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Preface

Parallel plate wave guide is very important structure for studying the scattering
of waves in electromagnetic theory. Engineers, physicist and mathematicians
have shown a very keen interest in these types of problems. The grooved and
impedance loaded wave guide structures have been frequently used for
microwave filter and antenna applications. It has been verified experimentally
that rectangular wave guide with finite length impedance loaded can be used as a
band-stop filter. Hence, the solution of this problem is of importance for band-
stop filter design using a rectangular wave guide with finite impedance loading.

The scattering coefficients for wall impedance change in parallel-plate wave
guides have been investigated by several authors. Among them one can cite, for
example, Johansen [1] who considered the case where the part x<0 of the parallel
plates are perfectly conducting while the part x>0 has the same surface
impedance. Heins and Feshbach [2] provided a Wiener-Hopf solution to the
problem of coupling of two ducts. Karajala and Mittra [3] have considered the
scattering at the junction of two semi-infinite parallel plate waveguides with
impedance walls by mode matching method. Arora and Vijayaraghavan [4] used
the Wiener-Hopf technique to compute the scattering of shielded surface wave in
a parallel-plate waveguide consisting of inductively reactive guiding surfaces and
characterized by an abrupt wall reactance discontinuity. Finally Tayyar et al. [5]
have considered the parallel plate wave guide having finite length impedance
loading.

In present dissertation some mathematical concepts and theorems [6, 7, 8] are
given in the first chapter, which are necessary to understand the subsequent
chapters. In the second chapter the paper by Tayyar et al. [5] is reproduced with
more details. In third chapter we have extended the work of Tayyar et al. [14] by
considering the soft boundaries having finite length impedance loading. The
representation of the solution to the boundary-value problem in terms of Fourier
integrals leads to two simultaneous modified Wiener-Hopf equations which are



uncoupled by using the pole removal technique. The solution involves four infinite
sets of unknown coefficients satisfying four infinite systems of linear algebraic
equations. At the end reflection and transmission coefficients are calculated from
these infinite systems of linear algebraic equations.
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Chapter 1
Preliminaries

In this chapter some mathematical preliminaries, used in the subsequent chapters, are
presented. These include Decomposition theorem, Factorization theorem, Extended

Livoulle’s theorem, Wiener-Hopf technique and analytic continuation principle [6, 7, 8].

1.1 Extended Livouville’s Theorem|6|

If f(&) is an integral function such that | f(§) |[< M | £ |P as | £ |- oo where M, p are
constants, then f(€) is a polynomial of degree less than or equal to [p] where [p] is the

integral part of p.

1.2 Decomposition Theorem/|6]

Let f(v) be an analytic function of v = o + i7 and regular in the strip 7— < 7 < 74.
Within this strip, | f(v)| — 0 uniformly as || — co. Then f(v) can be decomposed such
that

flv) = fr(v) + f-(v), (1.1)



where
oo-Hie

f*‘(u):%é / %d& Ta LOCT T4,

—oo-+ic

is regular in the upper half v-plane defined by 7_ < 7 and

oo+id

f—(V)=2_—W13. / Ef(_—gld&. r-<r<d<Ty,

—oo+id

is regular in the lower half v-plane defined by 7 < 7.

1.3 Factorization Theorem|7]

(1.2)

Let f(v) be an analytic function of v = o + i and be regular and be non zero in the

strip 7_ < 7 < 74. Within this strip, |f(v)| — 1 uniformly as |¢| — co. Then g(») can

be factorized such that

9(v) = g4+ (v)g-(v),

where »
. 1 In g(£)
g+(v) = exp [Qﬁi / E—ud£ ; o €€ T Ty
—oo4ic
is regular and non zero in the upper half v-plane defined by 7_ < 7 and
1 m+-£r.il (E)
= = o |5 - d ]
g-(v) exP[me’ . £quE], . < r<d <y
—oo-tid

is regular and non zero in the lower half v-plane defined by 7 < 7.

(1.4)

(1.5)

(1.6)



1.4 Analytic Continuation[8]

The intersection of two domain H, and H; is the domain H, N H, consisting of all points
that lies in both H, and H,. If we have two domains H, and H, with points in common
and a function f; that is analytic in H,;, there may exist a function f; which is analytic
in Hy, such that fo(z) = fi(z) for each z in the intersection H; N Ha. If so, we call f; an

analytic continuation of f; into the second domain H,.

1.5 General Scheme of Wiener-Hopf Technique[6]

Wiener-Hopf technique is used for solving certain integral equations and various boundary
value problems of mathematical physics by means of integral transformation. In this
technique, we require to determine the unknown function ¥ (v) and 9 _ (v) of a complex
variable v from the equation given below. The function 1, (v) and ¥ _ (v) are analytic,
respectively, in the half planes Im v > 7_ and Im v < 7 tend to zero as | ¥ |— oo in

both domains of analyticity and satisfy in the strip 7. < 7 < 74,
Dy (v)%, (v) + D2 (v) % (v) + D3 (v) = 0, (1.7)

where the functions D; (v), D, (v) and D3 (v) are known functions regular in the strip
7_ < 7 < 74 and D, (v) and D, (v) are non zero in the strip. The basic idea in this

technique for solution of this equation is to substitute

- (1.8)
where the function 7' (v) and T_ (v) are analytic and different from zero, respectively,
in7T>7_and 7 < 74. By using Eq. (1.7) and (1.8), we obtain

D3 (U
D2 (U

—

Ty () by () + T- (W) ¥_ () + T () 22 =0, (L9)

—



The last term of the above equation can be written as

D3 (v)

T_(v) Da (V)

=D, (v)+ D_(v), (1.10)

where the functions D (v) and D_ () are analytic in the half planes 7 > 7_ and 7 < 7.

Thus Eq. (1.9) takes the form

Ty (v) ¥y (v) + Dy (v) = =T () $_ (v) — D- (v). (1.11)

We observe that L.H.S. of Eq. (1.11) is regular in 7 > 7_ while the R.H.S is regular in
7 < 74. Thus, both sides are equal to a certain integral function (polynomial) J (v) in

thestripr7_ <7< 74

J(v) = Ty (V) ¥y (v) + Dy (v) = =T (V) ¥_ (v) = D- (). (1.12)

By using analytic continuation, we can determine J (#) which is regular in the whole

complex v — plane. Let
| Ty (W)Y, (W) +De(v) < |v[Pas v — 00, T>7T_, (1.13)

| =T_ (w)y_(v) = D_(v) |<|v|Pas v— 00, T < T4. (1.14)



Chapter 2

A Wiener-Hopf analysis of the
parallel plate waveguide with finite

length impedance loading

In this chapter the review of recent paper by Tayyar et al. [5] is presented in detail. A
Wiener-Hopf technique is used to study the band-stop filter characteristic of the parallel
plate waveguide with finite length impedance loading. The boundary value problem
gives two simultaneous modified Wiener-Hopf equations which are uncoupled by using
pole removal technique. The solution involves four infinite sets of unknown coefficients
satisfying four infinite system of linear algebraic equations. At the end reflection and

transmission coefficients are determined from these system of linear algebraic equations.

2.1 Introduction

In the present analysis Tayyar et al. [5] have considered the parallel plates waveguide
with a finite length impedance loading as depicted in figure below. The part z < 0 and
x > [, are perfectly conducting at y = 0 and y = b, and the part 0 < z < [, have

constant surface impedances at ¥y = 0 and y = b. The surface impedances of the lower



and upper plates are different from each other and denoted by Z, = n,Zy and Z; = 7,7,

respectively, with Zg being the characteristic impedance of the free space.

Ay

b

Hard 7]2 Hard

U
Hard nl Hard

0 )

Figure 2.1: Geometry of the problem.

» X

2.2 Mathematical Formulation

Let the incident TEM mode propagating in the positive & direction be given by
H: = u' = ¢, (2:1)
The total field u”(z,y) can be written as
ul(z,9) = v'(z,y) + ulz,y), ye(0,b) and ze(—o00, 00), (2.2)

In Eq. (2.2), u(z,y) is the unknown function which satisfied the Helmholtz equation

A%u(z,y) + k*u(z,y) = 0. (2.3)



The corresponding boundary conditions are

Bug;; 0) =0, —oco<z <0 and
8_1‘((9.?_1’):0, —o0o <z <0 and
(1+ El??:f%)u(m, 0) = —e¥*®,
(1-— ﬁ;-a%)u(m, b) = —e*=,

I € p<oo,

L @00,

I e !

O<z<l.

(2.4)

(2.5)
(2.6)

(2.7)

To obtain the unique solution to the mixed boundary value problem the edge and radi-

ation conditions are

o(z—11"?),|z|-1

u”(z,0) = { o(lz %),z |- 0

u(z,y) = O(ei"|’|), | z |— oo.

Taking Fourier transform of Eq. (2.3), we obtain

where

K(a) = Vi — a2,

and
oo

- 1 .
u(al y) = E /u(mly) e dz.

—00
Taking inverse Fourier transform, we get

(=]

umm=jammwMa

—00

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)



Taking Fourier transform of Eqs. (2.4) and (2.5), we obtain

(e, 0)

=0, —o0<z<0 and [ <z < oo,
dy
@%301 —o0<z<0 and | <z < oo0.

Taking Fourier transform of Eq. (2.6), we obtain

(1 ——)‘u(ﬂf 0) 21W / + ——)u(m 0)e***dz,
(14 ekl ; Ju(a,0) = /( u(:ﬂ 0)e**dz + —f( o
1 T 1

a iaxr
tor (14 77— T By — )u(z,0)e"**dz,
1

8 _ B 1 ei(n—i-k]l i1
oy O =) e

where

0
el A 1 0 iaz
Pl () = o /(1 + — 7o 6y)u(m 0)e'**dz,

17 1 8 .
+ i o oM ia(z—1) )
o (a) = o- f (1+ g 5o, O)eio e
{

Similarly taking Fourier transform of Eq. (2.7), we obtain

1 & 1 ei(cx+k}z’ =
- o e b) = ¥5(0) — S

mm a+k

10

+ o (o)

+ o (a),

18

(2.14)

(2.15)

2 —)u(z,0)e**da

(2.16)

(2.17)

(2.18)

(2.19)



where

— 1 1 d 1crz
%5(0) = 5= [ (- r-goula, ez (2.20)
1 [, 18 .
+ - . L ia(x—1)
¢7 (o) = = /(1 T ay)u(x, b)e dz. (2.21)

i

The complementary solution of Eq. (2.10) is of the form
u(er, y) = A(a) cos [K (a)y] + B(a) sin [K(a)y] (2.22)

where A and B are the function of . Putting Eq. (2.22) in Eq. (2.13), we obtain

oo

u(z,y) = f {A(a) cos [K(a)y] + B(a)sin [K(a)y]} e ***da. (2.23)

-0

Using Eq. (2.14) in Eq. (2.22), we obtain

B(a) = iéz)) (2.24)
where ;
Fy(a) =2i / ) oz g, (2.25)
0
Using Eq. (2.15) in Eq. (2.22), we obtain
Alo)sin[E (o)) + Blo) coslK(a)t] = & 2((3 (2.26)
where
Fy(a) = / ul=,b) s gy, (2.27)

11



Using Eq. (2.16) in Eq. (2.22), we obtain

itk _
B(a)K () Bl — 2_?1%3 — 1

Ala) + + elat(a). (2.28)

ikm,

Using Eq. (2.19) in Eq. (2.22), we obtain

AT()?) n cos| K (a)b] + Ki(;) sin[}{(a)b]] + Bé;}) 1:?72 sin[K (cr)b] — Ki[:) cos[K (c)b]
_ op(a) - L =L el (o (2.29)
= 2(0’)—%W+e 3 (). ;

Incorporating value of B(a) from Eq. (2.24) in Eq. (2.26), we obtain

_ Fy(a) cos[K (a)b] — Fy(a)

Ao K(a) sin[K (a)b] 4-4)
Using Eqgs. (2.24) and (2.30) in Eq. (2.28), we arrive at
Fy(a) cos[K(a)b] — Fa(a) | Fi(e) . _ il S (.
K(a)sin[K (a)b] T ikn, 1 (@) - 2mi (a+k) +eT 9y {a),
Fi(e) K(o) B Fy(a)
R (o) sl (g |™ oS (@)t + = S‘H{K(‘“”b] K(a) sin[K(@)Y]
y 11 sl 1 ek
—®] (a)_ﬁ(a+k) =e [@1 () _ﬁ_(a+k)} : (2.31)
Fy(«)My(a) Fy() —(a) — ol pt
IV KHe) ~ Nk T (@) =R ), 1282
where M,(a), N(a), P, (a) and R*(a) are defined as respectively,
M, (c) = n, cos[K (a)b] + }:(;:c) sin[K (a)b], (2.33)
o) = sin[K (c)b] 9.34
N = TR, (2.34)
Pr(0) = ~®7(e) ~ 5=— (2.35)

12



and
1 eitk

omia+k
Using Eqs. (2.24) and (2.30) in Eq. (2.29), we obtain

R*(a) = &} (a)

(2.36)

Fy(a) cos[K (a)b] — Fy(a)
1o K (@) sin[K (cx)b]

[q2 cos[K (a)b] + KE'c sin[K () ]

Fi(e) K(a)
K@) [?72 sin[K (a)b] — cos[K(a)b]]

1k

1 et(a+k]! 1
~ Bl + el — o=

Fi(a) ny cos?[K (a)b] L5 sm[K(a)b] cos[K (a)b]

9K (@) sin[K (a)b] +n, sin®[K (a)b] — sm[K )b cos[K (cx)b]
Fz(ﬂ.‘)Mz (O’) _ 1 1

CnK(a ) sin[K ()] —gle) - 2mia+ k

ilk
_ gl [q)g (a) - L_e_] ,

2mia+ k

Fy() Ms(e) Fi(a) cpox e
" KA a)N(@) T Ki@)N(@) T (@)= £¥a), (&A1)

where My(a), S*(a) and @7 («) are defined as respectively,

My(a) = n, cos[K (a)b] + K(k sin[K (a)b],

_ _ 1 1
Qt (a)_h-(b?'(a)_%a-i-k} (2‘38)
+ fa)— 2.39
$*(@) =03 (0) = 5 ——. (2.39)

Notice that P7(«) and Q7 (e) are regular in the lower half plane except at the pole

singularity occurring at o = —k.

