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Introduction 

The notion of ideals created by Dedekind for the theory of algebraic numbers was 

generalized by Emmy Neother for associative rings. The one- and two sided ideals 

introduced by her, are still central concepts in ring theory. Since then many papers on ideals 

for rings and semigroups appeared showing the importance of the concept. 

The fundamental concept of fuzzy set, introduced by Zadeh in his seminal paper [49] 

m 1965, provides a natural framework for generalizing several basic notions of algebra. 

Many papers on fuzzy sets appeared showing the importance of the concept and its 

application to logic, set theory, ring theory, group theory, semigroup theory, topology etc. 

Rosenfeld in [40] inspired the fuzzification of algebraic structures and introduced the notion 

of fuzzy subgroup. Kuroki initiated the theory of fuzzy semigroups (see [27-28]). A 

systematic exposition of fuzzy semigroups by Mordeson et al. appeared in [31], where one 

can find theoretical results on fuzzy semigroups and their use in fuzzy coding, fuzzy finite 

state machines and fuzzy languages. Bhakat and Das (see [4-8]) gave the concept of (a, /3) 

fuzzy subgroups of a group using the concept of 'belongs to' and 'quasi-coincident with' 

between a fuzzy point and a fuzzy set which is mentioned in [37]. They studied (E,E vq)

fuzzy subgroup of a group. In fact (E,E vq) -fuzzy subgroup is an important and useful 

generalization of Rosenfeld's fuzzy subgroup. Shabir et al. in [42] characterized regular 

semigroups by the properties of (E,E vq) -fuzzy ideals. Dudek et al. in [14] and Ma and 

Zhan in [30] defined (a, /3) -fuzzy ideals in hemirings, and investigated some related 

properties of hemirings. In [25], Jun and Song initiated the study of (a , /3) -fuzzy interior 

ideals of a semigroup. Kazanci and Yamak in [26], studied (E,E vq) -fuzzy bi-ideals of a 

semigroup. In [23] Jun et al. discussed (E,E vqk)-fuzzy h-ideals and (E,E vqk ) -fuzzy k 

ideals of a hemiring. More detailed results on (E, E V q k) -type fuzzy ideals in hemirings can 

be seen in [1]. Shabir et al. in [43] characterized different classes of semigroups by 

(E,Evqk) -fuzzy ideals and (E,Evqk) -fuzzy bi-ideals. Ma et al. in [31], introduced the 

concept of (Ey,Ey vqo)-fuzzy ideals of Bel-algebras. Rehman and Shabir 

discussed (Ey,Ey vqo)-fuzzy ideals of ternary semigroups in [39]. 
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Chapter-wise study 
This thesis consists of six chapters. Throughout the thesis, S denotes a semigroup, unless otherwise 

specified. 

Chapter one, which is of introductory nature, provides basic definitions and results, which are 

needed for the subsequent chapters . 

In chapter two, using the combined notions of ' belongs to' and 'quasi-coincidence' we 

introduced the concepts of (ce,:e ) -type fuzzy subsemigroups (left ideals, right ideals, bi-ideals) in 

semigroups, where a, f3 are any of E , q, E V q or E /\q with a =F E /\q. We classify different 

types of ( cr, /3 )-type fuzzy substructures. Classifications of {ct, /3 )-type fuzzy substructures are 

established. We mainly focused on (E,E'Vq)-type fuzzy subsemigroups (left ideals, right ideals, 

quasi-ideals, bi-ideals). We conclude this chapter by characterizing different classes of semigroups in 

terms of these notions. 

In chapter three, we focused our attention to highlight the study of (E, E V 4" )-type fuzzy 

subsemigroups (left ideals, right ideals, quasi-ideals, bi-ideals, and generalized bi-ideals) in 

semigroups and investigate some related properties. Regular semi groups, Intra-regular semi group and 

semisimple semi groups are characterized in terms of (E. e V q.~ )-type fuzzy ideals. 

Chapter four is devoted to the study of ( E
7

, Er vq. ) -type fuzzy subsemigroups (left ideals, 

right ideals, bi-ideals, and generalized bi-ideals) in semi groups. Classifications of ( ErIEI' vq" )-type 

fuzzy substructures are discussed. Several characterizations of regular semi groups, intra-regular 

semi groups and semisimple semigroups in terms of (Er,Ey vq.;)-type fuzzy substructures are 

established. 

Chapter five presents the study of (~r, ~r V q t5 )-type fuzzy subsemigroups (left ideals, 

right ideals, bi-ideals, and generali zed bi-ideals) in semigroups. Classifications of (~r, ~r V q Ii )-



type fuzzy substructures are discussed. We conclude this chapter by characterizing different classes 

of semi groups in terms of these notions. 

The goal of chapter six is to study the implication-based fuzzy ideals semigroups. Using the 

four implication operators, that is, Gaines-Rescher implication operator, G6del implication operator, 

the contraposition of G6del implication operator and the Luckasiewicz implication operator, the 

implication-based fuzzy ideals are considered. Relations between fuzzy (resp. (E, E vq )-fuzzy) 

ideals are discussed. 
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Chapter 1 

Fundamental Concepts 

In this introductory chapter, we present fundamental concepts of semigroup, ideal in 

semigroups, bi-ideal, generalized bi-ideal, quasi-ideal, interior-ideal, prime and semi

prime ideals in semigroups and review some of the background material that will be 

of value for our subsequent chapters. For undefined t erms and notions we refer to 

[11, 17, 18J. 

1.1 Semigroup: Basic Definitions and Examples 

A non-empty set 8 together with an associative binary operation * is called a semi

group. We shall write xy for x * y and usually refer to the binary operation as multi

plication "." on 8. If a semigroup 8 has the property that, for all x, y in 8, xy = yx 

we shall say that 8 is a commutative semigroup. If a semigroup 8 contains an element 

1 with the property that, for all x in 8, x· 1 = 1 . x = x for all x E 8, we say that 1 is 

an identity element of 8, and that 8 is a semigroup with identity or (more usually) a 

monoid. A semigroup has at most one identity element. 

If a semigroup 8 has no identity element, then it is easy to adjoin an extra element 

1 to 8 to form a monoid. We define 1 · s = s ·1 = s, for all s E 8 and 1·1 = 1. Then 

8 U {I} becomes a monoid. We shall use the notation 8 1 with the following meanings 

if 8 has an identity element 

otherwise 

and call 8 1 the semigroup obtained from 8 by adjoining an identity element. 

If a semigroup 8 with at least two elements contains an element Q with the property 

that, for all x in 8, 

x · Q = Q·x= Q 

we say that Q is a zero element of 8, and that 8 is a semigroup with zero. 

1 
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If a semigroup has no zero element, then it is easy to adjoin an extra element 0 to 

S by defining O· s = s · 0 = 0 and 0 · 0 = 0 for all s in S. This makes the set Su {O} 

a semigroup with zero element O. vVe shall use the notation SO with t he following 

meanings 
if S has a zero element 

otherwise 

and call SO the semigroup obtained from S by adjoining a zero element . 

An element e of a semigroup S is called an idempotent if e . e = e. If all elements 

of a semigroup S are idempotents, then S is called an idempotent semigroup. 

Example 1 Let S be a non-empty set and define a binary operation * on S by a*b = a 

for all a,b E S. Then (S, *) is a semigroup, called the left zero semigroup. Similarly, 

if we define the binary operation 0 on S as a 0 b = b for all a, b E S. Then (S, 0 ) 

is a semigroup, called the right zero semigroup. In these semigroups each element is 

idempotent. 

If A and B are non-empty subsets of a semigroup S, then we define AB = 

{ab : a E A and b E B}. 

A non-empty subset T of a semigroup S is called a subsemigroup of S if it is closed 

with respect to the induced operation of S, that is , xy E T for all x , y E T or TT ~ T . 

The following Proposition is well known. 

Prop osition 2 The intersection of any f amily of subsemigroups of a semigroup S is 

either empty or a subsemigroup of S . 

1.2 Ideals in Semigroups 

A non-empty subset A of a semigroup S is called a left (right) ideal of S if SA ~ A 

(AS ~ A). The non-empty subset A of S is called a (two-sided) ideal if it is both a 

left and a right ideal of S. Evidently every ideal (whether right, left or two-sided) is 

a subsemigroup, but the converse is not true. Clearly every semigroup S is an ideal 

of itself, and if S is a semigroup with zero 0, then {O} is an ideal of S. {O} and S are 

called improper ideals of S. All other ideals of S are called proper ideals of S. 

The following results are well known. 

Proposition 3 The intersection of any family of left (right) ideals of a semigroup S 

is either empty 01' a left (right) ideal of S. 

Corollary 4 The intersection of any family of ideals of a semigroup S is an ideal of 

S. 
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Proposition 5 The union of any family of left (right) ideals of a semigroup S is a 

left (right) ideal of S. 

Corollary 6 The union of any family of ideals of a semigroup S is an ideal of S. 

Proposition 7 Let Land R be left and right ideals of a semigroup S, respectively. 

Then RL ~ Rn L . 

Definition 8 A non-empty subset A of a semigroup S is called an interior-ideal of S 

ifSAS ~ A. 

Obviously, every ideal of a semigroup S is an interior-ideal of S but the converse 

is not true. 

Example 9 Consider the semigroup S = {a, b, c, d} with the following multiplication 

table: 

a b c d 

a a a a a 

b a a a a 

c a a a b 

d a a b c 

The subset A = {a, c} of S is an interior-ideal of S but neither a left nor a right 

ideal of S. 

Definition 10 A subsemigroup A of a semigroup S is called a bi-ideal of S ~f ASA ~ 

A. 

A non-empty subset A of a semigroup S is called a generalized bi-ideal of S if 

ASA ~ A. 

Obviously everyone-sided ideal of a semigroup S is a bi-ideal of S and every bi-ideal 

of S is a generalized bi-ideal of S but the converse is not true. 

Example 11 Consider the semigroup S of Example 9. The subset A = {a, c} of S is 

a bi-ideal of S but neither a left nor a right ideal of S . 

Example 12 Consider the semigroup S = {a, b, c, d} with the following multiplication 

table: 
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a b c d 

a a a a a 

b a a a a 

c a a b a 

d a a b b 

The subset A = {a, c} of S is a generalized bi-ideal of S but not a bi-ideal of S . 

Proposition 13 The intersection of any family of bi-ideals of a semigroup S is either 

empty or a bi-ideal of S. 

Corollary 14 The intersection of any family of bi-ideals of a semigroup S with 0 is 

a bi-ideal of S. 

Proposition 15 The intersection of a bi-ideal B and a subsemigroup T of a semigroup 

S is a bi-ideal of the semigroup T if it is non-empty. 

Proposition 16 Let T be a non-empty subset and B be a bi-ideal of a semigroup S. 

Then the products BT and T Bare bi-ideals of S. 

Definition 17 A non-empty subset Q of a semigroup S is called a quasi-ideal of S if 

QSnSQ ~ Q . 

Obviously every quasi-ideal of a semigroup is a bi-ideal and everyone sided ideal 

is a quasi-ideal but the converse is not true. 

Example 18 Let S be the set of all 2 x 2 matrices with entries from the set of non

negative integers. Then S is a semigroup with respect to the usual multiplication of 

matrices. Consider the subset 

A = {[ ~ ~ 1 : a is a non-negative integer} . 

Then A is a quasi-ideal of S but neither a right nor a left ideal of S. 

Proposition 19 The intersection of any family of quasi-ideals of a semigroup S is 

either empty or a quasi-ideal of S . 
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1.3 Regular, Intra-regular and Semisimple Semigroups 

An element a of a semigroup S is called regular if a = axa for some XES, that 

is a E aSa . The semigroup S is called regular if every element of S is regular. An 

element a of a semigroup S is called int ra-regular if there exist elements x and y in 

S such that a = xa2y . A semigroup S is called intra-regular if every element of S is 

in tr a-regular. 

Definition 20 A semigroup S is called semisimple ~f every two sided ideal of S is 

idempotent. It is clear that a semigroup S is semisimple if and only if a E (SaS) (SaS) 

for every a E S, that is there exist x, y, z, t E S such that a = (xay) (taz ). 

Neither a regular semigroup is intra-regular nor an intra-regular semigroup is reg

ular. However, if a semigroup is commutative then both the concepts coincide. 

