on the peristaltic
motion of micropolar fluid with heat

and mass transfer

In this chapter, we present a mathematical model with an interest to examine the peristaltic mo-
tion in an asymmetric channel by taking into account the partial slip and heat and mass transfer
effects. Constitutive relationships for a micropolar fluid are used. The solution procedure for
nonlinear analysis is given under long wavelength and low Reynolds number approximations.
The effects of sundry parameters entering into the expressions of axial velocity, temperature

and concentration profiles are explored. Pumping and trapping phenomena are discussed.

9.1 Development of the mathematical problem

We examine the peristaltic flow of an incompressible micropolar fluid in an asymmetric channel
having width d; + d2. The sinusoidal waves traveling down its walls are given by the following

expressions:



2

h'l (X, ¥, t) =dy + ajcos [ X (X - cf)] ;  upper wall, (9.1)

h; (X,Y,t) = —dy — by cos [2; (X - cf) + ¢] ;i lower wall. (9.2)

Here a; and b; are the wave amplitudes, A is the wavelength, { is the time, ¢ (0< ¢ < 7) is
the phase difference. It is noticed that the case ¢ = 0 corresponds to symmetric channel with
waves out of phase and for ¢ = m, it correponds to the situation when waves are in phase. Also

ay, by, dy and dy satisly the following condition
a? + b2 + 2a1by cos ¢ < (dy + da)*. (9.3)

We also assume that the walls have only transverse motion. The flow in laboratory (X’,Y”)
and wave (z',y’) frames are treated unsteady and steady, respectively. The transformations

between the two frames are given below:

=X -ct, Y=Y,

o (@) =0 ~-¢ V(@) =V, (9.4)

in which (U', V') and (u/.v") are the respective velocity components in the laboratory and wave
frames,

Neglecting body force and body couple, the equations governing the present flow are
V-V =0, (9.5)

p (V- V) V7 = —Vp/ + kV x W + (n+ k) VEV7, (9.6)
pi' (V- V)W = =2kw +kV x V' =4 (Vx VxW) +(a+B8+7)V(V-W), (9.7
p(i—Tt =gV3T +7.L, (9.8)
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dcC DKy
— = DV*C + ——VT, 9.9
-\ where V7 is velocity vector, w’ is the microrotaction vector, pf is the pressure, p is the density,

7' is the microgyration parameter, < is the specific heat, v is the kinematic viscosity, x is
thermal conductivity, 7 is the Cauchy stress tensor, I is the coefficient of mass diffusivity, T},
is the mean temperature, iy is the thermal-diffusion ratio, T is the temperature and C' is the

concentration of fluid. Further, the material constants satisfy the following inequalities

2u+k>0, k>0, 3a+B8+v20, v2|8|. (9.10)

The velocity field and microrotation vector are defined as

V= (W, ,0), W= (0,0,u). (9.11)

We introduce the non-dimensional variables given below

z’ 4 o’ Py t'e d?p’ pca dy7!
= — = — = — = — = — = — R = — =
@’ =0 ¥ dl'u e dye’ a2 cAp’ #,'r uc’
W, kY, o' da day a as = Tp
h, —1 ! =-—;‘\‘D=—!6:-—-—‘ d:-——. = —, = — !
L M edy X ' T a4 b &'~ T Thi—=Tp
C-Cy pvS c? m pDKTTy
=g FESELn BSommagmy SeRog St (9:-12)
oW av , 82 82
Y, TR . 9.13
& dy’ . oz’ v? Ox? g dy? (3:13)

in which 4 is the wave number, Re the Reynolds number, Pr the Prandt] number, E the Eckert
number, Br the Brinkman number, Sc¢ the Schmidt number and Sr the Soret number.
By using Egs. (9.12) and (9.13) into Egs. (9.5)-(9.9), we get

o ¢ ow o\ av op 1 dw , 0% 33‘1»‘}
il Y - e Fecic= — —_— 14
Reé{(ayﬁx 83:6y) ay} 8$+]—N{Nay+6 6m28y+8y3 (4]

oU o gvaNav|_ dp, & [ 0w 0% &
g 3 GY Y ewenowl - op dw .
= {(5’y gz Oz ay) BI} 1N {Nam e i 5 } (9.15)
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4 P 2¢' 0(Tez—T r o
Red Pr (g_@‘:_g = %‘i-'g_f"!) - (53% - 33—92) + Br{ { e ”)fﬁ"_; } (9.16)
FES =Nk s (5% - 05)
=2 ,
av oy’ v 6,9) 1 ( 28%0 8% ( 006 629)
Red ,
(6y0;. wmoy) ~ 5 e tar) t5 (Pt (A7)
Adopting long wavelength and low Reynolds number procedure one obtains
ow 8V ap
Na-l-w—(l—f\r)gg, (9.18)
dp
— =0, 9.19
By (9.19)
Pv  2-N. 0%w
~tw- Gz + G 5r =0, (9:20)
9%’ 1 v N *v
et (rar - ow) o) O G
1 & 90
5o y2 + Sr—s ok 0, (9.22)
L) where Eq. (9.19) shows that p # p(y) and hence p = p(z).
From Egs. (9.18) and (9.19), one can write
Pw 9V
W i B_y" = (9.23)
where N = k/(p + k) is the coupling number (0 < N < 1), M? = d3k(2p + k)/ (y(p + k)) is
the micropolar parameter and «, § do not arise in the governing equation as the microrotation
vector is solenoidal. When &k — 0, these equations reduce to the Navier-Stokes equations.
The dimensionless boundary conditions are
F av 1 8% N ;
‘I’—-z—, %——5(1_N6y2+1_Nw)—1, 9—0, 9—0 ﬂ.t.‘y—hl, (924)
F 8v 1 8°¢ N
U=—— = == — == = — X
3 By ﬁ(l-—Nayg-'-l—Nw) 1, =1, =0 aty=hs, (9.25)
O



hiy = 1l+4acos(2nz),

ho = —d—bcos(27z + @), (9.26)
O,
where 3 (= ﬁ) is the dimensionless slip parameter. L is dimensional slip parameter and h; and
hg are the dimensional form of the peristaltic walls.
The dimensionless pressure rise per wavelength is
1
Apy, =/ (@) dz. (9.27)
0 d.T.
The dimensionless mean flows in the laboratory (#) and wave (F) frames are related by the
following expressions
P=F+d+1, (9.28)
hi(z) 9y
Fe [0 Oy = 0 (@) ¥ (ha 0)). (9.20)
ha(z) Y
O 9.2 Exact solution
With the help of Egs. (9.18) and (9.20)-(9.25), we have the following expressions
1 : M(N - 2)y 1
= ——0up—{(—3(C1 + 2C;) N cosh + 3(\/ (N —2)2
s 3M2(N—2){( (Ch )V cos (\/(N—Q)Q) \/(N—2)2(( ( )
(M%(2C4 + 2Csy + C1y?) + N(Cy + 2Cs + M?(—Cy + 2Cay + Cey?))) — (2C; + Cs)
. { M(N-2)y
M(—2+N)N sinh (_\/(_N———Z-)E) ))}, (930)
1 M(N - 2)y 1
= = —NCq + C5 —y(Cy + NCg) + (2C2 — C5) cosh +
w (N—2){ 2+ Cs —y(Ch 6) + (2C2 — C5) cos ( '—(N—2)2) YN )
s M(N - 2)y
((N =] 2)(01 -+ QCG) sinh (w) )}, (931)
dp Cy+ NCg
= et 9.32
&
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d {3N(2C + M?y?Cy — M2C3 + y(Cy — M?Cy) + Cs) + M%(43C) + 6C;3

3M2(N - 2)

+6yCy + 3y*Cs) + Ny(6 + M?y?)Cs — 3N (2C; + C's) cosh (%) —

S B . [ M(N-2)y

M(N = 2)? (3(N — 2)N(Cy + 2C3) sinh (—(N =) ) )} (9.33)
1
L_sg((4 - N2)3/2(__(4—ﬁ]]§'_25m,[,50 o+ Br(m.{@} +48M (N — G)N(CﬁN - Ci)

+LgaLsg)) + hi(—48BrM (N — 6)N(—C) + 6C%) sinh(ézﬁ—?(y — ha)) + ((—C1 + 2Cp)

. L
(4 -— N2)U2 smh(%(y = hg))) = Lgz + 3BTNL57L54)), (934)

1
(4 =& N2)3f2

1 ;
gL (Br(4— N%)¥25eSr(cosh(2(y + h1 + hz) Laz) — sinh(2y + h1 + ha) L)) (Ler + ha
(24M(6 = N)N{CS.N T C;)(COSh(yLm) = COSh(hQLs'f) + sinh(yL57) — sinh(h2L57)((2CG
+C1)(4 = N®)Y2(—1 + cosh((y + hg) Ls7) + sinh((y + ha) Ls7) + 2C2M (2 + N)(1 + cosh

((y + ho) Ls7) + sinh((y + hy) Ls7)) + CsM (2 + N)(1 + cosh((y + hg) Lsz) + sinh((y + hs)
1

(N —2)(4 — N2)1/2

+N)*(cosh((y + 2hy + hg) Ls7) + sinh((y + 2hq + ha) Ls7)(y*(—3CEM%(8 + N3) — 2Cs M*

Lsz))))(cosh((y + 2hy + ho) Lag) + sinh((y + 2hy + hs) Ls7) — (4M3(2

(24 N)(3C2N (3N — 4) + 2Cs(N — 2)Ny + C1(3N? + 4y — 2Ny)) + C}(—4M?*y®* — N3(3 +
2M?%y) + N%(6 + M?(y — 4)y)) + N?(—24C3M?*(2 + N) + 2C2CeM*(—8 — 2N + N?)y + C?
(N —2)(—12 + M2(2 + N)y?)) + 2C1 N(CoM?(2 + N) + Cg(12N + 4M?y?))) + 3(C2M%(
8+ N3) +2C5s M2N + N%(CE(N — 2) 4+ C1(4Cs(N — 2) — 2CoM?N(2 + N)))) + 3N LsyLg»
)+ 3Ny(—8M (N — 6)(NCg — Cy)(cosh(hyLsz) — cosh(hgLsy) + sinh(hy Ls7) — sinh(hg Lsy
))((2C6 + C1)(4 — N?)Y/2(—1 + cosh((hy + ha) Ls7) + sinh((hy + ha) Ls7))) + M(2+ N)(
203 + Cs5)(1 + cosh((hy + he) Ls7) + sinh((h1 + he) Ls7)))(cosh((2y + hy + h2) Lsr) +sinh
((2y + ha + ho) Ls7) + Ls7Lg3) + ha(—24(CeN — C1)(cosh(yLs7) — cosh(hy Lsz) + sinh(yLs7)

—sinh(hy Ls7)) + (cosh(2 (y + hy + ha) Ls7) + sinh(2 (y + k1 + hg) Ls7))Les))))s (9.35)
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Now we write the definitions of C; — C and several values therein.

Ch
Cy
Cs
Ca
Cs
Cé
Cr

Cy
Cy

Cio

(C7(Cg + Cg + Cry)) )
(Cll +CIQ‘!‘CI3+CM) !
Cis+Ci1r +Cis )
C g
Clg( 15( Coo )|

(
(
((021 + Co2 + ng)) ,
(
(

Cay
& (Lscza(czs +Cor+ 028)))
(h1 — hg) '

C30(C31 + C32) )

(C33+Cas+ C35+ Cas+Ca7) )’
(—(C?(Csa + 039)))

Cao :

(BM*(N = 1)(F + hy — ha)),

(2(N —2)%(N —1)NL3(2+ N — 4L3) + 2(N — 2)%(N = 1)NL3(2 + N — 4Ly)),
—(N —2)L1(4N(2 — 3N + N?)Ly(2 + N — 2L3 — 2L4) + M(ho(N(—8 + 6N + N*?
+N3) —4(-2+ N + N3)L3) — (N = 1)hi(—4(2+ N)Ls + N(8 + 2N + N? — 4N
Ly)) — 4B(—2NL3 + L3(4 — 4N — 2NL4) + N(—4 + NLy)))Ls),

~M(N - 2)La((N — 1)((N — 1)ha(N(8 + 2N + N?) —dN%L3 — 4(N —2)Ly + =y
(N(—8 4+ 6N + N2+ N3) —4(—2+ N + N*)Ly) + 48(—4N + NL3(N — 2Lg) + hy
(N(—=8 + 6N + N2+ N3) —4(—=2+ N + N3)Ly) +4B8(—4N + NL3(N — 2Lg) + 4(
N +1)Ly — 2NL))Ls + N(2(2 — 3N + N?)(L3 — Ls)*> — M%(N — 1)h3(—4N + (
64+ N)Lz + (N — 2)Lsg) — M*(N — 1)h3(—4N + (N — 2)L3 + (6 + N)Ly) — M?B
ho(—8N — ANL% + (=4 +4N + N2)Ly + La(12 + 4N + N2 — 4N Ly)) + M?hy (2
(N —1)hg(—4N 4 (N +2)L3 + (N +2)Lg) + B(—8N + (12 + 4N + N?)Ly — 4N
L2 + L3(—4+4N 4 N2 —4NLy))))Ls))),

(M3(=2+ N)(=1+ N)*h}(L1(—=2N + (2 + N)L3) — La(=2N + (2+ N)La))Ls +
M*(=1+ N)h3((-2+ N)*(=1+ N)NL}(~10 4+ N +8L3) + (=2 + N)* (=1+N)



s

NL3(2+ N —4L3) +2(—2+ N)L1(2N(2 - 3N + N3 Ly(-1+ N + L3 — 2Lq) +
M(—2(—=1+ N)ha(—2N + (2 + N)L3) + B(=2NL3 + N(8 — 3N + NL4) + L3(—8
—ON +4NLy)))LY?)),

Cig = —2M(N —2)Lo(—2(N — 1)ho(—2N(N +2)L4) + B((8 — 3N)N + NL3(N — 2L4)
—2(4+ N)Lg +4NL%)Ls + N((2 = 3N + N2)L2 + 2(N — 1)L3(—3N + 2(N +
1)Lg + (=14 N)L4(—6N + (10 + N)L4)) L) + ha(N(2 — 3N + N?)?(3N — M?
h3)L3(2 + N —4L3) + (N — 2)*(N = 1)NL3(3(N — 1)N(2 + N — 4L3) — 24>
Bhs(La — 1) — M%(N — 1)ha(—10 + N +8L4)) — (N — 2)L; (2N (2 — 3N + N?
)L2(3(N — 1)N(2 + N —4Lg) — 3MB%ho(N? — 4(N — 1)L3) + 2M%(N — 1)h3
(N = 1= 2L3 + L) + M(M*(N - 1)2h3(=2N + (2 + N)L3) — 6(N — 1)NB(~
4(N — 1)L + Ly(4 + 2N + N? —4L,) + 2N(Lg — 2)) + 2M?*(N — 1)Bh3(4N
L3+ N(8—3N + NLg) —2L3(4+ N + NLy)) + 3ho(—4NLg — 2N(—2(N — 2
N2+ N34+ 2M2B% — M2NB?) + (N —1)2NLy) + Ls(N® — 8M282 + N3(M?
B2 —17) —AN(M?B% + 1) +2N%(5 + M?8%) + 4(N — 1)N Ly))) Ls),

Cizs = (MLo(—M2(N — 1)%h3(—2N + (2 + N)Lg) + 2M*(N — 1)Bh3((8 — 3N) — 2(4+ N)Lg — 2
NL3 + NL3(N +4L4)) — 6(N — 1)NB(—4N + Ly(4 + 2N + N?) — 4L2 + L3(2N — 4(N —
1)L4)) + 3ho(4N(N — 2N2? + N3 +2M2%4% — M2NB?) + (N° — 8M?B2% + N3 (M?62% - 7)
—4AN(1 4+ M?6%) +2N%(5 + M?B?)) Ly +4(N —1)2NL? —2NL3((N - 1)2°N +2(1 - N
—N?%+ N3 —2Mm23% + M?NB?)Ly)))Ls),

Ciuy = —(((N—=1)N(3(N—1)N(2+ N —4L3)(L3 — Lq)® + M?K3((10 + 9N + N®)L3 + (N - 1)
Ly(—6N + (N — 2)Ly) + (N — 1)L3(—=3N + 2(1 + N)Ly)) + 6M?Bhg(—2N Ly + NL3(—2
+(4+ N)Ly)))Ls5) + hy(—3(N — 2)%(L1s — 2M (N — 2) Lo(—2M%(N — 2)2h3(=2N + (N
4+2)L4) — 3(N — 1)NB + Lao + 3ha(4N(N — 2N? + N3 + 2M>8% — M2B°N) + (N° -8
M?B2 + N3 (M2B% — 7) — AN (1 4+ M?B?) + 2N*(5+ M?B%)) Ly — 2N L2 + 2N?(5 + M?

