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Preface 
There is continuous interest of the recent researchers in the peristaltic flows . Such interest is 

because of wide occurrence in urine transport from kidney to bladder, swallowing food through 

esophagus, ovum movement in the female fallopian tube, blood pumps in the heart lung machine 

etc. Latham [1] initially reported experimental work on pelistalsis. Afterwards extensive research 

has been made by different researchers on the topic. For example, peristaltic motion of an 

electrically conducting fluid in an inclined asymmetric channel has been analyzed by Reddy [2]. 

Vasudev et al. [3] analyzed the peristaltic flow of magnetohydrodynamic (Ml-ID) Newtonian 

fluid through porous medium in a vertical tube. Nadeem et al. [4] investigated the effects of heat 

and mass transfer in perista ltic flow of Williamson fluid. The pelistaltic flow of an Eyring-Powel 

fluid in a vertical annulus has been also examined by Nadeem et al. [5]. Akbar et al. [6] explored 

heat transfer analysis in peristaltic transport of Williamson fluid. Endoscopic effects in peristaltic 

flow of an Eyring-Powel fluid are presented by Nadeem et al. [7]. 

In all the above mentioned studies the no-slip conditions are taken into account. However, 

there are situations where partial slip conditions becomes significant for example in polishing the 

valves of artificial heart. Thus Chu and Fang [8] introduced the slip flow in peristalsis. Ali et al. 

[9] discussed the slip effects on the peristaltic transport of MHD fluid with temperature 

dependent viscosity. Hayat and Hina [10] discussed the combined effects of slip and heat and 

mass transfer on peristaltic flow of Williamson fluid. Chaube et al. [11] analyzed the peristaltic 

transpOli of micropolar fluid in the presence of slip condition. Tripathi et al. [1 2] presented the 

effects of slip condition on peristaltic motion of fractional Burgers' fluid . Hayat et al. [13] 

investigated the slip effects on peristaltic transport of Maxwell fluid with heat and mass transfer. 

Mitra and Prasad [1 4] firstly discussed the effect of wall properties in peristalsis. Srinivas et al. 

[15] studied the effects of slip conditions, wall properties and heat transfer in peristaltic transport 

of MHD viscous fluid. Srinivas and Kothandapani [1 6] analyzed the influence of heat and mass 

transfer in MHD peristaltic flow through a porous space with compliant walls. Hayat et al. [17] 

discussed the effects of wall properties on the peristaltic flow of third grade fluid in a curved 

channel with heat and mass transfer. Hina et al. [1 8] analyzed the influence of compliant walls 

on peristaltic motion with heat/mass transfer and chemical reaction 



Nanofluid means a liquid suspension that contains tiny particles having diameter less than 

100nm. The nanoparticles used in nanofluids are typicaJJy made of metals (AI, Cu), oxides 

(Alz03), carbides (SiC), nitrides (AIN, SiN) or nanometals (Graphite, carbon nanotubes). Choi 

[1 9] discussed that addition of small amount of these nanoparticles increases the thermal 

conductivity of the base flu id. Buongiorno [20] discussed the nonhomogeneous equilibrium 

model which suggest that an increase in the thermal conductivity occurs due the presence of two 

main effects which are Brownian motion and thermophoretic diffusion of nanopaJiicles. Khan 

and Pop [21] discussed the boundary layer flow of nanofluid past a stretching sheet. Akbar et al. 

[22] discussed the slip effects on the peristaltic transport of nanofluid in an asymmetric channel. 

Akbar and Nadeem [23] analyzed the endoscopic effects on peristaltic flow of nanofluid. With 

thi s background, the present disseliation is arranged in following fashion. 

First chapter is concerned wi th the basic definitions and equations. Chapter two describes a 

model to study the peristaltic traJ1sport of nanofluid in a channel with compliant wa ll s. Transport 

equations involve the combined effects of Brownian motion and thermophoretic diffusion of 

nanoparticles. Chapter three deals with simultaneous effects of slip and Joule heating in MHD 

peristaltic transpOli of nanofluid. The series solution is obtained by homotopy analysis method 

(HAM), [24-29]. Numerical solution is obtained by the built in routine for solving nonlinear 

boundary value problems via shooting method through the command NDSolve of the software 

Mathematica. Influence of various parameters of interest is analyzed through graphical 

representations. 
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Chapter 1 

Introduction 

T his chapter includes some standard defin it ions a nd basic equat ions for the better understanding of t he 

research presented in the subsequent chapters . 

1.1 Basic defin it ion 

1.1.1 F luid 

A fluid is defined as a material that will wldergo sustained motion when shearing forces are 

applied , the motion continuing as long as the shearing forces are maintained . 

1.1.2 F lu id mechanics 

F luid mechanics is the study of movement of fl uids and the effects of forces on them. Fluid 

includes liquids and gases. F luid mechanics can be divided into fluid sta tics and fluid dynamics. 

Fluid s t a tic 

The study of stationary flui d is called fluid statics. 

F luid d y n a mics 

F luid dynamics is the s tudy of fluid in motion. 
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1.2 Physical properties of fluid 

1.2.1 Pressure 

The magnitude of force per unit area that one region of gas, liquid, or solid exerts on an

other. Pressure is usually measured in P ascal units, atmospheres, or pounds per square inch. 

Mathematically, one can write. 

magnitude of for ce F 
P ressure = A = A· rea 

(1.1 ) 

1.2.2 Density 

The density of fluid is the mass per unit volume of a fluid. The density of the fluid is defined 

as the limiting value. 

Om 
p = lim ~. 

<lv--->O uV 
(1.2) 

In the above equation Om is the mass of small volume ov surrounding the point consideration 

and p is the density. 

1.2.3 Viscosity 

It is the physical property which measures the resistance of a fluid when different forces act 

upon it. Mathematically, the ratio of shear stress to rate of shear strain is known as viscosity 

or dynamic viscosity. 