Example 21 Let X be a countably infinite set and let S be the set of one-one maps 

Q : X ~ X with the property that X - Q (X) is infinite. Then S is a semigroup with 

respect to the composition of functions and is called Baer Levi semigroup (cf. [18/). 

This semigroup S is a right cancellative, right simple semigroup without idempo

tents (d. [18]' Th. 8.2). Thus S is not regular but intra-regular . 

Example 22 Let S = {a, b, c, d, e} be the semigroup with the multiplication table: 

a b c d e 

a a a a a a 

b a a a b c 

c a b c a a 

d a a a d e 

e a d e a a 

It is easy to check that S is a regular semigroup but not an intra-regular semigroup. 

The following theorem are well known: 

Theorem 23 The following conditions on a semigroup S are equivalent. 

(1) S is regular . 

(2) RL = R n L for every right ideal R and left ideal L of S . 

(3) A = ASA for every quasi-ideal A of S. 

Theorem 24 For a semigroup S , the following conditions are eq·uivalent. 
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(1) S is regular. 

(2) Q n L ~ QL for every quasi-ideal Q and every left ideal L of S. 

(3) B n L ~ BL for every bi-ideal B and every left ideal L of S. 

(4) G n L ~ GL for every generalized bi-ideal G and every left ideal L of S. 

Theorem 25 For a semigroup S, the following conditions are equivalent. 

(1) S is regular. 

(2) Q n R ~ RQ for every quasi-ideal Q and every right ideal R of S. 

(3) B n R ~ RB for every bi-ideal B and every right ideal R of S. 

( 4) G n R ~ RG for every generalized bi-ideal G and every right ideal R of S. 

Theorem 26 The following conditions on a semigroup S are equivalent. 

(1) S is intra-regular. 

(2) LR :;2 R n L for every right ideal R and left ideal L of S. 

6 

The following is the example of a semigroup which is both regular and intra-regular. 

Example 27 Consider the semigroup S = {O, a, b} with the multiplication table: 

0 a b 

0 0 0 0 

a 0 a a 

b 0 b b 

It is evident that S is both regular and intra-regular. 

The following theorem is well known that 

Theorem 28 The following assertions for a semigroup S are equivalent. 

(1) S is both regular and intra-regular. 

(2) Every quasi-ideal of S is idempotent. 

(3) Every bi-ideal of S is idempotent. 

1.4 FUzzy Sets 

A fuzzy subset f of a set X is a function from X into the unit closed interval [0,1]' 

that is f : X ---> [O,lJ. If f and 9 are fuzzy subsets of X, then f ~ 9 means that 

f(x) ~ g(x) for all x E X. The fuzzy subsets f 1\ 9 and f V 9 of X are defined as 

(J 1\ g)(x) = f(x) 1\ g(x) and (J V g)(x) = f(x) V g(x) for all x E X. If UdiEI is a 
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family of fuzzy subsets of X, then /\ fi and V fi are fuzzy subsets of X defined by 
iEI iEI 

( /\ fi ) (x) = infUi (x)hEl and (V fi ) (x) = sup{fi (X)}iEI for all x E X . 
lE I lEI 

Let f be a fuzzy subset of X and t E [0 , 1] . Then 

U(f;t) = {x E S: f( x ) ;::: t} 

is called the level subset of f. 
For a fuzzy subset f of X the crisp set 

So = {x E S : f (x) > o} 

is called the support of f. 
Let f and 9 be two fuzzy subsets of a semigroup S. Then the product fog is 

defined by 

{
V {f(y) /\ g( z)} 

(f 0 g)(x) = OX=YZ 

if 3 y ,z E S, such that x = yz 

otherwise 

A fuzzy subset f in a universe X of the form 

f(y) = { tE (O, l] if~ =x 
o otherWIse 

is said to be a fuzzy point with support x and value t and is denoted by Xt . For a fuzzy 

point Xt and a fuzzy set f in a set X, Pu and Liu [12] gave meaning to the symbol 

xtaf, when a E {E, q, E Vq, E /\q}. A fuzzy point Xt is said to belong to (resp. be 

quasi-coincident with) a fuzzy set f written Xt E f (resp . xtqf) if f(x) ;::: t (resp. 

f(x) + t > 1) and in this case, Xt E vqf (resp. Xt E /\qf) means that Xt E f or xtqf 

(resp. Xt E f and Xtqf ). To say that Xtlif means that Xtaf does not hold. 

For a fuzzy subset f of Sand t E (0,1], the q-set and (E Vq) -set with respect to t 

(briefly, t-q-set and t-( E Vq) -set, respectively) are defined as follows: 

S~ = {x E S I XtqJ} and S(Evq) = {x E S I Xt (E Vq) J} = U(J;t) US~. 

Note that , for any t , r E (0 , 1]' if t ;::: r then S~ ~ S~ . 
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1.5 Fuzzy Subsemigroups and Fuzzy Ideals 

A fuzzy subset f of a semigroup S is said to be a fuzzy subsemigroup of S if 

f (xy) ~ min {J (x) , f (y)} (1.1) 

for all x, yES. 

A fuzzy subset f of a semigroup S is said to be a fuzzy left (resp. right) ideal of S 

if 

f(xy) ~ f(y) (resp. f(xy) ~ f(x)) (1. 2) 

for all x, yES. 

A fuzzy subset f of a semigroup S is said to be a fuzzy ideal of S if it is both a 

fuzzy left and fuzzy right ideal of S. 

A fuzzy subset f of a semigroup S is said to be a fuzzy generalized bi-ideal of S if 

f (xyz ) ~ min {J (x), f (z)} (1.3) 

for all x,y, z E S. 

A fuzzy subset f of a semigroup S is said to be a fuzzy bi-ideal of S if it is a fuzzy 

subsemigroup and fuzzy generalized bi-ideal of S. 

A fuzzy subset f of a semigroup S is said to be a fuzzy quasi-ideal of S if 

f (x) ~ min {(f 0 S) (x) , (S 0 f)(x)} 

for all XES, where S is the fuzzy subset of S mapping every element of S on 1. 

A fuzzy subset f of a semi group S is said to be a fuzzy interior-ideal of S if 

f (xyz ) ~ f (y) (1.4) 

for all x, y, z E S . 

Obviously, every fuzzy ideal of a semi group S is a fuzzy interior-ideal of S, every 

one sided fuzzy ideal of S is a fuzzy quasi-ideal, every fuzzy quasi-ideal is a fuzzy 

bi-ideal and every fuzzy bi-ideal is a fuzzy generalized bi-ideal of S but the converse 

is not true. 

1.6 (a , ,B) -fuzzy Ideals 

A fuzzy subset f of a semigroup S is said to be an (a, ,B)-fuzzy subsemigroup of S, 

where a =/=E /\q, if it satisfies the following condition: 

xtaf and Yr a! implies (xY)min{t ,r},B1 (1.5) 
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for all x, yES' and t, r E (0,1]. 

Let f be a fuzzy subset of S such that f (x) ::; 0.5 for all xES. Let xES and 

t E (0,1] be such that Xt E I\qf. Then f (x) :::: t and f (x) + t > 1. It follows that 

2f (x) = f (x) + f (x) :::: f (x) + t > 1. This implies that f (x) > 0.5. This means 

that {Xt : Xt E I\qf} = 0. Therefore, the case ° =E I\q in the above definition is not 

included. 

A fuzzy subset f of a semigroup S is said to be an (0, j3)-fuzzy left (resp. right) 

ideal of S, where ° "IE I\q, if it satisfies: 

Ytof (resp. Xtof) implies (xY)t j3f (1.6) 

for all x, yES and t E (0,1]. 

A fuzzy subset f of a semigroup S is said to be an (0, j3)-fuzzy two sided ideal or 

simply an (o,j3)-fuzzy ideal of S if it is an (o,j3)-fuzzy left ideal and an (o,j3)-fuzzy 

right ideal of S. 

A fuzzy subset f of a semigroup S is said to be an (E, E Vq)-fuzzy left (resp. right) 

ideal of S, if it satisfies: 

Yt E f (resp . Xt E f) implies (xY)t E Vqf (1.7) 

for all x, yES and t E (0,1]. 

A fuzzy subset f of a semigroup S is said to be an (E, E vq)-fuzzy two sided ideal 

or simply an (E, E Vq)-fuzzy ideal of S if it is an (E , E vq)-fuzzy left ideal and an 

(E, E Vq)-fuzzy right ideal of S. 

A fuzzy subset f of a semigroup S is called an (E, E V q )-fuzzy generalized bi-ideal 

of S if it satisfies 

Xt E f and Zr E f ::::} (xyz)min{t,r} E Vqf 

for all x, y, Z E Sand t, r E (0,1] . 

A fuzzy subset f of a semigroup S is called an (E, E vq)-fuzzy bi-ideal of S if it 

satisfies 

Xt E f and Yr E f =? (XY)min{t,r} E Vqf 

Xt E f and Zr E f =? (xyz )min{t,r} E VqJ-

for all X,y,Z E Sand t,r E (0,1]. 

Let f be a fuzzy subset of a semigroup S. We define the upper part f + and the 

lower part f -of f as follows, f+ (x) = f (x) V 0.5 and f- (x) = f (x) 1\ 0.5. 
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Theorem 29 (43j For a semigroup S the following conditions are equivalent. 

(1) S is regular. 

(2) (J I\g)- = (f 0 g)- for every (E, E vq)-fuzzy right ideal f and every (E, E Vq)

fuzzy left ideal 9 of S. 

Theorem 30 {4 3j For a semigroup S, the following conditions are equivalent. 

(1) S is intra-regular. 

(2) (f 1\ g)- :S (J 0 g)- for every (E, E vq)-fuzzy left ideal f and every (E, E Vq)

fuzzy right ideal 9 of S. 

Theorem 31 {43j For a semigroup S, the following conditions are equivalent. 

(1) S is both regular and intra-regular. 

(2) (J 0 J)- = f - for every (E, E Vq)-fuzzy quasi-ideal f of S. 
(3) (J 0 J)- = f- for every (E, E Vq)-fuzzy bi-ideal f of S. 

(4) (f 1\ g) - :S (J 0 g)- for all (E, E vq)-fuzzy quasi-ideals f, 9 of S. 
(5) (f 1\ g)- :S (J 0 g)- for every (E, E vq)-fuzzy quasi-ideal f and every (E, E Vq)

fuzzy hi-ideal 9 of S. 

(6) (f 1\ g) - :S (J 0 g) - for all (E, E vq)-fuzzy bi-ideals f, 9 of S. 



Chapter 2 

Characterizations of Semigroups 

by (E, E V q)-fuzzy Ideals 

In this chapter we study (E, E V q)-fuzzy ideals, generalized bi-ideals and quasi-ideals 

of a semigroup and characterize regular, intra-regular and semisimple semigroups by 

the properties of these ideals. 

2.1 (a),B)-fuzzy Subsemigroups 

In this section, we study (a, :e)-fuzzy subsemigroups of sernigroups, specially (E, E V q)
fuzzy subsemigroups. Throughout this chapter S will denote a semigroup and a, 73 are 

any two of {E, q, E V q, E /\ q} unless otherwise mentioned. 

We start this section with the following definition. 

Definition 32 A fuzzy subset f of S is said to be an (a, 73) -fuzzy subsemigroup of S , 

where a i= E /\ q, if it satisfies the following condition: 

(xY)min{t,r} af implies xt7Jf or Yr7Jf (2.1) 

for all x,y E Sand t,r E (O,lJ. 

Let f be a fuzzy suset of S such that f (x) ~ 0.5 for all xES. Let xES and 

t E (O , lJ be such that XtE /\ qj. Then f (x) < t and f (x) + t ~ 1. It follows that 

2f (x) = f (x) + f (x) < f (x) + t ~ 1. This implies that f (x) < 0.5. This means 

that {Xt : xtE /\ qJ} = 0. Therefore, the case Q = E /\ q in the above definition is not 

included. 

Theorem 33 A fuzzy subset f of S is a fuzzy subsemigroup of S ~f and only if f is 

an (E, E)-fUZZY subsemigroup of S. 

