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Preface 

The non-Newtonian fluids find increasing practical appUcations in the recent years. It is due 

to the fact that many of the fluids used in industry and engineering are significantly non­

Newlonian. The flows of such fluids have special relevance in oil and gas well drilUng to well 

completion operations from industrial processes involving waste fluids, synthetic fibers, 

foodstuffs to extrusion of molten plastic and polymer solu tions. The expression between shear 

stress and shear rate in the non-Newtonian fluids is non-linear. A distinct fea ture of non­

Newtonian fluids from Newtonian fluid is tha t these cannot be described by a single 

constitutive equa tion. Mathernatical systems in the non-Newtonian fluids are of higher order 

and in general more complicated in comparison to the Newtonian fluids. These systems need 

additional initial/boundary conditions for a unique solution . 

The boundary layer flows of non-Newtonian fluids over a stretching sheet is important in a 

variety of contexts including ex trusion process, glass fiber and paper production, hot rolling, 

wire drawing, crysta l growing in food processing and movements of biolog-jcaI fluids. Such 

flows add complexities to the governing equations for the dependence of physical quantities in 

the two and three dimensions. The heat transfer analysis in boundary layer flow with radiation 

is further important in electrical power generation, astrophysical flows, solal' power technology, 

space vehicle reentry and other industrial areas. Mass transfer in such flows is inspired for an 

interest in membrane separation process, microfiltration, and reverse osmosis, in 

electrocllemislTY and fiber industries. There are transport processes in industr ial applica tions in 

which heat and mass transfer is a consequence of buoyancy effects caused by thermal and mass 

diffusion in the presence of chemical reaction. Such interaction is significant in the design of 

chemical processing equipment, nuclear reactor safety, combustion of solar system equi pment 

etc. Motivated by such practical applications, the present thesis is structured as follows. 

Chapter one provides the background and boundary layer equations fo r some models of nOI1-

Newtonian fluids namely second grade, Maxwell, Jeffrey and micropolar fl uids. Brief idea of 

homotopy analysis method (HAM) is also given. 

The unsteady mixed convec tion boundary layer magnetohydrodynamic (MHD) flow of a 

second grade fl uid bounded by a stre tching surface has been addressed in chapter two. Both the 



stretching velocity and U1e surface tempera ture arc taken time-dependenl. Problem formulation 

is developed in the presence of thermal radiation. Governing nonlinear problem is solved by a 

homotopy analysis method. Convergence of derived solution is studied. The dependence of 

velocity and temperature profiles on various quantities is shown and discussed by plotting 

graphs. Numerical values of skin friction coefficient and local Nusselt number are tabula ted. It 

is noticed that velocity profiles are increasing functions of second grade parameter. The local 

Nusselt number also increases when the value of Prandtl number is increased. These 

observations have been published in "International Journal for Numerical Methods in 

FlUids, DOl: 10.100/f1d.2285". 

Chapter three in ves tiga tes the w1Steady th ree-dimensional flow of an e lastico-viscous fluid 

Over a stretching sheet. The mass transfer analysis is a lso studied . The governing boundary 

layer equa tions are reduced into the partial diffe rential equa tions by similarity transformation. 

The effects of embedded parameters in tile considered problem are examined in detail. 

NUmerical da ta for sUl'face shear sb'esses and surface mass transfer in steady case are also 

tabulated. Both cases of des tructive/genera tive chemical reactions me analyzed . It is found tha t 

tile influence of viscoelastic parameter and the Harhllan n umber on tl1e sheat· stresses are 

quantitatively similar. Such results are published in "International Journal for Numerical 

Methods in Fluids, 00[: 10.lOO/f1 d.2252". 

'fhe joule heating and thermophoresis effects on MHO flow of a Maxwell fluid in the 

presence of tl1ermal radia tion are studied in chapter four. The nonlinear ordinary differential 

sYStems obta ined after employing similarity transformations have been solved and series 

soLutions are constructed. The local Nusselt and Sherwood numbers are further computed . The 

thermal boundary layer thickness increases wi th increase in the Prand tl number. The 10Cc'l1 

Nusselt and Sherwood number increases when porosity parameter is increased . These 

conclusions have been published in t'International Journal of Heat and Mass Transfer, 53 

(201.0) 4780-4788". 

T'he influence of heat transfer on the boundary layer flow of a Maxwell fluid over a moving 

per1.11eable surface in a parallel free stream is argued in chapter five. Solution of the governing 

prOblem is developed by homotopy analysiS method. The results of velOCity, tempera ture and 

Nusselt number are presented and discussed for various emerging parameters. A comparative 
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study is seen with the known numerical solution in a limiting sense and an excellent agreement 

is noted. It is also fou nd tha t velocity in the Maxwell fluid is less than the viscous fluid. It is 

revealed that the bowldary layer thickness decreases with the increasing va lues of Deborah 

number. The thermal bowldary laye r thickness decreases by increasing suction parameter. This 

research is submitted f01" publication in "Ch inese Journal of Mechanics~Series A". 

In chapter six, we perform a study for heat and mass h'ansfer analysis in the presence of 

thermal radiation on the unsteady MHD flow of a micropoJar fluid. Series solutions for velocity, 

temperature and concentration fields a re derived and discussed. Plots for various interes ting 

parame ters are re ported and analyzed . Numerical data for surface shear stress, Nusselt number 

and Sherwood numbers in steady cases are also computed. Com parison between the present 

and previous limiting results in shown. The results of this chapter have been published in 

"Zeitschrift Naturforschung A, 64 (2010) 950-960". 

O lapter seven is prepared to analyze the heat and mass transfer characteristics for the steady 

mixed convection flow of an incompressible micropolar fluid . The relevan t system of the partial 

differential equations has been reduced into ordinary differential equa tions by employi.ng 

similarity transformation. Series solutions for velocity, temperature and concentration fields are 

developed by Lls ing homotopy analysis method (HAM). Effects of various parameters un 

velocity, tempera ture and concentration fields are discussed by displaying graphs. Numerical 

va lues of skin friction coefficien t, Nusselt number and Sherwood numbers are worked out. A 

comparison be tween the available numerical solutions in a limiting situation is seen. The 

velocity profile is found to decrease when the Prandtl number increases. Moreover, the 

buoyancy parameter decreases the thickness of thermal boundary layer. These conclusions 

have been accepted for publication in "International Journal for Numerical Methods in 

Fluids, DOl: lO.100?jfld.2424". 

Chapter eigh t examines the MHD flow and mass transfer characteristics in a Jeffrey fl uid 

bounded by a non-linearly stretchin g surface. The velocity and concentration fields are derived. 

Homotopy analysis proceduJe is adopted for computations of a set of coupled nonlinear 

ord inary differential equations. Effects of involved parameters on the velocity and 

concentra tions fields are examined carefully. Numerical values of mass h'ansfer coefficient are 

first tabulated and then investiga ted. As expected the concentration fields decreases by 



increasing the Schimidt number. 11K! surface mass transfer decreases when the Hartman 

number increases. The observations of this problem have been published in "Zeitschrift 

Naturforschung A, 64 (2010) 1111 - 1120" . 

In chapter nine, we have considered the effect of mass transfer on stagna tion point flow of a 

Jeffrey fluid bounded by a stre tching surface. Similarity transformations reduce the partial 

differential equations into the ordinary differential equa tions. Homotopy analysis method 

(HAM) is invoked for the development of solulions. Plots are prepared to illustrate the flow and 

mass transfer d laracteristics and their dependence on the physical parameters. The values of 

surface mass trans fer and g-rad ient of mass transfer are computed and analyzed. It is observed 

tha t velocity field and boundary layer thickness are increasing fWlCtions of Deborah number. 

The fluid concentra tion increases with an increase in generative chemical reaction parameter 

and has opposite behavior for destructive chemical reaction when compared with the situation 

in case of generative chernical reaction parameter. Such contexts have been submitted for 

publication in "Asia-Pacific Journal of Chemical Engineering". 

The wlsteady stagna tion pOint flow of a second STade fluid with hea t transfer is discussed in 

chapter ten. The time-dependent free stream is considered . The equa tions of motion and energy 

are transformed ullO lhe ordinary difft:!rt!ntial equations by similarity transformations. 

Homotopy analysis method is used to find the solution of the governing problem. Graphical 

results are given in order to ill ustra te the deta ils of flow and heat transfer characteristics and 

their dependence upon the embedded parameters. Numerical values of skin- friction 

coefficients and Nusselt number are given and examined carefully. It is seen tha t velocity is 

greater for second grade fluid when compared with a Newtonian fl uid. The velocity and 

boundary layer th ickness ulcreases Ul both cases of suction and injection as second grade 

parameter increases. However, in injection case such increase is la rger than that of suction. We 

further fowld that for fixed values of other parameters, the local Nusselt number increases 

when there is an increase Ul the second grade parameter. The findings of thi s chapter have 

been submitted for publication in "International Journal of Heat and Mass Transfer". 

Chapter eleven discllsses the steady mixed convection stagnation point flow of a micropolar 

flow towards a stretching sheet. Governing problems of flow, heat and mass transfer are solved 

by employulg homotopy analysis method (HAM). The skin fr iction coefficients, local Nusselt 
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number and Sherwood number are computed . Comparison of the present solulion series 

solu tion is given to the corresponding numerical solution. A good agreement is achieved. When 

the stretching velocity of the surface is greater than the stagnation velocity of the ex ternal 

stream the flow has inverted boundary layer sh·uc ture. The effect of the local buoyancy 

parameter on the velocity is fOWld similar to the material parameter. These observations have 

been submitted for publication in "Central Euorpean Journal of Physics". 
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Chapter 1 

Background and boundary layer 

analysis 

1.1 Review of literature 

The nOll-Newtonian fluids are quite prevalent in industry and engineering. Examples of such 

fluids include polymer solutions, paints, certain oils, exocitic lubr icants, coiioidal and suspen­

sion solutions, clay coatings and cosmetic products etc. As a consequence of diverse physical 

structure of such fluids there is not a single model which can predict all the salient features of 

non-Newtonian fluids. The non-Newtonian fluids are in general classified into three categories 

known as (i) t he differential type (ii) the rate type and (iii) the integral type. The detailed 

discuss ion of the relevant issue is fouud in the literat ure by RajagopuJ [lJ and RajagopaJ and 

Kalon i [21 . T he diffe rent ial type fluids have received much attent ion in the past . Dunn and Ra­

jagopal [3] discllssed interesting fea tlU·es of different ial type flu ids. There is a simplest subclass 

of different ial type flu ids which is known as second grade fl uid. T his fluid model has an ability 

Lo describe normal stress d ifferences and does not e.xhibi t t he shear t hinn ing/shear thickening 

effects. T he thermodynamical compatibility of second grade fluid model has been taken into 
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account by Fosdick and Rajagopal [4J. It was revealed that Claus ius-Duhem inequality should 

hold together with the helmholtz free energy being at its minimum whenever the fluid is locally 

at rest. Later various ill"f!St igalol'S including Rajagopal [5], Siddiqui and Kaloni [6], Siddiqui 

and Benhal'bit [7] , Fetecau and Fetecau [I:!J, Fetecau and Zierep [9J ' Asghar ct. al [10] , Erdoga n 

and lmal'k [11], Tan and Masuoka [12J, Tan and Xu [1:1] and Hayal et al. [14 - 16J discllssed 

the steady aud ullstendy flows of secoud grade fluid under various aspects. 

There is a simplest subclass of the rate type fluids known as the ~[ax\\'ell . This model can 

easi ly describe the characteristics of the relaxation t;ime. Bhatnagar et al. [17] reported t he 

pioneering works on the flow analysis of rate type fluids. They considered the two-dimens ional 

How of all oldroyd-B fluid over a stretching surface in the presence of variable free stream 

velocity. Ghoi ot al. [18] considered the channel flow of an upper convected "t-. laxwell (UeM) 

fluid induced by suction. Numerical and analytical solutions of the resulting differential system 

were obtl'lincd. The analytical solution was derived by power series method and uumcricul 

solutions was obtained by Runge-Kutta method. The unsteady flow of a r>. la."{well fluid between 

two side w3 11s due to a suddenly mov(.'(1 plate was examined by Bayat et al. [19J. Zierep et al. 

[20] discllssed the numerical results for the energy conservation of Maxwell media for Stokes ' 

first problem. Haitao and ~Iingyu [211 addressed the ullsteady flow of fractiOllall\[axwell fluid 

in a chanuel.Fet.ecau ct. al [22, 23J st.udied the unsteady flows in :Maxwell fluids respectively. 

In these studies, the flows have been induced by t he oscillating/accelerated rigid plate. The 

l\fHD uns teady flow of a l\ [axwell "uid in a rotating frame of reference and porous medium has 

been reported by Hayat et al. [24]. Tan and Masuoka [25J analyzed linear convective stability 

of a Ma."(\\,eU fluid layer in a porous medium. The theory of micropolar fluid was initiated by 

El'ingen 126, 27J . The C<luations governing the flow of a micl'opolar fluid involve a microrotation 

vector a nd a gyration parameter in addition to the classical velocity vector field. Interesting 

features and applications of micropoial' fluids are described in the books by Eringell [28J and 

Lukaszewicz [29J. This fluid model hf\.<j special relevnnce in blood flows, suspension solutions, 
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liquid crystals, fluids with additives, flow of colloidal solutions etc. 

The boundary layer flow [30) on a moving surface are very important because of their 

r('if'van("(' ill a number of ('ugineering processes. Sakiadis [31J ini tiated the seminal work 011 this 

topic. The work of Sakiadis was subsequently extended by many authors for boundary layer 

flows in viscous and non-Newtonian fluids uuder various conditions. Crane [32) invest.igated the 

viscous flow over a sheet with li near surface velocity. In this attempt, the similarity solution was 

given. Vleggar [33J and Gupta and Gupta [34) have investigated the stretchi ng problem with 

constant surface temperature while Soundalgekar and Ramana Myrty [35] analyzed constant 

surface velocity case with power-law temperature variation. Chen and Char [36] extended 

the works of Gupta and Gupta [34] for non-isothermal stretching sheet. T he non-Newtonian 

boundary layer flow by a stretching sheet was examined by Siddappa and Khapate [37] and 

Rajagopal et HI. [38J. Lawerence and Rao [39J discussed the uniqueness of the solution obtained 

Rajagopal et al. [38) . 'Il'oy et al. [40) constructed the uniqucness of t he steady flow of an 

incompressible second-order flu id over a stretching sheet. Andersson et a l. [41J investigated 

the stretching flow of a power-law fluid. Fcw invcstigations dealing with non-Newtonian flow 

problems over slretching/shri nking sheet has been presented by Cortell [42,43), Hayat ct al. 

144 - 49) , Ariel [50,51] , ~lllshtaq et al. [52J and A. Ishak [53J . All the aforementioned attempts 

lakcs into account a constant value of velocity wall or linearly stretching sheet problem. The 

How of non-lillearly stretching sheet was investigated by Vajraveltl [54,55) , Cortell [56,57J and 

Hayat et al [58]. Raptis and Perdikis [59] have examined the ~HID viscous flow over a non-linear 

stretching sheet in the presence of a chemical reaction. The works 011 unsteady boundary layer 

viscous and non-Newtonian fluids flow by an impulsively stretching surface have been discussed 

by Pop and Nn 160). Wang et al. [61J. Lino 162,63], Pahlavan and Sadeghy [64J and Sajid et 

a\. [65]. Nazar et al. [66] argued at the unsteady flow over a stretching sheet in a micropolar 

fluid . Liquid film flow 011 an unsteady stretching surface was first considered by Wang [67]. 

Few more contributions regarding the time-dependent stretching flows have been presented in 
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the references 168 -74J. All the above mentioned studies were concerned the two-dimensional 

flows induced by a stretching surface. Three--dimcnsional boundary layer flow ave!" a stretched 

surfac(' has been investigated by Wang 175J. Devi et al. 176J studied the problem of unsteady 

three-dimensiOllal flow over a stretching surface. Lakshmisha et al. I77J presented the numerical 

solution for unsteady three--dimensional flow induced by a stretching surface wilh heat and mass 

transfer. Chumkha [78] examined t.he hyd romagnetic steady three-dimensional viscous flow over 

a stretching surface with heat generation absorption. Exact and pert.urbation solut.ions for the 

problem arising ill t he three dimellsional flow of u viscous fluid ovcr a stretching surface have 

been derived by Ariel 179]. The other investigat.ions for three-dimensional stretching How has 

been examined by Aboelchlhab [80], Aboeldahab and Azzam [S l ] and Xu et al. [82J. Hayat. ct 

al. [S3] firstly studied the I>roblem of three-dimensional boundary layer flow of a viscoelastic 

fluid by a stretching surface via homotopy analysis method (HAM). Roslinda and Norfaizin [S4] 

numerically examined the thrcc-dimensional flow due to a stretching surface. 

The stagnation point. flow of a fluid past a stretching sheet has been given mllch attention 

in the recent times. This is in view of their importance in many industrial applications, such as 

extrusion, paper production, insulating materials, glass drawing, coutiuuos casting etc. Chiam 

[85] iIwestigated the steady two dimens ional stagnation point flow of a viscous fluid towards a 

stretching sheet. Bhatangar et al. [17] obtained solution for the flow of an Oldroyd-B fluid over a 

stretching sheet. in the presence of constant free st.ream. Mahapatra and Gupta IS6J analyzed the 

heat t.ransfer in t.he stagnation point flow towards a stretching surface. The steady stagnation 

point flow of 1.\11 incompressible micropolar fluid over a stretching surface is studied by Nazar et 

a l. \87J. Sadeghy et al. [88] numerically stud ied the stagnation point flow of an upper cOJlvected 

Maxwell fluid. Ishak et al. [S9J investigated the mixed convection stagnation point flow of an 

incompressible viscous fluid towards a vertical permeable stretching sheet. The effect of thermal 

radiation on the mixed convection boundary layer magnetohydrodynamic stagnation point flow 

in a porous space has been investigated by Hayat. et al. IDOJ. l\ Iahapat ra et al. 19lJ discussed 
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t he steady two-dimensional oblique stagnation point flow of an incompressible viscoelastic Huid 

towards a stretching sheet. Labropulu and D. Li examiued [92J tbe steady two dimensional 

l-itagnation point How wilh pflrtial slip. Nazar el al. [93J described the slefldy slagnation point 

How of an iucolJlprcs.!;iblc micropolal' fluid by a stretched sheet . 

1.2 Basic equa tions 

The following laws have been used for Lhe problems formulation in th is thesis. 

1.2.1 The continuity equation 

div V = O. (1.1) 

1.2.2 T he momentum equation 

dV -Pdt = div T + pb , (1.2) 

- -
T = -pI+S. (l.3) 

1.2.3 The energy equation 

dT 2 -
f'Cv dt = kV T + T .L. (1 .4 ) 

1.2.4 T he concentra tion equat ion 

'~~ = DV'C - RC. (1.5) 

111 above C<llIfit ions V is the velocity, T is the Cauchy stress tensor, § is t he extra stress tensor, 

b is the body force per unit mass, p the density, p is the pressure, I is the identity tensor, Cp is 

t he specific beat , k the thermal conductivity, L is the velocity gradient, T the temperature of 

fluid, D is coefficient of mass diffusivity, R is the chemical react ion and C is the concentration 

of fl uid. 
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1.2.5 Maxwell 's equat ions 

(a) Gauss's law 

(b) GOliSS'S law for magnetism 

(c) Faraday's law 

(e1) Amperes law 

(e) Ohms' law 

'Q.E= Pc. 
eo 

V.B ~ O. 

J ~"(E + V x B). 

(1.6) 

(1. 7) 

(1.8) 

(1.9) 

(1.10) 

where Pc is t.he charge density, E is the electric field, B is t he magnetic field, Jio is the magnetic 

constant, cO is t he electric constant, J is the current density and (J" is the elect rical conductivit.y 

of t he Auid. 
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1.3 C onstitutive expressions and boundary layer equations in 

the non-Newtonian fluids 

This thcsis wi ll b~ bnscd upon the boundary layer flows in second grade, p,Jaxwell, Jeffrey alld 

micropolar fluids. Hence, we briefly describe the relevant equations here for the convenience of 

readers. 

1.3.1 Boundary layer equation in a second grade fluid 

Extra stress tensor in a second f:,rrade fluid is 

(1.11) 

in which I" is the dyna mic viscosit.y und the material parameters oi(i = 1,2) satisfy the 

following constraints: 

J1. ~ 0, 0'1 2: 0, 0'1 + 02 = O. (1.12) 

Th(' tlcfillitious of the first two Rivlill-Erickscn tensors Al and A2 arc 

(1.13) 

(1.14) 

where L'r = (grad vf ' and djdt is used for t he material derivative. T he two-dimensional flow 

field requires t hat 

v = [11 (x ,y, t) ,11 (x,y,t), OJ, (1.15) 

in which 'It and v are the respective components of velocity parallel to t he :c- and y-axes, 

respect.ively. 

11 



In view of Eqs. (loU ) - (1.15) and (1.3) we have the ro llow ing components of the Cauchy 

stress tensor 

[

2 ({)21J +118'1" +11 8'l1J) +] 
(au) axat lli" Dilly 

= - p+ 2/) - + 01 2 ax 4 ("')' + 2 (au) + 2"' &, 
l); {)x 1Jii iIi 

[(8U)' (au)' (au)' auau] +°2 4 {)x + ay + ax + 2 8y ax ' 

[ 
( a'u a'u a'u) ] 2 --+v- +u-- + au ()y{)t 8y2 8x{)y 

-p + 2J-L(ay) + u] 4 (au)' + 2 (8u)2 + 2{)u8u 
ay 8y Oy ax 

+U2 4 - + - + - +2-- , [ (au)' (au)' (au)' auau] 
Dy Oy ax ay ax 

(au au) 
Try = TYl: = J1 ay + ax + UI 

{)21/ {)2u a2u 821) 

--+--+v-+--+ DyDt Oxey ay2 8xat 
82v {)2v au all 

,,-+v--+3--+ Ox2 {)xOy ax ay 
38u811 + {)uau + auau 
ax8y ax ax ay8y 

[
au 8u 8u 8u au 8u au au] 

+°2 --+--+--+--
8 :c ay 8x ax au au ax Bu 1 

(1.16) 

(1.17) 

(1.18) 

(1.19) 

Substituting the above equations along with the continuity equation the x-find v-components 
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of equalion of molion become 

(1.20) 

(1.21) 

The above equat.ions after employing the usual boundary layer assumpt ions [30] 

" ~ 0(1), v ~ O(J), x ~ 0 (1), Y ~ O(J), (1.22) 

Tx.< ~ 0(1), Txy ~ 0(0), Txy ~ 0(0'), 
p p p 

(1.23) 

gives 

(1.24) 

1.3.2 Boundary layer equation in a Maxwell flu id 

Tn this sect.ion the rclcvant equations are [18] 
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( 0" OU) p U- + U-
OJ; ay 

( 
OU OU) p u- +v-ax ay 

op asx .£ as"'1J 
= --+--+-­ax ax ay ' 

8ji asy:r. aSYII --+--+--ay ax ay , 

[ 
asu as:r;r: all, aU. all B'Il ] 

Sx'); + A, u~ + v~ - s,.cx71 - S;tlln - S:r:r:7) - SzYn 
uX uy vX uy uX uy 

[
. esyy asyy ,au s au au] 

S:z;y + A, It-;:;-- + v~ - S.r;yn - 1111 - Sxx"?:l - s,xY"'il 
uX vy VI uX vp 

[ 
fJS1I1I fJ8yy {)V au, au au] 

5 yy + '" u~ + v---;:;-- - 5xlln - S/J/J!l" - 5,,'1'7) - SVII!} 
u:c uy uX uy uX vy 

The boundary layer flow e<Juation is 

au 8u [[)2u . fpu cPu ] 1 oj} [)2u 
"'a-+vn+ )1] 'lL2~2+'V:lQ2+2'1tvn'=> =--n+vJ;l2 . 

. 't uti uX VI! u XUY P uX uy 

1.3.3 Boundary layer equation in a Jeffrey fluid 

The extra stress tensor S in a Jeffrey fluid is 

(1.25) 

(1.27) 

where)\] is t he ratio of relaxation to relarciaLion times and '\2 is t.he retardation time and the 

stress components are 

(1.28) 

(1.29) 

(1.30) 

14 



Tz::: = -p, T:;z = Ty:;- = Tu: = T:::y = O. (1.31 ) 

Tbe two~dimensional equat ions arc 

(1.32) 

(1.33) 

The above expressions under usual boundary layer assumptions reduce to 

(1.34) 

1.3.4 Boundary layer equation in a micropolar fluid 

For micropolar fluid , the momentum Eq. (1.2) along with the law of angular momentum in the 

ah<;ence of body forces and body couple are given by 
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dV 
Pdt - -VP+(ll+I\.)V'J.V +KV xN, 

dN 
Pl dt 'Y'V(V·N)-'Y· Vx (VxN)+,V x N -2,N. (1.35) 

In above equations V and N are the velocity and microrotatioll vectors, j denotes the gyration 

parameters of the fluid , 'Y. and ", are the spin grad ient. viscosity and vortex viscosity, respectively. 

Mierorotation vector N for two-dimensional flow is 

N =IO,O,N(. ,y)J. 

The scalar equalions arc 

'U av + vall = _ ~ Or"} + (J.t+ I~) (a2
v + [flv) + ':!:.aN 

ax ay pay p QX2 oy2 pax' 

uaN +v8N = '1 (82N +va2N) +~ (av _ Ov) _ 2"'N 
8x ay pj 8x2 8y2 pj ax ay pj' 

in which the Eq. (1.39) suggests that o(N) ""0 (~~) ....... o (:~). 
The subjected boundary layer flow C<luations arc given by 

au au 
u-+v-ax ay 
aN aN 

"'-+'u-
a:c ay 

1 ap ( k) a'u k aN 
-p8x+ 'u+ p fJy2+ p8y' 

---- 2N+- . 'Y'a'N k ( au) 
pj 8y2 pj ay 

16 
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(1.37) 

(1.38) 

(1.39) 



1.4 H omotopy analysis method 

TI\(' Jllt't hod is proposed by Li no [94, 95J and is ,-cry useful for the d('vclopnlPnl of ser ies solut ions 

cspedally to nonlinear problems [96 - 1251. We choose a uOlliineal' equation 

Let liS consider a nonlinear equatioll governed by 

N(v) + f(x) = 0, (1.40) 

in which N is a nonlinear operator, f(x) is a known fu nction and tI is an unk nown function. 