Shear stress 
dynamzc viscosity = J-i = --------

Rate of shear strazn 

1.2.4 K inematic v iscosity 

The ratio of dynamic viscosity to density of a fluid is known as kinematic viscosity. 1.e. 

in which // indicates the kinematic viscosity. 

1/ = !!. 
p 
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1.3 Some concepts about peristaltic transport 

1.3.1 Peristalsis 

The word peristalsis is taken from a Greek word "Peristaltikos" which means clasping and 

compressing. Therefore, it is defined as a periodic wall oscillations generated by involuntary 

movement of muscle fibers. 

1.3.2 Peristaltic transport 

It is mechanism , for mixing and transporting fluids, which is generated by progressive waves of 

area contraction or expansion moving on the wall of the channel/tube. 

1.3.3 Pumping 

Pumping phenomenon is a specific feature of peristaltic transport. The operation of a pump 

of moving liquids from a lower pressure to higher pressure under certain conditions is called 

pumping. 

Positive and negative pumping 

The posit ive and negative pumping are dependent upon the mean flow rate 8. If e is positive 

then it is called positive pumping and it corresponds to negative pumping for (e < 0). 

Adverse and favorable pressure gradient 

Pressure gradient generated by peristaltic motion of the wall is adverse if pressure rise per 

wavelength (6.P),) is positive and favorable when (6.P),) is negative. 

Peristaltic pumping 

Here the flow rate is positive (8 > 0) and pressure rise is adverse (6.P).. > 0). 

Augmented pumping. 

It occurs when flow rate is positive (8 ) 0) and pressure rise is favorable (6.P), < 0). 
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Retrograde pumping 

In this case flow rate is negative (8 < 0) and the pressure rise is adverse (!::..P), > 0). 

Free pumping 

Here the flow rate is positive (8 > 0) but pressure rise is neither adverse nor favorable. In other 

words !::..P), = O. 

Free pumping flux 

The critical value of mean flow rate 8 corresponding to !::..P), = 0 is called free pumping flux. 

1.4 No slip and slip conditions 

vVhen the fluid in contact with the solid surface takes the velocity of tha t surface then such 

type of condition is known as no slip condition. This is due to the viscous property of fluids. 

However , no slip condition is not adequate for fluid past a permeable walls , slotted plates, rough 

and coated surfaces, foam , polymer solu tion etc. In such fluids slip condition is appropriate . 

1.5 Nanofiuids 

Nanofluids are new class of advanced heat-transfer fluids engineered by dispersing nanoparti

cles smaller than 100nm (nanometer) in diameter in conventional heat transfer fluids. These 

particles can be found in the metals such as (Al,Cu), oxides (Ab 0 3), carbides (SiC), nitrides 

(AlN, SiN) or nonmetals (Graphite, carbon , nanot ubes) . 
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1.6 Dimensionless numbers 

1.6.1 Brownian motion parameter 

The random motion of nanoparticles within the base fluid is called Brownian motion, and 

results from continuous collisions between the nanoparticles and molecules of the base fluid. In 

mathematical form one can write 

(1.5) 

in which 7" denotes the ratio of effective heat capacity of the nanoparticle material to heat 

capacity of the fluid , DB the Brownian motion coefficient, v the kinematic viscosity, and C1 

and Co the concentration at the upper and lower wall respectively. 

1.6.2 Thermophoresis parameter 

Particles can diffuse under the effect of temperature gradient. This phenomenon is called 

thermophoresis, and is the "particle" quivalent of the weU-known Soret effect for gaseous or 

liquid mixtures. Mathematically, it can be defined as 

Nt = T DT(T1 - To) 
Tm v ' 

(1.6) 

in above expression DT is thermophoretic diffusion coefficient, T,n the mean temperature, and 

T1 and To the temperature at the upper and lower wall respectively. 

1.6.3 Reynolds number 

The ratio of inertial forces to viscous forces is known as Reynolds number. Mathematically, it 

can be written as 
ineTtial f OTces cpd 

Re = =-
visco1ts f OTces ~i· 

(1.7) 

In above expression c is the velocity, d is the length scale, p is the density, and jJ. is the dynamic 

viscosity. 
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1.6.4 Prandtl number 

It is defined as the ratio of momentum diffusivity (kinematic viscosity) to thermal diffusivity. 

Mathematically, one can express it as 

PI' = momentum diJ Jusivity = I-LCp 

thermal diJ Jusivity I'L ' 
(1.8) 

where, cp is specific heat and I'L is thermal conductivity. 

1.6.5 Eckert number 

The ratio of kinetic energy to enthalpy of the flow is expressed by Eckert number, In mathe-

mati cal form we can wri te 

where c shows the velocity. 

kinetic energy 
Ec = ------=-----=--=-=

enthalpy 

1.6.6 Hartman number 

It is the ratio of magnetic body force to the viscous force. It is defined by 

(1.9) 

(1.10) 

Here Eo is applied magnetic field , d is the length scale and (5 is the electrical conductivity. 

1.6.7 Schmidt number 

It is the ratio of diffusion of momentum to the diffusion of mass in a fluid 

where DB is the diffusivity. 

1/ 

Se = DB' 
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1.6.8 Amplitude ratio 

Ratio of wave ampli tude to the channel width is called amplitude ratio. i.e 

where a is wave amplitude. 

1.6.9 Wave number 

a 
to = d' 

The ratio of channel width to the wavelength. Mathematically, we have 

where A is the wavelength. 

1.7 Mechanisms of heat transfer 

Heat transfer mechanism can be grouped into following categories: 

1. 7.1 Conduction 

(1.12) 

(1.13) 

Regions with greater molecular kinetic energy will pass their thermal energy to regions with 

less molecular energy through direct collisions of the molecules, such a process is known as 

conduction. 

1.7.2 Convection 

This type of heat transfer takes place between bodies due to actual movement of the fluid mole

cules. Generally, transfer of heat taking place between a moving fluid and adjacent boundaries 

is via convection . 