11 
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Proof. Let f be a fuzzy subsemigroup of S . Let x, yES and t, r E (0 , 1] be such 

that (xY)min{t,r) Ef· Then f(xy) < min{t,r}. As f is a fuzzy subsemigroup of S, we 

have 

min {j (x) , f (y)} :S f (xy) < min { t, r} . 

This implies that f (x) < t or f (y) < r, that is, xtEf or yrEf· Hence f is an (E, E)

fuzzy subsemigroup of S. 

Conversely, assume that f is an (E, E)-fuzzy subsemigroup of S. Let x, yES be 

such that 

f (xy) < min {j (x ), f (y)}. 

Then we can choose t E (0 , 1] such that 

f( x y) < t :S min{j(x),f(y)} · 

Thus (xY)t E f but Xt E f and Yt E f, which is a contradiction. Hence f (xy) > 
min{f (x), f (y)} . • 

Theorem 34 (i) Every (E, E)-fuzzy subsemigroup of S is an (E, E V q)-fuzzy sub-

semigroup of S. 

(ii) Every (E, q)-fuzzy subsemigroup of S is an (E, E V q)-fuzzy subsemigroup of 

S. 

Proof. Straightforward. • 

The converse of above Theorem is not true in general. 

Example 35 Consider the semigroup S = {O, 1, -1, L, -I-} with multiplication table 

given below: 

0 1 -1 I- -L 

0 0 0 0 0 0 

1 0 1 -1 L - L 

- 1 0 - 1 1 - L L 

L 0 L -L -1 1 

- L 0 -L L 1 - 1 

Let f be the fuzzy subset of S defined by f(O) = 0.6, f(l) = 0.2, f( - 1) = 0. 2, 

f(L) = 0.3, and f( -L) = 0.4. Then f is an (E, E V q)-fuzzy subsemigroup of S but 

not an (E, E)-fuzzy subsemigroup of S. Because f( -1) = f(u) = 0.2 < 0.25 that is 

(LL)0 .2SEf whereas f(L) .;:. 0.25, that is LO.25 E j. Similarly f( -1) = f( -L. - L) = 0.2 < 
0.7 that is (- L. - L)0.7E f whereas f( - L) + 0.7 = 1.1 .;:. 1, that is (- L)0.7Qj. Hence f is 

not an (E, q)-fuzzy subsemigroup of S. 
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Theorem 36 Every (E V q, E V q)-fuzzy subsemigroup of S is an (E, E V q)-fuzzy sub

semigroup of S. 

Proof. Straightforward. • 

There are twelve different types of (0, ,B)-fuzzy subsemigroups of a semigroup S, 

they are (E, E), (E, q) , (E, EAq) , (E, EVq) , (q, E), (q, q), (q, EAq), (q, EVq), (EV q, E), (EV 

q, q), (EVq , E A q), and (EV q , EVq). The following thorem gives the relations between 

them. 

Theorem 3 7 Let S be a semigroup. Then the following are true: 

(i) 
of S. 

( ii) 

of S. 

Every (E, E A q)-fuzzy subsemigroup of S is an (E, E)-fuzzy subsemigroup 

Every (E, E A q)-fuzzy subsemigroup of S is an (E, q)-fuzzy subsemigroup 

(iii) Every (E, E 1\ q)-fuzzy subsemigroup of S is an (E, E V q)-fuzzy subsemigroup 

of S. 

(iv) Every (E, E)-fuzzy subsemigroup of S is an (E, E V q)-fuzzy subsemigroup 

of S. 

(v) Every (E, q)-fuzzy subsemigroup of S is an (E, E V q)-fuzzy subsemigroup of 

S. 

(vi) Every (E V q, E V q)-fuzzy subsemigroup of S is an (E, E V q)-fuzzy subsemi

group of S . 

(vii) Every (E V q, E)-fuzzy subsemigroup of S is an (E V q, E V q)-fuzzy subsemi

group of S. 

(viii ) Every (E V q, q)-fuzzy sub semi group of S is an (E V q, E V q)-fuzzy subsemi

group of S . 

(ix ) Every (E V q, E 1\ q)-fuzzy subsemigroup of S is an (E V q, E V q)-fuzzy sub

semigroup of S. 

(x) Every (E V q, E 1\ q)-fuzzy subsemigroup of S is an (E V q, E)-fuzzy subsemi-

group of S. 

(xi ) Every (E V q, E A q)-fuzzy sub semi group of S is an (E V q, q)-fuzzy subsemi

group of S. 

(xii) Every (q , E 1\ q)-fuzzy subsemigroup of S is an (q, E)-fuzzy subsemigroup of 

S. 

(xiii) Every (q , E A q)-fuzzy subsemigroup of S is an (q , q)-fuzzy subsemigroup of 

S . 

(xiv) Every (q, E A q)-fuzzy subsemigroup of S is an (q, E V q)-fuzzy subsemigroup 

of S. 
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(xv) Every (q, E)-fuzzy subsemigroup of 5' is an (q, E V q)-fuzzy subsemigroup of 

5'. 

(xvi) Every (q , q)-fuzzy subsemigl'oup of 5' is an (q, E V q)-fuzzy subsemigroup of 

5'. 

Proof. Straightforward. _ 

Recall that for a fuzzy set fin 5', we denote 5'0 := {x E 5' : f (x) > O}. 

Theorem 38 If f is one of the following: 

(i) an (E, E)-fuzzy subsemigroup of 5'; 

(ii) an (E, q)-fuzzy subsemigroup of 5'; 

(iii) a (q, E)-fuzzy subsemigroup of 5'; 

(iv) a (q, q)-fuzzy subsemigroup of 5'; 

(v) an (E, E 1\ q)-fuzzy subsemigroup of 5'; 

(vi) an (E, E V q)-fuzzy subsemigroup of 5'; 

(vii) an (E V q, q)-fuzzy subsemigroup of 5'; 

(viii) an (E V q, E)-fuzzy subsemigl'oup of 5'; 

(ix) an (E V q, E 1\ q)-fuzzy subsemigroup of 5'; 

(x) a (q, E 1\ q)-fuzzy subsemigroup of 5'; 

(xi) a (q, E V q)-fuzzy subsemigroup of 5'; 

(xii ) an (E V q, E V q)-fuzzy subsemigroup of 5'; 

then the support of f, 5'0 is a subsemigroup of 5'. 

Proof. (i) Straightforward. 

(ii) Let x, y E 5'0. Then f (x) > 0, f (y) > O. If f (xy) = 0, then (xY)min{l,l} Ef 

but xlqf and Ylqf, which is a contradiction. Thus f (xy) > 0, and so xy E 5'0. 

Therefore 5'0 is a subsemigroup of S. 

(iii) Let x, y E So. Then f (x) > 0, f (y) > O. If f (xy) = 0, then (xY)min{J(x).!(y)} qf 

but x f(x) E f and Yf(y) E f, which is a contradiction. It follows that f (xy) > 0 so 

that xy E So. Therefore So is a subsemigroup of S. 

(iv) Let x, Y E So. Then f (x) > 0, f (y) > O. Suppose that xy ~ So. Then 

f (xy) = O. Note that (xY)min{l,l} qf but xlqf and Ylqf, because f (x) + 1 > 1 and 

f (y) + 1 > 1. This is a contradiction, and thus f (xy) > 0, which shows that xy E So. 

Consequently So is a subsemigroup of S. 
Similarly we can prove the remaining parts. _ 

The following is a characterization of (E, E V q)-fuzzy subsemigroup. 

Theorem 39 Let f be a fuzzy subset of a semigroup S, x, yES and t, r E (0,1]. 

Then the following conditions are equivalent 
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(2.1a) (xY)min{t,r) Ef ~ XtE V qf or YrE V qf. 

(2 .1b) max{f(xy), 0.5} ~ min{f(x), f(y} . 
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Proof. (2 .1a) ~ (2.1b) Suppose there exist x, yES such that max{f(xy) , 0.5} < 
min{J(x), f(y}. Then we can choose t E (0.5,1] such that max{f(xy),O.5} < t = 

min{f(x), f(y}. Then (xY)tEf but Xt E t\qf and Yt E t\qf, which is a contradiction. 

Hence max{J(xy) , 0.5} ~ min{J(x), f(y}. 

(2.1b) ~ (2.1a) Let (xY)min{t,r) Ef. Then f(xy) < min{t,r}. If max{f(xy), 0.5} = 
f(xy), then min{J(x), f(y} s:; f(xy) < min{ t, r} and consequently, f(x) < tor f(y) < 
r. It follows that xtEf or YrEf. Thus XtE V qf or YrE V qf. 

If max{J(xy), 0.5} = 0.5, then min{J(x), f(y} s:; 0.5. Suppose Xt E f and Yr E f, 

then t s:; f(x) s:; 0.5 or r s:; f(y) s:; 0.5. It follows that xtqf or Yrqf· Thus XtE V q f or 

yrEVqf· • 

Corollary 40 A fuzzy subset f of a semigroup S is an (E, E V q)-fuzzy subsemigroup 

of S if it satisfies the condition (2.1b). 

Theorem 41 A fuzzy subset f of a semigroup S is an (E, E V q)-fuzzy subsemigroup 

of S if and only if U(Jj t) (=I- ¢) is a subsemigroup of S for all t E (0.5,1]. 

Proof. Suppose f is an (E, E V q)-fuzzy subsemigroup of S and x, y E U(Jj t) for 

some t E (0.5,1]. Then f(x) 2: t and f(y) 2: t. Hence 0.5 < t s:; min{f(x), f(y)} s:; 
max{j(xy) , 0.5}. Thus f(xy) 2: t and so xy E U(Jj t). Consequently U(Jj t) is a 

subsemigroup of S. 

Conversely, assume that U(Jjt) (=I- ¢) is a subsemigroup of S for all t E (0.5,1]. 

Suppose that there exist x, yES such that max{j(xy) , 0.5} < min{j(x),/(y} = t . 

Then t E (0.5,1] and x, y E U(Jj t) but xy r. U(Jj t). This contradicts our hypothesis. 

Hence max{j(xy) , 0.5} ~ min{f(x), f(y} and so f is an (E, E V q)-fuzzy subsemigroup 

of S .• 

Corollary 42 A non-empty subset A of S is a subsemigroup of S ~f and only ~f the 

characteristic function CA of A is an (E, E V q)-fuzzy subsemigroup of S. 

Theorem 43 Let {ji l iE A} be a family of (E, E V q) -fuzzy subsemigroups of S. Then 

f:= n fi is an (E, E V q) -fuzzy subsemigroup of S. 
iEA 

Proof. Straightforward. • 

Theorem 44 If f is an (E, ev en-fuzzy subsemigroup of S, then the non-empty t-q-set 

S~ is a subsemigroup of S for all t E (0,0.5]. 
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P roof. Let t E (0,0.5] and x, Y E S~. Then xtqf and Ytqf, that is, f (x) + t > 1 

and f (y ) + t > 1. It follows from Theorem 39 that 

max {f (xy) , 0.5} + t > min {J (x) , f (y)} + t 
min{J (x) + t, f (y) + t} 

> 1. 

So (xY)t qf . Hence xy E S~, and therefore S~ is a subsemigroup of S . • 

2.2 (a, t3)-fuzzy Ideals 

In this section we study (a,i3)-fuzzy ideals of semigroups, specialy (E, E V q)-fuzzy 

ideals, where a, 7J are any two of {E, q, E V q , E 1\ q} unless otherwise mentioned. 

We start this section with the following definition. 

Definition 45 A fuzzy subset f of a semigroup S is said to be an (a, 13) -fuzzy left 

(resp. right) ideal of S , where a =1= E 1\ q , if it satisfies: 

(xY)t af implies Yti3f (resp. xti3f) (2.2) 

for all X,Y E Sand t E (0,1]. 

A fuzzy subset f of a semigroup S is said to be an (a, 7J)-fuzzy two sided ideal or 

simply an (a, i3)-fuzzy ideal of S if it is an (a, 7J)-fuzzy left ideal and an (a,i3)-fuzzy 

right ideal of S. 

Theorem 46 A fuzzy subset f of a semigroup S is a fuzzy left (resp . right) ideal of 

S if and only ~f it is an (E, E) -fuzzy left (resp. right) ideal of S. 

Proof. Straightforward. _ 

Theorem 47 (i) Every (E, E)-fuzzy left (right) ideal of S is an (E, E V q)-fuzzy left 

(right) ideal of S. 