\Ve now write 

(1.41) 

where 110 (x) denotes the in it ial approxhnation, C is an auxiliary lineal' oper8tor, IJ E [0, I ] is an 

embedding parameter , Ii is an auxilinry parameter , v(x,p) is an unknown fu nction of x and p. 

Obviously for 1} = 0 and p = 1 we have 

;)(x, 0) = v. (xl 

;)(x, 1) = v(x) (1.42) 

respectively. ilud fol' p variation from 0 to 1, t he solution v(x ,p) approaches from the initial 

approximation 110(;1:) to the desired solution vex). 

Taylor series gives 
~ 

V(X,7J)=VO(x)+ L:Vm (X)1l" , (1.43) 
",.=1 

1 8"';) (x,p) I 
v'" (x) = - , {) . ,n. p", p=o 

(1.44) 

in wh ich the auxiliary parameter is responsible for the series convergence and for p = lone 
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obta ins 
= 

v(x) = tIO(X) + L V,,~ (x). (1.45) 
m=1 

The mth- order dcJonnl.l tio l1 problell1s arc 

C [vm (x) - ~",V",_ I (x)1 = 1i'R.", (x), (1.46) 

, _ {o, m S 1, 
Xm -

1, rn > 1, 
(1.47) 

1 { l"'-' [ ~ l} n. .. (X) = (w. - l )! x ~,)m_ IA uO (x) + L V"' (x ) V'" . 
",:o J p=O 

(1.48) 

l'vlA PLE or IvIATHEMATICA can solve the resulted problems. 
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Chapter 2 

Unsteady MHD mixed convection 

flow of second grade fluid over a 

stretching surface with thermal 

radiation 

This chapter investigates the mixed convection flow of a magnetohycil'odynamic (rvrnD) sec­

ond grade fluid over an unsteady permeable stretching sheet. Boundary layer assumptions 

arc used in the problem statement . The stretchi ng velocity and the surface temperature are 

time-dependent. Series solutions of the governing boundary vallie problems are obtained by 

employ ing homotopy analysis method (HAt\.I). Convergence of t lJe obtained solution is explic­

itly d iscussed. T he dependence of veloci ty and temperature profiles all t he various embedded 

parameters is shown ancl discussed by plotting graphs. Skin friction coefficient and the local 

Nusselt num ber arc tabu lated and analyzed. 
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2.1 M a t hematical fo rm ulation 

COllsidl."r tbe unsteady flow of an incomprC'SSiblp ~fHD sC('ond brrade fluid OVl"r fl porous stretch~ 

ing surface. The fluid is electrically conductiug nucleI' the influence of a time dependent magnetic 

field B{t) applied in a direction IIQl'mal to the stretching surface. The induced magnetic field 

is negligible under the assumption of a small magnetic Reynolds number. 111 addition, heat 

transfer process is considered. Under lhese assumptions and Boussineq 's approximation, the 

governing boundary layer equations {Ire 

{J" + i)u _ 0 (2.1) ax ay - , 

-+u-+v-t
· i)T i)T iJT 1 

(JCp at ax ay 

(2.3) 

By using Rosseland approximation [136J for radiation we have 

(2.4) 

in which a* is the Stefan-Boltzmann constant , qr is the radiative heat flux in t he y-directiol1 , 

T is the fluid temperature, 9 is gravitational acceleration, v is the kinematic viscosity, (J' is the 

electrical conductivity, p is fluid density, {Jr is thermal expansion coefficients of temperature, cp 

is specific heat a nd I." t.ho mean absorption coefficient. The fluid is compat ible with the t hermo-
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dynamics in the sense that the speci fic Helmhol b; free energy is a miuimum when the fluid is in 

e<luilibrillm when J1. 2: 0, 01 2: 0,01 + 02 = 0 (Ui (i = 1, 2) are the material parameters of second grade fluid} 

\'Ve express the t.erm T4 as the linear function of temperaLure iuto a Taylor series about Too by 

neglecting higher t erms and write 

(2.5) 

Now Eq. (2.3) becomes 

[ 
B2u Bu B2,u Bu B2u Bu.] 

Q, ----+u---+v----
ByBt By fJxfJy ay By2 By 

a [(16U O T.'!, k) aT] (au)' +- +. - + 1' -By 3k- ay fJy 
(2.6) 

The associated boundary conditions are presente<i in the following forms 

1L = Uw , V = Vw ) T = 1'w, at y = 0, (2.7) 

11 -+ 0, T --+ Too, as y --+ 00 . (2.8) 

where Vw given by 

v. __ Vo 
w - (1 _ et)'/' (2.9) 

represents the mass transfer at surface with Vw > 0 for inject ion and \~<I < 0 for Sllction. 

Further the stretching velocity Uw(x, t) and sllrface temperature T; ... (x, t) are taken as 

ax () ax ( )-2 Uw(x, t) = -1--' Tw x, t = Too + TO-
2 

1 - et , 
- e:t II 

(2 .10) 

in which (t and e are t he constants with a > 0 and e 2: 0 (with ct < 1) , and both a and e have 

dimension time- I. We choose time dependent magnetic field of the form B(t) = Ba(1 -et)-1/2 
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[126 - 130[. 

Writing 

/fiw 
"/ = -y, 

In : 

and the velocity components 

a", 
u =-ay 

a", v--­
- 8.l: ' 

(2. 11) 

(2.12) 

where V' is a st ream function, the continuity equation is identically satisfied and the resulting 

problems for f and 0 are given by 

fill _ 1'2 + / r - A l' + ~'1r) - AI2 l' + '\0 + a --( [ 
21' 1

m 
['" 1["" 1 

2 +A (21111 + ~11f1ll1) 
= 0, (2.13) 

(1 + ~n,,) 0" + p, (f0' - 1'0) - Po' &U")' - Po' A (,,0' + 40) 

- PrEen - 0 
[ 

1'['" - If" f'" 1 
+4A (31"2 +111"1"') -, 

(2.14) 

1(0) = S, 1'(0) = 1, 1'(00) ~ 0, 

["(00) ~ 0, 0(0) = 1, (2.15) 

Here A = cia is the unsteadiness parameter, (t = and J1(1 - lO t ) (Wilh Et < 1) is the dimension-

I Gr%... ( g{3(Tw - Too),' Iv') 
ess second grade parameter , ). = -2 IS 1l1lxed convectIOn parameter, Gv'x = '1 21 ' 

Rex tl w X V 

is the local Gra'>hof number , Rc" = Uur x/u is the local Reynolds number, PI' = IlCp is the 
k 

40""7:3 u 2 
Prandtl Humber, Rd(= .• ,00 ) is the radiation parameter, Ec(= ( W » is the Eckert 

J..; k t;) Tw - Too 

number and primes indicate the differentiation with respect to 'I. 
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Expressions of the skin friction coefficient C, and local Nusselt number Nux are given by 

c = 'r w 
, pu~ ' (2.16) 

(2.17) 

where the skin-friction T wand wall heat fl ux qw are 

(2.18) 

qw ~ -k (~T) . 
v y y=o 

(2.19) 

From Eqs. (2.3) - (2 .5) one can wri te 

(2 .20) 

R~1/2 Nux = -0' (0). (2.21) 

2.2 Analytic solutions 

The velocity f(1)) and temperature 0(11) for HA?'[ solutions can be expressed in the set of base 

functions 

(2.22) 

as follows 
00 00 

f(1/) = a8,o + L L (~~.,1I7l exp(-ml), (2.23) 
>1=01:=0 

00 00 

O(7}) = L L>~",,71~· exp(-m}), (2.24) 
n=OI:=O 

where am,>! and bm,n are the coefficients. 
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The initial guesses 10 and 00 of /(1]) and 0(7/) are 

fo('il = S + 1 - exp( -'Il , 

00 (, ,) = exp(-,,). 

The auxi lia ry linear operators are chosen as 

d'O 
Co = d ? - e, ,,-

Above operators have t he following properties 

Lr [C, + C, exp(,,) + C3 exp( -',)J = 0, 

in which Cj (i = 1 - 5) are the arbitrary constants. 

(2.25) 

(2.26) 

(2.27) 

(2.28) 

(2.29) 

(2.30) 

If p E [0, 1] is an embedding parameter, n, and flo the non-zero auxiliary parameters then 

we construct the fo llowing zeroth-order deformation problems as 

(2 .31 ) 

(2.32) 

= 0, (2 .33) 

(2.34) 
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(2.36) 

For Jl = 0 and p = 1, we have 

(2.37) 

(2.38) 

and when p increases from 0 to 1, /(f/;7)) and 8(f/iP) deforms from 10(71) and 00(7/) to /(,,) 

and 0('1) respectively. Expanding 1(1/iP) and 6(1/;11) we have 

00 

!('};p) = !O('}) + L,!",('I)P"', (2.39) 
m:=1 

00 

B(,};p) = 00 ('1) + L, 0", ('Ill/", (2.40) 
m=1 
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p=o 

() 1 8"'e ('Ii IJ) 
m (7/) = - , a 171 m. p 

(2.41) 
p=o 

and the auxiliary parameters hI and /io are selected in such a way that the series (2.39) and 

(2.40) converge at 11 = L Therefore 

00 

1('1) ~ 10('1) + L 1",(") , (2.42) 
m= 1 

00 

B('I) ~ 00('1) + L 0"'('1)· (2.43) 
",= 1 

The mlh order deformation problems are 

(2.44) 

(2.45) 

1",(0) ~ 0, };,,(O) ~ 0, 1:,,(00) = 0, 0",(0) = 0, 0",(00) ~ 0, 

¢",(O) = 0, ¢",(oo) = 0, (2.46) 

wlJere 

~f ( ) - 1'/11 - A (f' + 1 I") ·A (2/'" + 1 filii ) - ~ lf2f' {''''It 11 - "I - I m-i 21/ m - l + a ", - 1 2'/ nt - I J \ m - l 

"'- , [ I I" t' J' J """ ", - 1- 10 ~. - ", - 1- '- k 
+.>.B",_I_k + ~ , 

. m w ". ~ 
10=0 +0 (2Jm - t - k)(. - l",- I- kh - }", - I- kiJ., ) 

(2.47) 
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x'" ~ { 0, 
1, 

m $ 1, 
(2.49) 

m> l. 

The general solut ions of &15. (2.44) ~ (2 .46) arc 

(2.50) 

(2.51) 

where f,~,(17) and ()~,(71) depict t he special solut ions and 

C, - C4 =0, 

C, -C3 - /,;,(O}, C3 ~ 8/,;, ('I) I ' 
&, 7)=0 

C, -0:11 (0). (2.52) 

2.3 Convergence of the series solutions 

It is obvious that the series solutions (2.42) and (2.43) contain non~zcro auxiliary parameters 

Ii} and no. Such parameters are useful in adj usting and controlling the convergence. For the 

allowed values of rtf and no of the functions 1"(0) and B'(O) the n! and lIo-curves are plotted 

for 20th-order of approximations. Fig. 2.1 depicts that the range for the admissible values of 

ttl and no arc - 1.1 ::; !if, lio :5 - 0.3. The series given by (2 .42) and (2.43) converge in the 

whole region of "I for Ii, = no = - 0.6. Table 2.1 elucidates the convergence of HAM solutions 
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for - 1"(0) and - (;'(0) at different order of approxi mations when 0 = 0.2, A = 0.2, S = 0.5, 

AI = l.0, ). = 1.5, PI" = 0.7. Rti = 0.3 and Ee = 0.5. 

- 085 

-0.9 

- 095 
<S 

" -! 

- 1.05 

- 1.1 

\ '-------------~ 

... . 

- 1.25 -! 

f·(~ 

O'(~ 

. ..................•.............. 

-0]5 - 0.' - 0.25 
11,. 110 

o 

Fig. 2.1: The /i.-cu rves of the functions 1"(0) and 9'(0) at 20°' order of approximation. 

Order of convergence - /,,(0) -0'(0) 

1 0.934000 1.062300 

5 0.933202 1.072775 

10 0.931987 1.071984 

15 0.931871 1.071892 

20 0.931861 1.071876 

25 0.931861 1.071876 

30 0.93186J 1.071876 

Table 2. 1: Convergence of HA M solutions for different order of approximations when (t = 0.2, 

A = 0.2, 5' = 0.5, M = J.O, ). = 1.5, Pr = 0.7, Rd = 0.3 and Ee = 0.5. 
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2.4 Results a nd discussion 

The aim of this section is to examine the effects of second grade parameter 0, unsteadiness 

parameter A, slIctio n parameter S, Hartman number A1, mixed cOllvection parameter A, Pralldtl 

number Pr , rad iation parameter RJ and Eckert number E e on the velocity and temperature 

fields in Figs. 2.2 - 2. 17. The variation of skin friction coefficient ~2GI and the local Nusselt 

number R:;,,1/2 Nux for different involved parameters are also computed in the Tables 2.2 and 

2.3. 

Figs. 2.2 and 2.3 illustrate t he influence of second grade parameter a: 011 the velocity and 

tem perature profiles respectively. It is observed t hat l' is an increasing function of a whereas 

t he temperature fie ld 0 decreases when Q is increased. T he effect of ullsteadiness parameter 

A is e.'Xpiailled in the Figs. 2.4 and 2.5. Both velocity and temperature fields decrease when 

unsteadiness parameter A is increased. The influence of suction parameter S is shown in Figs. 

2.6 and 2.7. It is seen that velocity and bou nda ry layer thickness a re decreasing functions of S. 

The thermal boundary layer thickness also decreases by increasing S. Porous wall is a powerful 

mechanism fol' controlling momentum of the boumlary layer regime flow in actual applications. 

Fig. 2.8 describes the variation of M 011 p. Obviously /' is a decreasing function of M. This 

is in view of the fact that an increase of /VI signifies the increase of Lorentz force thereby 

decreasing tbe magnitude of velocity. However temperature profile increases upon increasing 

the Hartman Ilumber M (Fig. 2.9). The increasing fr icitional drag due to the Lorentz force 

is responsible for increasing the thermal boundary layer thickness. Magnetic field can control 

the How characteristics. The influence of >. on p (from Fig. 2.10) is similar when compared 

with F ig. 2.1 but the increment in P is slightly larger in case of >. when compared with the 

effects of 0' . Infact increasing values of >. corresponds to t he stronger buoyancy force which 

causes 8n increase in flow veloci ty. The thermal boundary layer decreases by increasing>. (Fig. 

2. 11). Figs. 2.12 and 2. 14 describe the effects of Pr and Ec on P respectively. Both Ec and 
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PI' decrease t he velocity profile. Infact <Ill increase in the Pnmdtl number leads to an increase 

in fluid viscosity which causes a decrease in the flow velocity. As expected it is found that 0 

is decreasing by illcrcw;ing P I' (Fig.2. 1:3). A higher Prandtl number fluid has a t hinner thermal 

boundary layer and t his increase the grad ient of the temperature. Fig. 2.17 clearly indicates 

that an increase in the radiation parameter i41 leads to an increase of t he temperature profiles 

and boundary layer thickness with R-d. 

From Table 2.2 it is noticed that the magnitude of skin frict ion coerficient. increases for large 

values of 0 , A , M and S. The skin frict,ion coefficient on the wall increases wit.h the application 

of magnetic field. This is because of t he magnetic force acts as a retarding force and causes an 

increac;c of shear stress. We found that. for a fixed values of other parameters, t he local Nusselt 

number increases wit h au increase in the radiation parameter Rd. T he local Nusselt number 

is increased as P r increascs. Table 2.3 shows that t he magnitude of skin friction coefficient 

decreases for large values of ,.\ and i41 while it has opposite behaviors for PI' and Ec. 

2.5 Concluding remarks 

Heat transfer analysis in presence of thermal radiation is discussed for all unsteady mixed 

cOlwe<:tion flow of an incompressible second grade fluid. Series solutions for velocity and tem­

pcrat.nre fields are developed and d iscllssed. The main result.s of the present analysis are listed 

below. 

• The effects of AI , Pr and Be on J' arc similar in a qua litative sense. 

• Velocity f' is an increasing function of second grade parameter Q. 

• Thermal boundary layer decreases by increasing ...\ 

• Behaviors of Rd and PI" on the temperature () arc opposite. 

• Temperature (J is decreasing function of PI". 
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• Skin friction cocfHcienL decreases for large values of ). and Rd. 
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Fig. 2.2. Influence of second grade parameter a on 1'. 
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Fig. 2.3. Influence of second grade parameter 0' on O. 
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" A S M Re- 1/ 2C - 'z I R - 1/2 N - Cz U:.: 

0.0 0.3 1.0 I.U 1.410729 1.331094 

0.1 1.663287 1.357985 

0.2 1.915516 1.379278 

0.3 2.157693 1.397342 

0.1 0.0 1.0 1.0 1.473777 1.128001 

0.2 1.604252 1.287265 

0.5 1.772210 1.486206 

1.0 2.011094 1.754981 

0.1 0.3 0.0 1.0 1.138991 1.021669 

0.5 1.391402 1.176773 

1.0 1.663289 1.357986 

2.0 2.195402 1.796294 

0.1 0.3 1.0 0.0 1.376664 1.299427 

0.5 1.520058 1.303633 

1.0 1.893507 1.318593 

1.5 2.392306 1.347098 

Table 2 .2 : Values of skin fr iction coenlcient Re;l/2 C, and local Nusselt number Re;I/2 NUr. 

for some values o f cr, A, S and AI when PI' = 0.7, Ec = 0.5 and Rd = 0.2. 
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A p,. Ec R" 
-1/2C -Rex f R -1/2 N - e:r U x 

0.0 0.7 0.5 0.3 2.566913 1.360468 

1.0 2.106632 1.329651 

2.0 1.689495 1.309902 

3.0 1.304385 1.298427 

1.5 0,5 0.5 0.3 1.759576 1.029008 

0.7 1.893504 1.318593 

1.0 2.037612 1.733572 

1.4 2.168786 2.263574 

1.5 0.7 0.0 0.3 1.848007 1.155598 

1.0 1.941544 1.494708 

2.0 2.046708 1.892974 

3.0 2.461445 3.609218 

1.5 0.7 0.5 0.0 2.029563 1.706453 

0.5 1.823451 1.158098 

1.0 1.692786 0.908656 

1.5 1.601013 0.763227 

Table 2.3: Values of skin friction coeHicient Re;I/2 Cf and local Nusselt number Re;L/2 Nux 

for some values of At Pr, Ee and R,/ when a = 0.2, A = 0.3 and S = Ivl = 1.0. 
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Chapter 3 

Unsteady three-dimensional flow of 

an elastico-viscous fluid in the 

presence of mass transfer 

The purpose of this chapter is to d iscllss the unsteady three-dimensional r-.n-ID flow of an 

elastico·viscolls fl uid over a stretching surfacc. The whole analysis is examined in the pres­

ence of mass transfer. The governing boundary laycr eqlmtions are reduced into the partial 

differential equaLions by similarity transformations. The t rausfor med system of equations is 

solved analytically by employing homotopy analysis method (HAM). P lots for various interest­

ing parameters are presented and discussed. Numerical dnta for shear stresses and surface mass 

transfer in steady case is also tabulated. 

3.1 P roblem statem ent 

Here we study t he mass transfer effects on unsteady three-d imensional (low of an elastico­

viscolls nuid bounded by a stretching su rface. A COllstaut. applied magnet.ic fie ld Bo is exerted 
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in t he v-direction. The magnetic Reynolds number is chosen very small and hence an induced 

maguetic fie ld is no\, considered. No ele(" \' ric fie ld is appl ied. Under the slated assumptions I the 

relevant equations arc as follows: 

au au aw_ o 
0+0 + 0- ' v x v y v Z 

&11 fi3u cPtl -- + u--- + w--
8z2ot Qx8z2 oz3 

au au au. au. a2u 
- +u- +v- +w- = v-- - ko at o:c ay az az2 

au au au au [j2·u 
- +u- +u-+w- = II - -ko at ax ay az az2 

2 au 82
11. 2 8w a2

11 

+ fJz 8xoz + fJz oz'J. 

/flu /flv /flv 
oz2at + v auoz2 + W oz3 

+20U ( 2
1) + 20W o'J.v 

8z ayaz 8;; {)z2 

ac ac ac ac a'c 
~ + u~ + v~ + W!l = D~ - RC, 
vl v :r; vy v z u z 

(3.1) 

_ u :6 u, (3.2 ) 

uB' ----:u, (3.3) 

(3.4) 

where 'It , V and IV denote \'he respecti ve veloci t ies in Lhe x-, y- and z-dircctions, p the fluid 

density, v the kinematic viscosity, a t he electricru conductivity of t he fluid , ko the material 

parameter , C the concentra tion species and D the diffusion coefficient of the d iffusing species 

in the fluid and R t he first -order homogeneous constant reaction rate. 
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The prescribed bOllndw'y conditions are 

II _ t: = II.' = 0, C = Coo, l < 0, 

U - liw== a.c, U = U'" - by , W = 0, C = G"" z = OJ l ~ 0, 

au {)u 
0, v -+ 0, 8z -+ 0, D:; -+ 0, C -+ 0, as z -+ 00; t ~ 0 

ill which the constants a and bare positi\·e. 

By virtue of t he following dimcns iollless quantities 

'1 = /!iz. "=,,xaf~~;~) . v=ayag~~~) . w=-"I<iV('If('I. ~)+9('I.~)], 

~ = 1 - exp (-I), 1 = at. 

CCluation (3.1) is satisfied identically and Eqs. (3.2) - (3.5) ta ke t he forms given below 
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(3.6) 

(3.9) 



, 

> 

I(O,~) g(O,~) = 0, 
8f(0,~) = ¢(O ,~) = I , = fh/ 

og(O, ~) 
c ol(oo,~) = 89(OO,~) = ¢(oo,~) = O. 

8" 
, 

DJI 81/ 

8' I(oo,~) 
a,p = o'g(oo,~) _ 0 

01/2 -. (3. 10) 

_ koa b M2 =Q"
Bfi , " R 

(3.11) /\ =-, c= -, Sc= D ' -, =-. 
v a pa a 

In the above eq uat ions c (= bfa), J( , AI , Se, and "Y are the dimens ionless stretching, viscoelas-

t.ic , Hartman, Schmidt and chemical react ion parameters respect ively. Obviollsly for c = 0 , 

the problem reduces to the two-dimensional case. It should be further noted that for de-

structivefgenerative chemical reaction "( > O/i < 0 respectively and ; = 0 corresponds to 

non-reactive species . 

Express ions of skin friction coefficients e/x and Gly in the x- and v-d irections and local 

Sherwood number Sit are given by 

C' Tlt'z 
/x=-, • 

PUll' 

T w, 

GJy= -" pUt" 
(3.12) 

where Twx and TWII are the skin frictions along.1: and y- directious nnd Jw is the mass flux. 

From (3.6) and (3. 12) we arrive at 

[ C -~ CI ~/) ~/ )] £.1/2 Re l / Z C 8'1 , 2e 8~ - "Chl" + (I -~) 0<8'1' + % ,% - Ch,,+[, (01 89)8 1 8'1 
3 8'1 + 8'1 0'1' - (J + g) 8'12 ./=0 

[ C -~ (8Y ~y) ~g ) ] 
('I' R~/' c" -

8'9 + [( 2e 8" - '18",, +(1 -~) 8~~',, + 
8,,' 3 (/'ig + 81) 0 9 _ (J + ) 8 9 

81/ 81/ 81/2 9 81/2 
,/=0 

e/2 Sit Re; i/2 = -~~I./=o (3.13) 
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ill which the loca! Reynolds number is Rex = tJ.wX/II. 

For the steady-state results (e = 1), Eqs. (3.7) - (3.9) are rednced to 

Ill/ (if'/ 82g ) 82
/ 

(f + g)a ' + a ' - "2 0 , 11 rl ull ull 

=0 

(3.14) 

{f3g [ 8
2
g (ag )2 2aU] -+ U+U)-- - -AI - + /( a,,3 °'12 all a" = 0 (3.15) 

a'q, aq, 
a 2 + SoU + g)-a - 7SC</> = O. 

'1 '1 
(3.16) 

3.2 Homotopy analysis solutions 

For homotopy solutions, we express f(II,~). 9("'~) and ¢(71.~) by a set of base functions 

(3.17) 

in the forms 
= 00 00 

f(ll,~) = 08.0 + L: L L aj,n~k,r' cxp(-m/), (3. 18) 
k=O ;=0 11=1 

00 00 00 

9('1, ,) = &g.o + L L I)j,,,"'" oxp( -"'I), (3. 19) 
k=Oj=O ... :oJ 

00 00 00 

</>(",,) = LLL°},,,,',Pexp(-ml), (3.20) 
b:::Oj=O n=1 

where aJ. .. , bj, .. and S, .. are the coefficients to be determined. By the rule of solution expressions 

and the boundary conditions (3.10), one can choose the initial guesses fo, 90 and ¢o of f(f"~), 
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g(rJ,~) and ¢(11,~) and atn;:iliary linear operators £" £ 9 and £ <1> arc selected as 

10('1,,) = 1 - exp(-'I), (3.21) 

YO('I,') = cll - exp(-,)1. (3.22) 

1>0('1, ,) = exp( -"), (3.23) 

C _ d3f _df 
I - dIP d1/ ' 

(3 .24) 

£, _ d3g _ dg 
II - d1/3 d'1' 

(3.25) 

<1'¢ 
(3.26) C. = T'i - 1>. 

"I 

Clearly the operators defined by Eqs. (3.24) - (3.26) have the fo llowing properties 

(3.27) 

(3.28) 

(3 .29) 

in which Ci(i = 1 - 8) arc the arbitrary constants . 