Natural convection 

Convection is called natural convection if the fluid motion is caused by buoyancy forces that 

are induced.by density differences due to varia tion of temperature in the fluid. 
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Forced convection 

Convection is called forced convection if the fluid is forced to flow over the surface by external 

means such as a fan , pump or the wind. 

1. 7.3 Radiation 

A process in which heat is transferred by the electromagnetic waves is called radiation. This 

process plays vital role when heat is transferred through vacuum. 

1.7.4 Joule heating 

When current passes through a conductor, electrical energy is dissipated due to resistance of the 

conductor. Energy is dissipated in the form of heat. This phenomenon is called Joule heating. 

Also it is known as Ohmic heating. 
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1.8 Some basic equations 

1.8.1 Continuity equation 

T his equation is derived from the law of conservation of mass. In mathematical form the 

continuity equation is expressed as follows 

ap 
at + \l .(pV) = 0, (1.14) 

where p is the fluid density, t the time and V the velocity field. For incompressible fluids, the 

continuity E q. becomes 

\l.V = O. (1.15) 

1.8.2 Equation of motion 

\Ale will consider the magnetohydrodynamic (lVIHD) case in chapter three. Thus law of conser

vation of momentum is expressed as 

av . 
p- = - \lp + dlv T + J x B , 

elt 
(1.16) 

where T is the Cauchy stress tensor , p is the pressure, J is the current density, B is the 

magnetic field and ~ is the material derivative defined by 
elt 

el a 
elt = at + (V.V). (1. 17) 

1.8.3 Energy equ ation 

The thermal energy equation for a nanofluid with viscous dissipation and J oule heating effects 

can be written as 

(a) 2 [ Dr ] 1 PICf at + V.V T = ~V T + T .L + PpCp DBVC.VT + Tm VT.VT + ~J .J , (1.18) 

in which Cf the specific heat of basefluid , P f the density of basefluid , Pp the density of nanopar

tides, ~ is the thermal conductivity, L the rate of strain tensor and T the temperature of fluid. 
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DB the Brownian motion coefficient, DT the thermophoretic diffusion coefficient, T,n the mean 

temperature and (5 the electric conductivity of the fl uid. 

The expression of Cauchy stress tensor T in viscous incompressible fluid is written as 

T = - pI + /-LA} , (1.19) 

in which p is the pressure, I the identity tensor , ft the dynamic viscosity and A} represents the 

first Rivlin-Ericksen tensor given by 

A} = (grad V) + (grad V )*, (1.20) 

where superscript * indicates the ma trix transpose, where 

(1. 21) 

using Eqs. (1.21) and (1.20), Eq. (1. 19) becomes 

- p + 2f tUx /-L (uy + vx ) 0 

T = /-L(1ty +Vx ) -p+2/-Lvy 0 (1. 22) 

o o o 

Further we define 

T.L = tT (TL) = T xx + T z;y (uy + vx) + T yy . (1. 23) 

1.8.4 Conce ntration equation 

The concentra tion equation for nanofluids is defined by 

(a) 2 DT 2 
""i.) + V. v C = D B V C + -v T , 
ut T,n 

(1. 24) 

in which C is the concentration of nanoparticles, DB is the Brownian motion parameter , D T is 

the coefficient of diffusivity and T,n the mean temperature. 
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1.9 Magnetohydrodynamics 

It is the branch in which we study the dynamics of a high conducting fluid where t he magnetic 

field is present. Blood, liquid metals, salt water are some examples of MHD fluids. 

1.9.1 Maxwell's equations for MHD 

The lVIaxwell equations connect electric field E and B = Eo + b the magnetic field. Here Bo 

and b are the applied and induced magnetic fields respectively. The Maxwell 's equations are 

given by 

\7.E= 

\7.B = 

\7 x E = 

Pe 

o 
aB 
at 

(Gauss's law for electricity), 

(Gauss's law for magnetism) , 

(Faraday's law for induction) , 

aE 
\7 x B = /-LO(J + EO at ) (Ampere's law with Maxwell equation). 

(1.25) 

(1.26) 

(1.27) 

(1.28) 

In the above equations Pe is the electric charge density, EO is the permitivity of fr ee space, I.LO is 

the permeability of free space, and the current density J is given by 

J = a(E+ V x B) (Ohm's law), (1.29) 

where a is the electrical conductivity and V is the velocity. In the absence of elec trical field E 

Eq. (1.29) yields 

J = a(V x B) : (1.30) 

the magnetic Reynolds niumber is chosen small enough so that induced magnetic fi elds effects 

are ignored. Hence Lorentz force yields 

J x B = aB6V. (1.31) 

where Bo is the applied magnetic field. 
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1.10 Solutions methods 

1.10.1 Homotopy analysis method (HAM) 

The homotopy analysis method (HAM) is based on the concept of homotopy. A homotopy 

describes a continuous variation in mathematics. "A homotopy between two continuous func-

tions f (x) and g( x) from a topological space X to topological space Y is formally defined to 

be continuous function H : X x [0, 1] -> Y from the product of the space X with wlit interval 

[0 1] to Y such that, if x E X then H (x,O) = f( x) and H (x, 1) = g(x)" . consider a non-linear 

differential equation 

N[u(x)] = 0, (1.32) 

where N is non-linear operator and u(x) is an lmknown function , first of all we construct a 

zeroth-order deformation equation 

(1 - q).c [1>(x; q) - uo(x)] = qIiH(x)N[1>(x; q)], (1.33) 

where llO(X) is an initial guess, .c is an alL'<:i li ary linear operator , Ii is the non-zero auxiliary 

parameter, H(x) is alL'<:iliary function and ¢(x; q) is an unknown function of x and q. ' lYe have 

1>(x; 0) = llO(X) and 1>(x; 1) = ll(x) when q = 0 and q = 1 respectively. Now by Lio [24] we 

expand the function 1>(x; q) in a taylor series with respect to embedding parameter q gives as 

00 

¢(X; q) = llo(x) + L llm (x)q"\ (1.34) 
711=1 

where 

, () _ ~ am
¢ (y; q) I 

llm
X 

- ' ''' . Tn. uqm q=O 
(1.35) 

If the series solution (l.34) converges at q = 1, then HAM series solution is 

00 

H(X) = llo(x) + L llm(X), (1. 36) 
m=] 
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Differentiating equation (l.33) nt-times with respect to q, dividing them by m! and finally 

setting q = 0, we get a following mth-order deformation equation 

L [um (x) - XmUm- l (x)] = liH(x)Rm (x). (1.37) 

where 

Xm 
{ 

0, 

1, 

m ::; 1, 
(l.38) 

m > l. 