13



2.3 Solution of the Simultaneous Modified Wiener-

Hopf Equations

The kernel factorization of M;s(a) and N(a) appearing in Egs. (2.32) and (2.37), are

as follow

MI,?(Q) - MIQ(Q)M;'Q(C!), (24‘0)
N(a) = Nt (a)N~(a). (2.41)

The explicit expression of M,(a) and N*(a) can be written as procedure outlined by

Lee and Mittra [7)

M; () = [, cos(kb) + %sin(kb)]lﬂ.exp{%[l —C —1In(

x Tl (1+—a—)exp(;§§), : (2.42)

m=1 ﬁm

M, (c) = [n, cos(kb) + %sin(kb)]m. exp{%?[l —-C - ln(l c|b

1) + i)}

o0
x 11
m=

sin(kb)
k

[a% LY
(4 exp(), (2.43)
|a|b

N*(@) =] .

142, exp{f%b—[l —C —In{

) +iz]}
1ab

x TI (1 + %)exp(%—). (2.44)

m=1

Here ,,'s, v;n's and a.,'s are the roots of the functions M) 5(c) and N(«), respectively.
My(£B,,) =0, Mi(£vm)=0, N(Eam)=0 m=1,2,3.., (2.45)

with
Mp,(a) = M[‘:z(—a), N~ (a) = N*(—a).

14



In Egs. (2.42)- (2.44), C is the Euler’s constant given by C' = 0.57721... . It can be easily

shown that one has

Mis(a) =l a [2, N*(a) =« |7/,

Multiplying Eq. (2.32) with M, we obtain

My (a)
RMi(e) __ ReMile)  (k=a)N~(a) (k= a)N~(e) oy
mNH @)+ a) N @E+ M@ M) M)
(2.46)
Now multiplying Eq. (2.32) with g_i“‘!!“—n‘;}%@, we obtain
e—in! Fl(a)Ml_(a) o e-—iat FQ(Q)MI_ (Q) s e—-iat (k b Q)N+(a) P-—-(a)
mN~(a)(k - ) N=(e)(k — a) Mi(a) M (a) F
_(EraNH) L,
= o) (2.47)

Multiplying Eq. (2.37) with $=2¥"(2) e obtain

Mz_ (o)

Fy(a) M (a) Fi(a)M;(a) (k—a)N—(a) ._, il —c)N"(a) ..
TN a)k+ ) N @)k M@ M@ o (@) ¢ fs)(a}-
Now multiplying Eq. (2.37) with e‘*“‘fH—M“%a—), we obtain

it Fa(a) My () —iat___F1(a) My (@) iat(k+@)NT(a)
R o R 2 T v I I
_(k+a)N*(a)
= St(a). (2.49)

The first term appearing in the left hand side of Eq. (2.46) is evidently regular in the
upper half plane. The third term and the R.H.S. of same equation have singularities in
both half-planes. Hence one has to apply the Wiener-Hopf decomposition procedure on

these terms. Consider the third term of Eq. (2.46) (we want to make it regular in the

15



lower half plane)

(k—a)N (@) ,_, ,  (k=a)N~(a),_ 1 (k=a)N7(a) 1
@ 7@ Y @ @ @Y
Consider the 2nd term of Eq. (2.50). Let
_(k=a)N~(a) 1
be decomposed by decomposition theorem
f(@) = fi(a) + f-(a), (2.52)
where ot
pe =g [ £a
—oo+ie
Y A ) (3
fer= Er‘m/ M EE-aEa
Completing the contour by semi circle in the upper half plane then { = « and £ = —k are
the simple poles which gives
_(k=a)N7(a) 1
Reslfe(e)l = "3y @+ R’
_ _—(@k)NT(K)
Resl/ (o)) = TRy a + k)
so that :
(@) = (k—a)N (a) 1 B (2k)N*(k)
fele) = Mi(a) (a+k) M (k)(a+k)
Define S
re=-p [ L
—oo-+tid

16



oo+1id

. (k=ON(€)
== / M OE —a)E+ R

—oo+id

Completing the contour by semi circle in the upper half plane then £ = —k is the simple

pole which gives

_ _(2k)N*(k)
0= e+ Ry
Thus, Eq. (2.52) becomes
(k—a)N"(a) 1  (k—o)N~(a) 1  (2k)N*(k) (2k)N* (k)
Mi(a) (a+k)  Mi(e) (a+k) M) (a+k) M (k) —{—(k)' )
2.53
Using Eq. (2.53) in Eq. (2.50), we obtain
(k=)N=(@) ,\ _(k=a)N=(a) ,_ K N*() _k__ N*(k)
7 I 7 o RO T V21 oo R p Vo (T
(2.54)
Now consider the R.H.S. of Eq. (2.46) (we want to make it regular in the upper half
plane.)
b —a)N" (@) oy (k= @)N (@) 1 (k= )N (o) e™
B A i v e G Bl v o R i
(2.55)
Consider the first term of Eq. (2.55) and let
_ ic (k . O:')N_(O:)
p(&) =e ! MI_(C!) q)?(a)l (2‘56)
be decomposed by decomposition theorem
pa) = py(a) + p-(a), (2.57)
where
1 oo+tic p(&)
pi(a) = omi / E_—ad&
—oo+tic

17



7 (k= ON=(6)

M R)E —a) 1 %

1
pe(e) = 5—

—oo+1ic

Completing the contour in upper half plane by semicircle then £ = o and zeros of

M, (&) are the singularities which gives

(k—a)N~(e)

Ml—(a) q::'1 (CX),

Reslp. (a)] = ¢!

w (—ONEOMHE) .
LN - ] & ¢,

o Ptk — B ) N (Bm) My (B1m)

B [pila)] =e

= — (I)'ll" -
= M{(Bn)N*(B)(a — Br) s
so that
o) = giat(E=N"(0) oy - Ptk = Br) N(Brm) M (Br) v 5
K M) mz M BN+ B a—Br)
Define i
1 p(€)
pulth= g / =
1 (k—N(8)
Q) = —— gBIAZ Sl Aol .
p-(a) 2'”'_05[“ e L G

If we close the contour in upper half plane by semicircle then zeros of M,(£) are the

singularities so that

oo

o) = eiﬂ'ni(k_ﬁm)N(ﬁm)Mr(ﬁm)
P-(0) = Y T BN o) Br)

of (Bm).

Thus, Eq. (2.57) gives

ot (k= 0)N(a)
M ()

(o gt (o) = Pl Bl My B gy

q)-l* = eiul’(
' (a) Oc‘) m=1 M{(ﬁm)N+(ﬁm)(a - ﬁm)

1

7 (Brm)



+ = eiﬁ'";(k - ﬁm)N(ﬁm)‘M'il_(aBm) cp-lj-(ﬁm)
m=1 Ml (ﬁm)N+(ﬁm)(a __ﬁm)

Consider the term of Eq. (2.55) and let

iat (k= )N~ (a) ™

() =" @R’

be decomposed by decomposition theorem

le) = Li(@) + L-(a),
1T ue
O
—oo+ic

" _ b °°+i¢em (k—EN—(&) e'*
L@ =5 | MIE)E =) ET )~

—00-+1c

(2.58)

(2.59)

(2.60)

If we close the contour in upper half plane by semicircle then £ = « and zeros of M, () are

the singularities which gives

_ giol (k—a)N~(a) e

Resll+ ()] Mi(@) (a+k)

[=2]

sl (o) = _ S P M (B)(k = Brn) N (Brm)e™
Bl == e e BB+ 7]

so that
li(a) = eiczi(k = Dc_)N‘(a) itk B = ePmt M (B,,)(k — B, )N(B,,)e |
My(a)  (a+k) = Mml(B,)(a— B )N+ (Br) (B + k)
Define .
=g |
—oo+id
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l (O.')Z __L e :Et (k E)N (f) eiuc
T ] S MG - €+ R

—0oa+1

d€.

If we close the contour in upper half plane by semicircle then zeros of M;({) are the

singularities which gives

I_(a) = =\ ePnt M(B,,)(k — Bn)N(B,,)e™ |
ot M{(Bo) (@~ B)N*(6,) (B + F)

Thus, Eq. (2.60) becomes

giat (k — )N~ (a) e* _ alk—a)N“(a) e N ePnlM{(Bn)(k — Brn)N(Bn)e™
Mi(a) (a+k) Mi(e) (a+k) 2= MI(B,) (e —Bum)N*(Br)(Bm + k)

4 Z e"f'“‘Mf"(ﬁm)(k = B N(B,)e™* . (2.61)
mmt M{(Brn)(@ = Br) Nt (B) (B + k)
Putting Eqs.(2.58) and (2.61) in Eq. (2.55), we obtain

c:'n!'(k Q)P"'( ) m:l(k a)N- (Cﬂ) 3(a) — 1 emi(k—af)N (a) ek

Ml( ) M; () 2 My (a) (a+ k)

“°° l.ﬁ'lk B, )N ( )M+(ﬁ] " _i pilk
,,,z_:l M{(B)N*(B,,)(c — Bry) {é P 2m(k+ﬁm)}

oo etﬁml(k—-ﬁm)N(ﬁm)Ml (ﬁm) " B _1_' pilk
+mZ=1 M{(ﬁm)N+[5m)(&—ﬁm) [<I’1 (Brm) 27Tir-—_(k+;3m)} . (2.62)

Using Eqgs. (2.55) and (2.36) in Eq. (2.62), we obtain

tai

)N etk —@INT(@) S el ) gt (BB (Ba)
M(a) e TG Py T TR

et (k = )N (Bm) Mi (Br) R (Brn)
a0 MBIN*B.)(e— B

(2.63)
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Putting Eqgs. (2.54) and (2.63) in Eq. (2.46), we obtain

R)Mi(e) _ F(@Mi@) kN alk=a)N~(@)p,

mN+(@)(k+a) N*t(e)(k+a)M(a) i M(k)(a+k) M (a)

o €8l (k — B )N (Brm) My (Brm) R (Brm)
+ Z / + ; =
m=1 Ml (6m)N (6m)(a 6m)
(ko) 0k NE) S el = )N (B M (B R (B)
My () mi My (k)(a + k) £ M{(B)N*(8.)( — By)
(2.64)
The regularity of the L.H.S. of Eq. (2.64) in upper half plane may be violated by the sim-

ple pole occurring at zeros of M;(e) lying in the upper half plane namely o = f3,,, , m =

1,2,3,... . Consider the the second term of Eq. (2.64). Let

Fy(o) My (e)

Do) = WGk oth@)

(2.65)
By decomposition theorem we can write
D(a) = Dy(a) + D_(a), (2.66)

where
co+ic

—oo-+tic

‘cotic

()M (€)
N+ E)(k+§)M1 ()€ —a)

-—oo+f.c

dg.