(ii) Every (E, q)-fuzzy left (right) ideal of S is an (E, E V q)-fuzzy left (right) ideal 

of S. 
Proof. Straightforward. _ 

The converse of above Theorem is not true in general. 
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Example 48 Consider the semigroup S = {I , 2, 3, 4, 5} given by the Jollowing table: 

* 1 2 3 4 5 

1 1 4 1 4 4 

2 1 2 1 4 4 

3 1 4 3 4 5 

4 1 4 1 4 4 

5 1 4 3 4 5 

Let f be the fuzzy subset of S defined by f(l) = 0.6, f(2) = 0.45, f(3) = 0.2, 

f( 4) = 0.3, and f(5) = 0.4. Then f is an (E, E V q)-fuzzy left ideal of S but not an 

(E, E)-fuzzy left ideal of S. Because f(4) = f(1 * 2) = 0.3 < 0.4 that is (1 * 2)0.4Ef 

whereas f(2) = 0.45 ~ 0.4, that is 20.4 E j. Similarly f(4) = f(1 * 2) = 0.3 < 0.7 

that is (1 * 2)0.7EJ whereas J(2) + 0.7 = 1.15 > 1, that is (2)0.7Qj. Hence f is not an 

(E, q)-fuzzy left ideal of S. 

Theorem 49 Every (E V q, E V q)-fuzzy left (right) ideal of S is an (E, E V q)-Juzzy 

left (right) ideal oj S. 

Proof. Straightforward. • 

There are twelve different types of (Oi, ,B)-fuzzy left (right) ideals of a semigroup 

S, they are (E, E), (E, q), (E, E 1\ q), (E, E V q), (q, E), (q, q), (q, E 1\ q), (q, E V q), (E V 

q, E), (E V q, q), (E V q , E 1\ q), and (E V q, E V q). The following thorem gives the 

relations between them. 

Theorem 50 Let S be a semigroup. Then the following are true: 

(i) Every (E, E 1\ q)-fuzzy left (right) ideal of S is an (E, E )-fuzzy left (right) 

ideal of S. 

(ii) Every (E, E 1\ q)-fuzzy left (right) ideal of S is an (E, q)-fuzzy left (right) 

ideal of S . 

(iii) Every (E, E /\ q)-fuzzy left (right) ideal of S is an (E, E V q)-fuzzy left (right) 

ideal of S . 

(iv) Every (E, E)-fuzzy left (right) ideal of S is an (E , E V q)-fuzzy left (right) 

ideal of S. 

(v) Every (E, q)-fuzzy left (right) ideal of S is an (E, E V q)-fuzzy left (right) 

ideal of S. 

(vi) Every (EVq,EVq)-fuzzy left (right) ideal of S is an (E,EVq)-fuzzy left 

(right) ideal of S. 

(vii) Every (E V q, E)-fuzzy left (right) ideal of S is an (E V q, E V q)-fuzzy left 

(right) ideal of S. 
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(viii) Every (E V q, q)-fuzzy left (right) ideal of S is an (E V q, E V q)-fuzzy left 

(right) ideal of S. 

(i x) Every (E V q, E /\ q)-fuzzy left (right) ideal of S is an (E V q, E V q)-fuzzy 

left (right) ideal of S. 

(x) Every (E V q, E /\ q)-fuzzy left (right) ideal of S is an (E V q, E)-fuzzy left 

(right) ideal of S. 

(xi) Every (E V q, E /\ q)-fuzzy left (right) ideal of S is an (E V q, q)-fuzzy left 

(right) ideal of S. 

(xii) Every (q, E /\ q)-fuzzy left (right) ideal of S is an (q , E)-fuzzy left (right) 

ideal of S. 

(xiii) Every (q,E/\q)-fuzzy left (right) ideal of S is an (q, in-fuzzy left (right) 

ideal of S. 

(xiv) Every (q, E /\ q)-fuzzy left (right) ideal of S is an (q, E V q)-fuzzy left (right) 

ideal of S. 

(xv) Every (q, E)-fuzzy left (right) ideal of S is an (q, E V g)-fuzzy left (right) ideal 

of S. 

(xvi) Every (q, g)-fuzzy left (right) ideal of S is an (q, E V q)-fuzzy left (right) ideal 

of S. 

Proof. Straightforward. • 

Theorem 51 Let f be a fuzzy subset of S. If f is one of the following: 

(i) an (E, E)-fuzzy left (resp. right) ideal of Sj 

(ii) an (E, q)-fuzzy left (resp. right) ideal of Sj 

(iii) a (q, E)-fuzzy left (resp. right) ideal of Sj 

(iv) a (q,q)-fuzzy left (resp . right) ideal of Sj 

(v) an (E, E /\ q)-fuzzy left (resp. right) ideal of Sj 

(vi) an (E, E V q)-fuzzy left (resp. right) ideal of Sj 

(vii) an (E V q, q)-fuzzy left (resp. right) ideal of Sj 

(viii) an (E V q, E)-fuzzy left (resp. right) ideal of Sj 

(ix) an (EVq,E /\q)-fuzzy left (resp. right) ideal of Sj 

(x) a (g, E /\ q)-fuzzy left (resp. right) ideal of Sj 

(xi) a (q, E V q)-fuzzy left (resp. right) ideal of Sj 

(xii) a (E V q, E V q)-fuzzy left (resp. right) ideal of Sj 

then the set So is a left (resp. right, lateral) ideal of S. 

Proof. The proof is similar to the proof of Theorem 38. • 

The following theorem is a characterization of left (right) ideal of S. 
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Theorem 52 Let f be a fuzzy subset of a semigroup S, x, yES and t E (0, IJ. Then 

the following conditions are equivalent 

(2.2a) (xY)t Ef =} XtE V qf. 

(2.2b) max{f(xy) , 0.5} ~ f(x). 

(resp. (2.3a) (xY)t Ef =} YtE V qf. 

(2.3b) max{f(xy) , 0.5} ~ f(y)) . 

Proof. (2.2a) =} (2.2b) Suppose there exist x, yES such that max{f(xy), 0.5} < 
f(x). Then we can choose t E (0 .5, lJ such that max{f(xy),0.5} < t = f(x). Then 

(xY)tEf but Xt E I\qf, which is a contradiction. Hence max{f(xy) , 0.5} ~ f(x) . 

(2.2b) =} (2.2a) Let (xY)t Ef. Then f(xy) < t. If max{f(xy),0.5} = f(xy), then 

J(x) s:: J(xy) < t and consequently, f(x) < t. It follows that xt"Ef. Thus XtE V qJ. 

If max{f(xy), 0.5} = 0.5 , then f(x) s:: 0.5. Suppose Xt E f , then t s:: f(x) < 0.5. 

It follows that Xtqf. Thus XtE V qf. • 

Corollary 53 A fuzzy subset f of a semigroup S is an (E, E V q)-fuzzy right (resp. 

left) ideal of S ~f it satisfies condition (2.2b) (resp. (2.3b)). 

Corollary 54 A fuzzy subset f of a semigroup S is an (E, E V q)-fuzzy ideal of S if 

it satisfies conditions (2.2b) and (2.3b). 

Theorem 55 A non-empty subset A of a semigroup S is a left (resp. right) ideal of 

S if and only ~f the fuzzy subset f of S defined by: 

f(x) = { s:: 0.5 for all xES - A, 
1 for all x E A, 

is an (a, E V q)-fuzzy left (resp. right) ideal of S, where a E {E, q, E V q} . 

Proof. Let A be a left ideal of S. 

(a) We show that f is an (E, E V q)-fuzzy left ideal of S. Let x, yES and t E (0, 1J 

be such that (xY)t EJ. Then J (xy) < t , this implies xy ~ A. Thus y ~ A. If 

t > 0.5, t.hen J (y) s:: 0.5 < t, implies that J (y) < t . Hence YtEJ. If t s:: 0.5, then 

J (y) + t s:: 0.5 + 0.5 = 1, so Ytqf. Thus YtE V qJ. Hence J is an (E, E V q)-fuzzy left 

ideal of S. 

(b) Next, we show that J is a (q,Evq)-fuzzy left ideal of S. Let X,y E Sand 

t E (0 , 1] be such that (xY)t qJ. Then f (xy) + t s:: 1, so xy ~ A. Therefore Y ~ A. If 

t> 0.5, then J (y) s:: 0.5 < t . Hence YtEJ. If t s:: 0.5, then J (y) + t s:: 0.5 + 0.5 = 1, 

so YtqJ. Thus YtE V qf. Hence f is a (q, E V q)-fuzzy left ideal of S. 

(c) Now, we show that J is an (E V q, E V q)-fuzzy left ideal of S. Let x, yES and 

t E (O,lJ be such that (xY)t E V qf. Then (xY)t Ef or (xY)t qf. The rest of the proof 

is a consequence of (a) and (b). 
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Conversely, assume that f is an (a, E V g)-fuzzy left ideal of 5'. Suppose a = E . Let 

yEA. Then f (y) = 1. Since f is an (E, E V g)-fuzzy left ideal of 5', so f (xy) V 0.5 ~ 

f (y) = 1. This implies that f (xy) = 1. Hence xy E A. Similarly, we can prove for 

a = g and a = E V g. • 

Corollary 56 A non-empty subset A of a semigroup 5' is a left (resp. right) ideal of 

5' if and only if the characteristic function CA of A is an (E, E V g)-fuzzy left (resp. 

right) ideal of 5' . 

Theorem 57 A fuzzy subset f of a semigroup 5' is an (E, E V g)-fuzzy right (resp. 

left) ideal of 5' if and only if U(J; t) (of. 1» is a right (resp . left) ideal of 5' for all 

t E (0.5, 1]. 

Proof. Suppose f is an (E , E V g)-fuzzy right ideal of 5' and x E U(J; t) and y E 5', 

for some t E (0 .5, 1]. Then f(x) ~ t. Hence 0.5 < t :S f(x) :S max{J(xy) , 0.5} . Thus 

f( xy) ~ t and so xy E U(J; t). Consequently U(J; t) is a right ideal of 5'. 

Conversely, assume that U(J; t) (of. 1» is a right ideal of 5' for all t E (0.5,1]. 

Suppose that there exist x, y E 5' such that max{J(xy) , 0.5} < f(x) = t. Then 

t E (0 .5,1] and x E U(J; t) but xy rj; U(J; t). Which contradicts our hypothesis. 

Hence max{J(xy),O .5} ~ f(x) and so f is an (E,EVg)-fuzzy right ideal of 5' .• 

Corollary 58 A fuzzy subset f of a semigroup 5' is an (E, E V g)-fuzzy ideal of 5' ~f 

and only ifU(J;t) (of. ¢) is an ideal of 5' for all t E (0.5,1]. 

Theorem 59 Let f be an (E, E V g)-fuzzy left ideal and g an (E, E V g) -fuzzy right 

ideal of a semigroup 5'. Then fog is an (E, E V g)-fuzzy two -sided ideal of 5' . 

Proof. Let x, y E 5'. Then 

(J 0 g) (y) = V {f (p) 1\ 9 (q)}. 
y=pq 

( If y = pq, then xy = x (pq) = (xp) q. Since f is an (E, E V g)-fuzzy left ideal, so 

by Theorem 52 f (xp) V 0.5 ~ f (p)). 
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Thus 

(J 0 g) (y) V {j (p) !\ 9 (q) } 
y=pq 

< V {(J (xp) V 0.5) !\ 9 (q)} 
xy= (xp)q 

< V {(J (a) V 0.5) !\ 9 (b)} 
xy=ab 

V {(J(a) !\g(b))VO.5} 
xy=ab 

= C~"y (a) Ag (b)}) V 05 

= (J 0 g) (xy) V 0.5 

So 

(J 0 g)(y) s (J 0 g) (xy) V 0.5. 

H (J 0 g) (y) = 0, then (J 0 g) (y) s (J 0 g) (xy) V 0.5. Thus fog is an (E, E V q)

fuzzy left ideal of S. 

Similarly we can show that fog is an (E, E V q)-fuzzy right ideal of S. 

Thus fog is an (E, E V q)-fuzzy ideal of S .• 

Lemma 60 The intersection of any family of (E, E V (i)-fuzzy left (resp. right) ideals 

of a semigroup S is an (E, E V q)-fuzzy left (resp. right) ideal of S. 