1 am
-

1N[1>(x;q)] I 
(m - I )! aqm- l q=o· 

(l. 39) 

HAM contains an auxiliary parameter n and auxiliary function H ( x) helps us to con trol the 

convergence of the series solution. 

1.10 .2 Numerical method 

The numerical solution is computed by built in routine for solving nonlinear boundary value 

problems via shooting method through the command N DS oive of the software Mathematica. 
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Chapter 2 

Peristaltic transport of nanofluid in 

a channel with wall properties 

2.1 Introduction 

This article discusses the peristaltic transport of nanofluid in a symmetric channel. The chan

nel walls are compliant. Brownian motion and thermophoresis effects are taken into account. 

Mathematical model is carried out using long wavelength and low Reynolds number assmnp

bons. The coupled boundary value problem is solved by homotopy analysis method (HAM) and 

shooting technique. The graphs are sketched for different parameters appearing in the solution 

expressions. The contents of this chapter provide a detailed review of a paper by Mustafa et 

al. [29]. 

2.2 Physical model 

We consider the two-dimensional flow of an incompressible viscous nanofluid in a symmetric 

channel of width 2d1 . The flow is caused by sinusoidal waves propagating along the compliant 

walls of channel. I-Iere , 1i and v denote the components of velocity in the axial x and transverse 

y directions respectively. 

17 



The channel walls can be expressed as follows: 

Y = T) (x, t) = + [d1 + a sin 2; (X - Ct) ] 

Y = T) (x , t) = - [d1 + a sin 2; (x - ct)] 

at upper wall, 

a t lower wall. 

(2.1) 

(2.2) 

Here T) is the wall displacement , c is the wave speed, A and a are the wavelength and ampli tude 

respectively. 

2.3 Problem formulation 

The velocity profile V for the two-dimensional flow is given by 

V = (u(x, y, t) ,v(x , y, t) ,O) , (2.3) 

The continuity (1.15), momentum (1.16), energy (1.18) and concentration (1.24) equations can 

be expressed as 
au av 
-;:;- + -;:;- = 0, 
uX uy 

[~ + 1L~ + v~] U = _~ op + V [a2u + 02u] ot ox oy P fax ax2 oy2' 

[
0 0 a] 1 ap [02v a2v] -+u-+v- v=---+v -+-ot ax oy P f ay ox2 oy2' 

- +u- +v- T [a 0 a] 
ot ox oy C\' --+- +- 4 - + - +-[02T a2T] v [( 01L) 2 ( ov ou )2] 

ox2 ay2 c J ox ox oy 

(2.4) 

(2 .5) 

(2.6) 

+TDB --+-- +T- - + - ,(2.7) ( aC aT aC OT ) Dr [( OT) 2 (OT ) 2] 
ax ox oy oy T,n ox oy 

(2.8) 

The corresponding boundary conditions for the fl ow are given by 

18 



(2.9) 

o op [02U 02U ] { OU OU OU} -L (T)) = - = JL - + - - Pf - + u- + v- at (y = ± T)) , 
ox ox Ox2 oy2 ot ox oy 

(2.10) 

where an operator L is used to represent the motion of compliant walls with viscous damping 

forces as follows: 
02 02 0 

L= - 7}!:l 2 +m}!:l2 +d7:\. 
u X ut ut 

In the above equation v is the kinematic viscosity, p is the pressure, ex is the thermal diffusiv

ity, DB and DT are the Brownian motion parameter and thermophoretic diffusion parameter 

respectively, Pf the density of nanofluid , 7} the elastic tension, d the coefficient of viscous 

damping, m} the mass per unit area, Tm the mean temperature, T} and C} and To and Co are 

the temperatme and mass concentration at the upper and lower walls of channel respectively. 

Defining 

e _ =T=----::I::::-o 
- T}-To ' 

equations (2.1) - (2 .8) after removing the asterisks become 

19 

* ct t=
A ' 

C- Co 
¢ = -::C=-} ----:C==-o 

(2.11) 

(2.12) 

(2.14) 



The boundary conditions are given by 

(2.15) 

The dimensionless form of 7] is 

7](x, t) = [1 + Esin 27r (x - t)] . (2.17) 

If 1/;(x, y, t) is the stream function then the above non-dimensional systems (2 .11 ) - (2. 16) 

become 
a1/; a1/; 

u = -;:;-, v = -5-;:;-, 
uy u x 

(2.18) 

Re (0 02 1/; + 501/; 021/; _ 501/; 021/; ) = _ op + ( 52 031/; + 031/; ) 
otoy oy oxoy ox oy2 ox ox2 oy oy3 ' 

(2.19) 

Re 5 ( _52 021/; _ 52 a1/; 021/; + 52 a1/; [J21/; ) = _ op _ 5 (03 031/; + 5 03 1/; ) . 
ot8x oy ox2 ox oyoxJ oy ox3 oy20x ' 

(2.20) 

Re ( 508 +001/;08 _5 01/;08 ) = ~ ( 52028 + 0
2
8 ) +Ec [45 021/; + ( _52021/; + 0