If we close the contour in upper half plane by semicircle then £ = a and zeros of M, (£) are

the singularities which gives

Fa) My (o)
RESE?:(Q')] N+(a)(k + a)M;(c)’
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Res D4 (o)) = = 3 ———Flba)ll (B)

é=8,, o2 N*(Ba)(k + B MY (Brn) (@ = Brr)’
so that
FQ(Q)M+ = F2(ﬁm)ﬁ/[1-’_(ﬁm)
D)= BN e~ 5 T+ Al T A
Define

oo+id

. i3 D(¢)
D(e) =5 / —

—co-id

D_(a) = F(§) My (€)
2m N+(€)(k + &) M1(£)(€ — )

—oa+tid

dg.

closing the contour in upper half plane by semicircle then zeros of M;(£) are the

singularities which gives

oc

Fy(Bm) M7 (B1n)
D_(a)= A
i ZN" )k + Brm) ML (B.) (0 = Brr)

Thus, Eq. (2.66) becomes

M) _  F@Mi() i F3(B.n) Mi (Brm)
N*(a)(k+a)My(a) ~ N*(a)(k+a)My(e) 2= N+(8,,)(k + B,)M!(B,.)(a - B.)

oo

Fy(Bm) M (B
P BGMIG)
m=1N (ﬁm)(k"l"ﬁm)Ml (ﬁm)(a ﬁm)
Putting Eq. (2.67) in Eq. (2.64), we get

(2.67)

RMi) __ B@MI@ S o kN
DNk +a) NG+ M)~ e =f M et

_giat(k —a)N" () of)N R*( +Z el (k — Bn) N (Bm) My (Brm) B (Bm)
m=1 Ml ﬁm)N+(ﬁm)(a 6m)
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(AN ),k NE) o €0tk — Bn) N (Br) My (Bn) B (B1n)
Mi(a) ~"77 miMi(k)a+k) 2 M{(Bn)N*(Bm)(@— Brm)

o0

Am
o B o (2.68)

m=1

where
~F5(B) M (Brn)

A :
N+(Brn) (k + Brn) MY (Brn)
The application of analytic continuation principle together with Liouville’s theorem to

the Eq. (2.68) yields

(2.69)

(k= a)N~(0) p_ s _ § Onilk = BN Br)Mi (Bu)R* (Br) _ k __ N*(k)
Mi(a) 7 = M(Bn)N+(Bpn)(a— B i My (k) (e + k)
e g - f’"ﬁm. (2.70)

Now we will apply similar treatment to Eq. (2.47). In Eq. (2.47), first term is regular
in the lower half plane, while right hand side is regular in the upper half plane. Second
and third term on L.H.S. have singularities in the lower half plane. Consider the third

term of Eq. (2.47) on L.H.S. (we want to make it regular in the lower half)

ek +a)NT(a)

e~k + a)N*t(a)®; (a) 1 e (k+a)N*(a)
M (a) '

Frla)== M (@) T 2m M (a)(a+ k)

(2.71)

Consider the first term on R.H.S. of Eq. (2.71). Let

emiel(k + a)N* ()07 (@)

Bla)= M ()

(2.72)

By decomposition theorem we can write

E(e) = E4(0) + B_(a), (273)
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where

By(o) = Tk T AN (@)%7 (@) _ g &Pk = Bp) N(—Bm) My ()P (—Fin)

Nf{f—(a) m=1 M{(_‘ﬁm)N—}‘(ﬁm)(a +ﬁm)
and .
= E‘I o (k "ﬁm N("‘Bm)Mr(ﬁm)@;(_ﬁm)
E (a)= ]
” mz M{(=B)N*+(Bm)( + Brm)

Therefore, Eq. (2.73) becomes

ik + N ()07 () _ el + @)V ()0 (o) g ik = B )N (=) M (B ) ()

M (o) - M (a) = M{(=Br)N* (B ) (et + B,)
+ = eiﬁmt(k _/ﬁm)N(_ﬁm)Mil—(ﬁm](pl_(_ﬁm). (274)
m=1 Ml (Fﬁm)N“F(ﬁm)(a-Fﬁm)
Now consider the second term of Eq. (2.71). Let
e (k4 a)N*(a)
Hle) = — e tr) (278)
By decomposition theorem we can write

H(a)=Hi(a) + H-(a), (2.76)

where

g = k)N ) g ePrlk — Br)N(—Bm) M ()
= M (a)(o+ k) mg M{(=Bn)(@+ Br) N* (B (k — Br)

and
o~ efnl(k— B YN(-B, )M (B,)
H_(a) = ’
( ) 1712::1 M{('—ﬁm)(a+ﬁm)N+(ﬁm)(k_ﬁm)
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Thus, Eq. (2.76) becomes

e ktoiliMe) ¢ Sthrell i) o~ olh—fn) il BN Uf,)

Mi(@)(a+k)  Mf(e)atk) 2= M/(—B.)(a+B.)N+(B.)(k—B,)

B e ew"'!(k e 6m)N(_6m)Mf_(ﬁm) (277)

ot M{(=Brn) (@ + Br)N* (B} (k — B)
Putting Eqs. (2.74) and (2.77) in Eq. (2.71), we get

e~k + a)N*(a)
My (a)

Pr(a) = b+ AN oy 5 il = Bin) N (D) MY (B P (=)

M () = M{(~B)N*(B,n) (e + B,)

LN €tk — )N (—Br) M3 (B) P (=Bn).
= M{(=Bn)N*(B )@+ B)

Now we consider the second term of Eq. (2.47). Let (we want to make it regular in the

(2.78)

lower half plane)
__ —ial Fy(a) My (o)
b = vty

By decomposition theorem we can write

Z(a) = Zy(a) + Z_(a), (2.80)
where
o) = U R(@)Mi(0) el Fy(~ ) M (Brm)
) @k - )i ,,; M{(~B,n)(k + B N* (B + B)’
and

ei'S'"iF?(_ﬁm)M;- (ﬁm)
Z_ = .
) ; MY (=Bn)(k + Br)N*(Brm)(ct + Brm)
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Thus, Eq. (2.80) becomes

e

e Pa(@)Mi(a) e FRy(a)My (a) _i e Fy(—Bn) My (Bm)
N=(e)(k —a)Mi(a) N-(a)(k —a)Mi(a) “= M/ (—B,)k+ Bn)N*(B.) e+ B.)

C eiﬁmIFg(“ﬁm)M{i—(ﬁm)

* 2 WAk + BN (o) 7 B

Putting Eqgs. (2.78) and (2.81) in Eq. (2.47), we get

(2.81)

—iat_Fi(@)My(a) e—ial Fy(a) My (a) B b
¢ N (k—a) N=(a)(k — ) My (cx) 2 a+fB,

m=1

mz:cxt (k i G)N+ (Q) P~ (a) _ — eiﬁml(k - .Bm)N(_'ﬁm)N[;-(ﬁm)P:(_ﬁm)

MA@ Y T AT MBI (B e+ B
_ (k+a)N*(a) by b = ePnl(k = B )N (=B My (Brm) P (—Bm)
- M(a) Rle) mZ::l"“"ﬁm ,; M{(=B)N*(Br) (e + B,,) ’

(2.82)
where
13,1 e +f ‘
by == ? Fﬂ( ﬁm)Ml Lﬁm} ) (283)

The application of analytic continuation principle together with Liouville’s theorem to

Eq. (2.82), yields

(k+a)N*(a) bi/ o= €8k = B )N(=B )M (B)P7(—Bm) | = bm
M T ; M{ (=B N*(Bom) (e + Brm) ¥ f? atPn’
(2.84)

Now we apply similar treatment to Eq. (2.48). In Eq. (2.48) first term is regular in the

upper half plane, the third term and the R.H.S. have singularties in both half planes.
Consider the third term on L.H.S. (we want to make it regular in the lower half plane).
Let

(k — @)N~(a)

Qo (o) = ﬂw‘bz—(a

1 (k—a)N~(a) 1
Com My(a) (a+k)

(2.85)
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Consider the second term

(k—a)N () 1

Ta) = Mo(@) @tk (2.86)
By decomposition theorem we can write
T(a) = T (a) + T (), (2.87)
where
T, (a) = (k—a)N~(2)  2kN*(k)
T My (a)(a+k)  Mf(R)(e+k)’
and
_ 2kN*(k)
= W B
Thus, Eq. (2.87) becomes
(k—a)N“(a) 1  (k—a)N (a) __ 2kN*(k) & 2kNT* (k) (2.88)
My (e) (a+k) My(a)(a+k) M(k)(a+k) Mfk)(a+k) '
Putting Eq. (2.88) in Eq. (2.85), we have
(k= )N~(a) o\ (k=c)N=(@) ,_ \_k__ N*(k) _ k__ N*()
T M@ (o) = M; () Utal=g MF(k)(a+k)  mi My (k)(a+ k)
(2.89)
Now consider the R.H.S. of Eq. (2.48) (we want to make it regular in the upper half
plane) '
iat(k=N(a) op( v ik —a)N"(a) ., 1 (k= 0o)N™(a) e
@ O g w Y wmT h@  @rh
(2.90)
Consider
Ua) = ei“‘(—k—_—a)—m@;‘(a). (2.91)

M; (c)
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Applying decomposition on U(«), we get

oo

- (k—a)N~(a) .. s etk — U )N (V) My (V) ®F (Vin)
Urla) = My (o) %2 (@) ; Mé(um)N‘*‘(um)(a — Upm)

and
oo

. eiumt(k . ”m)N(Um)M:(Vm)@;(Vm)
v )_mZ:l M} (V) N* (V) (& — V)

Thus, Eq. (2.91) becomes

e:‘at(k - CE)N_(&) + o . iad (k = CE)N_(CE) + &Y= = eiu"‘t(k = Vm)N(Um)M;(Um]q);(Um)
My 2 T ey @) 2 ML (V) N* (V) (@ — Vpm)
N el (k = Vi )N (Vi) My (Vm) @5 (Vim)
. (2.92)
+mz=l M (V)N (V) (@ = Vi)

m=1

Consider the term of Eq. (2.90),

(k—a)N—(a) ek

V() = e Mi(a) (@iF) (2.93)
Applying decomposition on V(a), we get
() m g QN @) 6 emi(l — )N () M (e
)= My (@) (@+k) 2 M) N*(um)(k + vm)(@ — i)
and
V. (a) = = ei:'"‘(k = V)N (V) M5 (V)€™ '
met Mg (Ve )N+ (vm)(k + vm) (@ = vim)
Thus, Eq. (2.93) becomes
wk—a)N (@) e —_ u(k—a)N~(a) ™ <~ e¥m(k—vm)N(vm) My (vm)e™
My (a) (a+k) My (a) (a+k)  Z Ml (vm)N*(Um)(k + vim) (@ — Um)

eml(k — v N (Vi) My (Vi) e'* .
m=1 Mg(ym)N'F(Vm)(k + Vm)(@ = Vi)

(2.94)
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Putting Eqs. (2.92) and (2.94) in Eq. (2.90), we reach at

(k= QN=(2) o v (k=N (@) gu o~ €k = vm) N (vn) M (V) S* (vm)
’ M; (a) 57(a) My (a) 5'(a) mZ::l ML (V) N+ (vm) (o — vim)
2 €k = V) N (Von) M (V) S (V)
o MmNt (vm) (e — Vi)

. (2.95)

Now consider the second term of Eq. (2.48). (we want to make it regular in upper half

plane)
__ F(e)M(a)
o) = @k + oM@ (2.96)
Applying decomposition theorem on I(a), we get
o R@Mie) & Fi () M (V)
1) = el + ) Ma(@) ~ 2 Wo ok 4 v M) — o)’
and
- Fy (Vi) My (Vi)
I_ (o) = ;
) mz——l N*(vm)(k + "’m)Mé/(Vm)(a — Vm)
Thus, Eq. (2.96) becomes
AU @ R@M@ F (V) My (Vi)
N*(a)(k + ) Ma(cx) N*(@)(k+ e)Ma(a) 2= N+(um)(k + Vi) MY (V) (@ — Vpm)
- Fy(vm) My (Vi)
! mz N* (V) (k + Vi) Mj (Vi) (0t = Vi)
Fi(e) My () B Fi(a) M (a) B 2 G =
N+(a)(k + ;)Mg(a) ~ N*(a)(k + a)M;(a) m; o — Um i mZ=1 o=V (2.97)
where .
- Fl(vm)Mz (vm) 2.08
o N ) (k4 vm) ML (vm) (2.98)
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Putting Eqgs. (2.89), (2.95) and (2.97) in Eq. (2.48), we obtain

_ B(a)Mf () Fy (o) My (a) _i i i etk — Um) N(Wm) My (V) S (Vim)
N NFt(a)(k+a) N*(a)(k+ a)M(a) a—vm ML (V) N* (V) (@ — )
k N*(k) _ gial (k —a)N~(a) St(a) =

m M;(k)(a+ k)~ °© M; (o)

M (a £y M;(ym)N‘F(ym)(a__vm) i My (k)(a + k)
(2. 99)

The application of analytic continuation principle together with Liouville’s theorem to

Eq. (2.99) yields

—a @) evml(k — v v Fvm)ST (v +

(k —a)N~(a) 0= (a) = N eVl (k — V) N(Vm) My (V) S (vm)  k  N*(k)
My (@) £ ML (V) N* (V) (@ — V) mi My (k)(c+ k)
= i = i”‘u . (2.100)