Proof. Let {fd iEI be a family of (E, E V g) -fuzzy left ideals of S and x, YES. 

Since each fi is an (E, E V g)-fuzzy left ideal of S, so fi (xy) V 0.5 2: fi (y) for all 

i E I. Thus 

( /\ (Ii (Xy ))) V 0.5 
tEl 

/\ (Ii (xy) V 0.5) 
iEI 

iEI 

(/\ Ii) (y) . 
tEl 

Hence /\ fi is an (E, E V g)-fuzzy left ideal of S. • 
iEI 
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Similarly we can prove that intersection of (E, E V g)-fuzzy right ideals of a semi

group S is an (E, E V g)-fuzzy right ideal of S. Thus intersection of (E, E V g)-fuzzy 

ideals of a semigroup S is an (E, E V g)-fuzzy ideal of S. 

Now we show that if f and 9 are (E, E V g) -fuzzy ideals of a semigroup S, then 

fog ~ f I\g. 

Example 61 Consider the semigroup S = {a, b, c, d} of Example 12. 

One can easily check that {a}, {a, b}, {a, b, c}, {a , b, d} and {a, b, c, d} are all ideals 

of S. 

Define the fuzzy subsets f , 9 of S by 

f (a) = 0.7, f (b) = 0.3 , f (c) = 0.4, f (d) = 0 

9 (a) = 0.8 , 9 (b) = 0.3, 9 (c) = 0.4, 9 (d) = 0. 2 

Then we have 

1 
{a,b,c} 

U(J;t) ~ F' 
{a , b, c, d} 

{a , b,c} 

U(g;t) = {a,c} 

{a} 
if! 

if 0 < t ~ 0.3 

if 0.3 < t ~ 0.4 

if 0.4 < t ~ 0.7 

if 0.7 < t ~ 1 

if 0 < t ~ 0.2 

if 0.2 < t ~ 0.3 

if 0.3 < t ~ 0.4 

if 0.4 < t ~ 0.8 

if 0.8 < t ~ 1 

Thus by Theorem 57, f, 9 are (E, E V g)-fuzzy ideals of S. 

Now 

(Jog)(b) v {J (x) 1\ 9 (y)} 
b=xy 

V {0.4, 0, O} 

= 0.4 ~ (J 1\ g) (b) = 0.3 

Hence fog ~ f 1\ 9 in general. 

Theorem 62 The union of any family of (E, E V g)-fuzzy left (resp. right) ideals of a 

semigroup S is an (E, E V g)-fuzzy left (resp. right) ideal of S. 

Proof. Straightforward. _ 
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Definition 63 A fuzzy subset f of a semigroup S is called an ("E, E V g)-fuzzy bi-ideal 

of S if it satisfies (2 .1a) and 

(2.4a) (xy z) min{t,r}"Ef =? XtEV gf or zr"EV gf f~r all x, y ,z E Sand t , r E (O,IJ. 

Theorem 64 Let f be a fuzzy subset of a semigroup S , x,y, z E Sand t,r E (O,IJ . 

Then the following conditions are equivalent 

(2.4a) (xYZ )min{t ,r} "Ef =? xt"E V gf or zr"E V gj. 

(2.4b) max{f(xyz ) , 0.5} ~ min{f(x), f( z }. 

Proof. Similar to the proof of Theorem 52. • 

Corollary 65 A fuzzy subset f of a semigroup S is an (E, E V g) -fuzzy bi-ideal of S 

if it satisfies condition (2.1b) and (2.4b). 

Theorem 66 A fuzzy subset f of a semigroup S is an (E, E V g)-fuzzy bi-ideal of S if 

and only if U(Jj t) (=/- ¢) is a bi-ideal of S for all t E (0.5,IJ. 

Proof. Similar to the proof of Theorem 57. • 

Lemma 67 The intersection of any family of ("E, "EVg)-fuzzy bi-ideals of a semigroup 

S is an ("E,"E V g)-fuzzy bi-ideal of S. 

Proof. Straightforward. • 

Lemma 68 Let f and 9 be (E,"E V g)-fuzzy bi-ideals of a semigroup S. Then fog is 

an ("E, E V g) -fuzzy bi-ideal of S. 

Proof. Similar to Theorem 59 .• 

Next we show that the union of ("E,"E V g) -fuzzy bi-ideals of a semigroup Sneed 

not be an ("E, "E V g)-fuzzy bi-ideal of S. 

Example 69 Consider the semigroup S = {O, 1,2,3,4, 5} with the following multipli

cation table: 

0 1 2 3 4 5 

0 0 0 0 0 0 0 

1 0 1 1 1 1 1 

2 0 1 2 3 1 1 

3 0 1 1 1 2 3 

4 0 1 4 5 1 1 

5 0 1 1 1 4 5 
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Bi-ideals in 5' are: {O}, {O,l}, {O,l,2}, {O,l,3}, {O,l,4} , {O,l ,5}, {O,l ,2,4}, 

{O, 1,3, 5}, {O, 1, 2, 3}, {O, I , 4, 5}, and S. 

Define fuzzy subsets f, 9 of S by 

f(O) = 0.7, f(l) = 0.6 = f(3) , f(2) = 0.2 = f(4) = f(5) 

g(O) = 0.75, g(l) = 0.62 = g(4), g(2) = 0.25 = g(3) = g(5) 

1 
{O,l ,2,3,4,5} 

U(f' t) = {O , I , 3} 
, {O} 

1> 

1 
{O, l ,2,3,4,5} 

U(.t)= {O,l,4} 
g, {O} 

¢ 

if 0 < t S; 0.2 

if 0.2 < t S; 0.6 

if 0.6 < t S; 0.7 

if 0.7 < t S; 1 

if 0 < t S; 0.25 

if 0.25 < t S; 0.62 

if 0.62 < t S; 0.75 

if 0.75 < t S; 1 

Then by Theorem 66 f, 9 are (E, E V q)-fuzzy bi-ideals of S. 

As U(J V gj t) = {O, 1,2,3, 4} for 0.2 < t S; 0.6, which is not a bi-ideal of S, so 

f V 9 is not an (E, E V q)-fuzzy bi-ideal of S. 

Definition 70 A fuzzy subset f of a semigroup S is called an (E, E V q)-fuzzy generalized 

bi-ideal of S if it satisfies (2.4a) or (2.4b) . 

Theorem 71 A fuzzy subset f of a semigroup S is an (E, E V q)-fuzzy generalized bi

ideal of S if and only if U(Jj t) (f. ¢) is a generalized bi-ideal of S for all t E (0.5,1] . 

Proof. Similar to the proof of Theorem 57. • 

It is clear that every (E, Evq)-fuzzy bi-ideal of a semigroup S is an (E, EVen-fuzzy 

generalized bi-ideal of S. The next example shows that the (E, EVq)-fuzzy generalized 

bi-ideal of S is not necessarily a fuzzy bi-ideal of S. 

Example 72 Consider the semigroup S = {a, b, c, d} of Example 12. 

One can easily check that {a}, {a, b}, {a, c}, {a, d}, {a, b, c}, {a, b, d} and {a, b, c, d} 

are all generalized bi-ideals of Sand {a}, {a, b}, {a, b, c}, { a, b, d}, { a, b, c, d} are all bi

ideals of S. 

Define a fuzzy subset f of S by 

f (a) = 0.8, f (b) = 0, f ( c) = 0.7, f (d) = O. 

Then, we have 
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{

{a, c} 

U(f; t) = ~a} 

if 0 < t :::; 0.7 

if 0.7 < t :::; 0.8 

if 0.8 < t :::; 1 

25 

Thus by Theorem 71 , f is an (E, E V q)-fuzzy generalized bi-ideal of S but not an 

(E,EVq)-fuzzy bi-ideal of S, because U(f;0.6) = {a,c} is a generalized bi-ideal of S 

but not a bi-ideal of S. 

Lemma 73 Every (E, E V q) -.fuzzy generalized bi-ideal of a regular semigroup S is an 

(E, E V q)-fuzzy bi-ideal of S. 

Proof. Let S be a regular semigroup and f an (E, Evq)-fuzzy generalized bi-ideal 

of S. Let a, bE S . Then there exists xES such that b = bx b. Thus we have 

max{f(ab), 0.5} = max{J(a(bxb)), 0.5} = max{J(a(bx)b), 0.5} ~ min{J(a), f(b)}. 

This shows that f is an (E, Evq)-fuzzy subsemigroup of S and so f is an (E, EVq)

fuzzy bi-ideal of S. _ 

Definition 74 A fuzzy subset f of a semigroup S is called an (E, EVq) -fuzzy quasi

ideal of S, if it satisfies, 

(2.5a) XtE f ~ XtE V q((f 0 S) f\ (S 0 f)). 

Where S is the fuzzy subset of S mapping every element of S on 1. 

Theorem 75 Let f be a fuzzy subset of a semigroup S, xES and t E (0,1]. Then 

the following conditions are equivalent 

(2 .5a) xtEf ~ XtE V q((f 0 S) f\ (S 0 f)) . 

(2.5b) max{J(x), 0.5} ~ min{ (f 0 S)(x ), (S 0 f) (x )}. 

Proof. The proof is similar to the proof of Theorem 52. _ 

Theorem 76 A .fuzzy subset f of a semigroup S is an (E, E V q) -.fuzzy quasi-ideal of 

S if and only if U(f; t) (=/ ¢) is a quasi-ideal of S for all t E (0.5, 1]. 

Proof. Similar to the proof of Theorem 57. _ 

Lemma 77 The intersection of any family of (E, E V q)-Juzzy quasi-ideals of a semi

group S is an (E, E V q)-fuzzy quasi-ideal of S. 

Proof. Straightforward. _ 
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Lemma 78 Let f and 9 be (E, EVej)-fuzzy quasi-ideals af a semigroup 8. Then fog 

is an (E, E V q) -fuzzy bi-ideal af 8. 

Proof. Straightforward. • 

Lemma 79 A nan-empty subset Q af a semigraup S is a quasi-ideal af S if and anly 

~f the characteristic function CQ is an (E, EV(j) -fuzzy quasi-ideal of S. 

Proof. Suppose Q is a quasi-ideal of 8. Let CQ be the characteristic function of 

Q. Let x E 8. If x t/:. Q then x t/:. 8Q or x t/:. Q8. If x t/:. SQ then (S 0 CQ) (x) = 0 and so 

min {(CQ oS) (x), (S 0 CQ) (x)} = 0 ~ CQ (x) VO.5. Ifx E Q then CQ (x) VO.5 = 1 ~ 

min {(CQ 0 S) (x) , (S 0 CQ) (x)}. Hence CQ is an (E, EVq)-fuzzy quasi-ideal af 8. 

Conversely, assume that CQ is an (E, EVq)-fuzzy quasi-ideal af 8. Let a E QS n 
SQ. Then there exist b, c E 8 and x, y E Q such that a = xb and a = cy. Then 

(CQ 0 S)(a) V {CQ (p) 1\ S (q)} 
a=pq 

> CQ(x)/\S(b) 

1/\1 

1. 

So (CQ 0 S) (a) = 1. Similarly (S 0 CQ) (a) = 1. 

Since CQ (a) V 0.5 ~ min {(CQ 0 S) (a), (S 0 CQ) (a)} = 1. Thus CQ (a) = 1, which 

implies that a E Q. Hence 8Q n QS ~ Q, this shows that Q is a quasi-ideal of S .• 
The proof of the following Lemma is similar to the proof of Lemma 79. 

Lemma 80 Let A be a nan-empty subset af a semigroup S. Then the characteristic 

function CA af A is an (E, EVq)-fuzzy bi-ideal (resp. generalized bi-ideal) af S if and 

anly if A is a bi-ideal (resp . generalized bi-ideal) af S. 

Theorem 81 Every (E, Evq)-fuzzy left (right) ideal af S is an (E, Evq)-fuzzy quasi

ideal of S. 

Proof. Let xES. Then 

(Sof)(x) = V {S(y)/\f( z )} 
x=y z 

V f( z) 
x=yz 

< V (J (y z ) V 0.5) 
x=yz 

f (x) V 0.5 

(
because f is an (E, Evq)-fuzzy ) 

left ideal af S. 
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Thus (S 0 f) (x) ~ f (x)VO.5. Hence f (x)VO.5 ~ (S 0 J) (x) ~ min {(J 0 S) (x), (S 0 f) (x)}. 