If p E [0, 11 and n." fig and n9 depict the respective embedding and nOll-zero auxiliary 

parameters then the deformation problems at the zeroth order satisfy the following equations 

and bowldary conditions 
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j('I;f.li 0 = 
'1-

= 1, 

09('1;(.) I 
8" '1=00 

= ii>(~;')i = 0, 
.J=OO 

(3.33) 

and the values of non~li near operators .tV" Ng , No and NQ are 

(3.36) 
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Whcn 1) = 0 ami p = 1 Lhen 

(3.37) 

(3.38) 

(3.39) 

and Taylor's series givcs 

= 
i('I,w» = fo ('I , 0 + L f"'('I,{)P"', (3.40) 

",,,,,I 

= 
g(.J,I;;p) = gO('I, O + L g"'('I,e)r>"', (3.41) 

m=1 

= 
1>('I,e;p) = ¢0('1,0 + L ¢"'('I ,{)P"', (3.42) 

",= 1 

(3.43) 

We select the auxiliary parameters ill snch a way that the series (3.40) - (3.42) converge at 

1J = 1 and we have 
= 

l('l,el = fO('I, 0 + L f'''('I ,O, (3.44) 
.»= 1 

= 
9('1,0 = 90 ('1, e) + L 9"'('1,<), (3.45) 

.n=1 

= 
1>('1, 0 = 1>0('1,0 + L ¢"'('I,e) · (3.46) 

'11-=1 
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The rnth- order deformation problems are 

where 

jm (O,~) 

ej,,,(oo,~) 

a'l 

n {" (~) 

(3.47) 

(3.48) 

(3.49) 

(3 .50) 

,(3 .51) 

,(3.52) 
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",,:,. 

, 

n;;, (,,) 

~. o<Pn. I ~'l s + 9k a - 'Y cf.¢, 
'I 

_ {o, m $ 1, 
Am -

I , 7ft > 1. 

The general solutions of Eqs (3 .47) - (3.49) can be writ ten as 

/,,,(,,,f,) = /,:,('1,0 + c, + c, exp('1) + C, exp( - ry), 

(3.53) 

(3.54) 

(3.55) 

(3.56) 

(3.57) 

where ft~ ('I] , e ), 9;~ (11 , e ), t/J:,. (7/,~ ) are the part.iollar solutions of the Eqs (3.47) - (3.47) and the 

coefficients C,(i = I - 8) are determined by t he boundary conditions (3.50). 

c, = Cs = C7 = 0, 

C, - C, - /,;.(O ,f, ), c, = ar('I,f,) I ' C6 = ag;',(" ,f,) I ' = 
OT} '1= 0 0'] '1=0 

c, -C6 - g~L(O,e), Cs = -¢:,,(O ,e) , (3.58) 

3.3 Convergence of t he homotopy solutions 

It is known that he auxiliary parameters nj, fig and Ii", play an important role in adjusting and 

controlling the convergence of the series solutions (3 .44) and (3.46). I·lenee to find the admiss ible 

values of !i! , fig and n", . t he n- curves are plotted for the 14th-order of approximations. Fig. 

3.1 elucidates that the range for the admissible values of nf, li.g and Ii¢ are -1.5::; nf ::; -0.5, 
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-1.3 ~ 119 ~ -0.5 and -1.11 ~ 'i~~ ~ -0.8. The pcrformed calculations indicates that thc 

series given b:y (3.44) and (3.46) converge in the whole region of 11 when Ii, = fig = -0.8 and 

r .. = - 0.6. 

K ", O.1,M .. 1.0,c ,. 0.5 

0:\ J 
'" - 05 ": .. _________ -~ 
..;. -. 

J; -1. 
s 
'" .J: -1.5 

- 2 

- 2.5 

. ... .......................... , ..... 

r f,,,,(f,Oj 

g:jI#.O) 

- 2 - 1.5 -1 -0.5 0. 
II" fig 

0..5 

Fig. 3.1. The /i-CUI'ves of j'fm(e, O) and g'I,,(e, O) at the 14th~order of approximations when e = 0.5. 

<S 

0. 

- 0..25 

- 0.5 

~ -0.75 

- 1 

-1.25 

- 1.5 

-2.5 

K .. 0.1, M", 10, c=05,}' ::: 0.5 = So 

-2 - 1.5 - 1 - 0..5 0. r,. 
F ig, 3.2. The Ii- curve of ¢,,(e, 0) at the 14th-order of approximat,ions when e = 0.5. 
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3.4 Results and discussion 

[n this section, OUl' maiu interest is to discuss t.he variations of emcrgi ug parameters slIch as 

viscoelastic panHnet~r I<, Hartman number AI, dimensionless time T, Schmidt number Sc und 

chemical reaction P<1.l'Iuucter i on the velocity components, coucentration ficld, skin friction 

coefficients aud the surface mass trausfer. The analysis of such variat ions is macle through 

Figs. 3.3 - 3.19. Figs. 3.3 - 3.12 display the effects of viscoelastic parameter J( , Hartman 

number AI> dimensionless time T on the velocity components j,,(71, {) a nd g>I(1/, {) and the local 

sk in-friction coefficients e'/2 Re!/2 C f',l; and e. 1/2 Re!/2 ely' Figs. 3.3 - 3.6 give the variations 

of [( and /L/ on the velocity components j,,('/,e,) <Iud 9.,(11,{). It is observed t hat both i'l('/'€) 

and 9,,('" €) decrease when t he val ues of ]( are increased. The boundary layer thickness is 

alr;o decreased when ]( incre.:'lSCS. Note that th is change is larger in 9,,(f/,~) when compared 

with i,,(T/,€). The veloci ty components /,/(f/,€) and g,/(7/,€) are decreasing functions of M 

(Figs. 3.5 and 3.G). Figs. 3.7 and 3.8 indicate t he effects of dimens ionless time r on the velocity 

components /,,(7/, €) and g,,(1/, e). Clearly the velocity components /./(1/,~) and g,,(1/,~) increase 

by increasing: T. The effects of I<, M and r on t he skin-friction coefficicnts el2 R~/2 Glot and 

en Re!/2 G/y are shown in t.he Figs. 3.9 - 3.12. It is observed that the magnitude of skin 

friction coefficicnts ~1/2 Re!/2 G/:r and e/2 Re!/2 Gly increase when f( and Jo./ arc increased. 

Figs. 3.13 - 3.19. are prepared for the effects of dimensionless time T, the Schmidt nllmber 

Se and the chemical react ion parameter.., on t,he concentration field ¢(f/,€) and the surface 

mass transfer el2 Re:;1/2 C/roSh. Fig. 3.13 elucidates t he influence of r on t he concentration 

field ¢(71,€) in the case of destructive chcmicall'caction .., > O. It is noted that concentration 

fie ld ¢(",€) is an increasing function of T aud the concentration bOllndary layer thickness also 

increases for largc val ues of T . The variation of Sc on the concentration field is sketched in 

Fig. 3.14. It is observed that ¢ is a decreas ing function of Se. Fig. 3.15 gives the effects of 

destructive chemicall'cactioll (.., > 0) on the concentration field. It is seen that results here are 
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simi lar to 1 < 0 but change in Fig. 3.15 is slightly smaller when compared with Fig. 3.14. Fig. 

3.16 illustrates the variation of generative chemical reaction b < 0). It has opposite results 

when cOll1pa[(~d with Fig. 3.15. Figs. 3.17 aud 3.18 indicate the variation of l' on the surface 

mass trunsfer for both cases of destruct ive (I> 0) and generative b < 0) chemical reactions. 

The smface mass t ransfer in ca.se of b > 0) is opposite when compared with b < 0). The 

variat ion of Schmidt number Se on surface mass transfer is shown in Fig. 3.19. It is observed 

t hat surface mass transfer increases by increasing Sc. 

Here Tables 3.1 - 3.5 give the steacly~state results (~ == I ) for the surface shear stresses 

ancl surface mass transfer for different val ues of the emerging parameters. For t he variation 

of stretching ratio c, the values of skin friction coefficients and mass transfer are presented in 

Table 3.1. It is shown that as the parameter c increases, the magnitude of t he sm'face shear 

stresses and mass transfer increases. Table 3.2. presents the values of surface shear stresses and 

mass transfer for various values of viscoelastic parameter J( and Hartman number A'l in the 

two-d imensional flow (c = 0) . From Tables 3.3 and 3.4, olle can see t hat t he behaviors of J( and 

A! ill three-d imensional and axisymmetric flows are qualita tively similar to the two-dimensional 

case. It is not.ed from these tables t.hat by increasing 1( and A1 the skin fr iction coefficients 

increase while the surface mass transfer decreases. Table 3.5 is prepared for the variations of Se 

and 1 on the surface mass !Tansfer . The magnitude of -1/(0) increases when Sc and l' increase. 

3.5 Final remarks 

The series solut ions of unsteady t hree-d imensional ~i[HD flow of an elastico-viscous fluid with 

mass t ransfer are developed. Results of the velocity components, concentrat,ion field , skin 

friction coefficients and the surface mass transfer are sketched and analyzed. Main observations 

of the present study can be summarized in the points presented as follows. 

• The behaviors of 1\' and At on /" and g'l are qualitatively similar. 
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• Boundary layer thickness is decreasing function of f( and M. 

• Behavior of t.ime r on the boundary layer thickness is quite opposile to that of f( and AI. 

• Efrects of J( and /I.! 011 the shear st.resses are similar. 

• The magnitude of surface shear stresses increases with I< and A1 when stretching ratio is 

fb,ed. 

• The concentrat.ion fi eld has opposite effects for Sc and T. 

• The influence of t he destructive (; > 0) chemical reaction is to decrease the concentration 

field cp. 

• The concentration field <P has opposite results for destructive (; > O) and generative 

(; < 0) chemical react ions. 

f=O.5,M= 1.0,c=O.5 
l r.-------------~--~------------, 

0.8 

0.6 

02 

2 

"f! 
3 

Fig. 3.3. Influence of I< on /'1 (7}, ~) . 

54 

K",o.O 

K = 0.25 

K",O.50 

K= 1.0 

4 



0..5 

D. 

0..3 
<> 
~ 

'" Ol 0.2 

0..1 

0. 

0. 

1 

0.8 

0.6 
Q. 
~ 

'" D.. 

0.2 

0. 
0. 

:\ 
'. \\\ :. \\ , , 

.••• ,'\ 
'. , 
". '" 

" " 
... ''-' 

r=OS,M:1.0,c=O.5 

.... '" 
"' .......... :--:::: 

........ -:-.~.~.,.,. ... 
1 3 

Fig. 3.4. Influence of f( on 9'1(1J, O. 

r =- 0.5, K "" 0.1, C "" 0.5 

:,\ 

:'1 
'.\ 

'\~ 
'. \ 
'. , 
'. ,,\ 

'. , 
". , '.; 

'. , 
" ', .... " 

" ...... ..... 
.... ' ...... ~ .......... -..... -:-....... -

1 

I 

3 

Fig. 3.5. Influence of M on f7)(7),f,). 

55 

K=O.O 

K: O.25 

K= 0.50 

K= 1.0. 

M = D,O 

M= 1.0 

M = 2.0 

M =- 3.0 

• 

• 



'" ~ tii 

0.5 

0.4 

0.3 

0..2 

0.1 

0. 
0. 

0..8 

0..6 

0..4 

0.2 

" A 
'.\ 

',1\1 
", \ \ 

'.\ \I 
" \ \ 
'. I 
". I '\ 

'. , 
"'. '\ '-': 

'. , 

T '" 0.5, K = 0.1, C: 0.5 

..... ' ..... :::::::: 

1 

..... :":".,..,. ...... 
2 

".[; 
3 

Fig. 3.G. Influence of M on 9'1(11,~). 

K= O.1,M=1.0,c",05 

\ 

t , 
I 
\'\', 

'i" 

"'. \ \"', 

'" \ v. 
v . 

.... "" " ....... 

M=o.O 

M= 1.0 

M =2.0 

M=3.0 

T '" 0.05 

r = 0.25 

Too 0.50 

T:: 5.0 

4 

...:::.:..:.:..::,..'..:,. ..... 
o.~ __ ~~~~~~~====~ 

o 2 3 4 

".[; 

Fig. 3.7. Influence of Ton f./(7/,CJ . 

56 



, 

i 
0.3 

0.2 

y. 

0.1 \ "" v· 
'- ....... . 

K .. O.f ,M=: f.0,c a 05 

r= 005 

Too 0.25 

r = 0.50 

r = 5.0 

..... ... :.:::,;. .... 
OL-____ ~~=--===-~~=~~·~~~~========J 

o 1 2 

.,# 
3 

Fig. 3.8. Influence of r 011 9,,(11,~)' 

4 

M = 1.0., c= 0..5 
O'r-----------~----------_. 

- 0..5 , 
~ - 1 ~ 

.: .. \.~ 

K = 0.0. 
K = OI 
K = 0.3 
K = 0..5 

~ - 1.5 

~ "-', - 2 

.\ -- -=-----------------------'. \ --. , 
" , , 

'- ---------------_. 
- 2.5 

" , .' .................. ..... ... . 

0. 2 4 6 8 10 
T 

Fig. 3.9. Infhlcncc of J( on ~ 1 /2 Rei/2 C Ix.. 

57 



< 

M = 1.0, c= 0.5 
Or-------------~----------__. 

- 025 
K = O.O 

c -O.51~ 
i:? ", \ --:_:::------~ 

K = 0.1 
K = 03 
K = 0.5 

;;:;- - 0.75 '. '".... - - - - - - --
~ ', ... 
~ - 1 ----- ----- ---------
'" "" - 1.25 

'" '" . ... . . . . . .... " . . -_ . .... ... ...... . 

- 1.5 

a 2 4 6 8 10 
T 

Fig. 3.10. Influence of [( on e/2 Re!/2 CIII' 

M = 1.0, c= 0.5 
Or-----------~--------__, 

- 0.5 

<J - 1 
~ 
~ - 1. 5 

!J. 
'" 2 <v, -

- 2.5 

l 
M = O.O 
M = 0.5 
M = 1.0 
M = 1.5 ~ 

.~~ 
'.' "':_=-----------
'.' ....... -

.... ----------------- --
-. -. . . . . . . . . . . - . ----. --. . . . . . -. . . . . 

a 2 4 6 8 10 
T 

Fig. 3.11. Influence of !vI 011 e/2 Re!/2 Gfr. 

58 



•• 

M = 1.0, c= 0. 5 
0 ,-------------------------, 

- 0.25 

S -0.5 

~ - 0.75 
~ t - 1 

- 1.25 

- 1.5 

~ " ... -...;: -==_::0-------

M = o.O 
M = 0.5 
M = 1.0 
M = 1.5 L . , ---, 

-------------------
" . . . . . . . . . . . . . . . . . . . . . . . . . . . .. .. ... 

a 2 4 6 8 10 
T 

Fig. 3.12. Jnfl uencco£ M on ~1/2 Ret/2C"r 

K = 0. 1, M = 1.0., c = 0..5, Sc = y = 0,5 
1 ..---------------~--~----, 

0..8 ~. 
T = 0.05 
T= 0..25 
T = 0..50 
T= 5. 0 c;:;, 0.,6 

'" '1:;: 0.4 

0..2 

," I. 
I. 
I" , 
I I . , '. 
\ ," . , '. 

\ ' " , , '. , " 

'-..... '. 
................ ' " 

a L-_-===-===--:=-""",' "=:' =======.1 
a 123 4 5 6 

II..R 
Fig. 3.13. Influence of r 011 ¢(f} ,€). 

59 



T = 0.5, K = 0.1, M = 1.0., c = 0.5, y = 0.5 
1 

Sc = 0..1 

08 Sc = 0.3 
",~ 

Sc = 0..6 ' .. '1\ 
0 .• '. , Sc = 1.0. 

'. , 
Q, '. ,~ 

;;;- " "" 
'. \ 

04 ". \ ~ 
". \ 

\ 

02 \~ 
\ 

" ........... """' ......... _-....;;: 

0 ....... :-:."7.~_. -
0 2 3 4 5 • 1,,[< 

fig. 3.14. i nfluence of Se on ¢(11 , ~). 

T = 0.5, K = 0.1, M = 1.0, C = 0.5, Sc = 0..5 
1 

r = O.O 

0.8 y= 1.0. 

'., y= 2.0 ., r = 3.0 
"" 0.6 

.~ 

" 
',\ 

"" 0.4 
'.)~ 

'.\ 

"\~ 
'.\ 

0.2 
'. \ 
""~ 

'.> .:,,:':$::: 

0 
... .,.. 

0 1 2 3 4 5 6 

1,,[< 

F ig. 3.15. Influence of 1'(> 0) on ¢('1,~). 

60 



1 

0.8 

Q.0.6 

'" "" 0.4 

0.2 

0 
0 

T = 05, K = 0.1, M=- 1.0, c= 0.5, Sc =- 0.5 

, 
\' .... , '. 

\ ' ". , '. , '. , , ". 
"\ , '. 

" ". ...... , ' . .... ". 

I 
L 

, ..... ". 

~-.:.:.~ ..... 

1 2 4 

r::: 0.0 

y=-1.0 

)' = -2.0 

)' '" - 3.0 

5 6 

Fig. 3.16. Infiuenceof,«0) on ¢(1/,e) . 

1.4 

1.2 

t; 1 

~ -> / , .:/ Ii 0.8 :',/ • t-~ 

0.' 

0.4 

0 

,,' 

--

2 

K . 0.1, Sc " 1, M . 1.0, c=0.5 

........................................... ....... 

----------------_. 

4 , 

61 

8 

)' ~ (10 

)' .. (13 

)''' 0.6 

)''' 1.0 

10 



K . 0.1, Sc. 1, M .. 10, C= 05 

08 

0.6 c-
.c " .... - - --
(I) 04 ....... ..... 
<'J , 
S 02 --- ---------------I -;.. 0 r ,- 0.0 

". '" 
.,. __ 03 

- 02 .... ' ..... · .... 1 .,. . - 06 

I - OA r __ 1.0 

0 2 4 • 8 10 

Fig. 3.18. Influence of , ( < 0) on el2 Rc;I /2 GjxSh. 

K = 0 1, M = 1.0, c: 05, y = 1.0 
2r---------~--~~~--~----~ 

1.75 

1.5 
ti J 1.25 
~ 

"f 1 
<Ii 

~ . / 
: . ., 

: I ....­

"'/ :, 
~ 0.75 

" 
., 
;; ., 

0.5% 

0..25 fl 
a 2 

.. ' ......... . , ..... .................... . . 
--------------- -

-------

Sc = 0..5 
Sc = 1.0. 
Sc = 1.5 
Sc = 2.0. 

4 6 8 10. 
T 

Fig. 3.19. Influence of Se on {l IZ Re;1/2 Gj:rS". 

62 



'. 

-. 

c - /.,,(0) - g.,.,(O) -¢.,(O) 

0 1.49071 0 0.60887 

0.25 1.57275 0.36434 0.63348 

0.50 1.66144 0.79772 0.65587 

1.0 1.86655 1.86655 0.69511 

Table 3.1: Steady state results COl' surface shear stresses - /.",(0) , - 9'11,(0) and surface mass 

transfer -~'I(O) when AI = LO, I< = 0.1, Sc = 'Y = 0.5 and ~ = 1. 

[( M - /.,.,(0) -¢.,(O) 

0.0 1.0 1.41421 0.61246 

0.1 1.49071 0.60887 

0.2 1.58114 0.60489 

0.1 0 1.05409 0.63274 

0.5 1.17851 0.62504 

1 1.49071 0.60887 

1.5 1.90029 0.59283 

Table 3.2: Steady state results for surface shear stress(."S - 11')//(0), - 9,,1,(0) and surface mass 

t ransfer -¢.,(O) for variolls vaiues of J( and /1/ when c = 0 (i.e fol' two-d imensional flow 9 = 0) 

Sc = f = 0.5 and { = 1. 
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[( AI -/",,(0) - 9'1'1(0) -¢,,(O) 

0.0 1.0 1.47677 0.67981 0.66717 

0.1 1.66145 0.79772 0.65588 

0.2 1.96980 ].04254 0.64060 

0.1 0 1.22155 0.53808 0.68627 

0.5 1.34420 0.61269 0.67685 

1.0 1.66145 0.79772 0.65588 

1.5 2.08789 1.03654 0.63389 

Table 3.3: Steady state results for smfuce shear stresses - /",, (0) , -g'I'I(O) and sm'face mass 

transfer -¢'I(O) for values of f( /:Ind M when c = 0.5 , Se = 'Y = 0.5 and e = 1. 

I( M - 1;",(0) -¢,,(O) 

0.0 1.0 1.53571 0.71629 

0.1 1.86656 0.69511 

0.1 0 1.408007 0.72741 

0.5 1.53459 0.71779 

] 1.86656 0.69511 

1.5 2.31942 0.66975 

Table 3.4: Steady state rcsults for surface shear stresses - i'll,(O) , -9'1'/(0) and surface mass 

transfer -..p'I (O) for various values of 1( and M when c = 1 (i.e for axisymmetric flow f = g) 

Se = 'Y = 0.5 and e = 1. 
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'Y Sc -</>., (0). c = 0.0 -</>.,(0). c = 0.5 -</>.,(0) . c = 1.0 

0.2 0.5 0.45109 0.50827 0.55472 

0.5 0.60887 0.65587 0.69511 

0.8 0.72883 0.77082 0.80636 

1.2 0.86071 0.89855 0.93098 

0.5 0.5 0.60887 0.65587 0.69511 

1.0 0.89484 0.97810 1.04905 

1.5 1.11978 1.23323 1.33078 

2.0 1.31175 1.45142 1.57211 

Table 3.5: Steady state results for surface mass transfer -1/1'1(0) for various values of "I and 

Sc when f( = 0. 1, AI = 1.0 and ~ = 1. 
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r Chapter 4 

Thermal Radiation and Joule 

heating effects on MHD flow of a 

Maxwell fluid with thermophoresis 

This chapter addresses the magnetohy<i rodYllamic (MHD) two-dimensional flow with heat and 

mass t ransfer over a strelching sheet in t he presence of Joule heat iug and thcrmophoresis. The 

resulting partial differential differential equations are converted into a set of coupled ordinary 

differential equations. Series solutions have been derived by using homotopy analysis method 

(HAM). The local Nussclt and Sherwood numbers are also computed. Graphical results for 

the dimens ionless velocity, temperature alld conccntration fields are reported and examined for 

some parameters showing the interesting aspects of the obtained solutions. 

4.1 Problem description 

Cons ider the problem of heat and mass transfer characteristics in steady MHO flow of a Maxwell 

fluid past a vertical stretching sheet in Darcian porous medium. The surface is stretched in its 
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own plane with a velocity proportional to its distance from the fixed origin x = O. A uniform 

magnetic field of strength 80 is applied ill y~direc!ion (taken normal to flow). The magnetic 

Reynolds nu mber is small and so induced magnetic field is neglected. We further assume 

that surface has variable temperat.ure Tw{x) and variable concentration Cw(x), and fluid has 

uniform ambicnt temperature Too and uniform ambient concentration Coo, whcre Tw > Too and 

Cw > Coo respectively. In addition the effects of thermophoresis are considered in order to 

understand the mass deposition variation on surface. Under t.hese assumptions and BoussiuC<I's 

approximal.ion, the govcl'lling equations for boundary layer flow are 

au+av_ o 
ax oy -' 

au au [2a2
u 2a2

u 82u 1 a2u /I (182 au u-+v-+>q u -+v -+ 2uv-- =v---u-~(U+"\ IV-) 
G."!; ay ax2 Gy2 Dxay Gy2 1(" P ay 

+9 [jJT(T - T=) + f3dC - c =)!, 

{)C {)C {)'C () 
u-+v- =D- - -(\fTC). ax ay ay2 ay 

(4.1 ) 

(4.2) 

(4.3) 

(4.4) 

1n above equations l' and v denote the velocity components in the x- and y-direct.ions respt.'C-

t ively, T is the fluid temperature, C is the concentration field , 9 is gravitat.ional accelerat ion, 

/J is the kinematic viscosity, 1\* is permeability of porous Illc<lium, p is the fluid density, /31', 

f3c are the thermal expansion coefficicnts of temperature and concentration, respectively, Cp is 

specific heat, qr is the radiative heat. flux, D is diffusion coefficient and V1' is the thermophetic 

velocity. 
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T he radiative heat flux q,. is de1ined by ROS5cland approximation as follows 

-4u'iJT' 
'1,.=----

3k* a!J (4.5) 

in which (7* denotes Lhe Stefan~BoltzlJ'lan constant and k+ the Rossela nd mean absorpt ion 

coefficient. The Huid phase temperature differences within the How are sufficiently smaU so 

that T' may be described as a lineal' function of temperatllre. Hence expanding r in Taylors 

series about the free-stream temperature Too and neglecting higher order terms, we have 

(4.6) 

Utilizing Eq. (4 .3) , olle has 

(4 .7) 

The effect of thermophoresis is usually prescribed by means of the average velocity, which a 

particle will acquire when exposed to n temperature gradient. In boundary layer How, the 

temperature gradiellt ill y-direction is much larger than in the x-direction, and therefore 

only the thcrmophoetic velocity in y-direction is cOl1sidel'L-'<i. Consequent ly the thermophoretic 

velocity \f.r [137 - 1421 can be expressed as 

(4.8) 

in which kJ is the thermophoretic coefficient and Tr is reference temperature. A thermophoretic 

parameter r is given by t he relation 

(4.9) 
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The associated boundary conditions are given by 

u = U".(x) = U;C,U = 0, T = Tw{:r), C = Cw{x) at y = 0, 

" - ° D" ° , -, ay T-Too, c-coo asy_oo. (4.10) 

Furthermore , the wall temperature and concentration fields are taken in the rollowing forms: 

Tw = Too +bx, Gw = Goo +cx, 

where a, band c are the positive constants. 

\ ·Ve now introduce dimensionless quantities as 

I¥ ' = T-~ 'I = -V," = axl (~), v = -vO"/('I), 9('1) = T. ' 
/J w-Too 

C-Coo 
"('I) = c - c . 