Now we will apply similar treatment to Eq. (2.49). In Eq. (2.49) first term is regular in
the lower half plane, while right hand side is regular in the upper half plane. Second and
third term on L.H.S have singularities in the lower half plane. Consider the third term

on L.H.S. of Eq. (2.49). (we want to make it regular in lower half plane)

ek + a)N*(a)
M (a)

el + a)NH(@)07 (@) 1 e~l(k+N*(a)
M () 2mi My (a)(a+ k)
(2.101)

Qi (@) =—

Consider the first term on R.H.S. of Eq. (2.101)

e (k + a)N*(a)®;3 (2)

Ey(a) = (2.102)
M; (e)
By decomposition theorem, we can write
Ey(e) = Evi(a) + Er—(a), (2.103)
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where

'—mf(k +C¥)N+(C!: (I)Q = gt }“ — Vm N( Vm)M.?. Vm)q):?.( V‘m)
E1+(Ct') = f\/f;(&’ Z:l Mf —Vm)N+(Vm)(a - Vm)
(2.104)
and z
o w,.. _ iy v
El_(ﬂ.‘) . (k /Um)N( UN)M ( m)q>2 ( V'm-) (2105)
m=1 My (—vm)N*(vm)(a + vm)
Thus, Eq. (2.103) becomes
ek +a)N*t(a)®; () e (k+a)Nt(a)P;(a)
My (cv) - My (a)
- i ewml — V) N(_Vm)M+(Vm)¢)2 (=vm)
S M(vm)NH(m) (et vm)
4 - ewml(k i Um) (_V‘m)M‘Z (Vm)(bzq(“”'m) (2106)
i M (=Vm) N* (V) (0 + Vi)
Now consider the second term of Eq. (2.101)
_ el (k4 a)NT(a)
HI(CIE) = M)tk (2.107)
By decomposition theorem, we can write
Hy(a) = Hi+(a) + Hi—(a), (2.108)
where
— e—iﬁi(k + Q)N+(Q) = - eivmt(k 28 Um)N(—Um)M;(Vm) 2.109
H+(a') = M;’(a)(a n k) Z M.{(—Um)(a N Um)N'f‘(ym)(k — Um), ( ol )
and
00 Wil -
Hy_ () = Z e’ (k — v )N (—vm) My (V) (2.110)

£ MY (—vm) (@ + Vi) N+ (V) (b — V)
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Thus, Eq. (2.108) becomes

e"(k + a)Nt(a) : ek +a)N*(a) i eVl (k — Vi) N(—Vm) Mg (V)
M (a)(a + k) Mf(a)(a+k) = M(~vm)(a@ + V) Nt (V) (k — Vi)

=\ ek — vp)N(=vm) M5 (V) 911
,HZ__IMé(—um)(a+vm)N+<um)<k—um) L
Putting Eqs. (2.106) and (2.111) in Eq. (2.101), we obtain
e~k + a)N*(a) _ e k+ )Nt () -
M’;’(a) Q* (Cz‘) - M;(Q) Q* (Cf)
- i ¥t (k — Uin) N (—Vm) My (Vm) Q7 (—Vim)
= My ()Nt (vm) (@ + Vi)
4 = gvmi(k = Vm)N —Vm) My (V) @, (— Um) (2.112)
m=i MY (~Vm) N+ (V) (@ + Vi)

Now we consider the second term of Eq. (2.49) (we want to make it regular in the lower

half plane)
() My (@)

= -m‘ 2.11
Zy(a) =e N=(@)(k —a)My(a)’ (2.113)
By decomposition theorem, we can write
Zi(a) = Z1() + Z1-(a), (2.114)
where
_;af o3 Tl o -+
B fiyes Fi(a)M; (o) Z e’ By (—vm) M3 (V) (@115)
N=(a)(k —a)Msy(@) 5= ML (—vm)(k + Vi) N* (Um)(@ + V)
and
oo ivml L +
Zi(a)=) e Fi(=vm) My (vm) (2.116)

— MY (=Vm)(k + Vi) N+ (Vm) (@ + Vim)
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Thus, Eq. (2.114) becomes

it Fa(e@)M; (@) __e™R(e)M; (a)
N=(e)(k — o) Ms(a) “(ﬂf)( — a)M;(«)
. et By (—vm) M (V)
mz=1 Mz (=vm)(k + V) Nt (Vi) (@ + Vi)

eVml By (—vm) M3 (Vi)
+ 2.117
Z Mg (—Vm)(k + Um) Nt (Vi) (@ + Vi) { )

Putting Egs. (2.112) and (2.117) in Eq. (2.49), we obtain

_e—iad Fy(a) My (o) o—ial Fy(a)M; (e) B = di
BN-@k—a) ¢ N-(a)(k—a)M(a) mz:l P—
pmiat(E+ )N (@) o\ o € (K — Vi) N (=Vm) M (Vm) Q5 (=Vim)
R T ST MmN rm)a v
_ (k+a)N*(a) +(g) — O
B M () Se) n;a-i-vm

o €tk — Vi) N (=Vm) Mif () Q7 (= ¥m)
- , (2.118
2 M (—vg) N+ (v (e + vim) )

m=1

where
eVl By (—vm ) Myt (Vi)

dey = .
Mg (~Vm)(k + Vi) N+ (vrm)

(2.119)

The application of analytic continuation principle together with Liouville’s theorem to

Eq. (2.118) yields

(k+ QIN*(@) gy _ o €k = Vm)N(=Vm) My (vm) Q@5 (V) | N _
@ T M v et ve) P2
(2.120)

Putting Egs. (2.70) and (2.84) in Eq. (2.46), we obtain

F(aMi(a)  F(e)Mi(a)
mN*(a)(k+a)  N*(a)(k+ a)Mi(e)
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el — B IN(B)M (B)RY(Br) K N*(k) = G
=l M8, YN*(8,.)(a—B,,) +¥¥M{r(k)(a+m ;a—ﬁm

m=1

(k — )N~ (o) My (a)

+e'? (k+a)N+(C¥)M_(a)
oo ei_Bmi(h m)N( m)f"/f-l-(ﬁ )P ( ,5 ) b
m; M (=B, )N*+(B,.)(a+ B,,) +§—-—a+ﬁm - (2.121)

Putting Eq. (2.70) and Eq. (2.84) in Eq. (2.47), we obtain

ol F(a)M (o) ool Fp(o)Mi(a)
mN=(e)(k — ) N=(e)(k — ) Mi(a)

meiﬂ'"tk_ﬁmN_ﬁme_ il s \—Pm - bm —ia k+aN+aMl'cr
; ( M{(_ngNﬂ;m)(cﬁ_L )( B )‘"Z _ -iat (B + @) NT ()M ()

Zia1B, ° (k—a)N-(a)M;(a)

o e0nl(k = B )N(Bu) M (Br)RT (Bm) _k  N*(k) <~ am
mZ:l M{(B)N*(B (et — Br) mi My (k) (o + k) ga—ﬁm '
(2.122)

Putting Egs. (2.100) and (2.120) in Eq. (2.48), we obtain

B Fy(a) M () 5 Fi(a) M, () - 2L evnl(k — v, )N (Vi) Mg (V) St (Vi)
naN*(a)(k+a) NH(a)(k+ a)My(a) = ML (V) N+ (Um) (@ — Vi)
VMRS en (k= a)N-(@)M ()
T M (R)(a+ k) Z a—vm  C (k+a)NH(@)M; (a)
> Ew"l!(k = Vm)N(_Um)MQ (Vm)Q:(_Vm) = dm ) 2.123
m=1 M{(_ym)N+(Vm)(a + Um) +1’; e+ Vi ( )

Putting Egs. (2.100) and (2.120) in Eq. (2.49), we obtain

—ial FZ(Q)ME(O‘) __e-iqt Fl(a)Mz_(a) - = eiumi(k B Vm)N(_Um)M;(Vm)Q:(_Vm)
N=(a)(k — a) N=(a)(k — a)Ms(a) e Mé’((—vm)N"'(vm)(cr-l- Vin)
g-iat (K + Q) N* () My (@)
+Za+um =)V ()M (a)
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(s o]

=, el — v )NV ) My (V) St (Vi) K N+
[ (k = Vi) N (Ven) Mzt (V) S* (Vi) 5

= M{(,,m)NJr(,,m)(a = Bl 7 My (k) (o + k) “~a—vnm
(2.124)
Put & = v, in Eq. (2.121), we obtain
Fy(vm) My (Vim) - Fy(vm) My (vm) - eiumt(k = V)N~ (Vm) M (V)
MmN (m)(k+vm)  NY(vm)(k + V) M1 (V) (k+Vm)N+(Um)M1“(Vm)
[ 2, e (k — B )N (=B,)M; (B Pr(—Ba) |, ]
o M{(=B)N*(B,)(vm + Br) =4

= o (ﬁn)N+(ﬁn)(vm ~ B ) B T M (k) (vm+ k)

Put o = —v,, in Eq. (2.122), we obtain

il Fl(_ym)Mf-(Vm) vl Fﬁ(‘ym)Mf-(Vm) +eivml (k — Um)N™ (Vm)Mi-}-(Vm)

MNF (V) (k + vim) - N+ (vm)(k + vm) My (—vm) (k+ V) N* (V) Mt (—Vm)

- i etk ~ BN (B M7 (Bu) R (B) | 5~ __Gn

= M{(BINT(B)(Vm + Ba) ot vm By
Btk — BN (=B.) M (B.)Pr(=Bs) <~ __ bn
+
o M{(=B)N*(B,) (Vm — B,) ; Vm = Bn
ke NFt(E)N~ (vVm) M (Vi)
= T+ v () My () g
Put o = f,, in Eq. (2.123), we obtain
NNt (Bm)(k+Br)  N*¥(Bpn)(k+ Brn)Ma(B,) (k+ﬁ)Nﬂﬁ)MEW)
2\ eVl (k — v, )N(=va) My (0) Q7 (—vy) Z
n=1 M!(—Uﬂ)N+(Uﬂ)(ﬁm + Uﬂ) n=1 'ﬁm + Vn
2. bk — vp)N (V) My (1) S (1) Z & N*(k) (2.127)

o My a)N () (B — V) ﬁ vV TiMy (k) (B + k)
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Put @ = —f,, in Eq. (2.124), we obtain

ewm!Fz(‘_ﬁm)M;(ﬁm) eiﬁm!Fl(_ﬁm)M;(ﬁm) +eiﬁm£ (k == ﬁm)N—(ﬁm)M;(ﬁm)
n2N+(ﬁm)(k + ﬁm) N+(ﬁm)(k * ﬁm)MZ(_ﬁm) (k = ﬁm)N-'_(ﬁm)ﬂ/[;_(Hﬁm)

o ek = ) N (Un) Mif (vn) S (1) +i Cn

= MIWa)N*(vn)(Br + vn) = Bt vn
o "tk — v) N (=vn) My (vn) Q5 (=n) dn
+ .| A
n=1 M{(_U“)N+(Uﬂ)(ﬁm - Uﬂ) ; ﬁm — Vn

kPN (RN (B,) M (By)
i M (R)(k+ B ) N* (B ) M (—B,)
In Eqgs. (2.125)-(2.128), P, (—fB,.) ,RT(B.), Q- (—vm) and S*(v,,) stands for
Put « = —f,, in Eq. (2.54)

(2.128)

(5t BN ) ) P = BINBIM GR (B)_k __N*(1)

Mt (B,,) d —~  MI(B,)N*(B.)(B,. +B.) mi Myt (k)(k — B,n)
+§:ﬁ a:ﬁ . (2.129)
f=Y I n

Put a = 3,, in Eq. (2.69)

(k + ﬁm)N+(ﬁm) e . - S eiﬁﬂl(k . ‘Bn)N(ﬁﬁn)Ml-F(ﬁn)P:(_ﬁn) = b“
fl/fi*—(ﬁm) . (ﬁm) - ; M{(_ﬁn)N+(ﬁn)(ﬁm T ﬁn) ! nz=l 'Bm + Bn.