Therefore f is an (E, EVq)-fuzzy quasi-ideal of S .• 

Lemma 82 Every (E, Evq)-fuzzy quasi-ideal of S is an (E, Evq)-fuzzy bi-ideal of S. 

Proof. Suppose f is an (E, EVq)-fuzzy quasi-ideal of a semigroup S and x, y, z E S. 

Then 

f (xy) V 0.5 > (J 0 S) (xy) A (S 0 J) (xy) 

CY.b ({J Ca) AS Cb)}}) A Cy" {S (P) A f Cq))) 

> (J(x)AS(Y))A(S(x)Af(y)) 

(J(X)A1)A(lAf(y)) 

f (x) A f (y) 

So f (xy) V 0.5 ~ min{f (x), f (y)}. 

Also 

f (xyz) V 0.5 > (J 0 S) (xyz) A (S 0 J) (xyz) 

C~", {J Ca) AS Cb))) A C~"" {S (P) A f Cq))) 

> (J (x) AS (yz)) A (S (xy) A f (z)) 

(J (x) A 1) A (1 A f (z)) 

f(x)Af( z ) 

So f (x yz ) V 0.5 ~ min{f (x) ,f (z )}. Thus f is an (E, EVq)-fuzzy bi-ideal of S .• 

Definition 83 A fuzzy subset f of a semigroup S is called an (E, E V q) -fuzzy interior

ideal of S if it satisfies 

(2.6a) (xyz )t Ef => YtEVljf for all x,y, z E Sand t E (0, 1] . 

Theorem 84 Let f be a fuzzy s1£bset of a semigmup S, x, y, z E Sand t E (0,1]. 

Then the following conditions are equivalent 

(2.6a) (xy z )t 'Ef => YtE V qj. 

(2.6b) max{f(xyz ), 0.5} ~ f(y). 

Proof. Similar to the proof of Theorem 52. • 

Corollary 85 A fuzzy subset f of a sem'igmup S is an ('E, 'E V q)-fuzzy interior-ideal 

of S ~fit satisfies condition (2.6b). 
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Theorem 86 A fuzzy subset f of a semigroup 5' is an (E, E V q)-fuzzy interior-ideal 

of 5' if and only if U(J; t) (f. ¢) is an interior-ideal of 5' for all t E (0.5, 1J. 

Proof. Similar to the proof of Theorem 57. _ 

Lemma 87 The intersection of any family of (E, EVq)-fuzzy interior-ideals of a semi

group 5' is an (E, E V q)-fuzzy interior-ideal oj 5'. 

The following example shows that the union of (E, E V q) -fuzzy interior-ideals of a 

semigroup 5' need not be an (E, E V q)-fuzzy interior-ideal of 5'. 

Example 88 Let 5' = {a, b, c, d} be a sem igroup with the following multiplication 

table: 

a b c d 

a a a a a 

b a a d a 

c a a a a 

d a a a a 

Then the interior-ideals of 5' are, {a} , {a , b}, {a, c}, {a, d}, {a, b, d}, {a, c, d} and 

S. Define fuzzy subsets f, 9 of S as follows: 

f(a) = 0.8 = f(b), f(c) = 0 = f(d) and g(a) = 0.8 = g(c), g(b) = 0 = g(d) . 

Then we have 

U(J;t) = { ~a,b} 

( ) {
{a, c} 

U g·t = , ¢ 

if 0 < t ~ 0.8 

if 0.8 < t ~ 1 

if 0 < t ~ 0.8 

if 0.8 < t ~ 1 

Thus by Theorem 86 f , 9 are (E , Evq)-fuzzy interior-ideals of 5' . But U(JVg; t) = 

{a, b, c} if 0 < t ~ 0.8, which is not an interior-ideal of S, so f vg is not (E, EV q)-fuzzy 

interior-ideal of 5'. 

Lemma 89 Every (E, EVq)-fuzzy ideal of a semigroup S is an (E, EVq) -fuzzy interior

ideal oj S . 

Proof. Straightforward. _ 

The following example shows that the converse of the Lemma 89 does not hold in 

general. 
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Example 90 Consider the semigmup 5' = {O, a, b, c} with the fo llowing multiplication 

table: 

0 a b c 

0 0 0 0 0 

a 0 0 0 0 

b 0 0 0 a 

c 0 0 a b 

Then {O}, {O,a}, {O,b}, {O,a,b}, and 5' are interior-ideals of 5', but {O,b} is not 

an ideal. Define a fuzzy subset f of 5' by 

f(O) = 0.6 , f(a) = 0.4, f(b) = 0.6 and f(c) = 0.2 

Then we have 

! 
{O,a,b,c} 

U(f't) = {O,a,b} 
, {O, b} 

¢ 

if 0 < t ::; 0.2 

if 0.2 < t ::; 0.4 

if 0.4 < t ::; 0.6 

if 0.6 < t ::; 1 

Thus by Theorem 86 f is an (E', E' V in -fuzzy interior-ideal of 5'. 

Since {O, b} is not an ideal of 5', so f is not an (E', E'vq)-fuzzy ideal of S. 

Lemma 91 Every (E', E'Vq)-fuzzy interior-ideal of a regular semigroup 5' is an (E', E' v 

q) -fuzzy ideal of S. 

Proof. Let 5' be a regular semigroup and f an (E', E' V q)-fuzzy interior-ideal of 5'. 

Let a, bE S. Then there exists x E 5' such that a = axa. Thus we have 

max{f(ab) , 0.5} = max{f((axa)b), 0.5} = max{f((ax)a(b)) , 0.5} ~ f(a). 

This shows that f is an (E', E' V q)-fuzzy right ideal of 5'. 

Similarly b = byb for some YES, thus we have 

max{f(ab), 0.5} = max{f(a(byb)) , 0.5} = max{f((a)b(yb)), 0.5} ~ f(b). 

This shows that f is an (E', E'Vq)-fuzzy left ideal of S. Hence f is an (E', E'vq)-fuzzy 

ideal of S .• 

2.3 Regular Semigroups in Terms of (E, Evq)-fuzzy Ideals 

In this section we prove that if f is an (E', E' V q)-fuzzy ideal of 5', then f+ is also an 

(E', E' V q)-fuzzy ideal of S. We also characterize regular semigroups in terms of their 

(E', E' V q)-fuzzy ideal, quasi-ideals and bi-ideals. 
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Definition 92 [42] Let f be a fuzzy subset of a semigroup 5'. We define the upper part 

j+ and the lower part f- of f as follows, f+ (x) = f (x) vO.5 and f - (x) = f (x ) /\ 0.5. 

Lemma 93 [42] Let f and 9 be fuzzy subsets of a semigroup 5'. Then the following 

holds . 

(1) (f /\ g) - = (f - /\ g-) 

(2) (f V g)- = (f - V g-) 

(3) (fog)-=(f-og-) 

(4) (f /\g)+ = (f + /\g+) 

(5) (f V g)+ = (f + V g+) 

(6) (f 0 g)+ ;::: (f + 0 g+) 

If every element x of 5' is expressible as x = bc for some b, c E 5', then (f 0 g)+ = 
(f+ 0 g+). 

Lemma 94 Let A and B be non-empty subsets of a semigroup 5'. Then the following 

holds. 

(1) (CA /\ CB)+ = C1nB 

(2) (CA V CB)+ = C1UB 

(3) (CA 0 CB )+ = C1B 

Where C A is the characteristic function of A . 

Proposition 95 If f is an (E, E V (f)-fuzzy left (resp. right) ideal of 5' then f+ is also 

an (E, E V (f)-fuzzy left (resp. right) ideal of 5' . 

Proof. Suppose f is an (E, E V q)-fuzzy left ideal of 5' and x, y E 5'. Then 

max{J+(xy), 0.5} = max{max(f(xy), 0.5), 0.5} 

= max{f(xy) , 0.5} ;::: f(y) because f is an (E, E V q)-fuzzy left ideal of 5'. 

Also max{f+(xy), 0.5} ;::: 0.5. Thus max{f+(xy), 0.5} ;::: f(y) V 0.5 = f+(y) · 

Hence f+ is an (E, E V q)-fuzzy left ideal of 5'. • 

Similarly we can prove the following proposition. 

Proposition 96 If f is an (E, E V q)-fuzzy quasi-ideal (resp. bi-ideal, generalized bi

ideal, interior-ideal) of 5' then f + is an (E, E V q)-fuzzy quasi-ideal (resp. bi-ideal, 

generalized bi-ideal, interior-ideal) of 5'. 

Lemma 97 Let L be a non-empty subset of a semigroup 5' . Then L is a left (resp. 

right) ideal of 5' ~f and only if ct, the upper part of characteristic function CL is an 

(E, E V q)-fuzzy left (resp. right) ideal of 5'. 
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Proof. Let L be a left ideal of S. Then by Lemma 94 and Proposition 95 ct is 

an (E, E V g)-fuzzy left ideal of S. 

Conversely, assume that ct is an (E, E V g)-fuzzy left ideal of S. Let x E L. Then 

ct(x) = l. Since ct is an (E,E V g)-fuzzy left ideal of S, so max{Ct(yx),0.5} 2: 
ct(x) = l. Thus ct(yx) = 1 and hence yx E L. This implirs that L is a left ideal of 

S .• 

Similarly we can prove the following lemma. 

Lemma 98 A non-empty subset Q of a semigroup S is a quasi-ideal (resp. bi-ideal, 

generalized bi-ideal, interior-ideal) of S if and only ~f the upper part c~ of character

istic function CQ, is an (E, EVg)-fuzzy quasi-ideal (resp. bi-ideal, generalized bi-ideal, 

interior-ideal) of S. 

Next we show that if f is an (E, E V g)-fuzzy left (right) ideal of S then f+ is a 

fuzzy left (right) ideal of S. 

The following example shows that every fuzzy left ideal of S is not of the form f+ 

for some (E, E V g)-fuzzy left ideal f of S. 

Example 99 Consider the semigroup of Example 12. The fuzzy subset f of S defined 

by f (a) = 0.4, f (b) = 0.3, f (c) = 0.2, f (d) = 0.1 is a fuzzy left ideal of S but is not 

of the form g+ for some (E, E V g)-fuzzy left ideal 9 of S. 

In Example 61 it is shown that fog i f 1\ 9 for (E, E V g)-fuzzy ideals f, 9 of S. 

Now we show that (J 0 g)+ ~ (J 1\ g)+ for every (E, E V g)-fuzzy ideals f, 9 of S. 

Proposition 100 Let f be an (E, Evg)-fuzzy right ideal and 9 an (E, Evg)-fuzzy left 

ideal of S. Then (J 0 g) + ~ (J 1\ g) + . 

Proof. Let f be an (E, E V g)-fuzzy right ideal and 9 an (E", E V g)-fuzzy left ideal 

of S. Then for all a E S, we have 

(J 0 g)+(a) (J 0 g)(a) V 0.5 

CYuz {J(y) 1\ g(Z)}) V 0.5 

< CYuz {(J(yz) V 0.5) 1\ (g(y z ) V 0.5)}) V 0.5 

{(J(a) 1\ g(a» V 0.5} V 0.5 

(J 1\ g) (a) V 0.5 

(f /\ g)+ (a). 
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If a is not expressible as a = yz, then 

(J 0 g)+(a) = (J 0 g)(a) V 0.5 = 0 V 0.5 = 0.5 

::; (J /\ g)(a) V 0.5 ~ (J /\ g)+(a). 

So (J 0 g)+ ::; (J /\ g)+ .• 
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Next we characterize regular semigroups by the properties of (E, E V q)-fuzzy ideals, 

bi-ideals and generalized bi-ideals. 

Theorem 101 For a semigroup S the following conditions are equivalent. 

(1) S is regular. 

(2) (J /\g)+ = (Jog)+ for every (E, Evq)-fuzzy right ideal f and eVer'lJ (E, EVq)

fuzzy left ideal 9 of S. 

Proof. (1) =? (2) Let f be an (E, Evq)-fuzzy right ideal and 9 be an (E, Evq)-fuzzy 

left ideal of S. Then by Proposition 100, (J 0 g)+ ~ (J /\ g)+. 