B%)L4)))Ls) + Lue),
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Cie

Cir

Cig
Cao
Ca
Coo

3M?(F + hy — ha),

(2 — 3N + N2)(h1(2(N — 2)2(N —1)NL2 — (N — 2)L1 Ly(2N(2 — 3N + N%) + M(2(N -
1)Nhy — (N — 2)8(N — 2L3))Ls) + (M(N — 2)Ly(—2(N — 1)Nhg + (N — 2)B(N — 2Ly

)) + (N = 1)N(N — 2L4)(Lg — L3)Ls)Ls + M(2 — 3N + N2)h2(Li(N + 2L3) + Lo(N
—2L4))Ls + ha(2(N — 2)%(N = 1)NL% — (N — 2)L1(2N(2 — 3N + N?)Ly + M((-2 +
N)B — (N — 1)ho)(N — 2L3)Ls) — M(=2+ N)((=2+ N)B — (N — 1)hg) La(N + 2L4)Ls
+(N — 1)N(N — 2L3)(L3 — L4)Ls))Ls),

(—=((=2 + N))(N = 1)(L1hy — Lohg)((—2 4+ N)*(N —1)NL}(2 + N — 4L3) + (N — 2)*(N
—1)NL}(2+ N —4L4) — (N — 2)L1(2N(2 = 3N + N?)Ly(2 4+ N — 2L3 — 2Lg) + M (-1 +
N)ha(N(6 + N) — 2(2 + 3N)Lg) (N — L)y (=2(N + 2)L3 + N(6 + N —4Ly)) — 28(—2N L3
+L3(4 +4N —2NLg) + N(—4 + NLy)))Ls) — (N(6 + N) — 2(2+ 3N)Ls) + 28(—4N + N
L3(N — 2L4) +4(1 + N)Ly — 2N L2))Ls),

((N(2 — 3N + N?)(L3 — L4)?* — M*(N — 1)h3(—4N + (6 + N)Lg + (N — 2)L4) — M*(N —
1)h2(—4N + (=2 + N)L3 + (6 + N)L4) — M*Bhy(—8N — 4NLZ + (—4 + 4N + N?)Ls + L3
(12+ 4N + N? —4NLy)) + M2h1(2(—=1 + N)ho(—4N + (2+ N)L3 + (24 N)Ly) + B(—
8N + (12 +4N + N?)Ly; — AN L2 + L3(—4 + 4N + N2 —4NLy))))Ls),

Ly Lag,

(M3LsLg — 3Mh? Loy + Lag + Lay),

(M(~1+ N)h}(La1 — Lsz + Las)Ls),

(ha(FN(2— 3N + NH)2(3N — M2h3)L3(2 + N —4L3) + (-2 + N)*(N — 1)NLZL3s + Lss
+Lag + (Lar — 3M(N — 1)hLag + 2M(N — 2)LaLag + (N — 1)N Lo + h2Lay — 2M3(N
~2)(N = 1)2h3LoLgy — 2M3(N = 2)(N — 1)2h3 Ly Lss — 6M2N(—(2+ N)3L2 4+ 2M (N
—2)NfBLy(—2+ Ly + Lg)Ls — (N —1)(L3 — La)(—4N + (2+ N)L3z + (2+ N)

L4)Ls) — (N(—2 — TN% 4 4FM?B + N(9 — 3FM?B)) + (3N® —4FM?B + 2N

(=3 + FM?B) + N*(3 + FM?B))Ly — 2FM2BL2 + NL3(N — 4(N — 1)L4)) Ls
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Cos
e

Cu

O Cos
Cos

Cas

+N%(3+ FM28))Ly + LsN(N(=2 + 2N + FM?8) — 4(N = 1)L4))Ls),
+FMN(2(N — 1)L3(—3N + (4 + N)Lyg) — (N —1)Ly(—=2N + (6 + N)Ly)) + M3
(F — 2hy) L5 Los,

(2(hoLag + M(N — 2)LoLsLyg) + hy(Lys + 2M%(N — 2)(N — 1)2h3 Lo (=2N + (
2+ N)L4)Ls((2 — N)L2(4N(N — 2N?% + N3 + 2M262 + NM?B%) — 2(N — 2Ly)
+((2 = N)Lo(AN(N — 2N% + N3 + 2M?28% + NM?B2)L2) + LagLs) LsM(N — 1)
ho((N —2)3(N — 1)NL? — 2M (N — 2)BLy((8 — 3N)N + N2Lz — 2(4 4+ N)L4) +
N((—2+4 N + N?) 4+ 2L3(N — 1)(=3N + 2(N +1)Lg) + (N — 1)L4(—6N + (6 + N
)La))Ls)) — M3LyLos — M?(N — 1)h3((N — 1)NL}(—10 4+ 8Lz + N) + 2(N — 2)
Li(2N(2—-3N + N2)Lg(—1.+ N + L3 — 2L4) + M(=2(N — 1)ho(—2N + (2+ N) L3
)+ B(—2NL35 + N(8 —3N + NLyg) + L3(—8 — 2N + 4N Ly)))Ls) — 2M(N — 2)Lao(
—2(N = 1)hg(—2N + (N +2)L4) + B((8 — 3N)N + NL3(N — 2Ls) — 2(4+ N)L4
+4NLf))Ls + Las))),

(N = 1)(F + hy — ha),

3N(N —2)(Ly — La) + M(3Nhy + M*h3 — 8N hy — M*h3)Ls)(2(N — 2)*(N —1
YNL3(2+ N —4L3) +2(N — 2)*(N —1)NL3(2+ N — 4L4) — (N — 2)L1(4N(2 —
8N + N?)Ly(2+ N — 2L3 — 2L4) + M(ha(N(~8 + 6N + N2+ N3) —4(-2+ N +
N®)Lg — (N = 1)hy(—4(N +2)L3 + N(8 + 2N + N? — AN L)) — 48(—2N L3 + L3
(4+4N —2NLy) + N(N —4Ly)))Ls),

(=M(N — 2)La(—(N — 1)ho(N(8 + 2N + N?) —4AN?Lz — 4(2 + N)Ly) + hy (N (-8
+6N + N2+ N3) — 4(2+ N 4 N®)Ly) + 48(—4N + NL3(N — 2L4) +4(1 + N) Ly
—2NLj))Ls),

N(2(2 - 3N + N2)(L3 — L4)* = M*(N — 1)2h3(—4N + (6 + N)Lz + (N — 2)Ly) —
M?*(N — 1)R3(—4N + (N — 2)L3(6 + N)Lg) — M?Bhy(—8N — 4ANL2 + (—4 + 4N +
N%)Ly+ L3(12 + 4N + N? — AN Ly)) + M2hy (2(N — 1)ho(—4N + (2+ N) Lz + (
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Cao
Ca

Cay
Ca3

C34

Css

2+ N)L4) + B(—8N + 12+ 4N + N?)Ly — ANL2 + L3(—4 + 4N + N? — 4N Ly))),
(Laz + (LsoLsy — M*(N — 2)Lo(—M?h3(—2N + L4(2 + N)) + 2M%(N — 1) Bh3((8
—3N)N — 2(4+ N)Ls — 2NL% + NL3(N +4L4)) — 6(N — 1)NB(—4N + L3(2N —
4(N —1)L4)) — 4L% + L3(2N — 4(N — 1)Ly)) + 3ha(4N(N — 2N? + N3 + 2232
~NM?B?) 4 (N — 8M%3% + N3(—7 + M?8%) — 4N(1 + M25%) + 2N?(5 + M?B?
))Lg — 2N L3((N — 1)?N +2(1 — N — N? + N3 — 2M?B8% + NM?B%)L4)))Ls + Lsp
(N = 2)((N = 2)L1(N — 2L3) — (N = 2)La(N — 2L4) + M(—ha(N —2L3) + by (N —
2L4))Ls)),

3M2(N — 2)(N — 1)(F + hy — hg),

(2(N = 2)%(N = 1)N(L1 — Lg)(h1 L1 — hoLa) + M(N — 2)((N — 2)Bhy — (N — 1)hs
)(h1(L1(N + 2L3) + Lo(N — 2L4)) — ho(L1(N — 2L3) + La(N + 2L4)))Ls,

(—=(N = 1)N(—ha(N —2L3) + ha(N — 2L4))(Ls — La)Ls),

((M3(N — 2)(N — 1)2h4(L1(=2N + (2+ N)L3) 4+ Ly(2N — (2+ N)Ly))Ls + M*(N
—1)h3(NLI(N — 2)*(N — 1)(=10 +8L3 + N) + (N — 2)°NLo(2 + N — 4Ly) + 2(N
—2) Ly (2(N — 2)NLy(N — 1) + M(—2(N — 1)ha(=2N + (2+ N)L3) + B((8 — 3N)N
—2L3(4+ N + NL3) + N(N +4L3)Ly))Ls) — 2M Ly(—2(N — 1)hg(—2N + (2+ N)
Ly) + B(N(8—3N+ NL3)—2(4+N + NLy)Ly +4NL3))Ls + (N — 1)N((N — 2)L3
+2L3(—3N + 2(N + 1)Ly) + La(—6N + (10 + N)L4)) Ls),

(ho(N(2+ 3N + N?) + (N —2)°NL3 + (3(N — 1)N — M%(N — 1)hZ(—10 + N + 8L,))
—(N —2)L1(2(N — 2)NLy(3(N — 1)N(2 + N — 4L3) + 2M*(N — 1)h3(~1+ N — 2L3
+Ly)) + M(M?(N —1)%h3(2N — (24 N)L3) — 6(N — 1)(—4(N — 1)L3 + La(4 + N(
N —2) —4L4) + 2N(=2 + Ly)) + 3ho(4N((N — 1)2N — M2%(N —2)) + L3((N -1
2N(—4+ N(N = 2)) + M26%(N - 2))L3) — 2N(N — 1)Lg) + 2M?*(N — 1)g2h3(4N L2
—2L3(N — 1)))Ls)),

M(N —2)Lo(M*(N —1)? +6(N — 1)B(—2N (L3 — 2) + 4L%) + 3ho(4N((N — 1) — M?
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O

Cae

Czy

Cas
Cag

(N —2)8%) 4+ Ly(N(N — 1) + 4(N — 1)NLy) + 2N La(—(N — 1)N — 2((N — 2) + M?p?
(N —1))L4))),

((—=(N —1)N(BN(N — 1) + 6M?B%(=2(N — 2L3) + N(=2 + (4 + N)L3)Lg) + M*

(N — 1)ha((10 + N)L§ + 2L3(—3N +2(1 + N)L4)))Ls) — SMh3(M(N — 2) + (N
—2)L1(2M(N — 1)NLg + L3((N — 1)2N(-4 + N(2+ N)) + 4(N — 1)NL3) —

N((N =1)2N + 2((N = 1)*(N +1) + M?B%(N — 2)L3) + 2M?Bhy((8 — 3N)N +

N(N - 2L3)L4))Ls))),

—(N = 2)La(4N((N — 1) — M*(N - 2)B%) —4N((N — 1)*(N — 2)f*)Ly) + MN

(N =1)((=24 N + N?)haoL2 + La(N(N — 1) + ho(—6N + (6 + N)L4)) + 2L3(ho
(—3(N — 1) + 2N Lg) + NB(=2 + (4 + N — 4L4)L4))) Ls) + ha(—3(N — 2)NL3(—
M*(N — 2)h% + N(N — 1)) + 2(N — 2)L;(3(N — 2)NLy(2M*(N — 1 — L3) + 2M?
B*(—N?%+ 2(N — 1)Lg + 2(N — 1)L4)) + M(—2M>h3 + 3ho(4N((N — 1)2 — M?B?