Put & = —v,, in Eq. (2.100)

(4 )N m) o, o S b= N M ()5 ) _E V()

My (Vrm) M N (W) (e +vm) Mg (k) (k= vm)
o~ Cn
+§um+yn. (2.131)
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Put o = v,,, in Eq. (2.120)

('k“ + Um)'N‘—’-(Vm) -+ ey = eiv“i(k - UR}N(_Un)M;(Vn)Q:(_Un) - d'n.
M‘;(Um) ? (Um) ; M/('—Vn)N+(Vn)(ym + Vﬂ) ! n=1 Ym + Vn -

(2.132)

2.4 Scattered Field

2.4.1 Reflected Field

Putting value of A(a) and B(«) from Egs. (2.24) and (2.30) in Eq. (2.23), we get

b ] {F&(a) cos(K (a)b] — Fa(e) K(a)y + Fi(e) K(cu)y} -

K (o) sin[K (a)b] K(a)
(2.133)
wl ) = [{Fi(a) cos[K (a)b] — Fa(cr)} cos K (ar)y + F () sin[K (cr)b] sin K (a)y J—
= e = [ | K(a) sin[K (a)}] Jmi
(2.134)

where L is a straight line parallel to the real o —awis, lying in the strip Im(k) < Im(a) <
I'm(k). The above integral is calculated by closing the contour in the upper half plane
and evaluating the residue contributions from the simple poles occurring at the zeros
of K(a)sin[K(a)b] lying in the upper half-plane. The reflection coefficient R of the
fundamental mode is defined as the complex coefficient multiplying the travelling wave

term exp(ikz) and is computed from the contribution of the first pole at o = k. Put

K (o) sin[K (a)b] =0,

2 7§ bé
K*(a)b 1—K(;)b + 1 (5“:) ..... =0,
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- {Fi(e) cos|[Vk? — a?b| — )} cos - /k% — a2y
+Fy(a) sin[vk? — azb] sin Vk? — oy
&%{\/kz — o?sin[Vk? — a?b]} -

w(z,y) =m

R = T{R(k) ~ R(k)] (2.135)

Now we will find Fy(k) — Fy(k). Put @ = k in Eqgs. (2.121) and (2.123), solving simulta-
neously for Fy(k) and Fy(k) we finally reach at

Mn My (k)N (k)(2k)
Mi"(k) [Ml(k)M2(k) = ‘-'?1??2]

Fy(k) =

- co eiﬁ'“lN(ﬁm)Mfr(ﬁm)RJr(ﬁm) k 0o ]
[ m=1 M (B)N*(B,) o 1‘1/{1 Z

_ M\(k)My(k)na N (k) (2K)
My (k)[ My (k)M (k) — 7y75)

Lo T | v )1 + " 2 N
[_Zc N(vm)M; (vm)S*(vm) | & N*(k) +Z

M} (V) N* (V) w1 My (k) (2k) ] ; (2.136)

k—um

m=1
and

Nt (k)(2K)
Fy(k) = M (k)M (k) Ma(k) — nyn,)

_f el N (8,,) My (B,) R* (B,5) & }
2 M(B.)N*(B,) i M+ fc) zfc
ny Ma(k)n, N+ (k)(2k)
My (k) [My (k) My (k) — 1,75)

& N () M (V) S (vm) | K . Z L M (E)EE)
ML (V) N+ (V) i Mg"'(k (2k) k—Vp Mt (k)

m=1

|:- o0 eiﬁmfN(ﬁm)M;'(ﬁm)R‘*‘(ﬁm) Lk k N+ i

— M (B, )N*(B.m) mi M*(k)(?k ] o (2137)
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Subtracting Eq. (2.136) from Eq. (2.137), we get

Fy(k)— Fy(k) = —M2kN"(k) {_ = Bl N (B )My (B) R (Brm)

My (k) 2 M{(Ba)N*(B)
L1 NHE) = Gnm
2m M (k) T mZ:l k— :'

—192kN* (k) 3 = e N (v ) My (Vi) St (Vim)
M (k) MY (V) N+ (V)

m=1

1 N*(k)
2mM2 (k) +Zk—vm]

2.4.2 Transmitted Field

The transmission coefficient 7' of the fundamental mode which is defined as to be complex
coefficient of ezp(ikz) and is computed from the contribution of the pole at & = —k in
Eq. (2.134) the result is

T = ——[Fa(—k) = Fi(=k)). (2.138)

Now we will find Fy(—k) — Fy(—k). Put @ = —k in Egs. (2.122) and (2.124) solving
simultaneously for F(—k) and Fs(—k) we finally have

Fy(—K) - Fy(—k), = 2l (kle™ [_ 2 &N (~Bin) M (Bm) P (~Bm)

M (k) £ M{(~B)N*(B,,)

1 eMN-(k)
T omi M (—k) Zk Bm ]
—2kn2N+(k)e""k‘ g oo e‘:"”‘tN( Um M"'(Um Q:( Um)
My (k) MY (—Vm) N*(vm)

m=1

1 eiHN
omi M+ k — U
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Chapter 3

Wiener-Hopf analysis of the parallel
plate waveguide with soft
boundaries having finite length

impedance loading

In this chapter we have extended the work of Tayyar et al. [5] by considering the soft
boundaries of parallel plate waveguide having finite length impedance loading. The
boundary value problem gives two simultaneous modified Wiener-Hopf equations which
are uncoupled by using pole removal technique. The solution involves four infinite sets of
unknown coefficients satisfying four infinite system of linear algebraic equations. At the
end reflection and transmission coefficients are determined from these system of linear

algebraic equations.

3.1 Introduction

Numerous past investigation have been made to study the scattering coefficients for the

wall impedance change in parallel plate waveguides. For example Johansen [1| have
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considered the part # < 0 of the parallel plates are perfectly conducting while the part
z > 0 has the same surface impedance. Heins and Feshbach [2] have considered the prob-
lem of coupling of two ducts. Karajala and Mittra [3] provided the mode matching method
to the scattering at the junction of two semi-infinite parallel plate waveguides with im-
pedance wall. Arora and Vijayaraghavan [4] have considered Scattering of shielded sur-
face wave in a parallel plate waveguide consisting of inductively reactive guiding surfaces
and characterized by an abrupt wall reactance discontinuity. Finally Tayyar et al. [5]
have considered the parallel plate waveguide by taking different impedance of upper and
lower parallel plates.

‘We consider the infinite parallel plate waveguide having soft boundaries for z < 0 and
x>l at at y =0 and y = b, and the part 0 < z < [ have constant surface impedances
at y = 0 and y = b. The surface impedances of the lower and upper plates are different
from each other and denoted by 21 = 1,20 and Zy = 1,72y, respectively with Z; being

the characteristic impedance of the free space.

Y

b

Soft ?77 Soft

u' >
Saf 7 Saft

0 l

Figure 3.1: Geometry of the problem.

» X
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3.2 Mathematical Formulation

Let the incident TEM mode propagating in the positive z direction be given by
H: =1t =¢™, (3.1)
The total field ¥ (z,y) can be written as
ul(z,y) = v'(z,y) + u(z,y) ye(0,b) and ze(—o0, co). (3.2)
In Eq. (3.2) u(z,y) is the unknown function which satisfied the Helmholtz equation
Au(z,y) + k*u(z,y) = 0. (3.3)

The corresponding boundary conditions are

u(z,0) =0, —0<z<0 and <z <00, (3.4)

u(z, 8) =0, —c0<2<0 and [ <z<o0, (3.5)

(1+ —i——a-)u(z 0) = —e'*= 0<z<! (3.6)
o, oy T e / |

(1= -2 vz, b) = —eie O<z<l (3.7)
ik, Oy o ‘ ' '

To obtain the unique solution to the mixed boundary value problem the edge and radi-

Y2) | 1=
u'r(m,m={ ofz")lzl=0 -

ation conditions are

O(|z—1|'?),|z |1

u(z,y) = 0(e*), | z |- oco. (3.9)



Taking Fourier transform of Eq. (3.3), we obtain

&, -
L{— + K*(a )] u(a, y) =0, (3.10)
1
where .
- 1 f ; ;
Uayy) = 5- [ uls,y) e=da, (3.11)
and
K(a) = Vk? — a2, (3.12)

Taking inverse Fourier transform of Eq. (3.11), we get

(=]

u(z,y) = /.ﬁ(a,y]eh':“da. (3.13)

—00

Taking Fourier transform of Egs. (3.4) and (3.5) respectively, we obtain
u(e, 0) =0, —o<e <0 and <z < o0, (3.14)

u(er, b) = 0, —c0<z<0 and [<z< o (3.15)

Taking Fourier transform of Eq. (3.6), we obtain

1 7 o
(1+ u(a 0)= B [ to—ne u(a:,l})e dz,
1 9 1 r 1 1 / 1 0
1 il = — iz _s @ P
(1+ ey ay)u(a,{)) o / 14+ — T, B )u(m 0)e'**dz + — = /(1 + ey ay)u(m,(})e dz

1 1 0 iz
‘|"2'?'r'./(1+k—a—) (:C U)e dz

l
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1 d 1 eMothl ] e
( :ﬁa—' ’U.(Q' 0) (p (Q’)—EE—W'{‘E q)l (OC),
where
@7 (a) = el /(1 + Li)u(m 0)e'*“dz
MY T 9 ikn, 9y’ '
= ~1—_7 )'u(x 0)e**(=Ndg.
2 *
{

Similarly taking Fourier transform of Eq. (3.7), we obtain

1 o — 1 ei(a‘{-kﬁ =

(= .—a—y)u(a, b) = @3 (a) = g————— + '} (a),

2m (o + k)

where

0
- 1 1 a iaz
‘1)2 (0.') o % / (1 = E@)u(x,b)e dfﬂ,

1
o (a) = —
(o) = 27 u'c?}lz ﬁy

l

(3: b) io(z— ”dm
The complementary solution of Eq. (3.10) is of the form

u(e, y) = A(a) cos [K (a)y] + B(e) sin [K (a)y]

where A and B are the function of a. Putting Eq. (3.22) in Eq. (3.13), we obtain

[=o]

u(z,y) = /{A(cz)cos[K( a)y] + B(a) sin [K (c)y]} }e % da,

-0

Using Eq. (3.14) in Eq. (3.22), we obtain

Ale) = Fi(a),
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(3.19)
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(3.21)

(3.22)

(3.23)
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where
!

Bl = % / u(z, 0)e**dz, (3.25)

Using Eq. (3.15) in Eq. (3.22), we obtain

A(a) cos[K (a)b] + B(a) sin[K(a)b] = Fa(a), (3.26)

where ;
Fy(a) = %/u(m,b)e*“dm. (3.27)

0

Using Eq. (3.16) in Eq. (3.22), we obtain

B(a)K () 1 eile+kl 1

Ala) + ==

tad 7+
- + elg} (). (3.28)

Using Eq. (3.19) in Eq. (3.22), we obtain

Ale) ny cos[K (c)b] + K_(Q) sin[K (a)b] | + ) )y sin[ K («)b] — K.(cx) cos[K (a)b]
Mg ik i ik
- 1 ei(a-!-k)! =7 —— 40
= B5(0) ~ g e + () (3.29)

Incorporating value of A(«) from Eq. (3.24) in Eq. (3.26), we obtain

_ F(a) - Fi(a) cos[K(a)b]l

Blaj= Sn[K(2)}] (3:80)
Putting Egs. (3.24) and (3.30) in Eq. (3.28), we arrive at
K(a) [F(a) - Fi(a)cos[K(a)b]] . _ 1 efethl 7 ey
Bifa)+ ikn, [ sin[K (a)b] ] = Spla)- M (@tk) C (@),

K(@)Fi(e)
ikn, sin[K (a)b]

1))
m; sin[K ()b]

[—?71 sin[K (ar)b] + Kz(;t) cos[K(a)]b] +
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1 1 1 28

gt et = il L =t o €
Rla)Me) | F) | oy _ giotgt(q), (3.31)

“mN(e)K(a) * ikn,N(a)
where M;(a), N(a), P, (a) and R*(«) are defined as respectively,

Mi(a) = —n, sin[K (a)b] + F:(;) cos[K (c)]b, (3.32)
sin[K (e)b)] 3.33
N(a) = 2 (3.39
1 1
Pr(@) = =97(a) = g (3.34)
and ”
+ + i 3.35
R(Q)Z@I(Q)_zﬂi(&-l-k). ( )
Putting Egs. (3.24) and (3.30) in Eq. (3.29), we obtain
Fila) {nﬂ cos[ K (a)b] + —— K( sin[K ( or)b]
T2
Bile) — Fule) cosl Kia)b) sin[K (a)b] — @ cos[K (ax)b]
+ 7o sin[K(a)b] [HZ [I(( )b] ik [ ( ) :1
ol 1 ea(u+k)£ -1
=@ ( )+em¢; Q)—%—(a_!_k) )
Fi(a)K{a) cos’[K ( sin®[K (a)b
Ttk sin[K (ar)b] A I[{( () ) g
_ fale) 08 o —_—
- 25111[5’?3&)!:] [ 1y sin[K (a)b] + —— e [K(a)b]| — @5 (a) — TR
g 1 eﬂk
= & [@2( )= 2mi (a+k)]
Fl(a) Fﬁ(Q)MQ(&] 3 Q:(L‘!) _ eials-i-(a)' (336)

iknyN(a) — 7,K ()N ()
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where My(a), @7 () and S*(«) are defined as respectively,

My(a) = —ny sin[K (a)b] + K;(;?) cos[K (a)b], (3.37)
a _ 1 1

Qs (a) = —%5(a) — math) (3.38)
1 eilk

Notice that P () and @7 () are regular in the lower half plane except at the pole

singularity occurring at a = —k.