Let a E S. Then there exists xES such that a = axa. 

So 

(J 0 g)+(a) (J 0 g)(a) V 0.5 

C~z {f(y) /\ g(Z)}) V 0.5 

> {J(ax) /\ g(a)} V 0.5 

{(J (ax) V 0.5) /\ (g (a) V 0.5)} 

> f(a) 1\ (g(a) V 0.5) 

= (J(a) /\ g(a)) V 0.5 

(J /\ g)+(a). 

So (J 0 g)+ ;::: (J /\ g)+. Thus (J /\ g)+ = (J 0 g)+. 

(2) =? (1) Let R be a right ideal and L a left ideal of S. Then by Corolarry 56, 
CR and CL are (E, E V iI)-fuzzy right and left ideals of S, respectively. Thus we have 

C1i.L (CR 0 CL)+ 

(CR /\ CL)+ by (2) 

C1i.nL 

Thus R n L = RL. Hence it follows from Theorem 23 that S is regular. • 

Theorem 102 For a semigroup S, the following conditions are equivalent. 
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(1) 5' is regular. 

(2) (h /\ f /\ g)+ ~ (h 0 f 0 g)+ for every (E, EVq)-fuzzy right ideal h, every (E, EV 

q)-fuzzy generalized bi-ideal f and every (E, E V eI)-fuzzy left ideal 9 of S . 

(3) (h /\ f /\ g)+ ~ (h 0 f 0 g)+ for every (E, Evq)-fuzzy right ideal h, every (E, EV 

q)-fuzzy bi-ideal f, and every (E, E V q)-fuzzy left ideal 9 of S. 

(4) (h /\ f /\ g)+ ~ (h 0 f 0 g)+ fo r every (E, EVq) -fuzzy right ideal h, every (E, EV 

q)-fuzzy quasi-ideal f, and every (E, E V q)-fuzzy left ideal 9 of S. 

Proof. (1) =} (2) : Let h, f and 9 be (E, E V q)-fuzzy right ideal, generalized bi

ideal, and left ideal of S, respectively. Let a be any element of S. Since S is regular, 

so there exists xES such that a = axa. Hence we have 

(hofog)+(a) (hofog)(a)VO.5 = C~z{h(y)/\(10g)(Z)}) V O.5 

So (1) implies (2) . 

> {h (ax ) /\ (1 0 g) (a)} V 0.5 

(h (ax) V 0.5) /\ ((1 0 g) (a) V 0.5) 

> (h(a)) /\ (C~q {f(p) /\g(q)}) V O.5) 

> (h (a)) /\ {(1 (a) /\ 9 (xa)) V 0.5} 

(h (a)) /\ {(J (a) V 0.5) /\ (g (xa) V 0.5)} 

(h (a)) /\ {(J (a) V 0.5) /\ (g (xa) V 0.5)} 

> (h (a)) /\ {(J (a) V 0.5) /\ (g (a))) 

{h (a) /\ (J (a) /\ 9 (a))) V 0.5 

(h /\ f /\ g)+ (a). 

(2) =} (3) =} (4) Straightforward, because every (E, EVq)-fuzzy bi-ideal is (E, EVq)

fuzzy generalized bi-ideal and every (E, E V q)-fuzzy quasi-ideal is (E, E V q)-fuzzy 

bi-ideal. 

(4) =} (1) : Let hand 9 be any (E, E V q)-fuzzy right ideal and (E, E V q)-fuzzy 

left ideal of S, respectively. Since S is an (E, E V q)-fuzzy quasi-ideal of S, so by the 
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assumption, we have 

(h 1\ g)+ (a) (h 1\ g) (a) V 0.5 

(hI\Sl\g)(a)VO .5 

(h 1\ S 1\ g)+ (a) 

< (h o S o g)+(a) 

(h oSo g)(a) V O.5 

C~c {(h 0 S) (b) 1\ 9 (e)}) V 0.5 

(Yk { (.~ (h(p) AS (q))) Ag(e)}) V 05 

(Yk {(.~(h~)Al}) Ag(e)}) vO.5 

(Yk {(.~h~)) Ag(e)}) V 05 

< (y., { (Y" (h (pq) V 0 5}) A g(e) }) V 05 

< C~c {(h(b) VO.5) 1\ (g(e))}) VO.5 

C~c {(h (b) 1\ 9 (e)} V 0.5) V 0.5 

C~c {(h(b) I\g(e)} ) VO.5 

(hog)(a)VO .5 

(hog)+(a) . 
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Thus it follows that (h 1\ g)+ S (h 0 g) + for every (E, E V q,)-fuzzy right ideal h 

and every (E, E V q)-fuzzy left ideal 9 of S . But (h 0 g)+ S (h 1\ g)+ always. Thus 

(h 0 g)+ = (h 1\ g)+. Hence by Theorem 101 S is regular .• 

Theorem 103 For a semigroup S, the following conditions are eq·uivalent. 

(1) S is regular. 

(2) f + = (J 0 S 0 f)+ for every (E, E V q)-fuzzy generalized bi-ideal f of S. 

(3) f + = (J 0 S 0 f)+ fo r every (E , E V q) -fuzzy bi -ideal f of S. 
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(4) f + = (f 0 S 0 f)+ for every (E, E V q)-fuzzy quasi-ideal f of S. 

Proof. (1) =? (2) : Let f be an (E, E V g)-fuzzy generalized bi-ideal of S and let 

a E S. Since S is regular, so there exists xES such that a = axa. Hence we have 

(J 0 S 0 f) + (a) (J 0 S 0 f) (a) V 0.5 

C~z {(f 0 S) (y)!\ f (Z)}) V 0.5 

> {(J 0 S)(ax)!\ f (a)} V 0. 5 

{ C~pq {J (p) !\ S (q)}) !\ f (a) } V 0. 5 

> {(f (a) !\ S (x)) !\ f (a)} V 0.5 

{(J (a) !\ 1) !\ f (a)} V 0.5 

f( a) V O. 5 

f+ (a) 

Thus (J 0 S o f)+ 2: f +. 
Also 

(f 0 So f)+ (a) (J 0 S 0 f) (a) V 0.5 

C~z {(J 0 S) (y) !\ f (Z)} ) V 0.5 

= C~z { C~q {J (p) !\ S (q)}) !\ f (z) } ) V 0.5 

CYuz { C~q {J (p) !\ I}) !\ f (z) } ) V 0.5 

CYuz C~/ (p) !\ f (z) } ) V 0.5 

< {J (pqz) V 0.5} V 0.5 V (
because f is an (E, E V q) -fuzzy ) 

generalized bi-ideal of S. a= (pq )z 
f(a) V O. 5 

j+ (a). 

So, (J 0 S 0 f) + :s f +. Thus f + = (f 0 S 0 f) +. 

(2) =? (3) =? (4) Obvious . 
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(4) =} (1) Let A be any quasi-ideal of 8. Since by Corollary 56 CA is an (E , E Vq)

fuzzy quasi-ideal of S, so we have 

ct (CA 0 S 0 CA)+ = CtSA 

=} A = A8 A. 

Hence it follows from Theorem 23 that 8 is regular. • 

Theorem 104 For a semigroup 8, the following conditions are equivalent. 

(1) 8 is regular. 

(2) (f 1\ g)+ = (f 0 9 01)+ for every (E, E V q)-fuzzy generalized bi-ideal f and 

every (E, E V q)-fuzzy interior-ideal 9 of S. 

(3) (f 1\ g)+ = (f 0 go 1)+ for every (E, Evq)-fuzzy bi-ideal f and every (E, EVq)

fuzzy interior-ideal g of 8. 

(4) (f 1\ g)+ = (f 0 9 01)+ for every (E, Evq)-fuzzy quasi-ideal f and every eE, EV 

q)-fuzzy interior-ideal 9 of 8 . 

(5) (f 1\ g)+ = (f 0 9 0 1)+for every (E, E V q)-fuzzy generalized bi-ideal f and 

every (E, E V q) -fuzzy two-sided ideal 9 of S. 

(6) (f 1\ g)+ = (f 0 9 0 1)+ fo r every (E , E Vq) -fuzzy bi-ideal f and every (E , EVq) 

fuzzy two-sided ideal 9 of 8 . 

(7) (f 1\ g)+ = (f 0 9 0 1)+ f or every (E , Evq)-fuzzy quasi-ideal f and every (E, EV 

q)-fuzzy two-sided ideal 9 of 8 . 
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Proof. (1) =? (2) : Let f be an (E, E V q)-fuzzy generalized bi-ideal and 9 an 

(E, E V q)-fuzzy interior-ideal of S. Then for all a E S, 

(fogof)(a)VO.5 

< (f oSof) (a)VO.5 

C~z {(f 0 S) (y) /\ f (Z)}) V 0.5 

CY,. { (y" (f (p) AS (q)) ) A f (z) } ) A 05 

C~z { C~q {J (p) II I}) II f (z) } ) V 0.5 

a~z {C~/(p)) IIf(Z) } v O.5 

.Y,. {,y", f (p) A f «) } V 0 5 

V {J (p) II f (z)} V 0.5 
a=(pq) z 

< V {f (pqz ) V 0.5} V 0.5 
a=(pq)z 

f (a) V 0.5 

f + (a) 
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and 

(fogof)+(a) < (SogoS)+(a) 

= (SogoS)(a)VO.5 

CYuz {(S 0 g) (y) 1\ S (z)}) V 0.5 

C~z {C~q{S(P) /\ g(q)}) /\S(Z)}) vO.5 

C~z {C~q {11\9(q)}) /\1 }) VO.5 

C~z C~/ (q)} ) V 0.5 

< ( V 9 (pqz ) VO.5) V 0.5 
a=(pq) z 

g(a)VO .5 

g+ (a). 

Thus (f 0 9 0 1)+ :S (f + /\ g+) = (f 1\ g)+ . 
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Since S is regular, so there exists an element xES such that a = axa (= axaxa). 

Since 9 is an (E, E V q)-fuzzy interior-ideal of S, we have 

(f 0 9 0 f) (a) V 0.5 

C~z {f (y) 1\ (g 0 f) (Z)}) V 0.5 

> (f (a) 1\ (g 0 f) (xaxa)) V 0.5 

(I (a) /\ Ca~pq {g (p) /\ 1 (q)}) ) V 0.5 

> (f (a) /\ (g (xax) 1\ 1 (a)))V 0.5 

(f (a) V 0.5) 1\ {(g (xax) /\ 1 (a)) V 0.5} 

(f (a) V 0.5) 1\ {(g (xax) V 0.5) 1\ (f (a) V 0.5)} 

(f (a) V 0.5) /\ {(g (xax) V 0.5) /\ (f (a) V 0.5)} 

> (f (a) V 0.5) 1\ {(g (a)) 1\ (f (a) VO.5)} 

(f (a) V 0.5) 1\ ({(g (a) /\ (f (a)) V 0.5) 

(f (a) 1\ {(g (a) 1\ (f (a)) V 0.5) 

(f 1\ g) (a) V 0.5 

(f 1\ g)+ (a) . 

f 
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So (J 0 g 0 f) + ~ (J 1\ g) + . Hence (J 0 g 0 f) + = (J 1\ g) + . 

(2) =} (3) =} (4) =} (7) and (2) =} (5) =} (6) =} (7) are clear. 
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(7) =} (1) Let f be an (E, E V q)-fuzzy quasi-ideal of S. Then, since S itself is an 

(E, E V q)-fuzzy ideal of S, we have 

f+ (a) f(a)VO .5 

(J 1\ S) (a) V 0.5 

(J 1\ S)+ (a) 

(J 0 So f)+ (a) . 

Thus it follows from Theorem 57 that S is regular. _ 

Theorem 105 For a semigroup S, the following conditions are equivalent. 

(1) S is regular. 

(2) (J 1\ g)+ :S (J 0 g)+ for every (E, E V q)-fuzzy generalized bi-ideal f and every 

(E, E V q)-fuzzy left ideal g of S. 

(3) (J 1\ g)+ :S (J 0 g)+ for every (E, E V q)-fuzzy bi-ideal f and every (E, E V q)

fuzzy left ideal g of S. 

(4) (J 1\ g)+ :S (J 0 g)+ for every (E, Evq)-fuzzy quasi-ideal f and every (E, EVq)

fuzzy left ideal g of S. 