" 00 

(4.11 ) 

(4.12) 

The quantities defined above automatically ensures the continuity equation (4.1) and &IS. (4.2), 

(4.3) and (4.7) now are 

I'" + I/" - I" + /3 (21 I' /" - 1'1"') - M'I' + M'PI/" - 711' + A(O + N¢) = 0, (4.13) 

(1 + ;n,,) 0" + PI' (f0' - 01') + PI' Eel''' + AI' PI' Eel" = 0, (4.14) 

</>" + Sc (f </>' - "I') - Scr (</>'Ii' - <PII') = 0, (4.15) 

1(0) = 0, 1'(0) = 1, 0(0) = 1, </>(0) = 1, 

1'(00) - 0, /,,(00) - 0, 0(00) _ 0, </>(00) _ 0, (4.16) 

where fJ = )'10 is the Deborah number , /1/2 = uB02 fpa is the Hartman number,1'I{=~) is 
01<· 
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I . Grz . gP(Tw - Tco)X3/V2) 
t le porOS1Ly parameter, A = --2 IS the local buoyancy pa rameter, CT'",(= 2 2/ 2 

ftc", UwX v 
. I I IG I fi N (iJc(C,,-Coo)). I d" I . IS t 10 Dca ras 10 Hum )er, = T (~ ) IS llC consta nt. unenSlon css couccntrntlon 

/J'J' IW Too 
buoyancy parameter, He", = 'uwx/u is the local Reynolds number, Pr = jJ.Cp is tbe Prandtl 

k 
4u·T3 u.2 

Humber,llJ(= k 1;,00) is the radiation parameter, £c(= ( In » is t he Eckert number .•. epTw-Too 

and Sc = (D) is the Schmidt number. 

The local Nusselt number N'U:.: and local Sherwood number Sit can be written as 

xjw 
Sh = D(Cw Coo)' (4.17) 

in which TUlI qw and jUi denote the wall skin friction , the wall heat flux and t he mass flux from 

the plate which are given by 

[ ( 16U'T! ) aT] . ({)C) 
qw = - k + 3k' -a ' Jw = - -{) , 

" y 11",,0 If y=O 
(4.18) 

which in terms of dimensionless variables become 

(4. 19) 

4,2 Solutions by homotopy analysis method (HAM) 

The velocity /(1/), tempcra(,ure 9('1) and the concentration 4'(71) fi elds for FlA~'il solutions can 

be expressed by t he set of base fUllctions 

(4.20) 

as follows 
00 00 

/(1J) = ag,o + L L a~l ,n'l exp(-m/) , (4.21) 
71=Ok=O 
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= = 
9(1/) = 2::: L b~" ,,1l' exp( -m,), (4.22 ) 

"=01.:,,,,0 

= 00 

¢J(11) = L E~"fl7/ exp(-ml), (4.23) 
lI=O 4'=0 

where a~t'l! b~;,,, and c:" II are the coefficients. The initial guesses /0. 00 and cPo of /(1/), 0(7/) " , 

and </1('1) based on the rule of solu t ion expressions and the boundary condit ions are 

The auxilia ry linear operators are 

10('1) ~ 1 - cxp( - 'I ), 

J2</> 
£.. ~ d ' - </>. 

'I 

The operators given in Eqs. {4.27} - (4.29) have the following properties 

where cj(i = 1 ~ 7) arc the m-bitl'ary constants. 

(4.24) 

(4.25) 

(4.26) 

(4.27) 

(4.28) 

(4 .29) 

(4 .30) 

(4 .31) 

(4.32) 

If p E 10, iJ is the embedding parameter and Ii/. liD and /if) are the nOll-zero auxiliary 
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parameters lhen the :.wroth-order deformation problems are expressed by the following relations 

iJ('J;l')I,,~o = 1, B(~;l')I,,~= =0, 

¢('J;l')I,,~o = I, ¢('J ;l')I,,~= = 0 

and the non- linear operators A(" No and N¢ are 
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=0, 

(4.34) 

(4 .36) 

(4.37) 

(4 .38) 

(4.40) 

(4 .41 ) 



For p = 0 and p = 1, one has 

and now by Tay lor's theorem one can easily write 

~ 

]('1 ;1') = 10(") + L: I",('I)P"', 
.,,= 1 

~ 

0('1;1') = 00('1) + L: O",('I)P"' , 
",= 1 

~ 

4>(,,; I') = "'o (~) + L: 4>",('1)1'''' 

1 (,) - / 8_ fl.,;ell 
"']-mr DI/- , p=o 

_ 1 D'''O.; , 1 
(1 ... (1/) - niT II'" , 

p=o 
~ ( ) _ I 8->!,.,;,11 
'+'m 11 - m! D.,'" p=o . 

(4.42) 

(4.43) 

(4.44) 

(4.45) 

(4.46) 

(4.47) 

(4.48) 

The auxiliary parameters are so properly chosen that the series (4.33) - (4. 35) converge at 

p = 1. Hence 
~ 

1('1) = 10(") + L: 1"'('1). (4.49) 
",= 1 

~ 

0('1) = 00('1) + L: 0"'('1). (4.50) 
",= 1 

~ 

4>(',) = "'0(") + L: "'",('I)· (4.51) 

"' '''' 1 
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The mth- order deformat.ion problems 5<'1t isfy the following expressions 

(4.52) 

(4.53) 

(4.54) 

1,.,(0) = 0, 1: .. (0) = 0, 1: .. (00) = 0, 0",(0) = 0, 0",(00) = 0, 

1>",(0) = 0, 4>",(00) = 0, (4.55) 

(4.56) 

, 

(4.57) 

",-I 

nt, (1}) = ¢~:l-l + Be L [1m- l-krPJ, - ¢m- l-df·] + Bcr ((i/O' - !'w~:' - l)' (4.58) 
k=O 

{ 

0, 
x'" = 

1, 

m$l, 

m>!. 
(4.59) 

The general solutions of Eqs. (4 .52 ) - (4.55) are 

(4.60) 
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0"'('1) = 0;,,('1) + C. exp('I) + Cs exp( -'1), (4.61) 

C2 C" = Co =0, 

-C3 - 1,;,(0), -0 C3 = 0_ .In" (",-'1) I ' 
u l l '1=0 

Cs -0;,,(0), C, = -¢;,,(O). (4.62) 

4,3 Convergence of t he series solut ions 

It is obvious t hat the series solut ions (4.49) - (4.51) consist of t he nOll-zero auxiliary parameters 

Ii/, ho , and n¢ which can adjust and cont rol t he convergence. For range meaningful of fiJ , lio , 

and Ii.p of the functions 1"(0), 9'(0) and ¢o'(O), t he lij. lio. and 1i.;-cul'vcs are plotted for 25th-

order of approximat ions. F ig. 4.1 dep icts t hat t he range for t he admissible values of n" no, 

and Ii¢, arc - 1.1 ~ Ii" ho• fi¢ $ -0.4. Our analysis further shows that the series given by 

(4.49) - (11.51) COllvcrge in t he whole region of?) when Ii, = lio = Ii" = - LO. 

11- 0:2, M_ as •. \. r . 02, Pr . 0.7, Ec . Q.s . s.:. N . 1 0, y, . 0.5 
- 0.5 ,-"7'""r'-- '---'-'-.....:.--"-- --"'--- -"'---"'--'------, 

-o.SS 

-0.75 

, , , , , , , · , , , · , , , · , 
~ ' ... , >- ---=--=--=--=-=-=--=-=--=--=--=--=-=- ---

' . ... . ...... ........................ .. ... .... ..... 

I , '(OJ 

re. ". ---
- f5 -1.2ti -1 -0,75 -0.5 

hi. he 

". 

-, , , , , , , , , 
'. , . , '. , '. , 

'. , . , 
\ I ; , 

-0.25 0 

Fig. 4.1. Ii-curves of 1"(0), 8'(0) and "/(0) at 15th-order of approximat ion. 
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Table 4. 1: Convergence of HAM solutions for diA'erent order of approxi mations wheu 

(J = 0.2, Ai = 0.5 , I I = 0.5, ), = La, Pr = 0.7, r = 0.2, Rd = 0.3 and Ec = 0.5. 

Order of convergence -["(0) - 0'(0) -¢'(O) 

1 0.68333 0.50416 0.68333 

5 0.62111 0.62252 0.68124 

JO 0.61941 0.62424 0.67997 

15 0.61927 0.62430 0.67978 

20 0.61925 0.62428 0.67975 

25 0.61925 0.62428 0.67975 

30 0.61925 0.62428 0.67975 

4.4 Discussion of results 

This section concerns with the effects of Deborah llumber /3, Hartman number At, porosity 

parameter 11, local buoyancy parameter A, t he buoyancy ratio N, Prandtl number Pr , the 

radiation parameter R.I, Eckert Ilumber Ec and Schmidt number Se on the velocit.y, temperature 

and concentration fields. For this purpose, Figs. 4.2 - 4.19 have been displayed. Figs. 4.2 - 4.9 

show the effects of /3, M, I I' A, N, Ec, Ra and PI' on the velocity field 1'. The velocity profiles 

for different values of Deborah number {3 nrc plotted in Fig. 4.2. It is seen that the boundary 

layer thickness decreases with the increasing vdlues of (3. Fig. 4.3 describes the variation of 

M on 1'. Obviollsly l' is a decreasing function of M. The variation of i, on If is illustrated 

in Fig. 4.4. This Fig. shows that i, and M has similar effects on t. Fig. 4.5 indicates the 

effects of ), on f'. Clearly If is an increasing function of A. From Fig. 4.6 ono can see that t he 

boundary layer thickness increases when N increases. The efrect of radiation parameter Rd on 

t.he velocity field l' is shown in Fig. 4.7. Here the velocity profile shows a decrease with an 

increase in the radiation parameter. Figs. 4.8 and 4.9 describe the effects of Ec and Pr 011 f', 
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respectively. Both Ec and Pr decrease the velocity profile. Infact. an increase in t he Prandtl 

number leads to <ln increase in fluid viscosity which causes a decrease in the flow velocity. 

Figs. 4.10 -4.10 depict the influences of p, J\J,;I, A, Ee, Rd al ld PI' on O. F'ronl Figs. 10 - 12 

it is observed that the temperature profile increases by increasing /3, At! and '"fl' It is noticed 

that (J decreases when A increases (Fig.4. 13). Fig. 4.14 describes the effects of R.J. on (J. Here 

(J increases when RrJ increases. Fig. 4.15 indicates that () is an increasing funct ion of Ec. In 

Fig. 4.16 the variation of temperature 0 is plotted for different valllcs of PI'. The temperature 

decreases when Prnndtl number is increased. The therma l boundary layer thickness decreases 

due to an increase in Pr. 

Figs. 4.17 - 4.19 are sketched for t he effects of /3, r and Se on concentration field ¢. 

Fig. 4.17 elucidates the influence of /3 on the concentration field <p. Jt is obvious that the 

concentration field dccreases by increasing /3. F ig. 4.18 depicts that the concentration field ¢ 

increases for large r . Fig. 4.19 gives t he effects of Se on the concent ration field. It is observed 

that ¢ is a decreasing fllnction of Se. Tables 4.2 and 4.3 are given for the numerical val ues 

of the Nussclt number and Sherwood number for the different values of involved parameters 

of interest. From Table 4.2 it is found that the magnitude of -8'(0) decreases for large values 

of !la. The magnitude of -1//(0) increases when Se is increased. Table 4.3 is prepared for the 

variations of N, 1'1. /3, AI, and A on -et(O) and -¢'(O). I t is obviolls from this Table that the 

magnitude of -¢'(O) increases for large va lues of A and decreases for large values of M. 

4.5 Concluding remarks 

Heat and mass transfer analysis in presence of t hermal rad iation and thermophoresis on a steady 

mixed convection of an incompressible t-,.raxwel! fluid is analyzed. Series solutions for velocity, 

temperature and concentration fields are developed and discussed. The behaviors of embedded 

parameters are examined. The main resu lts of the present analysis are mentioned as follows. 
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• The effects of fl. M , R.I and Ee all r are similar in a qua li tative sense. 

• Velocity I' is an increasing fUllct ion of N. 

• Behaviors of Rd and PI' on the temperature 0 nrc opposite. 

• The temperature 0 decreases when PI' increases. 

• Variat.ion of r on temperatlll'c e is opposite to that of Pro 

• Concentrat ion field decreases by increasing Be. 

• The magnitude of the local Nusselt and Sherwood number increases when / 1 is increased. 

• Effects of r on the loca l Nusselt. and Sberwood numbers arc opposite. 
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Chapter 5 

Influence of thermal radiation on the 

steady flow of a Maxwell fluid over a 

moving permeable surface • In a 

parallel free stream 

The How and heat transfer characteristics over a moving permeable surface ill a ~ [axwell Auid in 

this chapter. Governing problems of flow and heat transfer are solved analytica lly by employing 

the homotopy analysis method (HAM ). Effects of the involved parameters namely the Deborah 

number {3, suct.ion parameter S, constant velocity ratio (Here 0 < 1" < 1 correspond to the sheet 

moving in the same direction to the froo stream, while '" < 0 and '" > 1 arc when they move in 

t he opposite directions), the Pl'andtil1llmber PI', Eckert number Ec and t he rad iation parameter 

Rd are e.xumincd carefull y. A comparative study is prcsented with the kllOW Il numerical solut ion 

in a limiting sense and a ll excellent agreement is noted. It is found that /' in the Maxwell fluid 

is less than the viscous fluid. 
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5.1 P roblem d eve lopment 

Let. us invest.igate th(' steady Aow of n ?hL,,(W('U fluid over f\ moving permeable surface moving 

with constant. velocity 'Ut(! in the same direct.ion as that of the uniform free stream velocity 1100 -

The constant temperature of wall and free st ream are denoted by Tw and Too. The boundary 

layer fiow is given by the fo llowing equations 

(5. 1) 

(5.2) 

(5.3) 

where u and v denote the velocity components in x- and v-direct ions respectively, T is t he 

fluid temperature, c" is specific heat, (jr is the radiative heat flux which is [1361 

-4u' i)T4 
q,. = 3k· By (5.4) 

in which u· represents the Stefan-Boltzman constant and k· is Rosseland Illean absorption 

coefficient. We assume t hat temperature diITerence with the flow are sufficiently small such 

that Tl cou ld be approached as a linear function of temperature. Hence) we expressed r in 

Talyors series around Too Ilnd neglect higher order terms. That is 

(5.5) 

Now Eq. (5.3) becomes 

(5 .6) 
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The boundary condit ions can be written as follows 

" - 'tLu" U = VILI, T = l 'u, at y = O, 

u ~ U oo , au ...... 0 ay , T .... Too as y ...... 00, (5.7) 

where 

( V) 1/2 
11", = - ~x J(O) (5 .8) 

We defi ne Lhe dimensionless quantit ies given below 

(5.9) 

where U = 1t1U + ·{too and the st ream function 1/) satisfies 

a¢ 
u= ay' 

iN 
V= - -, ax (5.10) 

T he above expression also satisfies t he cOllt inuity equation (5. 1). Froln Eqs. (5.2) and (5 .6) we 

r l + I r - ~ (21!' r + 12 r l + r,!'2 r) = 0, 
2 

( 1 + ~Rd) 0" + Pr /BI + PI' Ec!,12 = 0, 

and the boundary conditions (5.7) are 

1(0) 

/, (00) 

s, 

,. , 
/, (0) = 1 - ", 0(0) = 1, 

1"(00) = 0, 0(00) = O. 
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(5.12) 
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<! 

with f(O) = S with S > 0 corresponds to suct ion case and S < 0 implies injection. Here primes 

denote the differentiation with respect to 11 , r is the constant parameter, Pr is the Prandtl 

number, Ee is the Eckert number, Ra is the radiation parameter and {3 is the dimensionless 

Deborah number. These are defined by 

7' = ~, Pr = ~c" 

" 
/3= AIU, 

XV 

U2 

Ec= c,(Tw T~)' (5. 14) 

At t his stage the local Nusselt number N1/.:z; and heat transfer from the plate qw can be 

computed from the following expressions 

(5.15) 

where (}w is the heat transfer from the plate, which is given by 

q" = -k (CZ) . 
y y=o 

(5.16) 

which in terms of variables (5 .9) become 

Re;I/2 Nu. = -11'(0), (5.17) 

in which R~ = Ux/v is the local Reynolds number, 

5,2 Homotopy analysis solutions 

The initial guesses approximations of f (t/) and O(t/) are chosen as 

fo(~)=S+(1 -2r)[( I -exp(-'/)J+"~, for r# I/2, (5.18) 
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1 
00('1) ~ OX p(-'I) + 2'lexp(-'I). (5.19) 

and the auxiliary linNu' operators £/ and £'0 arc 

(5.20) 

(5.21) 

with 

(5.22) 

(5.23) 

in which cj. (i = 1 - 5) are the arbitrary constants. lfp E [O, l J is the embedding parameter and 

lij, and no are the nOll-zero auxiliary paramet.ers then the zeroth-oreler deformation problems 

are given below 

(1 - p) £, [Te'I; p) - 10 ('I) 1 ~ lln,N, [i ('I; 1')1 . (5.24) 

(1 - 1') c" [0 ('I; 1') - 00 ('I) 1 ~ llnoNo [0 ('I; p) .f ('I; p) 1 ' (5.25) 

i(O;II) ~ 0, l' (0;1') ~ 1- ", l' (00;1') ~ ", 1" (oo;p) ~ 0, (5.26) 

0(0;11) ~ 1, 0(00;1') ~ 0, (5.27) 

in which the non-linear operators JVi and No are of the following for illS: 

(5.28) 
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(5.29) 

For p = 0 and p = 1, the above zeroth-oreler deformation equations have the solutiolls 

1-:> 
(5.30) 

(5.31) 

When p increases from 0 to 1, 1(1]; 1}) and O(?/;p) vary from fO(1/) and Oo(?}) to the exact 

solutions f (1]) and Oeil). In view of Taylors theorem and Eqs. (5 .25) and (5.26) one can write 

00 

J(ry;p) = 10(") + ~ I". (")P'", (5.32) 
",= 1 

00 

O(";P) = 00(") + ~O"'(")P"', (5.33) 
. , m=! 

where 

(5.34) 
p=o 

The auxiliary parameters arc so properly chosen that the series (5.24) and (5.25) converge at 

p = 1. Hence 
00 

I ('I) = 10 (ry) + ~ I ... (ry), (5.35) 
>11= 1 

00 

o (ry) = 00 ('I) + ~ 0,. (,,). (5.36) 
"1= 1 

The mth- order deformation problems are 

(5 .37) 
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--

(5.38) 

1m (0) = I:" (0) = f:" (00) = 1::,(00) = 0, (5.39) 

(J", (0) = 8m (00) = 0, (540) 

[ ( ,. )] m-1 {3 2/"1-1-1; L 1[_tll' 
n{" (71) = J~:-1 (1/) + L: ffll-I-kf~~ - 2" k 1=0 k ' 

1;",,0 +/ ... - 1- 1; L Ik-If/" + .,,1:,,- 1- 1; Elk-Iff' 
1",,0 leO 

(5.41) 

(542) 

{
a, 

x'" = 
1, 

m ::; 1, 
(5.43) 

1n> 1. 

5.3 Convergence of the homotopy solution 

The auxiliary parameters Ii, and lid> in the series solutions (5.35) and (5.36) have a great role 

in adjusting and controlling the convergence. In order to find t he admissible va lues of Ii, alld 

lio the n! and no-curves are plotted for 20th-order of approximations. Fig. 1 depicts t hat the 

range for the admissible values of hI and liD are -0.8 ~ It, ::; - 0.2 and - 1.0 ::; tl6 ::; - 0.6. 

Tt is found that the series given by (5.35) and (5.36) converge in the whole region of '/ when 
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!i] = - 0.5 and lio = - 0.7. 
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Fig. 5.1. r~curves for 20th-order approximations. 

5.4 Results and discussion 

Our interest here is to discliss t he wu·iations of pertinent parameters sHch as Deborah number {j, 

the constant velocity ratio 7· , suction parameter S, the Prandtl number PI', the Eckert number 

Ec and the radiation parameter ~(. Therefore Figs. 5.2 - 5.11 have been plotted. The variation 

of Deborah number {j, the velocity ratio 1· and the suction parameter 8 on t he velocity l' can be 

seen through Figs. 5,2 - 5,6. Figs. 5.2 and 5.3 study the influence of f3 on r when r = 0,3 and 

7' = 1.0. It is revealed that the boundary layer t hickness decreases with the increas ing values of 

f3 , The variation of Son l' is illustrated in the Figs. 5.4 and 5.5, These Figs, show t hat f3 and 

S has similar effects on 1', It is noticed that decrease is larger in the case of S when compared 

with {3. Hence a porous character of wall provides a powerful mechanism for controUing the 

momentum boundary layer thickness. Fig. 5.6 describes the effect of 7' on r, It is found t hat 

initially f' decreases but after 7/ = 0.6 , it increases when 7' decreases. 

Figs, 5.7 - 5.11 describe the effects of suction parameter 8 , the velocity ratio 7' , the Prandtl 
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number PI', the Eckert. number Ec and radiation parameter Rd on temperature profile O. Fig, 

5.7 elucidates the effects of S on (J. The temperat.ure field 0 decreases when S increases. Fig. 

5.8 indicates lh(' f'fr('('1 of" on O. Thp houndary layer thickncss decreases by increasing , .. It is 

observed that 0 decreases when PI' increases (Fig. 5.Y). A higher Prandtluumbel' Huid has a 

thinner thermal boundary layer and this increases the grad ient of temperature. The influence 

of Eckert. number Ec is shown in Fig. 5.LO. It is ObserV(ld that (J is an increasing function of 

Ec. The boundary layer t hickness also increases when Be increases. F ig. 5.11 describes t he 

effects of ~ on O. Here () iucreases as Rd increases. Table 5. 1 includes the values of the sk in 

friction coefficient when f3 = 0 = S. From this Table it can be seen that the HA~'r solut ion has 

8 good agreement wit h t he correspond ing numerical solution in 8 viscous fluid 11311. Table 5.2 

presents t.he values of skin friction coefficient. for some values of S when (3 = O. Table 5.3 depict.s 

the varia tion of heat. transfer at t he waU -0'(0) for some values of Ec and ,. when P I' = 0.7, 

f3 = R.I = 0 = S. The numerical valuC5 of prcsent result has an e.'Xcellent agreement wit.h lhose 

obtained in (131J. Table 5.4 presents the values of -0'(0) for d ifferent values of Sand R.I when 

PI' = 0.7, l' = 0.4 l'Ind f3 = O. The loca l Nusselt. number increases when Prnndtl number PI' is 

increased. 
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, -

r [JaI l Present results 

0 -0.627562 -0.627548 

0.1 -0.493760 -0.493753 

0.2 - 0.363346 - 0.363335 

0.3 - 0.237133 - 0.237137 

0.4 - 0.115810 - 0.115810 

0.5 0.000000 0.000000 

0.6 0.109638 0.109658 

0.7 0.212373 0.212392 

0.8 0.307355 0.307376 

0.9 0.393563 0.393528 

1.0 0.469601 0.469654 

1.1 0.533708 0.533813 

1.2 0.583178 0.583239 

1.3 0.613646 0.614732 

1.4 0.616140 0.653461 

1.5 0.56582 1 0.769748 

Table 5.1: Values of 1"(0) for some values of,- when {3 = 0 = S. 
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s ,. ["(0) 

-0.3 0.4 -0.081214 

-0.1 -0.103628 

0.0 -0.115810 

0.5 -0.185218 

1.0 -0.205104 

0.5 0.0 -0.957637 

0.3 -0.374052 

0.5 0.000000 

0.7 0.357932 

1.0 0.857625 

Table 5.2: Values of J"(O) for some vailies of S when f3 = o. 

Ec ,. [131[ Present Results 

0.0 0.1 U.493641 lJ.4~J6Hi 

0.03 0.489305 0.489298 

0.3 0.484789 0.484812 

0.7 0.452195 0.452346 

0.9 0.425233 0.425267 

1.2 0.368048 0.368254 

1.5 0.264915 0.264998 

0. 1 1.2 0.346889 0.346963 

1.5 0.234991 0.235075 

Table 5,3: Values of -01(0) for some values of Ec and 7' when Pr = 0.7, f3 = Rd = 0 = S. 
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s R." p,. - 0' (0) 

0.2 0.3 0.7 0.461479 

0.6 0.599733 

(\ 1.2 0.830794 

1.5 0.954183 

0.5 0.0 0.7 0.713993 

0.3 0.563952 

0.6 0.475947 

0.9 0.416898 

0.1 0.227182 

0.7 0.563846 

1.0 0.721336 

Table 5.4: Values of - 0'(0) for some values of Sand Ru. when Pr = 0.7, '" = 0.4 and fJ = O. 

- , 
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Chapter 6 

Effects of thermal radiation on 

unsteady MHD flow of a Micropolar 

fluid with heat and mass transfer 

This chapter explores the combined en'ccts of heat and mass transfer all t.be ullsteady flow 

of a micropolar fluid over a stretching sheet. The t hermal radiation circcts arc present. The 

arisiug nOll-linear partial differential equations are first reduced to a set of non- linear ordinary 

different,iai equations and t hen solved by homotopy analysis method (HAM). Plots for various 

interesting parameters are presented and discussed. Numerical data for surface shear stress, 

Nusselt number and Sherwood numbers in steady case are also tabulated. Comparison between 

the present and previous limiting results is given. 