(N —=2))+ Lay(N(N — 1) = 2N((N — 1)N + M2B%(N — 2))L3) — 2N((N — 1)* +

((N —1)2N + M*(N — 2)8%)L3)Ly) — 3NB(—4L% + L3(4 — 4(N — 1)Ly)) + 3M?
h3(—2(4 + N)L3 +2NL3))Ls) + Ly) + 3ho(4N((N — 1)% — M?8%) + (N — 2)M?>
B*)Ls — 2NL3((N = 1)2N + Lq)))Ls +3N(N — 1)(N(N — 1) + M2(N — 1)h3((6
+N)L3 + Lg(—6N + (24 N)Ly)) +4M?Bho(2L4(N — Ly) + 2L3(1 — NLg) + NL3(-2
(4+ N —2L4)L4)))Ls),

(N = 2)3(N — 1)N(L; — Lo)(L1(2 + N — 4L3) — Ly(2+ N — 4Ly))),

(M(N — 2)(Lo(—2NB(~4 + NL3) +4B(—2 — 2N + NL3)Ls + 4NBL2 — (N — 1)y
(N(6+ N) —2(2+3N)Lyg) + ho(((N = 1)N(6 + N —4L3) — 2(=2+ N + N?)Ly)) + L,
(88(Ls — N) — (N — 1)ho(N(6 + N) — 2(2 + 3N)L3) + (N — 1)hy (—2(N + 2)L3 + N(6
+N —4L4)) +2NB(NLg — 2L3(—2 + L3 + L4)))) Ls + (N — 2)(N — 1)N (L3 — Ly)*
~M%(N = 1)h3(—4N + (6 + N)Lg + (N — 2)Ly) — M*(N — 1)h3(—4N + (N — 2)L3 +
(6 + N)Ly) + M?Bho(8N +4NLE — (4 + N(N +4))Lg — L3(12 + N(N +4) — 4NL,))



1]

Cao

Ly

Ly

L3

+M2hy(—4B(2N + L3) + 2(N — 1)ha(—4N + (24 N)Lz + (2 + N)Lg) + B(12Ls + N
(4+ N —4L4)(L3 — L4))))L3),

(M3(N = 2)(N — 1)*h§(L1(—2N + (N +2)La) + L2(2N = (2 + N)L4))Ls + Lss) + M
(N — 2)Lo(M%(N — 1)2h3(2N — (2+ N)Lg) + (N — 1)NB(—2N(Ls—2) — (4 — (N -1
)L3)La) + 3ha(AN((N — 1)°N — M?8?) + Ly((N — 1)°N + 4(N — 1)NLy) + 2N L3(—(N
—1)N —2((N — 1)(N + 1) + 4NLyg) + 2N L3((N — 1)2N — 2((N = 1)*(NV + 1)))Ls)) +

(=)
sinp [ M(=2+ N)ky
(—2+N)2 )’

M(—2 &+ N)hl
(—2+N)?

i (M(—2 + N)hg)
(4 — 4N + N?),
(1= N2+ N* —2M°B% + N(—1+ M*5%))L3),
(N = 2)L1(N — 2L3) — (N = 2)Ly(N — 2L4) + M(—ho(N — 2L3) + ha(N — 2L4))Ls),
((N = 2)Ly(Lg — 1) — (N — 2)Lo(Lg — 1) + M(~ha(L3 — 1) + ha(Lg — 1)) Ls),
(1 — N2+ N3 —2M23% + N(-1+ M?8%)),
(N —2)(N = 1)%h}(L1(—2N + (2 + N)L3) — La(—2N + (2 + N)L4)),
((2—8N + N?)L +2(N = 1)La(—3N 4+ 2(N + 1)Ly + (N — 1)L4(—=6N + (10 + N)Ly)),
(M?(2 = 3N + N?)h3 — 8M?Bhy(Ls — 1) + (N — 1)N(2+ N —4Ly)),
(N —1)N(2+ N —4Ly) — 8M?Bhy(Lg — 1) — M?(N — 1)h3(—6 + N +4Ly)),
(3N(2— 3N + N?)Lo(2M3(N = 1)h3(N = 1 — Lg) + (N = 1)N(2+ N — 4L4) — 2M?Bhy(
N2 —2(N = 1)Lz — 2(N — 1)Lg)) + M(—2M2(N — 1)2h3(=2N + (2 + N)L3z) — 3(N — 1)
NP(4LE + 2N (Lg — 2) + L3(4 + 2N + N? — 4(N — 1)L,)) + 3M3(N — 1)Bh3(—2(4 + N)
Ly +2NLE + N(8 — 3N + NLy)) + 3ha(—2N(N — 2N? 4+ N3 — 2M?4% + M?*B*N)L3 -2



}JF

N(-2(N —2N% + N® +2M?8% — M?B8?N) + (N — 1)2NLy) + L3(N® — 8M28% + N3 (M?
B% — 7) —4N(1 + M?82) + 2N?(5+ M28%) — 2N (N — 2N? + N3 — 2M2p2 + M?B2N)L,
)))Ls),

Lis = ((—8(N—2)%N —1)NL}M?*(2— 3N + N?)h2 — 8M?Bh2(Lz — 1)+ (N - 1)N(2+ N
—4L4)) = 3(=2+ N)*(N —1)NL3((N = 1)N(2+ N — 4L;) — 8M?Bhy(Lg — 1) — M?

(N = 1)h3(—6 + N +4L4)) + (2(N — 2)L1(3N(2 — 3N + N?)Ly(2M?*(N — 1)h3(N -1
—L3) + (N = 1)N(2 + N — 4L4) — 2M>*Bhy(N? — 2(N — 1)L3 — 2(N — 1)L4)) + M(~
2M%(2+ N) = 3(N — 1)NB + L3(N® — 8M28% — 4N (1 + M?B%) — 2N(N — 2N2 + N3 -
2M*B? + NM?B%)Ly)))Ls)) + La),

Lig = (~4N +2L3+ (4+2N + N2)Ly(N —1)L2) + Bho((8N — 3N)N — 2(4 + N)Lg + NLs(
N +2Lg)),

Liz = (N-=2)%(N -1)NL}(8B(Ls — 1) + (N — 1)ha(—6 + N +4L3))),

Lig = 2M%(N —2)(N —1)*h3Lo(—2N + (2+ N)Ls)Ls + M(N — 1)ha((N — 2)3(N — 1)h3L,
(=2N + (24 N)L4)Ls + M(N — 1)ha((N = 2)3(N — 1)NL% —2M (N — 2)BL2((8 — 3N
)N + N2Lg — 2(4d + N)Ly +2NL3)Ls + N((=2 + N + N*)L3 + 2(N — 1)L3(-3N + (N
+1)Lg(—6N + (6 + N)Ly))Ls),

Lig = Ls(2M(N —1)NB(~2(N —2Ls)Lg + NL3(—2+ (4 + N)Lg — 4L3))Ls + (2 — N)La(4
N(N —2L4)Ly + NL3(—2 + (4 4+ N)Ly — 4L2))Ls + (N — 2) Ly(4N(N — 2N? + N® +
2M2B% — M2B2N) — 2(N — 1)2NL3(N — 2L4) + (N® — 8M26% + N3(-7+ M?B%) -
4N (1 + M?B%) 4 2N?(5+ M?B%))Ly — 4ANL3Lg)) + (N — 2)L;(—2MN(2 — 3N + N*
)La(=2(N — 1)hg(=1+ N — Lg) + B(N® — 4(N — 1)L4)) + LsNL3(4(N - 1)* — 2M?
(N =1)%h3(—=2N + (2+ N)L3) — 2N(N — 1)Bha(N(8 = 3N + NLs) +2(-4 =N+ N
L4))L3 + L3(N® — 8M2(% + N3 (M2B% — 7) —4N(1 + M?B?) + 2N?*(5 + M?p%) — 4
N L4Lg))),

Ly = M?*N—1)R}((N —2)*(N —1)NL}(=10+ N + 8L3) + (N — 2)3(N — 1)hao(—2N + (2
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N
s

W

Lo

+N)Lg + B(—=2NL% + N(8 = 3N + NLy4) + L3(—8 — 2N + 4N Ly)))Ls) — 2M(N — 2)
LoLsLyg+ NL3sLyy),
(h1(—2M(N — 2)Lo(—2M?*(N — 1)*h3(—=2N + (N +2)L4) — 3(N — 1)NB(—4N + 2L;
(N —2L4) + (4 + 2N + N?)Lg — 4(N = 1)L3) + 3M?(N — 1)Bh3((8 — 3N)N — 2(4
+N)Lg+ NL3(N +2L4)) + 3ha(AN(N — 2N? + N® + 2M?42 — M?B*N) + (N° -
8M?B% + N3 (M?B2 — 7) — AN (14 M?*B?) + 2N?(5 + M2B%))Ls — 2N (N — 2N? +
N3 —2M2B% + M2B°N)L2 — 2NL3((N —1)?N + (N — 2N? + N3 — 2M?42 + M?
B2N)L3 — 2NL3((N — 1)2N + (N — 2N? + N® + 2M?p2 — NM?B?) + N°® — sM?p?
+N3(M?B% — 7) — AN (1 + M?B%) + 2N%(5 + M*B%))Ls — 2N(N — 2N% + N3 -2
M?B% + NM?B%)L2 — 2NL3((N — 1)2N + (N — 2N% + N3 — 2aMm?B8% + NM?B%)L,
M) Ls +3(N — 1)N((N —1)N(2+ N — 4Ly)(L3 — Lg)* + M2h3((5N — 6 + N?)L3
+2(N — 1)L3(—8N + 2(N +1)L4)) + 6M2Bhg(—2N Ly + 4L3(1 — NL4) + NL3
(=2+ (4 + N)Ly)))Ls — (N — 2)L; (2N(2 — 3N + N?)Ly(3(N — 1)N(2+ N — 4

Ls) — 3M?Bhy(N? — 4(N — 1)L3) + 2M2(N — 1)h3(N — 1 — 2L3 + Lq)) + MLY/?
(=M*(N — 1)*h3(—2N + (N +2)L3) — 6(N — 1)NB(—4(N — 1)L% + L3(4 + 2N +
N2 +4L4)) +2N(Lg — 2)) + 2M%(N — 1)Bh3(4N L3 + N(8 — 3N + NL4) — 2L3
(4+ N+ NLy)) +2M*(N —1)Bh3(4NL3 + N(8 — 3N + NL4) — 2L3(4+ N+ N
Ly)) + 3hg(—2N(=2(N — 2N? + N3 4 2M24% — M2B2N) + (N —1)2NLy) — 4N
L3Lg))) + NLis + M (N — 2)LyLs(— M*(N — 1)h3 + 2M?(—1 4+ N)B((8 — 3N)N
—2(4+ N)Ly — 2NL3 + NLg(N +4Lg)) + AN (1 + M25%) + 2N?(M2B2 + 5)) L4
+4(N —1)2NL2 - 2NL3((N - 1)2N +2(1 - N — N? + N3 — 20?82 + NM?8?)
Ly)) — 6L1g) + L1g)),

3(N —2)%(N —1)NL}(~M*2— 3N + N)R3 + (N —1)N(2+ N — 4Ly)) + 3(N -
2)%(N — 1)NL3((N — 1)N — 8M?Bho(Ls — 1) — M*(N — 1)(6 + N +4Ly)) — (N
—2)L1 (3N Ly(2M?*(N — 1)h3(N —1— L3) + (N = 1)N(2+ N — 2L4)(N? — 2(N



Loy
Los
Lag

Loq

Lag

—1)L3 — 2(N — 1)Ly4)) + M(—2M?*(N — 1)*h3(—2N + L3) — 3(N — 1)NB(—4L3
+L3(4+ 2N + N? — 4(N — 1)Ly)) + 3M*(N — 1)Bh3(—2(4 + N)L3 + N(8 — 3N
+NLy)) + 3ha(—2N(N — 2N? + N® — 2M?8% + NM?B?)L% — 2N(-2(N — 2N +
N3 4+ 2M28% — NM?B%) + NLg) + L3(N® — 8M?8% + N3(—7+ M?8%) —4N(1 +
M?28%) + 2N%(5 + M?8%) — 2N(N - 1)L4)))Ls),

3(N — 1)NB(—4N +2L3(N — 2L4) + (4 + 2N + N?)Ly — 4(N = 1)L3),

(N® - 8M2%3% + N3(M?*B% — 7) — 4N (1 + M?B?) + 2N?%(5 + M?5?)),

(N = 2)(N = 1)%h4(L1(=2N + (2 + N)L3) — Lo(—2N + (2 + N)Ly)),

(M3(N — 2)(N — 1)°h}(F — 2ha)(L1(=2N + (2 + N)L3) — Lo(—2N + (2 + N)Lg
))Ls),

(M2(N = 1)h3((N — 2)%(N — 1)NL}(=10+ N + 8L3) + (N — 2)*(N - 1)NL}(2 +
N —4Lg) + 2Ly (2N + (=2(N — 1)hg) + B(—2N L% + +L3(—8 — 2N + 4N Ly)))Ls)),
(N((2— 3N + N*)L3 + 2(N — 1)L3(—3N +2(1 + N)Lg) + (N — 1)L4(—6N + (10
+N)La))Ls),

3Mh3(M(N —2)%(N — 1)NL%(88(L3 — 1) + (N — 1)ho(=6 + N +4L3)) + (N -
2)Ly (—2MN(2 = 3N + N2 4 Ly)(=2(N = 1)ha(Lg — 1 + N) + B(N? — 4(N —1)L4
)) + (4(N = 1)2NL2 — 2M?*(N — 1)%h3(-2N + (2 + N)Lg)(-2(N — 2N? - N3) +
(N —1)2NLy) + L3(N® — 8M?B8% + N¥(M?p% — 7) — aN(M?B% + 1) — 4N(1 - N?
+N3 = 2M?B% + N(1 + M28%))Lyg) + 2M2N(N — 1)Bha(N(8 — 3N + NL;) + 2L
(=4 — N + NLy))Ls) + 2M?*(N — 1)(N — 2)h3La(—-2N + (24 N)Lg)Ls) + (—(N —
2)L2(4N(1 — N% — N3 + 2M?8% + NM?B2) — 2(N — 1)2LgN(N — 2L,)(N°® — 8M?
B2+ N3 (M?B2 — 7) — AN(1 4+ M?B2) + 2N%(5 + M?B8%))L; — 4N(1 - N® + N3 —
2M2B% 4+ N(-1+ M?*B2))L2 + 2M(N — 1)NB(—2(N — 2L4)Ls + NL3(—2(4 + N)
Ly —4L3)) + Ls) + M(—=1+ N)hy((=2 + N)}(N — 1)NL3 — 2M (N — 2)BLo((8 —
3N)N + N2L3 — 2(4 4+ N)Ly + 2NL2)Ls + N((—2 + N + N?)Ls))),
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s

Ly

(=M3LsLg + 3Mh3}(MLay + Lyg + L1g) — Log + ha(=3(N = 1)N((N = 1)N(2+ N
—4L4) (L3 — Lg)* + M?h3((—6 + 5N + N*)L3 + 2(N — 1)L3(—=3N +2(N +1)L;)
+(N = 1)La(—=6N + (N +2)Ls)) + 4M?Bho(2L4(—N + Ly) + L3(2—2NLg) + N
L3(—2+ (4 + N)Ly — 2L%)))Ls + 3(N — 2)*(N —1)NL}Ly + 3(N — 2)*(N — 1)N
L3L3 — 2(N — 2)L1Lg + 2M (N — 2) Lo Ls(—2M*(N — 1)2h3(=2N + (2+ N)L4) —
3(N — 1)NB(—4N + 2L3(N — 2L4) + (4 + 2N + N?)Ly — 4N - 1)L3) + 3M*(N
—1)Bh3((8 = 3N)N — 2(N +4)Ly + NL3(N + 2L4)) + 3M?(N - 1)Bh3((8 - 3
N)N —2(4 + N)Lg + NL3(N +2Ly)) + 3ho(4N (N — 2N? + N3 + 2oM?8% — NM?
B%) —2N(N — 2N? 4+ N% — 2M?p% + NM?B%)L2 — 2NL3((—-1+ N)>N + (N -2
N2 4+ N3 - 2M?8% + NM?B2)Ly) + L4L3))) + ho((N —1)N(3(N = 1)N(2+ N
—4L3)(L3 — Lg)? + M2h%((=10 + 9N + N?)L% + (N — 1)L4(—6N + (N — 2)Ly)
4+2(N — 1)L3(—=3N + 2(N +1)Ly)) + 6M?Bhgo(—2NLg + 4L3(1 — NL4) + NL3
(—2+ (4+ N))La)))Ls — 6M?Bhy(NL3(—2 + (4 + N)L4)))Ls — NL1s — L6 —
M(N —2)Lo(—M?*(N — 1)%h3 + (2+ N)Ls +2(4 + N)Ls — 2NL3 + NL3(N + 4
Ly)) — 6Lyg + 3ho(4N(N — 2N? + N3 + 2M?8% - NM?3%) +4(N - 1)NL? -
2NL3(N +2(1 — N2 + N3 — 2M2B% + NM?B%)L,4) + Lg)) + L1 (2N La(3(N —
1)(2+ N —4L3) — 3M?Bhy(N? — 4(N — 1)L3) +2M2h3(4NL3 + N(8 — 3N +
NLg) — 2L3(4 + N + NLy)) + 3ha(-2N(=2(N — 2N% 4+ N3 + 2M?8% — NM?25?
)+ (N = 1)*NLy) — ANL3Lg + Lg(4(N — 1)*NLs + Laa))))))),