2
1/; )] 

at oy ox ox oy Pr ox2 oy2 oxoy ox2 oy2 

+ Nb(520¢08 + 0¢08) +Nt [(508 ) 2 + (08) 2] , (2.21) 
ox ox oy oy ox ox 

a1/; = 0 
oy 

at 

20 

y = ± 7] , (2.23) 

(2.24) 



Note that t he continuity equation (2.4) is satisfied identically, Here E (= a/dl) is the am

plitude ratio, 6 (= dI/A) the wave number, Nb (= TDE(Cl - Co) / v) the Brownian motion 

parameter , Nt (= TDT(Tl - To)/Trnv) the thermophoresis parameter, Re (= cpdI/p.) depicts 

the Reynolds number, Pr = v/a the Praneltl number , Sc (= V/DE) the Schmidt number, 

Ec (=c2/cj(Tl - To)) the Eckert number and EJ (=-TdT!)..3p.C) , E2 (= mlcdT!)..3/-L) and 

E3 (= ddT! A 2 p.) represent the non-dimensional elasticity parameters . 

Now applying long wavelength anel low Reynolds number approximations on Eqs. (2.19)

(2.22) and eliminating pressme gradient from the resulting momentum equations, we have 

The boundary conditions (2.9) , (2.23) and (2 .24) become 

B'lj; = 0 
By 

at y = ±77, 

at y = ±77, 

Exact solution of Eq. (2.25) with boundary conditions (2.28) has the following form 

(2.25) 

(2.26) 

(2.27) 

(2.28) 

(2.29) 

(2.30) 

Now putting 'lj; from Eq. (2.30) into Eqs. (2.26) anel (2 .27), the resulting equations. can be 

solved for temperature and concentration functions. 
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2.4 Methods of solution 

2.4.1 Homotopy Solution 

For the HAM solution of Eqs. (2.26) and (2.28) subject to the boundary conditions (2.29) , we 

choose the following ini tial approximation for the functions e and ifJ as 

eo = - 1 + - , 1 ( y) 
2 17 

'vVe choose the auxiliary linear operators 

d2 8 
£0(8) = -d 2' 

Y 

Zeroth order deformation problem 

The problem at the zeroth order are given by 

ifJo = ~ (1 + ~) . 
2 'T] 

£ (¢) = (
z2 ifJ. 

'" dy2 

(1 - q)£0 [0(y; q) - eo('T])] = qnoN o[0(y; q) , <I>(y; q)], 

(1 - q)£",[<I>(y; q) -ifJo(17)] = qli",N",[0(y ; q) , <I>(y; q)], 

0(y;q) = {~} , <I>(y;q) = g}, at y = ±'T], 

1 82 0 808<I> ( 80 ) 2 (82'1/; ) 2 
N o [0(y;q),<I>(y;q)]=-p -8 2 +Nb~-8 +Nt ~ +Ec ~ , 

r y uy y uy uy 

(2.31 ) 

(2.32) 

(2.33) 

(2.34) 

(2.35) 

(2.36) 

(2.37) 

Here q E [0, 1] is the embedding parameter, lio and Ii", the non-zero auxiliary parameters. For 

q = 0 and q = 1, we respectively have 

0(y; 0) = eo(y) , 0(y; 1) = 8(y) , <I>(y; 0) = ¢o(y ), <I>(y; 1) = ¢(y). (2.38) 

As q increases from 0 to 1, 8 (y; q) , <I>(y; q) vary from the initial guesses eo(y), ¢o(y) to the exact 
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solution 8(y) , ¢(y). By Taylor 's theorem and Eq. (2.38), one can write 

00 00 

8(y; q) = 8o(y) + L 8m(y)qm , ¢(y; q) = ¢o(y) + L ¢m(y)qm, (2.39) 
m=1 m=1 

where 

_ ~8m8(y;q)1 
8m (y) - r 8 Tn ' 

m. q q=O 

¢ () = ~ 8Tn

cp (y ; q) I 
1Tt Y m! 8qm q= O . 

(2.40) 

The convergence of two series in Eq. (2.39) depends on the atD::iliary parameter Ii. Assume 

that Ii is chosen in such a way that the two series in Eq. (2.39) are convergent at q = 1 then 

due to Eq. (2.39) , we get 

00 00 

8(y) = 8o(y) + L 8m (y), ¢(y) = ¢o(y) + L ¢m(Y)· (2.41 ) 
m=1 m=l 

m-th order deformation equation 

Differen tia ting the zeroth order deformation Eqs. (2 .33) and (2.34) with respect to em

bedding parameter m-times, dividing by m ! and finally setting q = 0, we get the m Lh order 

deformation problem as follows: 

R~, (y) 

Lo [8m (y) - Xm8m-1 (y)] = lioR~, (y) , 

L", [¢m (y) - Xm(Pm-1 (y)] = Ii",R't" (y) , 

8m (y) = 0, ¢m (y) = 0, at y = ± 7] , 

8m - 1 + Pr L N b 88m - i- 1 8¢i + Nt 8m - i- 1 8i 82 m-1 [ 8 8 J 
8y2 i=O 8y 8y 8y 8y 

(
82 '1fJ ) 2 + Pr Ec 8y2 (1 - Xn.), 

{ 

0, 
Xm= 

1, 

117,::; 1, 

m > l. 
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(2.42) 

(2.43) 

(2.44) 

(2.45) 

(2.46) 

(2.47) 



2.4.2 Convergence of homotopy solutions 

Homotopy solutions for the resulting boundary value problems for e and ¢ are obtained. The 

auxiliary parameters ne, lit/> in the homotopy solutions are found to be; - 1.4 :S lie :S - 0.1 and 

-2.1 :S Ii", :S - 0.9 (see Fig 2. 1). 

f 

C 
1 . L . ) 

[ 

JO r 

~ 05 ; 

~ f 
00 : 

t 
-05 f 

- JO r 

-15 - 1.0 - 05 0.0 -25 -2.0 -15 - JO -05 

1713 

Fig 2.1: Ii-curves for the functions e and ¢ 

2.4.3 Numerical solution 

A numerical solution for resulting problem is found through buil t-in function for BVP via 

shooting method through command N DSolve of the software Mathematica. Fig. 2.2 indicates 

very good agreement of HAM and numerical solutions 
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0.8 

~ 0.6 

CiS' 

Nb = 0.1 , 0.7, 1.5, 2.5 

:: If 

0.0 ,-__ ~ ____ ____ _______ ---.J 

-1.0 -OJ 0.0 OJ 1.0 

y 

1.0 -

OJ -
Nt = 0.1,0.1,0.],0.4 

-OJ >-

-1.0 -05 0.0 0.5 

y 

Fig 2.2: Comparison of HAM and numerical solutions. Here solid lines show the HAM 

solutions. 