6.1 Mathematical formulation 

We investigate the unsteady flow of a micropoiar Auid over a stretching surface. The fluid is 

electrically conducting in the presence of a constant applied magnetic field Bo- The induced 
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t: 

magnetic field is neglected under the assmnption of a small magllctic Reynold number. Jnitially 

(for t = 0), both fluid and plate are stationary. The fluid has constant temperature Too and 

con{'(>ntl'fl.tioll Coo. TIl(' plat(> at y = 0 is J';tretched by the velocity component u = ax. For t > 0 

the stll'face temperature and concentration are T.u and Cur respectively. The boundary layer 

flow is governed by the following equations 

a" av ,,+ {J- =0, 
v X ,IJ 

au au au ( ~) {Fa ,.aN· a B5 -+,.-+v-= v +- --+------u, 
at ax ay pay2 pay p 

--+u--+v--=----- 2N +-{J,v' {J,v' {J,v ' ~'ff',v' ~ ( , {Ju) 
fJt ax ay pj ay2 pj ay , 

{JC {JC {JC {J2 C 
-+u-+v-=D-- RC at 8:c ay ay2 

and the subjected conditions arc 

U 1) = N' = 0, T = Too, G = Goo, t < 0, 

1J, = 'ilw=ax, 'U=O, lV~=_No {)au, T=Tw , G=C""y=Oj t;?:O, 
Y 

u _ 0, v _ 0, N- --Jo 0, T _ 0, C -4 0, as y _ 00. t ;?: 0, 

(6.1) 

(6.2) 

(6.3) 

(6.4) 

(6.5) 

(6.6) 

in which 1£ and v arc the velocity components along the x- and y-axes, respectively, p is fl uid 

density, v is kinematic viscosity, (J is the electrical conductivity, N° is t he microrotation or 

angular veloci ty, T the temperature, c1) the specific heat, k t he thermal conductivity of the 

fl uid, </r the radiativc heat flux, G is the concentration species of the fluid , D is the diffusion 

coefficient of the diffusion species in the fluid , R denotes t he first-order homogeneous constant 

reaction rate, j = (vic) is microinertia per unit mass, "/ = (,t + ,../2)j and Ii are the spin 
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grad ient viscosity and vortex viscosity, respectively. Here No is a constant and 0 S No S 1. 

T he case No = 0, which indicates N· = 0 at the wall, represents concentrated particle flows 

in which the microclcmcnts close to the wall slu'face are unable lo rotate [1321. This case is 

also known as the strong concent ration of mircoelements 113;J1. The case No = ~ indicates 

the vanishing of anti-symmetric part of the stress tensor a nd denotes weak concentra tion [134J 

of mircoelements. We shall consider here both cases of No = 0 and No = ~. However, it 

can easily be shown t hat for No = ~ the governing equations can be reduced to the classical 

problem of steady boundary layer flow of a viscous incompressible fluid near t he plane wall. 

However the most common boundary condition used in the literature is the vanishing of the 

spin all the boundary, so-called strong interaction. The opposite extreme, the weak interaction, 

is the vanishing of the momentum stress on the boundary [133]. A third, or compromise in 

the vanishing of a linear combination of spin , shearing stress and couple stress, involving some 

friction coefficients, a particular case of which was the condition used by Peddieson [135J. 

Employing Rosseland approximation we have 

(6.7) 

where q* is the Stefan-Boltzmann constant and kt the mean absorption coefficient. Using 

Taylor series one can expand Ti abo lit Too as 

(6.8) 

where the higher order terms have been neglected. 

Now Eqs. (6.4), (6.7) and (6 .8) we have 

p [aT + u /JT + v aT] ~ !!... [( 16u'Ti!, + k) aT] 
Cp at ax au ay 3k' au . (6.9) 
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Defining 

if' - (aI/J I/2 e '''~xf(~, 11), N· = (alv) 1/2 ~. 1/2aXlJ{~, 1/). '1 = (all/)I/2 C I /2y 

T -Too C-C:JO e - 1 - cxp( -,), , ~at , 0 ~ T, _ T, , if> ~ C _ C . 
W 00 III 00 

(6. 10) 

equation (6.1) is automatically satisfied and Eqs. (6.2), (6.3), (6.5), (6.6) and (6.9) reduce to 

(6.11) 

( [(,)" ( ) (I 'I, ag) [' "J 1+2 9 + I -{ 29+20 -{a{ +{ !0' - !9 - 21(,0 - /{ ,! ~ o, (6.12) 

(I + NnW' + P" (1 - {) GO' - {~~ ) + p,·uo' ~ 0, (6 .13) 

" s ( ) ('I, a¢) s ' s ¢ + c I - { 2" - { a{ + ceN - -y ce¢ ~ 0, (6. 14) 

!(e,0), !,({,O) 1, g({,O) ~ - No !"(e,O), B({, 0) ~ ¢({, O) ~ I , 

!'({, 00) ~ 9({,00) ~ B({,oo) ~ ¢({, 00) ~ O, (6.15) 

where prime denotes the derivative with respect to 7/. Here material parameter KI , Hartman 

number M, Pral1dtl number Pr, rad iation parameter N R, Schmidt number Se and chemical 

reaction parameter ...., are given by 

1/ 160"·T.3 v R 
Pr = ~ , Nn= 3kk.

00
, Sc= D' 'Y=-U. (6.16) 

The skin friction coefficient Cj;r, local Nusselt number Nu and local Sherwood number Sit are 

defined by the following expressions 

108 



, 

Nu -

Utilizing Eq. (G. lO) we obtain 

P1t~ 
-x(iJTl{)y),~o 

(Tw-T~) , 

Re~" e"C/. = [1 + (1 - No) [(d !"(" 0), 

NtlRe;I/2e/2 = -O'(~,O), Sit Re;I/2 e/2 =-¢/(~, O). 

where Re", = ax2 Iv is the local Reynolds Ilumber. 

For e = 0 (initial unsteady-state flow), Eqs. (6.11) - (6. 14) can be written as 

(1 + f(d til + ¥I" + Klg' = 0, 

( 1<')" 'I, 1 1 + 2 9 + 29 + 29 = 0, 

(1 + NR)(J" + Pr¥O' = 0, 

rI/' + Sc¥ rI/ = O. 

When e = 1 (fi nal steady state flow) then Eqs. (6.11) - (6.14) become 

(1 + N R) 0" + PI' /0' = 0, 
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(6.17) 

(6.18) 

(6.19) 

(6.20) 

(6.21) 

(6 .22) 

(6.23) 

(6.24) 

(6.25) 



q," + Scf ¢' - ;8c¢ = O. (6.26) 

6.2 Homotopy analysis solutions 

For homotopy analysis solutions, we write f(I;,1/), 9(1;,,/), 8(1;",) and 4>(1;.11) by a set of base 

functions 

in the forms 
~ ~ ~ 

f('/,I;) = 08.0 + L: L: L aJ,Tll;k'r exp( -m/), (6.27) 
~'=O 1=0 ,,=1 

~ ~ ~ 

9('1,{) ~ LL L>J,.{k,! exp(-"'I), (6.28) 
k=Oj=O,,= 1 

= = = 
O('I,{) ~ LLLci:.{k,lexp(-ml), (6.29) 

/.,=OJ=O .. =1 

= = = 
4>('1, () = L L L dJ.,,<k,~ exp( -ml), (6.30) 

~'=Oj=O 11=1 

in which aj .... b~~,1> c;~" and dJ,,, arc the coemcicnts. By rule of solution expressiollS and the 

boundary conditions (6.15). we can choose the initial guesses fo, 90, 00 and 4>0 of f(l;, 7/), gee, ,,), 

!o({, 'I) = 1 - exp( -'I), (6.31) 

go({,'I) ~ Noexp(-'I), (6.32) 

(6.33) 

<Po({, 'I) ~ exp( -'I) · (G.34) 

110 



The auxiliary linear operators are defined by the following equations 

(6.35) 

",9 
£g = d1/2 - g, (6 .36) 

",0 
Co = d1}2 - (), (6.37) 

(6.38) 

which satisfy 

C j [C. + C, CXP('I) + C3 exp( -'1)1 = 0, (6.39) 

(6.40) 

(6.41) 

(6.42) 

where Ci(i = 1 - 9) are the arbitrary constants. 

If p E [0, 11 denotes the embedding parameter and n/, ng, fio and Ii.J, the non-zero auxiliary 

parameters then we construct the zeroth order deformation equations 

(1 - p)C.[i;(',~; p) - got"~ ' I)) = pngN. [i(,,", pi, 9(" 'I; p) 1 ' (6.44) 

(1 - p) C, [0 (,,~; p) - 00 (" 'I)] = pn,N, [j(" '1;1»), 0 (',"' 1»)] , (6.45) 

, , (1 - p) C. [4> (,,~; p) - <Po (" 'I)] = pnoN. [i(,,~; pi, 4> (" 'I; p) 1 (6.46) 
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. , 

subjected to the following boundary conditions 

= 1, 

= 0('1;<)1 = ¢('I;<)I = 0, 
'/=00 '/=00 

'1== 

in which we define the nOll-linear operators Nf. Ny. No and N1J os 

No [0«, '1;1,J,j(e , 'I; 1»] = (1+ NR)8"MlP) + Pr(l - e) (~Il<iI~;;;P) - e¥) 

+ p,·ei«, 'I; 1') 1l<i~;;,;P), 

N. [4>«, ~;I'),j«, 'I;P)] = a',*~;p) + Sc(l - e)(~ W~:r') - e81tp1) 

+scei(e, 'I; p) W't;7;p) - 7Sceif>(e, 'I; 1')· 
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(6.48) 

(6.50) 

(6.51 ) 



Obviously when p = 0 and p = l then 

(6.52) 

!j(" 'I; 0) = 90(', 'I), !ic" 'I; 1) = 9(', 'I), (6.53) 

(6.54) 

(6.55) 

In view of Taylor series with respect to J) we have 

00 

ie"~ ";P) = foe"~ 'I) + I:, f",(" '1)1''''' (6.56) 
",= 1 

00 

9(', ";P) = 90(', 'I) + I:, 9",(','1)]>"', (6.57) 

'" '"' I 

00 

iI(,,~;p) = 00(",,) + I:, 0".(,,'1)]'"'' (6 .58) 
m=l 

00 

1>(" 'I; 1') = 90(', 'I) + I:, <P",(" ")P'" (6.59) 
1"=1 

_1 fJ"'f(,,'I;p) I 
m1 all"t ' . 1':::0 

~ fJ"'O("'I;P) I 
7n ! f}n w ' ./ p=o 

(6.60) 

The auxiliary parameters are so properly chosen that the series (6.56) - (6.59) converge at 

1) = 1, then we have 
00 

1«, 'I) = foe"~ ,,) + I:, f",(', ~), (6.61) . , TII=1 
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f) 711 - 1 

'R.f" ('I) = ¢::,_I - Sc( t - ~)( ¥¢:,,_I - ~ ¢at) +{Sc L h¢:,,_, k - ~S~¢"'_I' (6.73) 
b=O 

{ 

0, 
\' lit = 

t , 

m ::5 1, 
(6.74) 

1ft > 1. 

The general solutions of Eqs (6.65) - (6.68) are 

(6.75) 

(6 .76) 

(6.77) 

(6.78) 

in which f,~,(~, 11), 9:,,(€,71), 6,·,,(€, .,,), 4>~,,(~ , '/) are the particular solut,ions of the Eqs. (6.65)-

(6.68). Note that Eqs. (6.65) - (6.68) can be solved by 1o.Iathematica one after the other in the 

orderm= 1, 2,3, ... 

6.3 Convergence of the homot opy solutions 

Obviously the series solutions (6.61) - (6.64) depend upon the non-zero auxiliary parameters lif, 

ny . lio and t~ which call adjust and control the convergence of t he HAM solu tions. For suitable 

values of h/J hy,tlf) and ~, the Ii-curves of the functions f"(e,O), gl(~,O), O'(~, O)'and ¢'(~, 0) 

are plotted for 10th-order of approximations. It is noticed from Fig. 6.1 that the ra nge for t he 

admissible values of lif, fiy, lio and ~ are - 0.8 ::5 ltf ::5 -0.3, -0.9:<;; lio ::5 -0.2, and -0.8::5 ny, 

t16 ::; - 0.3. Fur thermore, it is noticed that t.he series given by (6.61) - (6.64) converge in t he 
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C) 

whole region of 1/ for /if = flg = -0.7 = rl.{) = Ii.t.. 

K, = 10, M ", 1 0, No "" OS , Sa= 0.7, }' '" 0.5 , Pr"" 07, NR "" 05 
O~--~--~~~~~~~~~-. 

" , 
02 "'~ So -" , ........ ----.. ----------.---.. ---.. ", 

" 0 r',:- - - - -5- .4 ------ --- -.... \ 
~ , ' 
q, \ \ 
<5 - 0.6 . .•• . ........................... . , \ 
-.j, \ ' 

b \ ,-08 '-________ .. 

~ - 1 f"~.'" 1 \ .... ~\ \ \:, 1-1,:g 
; '(flll 

1"., : 

- 1.25 - 1 - 0.75 - 0.5 
tl, . hg• tio, 1i6 

- 025 o 

Fig. 6. 1. shows /i-curves for velocity and concentration when ~ = 0.5. 

6.4 Results and discussion 

Hero wo analyze the VhI itltiuus of material paramctCl' J( I, Hartman number Iv! , Prandtl number 

PI', radiation parameter Nn, Schmidt number Be and chemical react ion parameter I on the 

velocity components, concentrat ion field and skin frict ion coefficient. Figs. 6.2 - 6.16 have been 

sketched for this purpose. Figs. G.2 - 6.7 display the effects of dimensionless time r, material 

parameter 1(, and Hartman number AI on the velocity component f'(t/,e) and skin-friction 

coefficient {1/2 Re!/2 C/x' The variation of dimensionless time r on the velocity component 

J'(1/,~) is shown in Fig. 6.2 . Clearly, the velocity component f'(f], e) increases by increasing r. 

Fig. 6.3 gives the variations of AI on the velocity component f'(1/,t;). The velocity component 

/'(1/, e) is a decreasing function or M. Figs. 6.4 and 6.5 represent the veloci ty profiles for variolls 

values of [(, when No = 0.5 and No = 0.0 respectively. It is seen t hat rcsults here are similar in 

both cases but change in Fig. 6.4 is slightly smaller when compared with Fig. 6.5. The effects 

of 1(, and /1'1 on t he skin·friction coefficient {'/2 Re;/2 C,x are shown in the Figs. 6.6 and G.7. 
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It is observed that t.be magnitude of skin friction coeflicient ~1/2 R e~/2 C l;x increases when /(1 

and AI are increased. F igs. 6.8 - 6.11 arc plotted for lIw microrotation profile g(r/ ,{). From 

Figs. 6.10 ami 6.1 1, one can observed lhat the microrotalioll profi le for No = 0 is different than 

No =0.5. 

Figs. 6.12 - 6.14. arc prepared for t he effccts of Prandtl number Pr , radiat ion parameter Nil. 

and dimensionless t ime T on the temperature field 8(,/ ,{). The variation of PI' on temperature 

field is sketched in Fig. 6.12. It is found that 8 is a decreasing [unction of Pr. Fig. 13 gives 

t he effects of radiation parameter Nn on the temperature fie ld. It has opposite results when 

compared with Fig. 6. 12. Fig. 6.14 elucidates the influence of T on O(1/,{). It is noticed t hat 

temperatUl"e field O(1/,{) is un increasing function of T and the concentration boundary layer 

thickness also increases for large val ues of T. Figs. 6. 15 - 6.18 are prepared for the effects 

of di mensionless t ime T, t he Schmidt number Se and the chemical reaction parameter i on 

t he concentration field r/>(1/,{) and the surface mass t ransfer { 1/2 Re;l/2 C1;xSh. Fig. 6.15 

shows t he influence or T on the concentration Held 4>(1j, {) in the case of destl"l1ctive chemical 

reaction'Y> O. Jt is noted that ('O!wpntrat ion field 4>(1J,{) is un increasing fuw.:Liull of T ancl 

t he concentration boundary layer thickness also increases for large values of T. The variation 

of Sc on the concentration field is sketched in Fig. 6.16. It is observed that ¢ is a decreasing 

function of Se. Fig. 6.17 gives t he effects of destructive chemical reaction C'r > 0) on t he 

concentration fie ld. H is seen that results here are similar to i < 0 but change in Fig. 6.17 is 

slight ly smaller when compared with Fig. 6.16. Fig. 6.\8 ill ustrates the variation of generative 

chemical react ion C'r < 0). It has opposite results when compared with Fig. 6.17. 

Tables 6. 1 - 6.4 give t.he steady-state results ({ = 1) for the surface shear stress, smface 

heat transfer and surface mass transfer for d illerent values of t he emerging parameters. Table 

6.1 includes the values of skin frict.ion coefficient C Ix. Re~/2. This table indicates that HAM 

solution has a good agreement with t he numerical solut ion [66J. From Table 6.2 it is noticed 

that the magni t ude of skin friction coefficient increases for large values of ""I and [(. It is also 
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observed from the comparison of these tables that t he magnitude oC sk in friction coefficient, 

C/o. Rc!/2 is larger in case of IIll:lgneLohydrodynamic flow. Table 6.3 depicts the variat ion of 

heat transfer characteristic at the wall -0'(0) fo r different values of Nn, Pr, [(I and A4. The 

magnitude of -0'(0) increases for larger values of K,. Table 4 is prepared for t he variation of 

/(,. AI, Se and.., on surface mass tra nsfer. It is apparent. from t.his table t hat the magnitude 

of -¢'(O) increases fo r large values of [(1 and decreases for large va lues of M. The magnitude 

of -4/(0) increases when Be and i are increased. 

6.5 C losing r emarks 

A mathemat.ical model for t he unsteady How of a micropolar fluid wit h heat and mass transfer 

is presented. Computations for the nonl inear problems are made. The mai n results can be 

summarized as follows: 

• T he increasing va lues of M leads to a decrease in the boundary layer thickness. 

• The fluid velocity increases as t h~ miclUgyration parameter No increases. 

• MicrorotaliOIl profile has a parabolic d istribution for No = O. 

• T he temperature () decreases when P r increases. 

• T he va riation of Pr on temperature is opposite to t haL of N u.. 

• The influence of destructive chemical reaction parameter is to decrease t he concentration 

field. 

• The concentration field ¢ has opposite results ror destructive (-y > 0) and generative 

(-y < 0) chemical reactions. 

• The effects of Sc and destructive chemical reaction parameter (, > 0) on t he concentra tion 

field are opposite. 
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Fig. 6.2. Influence of 'T on velocity profile f'. 
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Fig. 6.3. Influence of M on velocity profile f'. 
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HAM - 1.621225 - 1.414218 

160j -2.0042 - 1.7321 
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Table 6 .1: Compa rison of the vA lue; o f skin friction cocllicicnt CJ:I; Rci/2 fol' values o f [(I and 

No when AI = 0 and ~ = 1. 

1/2 1/2 

M [(, 
CJz Rc.:r. G/x Re:r 

o No = 0.0 No = 0.5 

0.0 1.0 - 1.367872 - 1.224754 

0.5 - 1.530501 - 1.363638 

1.0 - 1.942227 - 1.706493 

1.5 - 2.487393 - 2.147621 

0.5 0.0 - 1.1 18038 - 1.118032 

1.0 - 1.530501 - 1.363638 

2.0 - 1.815277 - 1.574471 

4.0 - 2.245602 - 1.929364 

Table 6.2 . Values of sk in friction coefficient C/.r. Re!/2 for variOlls values of /(1 and M when 

<= 1 
NR [( P,· M [53[ Present 

1.0 1.0 1.0 0.0 0.3893 0.389321 

2.0 0.4115 0.411524 

2.0 0.0 0.2588 0.259632 

1.0 0.2895 0.289547 

2.0 0.3099 0.309981 

0.5 1.0 0.7 0.0 - 0.371412 

0.5 - 0.353991 

1.0 - 0.321648 
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Table 6.3 . Values of -B'(O) for some values of Nn. f(l and Pr when No = 0.5 and ~ = L 

Sc 7 ](1 AI -q/(O) 

0.5 1.0 1.0 0.5 0.82081<1 

o 0.7 0.979971 

1.2 1.299943 

2.0 1.696172 

0.5 1.0 1.0 0.5 0.820813 

2.0 1.088922 

3.0 1.301085 

0.7 1.0 1.0 0.5 0.979971 

2.0 0.784003 

4.0 0.797627 

0.7 1.0 1.0 0.0 0.781761 

0.5 0.773298 

1.0 0.754651 

1.5 0.734822 

Table 6 .4. Values of -1/(0) for some values of f(h AI , Se and 'Y when No = 0.5 and ~ = 1. 
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o Chapter 7 

Mixed convection flow of a 

micropolar fluid in the presence of 

radiation and chemical reaction 

This chapter discloses the effects of heat and mass transfer on the mixed convect ion flow of R 

magnetohydl'odynamic (f.. U{D) micropolar fluid bounded by a stretching surface. Homotopy 

analysis procedure is adopted for computations of a sct of coupled nonlinear ordinHry differential 

e«:luations. Numerical values of sk in friction coefficient and Nusselt anel Sherwood numbers are 

worked out. A comparative study is provided with the limiting available numerical solution. 

7.1 Mathematical formulation 

We consider the steady mixed convection boundary layer flow of a micl'opolal' fluid over a 

stretching surface. The fluid is electrically conducting in the presence of a constant applied 

magnetic field B o. The induced magnetic fie ld is neglected under small magnetic Reyuolds 

number assumption. T he effects of electric field are absent. We further assume that t he surface 
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has temperature Tw , the concentration Cw , and fluid has uniform ambient tem perature Too and 

uniform ambient concentra tion Coo (Here Tw > Too and Cw > Coo). The govern ing cquatious 

can be expressed ill t 11(' forms: 

au+ou_ o ax a!) - , 

ou au ( ~) 82u. l~oN* uBfi 
v-a + v-a ~ v + - a ' + --a + gfj'r{T - T~) + gf3c(c - C~) - -v, x y p y py p 

u--+v--~----- 2N +-aw aN' ~' a'N' "( , au) 
ox o!J pj O!)2 pj o!J ' 

ac BC a'c 
u-+v-~D--RC 

ox oy O!J2 

with the following condi tions 

1/ = 'U w = ax, v = 0, N* = -No :~, T = Tw , C = Cw , y = 0, 

It -+ 0, V - 0, N'" --+ 0, T --+ 0, C -+ 0, as y -+ 00. 

(7.] ) 

(7.2) 

(7.3) 

(74) 

(7.5) 

(7.6) 

In above cxpressiolls 1t and v are the velocity compouents parallel to the x- and y-axes, H)-

spectively, IJ. the dynamic viscosity, p the fluid density, II the kinematic viscosity, u the electrica l 

conductivity, N· the microrotation or angu lar velocity, T the temperature, Cp the specific heat, 

k t he thermal conductivity of the fluid , qr the radiative heat Bux, C the concentration species 

of the fluid , D is the diffusion coefficient of the diffusion species in t he fluid , R denotes the 

first-order homogencolls constant reaction rate, j = (II/C) is mic.roinertia, ,. = (jJ. + f>./2)j and 

K. arc t he spin gradient viscosity and vortex viscosity, respectively. Here for K. = 0 we have the 

case of viscous fluid . Further the boundary parameter No has range 0 :$ No :$ 1. It should 

be noted that when No = 0 (called strong concentration) t hen N* = 0 near the wall. This 

represents the concentrated part icle flows in which the microelements close to the wall surface 
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are unable to rotate. The case No = 1/2 corresponds to the vanishing of anti-symmetric part. 

of the stress tensor and it shows weak concentration of microelements (see [53) for detail). 

Employing Ros.<;pland approximation, one can write 

Q 
(7.7) 

in wh ich q+ is the Stefan- Boltzmann constant. and kO the mean absorption coefficient. 

Using Taylor series aud neglecting higher order terms one obtains 

(7.8) 

In view of Eqs. (7.4), (7.7) and (7.8) we have 

(" aT + v aT) = !!... [( loo'Tg, + k) aT] 
pc" ax ay ay 3k· ay . (7.9) 

'0 
Introducing the following quantities 

(7 .10) 

equation (7. 1) is automatically satisfied and Eqs. (7.2), (7.3) , (7.4), (7.6) and (7.9) become 

( I + ](dJ'" +J1" - (1')' - M'J' + [(,g' +A(O+N¢) =0, (7.11) 

(1 + 1~1) 9" +/gl - /'9 - 2[(19 - [(II" = 0, (7.12) 

(I + Nn}!!" + p'·JO' =0, (7.13) 

¢" + ScJ ¢' - -ySC¢ = 0, (7.14) 
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Q 

6. 

/(0) - 0, /,(0) = 1, g(O) = - No /"(0), 0(0) = ¢(O) = 1, 

/'(=) y(=) = 0(=) = ¢(=) = 0, (7.15) 

wher!" prime denotes the dC'rivat.ive wil li respect to 1/. Here micropoiar parameter }(" Hartman 

number AI, P randtl number PI', radiation parameter N n, Schmidt Dumber Se, chemical reaction 

parameter /, local buoyancy parameter ..\ and local Crashor nu mber G1';c are given by 

" M2 = 0'
8 3, " l 00·T3 " /(, = PI' =-, Nn= QO Sc = D ' 

1" 
, 

P" " 3kk· 
R A = G7'x Ct' = g/3(T", - Too)x

3
/v

2 
N = f3c(Cw - Coo) (7.16) 7 = , R 2' a: u~x2/v2 f3,. (Tw Too) " e. 

The sk in friction coefficients C /cr., local Nusselt number Nu and local Sherwood number Sh can 

be expressed as 

Nu 

pU;v 

-x(fJTlay)y~o 

(T", - 1~) 
<I _ -x(aClay)y~o 
" I (Cw Coo) . 

which after invok ing Eq. (7.10) take the following forms: 

Re;/' Ct. = [1 + (1 - No) J(J /"(0), 

NuRe;I/2 = -0'(0), ShRe; I/2 = -4/(0) , 

where R~ = ax2 //I is the local Reynolds number. 
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7.2 Homotopy analysis solutions 

Keeping (7.15) in mi nd WP pxpress J(1J), Y(11), 8(7/) and d>('1) by a set. o f ba'>c funcLions 

(7.19) 

ill the forms 
00 00 

/ ('/) = a8,o + L L a~r ,,,rlexp( - m/) , (7.20) 
" ",, 0.11= 0 

00 00 

g(l/} = L L b~;".,7l exp( -m/), (7.21) 
11= 01.:= 0 

00 00 

0(7/) = L L c;~""rl exp( - ml) , (7.22) 
•• = 01.:= 0 

00 00 

¢(1/) = LLd~;,.,,1lexp(-m/} (7.23) 
,,=Ok=O 

ill which a~;"n' b~" ." ¢ " .. and d,~" .. are the coefficients. By rule of solut.ion expressions and the 

boundary conditio ns (7.1."i), thf> initial guesses /0 , 90 , eo rlnd ¢u of 1(11), y{ry ), O(1}) ullll ,jJ(1/) are 

selected as follows 

/ 0('1) = 1 - cxp( - '1), (7.24) 

gO('I) = No , xp(-'I), (7.25) 

00 ('1) = 'Xp(- 'I), (7.26) 

(7.27) 

We select t he auxiliary linear operators as 

6. (7.28) 
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J'g 
Cg = d1/2 - g, 

J'o 
Co = d :.I - 0, 

'I 

The lineal' operators in E<]s. (7.29) - (7.32) have the following properties 

C1 ICI + C, exp('I) + C, exp( -'1)1 = 0, 

Cg IC, exp('I) + Cs exp( -~)l = 0, 

Co [CG exp(7/) + C7 exp( - 7/)1 = 0, 

where Ci(i = 1 - 9) are the arbitrary constants. 