(M(N —2)*(N — 1)NL3}(4ho(—4 + N + 2L3) + F(=10 + N + 8L3)) + M(—2 +
N2)(=1+ N)N(F — 2ho)L3(2+ N — 4L4) — 2(N — 2)L;(-MN(2 - 3N + N3)L,
(2F(=1+4 N 4 L3 — 2Lg) — hy(—=10 + N + 4Lz + 4L4)) + (2FM?NBL3 — M?(

N —1)h3(=2N + (2 + N)L3) + L3(—21N? + 3N3 + 8FM?B + 2N(9 + FM?B) +
AN (-3 + 3N — FM?B)L4) + N(—18 + 33N — 15N2 — 8FM?8 + 3FM*NB + N(
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L3

—6+6N — FM?B)L4) + M2hg(—4NBL2 + L3(2F(—2+ N + N?) 4 (-4 + 8N —
8N?)B — ANBL4) + 2N(=2F(N — 1) + (24 3N)B — 2NBLy)))Ls)),

(2(N = 2)Lay(6N — 3N% —3N3 + 8FM2NB — 3FM2NBL3 — 18N Ly + 15N%L,
+3N3L4 - 8FM2L48 — 2FM?NBLy — 2FM?NBL3Ls + 12NL3 - 12N?L3% +
4FM?NBL? + M*(N — 1)h3(—2N (2 + NOL4) + M2ha(2N(2F(N — 1) + (-2 +
3N)B) — 2NBL3(N — 2L4) — (2F(-2+4 N + N?) + (-4 + 8N + N?)B)Ly + 4N
BLY))Ls),

(M(N = 1)N((=N — 2)(F — 2hg)L3 + L4(4ho(=3N + (4 + N)Lg) + F(=6N + (
10 + N)Ly)) + 2L3(F(=3N + 2(N + 1)Lg) — ha(—=6N + (10 + N)Ly))),

(3F(N — 1)N(2+ N + —4L3) + FM*(N — 1)h3(—=10 + N + 8L;) — 6ha(—2N +
N2 4+ N3+ 4FM?B — 4(N —1)NL3 — 4FM?L4B)) + (N — 2) L1 (3he(2N(2 - 3
N+ N?)Ly(N(-2+4 N + N%2 - FM2NB) — 4N — 1)(N — FM?B)L3) + M(—-4N
(=2(2 - 3N + N?)B + F(~1—3N?% + N3 - 2M?8?% + N(3 + M?4?)))L3)),

(M(N —2)Lay(FM?*(N — 1)h3(—2N + (2+ N)Ls + 6F(N — 1)NB(12 — 4N +

N? —2L3(N —2L4) +2(—8 + N)Lg +4L3)) — 2(N — 1)h3(N(-18 + 33N — 15

N? —8FM?B + 3FM?NB) + (—21N? + 3N3 + 8FM?B + 2N (9 + FM?8)) Ly +
2FM?BNLy + NL3(N(—6 + 6N — FM?B3) + 4(—3 + 3N — FM?B)Ly)) + 3ha(—
2(N - 2)N((6 — 7N + N?)B + F(3 — 6N + 3N2 + 2M2?)) + (-2N(12 — 16N
+3N? + N¥)B + F(3 — 6N +3N?% + 2M*B%)) + (—2N(12 - 16N + 3N? 4+ N3)

B+ F(2N* + N5 — 8M?8% + N® — 4N (4 + M?82) + 2N?(18 + M?8%))) Ly + 4
F(N —=1)>NL? + 2NL3(F(N — 1)?N — 2(—2(2 - 3N + N?)8 + F(-1+ 3N — 3N?
+N% —2M?8% + NM?8%)Ly)))),

—(N = 1)N(=12(N — 1)N(F — 2hy)L} — L4(6N (=2 + N + N? —2FM*B)hy + 3F
N(=2+ N + N%)(=2+ Ly) + FM*(N — 1)h3(=6N + (N — 2)Ly4)) + L3(3FN (=10
49N + N?) = FM?*(=10 + 9N + N?)h% — 6hy(—6N + 5N + N® + 4FM?B + 4N
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(=1 +N — FM?3)Ls)) — 2L3(FM?*(N — 1)h3(—3N + 2(N + 1)L4) — 3Nho(—2 +
N+ N?24+2FM?3 + (—6+ 5N + N> —4FM?NB)Ly) + 3FN(-2+ N + N2 +4(N
O ~1)Lg = 2(N — 1)L7))) Ls),

Ly = m((—2+N)*(N —1)NL}(-=3FM?*(2 - 3N + N?)hZ + 2M*(N — )h3(2+ N
—4L3) ~ 6hy(—2N + N? 4 N3 — 4FM?B + 4(N — N? + FM?B)L3) + 3F(N
—1)N(2 + N —4L3) — 6hg(—2N + N? + N® —4FM?B + 4(N — N® + FM?8
)L3) +3F(N —1)N(2+ N — 4L4)) — (N — 2)>(N — 1)NL3(3F(N — 1)N(2
+N —4Ly) +4M?*(N — 1)h3(—4 + N +2L4) — 3FM*(N — 1)h3(—6+ N +
4L4) — 6ha(—2N + N? + N3 —4FM?B + 4(N — N% + FM?B)Ly)) + 2(N —
2)(M2h3(NLy(—10 + N +4Lg +4L4) + M(—4NBLyg) + 2N(-2F(N — 1) +
(2—-3N)B+ NpBLy))Ls),

Lsg = (FMN(2- 3N+ N*)Ly(—4+ N +2L3) + (—2FM*NBL?} + L3(3N® — 4F M?
B+ 2N(—3+ FM*B) + N*(3+ FM?B) — 4(N — 1)NLg) + N(-2 — TN?% +4

O FM?8+ N(9— 3FM?B) + N(=2+ 2N + 2FM?B)Ls)) L) — 6Nha(2(N — 2)

(N —=1)(N — FM®8)Lo(L3 — Lq) + M((—-2(2 — 3N + N?)8 + F(N — 2N? +
N3¥ - 2M?B8% + M2B2N))L3 — (N = 1)(F(=2+ 5N = 3N?) — (-2 + N)28 +
F(N —1)NLy) — L3y(F(N - 1)?N + (-2(2- 3N + N3 + F(N — 2N? + N3
—~2M?6? + NM28%))Ly))Ls) — M3(—1 + N)2h4(—2N + (2 + N)Lg)Ls) +
3FM(N —1)NB(12 — 4N + N*+ 4L — 2NL; +2L3(—8 + N + 2L4))L}),

Lig = ((M%N —1)%h4(-2N + (2+ N)Lg + 3F(N — 1)NB(—4 — AN + N2 + 2L3(N
—2L4) — 2(—8 + NLy) — 4L3) — (M*(N = 1)h3(2N(—2F(N — 1) + (2+ 3N)
B) + (2F + (=4 + 8N — 3N%)B) Ly — ANBL3(N + Ls)) — 3N?(—9 + FM?23))
+NLg(N — (=4 +4N + FM?*B) + 2FM?BL4)) + 6Nha((N — 1)(F(2 — 5N +
3N%) + (N —2)8) — (—2(2 - 3N + NY)B + F(N +2N?% + N3 + oaM24% + NM?
B?) +2FM?2BL,)) + L3(FN +(—2(2 — 3N + N®)8 + F(N +2N?% 4+ N3 + 2p2

|,
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B

Lo

Ly

Lsn

82 + NM?5?))La)))Ls),

(La(—=3F(N — 1)N(2+ N — 4Ly)(Lg — 2) + 2M*(N — 1)h3(=6N + (N — 2)Ly)
—~3FM*(N — 1)h3(—6 + (N + 2)L4) + 6hg(—2N (=2 4+ N + N?) + (=6N + 5N?
+N3 —4FM?B)L4)) + L3A(BFM%(5N — 6 + N*)h —4M?*(—4 + 3N + N?)h3
+3F(N = 1)N(2 + N —4L4) — 6hg(—6N +5N? + N3 —4FM?B +4N(2 - 2N
+FM?B)Ly)) — 2L3(3F(N — 1)N(2+ N —4L4) + 3FM*(N — 1)h3(N + (4 +
N)Ly) = M?(N = 1)h3(6N + (10 4+ N)Ls) — 6Nha(—2+ N 4+ N? 4 (4 —4N +2
FM*B)LiN)))Ls),

(3(N = 2)*(N — 1)NL}(—2M?(2 — 3N + N?)h3 + FM?*(N — 1)ho(—6+ N +4
L3) + h3(3(N — 2)°NL}(—2M?*(2 — 3N + N?)h3 + FM?*(N — 1)hy(-6+ N +
4L3) + 2(—2N + N% + N3 + 4FM?B — 4FM?BL3 — 4(N — 1)NL,)) — (N -2
)L1(6NLo(N(=2 + N + N? — FM?8N) — 4(N — 1) LaFM?ho(N — 1)) 4+ M(—
2M?(N — 1)h3(=2N + (N +2)L3) + 12M?*(N — 1)N?BhZ — 6(N — 1)ha(4(N
—~1)NL3 + L3(3N® + 4FM?8 4+ N(6 — 2FM?B) + N*(-=9 + FM?B)) + N(-1
0+ 21N — 11N? —4FM?*8 — FM?BN + N(—4+ 4N + FM*8)Ly)) + 3(4F(N
~1)2NL} + 2N((N - 2)((6 — TN + N?)B + F(3 — 6N + 3N? + 2M?8%) + F
LyN)+ L3(—2N(12 — 16N + 3N? + N¥)8 + F(2N* + N5 —8M?B2 + N® — 4N
(4 + M?3%) + 2N?) —4AN(-2(2 - 3N + N?)B + F(-1+3N — 3N2 + N3 — 2M2
8% + M?B°N))Ly))Ls),

((=2N + (N +2)Ls)Ls — 3(—M(N — 2)Lo(2N((4 —4N — N2 + N¥)B+ F(2— N
—4N? + 3M?3% — 2M?8%N)) — 2F(N - 1) NL3(N — 2Lg) + (-2N(12 — 16N
+3N% + N%)B + F(—2N* + N® — 8M?5% + 2N*(16 + M?5?))) Ly — AN(—28 +
F(—1+43N —3N? + N3 —2M?8% + NM?8?))L3) — 2(N — 1)N(L4(N(Ly(N(-2
4+N +N? 4+ 2FM?B) — Ly + 4N — 1)L2) + NL3(2— N — N? + 2FM?8 + (-6
+5N —4M?B — FM*BN)Ly + (4 — 4N +4FM?B8)L2))Ls)Ls)),
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Ly =

(=N(2—3N + N?)2(3N — M2h3)L3}(2+ N — 4L3) — (N — 2)%(N — 1)NL3(3(N
—1)N(2+ N = 4L3) — 24M?Bhg — M*(N — 1)h3(—10 + N + 8L4)) + L1(2N/(

2= 3N + N?)Lo(3(N — 1)N — 3MB(N? — 4(N — 1)L3) + 2M?*(N — 1)h3(N -
1-2Lg+ Lyg)) + M(—M*(N = 1)(=2N + (2 + N)L3) — 6NB(N — 1)(—4(N -1
)L3 +2N(Lg — 2)) + 2M?(N — 1)Bh3(AN L% — 2L3(4 + N + NLy)) + 3ho(—-4N
(N —2N? + N3 + 2M?8% — NM?B%)) — 2N(—2(N — 2N? + N3 + 2Mm?62 — N M2
B%) + (N — 1)NLyg) + L3(N°® — 8M?B% + N3(7 — M?B%) — 4N(1 + M?p?) + 2N?
(5+ M%8%) + 4(N — 1)2NLy)))Ls),

= (=M?*(N —1)?h3(—2N + (24 N)Lg) + 2M?*(N — 1)Bh3((8 — 3N)N — 2(4 + N)Ly

—~2NL%) — 6NB(N — 1)(=4N — 4L% + L3(2N — 4(N —1)Ls)) + 3ha(4N(N — 2
N2 + N3 +2M2%3% — NM?8%) + (N5 — 8M2B% — AN(1 + M2B%) + 2N%(5 + M?
B*) L4 +4(N —1)2NLy — 2N((N - 1)2N +2(1 - N - N2+ N® —2M?B2 + N
M2B%)L4)))Ls + N(3(N = 1)N(2+ N — 4L3)(L3 — L4)* + M2h3((10 — N?) +
L4y(—6N + (N — 2)Lg) + (N — 1) L3(—38N +2(N + 1)Lg)) + 6M?Bhy(—2N L4 +
L3(4—4ANLy) + NL3(—2 + (4 + N)Ly))),

(2M(N — 2)LagLa(—2M%*(N — 1)%h3(—2N + (2 + N)Ly) — 3(N — 1)NB(—4N +
2L3(N — 2L4) — 4(N - 1)L2) + 3M*(N — 1)8h3((8 — 3N)N — 2(4 + N)Ls +
NL3(N +2Ly)) + 3ho(4N(N — 2N% + N3 + 2M2B% — NM2B%) + (N° — 8M?
B% + N3 (=7 + M?8%) — AN (1 + M?B%) + 2N?(5 + M28%))L4 — 2N Ly((N —
1)2N + (N — 2N? + N3 — 2M?8% + NM?B%)Ls)))Ls — 3(N — 1)N((N — 1)N
(L3 — L4)® + M?((—6 + 5N + N?)L% + 2(N — 1)(—=3N + 2(N — 1)Lg) + La(N
—1)(—=6N + (2+ N)Ly)) + 4M?*Bhy(2L4(Ls — N) + 2L%(1 — NL4) + NLs(—
2+ (4 + N)Lqg — 2L2)))Ls) + 3Mh2(M(N — 2)*(N — 1)NL3(86(Ls — 1) + (N
—1)ho(—6 + N +4L3)) + L1 (N — 2)(=2M N Ly(—2(N — 1)hg + B(N? — 4(N
—1)L4)) + (4(N — 1)2NL2 — 2M?(N — 1)*h3(~2N + (2 + N)) — 2N(-2(N



Cr

L4s

L4z

Lyg

Lag

~2N2 + N3 —aM28% + NM2B2) + (N — 1)L4) + La(N® — 8M26% + N3(-7
+M?8%) — AN(1 + M282%) + 2N%(5 + M28%) — 4NLy) + 2M?*(N - 1)Bho(N(
8 — 3N + NL,) + 2L3(—4 — N — NLy)))Ls),

(2M(N — 1)NB(=2(N — 2L4)Ly + NL3(—2 + (4 + N) L4 — 4L3))),

(M(N = 2)LsLag + M(N — 2)Ly(—M?*(N — 1)h3(—2N + (2 + N)L4) + 2M*(N
—1)Bh3L4g — 2M (N — 2)Lo(-2M?(N + 1)2h3(—2N + (N + 2)L4) - 3(N -1
)NB(=4N + 2L3(N — 2L4) — 4(N — 1)L3) + 3M*(N — 1)Bh3((8 — 3N)N — 2(
N +4)L4) + 3ha(AN(N — 2N? + N® — 2M?8% + NM?62) + (N® - 8M?8% +
N3(=7 + M?B?) — 4N (1 + M?B%) + 2N?(5 + M>?B%)) Ly — 2N L3((N — 1)N +
(N —2N?% 4+ N3 - 2M?8% + NM26%)L4))) Ls),