3.3 Solution of Simultaneous Modified Wiener-Hopf
Equations

The kernel factorization of M, 3(a) and N () appearing in Egs. (3.32), (3.37) and (3.33)

are as follow

M g(a) = M (a)M{,(a), (3.40)
N(a) = N*(a)N~(a). (3.41)

The explicit expression of M;,(a) and N*(a) can be written as procedure outlined by

Lee and Mittra [7)

M (a) = [—n, sin(kb) + %cos(kb)]""‘}‘. exp{%[l -C - ]n(l aﬂl b) SE 1%]}

X ﬂ;li(l + ﬁi) EXP(%)I (3.42)
M3 () = [~mysin(kb) + T cos(kb)] 2. exp( 2211 - 0~ n(L212) 14Ty

< {0+ 2ew() (3.43
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N+ o) = (282 (2001 _ o (L2l 44T

< 11+ 2y ew(2). (3.44)

Here f3,.'s, vn's and ay,'s are the roots of the functions M 2(e) and N (), respectively.
My(£8,,) =0, M(+vn)=0, N(ta,)=0 m=1,2,3.., (3.45)
with

2(0) = Miy(—a),  N7(a) =

In Eqgs. (3.42)-(3.44), C is the Euler’s constant given by C' = 0.57721... . It can be easily
shown that one has
Miz(e) =| a|?  N*(@) =|a |

Multiplying Eq. (3.31) with ¥*=2¥"() e obtain

My (a)
 Fi(e)M{ () +Fg(a)\/ aM;(a) \/k—aN‘(a)P_(a) 5ic aVk—aN~ (Q)R+( )
mNt(e)VE+a ik Nt(a)M; () My (a) ) Ml () (3.46)
Multiplying Eq. (3.31) with e“‘“‘—%ﬂ we get
_e_iQIFl(cx)Ml'(a) 2 e‘i"‘Fg( Wk + aM; («) 4 giat Vk+ aN""(a)P_(a)
7, N-(a)Vk — a ik N~ (a) M, () Mt (a) *
MN+(Q)
= M) R* (). (3.47)
Now multiplying Eq. (3.36) with -ﬁﬁ we get
__B(a)M (@) | Fi(a)Vk —aij“(a)_l_\/mx‘V‘(a) 0 (a) = € aVk —aN~ (af) §*(a).
NNt (a)Vk+a  iknyN+(a)My(a) M; (e) * My T My(e) )
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Multiplying Eq. (3.36) with e"“‘——u,,—w, we obtain
2

it B@)Mi(@) | _FeVEFaM; (o) | VEFENT()

T?QN_(Q)\/k——a ikna N~ () My () M;(a) Q: (a)
_ VE+aN*(a) o,
= M S @ (3.49)

The first term appearing in the left hand side of Eq. (3.46) is evidently regular in the
upper half plane. The third term and the R.H.S. of same equation have singularities in
both half planes. Hence one has to apply the Wiener-Hopf decomposition procedure on
these terms. Consider the third term of Eq. (3.46) (we want to make it regular in the

lower half plane)

vVk—aN~ (o) ,_, . Vk—aN (a)_ _ 1 Vk—aN(a) 1
@ T T O @ arr 00
Consider the 2nd term of Eq. (3.50). Let
_Vk—aN(a) 1
fley= e (3.51)
be decomposed by decomposition theorem
fla) = fila) + f-(a), (3.52)
where .
S U a5
r@ =g [ e
—oo+ic

catic .
RPNy O '

W ) @E- R

271
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Completing the contour by semi circle in the upper half plane then £ = o and € = —k are

the simple poles which gives

_Vk—aN~(a) 1
Res g[ii(a)] ="M@ otk
_ —V2N*(k)
RN = M Rya+ by
so that
£ T Vk—aN (a) 1 V2kN* (k)
T Mi(a)  (a+k)  Mi(k)(a+k)
Define i
-1 f€)
@)= [ Lla,
—o041d
i co-+id i ,sN—(E)
= _ﬁ‘m[ L MIEE— )+ B
Completing the contour by semi circle in the upper half plane then £ = —k is the simple
pole which gives
iy D
= M (k) (e + k)

Thus, Eq. (3.52) becomes

VE—aN=(a) 1 vk—aN (a) 1 V2EN* (k) N V2kN*(k)

M{(a) a+k  Mi(a) a+k Mi(k)(a+k) M (k)(at+k) (5:8)
Putting Eq. (3.53) in Eq. (3.50), we obtain
Vk—aN (a) ,_, . (k—a)N(a)__ k1 N*t(k) k1  N*(k)
M (@) Foa) = M () k. (a)mi-\/;?_ri M (k)(a+k) V2m Mf“(ﬁz:%(;; k)
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Now consider the R.H.S of Eq. (3.46). ( we want to make it regular in the upper half
plane)

tal v k—aN~ (Dt)

gial ¥ k—aN(a) 1 iy k—aN~(a) e'*

R*(a) = &7 (a) -

- Mi(a) My () 2mi M{(a) (a+k)
(3.55)
Consider the first term of Eq. (3.55) and let
ple) = et e ot (a), (3.56)
be decomposed by
p(@) = p(a) + p-(a), (3.57)
where sk
1 p(§)
p+(a) = 5— f f—a ——dg,
—oa+ic
_ 1 i VE—EN"(E) o
o) =5 | e O
—co+ic

If we close the contour in upper half plane by semicircle then £ = a and zeros of M, (€) are

the singularities which gives

i Vk—aN~(a)

M@

%ieas[er(a)] =€

LIMENHE)E-a)] 1T e=p,,

. &bty /= BN (Bm) My (B,)

Res[ps (o)) =€

= q)-l'- ml
m=1 M{(ﬁm)N-i-(ﬁm)(a . ﬁm) (ﬁ )
so that '
o :B I +
pete) = et e Clago) - 52 o Latlnl i Pl
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Define

1 00-4::.(.!
o) = —— p(§)

2m & —
—oa-+id

R

co+ic

p_( )_ 51;1" -/ 151 V N (E)

= MOE = O%

—o0-ic
If we close the contour in upper half plane by semicircle then zeros of M,(£) are the

singularities which gives

Pl = 2 M{(BR)N*(Bm)(a—B)

Thus, Eq. (3.57) becomes

:cxl'*‘ aN~( ey __EmIV aN™(a) ot - eiﬂmt\/k_ﬁmN(ﬁm)M?(ﬁm)(b+
My (00 S et (a> . E mz..: M. (B)N*(B)(a — B.) £ Pt

R /& = BN (Bom )M (Bm) oH(B,,). (3.58)
o M{(BR)N* (B —B,)

Consider the term of Eq. (3.55) and let

gial Vk —aN~(a) e'*

l 3.59
(o) = My (a) atk (3.59)

Applying decomposition theorem, we can write
U(a) = Ly(a) + I_(a), (3.60)

where )

1 oo1c (5)
=— d
£+(Q‘) 91 ] E E!
—0o+ic

52



oo4-ie

_L z‘ﬂViE_gN_(é‘) g P
M | M@ e

—oo+1ic
If we close the contour in upper half plane by semicircle then & = « and zeros of M, (£) are

the singularities which gives

i VE—aN"(a) ™
M{(a) a+k’

Resfl (o)) = e

o~ € Ont M () V/E = BN (Br)e™
Res [l ()] = — )
Bl == o e BN BB +

so that
l (CE) == eiu! \V k — CEN“(CY) eﬂk B 00 eiﬂm!M{}-(ﬁm) /—k — 6mN(ﬁm)eﬂk
R Ml_(ﬂ') a+k =t M{('Bm)(auﬁm)N-l-(ﬁm)(ﬁm—l-k)'
Define
1 oco+-id g(é)
:':_.(C‘t) = __2_75 : E_—“—_ad&
—o0+id

co+id ;
1 /+ L VE=EN=(6) et
2ri M @)E— )+

de.

—co+id
If we close the contour in upper half plane by semicircle then zeros of M;(£) are the

singularities which gives

I_(a) = i ePr! M (B) VE — BnN (B,) e |
_ =t M{(B)(@ = Br)N*(B.n) (B + )

Thus, Eq. (3.60) becomes

eia! Vk — O.'N"(Ct') g _ eicxl vk — QN_(O") e _ G eigthi'-(ﬁm) v/ k — ﬁmN(ﬁm)eﬂk
My(e) etk Mi(a) otk 4 M/(B,)(c—Bm)N*(Br) (B + k)
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e i BiﬁImIMl"‘ (ﬁm) \ k Sk ﬁmN(ﬁm)eﬂk . (361)
£ M{(B)(@ = Brn) N+ (Brm) (B + k)

Putting Eqgs. (3.58) and (3.61) in Eq. (3.55), we obtain

jaYF=aN (@) Ly VB aN(a) oy N el BN (B M (B) R (B)
M (a) e R M () R L T BN BB
‘I‘Z tﬁ"' vV k ﬂ N(ﬁ )Ml ﬁm)R+ m) (3.62)

= M{BRIN(Bn) (e — B,
Putting Egs. (3.54) and (3.62) in Eq. (3.46), we get

AEMI) | BVEZGNI)  F1 N FN ()
Nt (a)Vk+a  iknN*(a)M (o) 2 wi M (k)(a+ k) M (@)

eBuly/k — B N(B )M (Bn) R (B,m)
= M{ (B )N*(Bn)(a — B
_\/__—-k—a:N_(a)P:{a)_\/El N+(k Zeﬁ h/k_ﬁ' N(B,.)M; (B, )R (8.,

My (a) 2m My (k a+k) {(Bm)N*H(B,)(a = B,)
(3.63)

The regularity of the L.H.S. of Eq. (3.63) in upper half plane may be violated by the

simple pole occurring at zeros of M;(a) lying in the upper half plane namely a = f,,, m =

1, 2, 3... . Consider the the second term of Eq. (3.63). Let

. = +
D(a) = F?(a)\/k oM (a)‘ (3.64)
ikn, N* () My ()
Applying decomposition theorem, we can write
D(a) = Dy(a) + D—(), (3.65)
where _
1 oo+ie D(E)
Do) =5 [ Fodae,
—oo+ic
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oo+tie

. ¥ B vk —-EMT(E) .
Dile) 277?2_00“6 ikn, N+ ()M, (€)(€ —ﬂ)d&

If we close the contour in upper half plane by semicircle then £ = « and zeros of M, (£) are

the singularities which gives

Do) — BVE=aM (@)
R [62:( )= ik, Nt(a)M;(a) '’

- ¥ = = Fz(ﬁm)vk—ﬁmeL(ﬁm)
B e == D e M B — o)

so that
Dy (o) = PHOVE=aMi (@) % Falfn) /= BoMi (B)
itk N*(@)Mi(a) £ ik, N*+(8,,)M!(B,.)(a — B,.)
Define s
Do) == [ £
—co+id

b L | _BOVE=EMI(E)
) 2mi ) ikmNFE)M()(€ — @)

—00+1

de.