The zeroth order deformation problems can be written as 

(1 - p)Cgl!J('I;P) - gO('I)1 = l,ngNg [j(~;p),g('I;p)l ' 

(1 - p) £" [Ii ('I; p) - 00 ('1)1 = phoNo [j('I; p), 0 (' I; p) 1 ' 

(1 - p) C. [~('I;P) - ¢o ('1)1 = pr,.N. [i('I; p) , 4> ('I;P) 1 ' 

ai('I) 
= 0, a 

'I 1/=00 

= Ii('I) 1 = 4>( '1)1 = 0, 
'/=00 '/=00 
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(7 .30) 

(7.31) 

(7 .32) 

(7.33) 

(7.34) 

(7.35) 

(7.36) 

(7.37) 

(7.38) 

(7.39) 

= 1, 

(7.40) 



where 1) E [0, l] indicates tho embedding parameter and Ii" !tg • flo and !ttl! the nonzero auxiliary 

parameters. !\ Ioreover the nonlinear opcratorsNj, Ny, No and N4I arc prescribed below as 

(7.43) 

[ - - - - 1 a'O('I;I') - aO('I;I') 
No 1(' 1; P), !I('I ;I')' 0('1; ,,), ¢('I ;P) =(I +Nn) [h,' + P'1(' I;p) a'i ' (7.44) 

[ - - - - 1 a'1>('I;1') - a4>('I;p) . -N. I('I;p),Y('I;p), 0('1;1,),,1>('1;1') = a'I' +SCj('I;I') a'i -75C¢('I; p). (7.45) 

'-> 
For 1) = 0 alld p = 1 we have 

j('I; 0) = 10('1), j('I; 1) = 1(',), (7.46) 

[A'I; 0) = go(" )' g('I; 1) = 9("), (7.47) 

0('1; 0) = 00 (,, ), 0('1; 1) = 0('1), (7.48) 

4>( '1; 0) = ¢0('1), 4>('1; 1) = ¢(,,). (7.49) 

By means of Taylors series 
00 

6 
j(~;p) = 10('1) + L I",('I)P"', 

m : \ 

(7.50) 
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00 

9(11;1» = 90(11) + L 9", ('I)pm , (7.51) 
",=1 

00 

0('1;») = 00('/) + L: e",(~)p"', (7.52) 
"'~ l 

00 

q 1>('1;1') = 'M'/) + L: "',,('Ill"" , (7.53) 
".,::1 

/"'('1) -.!... 8'" f('I; ») I 
m l 811'" ' . p=o 

( 1 _ ~ 8"'0(7];11) I 
9",( I) - r 8'" ' 

71l. 1/ p=O 

_ _I o"'O(~;p) I 
m' 811'" ' . p=o 

, _ -.!... 0''' <1>('1;1') I 
</1".( ,) - m! 811'" p= O ' 

(7.54) 

The auxiliary parameters are so properly chosen that. series (7.51) - (7.54 ) converge when 1) = 1 

and thus 
00 

/('/ ) = /0('/ ) + L: / ... ('/), (7.55) 
m= l 

00 

g('/) = 90('1) + L: 9",('1), (7.56) 
-c. m = l 

00 

0(·'/) = 00('/) + L: 0",('1). (7.57) 
m _ 1 

00 

"'('I) = </>0('/ ) + L: </>",('/)· (7.58) 
"1=1 

The resulting problems at the mth- order deCormation Are 

(7.59) 

(7.60) 

o (7.61 ) 
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(7.62) 

Im(O) - 0, f:,~(O) = 0,1:,,(00) = 0, 9",(0) = 0, 9m(OO) = 0, 9:,, (00) = 0, 

0",(0) = 0, 0",(00) = 0, ¢",(O) = 0, ¢m(OO) = 0 (7.63) 

Q 
with "he following definitions 

n{., ('1) = (1 + J(d 1:::- 1+ [I: [ikf::, - l-k - JU:,, - I-k] - /1121:11_1] +[(,9:,,_ ,+'\ (0", _1 + N¢m_') ' 
1.'=0 

(7.64) 

n'!., (,,) = (1 + J~I) 9::, - 1 + [I: [hd,,,- I- ' - g,j:"_I_']] , (7.65) 
~'=O 

", - 1 

~,(,,) = (1 + NRW;', _I + p, L: [hO:,, - I-' + g,o:,, _I_.] , (7.66) 
'_0 

m - I 

R 7" (,,) = q,~~'-l + Be L: h¢~"- l -k --ySC¢",_ I, (7.67) 
/'-",,0 

{ 

0, m oS 1, 
\ ,.. = 

1, m > L 
(7.68) 

The general solutio llS of Eqs (7.60) - (7.63) are given by 

(7.69) 

(7.70) 

(7.71) 

(7.72) 

o 
Here f,~(11) , 9;n(1/) , O~,(r/), ¢:11(7/) are the particular solutions of the Eqs. (7.60) - (7.63). Note 
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that Eqs. (7.60) - (7.63) can be solved by l\lat hematica one after the other III t he order 

rn= 1,2, ;J , ... 

7.3 C onvergence of the homotopy solutions 

We note that the series solutions (7.56) - (7.59) contain t he nOll-zero auxil iary parameters !if, 

fig . fio and 1I1i1' We can adjust and control t he convergence of the HAM solu tions with the help 

of these auxil iary parameters. Hence to compute the range of admissible values of !if. fig. flo 

and r~, we display the !i-curves of t.he functions 1"(0), 9'(0), 8'(0) and 4>'(0) for 20th-order 

of approximations. F ig. 1 depicts that t he range for the reliable values of fill ng • fio and 

fiq. are - 0.8 ~ !if :::; - 0.3, - 0.9 :::; 110 :::; - 0.2 and -O.S :::; ng , n<f> :::; - 0.3. The series given 

by (7.56) - (7.59) converge in t he whole region of 1/ when nf = ng = - 0.7 = flo = !i.¢. Fig. 

7.1. shows t.he !i.- curves for velociLy, microrotation , temperature and concentration. Table 1 

indicates the convergence of t he homotopy solutions fo r different order of approximations. 
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Fig. 7.1. The n-curves of 1"(0),9'(0), 9'(0} and q,'(O) at 20th-order of approximations. 
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Order of convergence -1"(0) - g'(O) - 0' (0) -¢' (O) 

I 0.82500 0.32500 0.69666 0.83083 

5 0.80405 0.32671 0.55507 0.72949 

10 0.80344 0.32639 0.55285 0.72666 

15 0.80357 0.32642 0.55342 0.72662 

· 20 0.80357 0.32642 0.55343 0.72662 

25 0.80357 0.32642 0.55342 0.72662 

30 0.80357 0.32642 0.55342 0.72662 

35 0.80357 0.32642 0.55342 0.72662 

Table 7.1: Numerical values for t he convergence of f"(0), 9' (0), 11(0) and ¢'(O). 

7.4 Results and discussion 

The purpose of this section is to analyze the graphical results for t he effects of Hartman number 

M, material parameter f{ 1, local buoyancy parameter A, the buoyancy ratio N, Prandtl numher 

Pr, radiation parameter Nn. Schmidt number Sc and chemical reaction parameter I on the 

velocity, temperature and concentrat ion fields. Hence the Figs. 7.2 -7.22 have been displayed. 

Figs. 7.2 - 7.7 are presented to show the effects of A, N, /(\ , M , PI' and Sc 0 11 {'. Fig. 7.2 

shows the effect of A on the velocity i' . It is observed from this Fig. t hat the boundary layer 

thickness increases by increasing A. It is found that {' also increases when N increases (Fig. 

7.3). Fig. 7.4 represent the velocity profiles for various values of 1<1 when No = 0.5. Here t he 

qualitative effects of 1< are found sim ilar to that of A and N of f'. Fig. 7.5 gives the variations 

of M on velocity component f' . The velocity component i' is a decreasing function of M. TillS 

is in view of the fact that an increase of M signifies the increase of Lorentz force, therefore 

decreasing t he magnit ude of t he velocity. F igs. 7.6 and 7.7 describe the effects of Pr and Sc on 

f', respect ively. Both PI' and Se decrease the velocity profile. Illfact an increase in the Prandtl 
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number leads to an increase in fluid viscosity which causes the decrease in the flow velocity. 

Figs. 7.8 - 7.11 are prep.·ued for the effects of M a nd /() on the microrotation profi le 9(11)' 

Fig. 7.8 is draw n when No = 0.0. From Fig. 7.8, we have seen that it increases initially but 

at '1'1 = 2 it starts dccreasing. Fig. 7.9 is drawn fo r No = 0.5. We see that 9 increases by 

increasing the Hartman nu mbcr. From Figs. 7.10 - 7.11, it is clear that the microrotation 

profile for No = 0.0 and that No = 0.5 are difi·erent. Figs. 7. 12 - 7.16 are plotted for the effects 

of buoyancy ratio N , local buoyancy parameter A, PrandtJ number PI' , radiation parameter NR 

and Hartmanllumber M a ll t he temperature profile fJ(11) . The qualitative effects of N and A on 

the temperature is similar ( Figs. 7.12 and 7. 13). The variation of P I' on the temperature field 

is sketched in Fig. 7.14. As expected, it is found that 0 is decreasing when Pr is increased. Fig. 

7.15 gives the effects of radiation parameter N R on the temperature field. It has opposite result 

when compared with Fig. 7.14. The temperature profile increases by increasing the Hartman 

number M (Fig. 16). The increasing frictional d rag due to the Lorentz force is responsible for 

an increment in t he thermal boundary layer thickness. F igs. 7.17 - 7.22 display t he effects of lIlt, 

N , A, "'( and Be on the concentration profiles . Fig. 7.17 displays t he effect of Hartman number 

M on the concentration profi le ¢. It is observed that concentration boundary layer increases 

by increasing M. The behaviors of N and A on concentrat ion profile are seen in t he Figs. 7.18 

and 7.19. Both N and A decrease the concentration profi le. Fig. 7.20 illustrates t he effects 

of destructive chemical reaction parameter ("'( > 0). It is obviolls that the fluid concentration 

decreases with an increase iu the destructive chemical reaction parameter. Fig. 7.21 shows the 

influence of generative chemical reaction parameter ("y < 0) 0 11 the concentration profile ¢ . T his 

Fig. illustrates that concentration fie ld has opposite behavior for ("'( < 0) when compared with 

the case of chemical reaction parameter h > 0). 

Tables 7.2 - 7.5 are given for the numerical values of the skin friction coefficients, Nusselt 

number and Sherwood number for the different values of involved parameters of interest. From 

Table 7.2 it is not iced that t he magnitude of skin friction coefficient decreases for large value 
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of Nand ,\. From Table 7.3 it is foulld that the magnitude of - 0' (0) increases for large values 

of J(I. Thi!> Table indicates that HAM solution has a good agreement with limiting numerical 

solu tion [53J. Table 7.4 is prepared for the variations of N, A, J(l, AI , Sc and 'Y on the SlIl'ffltC 

mass trans fer. It is obvious from t his T;Lble that t he magnit.ude of -(,6' (0) increases fol' la rge 

vallics of [(I and decreases for large values of AI. The magrutude of -(,6'(0) increases when Sc 

and "f are increased. 

7.5 Conclusions 

Heat. and mass t ransfer ana lysis ill the preseuce of thermal radiation is analyzed for t he steady 

mixed convection flow of an incompressible micl'opolal' fluid . The behavior of the embedded 

parameters in the deri ved series solutions are examined. The main observat ions arc 

• Velocity f' is an increasing function of N and A. 

• Microrotation profile for No = 0 has a parabolic distribution. 

• The tcmpcratlll'e 0 is a declcw.iug fuuclion of PI'. 

• Behaviors of Nn and Pr on the temperature are opposite. 

• Concentration field decreases when Sc increases . 

• There are opposite rcsults for destructive (r > 0) and generative (r < 0) chemica l reac­

t ions on the concentration field tjJ. 
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1/2 1/2 

N !. J(] 
C/:c Rcz CJ:t;Rez 

No = 0.0 No = 0.5 

0.0 0.5 0.7 - 1.61091 - 1.40874 

1.0 - 1.36232 - 1.19014 

2.0 - 1.11835 - 0.97610 

3.0 - 0.87861 -0.97611 

1.0 0.0 1.0 -1.94222 - 1.70649 

0.2 - 1.70191 - 1.49091 

0.5 - 1.36232 - 1.19015 

1.0 -0.83192 - 0.72411 

1.0 0.5 0.0 -0.92897 - 0.92897 

0.5 - 1.l6966 - 1.06471 

1.0 - 1.36231 - 1.19019 

1.5 -1.52876 - 1.30789 
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Table 7 .2: Values of skin friction coefficient G/7i Re!/2 for various values of N, .A , [(I and M 

when PI' = 0.7, Se = 0.5 ancl 'Y = 1 = 1\,1. 

Nn f{1 Pr M 153J Present 

1.0 1.0 1.0 0.0 0.3893 0.389321 

2.0 0.4115 0.411524 

2.0 0.0 0.2588 0.259632 

1.0 0.2895 0.289547 

2.0 0.3099 0.309981 

0.5 1.0 0.7 0.0 - 0.371412 

0.5 - 0.353991 

1.0 - 0.321648 

Table 7.3: Compadson of values of - 6"(0) ror some values of NR , 1(1 and PI' when No = 0.5 
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Se 7 /(, AI N !. -¢'(O) 

0.5 1.0 1.0 0.5 0.0 0.0 0.820814 

o 1.2 1.299943 

2.0 1.696172 

0.5 1.0 1.0 0.5 0.820813 

2.0 1.088922 

3.0 1.301085 

0.7 1.0 1.0 0.5 0.979971 

2.0 0.784003 

4.0 0.797627 

0.7 1.0 1.0 0.0 0.781761 

0.5 0.773298 

1.5 0.734822 ·c 
0.5 1.0 1.0 1.0 1.0 0.5 0.827542 

2.0 0.833643 

3.0 0.839325 

1.0 0.0 0.809882 

1.0 0.841481 

2.0 0.864091 

Table 7.4: Values of -¢/(O) for some values of }( I , M , Se and i when No = 0.5. 
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Chapter 8 

MHD steady flow and mass transfer 

of Jeffrey fluid over a non-linear 

stretching surface with mass transfer 

The aim of this chapter is to iuvestigate the Porno boundary layer flow of a Jeffrey fluid in­

duced by a nOli-linea rly stretching sheet with mass transfer. The relevant system of partial 

differential equations has been reduced into ordinary diO'ercntial equations by employing the 

similarity transformat ion. Series solutious of velocity and concentratioll fields arc developed by 

llsing homotopy analysis method (HAp. I). Effects of the various parameters such as Hartman 

number , Schmidt number and chemical reaction parameter on velocity and concentration fields 

81'C d iscllssed by displaying graphs. NlUuerical vailles of the mass transfer coefficient are also 

tabu lated and analyzed. 
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8.1 Mathematical formulation 

We consider the steady, incompressible and W -ID flow of a two-dimensioual Jeffrey fluid over 

a non-linear stretching sheet. We choose x-axis parallel and y-axis nonnal to the stretching 

surfnce. A uniform magnetic field exerted in t he v-d irection. For smaU magnetic Reyn?lds 

number the induced magnetic field is neglected. We also considered the presence of first-order 

chemical reaction. For the present problem, the equations governi ng the flow are given below 

au au 
u- +v- + '\1 ax ay 

8u+ov_ o ax ay - , 

ae ac a'c 
U-a +V-a = D-a , - RC. 

x y y 

(8.1) 

(8.2) 

(8.3) 

In the above equations, u and v are components of the velocity along x and ydirect.ions re-

spectiveiy, v is kinematic viscosity, p is the fluid density, u is the electrical conductivity, ~l is 

relaxation time, ..\2 is retardation time. C is the species concentration in the fluid , D is the 

mass diffusion coefficient and R is the first order chemical reaction parameter. 

The appropriate boundary conditions are 

u(x,y) = ax+bx2 ,v(x,y)=O,C(x,y) =Cw aty=O, 

u --+ 0, C --+ 0 as y --+ 00, (8.4) 

where a and b are t he dimensional constants. 
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0. 

In order to make t.he problem simpler, we introduce the following quantit.ies 

' I ~ ~Y' 'u = ax!'(1/ ) + bx2g' (1/) , 

v ~ -.;0;;/('1) - 2bx{f;9(~) ' 
C ~ { 2bx } Cw Co ('I) + -;;-C, (~) , (8.5) 

where prime denotes the derivative with respect to 11. We note that Eq. (8.1) is satisfied 

identically and Eqs. (8.2) - (8.4 ) are transformed as fo llows: 

fill - M2 j' - j12 + j 1" + {31 (2j j ' 1" - j2 fill) + {32 (J,12 - j 1"") = 0, 

( 
4//'g" +2Jg'f" -I'I" ) 

g'" - /I12 g' - 3/'g' + 21"g+g"j +{31 
-4j g1'" + 41'1" 9 - 2/12g' 

( 
I' g'" - g' f'" - II'" ) 

+/J, ~ 0, 
_2g/,1II + 3/"g" 

c~ + ScjCO - SC"yCo = 0, 

C;' + Seja; - Sej'CI - ScyCI + ScgGO = 0, 

1 (0) ~ 0, 1'(0) ~ 1, ['(00) ~ 0, 

9(0) ~ 0, g'(0) ~ 1, g'(oo) ~ 0, 

Co(O) 1, Co(oo) ~ 0, 

C,(O) 0, C, (oo) ~ 0, 

(8.6) 

(8.7) 

(8.8) 

(8.9) 

(8.10) 

in which the chemical reaction parameter "f, the Schmidt l1umber Sc, the Hartman number Jv! 
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c 

and the Deborah Ilumbers /3 11 fJ2 are 

R 
,,(=-, 

a 
S =~ V' 

(8.11) 

Here i > 0 indicates the destructive chemica l reaction and 'Y < 0 for generative chemical 

reaction. For 'Y = 0 we have the case for a n Oll - reactive species. The expressions of the mass 

transfer Co and q at the wall are 

Co(O) = (BCo) ::; 0, C; (0) = (8CI
) ::; O. 

871 '1=0 8'1 '1=0 
(8. 12) 

8.2 Homotopy analysis solutions 

For the series solutions, we express /(1/), 9(11) and concentration fie lds Co ('I) and Cl (11) by the 

set of base fUllctions 

(8. 13) 

in the patterns 
00 00 

/(1/) = ag,o + L: L a~. , ,,'l exp(-ml), (8. 14) 
" ""01,:,,,,0 

00 00 

9(11) = b8.o + L:L:b:'. ,n,/kex p(-ml) , (8.15) 
n= O 1;= 0 

00 00 

Co (1/) = L:L:d~""'lkexp(-m/), (8.16) 
,..::0 k=O 

00 00 

C1 (71) = L:L: e~;",,1lexp(-1U/) , (8.17) 
" ",0/.;=0 



b 

'0 

in which a~~,." b!';",,, d~,.n and e~L,n are the coefficients. The initial guesses 10("') , 90("'), CO,O('I) 

and C"O(~) of f('I), 9('1), C.('I) and C,('I) ace 

fo('I) = 1 - cxp(-~) , 

90(~) = 1- exp(-~) , 

C.,O('I) = exP(-'I) , 

with the following auxiliary linear operators 

and 

cPCO 
£,(Co) = -d ' - Co, 

'I 

£31<7 exp('I) + C8 exp( -'1)1 = 0, 

160 

(8. 18) 

(8. 19) 

(8.20) 

(8.21) 

(8.22) 

(8.23) 

(8.24) 

(8.25) 

(8.26) 

(8.27) 

(8.28) 

(8.29) 



where Ci(i = 1 - 10) are the arbitrary constants" If p E [O, l J is an embedding parameter and 

hf' fig, lico and Iicl indicate the non-zero RuxiJjary parameters respectively then the zeroth order 

deformation problems are const.ructed as follows" 

(1 - p)C, [j (",p) - fo(") [ = phfNf [j(~, p) 1 ' (8.30) 

(1 - p)C,[g('"p) - go(,,)] = pr'yflg [j('1 ,1»,9(",P)] , (8.31) 

(1 - p) C2 [Co ('I, p) - Co.o ('I) 1 = p/ic,Nc, [Co ('"p) ,f (ry ,p)] , (8.32) 

(1 - p) C2 [CI ('I ,P) - C"o ('I) 1 = prlG,Nc, [Co ('I, p), CtC'" p) ,f ('I,P) , 9 ('I, p) 1 ' (8.33) 

j(~; p)1 = 0, 8j(~; p) 
'1=0 a,., 

./= 0 

= 1 8j(~;p) 
, fh, = 0. (8.34) 

'1=00 

'( ')1 = 0 8g(,,; p)I - 1 8g(~; p)1 =0 
9 fl,P '1=0 ' rn - , &r " 

I ./=0 I '1=00 

(8.35) 

- 1 aCo(~;p) 
-. tn, 

,/=0 

= 0. (8.36) 

= 0. (8.37) 

in which the non-li near diH"erential operators Nfl Ng , NCQ and Nc\ are 

Nf [j(~; P) ] _ if'j(,,;p) _ M28j(,,;p) + j(,,. )8
2
j(,,;p) _ ( 8j(";P) ) 2 

arjJ a'l ,p arp a'l 

+(3, (2j(" ; P/j~:1» 8
2 ~~P) _ i'(,,;P) if' ~~ P) ) 

+/32 [(82~~; P) )' _ j(,,;P)8"~;:;P) ] (8. 38) 
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0-

" . a"!j(~;p) -. _ a"i('I;p) 
-f ('I,P) fI 3 -4f('I,P)9(",11) fI 3 

~ ~ 

+ p, 

NCI [CO (1/,7)) ,01 (11,1)) ,1(7/, p) ,9' (7/. p) J = a2il,,~N'} - Sc.:',(CI 

_Dlfi!;plc, (1/.1) 

+SC +g(?/,p) 8C&~;I'P) 

+1(fl,p) 8ChW'p) 

Obviously for p = 0 and I} = 1, we have 

9('1, 0) = 90("), 9('1, 1) = g(',) , 

CO ('I, 0) = Co,o ('I), CO ('I, I ) = Co ('I), 
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(8.39) 

(8.40) 

(8.4 1) 

(8.42) 

(8.43) 

(8.44) 



C, ('1, 0) ~ C"O (.,) , C, (", 1) ~ C, (") (8,45) 

Expanding i(1/;lJ) ,Y(7/_p) ,CO(7/, lJ) and C, (1/ ,1» in Taylor series with respect to embedding 

parl\meter p, we obta in 
~ 

i(·,; p) ~ 10(") + L I",(',)p''' , (S,46) 
... -= 1 

~ 

fI('"p) ~ 9O(~) + L g",(.,)p"', (S,47) 
"'= \ 

~ 

Co (." p) ~ Co,o (.,) + L CD, ... ('1) 1)"', (S.4S) 
",=1 

~ 

81 (1/,1» = CI,o (tl) + L GI,m (7/)])"', (S,49) 
m=l 

(S,50) 

C 1 8"'C, (."p) 
I,w (7/) = m.! Op'" (S,51) 

p=o 

in which the series cOl)vergence ill Eqs. (8.47) - (8.50) is dependent IIpon fij. fig , lico and lie l" 

The values of h,. n9> fico ancllic 1 are cho.<;en in such a way that the series (8.47) - (8.50) arc 

convergent at 1> = 1 and hence 

~ 

f(.,) ~ /0(") + L /",('1), (8.52) 
m = O 

~ 

9(") ~ go ('1) + L 9,,("), (S,53) 
"1=0 

~ 

Co (.,) ~ Co,o (.,) + L Co, ... (~), (S,54) 
... = 1 

~ 

C, (.,) ~ C"o (") + L C
" 

... (.,) , (S ,55) 
... = 1 
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The problems corresponding to the mIll - O1·de,. deformation are 

(8.56) 

(8.57) 

(8.58) 

(8.59) 

j ... (O) = 0, 1:n(0) = 0,1:,,(00) = 0, (8.60) 

9".(0) = 0,9:,.(0) = 0 ,9~,,(OO) = 0, (8.61) 

Co,,,. (0) = CO,m (00) = 0, (8.62) 

Gl,m (0) = GI, ... (00) = 0, (8.63) 

... - 1 m-I I-

'R.I,,., (1]) = 1:::-1 - A}
2/:" _1 + L [1"'-I-k·/f~ - 1: .. - I-df..] + (31 L / ... -1-1, L)2/~·_tf!' - h -d;"] 

k=O 1=0 1=0 m-' 
+/3 "/" /" f Jml 

2 ~ ", - I-I, k - ", - I -k k' 

h"O 

111-1 

·n () = III _ ~12' + " [-3/' , + 2 /" + f "] '''9,m 71 9",- 1 1> 9m-1 ~ m-l-k9k 9m- I -I;~· ",-I-k9k 

~'=O 

m - I I .. 