(M3(N —2)(N —1)?h{(L1 (=2N + (N +2)L3) — (2N + (2 + N)L4))Ls +
M2(N = DR3((N — 1)(N = 2)2NL3(-10 + N +8L3) + (N — 2)%(N - 1)N L}
(24 N —4Lg) + 2(N — 2)Ly(2NLy(2 = 3N + N?) (-1 4 N + L3 — 2Lg) + M
(=2(N = 1)ha(=2N 4 (2+ N)L3 + B(-=2NL% + N(8 — 3N + NLy(N —1)))Ls
) = 2MLo((N — 1)ha(=2N + (2 + N)Ly) + B((8 — 3N)N + 4N Lq))Ls + N((

— 3N + N?)L3 + 2(N — 1)L3(—3N + 2(N + 1)Lg)(N — 1) Lg(—6N + (10 +
N)L4))Ls) + ha(N(2 — 3N + N?)2(3N — M2h3)L3(2 4+ N —4L3) + (N —2)?
(3(N — 1)N(2+ N — 4L3) — 24M?Bhg(Ly — 1) — M3(N — 1)) — (N = 2) I,
(3(N = 1)(2+ N —4L3) + 2M?*(N = D)h3(N — 1 — 2L3 + L4)))) + M(—M>h3
—6(N — 1)BN(—4(N —1)L3 + L3(4 + 2N + N% — 4Ly) + 2N (L4 — 2)) + 2M?
(ANL} + N(8 — 3N + NL4) — 2L3(4 + N + NLy)) + 3hao(—4N(1 = N2 + N3 —
2M?B% + N(1+ M?B2) + L3(N® — 8M?3% + N3 (-7 + M?4%) — 4aN(1 + M?p>
)+ 2N2%(5 + M28%) + 4(N — 1)2NLy)))Ls),

(6(=1+ N)NB(—4N + (442N + N*)Ls + L3(2N — 4(N — 1)L4)) + 3ha(4N
(N —2N? + N3 + 2M*8% — NM?B?%) + (N° — 8M28% + N3(=7 4 M?B%) — 4N
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T
(>

(1+ M28%) +2N?(5 4+ M?B%))Ly + 4(N — 1)NL? — 2NL3((N — 1)2N +2(N
1)+ (1—N — N3 —2M?8% + NM?B%)L4)))Ls — N(BN(N — 1)(L3 — L4)?
+M2R3(((=10 + 9N + N?)L3 + La(—=6N + (N — 2)Ly) + 2(N — 1)L3(—3N +
2L4(N —1))) + 6M2Bho(~2N Ly + NL3(—=2+ (4 4+ N)L4)))Ls) + ha (—3(N
—4L4) — M*(N — 1)h3(=6 + N +4Ly)) + 2L, (3N(2 — 3N + N?)Ly(2M*(
—1+4 N = L3) — 2M?Bho(N? — 2(N — 1)L4)) + M(—2M*(N — 1)*h3(-2N
(N +2)Ls) — 3(N — 1)2N(N — 1) + Ls(4 + 2N + N? — 4L,)) + 3ho(—2
N(N —2N? + N3 —2M?%8% + NM?B?) L} — 2N(—-2(N — 2N? + N3 4 2m2p?
—~NM?B%) 4+ NLy) + La(N® + N3 (=7 + M?8%) — AN(1 + M?B?%) + 2N?(5
+M?2B%) — 2N (N — 2N? + N® — 2M28% + NM3B%)L4))Ls),

(3(N = 1)N((N — 1)N(Lz — Ly)® + M2h3((—6 + 5N + N?)LZ +2(N - 1)L3
((—3N +2(N +1)Ly) + La(N — 1)(=6N + (2 + N)L4q)) + 4M?Bho(2L4(L4
—N)+2L3(1 — NLy) + NL3(—=2(4 + N)Ly — 2L3)))Ls) — 3MA3(M(N — 2

2 (N — 1)NL}(8(B(Ls — 1) + (N — 1)hg) + (2 — N)Ly(-2MN(2 — 3N + N?
)Lo(—2(N — 1)ha + B(N* — &4(N — 1)Lg)) + (4(N — 1)® = 2N(—=2(N - 2N?
+N? +2M23% — NM?B%) 4+ (N = 1)2NLy) + La(N® — 8M?B% + N3 (-7 +
M28%) — AN(1 4 M?B%) + 2N%(5 + M*8%) —4N(1 — N> + N3 —2M?p% +
N(—1+ M?B%))L,) + 2M*(N —1)Bho(N — 3N + NLy) +2L3(—4 — N + N
L4)))Ls) + ((—=(N — 2)La(4N(N — 2N2% + N3 + 2M28% — NM25%) + (N° —
8M2B% + N3(—7 + M?8%) — 4N(1 + M>8%) + 2N?%(5 + M2B?)) Ly — 4N (1
—N? 4+ N3 —2M24% + N(—1+ M?8%)L2) + 2M NB(=2(N — 2)Ls + NLs(
—2+ (44 N)Lq))L5) + M(N — 1)ho((N = 2)3(N = 1)NLZ — 2M(N - 2)3
Lo((8 = 3N)N + N2Ly — 2(4 + N)Ly + 2NL2)Ls + N((-2+ N + N))L% +(
N —1)L4(—6N + (6 + N)L4))Ls)))) — (N = 1)N(F + hy — hg)(6(N — 2)L;
—6(N —2)Ly + MLg)((N —2)%(N —1)NL? — (N — 2)L;(2N(2 — 3N + N?

]
(=34
{3



-

Lsy

Lsa

)Ly + M((N — 1)hs — (N — 1)h1(=2(2 + N)L3 + N(6 + N — 4Ly)) — 28(~
2NL3 + L3(4 + 4N — 2N Ly) + N(—4 + NLy)))Ls) — M(N — 2) Ly(—Nha(N(
6+ N) — 2(2+ N)Ly) + 26(—4N + 4(1 + N)Ly — 2NL23)) L5 — (N (L3 — Lq)*
—M*(N — 1)h3(—4N + (6 + N)L3 + (N — 2)L4) — M?Bhy(—8N — 4NL3 + L3
(12 + 4N + N2 —4NLy)) + M%hy(2(N — 1)ho(—4N + (24 N)Lg) + B(—8N
+L4(12 + 4N + N?) + L3(—4 + 4N + N? —4NLy4))))Ls)),

(—M3(N = 2)(N — 1)h(L1(2N + (2 + N)Lz) — Ly(—2N + (2 + N)Lg)) Ls
—M2(N - 1)R3((N - 2)(N = 1)NL2(-10 4+ N +8L3) + (-2 + N)>NL¥(
2+ N —4Lg) +2(N —2)L1(2N(2 — 3N + N%)La + M(=2(N — 1)hg + B(—
ONL} + N(8 — 3N + NLy) + L3(—8 — 2N +4NLy)))Ls) — 2M La)(—2(N —
1)ha(—2N + (24 N)L4) + B((8 — 3N)N + NL3(N —2L4) — 2(4+ N)Ls +
ANLZ))Ls+ N(2 — 3N + N%) L% + (N — 1)Lg(—6N + (10 + N)L4))Ls) + ho
(=N(2 = 3N + N?)%(3(N — 1)N(2+ N —4L3) — 24M*Bhy(Ly — 1)) + M(
—M*(N —1)%h3 — 6(N — 1)NB + (—4(N — 1)L% + 2N L3(~2 + Ly)) +3
ho(—4N(1 — N% + N3 —2M28% + N(=1 + M?%))L3 — 2N(=2(N — 2N? +
N3 - 2M?8% — NM2B%) + (N = 1)NLyg) + L3(N® — 8M?8% + N3(—7 + M?
B?) — 4N (1 4+ M38?%) + 2N?(5 + M28%) — 4(N — 1)2NLy))),

2M(N — 2)Lo(—2M2(N — 1)*h3(—2N + (2 + N)L4) — 3(N — 1)NB(-4N +
2L3(N — 2Ly) + (442N + N?)Ly — 4(N — 1)L2) + 3M?(N — 1)8h3((8 —
3N)N — 2(4 + N)Ly + NL3(N — 2L4)) + 3ha(4N(N — 2N? + N3 + 2M2p?
~NM?B?) + (N® — 8M?8% + N3(—7 + M?B%) — 4N (1 + M2B%) + 2N%(5
+M282)) g + 3Mhy(M(N — 23(N — 1)NL3(88(Ls — 1) + (N — 1)ha(4
L3+ N —6)) + L1(—~2M N Ly(—=2(N — 1)ho(N — 1 — Lg) + B(N? — 4(N —
1)L4)) + (4(N — 1)NL — 2M%(N — 1)2h3(—2N + (2 + N)L3) — 2N — 2N
+(N —1)2NLyg) + La(N® — 8M?62 + N3(—7 4+ M?%) — 4N(1 + M?B?)



fe

+2N%(5+ M26%) —4N(1 — N2+ N3 —2M?*B% + N(—1+ M?8%))Lg) + 2
M2hy(N(8 — 3N + NLy) +2L3(—4 — N + NLy)))Ls) + (—(N — 2)Lo(4N
(N —2N?% + N3 + 2M28% — NM?G2) + (N® — 8M28% + N3(-7+ M?*B?)
—4AN(1+ M?8%) +2N%(5+ M28%))Ly — AN(1 — N% + N3 —2M?B% + N
(=14 M2B%))Ly) + M(N — 1)ho((N — 2)3(N — 1) — 2Mhy((8 — 3N)N +
N2L3 +2NL2)Ls+ N((-=2+ N + N?)LZ + 2(N — 1)L3(—3N + 2(1 + N)L,)
+(N — 1)Ly(—6N + (6 + N)Ls))Ls),

(Lsg + M(N — 2)Lo(M*(N = 1)+ 6(N — 1)B(—2N (L3 — 2) + 4L2) + 3
ho(AN((N = 1) — M%(N = 2)3%) + Ly(N(N — 1) + 4(N —1)NL4) + 2N
Lg(—(N = 1)N = 2((N = 2) + M*8*(N — 1))L4))) — (N = 1)N(3N(N —
1) 4+ 6M%B%(—2(N — 2L3) + N(~2 4 (4 + N)L3)Ls) + M?(N — 1)ho((
104+ N)L3 +2L3(—3N +2(1 4+ N)Ly)))Ls) — SMh2(M(N — 2) + (N —
2)L1(2M(N — 1)NLy + La((N — 1)2N(—4 + N(2+ N)) +4(N — 1)N L3
)= 2N((N = 12N +2((N = )3(N + 1) + M?B%(N — 2)L3) + 2M?Bhs
((8 —=3N)N + N(N —2L3)L4))Ls) — (N — 2) La(4N((N — 1)* = M}(N -
2)8%) — AN((N — 1)2(N = 2)8%)Lg) + MN(N — 1)((=2+ N + N?)hoL3
+Lg(N(N — 1) + ha(—6N + (6 + N)Lg)) + 2L3(ha(—3(N — 1) + 2N Ly
)+ NB(—2+ (4+ N —4L4)Ly)))Ls) + hai(=3(N — 2)NL (- M%(N - 2)
h3 + N(N —1)) + 2(N — 2)L1(3(N — 2)NLy(2M*(N — 1 — Lg) + 2M?
BH~N2 +2(N — 1)Ly + 2(N = 1)Ly)) + M(—2M?h3 + 3ha(4N((N —

1)2 — M2B%(N —2)) + La(N(N — 1)? = 2N((N — 1)N + M?B*(N -2
))L3) = 2N((N = 1)* + ((N — 1)’N + M*(N — 2)8)L3)L4) — 3N B(—4
L3+ L3(4 — 4(N = 1)Ly)) + 3M?h3(~2(4 + N)Ls + 2NL2))Ls) + Lg)
+3ho(AN((N - 1)% = M?82%) + (N —2)M2B%)Ls — 2N L3((N — 1)°N
+L4)))Ls + 3N(N — 1)(N(N — 1) + MYN — 1)h3((6 + N)L3 + Ly(—6
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%

Lsq

N + (2+ N)Ly)) + 4M?Bhg(2L4(N — Lg) +2L3(1 — NLg) + NL3(—2
+(4+ N —2L4)L4)))L5),

M3(N = 2)(N = 1)®h$(L1(—2N + (2+ N)L3) + La(2N — (2 + N)L4))Ls
+M%(N = 1)R3(NL3(N — 2)*(N — 1)(-10 +8L3 + N) + (N — 2)2N Lo(
2+ N —4Ly) + 2(N — 2)Ly(2(N — 2)NLa(N — 1) + M(—2(N — 1)hg(-2
N+ (2+ N)Lg) + B((8 —3N)N —2L3(4 + N + NL3) + N(N +4L3)Ly))
Ls) — 2MLy(—2(N — 1)ho(=2N + (2 + N)Lg) + B(N(8 — 3N + NLg) — 2
(44 N+ NL4)Ls +4NL2))Ls + (N = 1)N((N — 2)L3 + 2L3(=3N + 2(N
+1)L4) + La(=6N + (10 + N)Lq))Ls) + ha(N(2 + 3N + N?) 4 (N —2)?
NL3 + (3(N —1)N — M%(N — 1)h3(—10 + N + 8L4)) — (N — 2)L; (2(N —
2)NLy(3(N —1)N(2+ N — 4L3) + 2M*(N — 1)h3(—1+ N — 2L3 + Ly))
+M(M*(N —1)%h3(2N — (2 + N)Lg) — 6(N — 1)(—4(N — 1)L3 + L3(4 +
N(N —2) —4Lq) + 2N(=2 + Ly)) + 3ha (4N ((N — 1)2N — M2B*(N — 2))
+L3((N = 1)?N(=4+ N(N —2)) + M?B%(N — 2))L3) — 2N(N —1)L4) +
2M*(N —1)8°h3(4NL3 — 2Lg(N — 1)))Ls),

M2?(N = 1A} ((N - 22(N —1)NL? + (N - 2)*(N - 1)NL2 + 2(N - 2)L,
(2(N = 2)(N = 1)NLa(=1+ N + Ly — 2L;) + M(=2(N — 1)ho(—2N + (2
+N)L3) + B((8 — 3N)N — 2L3(4 + N + NL3) + N(N +4L3)Ly))Ls) — 2
M(N = 2)Ly(—=2(N — 1)hg + B(N(8 — 3N + NLg) — 2(4 + N + NL3)Ly))
Ls+ (N = 1)N((N — 2)L2 + 2L3(—-6N (10 + N)L4))Ls) + ha(N(2 - 3N +
N2) 4+ Lo(N = 2)(N — 1) + 3M?Bhy(N? — 4(N — 1)L3) + 2M3(N — 1)h3
)+ M(M?(N — 1)h3(2N — L3(N —2)) — 5N(N — 1)(=4(N — 1)L} + 2N
(Lg —2)) + 3ha(4N((N — 1)2N — M*(N - 2)%) + L3((N — 1)N — 4N(
(N = 1)*N +1)+ M%(N — 2)8%)L3) — 2N(N — 1)L4) + 2M2Bh3(4N L3
+N(8 - 3N) — 2L3(4+ N + NLy))) + Ls),
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Lsg

Lsg
Lsg

—(N —1)N(3(N = 1)N(2+ N — 4L3)(L3 — L4)* + 6M*Bha(—2(N — 2L3)
L3+ NLg+2M*h3(N — 1)((10 + N)L3 + 2L3(—3N + 2(1 + N)Ly)))Ls)
—3Mh}(M(N —2)3(N = 1)?NhoL} + MNL3(88(L3 — 1) + (N — 1)ha(
—6+ N +4L3)) + (N — 2)L;(2M(N — 2)(N — 1)NLz + (4N((N - 1)?