Closing the contour in upper half plane by semicircle then zeros of M;(£) are the

singularities which gives

D_(Ot) - Z F2(ﬁm) V k— iﬁli-l_(ﬁm)

Thus, Eq. (3.65) gives

Fy(@)Vk—aMi(a) _ F(a)Vk—aMi(a) <~ Fa(Bn)vk = BnMi (B

ikm N*(@)Mi(e) ik N*(@)Mi(a) 2= ikn, N+(B,,) M/ (B,.) (e - B,,)
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+i Fo(B) VE = BuMi (B)
221 ikny N+(B,,)M{(B.)(a — B,n)

Putting Eq. (3.66) in Eq. (3.63), we get

(3.66)

_ Fi(o)M{ (o) F(a)Vk —aM{(a) < am k1 N+(k)
N avira T N @M@ 2 af, V3 W (R)(a + F)

_eiai\’k R+ )_'_i ‘Iﬁmt\;‘k B N(ﬁ M+ ) +(ﬁm)

Ml ( =1 Mf(ﬁm)N-i—(ﬁ (CI: m)
_VE—aN~(a) ,_ (@) [EL_N'R) < ¢! \Jk = BN (Bun) M (Br) B (B1n)
M{(a) * 2mi My (k)(a+ k) 2= M{ (B )N*(Brm) (0t — Bn)
_ g ai_mﬁm, (3.67)
where
_ B(Bn) VE = B (Bm)

3.68
ikn N*+(8,,) M{ (8.,) A8

The application of analytic continuation principle together with Liouville’s theorem to

the Eq. (3.67) yields

A Tl I e —C!N Z el /k — ﬁmN(ﬁm)N{f—( m)R_'_(-Bm)_ k]- N+(*‘)
- Mi(a) ) ot M{(B)N*+(B)(c — Bya) 2mi M (k)(a + k)
=3 afmﬁ . (3.69)

Now we will apply similar treatment to Eq. (3.47). In Eq. (3.47) first term is regular in
the lower half plane, while right hand side is regular in the upper half plane. Second and
third term on L.H.S. have singulérities in the lower half plane. Consider the third term
of Eq. (3.47) on L.H.S. (we want to make it regular in the lower half)

euial "k+aN+(oz)

e Vk+aNt(@)®i(a) 1 e™N*(a)
M (@) -

M () 2mi My (@) Ve + k

Fr(a)=- (3.70)
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Consider the first term on R.H.S. of Eq. (3.70). Let

e“"““\/k—l——aN*‘(cr)fI){‘(a)l

E(a) = M @) (3.71)
Applying the decomposition theorem we can write
E(a)=Ei(a)+ E_(a), (3.72)
where
Bty CVET AN ()0 BV M (605 ()
+(0‘-') M+(a) Z M ﬁ )N"’(ﬁ )( 1
=1 1 = m Q-+ :Bm)
and

Z Bnt /b — BN (=Bm) Mt (Brm) 27 (= Bm)

M{ (=) N* () (et + )
Therefore, Eq. (3.72) becomes

e fEra bl v VRN (piTin) RS 2 ! V& = BV (=Bin) My (B) 1 (~ B
M () M (c) s M{(BN* (Bt By)

e \Jk = BN (=Bun) M (Bn) @7 (=Brn)

y (3.73)
m=1 M (=Bm)N*(Bp)(ct + Bpn)
Now consider the second term of Eq. (3.70) and let
e-—ialN-l-(a)
H(a) = ———=—, 3.74
@ = Favark 374
be decomposed by decomposition theorem

H(a) = Hi(a) + H_(a), (3.75)
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where

R A B &Pt N () Mt (B)
T M @VatE 2 M(<B (et BNt (B)E— B
d
N H_ (a) = i e#n! N(—Bm) M3 (Brm) ’
ot M{(~Bn)(a+ Br)N*(B)/E — B

Thus, Eq. (3.75) becomes

e " N*(a) _ e N+ (a) Z ePm! N(—B,,) M (B,,,)
Mi(@)Va+k Mf(eVe+k = M{(=B,)(a+B)N*(Bm)VE—Bm

. ‘ﬂ‘k Bumn)N (=) My (Br)
m=1 Ml a+6m)N+(ﬁm)V k — 46
Putting Eqgs. (3.73) and (3.76) in Eq. (3.70), we obtain

(3.76)

e~k + aN*t(a)
M (a)

B o) s TR B gy St e P PG (Bl T
* Mi IS M{(BN* (Bl B)

el \/k = BN (=B m)Mi" (Bm )PC (—Bm)
= M{(Ba)N*(Br) (e + Br)
Now we consider the second term of Eq. (3.47). (we want to make it regular in the lower

half plane)

(3.77)

e " Fy(a)Vk + cle_(a).

) = "k, V- (@)Mi(a) o
Applying the decomposition theorem we can write
2(a) = Z4(a) + Z(a), (3.79)
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where

thmN=()M(e) 2= ikny M{(=B)N* (Bt + Bre)

7 i e B (a)VE+ aMi (@) = ePntFy(—~B,.)Vk — B (Bm)

and

Z_(CE) . - eiﬂth’A(_ﬁm) \% k— ﬁme-(ﬁm)
22t ik, M (=B N* (B (@ + B 1)

Thus, Eq. (3.79) becomes

CHB(VETAMT(0) _ e ) ETaM (0) § e m)\/WMl )
tkn, N~ (a) M, () ikn, N~ (o) My () = zkli B )N*(B,.)(a+ B,,)

B0t Fy(~B,) /= BuMi (Br)
m=1 iknlM{(_ﬁm)N-l-(:@m)(a + ﬁm)
Putting Egs. (3.77) and (3.80) in Eq. (3.47), we get

(3.80)

e R ()M (a) e FR(a)VEk+aMi(a) i bin

mN-(@vVk—a | kmN-@M(@  2=a+tb,
+e —ial V k + GN (CE) Z tﬁ : \V k — ﬂmN M+(ﬁm) (_ﬁm)
M+(&) m=1 ( 5m)N+( m)(a + ﬁm)

Vk+aN*(a =
- LI%(‘)R”“)‘Z

_ i eml\/k — BuN(—Bm) My (Br) Py (=Brm)

bm
e @ M{(=Ba)N*+(Bn)(+ Byr)

(3.81)

where

%kﬂzM (—Bm )N”(/S )
The application of analytic continuation principle together with Liouville’s theorem to

Eq. (3.81) yields

\/k+czN (a)R_,_( j = Z ebmly [k — BN (—B) M5 (B,) P ( ﬁm)_'_z bun

M{ (=B )N+ (B) (e + B) ot b
(3.83)
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Now we apply similar treatment to Eq. (3.48). In Eq. (3.48) first term is regular in the
upper half plane, the third term and the R.H.S. have singularities in both half planes.

Consider the third term on L.H.S. (we want to make it regular in the lower half plane).

Let

Vk—aN=(a) .. . vVk—aN(a)__ 1 Vk—aN (o) 1
@ ST O Tw @ a0
Consider the second term of Eq. ([?]) and let
_vVk—aN (a) 1
T(a) = M@)otk (3.85)
be decomposed by decomposition theorem
T(a) =T (a) + T-(a), (3.86)
where
T (a) = vE—aN~(a)  V2N*(k)
! My (a)(o+k) M (k)(a+k)’
and
_ V2kN*(k)
= e B
Therefore, Eq. (3.86) becomes
VkE—aN~(e) 1 _vk—aN~(a) 1  V2kN*(k) N V2kN* (k) (3.87)
My(a) a+k  M;(a) a+k M (k)(a+k) MFk)(a+k)
Putting Eq. (3.87) in Eq. (3.84), we arrive at
vk — ctN‘(a)Q_( B \/MN‘(O:)Q_( ) k1  N*(k) k1  N*(k)
M) T T TV R n TV 2w M;(J(cg(acxs;- k)’

60



Now consider the R.H.S. of Eq. (3.48) (we want to make it regular in the upper half

plane)
ial V k —aN (Q) +(G‘) — ml V alN~ ) p-‘,—(a) 1 mt' "' N eﬂk
My () M2 (o:) o M2 (a ) a-f— k'’
(3.89)
consider
Ula) = e YE () g o) (3.90)
M; (o)
Applying the decomposition theorem we can write
U(e) = Uy(a) + U-(a), (3.91)
where
- Vk—aN (o emly /& — U N(Vm) MG (V) ®F (Vi
U+(G:)=emi = ( )(I);'(CE)— " ( ) 2( ) 2( )‘
Nfz (0!) m=1 M'2 (Um)N+(Um)((I - Um)
and

2. et Sk — U N (V) My (Vi) 5 (Vi)

U_(a) =
e = M} (Vm)N* (V) (@ = Vi)

Thus, Eq. (3.91) becomes

e"‘“__—“"“_awqﬁ(a) = yYE—aia) oF () — Z ey "”mN(Vm My (V) @3 (V)
My (@) . M ( ) m=1 M2 (Vm)N*(vm) (@ — Vi)
evml [k — umN(um)M+(Vm)(I>+(um

(3.92)
m=1 Mz( m)NF(Vm) (@ — V)

Consider the term of Eq. (3.89),

ial V alN~ (Ct‘) ei”c
Mz (@)  (a+k)

V(a)=e (3.93)
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Applying the decomposition theorem we can write

V(a) =Vi(a) + V_(a), (3.94)
where
Vi(a) = el vk —aN~(a) e'* B 2 eVml Sk — VN (V) My (V) e*
g My(a)  (a+k) = M) Nt (0m) (k + i) (e — V)
and

B o« eiymt\/WN(vm)M;(vm)eiik
K= mzz:l My (vm)N* (V) (k + V) (0 = V)

Thus, Eq. (3.94) becomes

eiai vk — CL'N—(C!) eilk _ etal /E aN—(a)Eilk B b ewml, [l — va(um)Mg’*(um)e"‘k
My (o) (k) M; (a)(a+ k) = ML) N+ (vm) (k + Vi) (@ — V)

=\ eVl k= U N (V) M5 (Vi) e*
) — ) e,

mm1 M (Vi )N* (V) (K + vm)(@ = vm)

(3.95)

Putting Egs. (3.92) and (3.95) in Eq. (3.89), we obtain

S vk—aN~(a) ., ¥ ol Vk—aN~(a) .. . 2 e = U N (V) My (V) St (Vi)
My (e) S M; () §a) mZ=1 M{(um)N*‘(um)(a—um)

s 2, eivml [k — Ven N (Vin ) My" (V) SH (Vi)
2 M{m)N*(Um) (o~ vm)

] (3.96)

Now consider the second term of Eq. (3.48), (we want to make it regular in upper half

plane)
_ Fy(e)VEk — oM (a)
Ie) = iknyN*(a) Ma(a) (3.97)
Applying the decomposition theorem we can write
I(@) = L(a) + I_(a), (3.98)
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where
.o = Fila)Vk—aMj(a) <=  Fi(vm)VE = vmMy (vm)
’ kN () Ma(@) 2= iknpy N+ (vim) MY (Vi) (@ = V)

and
T (Ot) _ - FI(Vm) V k — VmM;(Vm) )
m=1 a’k"?:&N"-("'rﬂ)ﬂ/lfrﬁ;("'m)(0’ — Um)

Thus, Eq. (3.98) becomes

Fi(a)Vk — aM)(a) _ Fi(a)Vk — aMyf (a) B N F(wn)VE = vmM (V)
ikny N+ (o) Ma(cx) iknyN* (o) Ma(a) ik N+ () MY (V) (@ = Vi)
4 = RV = vpMF (vi)
ezt Sk N+ (V) MY (V) (0 = Vi)

Fi(e)Mf (o)  Fi(a)Mf(a)  _ Cm o _ Cm
N* @)k 1 ) M3(a) ~ N¥(@)(h - aMa(a)  2sa—vm T 2wy O
where
Cm = Fl(um)vk‘_umﬁf;—(um). (3100)
ikny N+ (vm) My (Vm)
Using Eqgs. (3.88), (3.96) and (3.99) in Eq. (3.48), we arrive at
__B@Mfle) | FVEaMi@) < e [E1__N'K)

mN*e)Wk+a kN (e)M(a) i a—vm 2 My (k)(a + k)
_ptat Y k—aN~(a) S*(a) + i ek — UmN(Vm) My (V) S (Vim)

M (a) m=1 Mg(Vm)N.P(Vm)(a — Vm)
_ (k— )N~ () Q- (a) - k1  N*(k) + = eVl k= U N (V) My (Vi) ST (Vm)
Mj () ’ 2mi My (k)(a+k) 4= M (vm) N+ (Vi) (@ = vm)
“iai' (3.101)
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The application of analytic continuation principle together with Liouville’s theorem to

Eq. (3.101) yields

Vk—aN~( a)Q fas] = = e/ = U N (Vi) My (V1) ST (Vi) k1  N*(k)

M; (o) M )N m) @ —vm) Y 2m M (k) (a+ k)
oo Cm
= ;:1 " (3.102)

Now we will apply similar treatment to Eq. (3.49). In Eq. (3.49) first term is regular in
the lower half plane, while right hand side is regular in the upper half plane. Second and

third term on L.H.S have singularities in the lower half plane. Let

e~k + aN*t(a) ek +aN*t(a)@3 () 1 e Nt ()

L (@) = — == (3.103
M () ey M (e) 2w My (e)Va + k (3:105%)
Consider the first term on R.H.S. of Eq. (3.103)
e l/k + aN*(a)®; (a
Ey(a) = V() 2(2), (3.104)
By decomposition theorem, we can write
Ey(a) = Ery(a) + Ey—(a), (3.105)
where
By (a) = ek + aN*(a)®3 (@) 2. eVl /k — U N (=) M5t (V1) @5 (Vi)
. M; (a) 4 M(—vm)N*(vm) (@ + V)
(3.106)
and
£ etvml, [ — -
El_(ﬂ.’) = Z U‘mN( Um)M2 (vm-)(PE ( jlj"'?"&) (3107)

— M (~Vm)N*+(Vm) (0 + Vm)
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Therefore, Eq. (3.105) gives

el /E T aN*(2)®5(a) _ ek T alN*(a)®; ()
M5 () M (a) ‘

) eVml Sk — U N (=vm) My (V) @5 (—Vm)