L /", - 1-1, L [4/f._I.gi' + 21;/_/9; - Ik-I9/" - 4/f~~,91] 
+/3, k=O 1=0 
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(8.64) 

(8.65) 



0-

Ill-I 

nc.'o,m (1/) = C'ij,m_1 - SC')'CO,m_l + Se L CO,w_ ,_I.,h , (8.66) 
1..=0 

",-I 

'R.CI,,,,, (1J) = C;',m_I-SC')'CI ,m_1 +Sc L (-CI,m- I- I..ff. + ~,"'- I -dJ. + C~,m_ I _J.94·)' (8.67) 
1.-= 0 

x'" ~ { 0, 
J , 

111 $ 1, 
(8.G8) 

m > 1. 

8.3 Convergence of homotopy solutions 

Thc convergence of series solu tions are dependent upon the values of auxili ary parameters Itl ' 

fig, fico and licl' In order to determ ine the range of the admissible values of iiI, fig, lico and 

he. for the functions 1"(0), g"(O), CO(O) and q (0), the Ii-curves are plotted for 15th -order 

of approxi mation in Figs.8. 1(a ,b). It is clear t hat admissible values of iiI , lig , rICo and r1C. are 

- 1 $ nl $ - 0.3, -0.7::; lig ::; - 0.2, - 1.5 ::; IiCo ::; - 0.5, and - 1.8 $ rIG', $ -0.5. F\lrthermore 

the series solutions (8.53) - (8 .56) convcrge in the whole region of 1J when nl = fig = -0.5 and 

lico = rIC. = - 1. Table 8.1 shows the convergence of HA~...J solutions at dift·eren!. order of 

approximations. 
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Figs. 8.1(a , b); T he /i- curves of the functions 1"(0), g"(O) ,CO(O) and CHO) at l Stlo order of 

approximation. 
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a 

order of approximation -["(0) -g"(O) -COCO) -C;(O) 

l 1.212500 1.787500 1.166667 0.250000 

5 1.286329 1.729082 1.1602806 0.128032 

to 1.286998 1.728359 1.1600012 0.128054 

15 1.287000 1.728356 1.160005 0.128064 

20 1.287000 1.728356 1.160005 0.1 28063 

25 1.287000 1.728356 1.160005 0.128063 

Table 8.1: Convergence of HAM solution for c1ift'crent order of approximations when M = 1.0, 

P = 0.2, S = 1.0 and 'Y = 0.2. 

8.4 Result s and discussion 

In t his section , the graphical results are presented for the effects of Deborah numbers PI, /32. 

Hartman Ilumber Al, Schmidt number Sc and t he chemical reaction parameter i 011 the velocity 

and concentration field!';, Surh efrects are discussed by Figs. 8.2 - 8.10. Figs. 8.2 -li.4 show the 

effects of Pl. 52 and Man l' and g. For different values of Deborah number PI. the velocity 

profiles are plotted in Fig. 8.2. It is obvious that velocity distribution across the boundary 

layer decreases by increasing values of {3. Fig. 8.2 shows the variation of Deborah number 

Pion t and 9'. It is found that the velocity components t and 9' decrease as {JI increases. 

However sllch increase is small in t when compared with 9'. Thc boundary lnyer t hickness 

decrcases when Deborah number PI is increased. The effects of Deborah number {32 on the 

velocity components I' and 9' are opposite to {JI (Figs. 8.3a and 8.3b). It can be seen from 

Figs. 8.4 (a,b) that the effect of Hartman number M is simi lar to P i on the velocity components 

f' and 9'. The variations of t he emerging parameters on the concentration fields Co and CI are 

plotted in the figs. 8.5 - 8. 10. Figs. 8.5(a,b). are the graphical representations showing the 
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o 

o 

effects of t he Debora h number Plan Co and C, in t he case of destructive chemical reaction 

b > 0) . The concentra tion fie ld Co increases fol' large values of PI while t he magnitude of 

C, decreases when (3, increases. It should be poinled Ollt that the variation in C, is larger 

in compar isoll to Co fo r large values of tJ,. Figs. 8.6(u,o) <Irc d isplayed fo r t.he variations of 

(32 on t he concentration fields Co and C1 in case of destructi ve chemica l reaction b > 0) . It 

can be soon t hat F igs. 8.6{a, 0). have the opposite qualitative effects when compared with Figs 

a.5(a, b). Fig. 8. 7a shows the effects of /1./ on Co. Jt is observed that t he conccntrnl.ion field Co is 

increased when M increases. T he variation of l'd on Cl is sketched ill F ig. 8.7b. Figs. 8.8 gives 

t he variations of Schmid t number Sc on the concent ration fields Co and C J for 'Y = 0.2. Both 

Co li nd GJ decrease when Se increases. The effects of destructive chemical reaction parameter 

('Y > 0) on t he concentrat ion fields Go and CJ are displayed in Figs. 8.9. It is found from Figs 

8.9a that the concentrat ion field Go is a decreasing function of 7. It is also clear from Fig. 

8.9b that the magnitude of GJ decreases when 'Y increases. Figs. 8. 10 depict t he variation of 

generative chemiC<"l1 react ion ('Y < 0) on the concenlration fields Go and C J. It is found from Fig 

8. l0a t hat Co increases for large generative cheulical reaction panullet..er. Fig. 8. l Ob depicts 

that t he magn itude of C J also iJlcreases as 'Y b < 0) increases. 

8.5 C losing remarks 

The present study investigates t he mass transfer in t he t>.U·1D flow of a Jeffrey flu id bounded 

by a non-linearly stretching surface. The velocity and the concentration fields are derived. Ho­

motopy analysis method is utilized for t he series solutions. T he behaviors of various embedded 

parameters in the considered problem are analyzed. The gradient of mass transfer are also 

computed in the tabu lated forms. The main observations are pointed out below . 

• The behavior of PI and AI on 1'(7]) and r! (1J ) are same. 

• The effects of increasing the values of M is to decrease t he boundary layer t hickucss. 
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• The concentrations fields Co and C1 decreases as Sc increases. 

• The influence of the destructive b > 0) is to decrease the conccntration fields. 

• The concentrat ion fields Co and C1 has opposite results rOi destl'udivc (-y > 0) and 

a gencrative h' < 0) chemical reactions. 

• The surface mass transfer decreases by increasing AI. 
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So "( M /3 , = fJ, - COCO) -c: (0) 

1 0.4 1.2 0.2 0.83412 0.1564.6 

0.8 1.05823 0.13321 

1.0 1.15258 0.12582 

2.0 1.53473 0.10372 

0.5 1.0 0.79841 0.07527 

1.0 0.87943 0.08653 

1.5 1.42758 0.16663 

2.0 1.66074 0.20171 

1.0 1.0 0 1.17773 0.12365 

0.3 1.17554 0.12416 

0.6 1.16966 0.12526 

0,9 1.16153 0.12605 

1.2 1.15258 0.12583 

1.2 0 1.14848 0.11841 

0.2 1.15258 0.12582 

0.4 1.55658 0.12992 

0.8 1.16029 0.13383 

1.0 1.16204 0.13469 

Table 10.2: Values of the surface mass transfer Go(O) and C;(O) for some va lues of M, /31' {32 

, Se and "'(. 
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Chapter 9 

Stagnation point flow of a Jeffrey 

fluid with mass transfer 

This chapter reports t he stngn<lt ion-point flow of an incompressible Jeffrey fl uid bounded by 

a linear stretch ing sur face. T he analysis of mass transfer is also analyzed. The resulting 

part ial different ial equations are reduced into ordilltlry differential equutions. Computations for 

d imensionless velocity and concentraLion fields arc performed by an efficient approach namely 

the homotopy analysis method (BAld). Plots are prepared to illust rate t he details of flow and 

mass t ransfer character istics and their dependence upon the physical parameters. The w illes 

of surface mass transfer and gradient of mass transfer are evaluated and analyzed. 

9.1 P roblem formulation 

'\'e consider t he two--d imensionai flow near a stagnation point ill t he half space y > O. The 

sheet in XOZ plane is stretched in t he x-direction slich t hat t he velocity component in x­

direction varies linearly along it, The ambient fluid moves wi th a velocity ax . In addit ion the 

mass transfer effects are considered. The velocity Uw(x) and t he concent ration Cw(:c) of t he 

stretching sheet is proportional to t he distance:c frolll the stagnation-point , where Cw(:c) > CQO' 
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The boundary layer Row is governed by the foUowing C<luations 

au+ou_ o ax ay - , 

OU Du rr auoo /1 [cPu (fiJu cPu aua2u au {Pu )] u-+v-=voo--+-- -+A2 u--+V----+---
ax ay ax 1 + AI Dy2 a:coy2 Dyl a.t; ay2 aya.toy , 

ec ec 8'C 
u- + 'v- = D-- - RC, 

ax ay 8y2 

(9.1) 

(9.2) 

(9.3) 

In above equations 'It, v arc the veloci ty components along the x- and y-axes, p t he fluid 

density, /I the kinemat ic viscosity, D is the mass difl'usion, C the concentrat ion field and R the 

reaction rate. Here AI ind icates t he ratio of relaxation and retardation times and A2 is the 

relaxation time. 

The subjected boundary conditions are 

u = Uw(x) = ex, v = 0, C = Cw(x) = Coo + bx at!J = 0, (D.4) 

'1.1 - Uoo(x) = a·x, C - Coo as y _ 00, (D.5) 

where c is a stretching rate and the subscripts 'Wand 00 are written for t he wall and free stream 

conditions. 

Defining the following relations 

(9 .6) 

equation (9.1) is satisfied and the non-d imensional forlll of Eqs. (9.2) - (9.5) can be presented 

as , 
!'" + (1 +-',) (If" - f") +13(1'" - !f"") + (1 + -',) a, = 0, 

o 

</>" + So(l</>' - ¢f' - ~</» = 0, 
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!' 
a 

tjJ=O at'l-oo. c' 
(9 .9) 

(9.10) 

Here prime denotes a differcntiation with respect to 'I. Furthermore, Sc, {3 and i are t he 

Schmidt, Deborah and chemical reaction parameters respectively. The surface mass transfer is 

expressed in the form 

(9 .11) 

The Eqs . (9.7) and (9.9) fol' Al = {3 = ale = 0, has an exact solution of the form 

[('I) = 1 - exp( -'I) (9.12) 

9,2 Homotopy solutions 

In deriving the HAM solutions we have the base functions of the form 

and 
00 00 

/(7]) = ag,o + L: L ~,n1l' exp(~l11J), (9.13) 
TI=Ok=O 

00 00 

~(~) = LLb~"n,/exp(-,,~), (9.14) 
n=Ok=O 
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where a~'11 and b~,,, are the coefficients. The initial approxiumtiolls are fo and,po and auxiliary , , 

linear operators are 

whence 

/o(~) 
a a 

= - 'I + (1- -)[(l -exp(-~)], 
c c 

4>0(") - cxp( -'I)· 

d2
/ 

C.U) = d~2 - /, 

(9.15) 

(9.16) 

(9.17) 

(9.18) 

(9.19) 

and C; (i = I - 5) are the arbitrary constants. The embedding parameter is l' E [0,1J and 

nOll-zero auxiliary parameters are hJ and II",. The problems at the zeroth order are written in 

the forms 

(9.20) 

(I -1»C.[4>(" ;I» - ,"0(")] = ph",N",[4>('I; p), /('EP) ], (9.21) 

/(,,;p)I,,~o =O, 8/(~;p)1 = 1, 8/('I;p) 1 _ 
8'1 '1=0 81} '1=00 c' 

a 
(9.22) 

(9.23) 
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q- (9.24) 

(9.25) 

The above 'lcl'Oth-ol'der deformat ion equutions (9.20) and (9.21) for 7) = 0 and p = 1 have the 

following solutions 

(9.26) 

(9.27) 

Obviollsly when lJ increases from 0 to 1, J(7/ ,V} varies from initial guess /0(1/) to the exact 

solu tion /(1}). Therefore, by Taylors' theorem and Eqs. (9.26) and (9.27) we get 

~ 

/(,,;p) = 10('1) + L /"'('I)pm, (9.28) 
m=O 

~ 

<p(,,;p) = <Po(ry) + L <Pm(")P"" (9 .29) 
111=0 

(9.30) 

Clearly Eqs. (9.20) and (9.21) involve 1l0 IH".ero auxiliary parameters 1,./ and ht/J. The cOllver-

gence of t he series (9.28) and (9.29) depends upon h, and h!? , The values of hI and 1I q, are 

selected stich that the Eqs. (9.28) and (9.29) are convergent at p = 1. Hence we write 

~ 

/(,,) = 10('1) + L /"'(,,), (9.31) 
m=O 
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~ 

1'(',) = ¢o(,,) + L ¢m(")· (9.32) 
m=:oO 

The TIlth-order deformation problems are 

(9.33) 

(9.34) 

fm(O) = J:,,{O) = 1:,1(00) = 0, c/>",(O) = ¢ ... (oo) = 0, (9.35) 

Rf ( ) = 1m () (I _ ) [(1 A) a'] '~[ (I + Ad (I",-I - k I: - 1:,._I_k !D 1 
>II 1/ m-i '/ + '\'", + 1 2 + W ' 

C ~'E: O +f3 U::,-I-k Jf~ - Im-i - k fLv) 
(9.36) 

m-I 

~,('7) = ¢~~'_ I (7/) - SC-Y¢", _ l + Sc L [q)~" - l -d~· - ¢d:,,- I- d ' (9.37) 
~,=oo 

0-
{ 

0, 
"(,,, = 

I , 

11). :$; I , 
(9.38) 

m> l. 

The general solutions are 

(9.39) 

(9.40) 

where J~:l and ¢~, are I.he particular solutions and after invoking Eqs. (9.35) the constants are 

g iven by 

c, = C - 0 C _ 81';'('1) I ,1 -, 3 - ~ , 
v,} ,,=0 

C1 = -C3 - I,~(O), C, = -¢;,.(O). (9.4 1) 

185 



<:) 

By symbolic software t-.·lathemalica, the system of & IS. (9.33) - (9.35) can be solved wheu 

m= I ,2,3 ... 

9.3 Convergence of homotopy solutions 

The auxiliary pammeters tiJ and 1i41 in the series solutions (9.31) and (9.32) playa vital role 

in adjusting and controlling the convergence. In order to find t.he admissible values of Ii, and 

lie; the til and 1io;!o-cllrVe5 are plotted for 20th-order of approximations. Fig. 9.1 shows that the 

range for t he admissible values of 1i., and'4 are - 1.2 $; Ii, $; - 0.5 and - 1.5 $; f"¢ :5 - 0.8. QUI' 

computations also indicates that the series given by (9.31) and (9.32) converge in the whole 

region of 7) when 1i.1 = - 0.5 and fJ.,j, = - 1. Table 9.1 shows the convergence of the homotopy 
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solutions for di fferent order of approximations for ).. = 0.2, f3 = 0.3, ale = 0. 1, Se = 0.5 = 'Y . 

-0. 92 
.1., = 02 , f3 = 03 , 8/c= 01 

- 0..9225 

- 0.925 

-0.9275 

~ -0..93 
~ 

-0..9325 

- 0..935 

- 0.9375 

- 1.5 - 1.25 - 1 - 0.75 - 0..5 - 0..25 0. 
II, 

,1.1 = 0.2, fJ = 03 ,B/c; a1 , .sc . OS: r 
- 0..86 .--------.::..:..:...::=======~--__, 

- 0.862 

- 0.864 

- 0.866 

- 0..868 

- 1.75 - 1.5 - 1.25 - 1 - 0..75 - 0..5 - 0..25 0. 
h. 

o 
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Fig. 9.1. The Ii-curves r(O) and 4>'(0) at 20th-order of approximations. 

Order of approximation -1"(0) -¢'(O) 

I 0.921376 0.887509 

5 0.934758 0.864394 

10 0.935072 0.863623 

15 0.935068 0.863615 

20 0.935068 0.863615 

25 0.935068 0.863615 

30 0.935068 0.863615 

Table 9.1: Convergence of the HAM solutions for different order of approximation when 

AI ~ 0.2, fJ ~ 0.3, ale ~ 0.1, Se ~ 0.5 ~ ~ , 

9.4 Results and discussion 

In this section, the influence of emerging parameters on t he velocity and concentration fields 

is studied. Figs. 9.2 and 9.3 are plotted to show the comparison between exact and the 

homotopy solution for the velocity f('I}) and the concentration field field 4>(1/) in the case of 

p = >'1 = a/c = o. It is noted from these Figs. that the exact solution has an excellent 

agreement with HAM solution at 15th-order of approximations. Figs. 9.4 - 9.12. represent 

the variations of p, >'1 , a/e, Se and -yo F igs. 9.4 - 9.6. describe the effects of p, AI and a/e 

Oil the velocity profile /'. From Fig. 9.4 it can be seen that the velocity field and boundary 

layer thickness are increasing functions of p. It is observed from Fig. 9.5 that the effect of >'1 

is opposite to the effect of the Deborah number p. Fig. 9.6. elucidates that /' is increasing 

function a/c. 

T he effects of p, A\. a/e, Bc and 'Y on the concentration profile 1/>(11) are examined in the 
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Figs. 9.7 - 9. J2. Fig 9.7. gives the variation of f3 on ,p for the destructive h > 0) chemical 

reactioll. Increasing the value of {:J decreases,p. The variation of Al on ¢ is given in Fig. 9.8. As 

Al increases, lhe concenlration field increases. The effects of ale is opposite to of Al on ¢ (Fig. 

9.9). The variation of Schmid !. number Se on <P is showtJ ill Fig. !UO. The concentrat ion field 

¢ decreases when Se increases. As e.xpected the fluid concentration increases willi an increase 

in generative chemical reaction parameter (-y < 0) (Fig. 9.11.) . The fluid concentration ¢ has 

the opposite behavior for destructive chemical reaction parameter (; > 0) in comparison to the 

case of generative chemical reaction (F ig. 9.12). 

The values of the surface mass trausfer -,p'(O) and the gradient of mass transfer -¢' (,,) are 

presented in the Tables 9.2 and 9.3. Table 9.2 depicts that the surface mass transfer -,p'(O) 

increases by increasing /3 and ale wh ile decreases fo r large values of AI. Table 9.3 shows that 

t he surface mass transfer -g/(O) increases by increasing both Se and 'Y. The gradient of mass 

transfer -¢'('/) increases as both Sc and I are increased when '1 = 0.2 and '/ = 0.5. The 

magnitude of -¢'('fJ) is larger for '1 = 0.2 . 

9.5 C losing remarks 

The present study dcscribes the stagnation point. flow of a J effrey fluid with mass transfer effect. 

Analytical solution to the governing nonlinear problem is derived. Analysis of Table 9.1 shows 

that solution upto 15th order of approximations is enough. It is a lso observed by fixing Se and 

I that t he influence of increasing tJ on the surface mass transfer is larger t han '\ 1' The surface 

mass transfer is larger for increasing valucs of I when compared wit h Bc. 
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Fig. 9,2. The comparison of /(1/) fol' the analytical approximation with an exact solution 

when '\1 = {3 = ale = O. Filled circle: e.''(act solution; Solid line: 15th-order HAM solution. 
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Fig. 10.3. T he comparison of 4>(,/) for the analytical approximation with the numerical 

solutions when >'1 = /3 = alc = O. Filled circle: numerical solution; Solid line: 15th-order 

HA ~ I solut ion. 
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Fig. 12. Influence of "'1'(> 0) on ¢. 

ale fJ Al -q/(O) 

0 0.2 0.2 0.86269 

0.05 0.86748 

0.12 0.87561 

0.2 0.88621 

0.35 0.90833 

0.1 0 0.84477 

0.2 0.87316 

0.6 0.90221 

0.8 0.91159 

0.1 0.2 0 0.88354 

0.2 0.87315 

0.4 0.86403 

0.8 0.84858 

1.0 0.84193 
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Table 9.2: Values of the surface mass transfer -¢'(O) when $e = i = 0.5. 

7 Sc -¢'(O) 'I 7 Sc -¢'(~) 

0 1.0 1.04752 0.2 0 1.0 0.86319 

0.2 1.15128 0.6 1.03916 

0.5 1.28689 1.5 1.10435 

0.8 1.40642 0.5 0 1.0 0.64004 

1.5 1.64828 0.6 0.70779 

1.8 1.74036 1.5 0.74569 

1.0 0.2 0.61615 0.2 1.0 0.4 0.75509 

0.4 0.90205 0.8 1.02579 

0.8 1.31358 1.0 1.12394 

1.0 1.48045 0.5 1.0 0.4 0.57759 

1.2 1.63168 0.8 0.69941 

1.0 0.73015 

Table 9.3: Values of the surface mass lransfer -rf/(O) and the gradient of mass transfer when 

(J = 0.2, ).\ = 0.2 and ale = 0.1. 
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Chapter 10 

Unsteady stagnation point flow of a 

second grade fluid with heat transfer 

The stagnation-point flow of an incompressible second grade fluid over an unsteady stretching 

surface in the presence of variable free stream is examined. Flow analysis has been carried out 

when heat transfer is present. The resulting parlial diffC'l'cntiai equations have been reduced 

iuto the ordinary differential ccluations by the suit able t ransformat ions . Computations of di-

mensionless velocity and temperature fields have been performed by lIsing homotopy analysis 

method (HA i\.l). CrnphicaJ plots are prepared in order to illustrat.e the details of flow and heat 

tra nsfer characteristics and their dependence upon the embedded parameters. Numerical values 

of skin-friction coefficient and Nusselt number are given and exmllined very carefully. 

10.1 Definition of the problem 

Consider the unsteady stagnation point Row of an incompressible second grade fluid over a 

porous stretching surface with var iable free stream. We select x-axis along the surface and 

y-ax is normal to it. 1n addition, the heat transfer is considered. The boundary layer equations 

which can govern the present flow are 
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au fJv -+--0 ax 8y-' 
(10.1) 

au au all au uBU {)2u 0\ [ {flu {filL 8uD2!t Uft{)2V [J3u] -+u-+v- - -+ - +,,-+- --+u--+--+--+v­
{JI. ax ay - at ax ay2 p atay2 aXO!}2 ax ay'! Byay2 8y J 

(10.2) 

(10.3) 

where 'U, 1J being t he velocity componeuts along the x- and y-axes, p the fluid density, v t he 

kinematic viscosity, T t he fluid temperature, p the flu id density and Cp the specific heat. 

The associated boundary conditions of the problem are 

u' Uw (x, t), u = \ Iw (x, t) , T = Tw (x, t ) at y = 0, 

11, _ U (x, t) =, T _ Too as y _ 00. (lOA) 

with Vw defined by 

\I =_ Vo 
w (1 - d)I/' 

(10.5) 

represents tile mass transfer at surface with Vw > 0 for injection and Vw < 0 for suction. 

Further t he stretch ing velocity Uw(x, t) and surface temperature 1;,,(x, t) arc taken of the fo rms 

c. 
U.(x,t) = 1-d' 

ox 
Tw(x, t) = Too + --, 

l -et 

ax 
U(x,t) = I -<t (10.6) 

in which a, c and e arc the constants with a > 0 and e ~ 0 (with et < 1), and both a and f: 

have dimension time- I. 

\~re introduce the following transfol'mations 

(10.7) 
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and the vclocity cOlnpOllents 

a,p 
·u =-ay a" 11= --, ax (10.8) 

where l/J is a :olream fllnction, the continuity equation is identically satisfied and the resulting 

problems for / and 0 oecollle 

/'" - f~+ f 1" - A (I' + ~'II") +a [21' /'" - 1'" - f 1"" + A (2/'" + ~'II"")] + ~ +A~ = 0, 
(10.9) 

0" + p,. (II!' - 1'0) - p,. A (0 + ~'IO') , (10.10) 

1(0) = S, 1'(0) = 1, 1'(00) ~ ale, 0(0) = 1, 0(00) ~ o. (10.11) 

Here A = c/c is the unsteadiness parameter, 0 = col/lJ.(l -,t) the dimensionless second grade 

parameter, Pr = J1cp the PrandLi number and primes indicate the differentiation with respect 
k 

to 1]. 

The skin friction coefficient C, and local N usselt number Nu;r. arc 

Tw e, = -,-, 
pUw 

where the skin-frict ion T w and wall heat fl lL"X qw are defined as 

[ 
I)u (iI'u au a" a'u a'u)] 

Tw= 1'-+'" --+ 2--+,,--+v- , 
ay ByBt a'-r: By axBy By2 Y"" O 

qw = -k (~T) . 
Y y=o 
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o 

Due t.o Eqs. (10.7) we obtain 

(10.16) 

n ;",1/2 NU:r; = - 0' (0) . (10.17) 

10.2 Solution expressions 

For the HANI solutions we consider J(7/) flncl 8(7/) in tbe set of base functions 

and wr ite 
00 00 

J(7]) = 08,0 + L L a~"J171J.' exp( -ml), (10. 18) 
,,=01.;=0 

00 00 

0(1/) = LLb~"n11I.;exp(-n1}) , (10.19) 
,,=01.;,.,,0 

in which a ... ,1) and bm,,, are Lhe coefficients. The initial guesses Jo and 00 are taken in the 

following expressions 

and the operators 

a a 
10(,,) = - ,, +(1- -) [(l- exp(-,,)[, 

c c 

<1'0 
['0 = d 2 -0. 

" 
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(10.21) 
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(10.23) 



with the following properties 

Cf [C, + C, CX,,(,,) + C, exp( -'1)[ = 0, (10.24) 

(10.25) 

in which C; (i = 1 - 5) arc the arbitrary constants. 