N — M*(N - 2)8%) + L3((N — 1)2N + 4N(N — 1)L3) + 2M?*(N — 1)%h3
(2N — (N = 2)L3) — 2BM?(N — 1)ha((8 — 3N)N — 2(4 + N)Lg))Ls) — 2
M2?(N —1)Bho(N(8 — 3N + NLg) —2(4 + 3)Lsy +2NL3))Ls + M(N — 1
JN((=2+ N + N2?)hgL3 + La(—=4B(N — 2L4) + (N — 1)ha(—6N + (6 + N
)L4)) + 2L3(ho + NB(=2 + (4 + N — 4L4)L4)))Ls — 2M (N — 2)Ly(—2
M?(N —1)h3 + 3M2h3(N - 1)((8 - 3N)N — 2(4 + N)L4+ NL3) + 3Nj3
(—4N + 2L3(N — 2Ly)) + 3ho(4N + ((N = 1)2N(—4+ N(2+ N)) + M?
(24 N)B?)Lg — 2NL3((N — 1)2N + ((N — 1)2N + M2B%)L4)))Ls + 3N
(N = 1)((N = 1)N(Lg — La)* + M?h3((6 + N)L2 + 2L3 + Ly(—6N + (2
+N)Ly)) + 4M?Bhy(2Ls(—N + Lg) + 2L3(1 — NL4) + NL3(—2 + (4 +

N —2Ly4)Ly4)))Ls),
M(2+N)

(4 - N2)1/2?

M(4 - N2)}/2,

(12M3(N = 1)(N + 2)5(hy — hg)),
(6BrM3(2 + N3)(C2M?(8 + N®) + 2CsM2N(2 + N)(CyN + Ca(3N — 4)) +
N%(CE(N —2) + 4(C3(N — 2) + 2C3M?*(2 + N)) + C1(4Cs(N — 2) — 2Co M?

1
WMMB!*@ + N)‘(Gl - N
1

Co)(~205(N ~2) + N(Co(N —4) + CUNDA(Y = ha)) — r—ayia (2BrM°®

(2+ N°)(C1 — CeN)hi(y — ho)) + m

M?N(C1N + Co(3N — 4)) + N?(C}(N — 2) + 4(CE(N - 2) + 202 M?) + Cy (

405(N e 2) - 202}))‘_!)}1%) == m(2BTM5(2 + Ns}(ci - CﬁN)yhg)_.

N(2+ N))k3(y — ha)) + C}2 + N) —

(6MBr(CZM*(8 + N®) +2Cs
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-,

\#

L

=y L=
2 - —- 4 57
W gy WM (N — ) ha) —16BrM((2Co + Cs)M(2 + N} cosh{~=

(hs = ha)) + (Ci + 2C5)(4 + N) cosh[%(hl _ hg))) -+ BrN Lsz(2(cosh(
hiLs7) — cosh(hzLs7))(2(—C5(N — 6) + (—2C1 + Ca(N — 4))N) — N(C}(N
~2) — M*(N — 2)) cosh(hy Lg7) — N(C}(N — 2) — (2C2 — C5)*M*(N - 2))
cosh(hy Lsz) + 4(C12Cs)(=2(Cs(N — 6) + N) cosh(%(hl — ha)) + (2Cs
+C5)N (cosh(2 (8hs — h)) + cosh( 72T (hy — 3h2)))) simh(Z27 (hy ~
hs))Lsg)).

(2BrM®(2+ N)*(Cy — CN)2hi(y — ha)),

(2M3y2(3CEM2(8 + N®) + 205 MA(N +2)(3C2(3N — 4) + 2C4(N — 2)Ny) +
CP(4M?y® + N¥(3 + 2M%y) — N%(6 + M?y)) + N2 (24C3M? — 2C¢(N —2))
—2C1N(CoM?(2 + N)(3M? + 4y — N) + C(12N + M2N3y + 4M%2)))) +
2C#N cosh(2yLs7) + 8C1CeN cosh(2yLs;) + 202N cosh(2yLsy) + 8CEM*
N cosh(2yLsz) + 8C2Cs M2N cosh(2yLsy) + 2C2 M® N cosh(2yLsy) — CiN?
cosh(2yLsy) — 4C) CeM? cosh(2yLs7) — 4CEN? cosh(2yLsy) + 4C,Cs M>

N? cosh(2yLsy) — 96C2Cs M? cosh(hy Ls7) — 48C2 M cosh(hy Ls7) + 32C)
CoM?N cosh(hy Lgy) + 64CZM2N cosh(hy Lg7) + 16C; C5M2N cosh(hy L)
—16CZ M?N cosh(hy Ls7) + 1603 M2N2 cosh(hy Ls7) + 8C,CsM2N? cosh
(h1Lsy) + 16C2Cs M2 N? cosh(hy Lsy) — 4C5CaM? N3 cosh(hy Lsz) — 2C2N
cosh(hy Ls7) — 8C1CeN cosh(2hy Ls7) — 8CEN cosh(2hy Ls7) — 8C'sCy M?

N cosh(2hy Lgy) — 4C5 M N? cosh(2hy Lg7) — C2M%N? cosh(2hy Ly7) — 96
C1CaM?y cosh(haLsr) — 48C; Cs M2y cosh(hg Lsz) — 32C1Co M2 Ny cosh
(haLsz) — 1601 Cs M* Ny cosh(hoLar) + 32C1 CaM? N2y cosh(hy Lsy) + 4
C10sM? N*y cosh(hgLsy) + 32CsCo M2 N2y cosh(hg Lsy) + 16C5Ce M2N?
yeosh(hoLsr) — (—=2(C5(6 — N) 4+ C1(—6y + N(2 +y))) sinh(yLs7) + (2C>
+C5)N sinh(2h Ls7) — 12C5 sinh(hy Ls7) + 4Cy N sinh(hy Lsy) — 2CoN?
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Lgs

Ly

sinh(hyLs7) — 2Ca N sinh(2hy Ls7) — CsN sinh(2hp Ls7) — 12C y sinh(hoLsy

) 4+ 12Cg Ny sinh(hy Ls7) — 2Cs N2y sinh(hg Ls7)),

(2M3(2 4+ N)3(=3Br(Cy + 2Ce)y* + (N — 2)N*y? + M%(2 + N)(BrNy*(6Cs
+4C5(C1 + 2Cs)y + C1(Cy + 4C6)y* + 8C2(3Cs + yC1)) — 2(—12 + Bry?

(6C2 + 4C1Csy)) + N3(—6 + Bry?(Cey(2C2 + Csy) + 2C1)) — N2(18 + Br
y2(24C% + 6C1Cs + 2C%y + 4CsCs + 201 Cs + 2C3y2))) + 3Br(C2M2(8 +

N3) +2C5M*N(2 4+ N)(C1N + C2(3N — 4)) + N*(C}(N — 2) + 4(C3(N -2
)+ 2C3M?) + C1(4Cs(N — 2) + C1N)) — BrM?(Cy + 2C5)2(N? — 4)),
(96C2C5M? cosh(yLsy) + 48C2 cosh(yLgr) — 32C1Ca M2 N cosh(yLsy) — 64
C2M?N cosh(yLsy) — 16C5CoM>N cosh(yLs7) } 16C2M?N cosh(yLsy) — 16
C103M2N? cosh(yLgsy) — 16C3 M2N? cosh(yLsz) — 8C1Cs M2N? cosh(yLsy)
—16C5C5 M*N? cosh(yLs7) — 4C2M?N? cosh(yLsy) + 88C2 M2 N® cosh(yLsy

) + 4C2Cs M2 N cosh(yLgz) + 96C1 Ca M2y cosh(yLsy) + 48C; Cs M2 cosh(y
Ls7) — 48C5Cs M2 N cosh(yLsy) — 88C CoM?N?y cosh(yLsy) — 4C1Cs M2N3y
cosh(yLs7) — 32C5CeyM?N? cosh(yLsy) — 16C5CeyM?N? cosh(yLs7) + 8Cy
CoyM? N3 cosh(yLsy) + 4C5CeyM2N3 cosh(yLs7) + 8C2ZyN cosh(2yLs7) + 8Ca
CsyM®N cosh(2yLs7) — CEN? cosh(2yLs7) — 4C1CN? cosh(2yLsy) + 4Ca M?
N2 cosh(2yLsz) + 4C2Cs M2 N? cosh(2yLsy) + 4C2Cs M2 N? cosh(2yLs;) + C2
M2N? cosh(2yLsy) — 96C1Co My cosh(hy Ls7) — 48C,Cs M3y cosh(hy Ls7) —
32016’2M2Ny cosh(hy Lsy) — 16C, Cgsz\«ry cosh(hy Ls7) + 480505M2Ny cosh
(h1Lsz) + 32C1Co M2 N2y cosh(hy Ly7) + 16C5Cs M2 N2y cosh(hy Ls7) — 4C5Cs
MZEN3y cosh(hy Ls7) + 64C3 M2 N cosh(hgLsy) + 16C;Cs M2N cosh(haLs7) — 16
CZM?N cosli(hgLsz) — 2C2N cosh(2hy L7) — 8C1CeN cosh(2hoLs;) — 8CAN
cosh(2haLs7) — 8C M N cosh(2hgLgy) — 8C2CsM2N cosh(2hg Ls7) — 2C2 M?
N cosh(2hyLs7) + 4C1CsN? cosh(2hy Ls7) 4+ 4C2M2N cosh(2hs Lsz) — C2M2N?
cosh(2hy Ls7) -+ SM(N ~ 6)(NCo — Ci) sinh(2 (hy — h2))((2Cs + C1) cosh(
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57 (hy — ha)) + (205 + Co)MN +2) sinb( 22 (hy ~ ha))ha + (2C + C1)
sinhi(yLgy) + (2C3 + Cs)N sinh(2yLsy) — 12C;y sinh(hy Lsy) — 2C; Ny sinh(hy Lsy
) — 20N?y sinh(hy Ls7) + 4Cy Nysinh(hgLgz) + 8Ca Ny sinh(hgLg7) — 2Ca N2 sinh
(haLsz) — 2CaN sinh(2hoLsz) — CsN sinh(2haLsy) Lss),

Les = ((N-2)(4-N*)12)+ (4M3(2+ N3)(Cy — CeN)?hi(y — ha)) —

il
(N —2)(4 - N2)1!2(
—y(cosh(2(y + hy + ho)Lsz) + sinh(2(y + hy + ha)Ls7)) — (8M3(2 + N)3(Cy

—CsN)(—2C5(N — 2) + N(C2 — Cy1N))y(cosh(2(y + h1 + ha)Lsz) + sinh(2(y +
hy + ha)Ls7))h3),
Leg = (AM3(2+ Ny (-3C2M2%(8 + N3) — 205 M?(2 + N)(3CaN (3N —4) +2Cs

1
(4 - N2)1/2
12M3(—C3M?(8 + N3) — 2CsM?N (2 + N) + N*(C}(N - 2)

(N —2)Ny + C1(3N? + 4y — 2Ny)) + CF(—4M>y? — N3(3 + 2M?y) + N¥(
—24CEM*(2 + N) + 2C2Cs M*(—8 — 2N + N?)y + CZ(N — 2)(=12 + M?*(2
+N)y?))20, N (CaM?(2 + N) + Cg(12N + M2N3y + 4M?%y% — N2(6 + M?

(y—2)y)))),

1
(N —2)(4—N2)i/2
N*(—C?(N —2) — 4(C3(N — 2) + 2C3M>(2 + N)) + C1(—4Cs + 2Co M2 N(

B = ¢ (12M3(2 + N)*(—C2M*(8 + N%) — 2Cs M2 N (2 + N) +
2+ N))))(cosh(2(y + hy + ha)Ls7) + sinh(2(y + hy + ha)Lsy))h3) +

. 2)(41_ 7R (BMP(2-+ NN Cy — C1)(~2C5(N —2) + N(Ca( - 2
1

)(cosh(2(y + hy + hg)Lsr) + sinh(2(y + hy + ha)Lsz)))h3)) + - N
(4M3(2 + N')S(NCG — Cq)(cosh(2(y + hy + ha)Lsz) + sinh(2(y + hy + ha)Lsy

DR = 3= 504~ N (12M3(2 + N)X(C2M2(8 + N3) — 2Cs M2N — 4(

CE(N —2) + Ca(2+ N) + 203 M>(2 + N))))y(cosh(2(y + hy + ha)Ls7) + sinh
(2(y + ha + ha)Ls7)))h3)) - (4_—‘,1\;2')1—;5(4345(2 + N)¥(NCg — C1)*y(cosh(2
(y + h1 + ha)Ls7) + sinh(2(y + ha + ha) Ls7)))h3)),
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Legs

((C2C5 M?N cosh(2(y + hy)Ls7) + 2C3 M2 N cosh(2(y + h1)Ls7) — CEN? cosh
(2(y + hq) Lsz) — 4C1CeN? cosh(2(y + hy)Ls7) + 4C3M*N? cosh(2(y + hy)Lsr
) +4C3Cs M N? cosh(2(y + hy)Ls7) + CEM®N? cosh(2(y + hy)Lsz) — 8C1Cp
N cosh(2(y + hy)Lsr) — 2C2M2N cosh(2(y + hy)Lsy) + CiN? cosh(2(y + h1)
Ls7) + 4C,CsN* cosh(2(hy + ha)Lsy) — 4C3M*N? cosh(2(hy + ha)Lsz) — 4Ca
CsMN (4 — N*)1/2 cosh(2(hy + hg)Ls7) — 8C2N cosh(2(2y + hy + hg)Lsy) — 8
CZM®N cosh(2(2y + hi + ha)Lg7) — 8C2Cs M2N cosh(2(2y + hy + ho)Ls7) — 2
G§M2N cosh(2(2y + hy + ha)Ls7) + Csz cosh(2(2y + hy + ha)Lsy) + 4C1Cp
N2 cosh(2(2y + hy + ha)Ls7) + 4C3N? cosh(2(2y + hy + he) Lsz) — AC3M2N?
cosh(2(2y + hy + ha)Ls7) — 4CaCs M2N? cosh(2(2y + hy + ha)Lsz) — CEM2N?
cosh((2y + 2hy + ha)Ls7) + 96C2Cs M* cosh((2y + 2hy + hg)Lsy) + 48CZM?
cosh((2y + 2hy + ha)Lsz) + 32C1CoM® N cosh((2y + 2hy + ha)Ls7) — 64CZM?
N cosh((2y + 2hy + ho)Ls7) — 16C1Cs M2 N cosh((2y + 2hy + ha)Lgr) + 16C3
M?N cosh((2y + 2hy + ho)Ls7) + 16C;Ca M2 N? cosh((2y + 2hy + ha)Lsz) — 1
6CZM2N? cosh((2y + 2hy + ha)Lsz) + 8C2 M2 N2 cosh((2y + 2hy + ha)Ls7) +
8C3 M2N? cosh((2y + 2h; + ha)Lsy) + 4CoCs M2 N3 cosh((2y + 2hy + ha)Ls7)
4+32C,CsMN (4 — N2)*72 cosh((2y + 2hy + ha)Lsy) — 4C1CaM2N (4 — N2)1/2
cosh((2y + 2hy + ha)Lg7) — 8C2CgM*N? cosh((2y + 2hy + hg)

Ls7) + 2CE M* N cosh(2(y + hy + 2ha)Lsz) — CN? cosh(2(y + hy + 2ha) Ls7) +
4C1CoM*N? cosh(2(y + hy + 2hg)Lg7) + 4C1CaM N (4 — N?)*/2 cosh(2(y + b
+2ha)Lgz7) + 8CaCsMN (4 — N2)M2 cosh(2(y + hy + 2ha)Ls7) — 96C2C5 M2
cosh((y + 2hy + 2ha) Lsy) — 48C2M? cosh((y + 2hy + 2he)Lg7) + 32C,CoM?
cosh((y + 2hy + 2ha) Ls7) + 16C2Cs M2 N? cosh((y + 2hy + 2he) Lg7) + 4C?
M2N? cosh((y + 2hy + 2hg) Ls7) + 8C3 M N® cosh((y + 2hy + 2hg)Lgr) — 4
CoCsM2N® cosh((y + 2hy + 2hg) Ly) — 160, CoM (4 — N?)Y/2 cosh((y + 2k
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Legg

Ln

+2ho)Ls7) — 32C2C6 M N (4 — N2)Y/2 cosh((y + 2hy + 2hg)Ls7) +4C1CoM
N2(4 — N®)'/2 cosh((y + 2hy + 2ha) Ls7)).