2.5 Results and discussion 

The purpose of this section is to describe the influence of pertinent parameters on temperatme 

e, concentration if; and heat transfer coefficient Z. 

The temperature distribution for various embedded parameters is examined in the Figs. 

2.3 - 2.6. In Fig. 2.3 we examine the effects of Brownian motion parameter Nb and ther

mophoresis parameter Nt . We can see that by increasing the value of Nb and Nt the temper

ature increases. As the Brownian motion and thermophoresis effects intensify this correspond 

to the effective movement of nanoparticles from the wall to the fluid which result an increase in 

temperatm e. Fig. 2.4 shows that for increasing values of Pr the temperature increases. Similar 

behavior is noticed for increasing values of Ec (Fig. 2.5). Fig. 2.6 depicts that the temperature 

increases with the increase in E ] and E2. However it decreases when we increase E3 . 

Figs. 2.7 and 2.8 represent the behavior of Brownian motion parameter Nb and elastici ty 

parameters E] , E2 and E3 on t he concentration respectively. It is observed from Fig. 2.7 

that the concentration decreases when Brownian motion Nb increases. Fig. 2.8 shows that 

concentration decreases with an increase in E3 . However it increases for an increase in E] and 

Figs. 2.9 - 2. 12 are prepared in order to study the role of differen t parameters on the heat 
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transfer coefficient. F igs. 2.9 and 2.10 shows that the heat transfer coefficient decreases when 

Pi , Nb and Nt increase. In this case we neglect the viscous dissipation effect (Ec = 0). On the 

other side if we consider the viscous dissipation effect (Ec = 1) as shown in Figs 2. 11 and 2.12 

then we can see the heat transfer coeffi cient increases by increasing Pi , Nb and Nt. 
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Chapter 3 

Simultaneous effects of slip and 

Joule heating on MHD peristaltic 

motion of nanofluid 

3.1 Introduction 

T his chapter explores the effects of NIHD on the peristaltic motion of an incompressible nanoflui d 

in a charmel with wall propert ies. Slip and joule heating effects are also taken into account. 

Mathematical model is formulated using long wavelength and low Reynolds number assump

tions. Both numerical and analytic solutions are constructed arld compared. The effects of 

various embedded parameters on the velocity profile, temperature, concentration and heat 

transfer coefficient have been pointed out. 

3.2 Mathematical formulat ion 

Consider the peristalti c fl ow of an incompressible nanofluid in a channel of uniform thickness 

2ch . T he coordina te axes ar'e chosen in such a way tha t the x - axis is along the lengt h of 

the channel whereas the y - ax i s is normal to the x - axis . A uniform magnetic field B o is 

applied in the y - directi on. F low is genera ted due to propagation of peristaltic waves along 

the channel walls. NIathematically, the wall shapes can be defined as 
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y = 17 (X, t) = + [d1 + a sin 2; (x - ct) ] at upper wall, (3.1) 

[ 
2w ] y = 1] (x , t) = - (h + a sin T (x - ct) at lower wall, (3.2) 

where C is t he wave speed, a and A are the wave ampli t ude and wavelength respectively. 

3 .3 Problem form ulation 

The governing equa tions for t he fl ow analysis under consideration are 

(3.3) 

OU + uOu + vOu = _~ op + 1/ ( o2u + o2u ) _ aB5u, 
ot ox oy PJ oX ox2 oy2 PJ 

(3.4) 

OV +uov +vov __ ~ op + 1/ ( o2v + o2v ) 
ot ox oy - P J oy ox2 oy2 ' (3.5) 

-+u-+v-=C1' - + - +- 4 - + -+-oT oT oT (o2T o2T) 1/ [ (OU)2 (ov OU)2] 
ot ox oy ox2 oy2 cJ ox ox oy 

+TDB --+-- +T- - + - +--u (OC oT oC OT) DT [( OT )2 ( OT )2] aB~ 2 

ox ox oy oy Tm ox oy PJcJ ' 
(3.6) 

oC oC oC _ ( o2C o2C ) DT (02T o2T ) 
!:l + U!:l + V!:l - DB !:l 2 + !:l 2 + 'T' !:l 2 + !:l 2 . ut uX uy uX uy .1 m uX uy (3.7) 

T he relevant boundary conditions are 
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in which u , v designate the velocities in the x- and y- directions respectively, a the electric 

conductivity of the fluid , Bo the applied magnetic field and last t erm on the right-hand side of 

Eq. (3 .6) represents Joule heating effect. Here fJ 1 denotes the velocity slip paramet er , fJ2 the 

thermal slip parameter and fJ 3 the concentra tion slip parameter. 