If ]l E [0, 1] is an embedding parameter, I'tJ and lio the nOll-zero auxiliary parameters t.hen 

the zeroth-order deformation problems can be written as 

(10.26) 

(10.27) 

= a/c. (10.28) 

(10.29) 

(10.31) 

o 

201 



~, 
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For p = 0 and p = 1, we have 

(10.32) 

(10.33) 

and when 7J increases from 0 to 1, 1('/iP) and G('/iV) deforms from IO(fJ) and 90 (71) to 1(7/) 

and 0(11) respectively. Expundiug 1(11;1') and 0(11;1') one can write 

= 
l(,/;p)=fo(~)+ L,f",('I)P''', (10.34) 

",=1 

= 
0('/;1,)=90('1)+ ~O"'('I)P"', (10.35) 

'11= 1 

" ()_ 1 iI"'O('I;p) 
17m 'I - nd 8p'" 

(10.36) 
,.,.0 

and the auxiliary parameters Ii, and lio have been chosen in snch a way that the series (10.39) 

and (10.40) converge at 1) = I. H pl1('p 

= 
/('Il = 10('1) + ~ /",('1), (10.37) 

",=1 

= 
9('1) = 90('1) + ~ 9"'('1)· (10.38) 

",=1 

The problems corresponding to the mth order deformation are 

(10.39) 

(10.40) 
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/ ... (0) = 0, 1: .. (0) = 0, I:" (00) = 0, Om (0) = 0, Om(oo) = 0, 

,",,,(0) = 0, ¢",(oo) = 0, (10.41) 

.-, 
'--

(10.43) 

x", = 
0, m:5 1 

(10.44) 
1, 1ft > 1 

The general solutions of Eqs. (10.39) - (10.4 1) are 

1"'('1) = I,:,(~) + C, + C,exp('I) + C, exp( -'I), (10.45) 

0"'('1) = 0;"('1) + C, "Xp('I) + Cs exp( -'I), (10.46) 

in WLlich 1,:,(7/) and 0;,,(11) are the special solutions and 

C, G4 =0, 

C, -C3 - 1,:,(0), C, = al,:.(~) I ' -
01] '1=0 

Cs - -0;,,(0). (10.47) 
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10.3 Convergence of t h e derived solution expressions 

It can be clearly seen that the series solut ions (10.37) and (10.38) contain t he non-zero auxil iary 

parameters Ii, and fig. T hese parameters are useful in adjusting and controlling t he convergence. 

For the a ppropr iate values of It! and lio of the funct ions 1"(0) and 0'(0) the ""I and rliJ-cul'ves 

are plotted for 20th-order of approximat ions. Fig. 10.1 clearly indicates that the range for t he 

admissible values of iii and no are - 1. :::; It/ . lio:::;; - 0.3. The series given by (10.37) and (10.38) 

converge in the whole region of 7J when iiI = 110 = - 0.7. 

- 0.9 
(J '" 0.2, A . 0.3, $ ", 0.5, 8/C= 0.2 Pr = 1.0 

/: 
- 1 

- 1.1 

" ii;' - 1.2 
-

" ...... - 1.3 
~ 

- 1.4 V 
....... ... . 

- 1.5 

- 1.75 - 1.5 - 1.25 - 1 - 0.75 - o.S - 0.25 a 
fir , flo 

______ --'F"i"gs:::-_l::O,,-"'I: The n- curves of the fUllctions r CO) and 8'(0) at 15!1< order of approximation. 

o 
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() 

Order of convergence -/,,(0) -0'(0) 

1 0.979200 1.156667 

5 0.959231 1.459134 

10 0.959203 1.458497 

15 0.959204 1.458505 

20 0.959204 1.458503 

25 0.959204 1.458503 

30 0.959204 1.458503 

Table 10.1: Convcrgence of HA !>. r solutions for difrerent order of approximations when (\' = 0.2, 

A = 0.3,5 = 0.5, PI" = 1.0 and ale = 0.2. 

10.4 Results and discussion 

In this section, our main interest is to discuss the variation of the emerging parameters such 

as a/c, cr, A, S and PI' on the velocity componcllts, temperature fields, skin frict ion coefficient 

and NlIssclt. number. The analysis of stich variation is made by Figs. 10.2 - 10.13. Fig. 10.2 

shows the effects of ale on the velocity component 1'. When a/e = 0 then there is no stagnation 

point flow. Velocity I' increases when the parameter ale increases. It is noticed that flow has a 

bOlmdary layer st ruct ure for values of ale> 1 and thickness of boundary layer decreases with 

an increase in a/c. F\trther Fig. 10.2 clearly depicts t hat when t he stretching velocity of t he 

sllrface is greater than t he stagnat ion velocity of the external stream (i.e. a/e < 1) the flow 

has inverted boundary layer structure. Fig. 10.3. is drawn for t he severol values 0' and a/e 

when S = 1.0 and A = 0.3. It is seoll t hat velocity f' is greater for second grade fluid when 

compared to a Newtonian fluid . Figs. lO A and 10.5 depict the effects of a on /' in suction 

aud injection respectively. In both cases, Q' increases the velocity profile. The boundary layer 

thickness also increases. However , in injection case slich increase is larger than Sllction case. 
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The behaviors of A and S on velocity profile are seen in the Figs. 10.6 and 10.7. Both A and 

S decrease the velocity profile. Sucking fluid particles through porous wall reduce the growth 

of t.h(' fluid boundary layer. This is in ac('orcl<ulcc wilh the fact that suction causes reduction 

in the boundary layer thickness. Fig. 10.8 is plotted for the variation of vertical component of 

velocity /. We sec that. / increases by increasing a/c. Fig. 10.9. presents thc effect of S on f. 

It is also found that / incrcases when S increases. The qualitative etfects of a/e and S on t he 

temperature are similar (Figs. 10.10. and 10.11). The variation of PI" on temperature field is 

sketched in the Figs. 10.12 and 10.13 fol' suction and injection respectively. As expected (j is 

decreasing when Pr increascs. However sllch decrease is larger for suction when compnred with 

i.njection case (Figs. 10.13). From Table 10.2 it is noticed t hat the magnitude of sk in £riction 

coefficient increases for large values of 0, A, ale and S. The skin friction coefficient parameter 

increases by increasing A. We found that for a fixed values of other parameters , the local 

Nusselt number increases wheu there is an increase in Q. 

10.5 Concluding remarks 

. We sludk"Cl the stagnation point now of a second fluid with heat transfer eft·eet in the presence 

of variable free stremn. The governing nonlinear problem has been computed and the main 

points can be summarized as follows: 

• Velocity component t is a decreasing function of a/e < 1. 

• The effects of A unci S on the velocity profile t are simi lar in a qualitative sense. 

• The velocity t increases when 0 increases. 

• The influence of A is to increase the boundary layer thickness. 

o • Both t and 0 are decreasing functions of S. 
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• The temperature 0 yields a decrease when Pr increases . 

• Local Nusselt number is an incrcasing function of 0, S and (tic. 
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a A S ale Re 1/2C - % r R - 1/2 N 
- C'I' Uz 

0.0 0.3 1.0 0.2 1.469456 1.753764 

0.1 1.627582 1.782792 

0.2 1.792047 1.801183 

0.1 0.2 1.0 0.2 1.602816 1.757819 

0.4 1.652567 1.807621 

0.7 1.728709 1.881074 

1.0 1.806307 1.952925 

0.1 0.5 0.0 0.3 1.172283 1.237817 

0.5 1.341659 1.522888 

1.0 1.506370 1.855564 

0.1 0.5 1.0 0.0 1.968956 1.785723 

0.1 1.833141 1.808871 

0.2 1.677760 1.832274 

0.3 1.506372 1.855564 

Table 10.2: Values of skin friction coefficient Re;I/2 C, and local Nusselt number Re;I/2 

Nuz for some values of a, A, S and ale when PI' = 1.0. 
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Chapter 11 

Mixed convection stagnation point 

flow of a micropolar fluid towards a 

stretching surface with thermal 

radia tion 

Th.is chapter describes the mixed convection stagnation point flow with heat and mass transfer 

in a Illicropolar fluid towards a st retching surface. :Mathematical. T he governing partial 

dil ferential equations are first reduced into the ordinary d ifferentia l equations and then solved 

by lIsing homotopy analysis method (HAM). Numerical values of skin friction coerficients, local 

Nusselt number and Sherwood number are computed . The present results are also compared 

with the ex isting numericnl solution in a li miting sense. 
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11.1 Mathematical formulation 

Let liS consider the steady mixed C'ollv('ClioH stagnation point flow of a micropolar fluid over 

a stretch ing surface. \Ve consider tlml the sm'face has temperature Til" the concentration C4." 

and fluid has uniform ambient. temperat.ure Too and uniform ambient concentration Coo (Here 

T", > Too and Cw > Coo). The associated equations and boundary condit ions are 

u--+v--=--- -- 2N +-aN· aN· 'YO< 82 N* I~ ( • au) 
ax ay pj ay2 pj ay , 

[
fiT OT] o'T {lq, 

pc" 'U~ +v~ = kQ:I -~, 
uX uy uy uy 

,,{lC +voC = va'c 
ax ay ay2 

1l = 11w(X) = ex, v=O, N·=_No~u, T=TU/(x), C=C",(x)al 'Y=O, 
vy 

1t _ u,,(x) =ax, N- _ O,T_ 0, C _ 0 asy _ 00, 

(11.1) 

(11.2) 

(11.3) 

(11 .4) 

(11.5) 

(I1.G) 

where u and 'v are the velocity components parallel to the x- and y- axes, respectively, p the 

fluid density, II the kinematic viscosit.y, a the electrical conductivity, N· the microrotation or 

angular velocity, T the temperature, '1, the specific heat, k the t hermal conductivit.y of the fluid , 

qr t he radiative heal. flux, C the concent ration species of the fluid , D is the difrusion coefficient 

of the diffusion species in the fl uid , j = (/J/c) is microinertia, 'Y' = (,t + 1~/2)j and I~ are the 

spin gradient viscosity and vortc,'( viscosity, respectively. Here fOI" K. = 0 we have the case of 

viscous fluid. Further the boundary parameter No has range 0 ::; No :::;: 1. It should be noted 
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that when No = 0 (called strong concentration) then N' = 0 near the wall. Th is represents 

the concentrated particle flows in which the microelements close to the wall s urface arc unable 

to rotal e. The case No = 1/2 corresponds to tlw vanishing of anti·symmetric part of the IStress 

tensor and it shows weak concentration of microclcmcnts. 

Rosseland approximation gives 

where (J" is the Stefan-Boltzmann constant and k· the mean absorption coefficient. 

Through the use of Taylor's series 

T' ~ 4T!T - 31!. 

Invok ing Eqs. (11 .4), (11.7) and (11.8) we have 

~electing 

(u'IT + vOT) = ~ [(16u':r,;, + k) BT]_ 
{JCp ax au O!J 3k' O!J 

'I = (e/v)I/2 g, U = ex!, ('I), v = - (ev)I/2 [('I), N' = (e/v)I/2 eX9('I), 

e -l-rp. ¢ - c c~ - ,..- 00' - cw Coo' 

(11. 7) 

(11.8) 

(11.9) 

(11.10) 

equation (11.1) is automat ically satisfied and Eqs. (11.2), {11.3}, (11 .5), (11.6) and (11 .9) finally 

y ield 
2 

(1 + I'I)!'" + [1" - U')2 + /(19' + a2 + A(e + N¢) = 0, 
e 

( 1(1)", " 1+2 9 +[9' -[9-2/(19-1<11 = 0, 

(J + Nil) eN + 1'1 (IB' - ['0) = 0, 
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(11.12) 
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~"+5c{N' - N) = 0, 

1(0) = 0, 1'(0) = I, 9(0) = -No 1"(0), 0(0) = ~(O) = 1, 

1'(00) - ale, 9(00) = 8(00) = ~(oo) = 0, 

(11.14) 

(11.15) 

where prime denotes the derivative with respect. to 'I. Here micl'opoiar parameter J(, Prsl1dtl 

nu mber PI' , radiat ion parameter Nu, Schmidt number Sc, chemical reaction parameter i, local 

buoyancy parameter A ancllocal Grashor number GT:>; are prescribed as follows. 

~ v 16a·~ v 
/(\ = ;; ' P,' = -, Nn= 31.:k. ' Sc= D ' a 

.\ 
G,";c Gr~ = 9f3(Tw - Too)x3/v2 ,N= i3c(Cw -Coo ) (11.16) = Re2 ' • ~X2/V2 {3T (T. Too) 

The definitio ns of sk in fdelian coefficicnt.s Cjx. local Nusscit number Nu, and local Sherwood 

number Sit arc 

N" 

which after invoking Eq. (1 1.10) become 

R 1/2C .ex Ix 

51 = -x(8C/ay),-a 
I (Cw Coo) . 

[I + (I - No) Kd 1"(0) , 

NuRe;1/2 = -8'(0), 51IRe;1/2 = -~'(O), 

in which Rc;{! = ax2 Iv denotes the loca l Reynolds number. 
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11.2 Homotopy analysis solutions 

Considering n S('\ of bnse functions 

(11.19) 

we express 
~ ~ 

f (7}) = 08.0 + L L a:.".,1{ exp( -m/), (11.20) 
n=Ok=O 

~ ~ 

g(1'} = LLu~n'7ITlexp(-nr/)' (11.21 ) 
11.=04-=0 

~ ~ 

9('1) = L L ~,.",J' exp( -ml). (11.22) 
,,=Ok=O 

~ ~ 

4>(1/) = L L d~; ",,1l' exp( -urI) (11.23) 
u=Ok=Q 

in which (I~, ,n b~. ," d.';, " and d~, " are the coefficients. The rule of solution expressions and the , " , 

boundary conditions (11 .15), the initial guesses fo , 90 , 00 l'md ¢o nf 1('1) , g(1]), 0(1']) and ¢(,,) 

are giycn by 

a a 
10('1) = -'I + (l - -) [(I - exp(-'I)), 

c c 
(11.24) 

(1 1.25) 

(11.26) 

(11.27) 

with the auxiliary linear operators of the forlllS 

(11.28) 
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'G 

having properties 

cf'g 
£9 = d :1 - g, 

'I 

d'O 
£0 =-,2 -f)~ 

"I 

£y [C., eXp(,,) + C, exp( -'I)J = 0, 

where C1(i = 1 - 9) nre the arbitrary constants. 

The associated zerot.h order deformation problems are 

(l - p)£,[!H'!;p) - 9<> ('I)J = pr.gIV, [f(,!;p),ii(";p)] , 

(l -p) £, [0(";1» -00(")] =pr.,N, [/("; P), !! (";P)] , 

/(")I,,~o = 0, 9(,,)I ,,~0 = -No 
a' /('1) ,0(,,)1 = (i('I) 1 = a/('I) 

[h/1 'I~O '1 ",,0 a'i '1':::0 

§( 'I )I,,~oo 0, 
a/('I) =a/c, O(")I,,~oo = (i(")I,,~oo = 0, = 

8'1 
'1=00 
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(11.29) 

(11.30) 

(11.31) 

(11.32) 

(11.33) 

(11.34) 

(1 1.35) 

(11.36) 

(11.37) 

(11.38) 

(11.39) 

= 1, 

'1=0 

(11.40) 



in which p E [0, 11 depicts the embedding parameter and hI, ng, ho and r~ Lhe nonzero auxiliary 

parameters. FurLher the nonli near operators N" Ny> No and N", 

, , 

(11.42) 

(11.43) 

(11.44) 

-, 
(11.15) 

For p = 0 and p = 1 then 

(11.46) 

(11.47) 

(11.48) 

(11.49) 

'(J 
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and so through Taylors series one can write 

00 

j(',;I» ~ /0(") + 2:: /",(,,),>"', (11.50) 
m _ 1 

00 

{;(,, ;p) ~ 90(") + 2:: g",(,,)p"' , (11 .51) 
m = 1 

00 

O(~; ,,) ~ 00 (,,) + 2:: 0"'('1)""' , (11.52) 
m = 1 

00 

1>(,,;,,) ~ </>0(") + 2:: <P",(~)Ii" , (11.53) 
m =: 1 

I 8'''/(,,,1') I 
1nl !:'I,,'" ' . V p=o 
1 8"'0(,,; 1') I 

m' !:'II,'" ' ,. v 11= 0 
(11 .54) 

The auxiliary panuueters are so properly chosen that series (11.51) - (11.54) converge when 
... j' 

11 = 1 and hence 
00 

f(',) ~ M',) + 2:: /"'(,,), (11.55) 
111=1 

00 

9(") ~ 90(") + 2:: g",(,,), (11.56) 
111=1 

00 

0(,,) ~ 00(") + 2:: O",(ry). (11.57) 
11'1.':=1 

00 

<P( 'I) ~ <Po(") + 2:: <p",(.,). (11 .58) 
'1'1.':=1 

The related problclHS at the mth- order deformation are g iven below 

(11 .59) 

221 



(1l.60) 

(1l.61) 

(J 1.62) 

f",(O) = 0,1:11 (0) = 0,1:,,(00) = 0, 9 ... (0) = 0, 9",(00) = 0, 9:,,(00) = 0, 

O,neO) - 0, 8",(00) = 0, </1",(0) = 0, tP",(oo) = 0, (11 .63) 

with t.he following defi n itions 

9_ J(II '_' ( ) ["'-' 1 n", (7/) - 1 + 2 9",_1 + ~ [hgm- I- k 9IJ",_I_k] , (11 .65) 

",-I 

,- n~" (1/) ::; (1 + Nn)fJ::,_1 + Pr L.: [fkO:,, _I_k + 9kO;"_I_,,J, (11.66) 
k=u 

m - I 

nt, (1/) ::; ¢%,- l + Be :L [h¢:,,-l-k - ¢d:,,-l- k] , (11.67) 
/;= 0 

_ {o, 1)1 ~ 1, 
Am -

1, 7ft> l. 
(11.68) 

The general solutions of E<js (11 .60) - ( lLG3) are 

(11.69) 

-G 
(1 1.70) 

(11.71) 
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(11.72) 

where If:,('/}) , g;,,(1/) , O;,IC'1) , 1>:,,('/) are the particular solutions of the Eqs. (11.60) - (ll .63). 

Note that Eqs. (l1.GO) - ( 11.63) can be solved by :Mathematica one after t he other i ll the order 

Ut= 1, 2,3, ... 

11.3 Convergence of the series solutions 

Obviously the series solutions (11.56) - (11.59) involves the nOll-zero auxiliary parameters lif, 

fig. no and !i~ . Such parameters help ill the adjustment and control the radius of convergence 

of the series solutions. In the present case, the range of reliable values of Ii" ng> no and u¢ 

can be computed by showing the fl.- curves of the functions rCO), gl(O) , It(O) and 4/(0) for 

15th-order of approximations. Fig. 1 depicts that t he range for the values of Ii/ . Ii.g • no and 

li~ are - 0.8 :s: lif ::; - 0.3, - 0.9 ::; liD :5 - 0.2 and - 0.8 :s: no> Ii", :s: - 0.3. The series given 

by (]1.56) - (11.59) converge in the whole region of 7/ when lif = no = - 0.7 = tl{) = t"Q. Fig. 

11.1. depicts the /i-curves of velocity, microrotatioll , temperature and concentrat ion. Table 11.] 
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indicates the convergence of the homot.opy solutions for different order of appl'OxillUltions. 
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I, 

Fig. ll . 1. The !i.-curves of r(O) , 9'(0) , 0'(0) and ¢'(O) at 15th-order of approximations. 

Order of convergence - 1"(0) -9'(0) -0'(0) -~'(O) 

5 0.67194 0.42945 0.70923 0.74751 

10 0.67115 0.42918 0.70818 0.73809 

15 0.67116 0.42917 0.70826 0.73757 

20 0.67116 0.42917 0.70827 0.73756 

25 0.67116 0.42917 0.70827 0.73756 

30 0.67116 0.42917 0.70827 0.73756 

35 0.67116 0.42917 0.70827 0.73756 

Table 11.1: Numcricul valnes for the convergence of f"(O), g'(O), (}I(O) and ¢'(O). 
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11.4 Results and discussion 

In this section, we look fo r thp variations of the material parameter !(\ , local buoyancy pa­

rameter . .\, the buoyancy ratio iV, constant velocity ratio ale, Pra ndti number PI' , radiation 

parameter N n, Schmidt number Se all the velocity, temperature and concentration fields. This 

cun be achieved by plotting the Figs. 11 .2 - 11.16. Figs. 11.2 - 11.5 arc presented in order to 

show the effects of A, N, f(\ ancl ale on f'. Fig. 11.2 presents the effect of ~\ on the velocity 

1'. It is observed from t his Fig. that the boundary layer thickness increases by increasing ,\, 

It is also found t hat I' increases when N increases (Fig. 11.3). Fig. 11.4 displays the velocity 

profiles for variolls val ties of J{ I when No = 0.5. The qualitat ive effects of [(I are found similar 

to that of ~\ and N of /'. Fig. 11.5 gives the variations of a/e on veloci ty component /'. The 

velocity component l' is a decreasing function of a/e < 1 while for a/e > 1 it decreases. 

The eRects of a/e and I< on the microrotation profi le g(1/) are plotted in the F igs. 1l.6~11.9. 

Fig. 11.6 is drawn when No = 0.5. From Fig. 11.6, we have seen that 9 increases initially but at 

1/ = 2 it starts decreasing. Fig. 11.7 is drawn for No = 0.5. vVe see that 9 increases by illcreasing 

a/c. Prom Figs. 11.8 and 11.0, it is clear that the microrotation profi le for Nu _ 0.0 and t hat 

No = 0.5 arc quite different. Figs. 11.10 - 11.13 depict the effects of ratio a/e, local buoyancy 

parameter A, Prandtl number P r and radiation parameter Nn on the temperature profile B(1/}. 

The qualitative effects of a/e and A on the temperat ure are similar ( Figs. 11.10 and 11.11). 

The variation of Pr on the temperature field is sketched in Fig. 11.12. As expected, it is found 

that f) is decreasing when Pr is increased. Fig. 11.13 gives the effects of radiation parameter 

Nn on the temperature field. It has opposite result when compared with Fig. 11.12. Figs. 

11.14 - 11.16 plot t he effects of a/e, ). and Se on the concentration profiles. F ig. 11.14 shows 

the efTect of ale on t he concentration profile ¢. It is observed that concentration boundary layer 

decrea')cs by increasillg a/c. The behaviors of A and Se on concentration profile are seen in the 

Figs. 11.15 and 11.16. Both). and Se decrease the concentration profile. 
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Tables 11.2 - 11.5 are given for the numerical values of the skin friction coefficients, Nusselt 

number and Sherwood Ilumber for the different values of involved parameters of iuterest. From 

Table 11.2 it is lloticed that the magnitude of skin friction coefficient decreases for large values 

of N and A. From Table 11.3 it is found that the magnitude of -0'(0) increases for large values 

of ]{,. These Tables indicates that HAM solution has a good agreement with the numerical 

solution [94]. Table 11.4 is prepared for the variations of N, A, ](, . Sc and alc on the surface 

mass transfer. It is obvious from this Table that the magnitude of -¢'(O) increases for large 

values of ](, and Se. 

11.5 Conclusions 

The series solution of steady two-dimensional mixed convection stagnation point flow of a 

micropolar fluid with heat and mass transfer is invest igated. The behavior of the embedded 

parameters are examined and the following points are noted. 

• Velocity component l' is a decreasing function of alc < 1 whereas for alc > 1 it decreases. 

• Velocity J' is an increasing funct ion of I<" N and A. 

• Microrotation profile is parabolic distribution when No = O. 

• The temperature (J decreases when Pr is increased 

• The role of N R and PI' on the temperature is opposite. 
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• There is a decrease in concentration field when Bc increases . 
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F ig. 11.3. Influence of IV on velocity profile f'. 
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1(\ = 0 

ale No = 0.0 No = 0.5 

[89[ HAi\l [89[ HAM 

0.01 - 0.9980 - 0.99891 - 0.9980 - 0.99891 

0.02 -0.9958 -0.99575 - 0.9958 - 0.99575 

0.05 -0.9876 - 0.98745 - 0.9876 - 0.98745 

0.10 - 0.9694 - 0.96934 - 0.9694 - 0.96934 

0.20 - 0.9181 - 0.91823 - 0.918\ - 0.91823 

0.50 - 0.6673 - 0.66745 - 0.6673 - 0.66745 

1.00 0.0000 0.00000 0.0000 0.00000 

2.00 2.0175 2.01844 2.0175 2.01844 

Table 11. 2: Comparison of values of skin fiction coefficient for some values o f alc when 

[(I = 1 

ale No = 00 No .,- 0.5 

[89[ HA~1 [89[ HMI 

0.01 - 1.3653 -1.3653 - 1.2224 - 1.2224 

0.02 - \.3622 - 1.3622 - 1.2196 - 1.2196 

0.05 - 1.3512 - 1.3512 - 1.2095 - 1.2095 

0.10 - 1.3268 - 1.3268 - 1.1872 - 1.1872 

0.20 - 1.2579 - 1.2579 - 1.1244 - 1.1244 

0.50 - 0.9175 -0 .9175 -0.8172 - 0.8172 

1.00 0.00000 0.00000 0.0000 0.0000 

2.00 2.8062 2.8062 2.4710 2.4710 

Table 11.3: Comparison of values of skin friction coeH1cient for some values of alc when 
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](1 = 2 

ale No = 0.0 No =0.5 

1941 HAM 1891 HAM 

0.01 -1.6183 - 1.61834 - 1.4116 - 1.41162 

0.02 - 1.6147 - 1.61472 - 1.4084 - 1.40847 

0.05 - 1.6015 - 1.60153 - 1.3967 -1.39676 

0.10 - 1.5726 - 1.57263 - 1.3709 - 1.37098 

0.20 - 1.4914 - 1.49144 - 1.2984 - 1.29846 

0.50 - 1.0893 - 1.08933 -0.9437 - 0.94376 

1.00 0.0000 0.00000 0.0000 0.00000 

2.00 3.3595 3.35952 2.8532 2.85322 

Table 11.4: Comparison of values of skin friction cocflicicnt; for some values of ale when 

.. 
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,. , 

, -

,\ = o. 
Se A, ale N ,\ - ¢'(O) 

0.5 1.0 0.2 0.5 0.2 0.73754 

1.0 1.09641 

1.5 1.37524 

0.5 0.0 0.72196 

0.5 0.73042 

1.0 0.73754 

0.7 1.0 0.0 0.5 0.2 0.71356 

0.2 0.73748 

0.4 0.77075 

0.7 1.0 0.2 0.0 0.2 0.73068 

0.5 0.71356 

1.0 0.74398 

0.7 1.0 0.2 0.5 0.0 0.71437 

0.3 0.74732 

0.6 0.77262 

Table 11.5: Values of -¢'{O) for some values of A"I, II I , Be ancl ..\ when Pr = 0.7 , 

N fl = 0.5 and No = 0.5. 
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