((—2CZN —8C1CN — 8CEN — 202 M?N + C}N? + 4CEN? + 4C,CgN? - C?
M2N? + 2CE M (4 — N?)Y/2) cosh(2(y + ha)Lsr) + (2CEN + 8C1CsN + 8CEN
+2C2M2N — CiN? — 4C1CgN? — 4CEN? — 2C,CsMN(4 — N2)V2 4 4C5Cs
MN(4 — N*)"/2) cosh(2(hy + ha)Ls7) + (2C2N + 8C1CsN + 8CEN + 2C2M?
N — NC} +4C1CsN? — ACEN + 5C2M2N? + 20,05 MN (4 — N?)Y/2) cosh(2
(2y + h1 + ha)Lsy) + (2C2M2N + 4C1CgN? + 4CEN? — CZM2N? — 2C,Cs M
N(4— N?)Y/2) cosh(2(y + 2hy + ha)Lsy) + (—48C1Cs M2y + 4C1Cs M2N 2y +
16C5Ce M2 N2y + 48C2M? + 16C1Cs M2N — 4CZM?N? — 48C5Cs M (4 — N?
)72 + 4C1C5s MN (4 — N?)1/2 4 8C5CsMN (4 — N?)Y/2) cosh((y + 2hy + 2hy)
Lsz7) + (48C2M?® — 16C1Cs M® N — 4C2M2N + 24C,Cs M — 48C5CsM — 4Cy
CsMN(4 — N%)/2 — 48C5CsM?y) cosh((3y + 2hy + 2h2)Ls7) + (16C; Cs M2
Ny — 48C5Ce N M2y — 4C1Cs M2 N2y + 16C5Ce M2 N2y + 16C,CsM2N — 16
CEM?N + 8C1CoM?N?) cosh((2y + 2hy + 3ha)Ls7)),

((—~CZM*(2 + N)(cosh(2yLsy) + sinh(2yLsy))(cosh(hy Lsz) + cosh(haLsz)
—cosh((2hy + ha)Ls7) + cosh((hy + 2hs)Ls7) + cosh(hy Ls7) + sinh(ha Lsy

) — 8cosh((2hy + ha)Ls7) + 2N cosh((hy + 2hg) Ls7)(cosh(hy Lsy) + cosh(
hoLsy) — 8 cosh((hy + hy)Ls7) + 2N cosh((hy + hg)Lsy) + sinh(hy Ls7) +
sinh(hsLsy) — 8sinh((hy + ha)Ls7) + 2N sinh((hy + ha)Ls7) + sinh((2hy + hg
)Lsz) +sinh((hy + 2he)Ls7) — cosh(2(y + 2hy + hg)Ls7) + cosh(2(y + hy +
2hg)Ls7) + sinh(2(y + hy)Ls7) — sinh(2(y + hg)Lsy) — sinh(2(y + 2hy + hg)Ls7)
+sinh(2(y + hy + 2h2)Ls7)))),

(Ce(N — 2)(cosh(2(y + h1)Ls7) — cosh(2(y + ha)Ls7) — cosh(2(y + 2hy + h2)

Ls7) + cosh(2(y + hy + 2hg)Ls7) + sinh(2(y + hq)Ls7) — sinh(2(y + ha)Ls7)—
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L7,

sinh(2(y + 2hy + ha)Lsz) + sinh(2(y + hy + 2ha) Lsz)) + MCa((4 — N?)/2 cash

(2(y + h1)Lsz) — (4 = N2 cosh(2(y + ha)Lgz) + (4 — N?)'/2 cosh(2(y + 2hy +
ho)Ls7) — (4 — N?)Y2 cosh(2(y + hy + 2ha)Ls7) + (4 — N®)Y2sinh(2(y + hy)Lsz

) — (4 = N*)12sinh(2(y + ha)Lsz) + (4M(2 + N) + (N — 4)(4 — N?)'/?)(cosh((2y
+2hy + ha)Lsz) + sinh((2y + 2hy + ha)Lgy)) — (4 — N?)}2 sinh(2(y + hy + 2hs)

Lsz) + (4M(2 + N) = (N — 4)(4 — N*)'/?)(cosh((2y + 2hy + 3ha)Lsy) + sinh((2y

+2hy + 3hy)Ls7)) — (4M(2 4+ N) — (N — 4)(4 — N?)'/2)(cosh((2y + 3hy + 2h2)

Ls7) +sinh((2y + 3hy + 2hs) Ls7)), +3ha) Ls7)) — (4M(2+ N) — (N — 4)(4 — N?
)1/%)(cosh((2y + 3hy + 2ha)Ls7) + sinh((2y + 3hy + 2h2)Ls7)),

((2CIN + 8C1C + 8C3N) cosh(2(y + hy)Ls7) + (8C2CeM2AN?%(4 — N?)V/2 — 960,
CaM%y — 48C,Cs My — 16C,CsN My + 48CsCeN M?y + 4C,Cs N2 M?y — 4C5Cs N3
M2y) cosh((y + 2Ny + 2ho)Ls7) + (96C2CsM? — 48C2M? + 32C,CoM?N + 16C;Cj
M2N — 16C2M?N + 16C,CaM?N? + 16C3M?N? +16CCaMN (4 — N?)1/2 4-32C1Co
M2N3(4 = N%)V2 £ 16C,CaMN (4 — N2)V2 —8C,CsMAN (4 — N2 — 48C1Cs My
+4C1Cs N2 M2y — 4C5Cs N2 M?y) cosh((3y + 2hy + 2hs) Ls7) + (96C1Cs M? + 48C?

M? 4+ 32C,CsNM? + 32C,CoNM? 4+ 16CINM? — 160, CoN?M? — 8C1Cs N2 M? — 4
CZN2M? + 8C3N3*M? + 16C,CoMN (4 — N2)/2 — 32C,CsMN(4 — N2 4+ 4C,CoM
N?(4 — N?)V/?) cosh((2y + 2hy + 3ha)Ls7) + (96C, Co M2y + 48C,Cs My + 32C1Ca
M?Ny + 16C1Cs M* Ny — 96C2CsM*Ny — 8C1CaM? N2y — 4C,Cs M2 Ny — 16C5CeN?
M2y + 4C5CsM?y + 48C,CsM?y + 16C,Cs N M?y — 8C1CaM*N?y — 4C,CsN° M3y —
32C2CsM?yN? + 4C5Cs M2N3y) cosh((2y + 3hy + 2hp) Ls7)(—8C1CsN — 8CEN — 8C3
M?N — 8C5CoM>N — 2C2M®N +40,CsN? — 4C3M?N? + C,CoMN*(4 — N%)Y/2 1 8
CsCaMN?(4 — N®)M? — 8C5CsNM? + CEN + 4C3N + 96C5CsM? — 32C; CoMN? — 1
6C1CsMN? — 16C1Co M2 N? — 1603 M2 N? + 4C5Coa M*N3) cosh((2y + 2h; + ha)Lsr
)):



La3

Lz4

((—8C2Cs M2N (4 — N®)Y2 4 9C2N 4 8C2CsN + 8CEN +8C2NM? +8C,CsNM? - CF
N? —4CIN? + 4CoCs N2 M? — 96C2Cs M? + 8C1C5s M2N? + 4C2 M — 4C,Cs M2 N —
48C1Cs M2 Ny + AC1CsMP N2y + 4CoCs M2 N3 + 1640, CoM N (4 — N?)Y/2 4 320,Cs N
M(4 — N*)M2 —4C,CoMN? +16C,Cs M2 N) cosh((3y + 2hy + 2ha) Ls7));

((24C1CsM (4 — N®)Y/2 1 48C5CsM (4 — N2)Y2 —4C,Cs MN (4 — N2)V2 — 8CsCs M (4

— N2 _ 48C2ZM? + 16C1CsM2N — C2M?N +16C,CsM?N + 16C1Cs M2N + C2M?
N? — 24C,C5M? + 8CsCs M2N) cosh((2y + 3hy + 2h2) Ls7) + C3M2N(2 + N)(cosh(y
Ls7) + cosh(hy Ls7) + cosh((2y + hi1)Ls7) — cos((y + 2hq) Ls7) — sinh(yLs7) + sinh(hg

Lsy) + sinh((2y + h1)Lsz) + sinh((y + 2h1)Ls7)) + (-2C2N — 8C1CsN — 8CEN — 2C2
NM? + C}N? 4+ 4C1CsN? + ACEN? — C2M2N? 4+ 2C1Cs MN (4 — N2)Y2 4 4C5CsM (4 -
N?%)'/2)sinh(2(y + ha)Ls7) + (2C}N + 8C1CsN + 8CEN + 2C2M2N — C2N? — 4C3N?
+C3M>N*® — 4C5C MN) sinh(2(hy + he)Lsy) + (C1Cs MN (4 — N*)Y/2 — 4C5Co M N (4
—N%)V2 — 48C2M? — 16C,Cs M2N + 16C2M2N — 8C1Cs M2N? — 4C2M2N — 8C1Cs M?
N?% - 24C,C5M (4 — N?)Y/2) sinh((y + 2h; + 2hg)Ls7) + (4C5CsM2N3y + 48C2 M2 + 16
CiCsM2N? — 4C2M2N? + 24C,1C5(4 — N2 M + 48C5CeM (4 — N?)V2 — 4C;Cs MN (4
—N?)M?)sinh((3y + 2hy + 2hs)Ls7)),

(CaM(2 + N )(cosh(2yLsy) + sinh(2yLgy)) (cosh(hy Lgz) — cosh(hg Lsy) — cosh((2hy + hg
)Ls7) + cosh((hy + 2ha)Ls7) + sinh(hy Ls7) — sinh(haLgz) — sinh((2hg + ho)Lsz) + sinh
((hy + 2hg)Ls7))(N cosh(h.lLa-;) — N cosh(hyLs7) — 12 cosh((hy + ho)Ls7) — 6N cosh((hy
+hg)Ls7) + N* cosh((hy + ha)Ls7) + N cosh((2hy + ha)Ls7) + N cosh((hy + 2hg)Lyz) +

N sinh(hy Ls7) + N sinh(haLsz) + 12sinh((hq + hg)Ls7) — 6N sinh((hq + hg)Ls7) + N2
sinh((hy + ho)Ls7) + N sinh((2h; + ho)Ls7) + 12 sinh((hy + ho)Ls7) — 6N sinh((hy + hs)
Ls7) + N?sinh((hy + ho)Ls7) + N sinh((2h; + hg)Ls7) + N sinh((2h; + ho)Ls7) + N sinh

((h1 + 2ha)Lsz) + 2Cs(4 — N*)/2(cosh(2yLzy) + sinh(2yLsy))(cosh(hy Lsz) — cosh(haLsz)
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Lg

—sinh(hy Lsy) + sinh(hoLgy))(N cosh(hy Lgz) + N cosh(hoLgr) 4+ 12 cosh((hy + ha)
Ls7) — 2N cosh((hy + ha)Ls7) + 12 cosh(2(hy + ha)Lsz) — 2N cosh(2(hy + hg)Ls7)
+N cosh((3h; + 2hg)Lsy) + N cosh((2h; + 3hg)Lsz) + N sinh(h; Lsz) + N sinh(hy
Lsz) + N sinh((3hy + 2ho)Ls7) + N sinh((2h; + 3h2)Ls7)),

((C1 + 2C6)(4 — N?)Y3(—1 + cosh((hy + hg)Ls7) + sinh((hy + ho)Ls7)) + 2Cs
M(2+ N) + CsM (2 + N)(1 + cosh((hy + hg)Ls7) + sinh((hy + ha)Lsz)))((cosh
((2y + hy + ha)Ls7) + sinh((2y + hy + ha)Ls7))) + Lsz(CZM?(2 + N)(cosh(2y
Lsz) + sinh(2yLs7))(— cosh(hy Ls7) + cosh(ha Ls7) + cos((2h; + ha)Ls7) — cosh

((ha + 2h2)Ls7) — sinh(hy Ls7) + sinh(hgLs7) + sinh((2h; + ha)Ls7)) — sinh((h;
+2h3)Ls7)))(N cosh(hy Lsy) + N cosh(hgLsy) + 24 cosh((hy + hg)Ls7) — 4N
cosh((hy + 2hg) Ls7) + N cosh((hy + 2h2)Lg7) 4 N sinh(hy Ls7) + N sinh(hgLsz)
+24 sinh((hy + hg)Lsy) + 4N sinh((hy + he)Lgz) + N sinh((2hy + ho)Lgz) + N
sinh((hy + 2ha)Lsz7)) + N(C3(N — 2)(cosh((hy + y)Ls7) — cosh(2(y + h2)Ls7) +
sinh(2(y + h1)Ls7) — sinh(2(y + ha)Ls7)) — C1(Cy + 2Cs)(cosh((2y + 2hy + ha)
Ls;) — cosh((2y + 2hy + 3ha)Ls7) — cosh((2y + hy + 2hs) Lsy) + cosh((2y + 3hy
+2hs) Lg7) + sinh((2y + 2hy -+ ha)Ls7) — sinh((2y + 2h; + 3hg)Ls7) — sinh((2y