Defining 

t * 

~ v* = ~ , x* = ~ , y* = :1 ' fJi = ~; (i = 1 - 3), 

ct r( = !!... p* = dip e = T - To ¢ = C - Co 
,A , d1 ' dJ-L ' T1 - To ' C1 - Co 

the equations (3.1) - (3.9) after dropping asterisks yields 

( 
av av av) ap ( 2 a2v a2v) 

Re 0 0 ~ + uo ~ + v~ = -!:\ + 0 0 ::l 2 + ::l 2 ' ut ux uy uy ux uy 

The boundary conditions become 

a t y = ± T) , 

(3.10) 

(3.11 ) 

(3.14) 

[ 
03 0

3 
0

2
] [ 2 a2u a2u] (au _au au) 2 E) ::l 3 + E 2 -. --? + E3-.- 77 = 0 -2 + - 2 - Re 0- + uo - + v - -j\!! u a t y = ± 77· ux axat- axat ax ay at ax ay 

(3.15) 

The dimensionless form of 77 is 

T) (X, t) = [1 + E sin 2n (x - t)]. (3.16) 
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If 'lj;(x, y, t) is the stream function, then 

8'lj; 8'lj; 
1£ = !:I, v = - b!:l. 

uy uX 
(3.17) 

Note that Eq. (3.3) is satisfied automatically. Making use of long wavelength and low Reynolds 

number approximations, Eqs. (3. 10) - (3.15) become 

(3.18) 

(3.19) 

(3.20) 

The boundary conditions are 

o at y = ± 7) , 

(3.21) 

(3.22) 

Here Pr (= 1//0'.) is the Prandtl number , Nb (= TDB(C1 - CO)/I/) the Brownian motion para

meter , Nt (= TDr(Tl - To) / Tml/) the thermophoresis parameter , M (= jf-,Bodd the Hartman 

munber , Ec (= C2/ C! (T1 - To)) the Eckert number and El (= -Td?!)..3j.iC) , E2 (= m1cd?! )..3j.i) 

and E3 (= del?!)..2 J.i) represent the non-dimensional elasticity parameters. Exact solution of Eq. 

(3 .18) with boundary conditions (3 .21) is 

[ 
sinh My ] 

M ( cos M 7) + M /31 sinh M 7)) - y . 
(3.23) 

After substituting 'lj; fTom Eq. (3 .23) into the Eqs. (3 .19) and (3.20) , Lhe resulLing eq uaLiolls 

can be solved for temperature and concentra tion functions. 
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3.4 Methods of solution 

3.4.1 Homotopy solution 

For the HAM solution of Eqs. (3.19) and (3.20) subject to boundary conditions (3.22), we 

choose the following initial approximation for the functions e and rp as 

80 = ~ (1 + -y-) , 
2 'T} + /32 

rpo = ~ (1 + -y-) . 
2 'T} + /33 

'vVe choose the auxiliary linear operators 

L (8) = cz28 
o dy2' 

Zeroth order deformation problem 

The problems at the zeroth order are given by 

(1 - q)Lo[G(y; q) - 80(77)] 

(1 - q )Lq, [<f>(y; q) - <Po ( 'T}) ] 

q/i.oNo[G(y; q) , <f>(y; q) ], 

qli",N ", [G(y; q), <f>(y ; q) ], 

G(. ) ±/3 8G(y;q) = {I} 
y , q 2 By 0 ' 

B<f>(y; q) {I} 
<f>(y; q) ± /33 8y = 0 ' a t y = ± 'T} , 

(3.24) 

(3.25) 

(3.26) 

(3.27) 

(3.28) 

(3.30) 

Note that q E [0 , 1] is the embedding parameter and lio and Ii", the non-zero alDciliary parameters. 

For q = 0 and q = 1, we respectively have 

G(y; 0) = 80(y): G(y; 1) = 8(y) , <f>(y; 0) = <Po(y), <f>(y ; 1) = <p(y) . (3.31 ) 

As q increases from 0 to I, G(y; q), <f>(y ; q) varies from the ini tial guesses eo(y) , <Po(Y) to the 
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exact solutions B(y),¢(y). By Taylor's theorem and Eq. (3.31) , one can write 

00 00 

B(y ; q) = Bo(y) + I: Bm(y)qm, ¢ (y; q) = ¢o(y) + I: ¢m(y)qm, (3.32) 
m=l m=l 

where 
_ ~ aT/Ie (y; q) I 

Bm (y) - I am ' 
771 . q q=O 

(3.33) 

The convergence of the two series in E q. (3.32) depends on the auxiliary parameter Ii. Assume 

that Ii is chosen in such a way that the two series in Eq. (3.32) are convergent at q = 1 then 

due to Eq. (3.32), we get 

00 00 

B(y) = Bo(y) + I: Bm(Y), ¢(y) = ¢o(y) + I: ¢m(Y)· 
m=1 

rn-th order d e formation problem s 

T he resulting problems have are 

m=1 

lioR?,,(y) , 

£ </> [¢m (y) - Xm.¢m-1 (y)] 

B () ± (3 oBm(y) = 0 
mY 20y , 

A.. () ± (3 O¢m (y) = 0 
~m Y 3 c : uy 

at y = ±7J, 

R?" (y) 02Bm_1 + pr'~ [Nb OBm - i- 1 O¢i + Nt OBm-i- l OBi ] 
oy2 . oy oy oy oy ,=0 

[( 02 'I/J )
2 

'J (O'I/J ) 2] + Pr Ec oy2 + 1'IIJ- oy (1 - Xm), 

{ 

0, 
Xm= 

1, 

771 :S I , 

m > l. 
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(3.36) 

(3.37) 

(3.38) 

(3.39) 

(3.40) 



3.4.2 Convergence of homotopy solution 

Homotopy solutions for equa tions (3.19) and (3.20) and boundary condition (3.22) are obtained. 

The auxiliary parameters no and n", in the homotopy solutions are determind; -l.6 :S no :S - 0.1 

and -l.4 :S ne/> :S -0.5 (Fig. 3.1). 
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~ 
05 ! 

"'" O.o t 
[ 
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_1.0 l 
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0.0 05 

1.0 ~ 

0.5 -

-0.5 -

-1.0 ~u.~ __ ~~_~~~~~~~,--~.-J 
-2.0 -1.5 - 1.0 -0.5 0.0 

Fig 3.1: n-curves for the e and ¢ 

3.4.3 Numerical method 

The incoming problems (3.19) and (3.20) are also solved numerically by built in routine for 

solving nonlinear boundary value problem via shooting method through command N DSolve of 

the software Mathematica. 
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3.4.4 Comparison of numerical and homotopy solutions 

In this section, a comparative study is made between the numerical and HAIvl solutions. For 

such objective Table 3.1 is prepared. This table indicates very good agreement between the 

numerical and HAM solutions. 