= My(—vm)N* (V) (@ i)
LB 1730 | = b
i evmik ; UmN (=Vm ) MyF (V) @5 (—Vim) (3.108)
m=1 M2 (_Um)N+(Um)(a + Um)
Now consider the second term of Eq. (3.103). Let
e Nt ()
Hi(la) = ————. 3.109
(o) = Ve tF )
Applying decomposition theorem, we can write
Hi(e) = Hi4(e) + Hi-(a), (3.110)
where
e~ N+ (a) e eVt N (=t ) My (Vim)
B st O NG , (3.111)
) = Vet E 2 Mot v N om V=
and
o0 il o -
H]—(Q) = Z € N( Vm)M‘Z (um) . (3112)

m=1 M{(_Vm)(a + Vm) N* (Vi) VE = Vm
Thus, Eq. (3.110) becomes

eeNta) _ N Z N (<) M (V)
Mf(a)Va+k v‘oe + ¢ MJ(~vm) (@ + V) N*(vm)VE = U

quN(_ym)Mz (V) 3.113
+Z Mf( Vm)(a+Um)N+(Vm)\/_—ym ( | )
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Putting Eqs. (3.108) and (3.113) in Eq. (3.103), we obtain

e"i“!\/H_QN"'(CY)Q_( - e~iol\/E+ aN*(a)
M (@) A= M (o)

Q. (@)

o €4k — VN (=Vm) My (V) Q5 (=Vim)

- M (~vm) N+ (Um) (0t + V)
= 2 Bium{\/ k '; UmN(_Um)M;-(Vm)Q:(—Vm) (3114)
— M (=) Nt (V) (@ + V)

Now we consider the second term of Eq. (3.49) (we want to make it regular in the lower

half plane)
i F1(@)Vk + aMy (a)
== ial 41 2
Zy(a)=e hn =@M (a] " (3.115)
By decomposition theorem, we can write
Zi(a) = Ziy(a) + Z1-(a), (3.116)
where
w, = +
Z1,(a) = e_mﬂFl(a Wk + aM; (e) Z Vk — v Fy(—vm) M, (vm), (3.117)
ikny N~ () Ma(a) ik ML (=) N* (V) (@ + Vi)
and

B )= N eVmly [k — U Fy (—Vm) M5 (Vin) . (3.118)

L2 ikny My (—vm) N+ (V) (@ + Vin)

Thus, Eq. (3.116) becomes

ool Fl(a)Vk+aM; (o) e-salFl(a)\/k +aM;(0) <= ek — v Fi(—vm) M5 (V)

ikn,N-(a)Ma(@) kN~ (o) Ma(er) 1ikn2M§’(—um)N+(um)(a+um)
f: e Vk = B (—Vm) My (V) (3.119)

it kMY (—Vm) N+ (V) (@ + Vim)
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Putting Eqgs. (3.114) and (3.119) in Eq. (3.49), we obtain

_-iat_F2(a) My (a) 4 e—ialFl(Q)V k+aMy (a) i dm
MmN~ (e)Vk -« tkna N~ () Ma(a) @+ vm
ek + aN*(a) Q- (a) - i e“mt\/k = UmN(—Vm) M;(u,,,)Q (—Vm)
My (a) ’ ot ML (= vm) N+ (vm) (@ + V)
VEFaN*(a) ¢ X iy

T Mj(a) §He) - Z o+ Uy
o €k = VN (V) M (Vi) Q2 (=)
m=1 Mz/(_”m)N+(Vm)(“+ Vim)

(3.120)

where
dm: ‘”'ﬂl\/TFl(ﬁUm)M‘z (Vm) (3121)
ikny M} (~Vem) N+ (V1)

The application of analytic continuation principle together with Liouville’s theorem to
Eq. (3.120) yields

vk +aN* (a) = eV SE = U N (=) My (U) Q7 (—Vm) =
G ,; M{ (~m) N+ (Vm) (0 + Vim) +Z: o+ v
(3.122)

Putting Egs. (3.69) and (3.83) in Eq. (3.46), we obtain

__FR(a)M{ () 2 Fay(a)Vk — aM; (a)
mN*(@)Vk +a ikn N*(a) My ()

Ol BB N(Bn)M; (Br) B (Br) | [E 1 o TN g, B

2 M(BNT(Ba) (=B 2mi My (k)(a+k)  ~a—B,
g i Vk—aN~ a)M+(cx
Vk+aN*(a) M7 (a)
eiﬁm‘ A% k — 6mN(_ﬁm)Mf-(ﬁm)P:(_ﬁm) 2 bm
S TN bty T agar ﬁm] | Gl
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Putting Egs. (3.69) and (3.83) in Eq. (3.47), we obtain

_e““‘Fl(a)Mf{a) " e " Fy(a)VEk + aM; (a) _
N~ (e)Vk — ikn, N~ (a) M, (@)

el [l = BN (—B,) Mi (B,) P (=B.0) Z b _mt\/k+oeN+(cz ( )

e MBI N+ (B e+ ) et b VE—aN=(a)M
eBnl \/E = BN (Bum)Mi (Bu)R* (Br) [k 1 N*(k) i O
=t M{(B)N*(B,)(a - B,) 2mi M (k)(a+k) “Za—fn|
(3.124)

Putting Egs. (3.102) and (3.122) in Eq. (3.48), we obtain

__By(e)My (a) + Blejvk —aM:f'(a) i ek = vmN (V) My (vm) S* (Vm)

NNt (@) VEk + o ikny N+ (o) Ma(o — ML (V) N* (Um) (@ = )
JEL_ME e, g/ EaN (@M
27 My (k)(a+ k) 2= a— v ¢ VE £ aN*(a)M; (a)
= eium!\/ k — VmN(_Um)M;(Um)Q.-_(_Vm) oy Z dm . (3125)
= My (=vm) N+ (V) (@ + Vim) et <t i

Putting Eqgs. (3.102) and (3.122) in Eq. (3.49), we obtain

_g—ial Fy(a)M; (o) L8 i Fle)Vk+ aMy (@) o €' VE = v N(=vm) My (Vm) Q5 (—Vm)

MmN~ (a)Vk —a ikn,N=(a)Ma(a) i) ML (=) N* (V) (@ + V)

+i__d’L_ -le(k+aN+ a)M2 C!)
-+ Vi V(k — a)N=(a) M5 ()

2, etvml [ = VN (Vi) My (V) ST (Vi) B ’{fi N+(k) B o O
m=1 M{(um)N+(ym)(a — V) \/;11'3' M;(k)(a o k) mzz a—Vm|
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3.4 Scattered Field

3.4.1 Reflected Field
Putting value of A(a) and B(c) from Egs. (3.24) and (3.30) in Eq. (3.23), we obtain

Fy(a) — Fy(a) cos[K (a)b)

u(a,y) = / {Fl (a)acs Ky + s K(a)y} e=io2 oy

sin[K (a)b]
(3.127)
B Fy () cos[K (a)y] sin[K (a)b] + {Fa(e) — Fi(a) cos [K ()b} sin K(a)y | _ioz
= u(z,y) = Lf { 1 Sn[K ()] }e dev.
(3.128)
Put
sin[K (a)b] = 0,
/ n2m?
a = +4/k%2 - 7 wheren=0,1,2,...,
a = =q. (3-129)

The reflection coeflicient R of the fundamental mode is defined as the complex coefficient

multiplying the travelling wave term ezp(ikz) and is computed from the contribution of

the first pole at a = ¢

—1) " 1pn?;
r= L R - ((irR@lsn [T (3.130)

where
(==}

Z g‘ﬁmf\’/k——.(imN(Bm)Mr(ﬁ‘ﬂ]R-'—('g"']
7 B
F(q) = EM@M@NQVEFG | o5 e e

M (Q){RMi(Q)Ma(q) — @+ K2} | /51 ek N
-\/;HW%G-I-LH_ lq—ﬁm

m=
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Z ey [k BN (=B )M (Bin) P (~B1r)
_mk*Mi(q) Ma(q)N~(q)e™vE —¢q M{ (=B )N*(Bn) (@ +Brm)

M (@) (KM () Mla) — 2 + F2) +Z

Q"I'ﬁm

i ei"mi\fk—!}"‘N(Um)M;—(V'")5+(U",}
/ -
mkMy()N* (g)(k+q)vk—q | 25 MalmINHmda-vm)

iMy (q){k2M,(q) Ma(g) — ¢ + k?} _\/I 1 N*(k) - -
PED M;(J.)(q+k) 4 9V
m=

i eiy!rlImN(—U”‘)M;'(UmJQ: (—tn)

_ M@V (@)(k — Qe VBTG | o5 MmN i) (3.131)
iMy (q){k*M1(q)M2(q) — ¢* + k?} &Y dn_
and
i Bl JR=Bo N (B, )M (B, )R* (8,1)
Fy(q) = —MEM@N* @)k + V=4 MBI+ BlaB)

iM;"(q) {k2 M1 (q) Ma(q) — ¢* + k?} k1 N*(k) =
' \/_m My (k)(q+k) Z_‘ —

Z et oSk~ N (=B )M (Bn) P (~Fn)
mle(Q)N“ Jel(k—q)vVEFXq | o=t M (B )N* (B, ) (a+B,)

(q){k2M1(q)M2(q) — q* + K2} by
+Zq+ﬁm

i 8“’""v'E_f-’rnN(Hm}l'Vf;(Um)S+(Urn)
/
W?kEMI( ) ( (Q)\/W — .M'E{l-'m)N"'(Vm)(Q"Vm]
oo
M (q){k? M1 (q) M2 (q) — ¢ + K2} _‘\/;1 N+ () i
2

b M;'{k}(q+k) ' q—Um
m=

.|..

eV ml /Bt N(—vum )MF (1 )Q7 (—vm)

n:k*Mi () Ma(g)N~(g)e" VE — g ML fudi e lfeiose) (3.132)
My (q){k?M1(q) Ma(q) — ¢* + k?} |
+ Z q+¥m
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3.4.2 Transmitted Field

The transmission coefficient T" of the fundamental mode which is defined as to be complex

coefficient of ezp(ikz) and is comi)uted from the contribution of the pole at @ = —¢q in

Eq. (3.128) the result is

where

Fi(—q)

and

Fy(—q) =

(=1)""ny?

R= " gy — (-1 Fi(~g)sin [T (3.133)

b2q

. i Etuml,J’k_pmN{—ym)Mg'(um)Q._(—um)

ok May(—q)N*(q)e~ " (k + q)v/k — g e M (v )N* (vin) (—9+vin)
iM (q){k*My(—q) Ma(—q) — ¢* + K2} B i oy
= (—g+vm)

(=]
Z eVmlE—0 N (i )M (00) S (Van)

ok My(—q)N~(q)(k — @)vVE+ ¢ L MmNt W) (—a-vm)

iM; (q){k*M;i(—q) Ma(—q) — * + k?} _\/E_l_ N* (k) _i( .
2 mi M (k)(—g-+k) —q—Vm
m=1

MR M- My(-)N (@ VEFG | 4 MOV ECo
M (q){k*Mi(q)M2(q) — ¢* + k?} ~y
('_‘?'hﬁm)
m=1

— Z el \ [k—B, N (B ) Mi" (B ) B (B}
[ i
P (g M= = - M (B, )N (B, ) (=B,

My (q) {k2My(—q) Ma(—q) — ¢* + k?} __\/g_; NE o
2mi Mf(k)(—-q+k) —9= P

o0
etvm! v E—Vm N{‘-Vm)ﬂ’f; (Vm Q7 (—U'm

= i el k=B N (=B, ) M (B,) P (=81 )

(3.134)

)

MM (-~ My(-q)N* (@e ™ VEFq | A MmNt bmdoetm)

My (q){(k2Mi(~q)Ma(—q) — ¢* + K2 3
() {k* M1 (—g)My(—q) — ¢* + K?} —Z_ﬁ‘fm

m=1
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i e“‘""v‘E—u,nN{vm}M;(um]S+{v,"}
T}zkzﬁ/[‘l )IVIQ( q)N (q \; me1 M;(""m)N"'(”m)(_q_Vm)

My (g){k> M, (— (—q) — ¢? +k2} kL __NYE) Z
2 7 My (k)(—q+k) - q Vi)

— i il L k_ﬂmN("'ﬁm)Mr('Gm}‘P‘_{_ﬁ“)

mEMy(~)N*(@e @k + VE—q | Lz MCPINTBCare)

iM;F (q) {k2M1(—q) Ma(—q) — ¢* + K2} R
{ (_Q+18Jﬂ)

Z e'%mty/k—B,, N (B.n) M (B )R (Brn)

mkMi(—)N~(q)(k—q)VEFq | £ MGG =P} (8.498)
iMy (q){k2M(—q)My(—q) — ¢* + k?} \/‘ N+ (k) gy
TV 2w M (k) (—g+k) (—9—Bm)
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