+hy + 2hg)Ls7) + sinh((2y + 3hy + 2ha)Ls7))) Lss))),

((~8C1Cs MN (4 — N?)Y2 1 48C5CeM? + C1Cs M2N? — 16C5Cs M2 N2y + 405Cs
M?N3y + 48C1CsM?y — 16C,Cs M2 Ny + 4C, Cs M2 N2%y — 4C5Ce M N3y) sinh((3
y + 2hy + 2ho)Ls7) + (48C2M® + 16C,Cs M2 N — 16C2M2N + 8C1Cs M2N? + 4C?
M2N? 4+ 48C5CsM (4 — N2)Y2 — 4C,Cs MN(4 — N2 _ 8CsCeMN (4 — N?)1/?)
sinh((2y + hy + 2he)Ls7) + (48CEM? + 16C,Cs M2 N + 8C1Cs MAN? — 24C1Cs M
(4 — N%)M? — 48C5sCeM (4 — N?)'/? 4 40, CsN M (4 — N?)/? 4 8C5CoeM N (4 — N2)/?
) sinh((2y + 3hy + 2ha) Ls7)),
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Lig = ((-Cs5M(2+ N)(cosh(yLs7) — cosh(hyLsz) — cosh((2y + he)Ls7) + cosh((y + 2
ha)Lsz) + sinh(yLs7) — sinh(hy Lsy) — 2sinh((2y + hy)Lsy) + sinh((y + 2h; ) Ls7)
)(N cosh(yLsy) — N cosh(hy Lgz) — 12 cosh((y + hy)Ls7) — 6N cosh((y + h1)Ls7)
+N?cosh((2y + h1)Lsy) + N cosh((y + 2hy)Ls7) + N sinh(yLs7) + N sinh(h; Ls7
) + 12sinh((y + hy)Ls7) — 6N sinh((y + hy)Ls7) + N sinh((y + 2hy) Lg7))(cosh(2
haLsz7) + sinh(2hy Lsz))),

Lyg = ((N(4—N*"2cosh(2(y + ho)Lsy) — (N(4 — N?)Y2 cosh(2(hy + ho)Lsr) + N
(4 = N?)12 cosh(2(2y + hy + ha)Lsy) — N(4 — N?)}/2 cosh(2(y + 2hy + ha)Lsy
) 4+ N(4 — N*)2sinh(2(y + hg)Ls7) — N(4 — N?)*2sinh(2(hy + ha)Ls7) + N(4
—N?)Y2sinh(2(2y + hy + h2)Ls7) — N(4 — N*)Y/2 sinh(2(y + 2hy + ho)Ls7) —
(N = 4)N(4 — N?)Y2 £ 2M(2 4 N)) + 2M(—12 — 4N + N?)(cosh((2y + 2h1 +
3hg)Ls7) + sinh((2y + 2h1 + 3ha)Ls7)) + N(AM(2 + N) + (N — 4)(4 — N?)1/2
(cosh((2y + hi1 + 2ha)Ls7) + sinh((2y + hy + 2ha)Ls7)) — N(—4M(2+ N) + (

N —4)(4 = N*)V2)(cosh((2y + hy + 2ho)Ls7) + sinh((2y + hy + 2h2)Ls7)))),

Lgo = (48C5CsM*Ny + 8+ C1CsM2N?%y + 32C5Co M2 N2y + 16C5Cs M2N?y — 8CsCa
M2N3y) sinh((3y + 2h; + 2ha) Lg7) + (96C2Cs M2 N — 32C,Co M2N — 64C3 M2N
~16C1CsM2N + 16C2M2N — 16C,CoM?N? — 8C1Cs M2N? — 16C2Cs M2 N? +
4C5CaM2N? — 16C1CaMN(4 — N3)1/2 _ 32C5CoMN (4 — N?)V/2 4+ 4C1CoMN(
4 — N?)V2 4 8C,CsMN2(4 — N?)V/2) sinh((2y + 2hy + 3ha)Lsz) + (16C5Ce M2 N3
y + 96C1Co My + 48C,Cs M2y + 32C,CaM? Ny + 16C1Cs M2 Ny — 96CsCoM2N
y — 8C1CaM2N?y — 4C,Cs M2 N2y — 3205Co M? N2y — 16C5Ce M2 N>y + 8CCa
M2N3y) sinh((2y + 3hy + 2ha)Lg7) — 4M (N — 6)(—2C2 M(2 + N)(cosh((2y + 2k
+ho)Lgr) -+ cosh((2y + 2hy + 3hs)Lgz) — cosh((2y + 3hy + 2he) Lgr) — sinh((2
y + 3hy + 2hg) Lg7) + sinh((2y + hy + 2ha) Ls7) + sinh((2y + 2hy + 3h2)Ls7)))),
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Lgo

Lgg

(Cy + 2C6)(Cs(cosh(hy Lgy) 4 sinh(hy Ls7))(— cosh(yLs?) + cosh(haLs7) — sinh
(yLsy) + sinh(ha Ls7)) (N cosh(yLsy) + cosh(haLsy) + 12cosh((y + ha)Ls7) + 2N
cosh(2(y + ha) Lsz) + N cosh((2y + 3ha) Ls7) + N sinh(yLsy) + sinh(haLg7) + 12
sinh((y + ha)Ls7) + 12sinh(2(y + ha)Ls7)N + N?sinh((2y + 3hg)Ls7)) — 2(~Ce
(N —6)Ny + C(—2N cosh((2y + 2hy + hg)Lsz) + 2N cosh((2y + 2hy + 3hg)Lsz)
+(—6y + N(2 -+ y))(cosh((y + 2hy + 2hy) Ls7) + sinh((y + 2hy + 2ha)Ls7)) + 2

N sinh((2y + 2hy + 3ha)Lsz) — (N — 6)y(cosh((2y + hy + 2ha) Ls7) + sinh((2y +

h1 + 2hs)Lgz7)) + (N — 6)y(cosh((2y + 3hy + 2hg)Ls7) + sinh((2y + 3k + 2hs)
Ls7))))).

(48C5Cs M2 Ny + 8C1CaM2 N2y + 4C,Cs M2 N2y + 32C5Co M2 N2y — 8C¢Co M2 N3
y — 4C5CsM? N?y) sinh((3y + 2hy + 2ho) Lyy) + (96C2Cs M? + 48CEM? — 320,
CoM®N —16C;Cs M2 N — 1601C.M2N? - 8C1Cs M2 N? — 16C,Cs M2 N? — 4C2
M2N? 4+ 8CIM?N? 4 4CoCs M?N®) sinh((3y + 2h; + 2ha) Ls7) + (96C, CaMy +
48C, Cs M2y + 32C,Co M2 Ny + 16C, Cs M2 Ny — 96C2Cs N M2y — 48C5Cs M*Ny
—8C1CaM2 N2y — 32CsCo M2 N2y — 16C5Ce M2 N2y + 8CoCe M2 N3y + 4C5Cy
M2N3y + 96C;CaM?y + 32C,CaM? Ny — 96C2Cs M* Ny — 48C5CeM*Ny — 32C,
CeM®Ny + 8C3Cs M? N3y + 4C5Cs M* N3y — 4M(N — 6)(CeN — C1)(—2N(2+N)
(cosh((2y + 2hy + ha)Lsy) + sinh((2y + 2hy + ha)Lg7) + sinh((2y + hy + 2ho)Lsy

) — sinh((2y + 3hy + ha)Lsz)) — CsM (2 + N)(cosh((2y + 2hy + h2)Lsz) + cosh((
2y + 2hy + 3hg) Lsy) — cosh((2y + hy + 2hg) Lsy) + sinh((2y + 2h; + ha)Ls7) — sinh
((2y + hy + 2ha)Ls7) — sinh((2y + 3hy + 2ha)Ls7)))ha + Les + Lga + L7z + 2Lss
Lg),

GgMQ(Q + N )(cosh(2yLs7) + sinh(2yLsz))(— cosh(hy Lsz) + cosh(haLgz) + cosh
((2hy + ha)Lsz) — cosh((hy + 2hg) Lz7) — sinh(hy Lgy) + sinh(hg Ls7) + sinh((2
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Lgy

Lgs

hy + h)Lst)) — (N cosh(hy L) + cosh(hoLsr) + 24 cosh((hs + hg) Lsz) — 4N cosh
((ha + h2)Ls7) + N cosh((2hy + ha)Ls7) + N cosh((hy + 2ho)Ls7) + N sinh(h; Ls7)
+N sinh(hgLs7) + 24 sinh((hy + ha)Ls7) + 4N sinh((2hy + hg)Lsz) + N sinh((hy
+2hg) Lg7)) + N(CF(N — 2)(cosh((y + h1) Ls7) — cosh((y + ha) Lsr) — cosh(2(y
+2hy + ha)Ls7) + cosh(2(y + hy + 2ha)Ls7) + sinh(2(y + hy)Lg7) — sinh(2(y +
ha)Lsz) — sinh(2(y + 2hy + ha)Ls7) + sinh(2(y + h1 + 2h2)Ls7)) + 4L70 + 4C1

Ln) — 205 M Lys)),

(4(C1 + 2C6)(Cs(N — 6)Ny(cosh((2y + 2hy + hg)Lg7) — cosh((y + 2hy + 2ho)Lsy) +
sinh((y + 2h + 2ha) Ls7) + sinh((3y + 2hy + 2he) Lsy) — sinh((2y + 2hy + 3h)Ls7))
+C1(—2N cosh((2y + hy + 2ha) Ls7) + 2N cosh((2y + 3hy + 2hg) Lsz) — (N — 6)y(
cosh((2y + 2hy + he)Ls7) + sinh((2y + 2 + by + he)Ls7)(—6y + N (2 + y))(cosh((y +
2hy + 2hy)Ls7) + sinh((y + 2hy + 2ha)Ls7)) — (—6y + N(2 + y))(cosh((3y + 2h; +2
ha)Ls7) + sinh((3y + 2hy + 2he)Ls7)) + (N — 6)y(cosh((2y + 2h; + 3hs)Ls7) + sinh
((2y + 2hy + 3ho) L)) — 2N sinh((2y + by + 2h)Lsr) + 2N sinh((y + 3hy + 2ha)Lsr
M)

(6N Lsg(Lgg + L7g + Lz +4CyM(Lrg + C1Lzg) + Lss + Lga)).
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(a) N=0.2, M=1

Figure 9.1: Plot showing dp/dz versus . Here N =02, M =1, =0.6,6=0.2,d =8, = -2
and ¢ = %

(b) N=0.2 5=0.03
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Figure 9.2: Plot showing dp/dz versus . Here N = 0.2, § = 0.03, a = 0.6, b = 0.2, d = 8,

f=-2and ¢ = 3.
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Figure 9.3: Plot showing dp/dz versus z. Here f§ = 0.03, M =1,a =06, b = 0.2, d = 8§,

0=-2and ¢ = .
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Figure 9.4: Plot showing Ap) versus y. Here N =02, M =1, a=b=04,d=11land ¢ = %

273



- — = N=04

‘ —— N=0Q2
N=06

as

06 ) a2 0 02

nnon
g =

16 04 Q2 0 02

Figure 9.6: Plot showing Apy versus y. Here f# = 0.03, N = 0.2, a = b = 04, d = 1.1 and

= I
¢=3.
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06 |

Figure 9.7: Temperature distribution versus y for different values of f. Here N = 0.2, M =1,
Br=03,a=06,b=03,d=11,¢=06,8=2and z =0.1.

oe

0.6

D4

Figure 9.8: Temperature distribution versus y for different values of Br. Here N = 0.2, M = 1,
£=0.03,a=06,6=03,d=11,¢=0.6,0=2and z=0.1.
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Figure 9.9: Temperature distribution versus y for different values of #. Here N = 0.2, M =1,
£=003,a=06b=03,d=11,¢=0.6, Br=0.3 and z = 0.1,

~0.05 |

-04
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-0.2

-1.8

Figure 9.10: Concentration distribution versus y for different values of #. Here N = 0.2, M =1,
Br=4, SeSr=1,a=b=04,d=1.1,¢=0.6,0=2and z =0.1.
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Figure 9.11: Concentration distribution versus y for different values of Br. Here N = 0.2,
M=1,8=003, ScSr=1,a=b=04,d=1.1,¢=06,0 =2 and z =0.1,

ScSr=1
- 5eSr=2
ScSr=3
ScSi=4

Figure 9.12: Concentration distribution versus y for different values of SeSr. Here N = 0.2,

M=1,8=003Br=4,a=b=04,d=11,¢ =06, 6 =2 and z = 0.1.
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Figure 9.13a: Streamlines for § = 0. The other parameters are N = 0.2, M =1, a =b=04,
d=09,¢=7% and 6 = 1.5.
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- T1.5

Figure 9.13b: Streamlines for = 0.03. The other parameters are N = 0.2, M = 1,a = b= 0.4,
d=09,¢=7% and 6 = 1.5.
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Figure 9.13c: Streamlines for § = 0.05. The other parameters are N =02, M =1,a =b=04,
d=09,¢é=7%andf = 15.
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Figure 9.14: Plot showing velocity u versus y for different values of j.
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Figure 9.15: Plot showing velocity u versus y for different values of 6.

9.3 Discussion

Figures 9.1 —9.15 present the effects of various parameters of interest on the flow quantities such
as the pressure gradient (dp/dz), the pressure rise per wavelength (Ap,), the stream function
(¥), the temperature (@), the concentration () distribution and velocity (u) of the fluid.

Figures 9.1 — 9.3 show the variations of dp/dz versus z for different values of slip parameter
(B), the microrotation parameter (M) and the coupling number (N). In Figures 9.1 and 9.2,
we can see that dp/dx increases for small values of # and M. However the effect of M on dp/dz
is insignificant. Figure 9.3 indicates that the behaviour of N on dp/dz is completely opposite
when compared to # and M. Here dp/dz increases with an increase in N, In these figures, we
can also observe that in the wider part of the channel, dp/dz is small. In such region, flow
can occur without applying a large dp/dz. However in the narrow part of the channel, a much
greater pressure gradient is needed in order to retain the same flux to pass it,

The effects of slip parameter (), the microrotation parameter (M) and the coupling number
(N) on Apy have been illustrated in the Figures 9.4 — 9.6. From Figures 9.4 and 9.5, it is
concluded that Apy increases and decreases with the increase of 8 and A in the retrograde

pumping region. For an appropriate value of #, there is an increase in Ap, with the increase
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of § and M in the augmented pumping region. Figure 9.6 shows that the pressure rise per
wavelength (Apy) increases and decreases with the increase of N in the retrograde pumping
region. However for an appropriate value of #, Ap, increases for small values of N in the
augmented pumping region.

The influence of various parameters on the temperature distribution is illustrated in the
Figures 9.7 — 9.9. Figure 9.7 depicts the temperature profile for different values of 5. The
slip effects have the ability to decrease the fluid temperature. In this Figure, we have noticed
that ¢’ decreases when the slip parameter increases. Figures 9.8 and 9.9 represent the variation
of # for different values of Brinkman number (Br) and dimensionless flow rate (8). Here the
temperature is an increasing function of Br and 0.

Figures 9.10 — 9.12 are plotted to see the effects of slip parameter (3), the Brinkman num-
ber (Br) and the product (SeSr). In Figure 9.10, we have observed that the concentration
distribution () increases by increasing 8. Figures 9.11 and 9.12 depict that the behaviour of
ScSr and Br are quite opposite to that given in Figure 9.10. In these figures it is noticed that
¢ decreases with the increase of Br and ScSr.

Another interesting phenomenon of peristalsis is trapping. The formation of internally
closed cireulating bolus of the fluid by closed streamlines is called trapping and this trapped
bolus is pushed ahead along with the peristaltic wave. We have plotted Figures 9.13(a — ¢)
to show the effect of slip parameter on trapping. These figures reveal that the size of trapped
bolus decreases with an increase of 3.

In Figures 9.14 and 9.15, we have plotted the axial velocity u versus y for different values
of slip parameter (4) and dimensionless mean flow rate (#). Figure 9.14 reflects that the axial
velocity (u) increases for small values of # near the centre of the channel. However a reverse
situation occurs near the channel walls. Here u increases with an increase in f. In Figure 9.15,
it is noticed that u increases by increasing dimensionless mean flow rate # as it supports the

flow.
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