Parameters HAM solutions Numerical solutions 

Nb Nt M /32 /33 6lyly=,) ¢y ly='I) 6ly IY=1J ¢y l, =7J 

0.10 0.10 0.10 0.10 0.10 -0.062291 0.883443 -0.062441 0.883759 

0. 20 0.10 0.10 0.10 0.10 -0.075279 0.653441 -0.075478 0.653759 

0.10 0. 20 0.10 0.10 0. 10 -0.075279 1.382601 -0.075478 1.382931 

0.10 0.30 0.10 0.10 0.10 -0.087831 1.906503 -0.088054 1.906800 

0.10 0.10 0 .20 0.10 0.10 -0.058954 0.880209 -0.0591 46 0.880463 

0.10 0.10 0 .30 0.10 0.10 -0.053386 0.874609 -0.053587 0.874904 

0.10 0.10 0.10 0. 20 0.10 -0.090731 0.880021 -0.090937 0.880251 

0.10 0.10 0.10 0.25 0.10 -0.103431 0.878549 -0.103661 0.878753 

0.10 0.10 0.10 0.10 0.20 -0.061235 0.852205 -0.061461 0.852454 

0.10 0.10 0.10 0.10 0.25 -0.060865 0.838231 -0.061023 0.838494 

Table 3.1: Comparison of HAIVI and numerical solutions for different values of parameters. 
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3.5 Graphical results and discussion 

T he aim of t his section is to describe t he variation of embedded parameters on the velocity 

profile, tempera ture, concentration and heat transfer coeffi cient. 

The velocity profile for various parameters of interest are displayed in Figs. 3.2 - 3.5. In 

Fig. 3.2 we note that the velocity increases by increasing the value of velocity slip parameter 

(31' Effect of Hartman number ],,;1 on the velocity distribution can be seen through Fig. 3.3. It 

reveals that the velocity decreases with an increase of fII!. Fig. 3.4 shows tha t velocity increases 

when amplitude ratio € increases. In Fig. 3.5 , the effect of wall parameters E1, E2 , E3 on 

the velocity is analyzed. This shows that velocity increases when E1 and E2 are increased and 

it decreases when E3 is increased . iVloreover, it is also observed tha t the velocity profile is 

parabolic for fixed values of parameters and its magnitude is maximum near the center of the 

channel. 

Figs. 3.6 - 3.1 2 plot the tempera ture profiles for different values of parameters. Fig. 3.6 

depicts the behavior of temperatm e for different values of Brownian motion parameter N b 

and thermophoresis parameter Nt . It is observed that the temperatm e increases for increasing 

values of Nb and Nt . The P randtl number Pr and Eckert number Ee effects on the temperature 

are captured in F igs. 3.7 and 3.8 respectively. A strong viscous dissipation effects correspond 

to an increase in the temperature when Pr and Ee are increased. T he variation of elastic 

parameters E1 ) E2 and E3 are shown in F ig. 3.9. For increasing the value of E 1 and E2 

the tempera ture increases and it decreases when E3 increases. By Fig. 3.10 we note t ha t the 

temperature increases when there is an increase in the ampli t ude ratio €. F ig. 3. 11 elucidates 

that increasing the value of thermal slip parameter (32 the t emperature profile increases. Fig. 

3.12 is prepared to examine the effects of tempera ture profile for different values of Har tman 

number JII!. It shows tha t the tempera ture decreases by increasing the value of 1v!. 

Figs. 3.13 - 3.17 are plotted to investigate t he physical parameters on the concentra tion. 

From Fig. 3.13 we capture the effect of Brownian motion parameter N b on concentra tion 

field. It is observed that the concentration decreases when N b increases. Fig. 3.14 shmvs that 

concent ration decreases with an increase in E3 whereas it increases for an increase in E 1 and E2 · 

In Figs. 3.1 5 and 3.1 6 we observe that by increasing the value of concentra tion slip parameter 

(33 and. amplitude ra tio € the concentration decreases. Fig. 3.17 shows tha t with an increase of 
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Hartman number M the concentration field increases. 

Figs. 3.18 - 3.23 represent the behavior of involved parameters in heat transfer coefficient 

Z. As expected the heat transfer coefficient has oscillatory behavior. In F igs. 3.18 and 3.19 

heat transfer coefficient is a decreasing function of Pr, Nb and Nt when the viscous dissipation 

is neglected. However in Figs. 3.20 and 3.21 for stronp; viscous dissipation effects the rate of 

heat transfer coefficient at the wall increases with the increase in Pr, Nb and Nt. Fig. 3.22 

indicates that the heat transfer coefficient is an increasing function of ampli tude raio E. In Fig. 

3.23 we can see that by increasing the value of Hartman number lVI, the heat transfer coefficient 

decreases. 
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3.6 Conclusions 

Here, the simultaneous effects of slip and wall properties on lVIHD peristaltic motion of nanofluid 

are discussed. J oule heating effects are also present . The main points are listed below. 

• T he velocity field increases by increasiug t he velocity slip parameter (31. 

• By increasing E1, E2 and £, the velocity profile increases and increasing E3 and M it 

decreases. 

• Tempera ture increases with an increase in Brownian motion parameter N b. 

• Temperature increases for increasing values of thermal slip parameter (32. 

• Temperature and concentra tion increase by increasing the elastic parameters E1 and E2, 

and decrease for E3. 

• The temperature profile decreases with an increase in Hartman number M and concen

tration field increases when !VI increases. 

• The role of concentration slip parameter (33 on concentration field is quite opposite to 

that of M. 

• The absolute value of heat transfer coefficient decreases with an increase of M. 
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