(5) (J 1\ g)+ :S (J 0 g)+ for every (E, E V q)-fuzzy generalized bi-ideal g and every 

(E, E V q) -fuzzy right ideal f of S . 

(6) (J 1\ g)+ :S (J 0 g)+ for every (E, E V q)-fuzzy bi-ideal g and every (E, E V q)

fuzzy right ideal f of S. 

(7) (J 1\ g)+ :S (J 0 g)+ for every (E, EVq)-fuzzy quasi-ideal g and every (E, EVq)

fuzzy right ideal f of S. 

Proof. (1) =} (2) Let f and g be any (E, E V q)-fuzzy generalized hi-ideal and any 

(E, E V q)-fuzzy left ideal of S, respectively. Let a be any element of S. Then there 
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exists an element xES such that a = axa. Thus we have 

(J 0 g)+ (a) (J 0 g)(a) V 0.5 

So (J 0 g)+ ~ (J 1\ g)+. 

(2) => (3) => (4) are obvious. 

CYuz {f (y ) 1\ 9 (Z)}) V 0.5 

> (J (a) 1\ 9 (xa)) V 0.5 

(J (a) V 0.5) 1\ (g (xa) V 0.5) 

(J (a) V 0.5) 1\ (g (xa) V 0.5) 

> (J (a) V 0.5) 1\ (g (a)) 

(J (a) 1\ 9 (a)) V 0.5 

(J 1\ g) (a) V 0.5 

(J 1\ g)+ (a) . 

40 

(4) => (1) : Let f be an (E, EVq)-fuzzy right ideal and 9 be an (E, EVq)-fuzzy left 

ideal of S. Since every (E, Evq)-fuzzy right ideal of S is an (E, EVq)-fuzzy quasi-ideal 

of S . So (J 0 g)+ ~ (J 1\ g)+. By Proposition 100, (J 0 g)+ :::; (J 1\ g)+. Hence 

(J 0 g)+ = (J 1\ g)+ for every (E, E V q) -fuzzy right ideal f and every (E, E V q)-fuzzy 

left ideal 9 of S. Thus by Theorem 101 S is regular. 

Similarly we can show that (1) => (5) => (6) => (7) => (1) .• 

2.4 Intra-regular Semigroups in Term s of (E, E V q) -fuzzy 

Ideals 

In this section we characterize intra-regular and regular and intra-regular semigroups 

by the properties of their (E, E V q)-fuzzy ideals, quasi-ideals and bi-ideals. 

Theorem 106 For a semigroup S, the following conditions are equivalent. 

(1) S is intra-regular. 

(2) (J I\g)+ :::; (Jog)+ for every (E, Evq)-fuzzy left ideal f and every (E, EVq)-fuzzy 

right ideal 9 of S. 

Proof. (1) => (2) Let f be an (E, Evq)-fuzzy left ideal and 9 be an (E, EVq)-fuzzy 

right ideal of S. Let xES. Then there exist a, bE S such that x = axxb. Thus 

(J 0 g)+ (x) = (J 0 g) (x) V 0.5 

= (V {J(y) 1\ g( z )}) V 0.5 
a=yz 

~ (J(ax) 1\ g(xb)) V 0.5 



2. Characterizations of Semigroups by (E, E V q)-fuzzy Ideals 

= {(J(ax) V 0.5) 1\ (g(xb) V 0.5)} V 0.5 

~ {(J(x) 1\ g(x)} V 0.5 = (J 1\ g)+ (x). 
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(2) =? (1) Let Rand L be right and left ideals of S, respectively. Then CR and CL 

are (E, E V q)-fuzzy right and left ideals of S, respectively. Thus by hypothesis 

CiR = (CL 0 CR)+ ~ (CL 1\ CR)+ = CinR' 

Thus R n L ~ LR. This implies that S is an intra-regular semigroup. _ 

Theorem 107 For a semigroup S, the following conditions are equivalent. 

(1) S is both regular and intra-regular. 

(2) (J 01)+ = t+ for every (E, E V q)-fuzzy quasi-ideal f of S. 

(3) (J 01)+ = t+ for every (E, E V q)-fuzzy bi-ideal f of S . 

(4) (J 1\ g)+ :::; (J 0 g)+ for all (E, E vq)-fuzzy quasi-ideals f,g of S. 

(5) (J 1\ g)+ :::; (J 0 g)+ for every (E, EVq)-fuzzy quasi-ideal f and every (E, EV q)

fuzzy bi-ideal 9 of S. 

(6) (J I\g)+:::; (log)+ for all (E,EVq)-fuzzy bi-ideals f,g of S. 

Proof. (1) =? (6) Let f, 9 be any (E, E V q)-fuzzy bi-ideals of S and xES. Then 

there exist a, b, c E S such that x = xax and x = bxxc. Thus x = xax = xaxax = 
xa (bxxc) ax = (xabx) (xcax). Therefore 

(10 g)+ (x) = (J 0 g) (x) V 0.5 

= ( V {J(y) 1\ g(z)}) V 0.5 
a=yz 

~ (J(xabx) 1\ g(xcax)) V 0.5 

= {(J(xabx) V 0.5) 1\ (g(xcax) V 0.5)} V 0.5 

~ {(J(x) 1\ g(x)} V 0.5 = (J 1\ g)+ (x). 

Thus (11\ g)+ :::; (J 0 g)+ for all (E, E V q)-fuzzy bi-ideals f, 9 of S. 

(6) =? (5) =? (4) are Obvious. 

(4) =? (2) Take f = gin (4). We have f+ = (J 1\ 1)+ :::; (J 0 1)+ but (J 0 1)+ :::; f+ 

for every (E, E V q)-fuzzy quasi-ideals f of S. Hence f+ = (J 0 1)+ . 

(6) =? (3) =? (2) Obvious. 

(2) =? (1) Let Q be any quasi-ideal of S. Then CQ is an (E, Evq)-fuzzy quasi-ideal 

of S. Hence by hypothesis (CQ 0 CQ) + = C~, that is QQ = Q. Then by Theorem 28 

S is both regular and intra-regular. _ 

Theorem 108 For a semigroup S, the following conditions are equivalent. 

(1) S is both regular and intra-regular. 

(2) (J 1\ g)+ :::; (J 0 g)+ 1\ (g 01)+ for every (E, EVq)-fuzzy right ideal f and every 

(E, E V q)-fuzzy left ideal 9 of S. 
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(3) (J /\ g)+ :::; (J 0 g) + /\ (g 0 J)+ for every (E, Evq)-fuzzy right ideal j and every 

(E, E V q)-fuzzy quasi-ideal 9 of S. 

(4) (J /\ g)+ :::; (J 0 g)+ /\ (g 0 J)+ for every (E, Evq)-fuzzy right ideal j and every 

(E, E V q)-fuzzy bi-ideal 9 of S. 

(5) (J /\ g)+ :::; (J 0 g)+ /\ (g 0 J)+ for every (E, EVq)-fuzzy right ideal j and every 

(E, E V q)-fuzzy generalized bi-ideal 9 of S . 

(6) (J /\ g)+ :::; (J 0 g)+ /\ (g 0 J)+ for every (E, E V q)-fuzzy left ideal j and every 

(E, E V q)-fuzzy quasi-ideal 9 of S. 

(7) (J /\ g)+ :::; (J 0 g)+ /\ (g 0 J)+ for every (E, E V q)-fuzzy left ideal j and every 

(E, E V q)-fuzzy bi-ideal 9 of S. 

(8) (J /\ g)+ :::; (J 0 g)+ /\ (g 0 J)+ for every (E, E V q)-fuzzy left ideal j and every 

(E, E V q)-fuzzy generalized bi-ideal 9 of S. 

(9) (J /\ g)+ :::; (J 0 g)+ /\ (g 0 J)+ for all (E, E V q)-fuzzy quasi-ideals j, 9 of S. 

(10) (J /\ g)+ :::; (J 0 g)+ /\ (g 0 J)+ for every (E, E V q)-fuzzy quasi-ideal j and 

every (E, E V q)-fuzzy bi-ideal 9 of S. 

(ll) (J /\ g)+ :::; (J 0 g)+ /\ (g 0 J)+ for every (E, E V q)-fuzzy quasi-ideal j and 

every (E, E V q)-fuzzy generalized bi-ideal 9 of S. 

(12) (J /\ g)+ :::; (J 0 g)+ /\ (g 0 J)+ for all (E, E V q)-fuzzy bi-ideals j, 9 of S. 

(13) (J /\ g)+ :::; (J 0 g)+ /\ (g 0 J)+ for every (E, E V q)-fuzzy bi-ideal j and every 

(E, E V q)-fuzzy generalized bi-ideal 9 of S. 

(14) (J /\ g)+ :::; (J 0 g)+ /\ (g 0 J)+ for all (E, EVq)-fuzzy generalized bi-ideals j, 9 

of S. 

Proof. (1) => (14) Let j, 9 be any (E, E V q)-fuzzy generalized bi-ideals of S 

and XES. Then there exist a, b, c E S such that x = xax and x = bxxc. Thus 

x = xax = xaxax = xa (bxxc) ax = (xabx) (xcax). Therefore 

(J 0 g)+ (x) = (J 0 g)(x) V 0.5 

= ( V {fey) /\ g(z)}) V 0.5 
a=yz 

2: (J(xabx) /\ g(xcax)) V 0.5 

= {(J(xabx) V 0.5) /\ (g(xcax) V 0.5)} V 0.5 

2: {(J(x) /\g(x)} VO.5 = (J /\g)+(x). 
Similarly we can show that (J /\ g) + :::; (g 0 J) + . 

Thus (J /\ g)+ :::; (J 0 g)+ /\ (g 0 J)+ for all (E, EVq)-fuzzy generalized bi-ideals j, 9 
of S. 

(14) => (13) => (12) => (10) => (9) => (3) => (2), (14) => (11) => (10), (14) => 
(8) => (7) => (6) => (2) and (14) => (5) => (4) => (3) => (2) are obvious. 

(2) => (1) Let j be an (E, E V q)-fuzzy right and 9 be an (E, E V q)-fuzzy left ideal 

of S. Then by hypothesis 
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(J 1\ g)+ ::; (f 0 g)+ 1\ (g 0 f)+ but (J 1\ g)+ ~ (J 0 g)+ is always true. Hence 

(J 1\ g) + = (J 0 g) + and (J 1\ g) + S; (g 0 f) +, this shows that S is both regular and 

intra-regular. • 

2.5 Semisimple Semigroups in Terms of (E , E VeI)-fuzzy 

Ideals 

Recall that a semigroup S is semisimple if every two sided ideal of S is idempotent. 

It is clear that a semigroup S is semisimple if and only if a E (SaS) (SaS) for every 

a E S, that is there exist x, y, z, t E S such that a = (xay) (taz ). 

Theorem 109 In a semisimple semigroup S, a fuzzy subset f of S is an (E', E' V (1) 

fuzzy ideal of S ~f and only if it is an (E', E' V q) -fuzzy interior-ideal of S. 

Proof. Let S be a semisimple semigroup and f be an (E', Evq)-fuzzy interior-ideal 

of S. Then for any x, yES there exist a, b, c, dES such that x = (axb) (cxd). Thus 

we have 

f (xy) V 0.5 = f ((axbcxd) y) V 0.5 = f ((ax (be)) x (dy)) V 0.5 ~ f (x). 

Similarly f (xy) V 0.5 2: f (y). Hence f is an (E', E V q) -fuzzy ideal of S . 

Conversely, assume that f is an (E, E V q)-fuzzy ideal of S. Then f is always an 

(E, E V q)-fuzzy interior-ideal of S. • 

Theorem 110 For a semigroup S the following assertions are equivalent 

(1) S is semisimple. 

(2) (J 0 f)+ = f+ for every (E, E' V q)-fuzzy ideal f of S. 

(3) (f 0 f)+ = j+ for every (E, E' V q)-fuzzy interior-ideal f of S. 

(4) (f I\g)+ = (f og)+ for all (E',EVq)-fuzzy ideals f,g of S. 

(5) (f 1\ g)+ = (f 0 g)+ for every (E', EVq)-fuzzy ideal f and every (E, EVq)-fuzzy 

interior-ideal 9 of S. 

(6) (f 1\ g)+ = (f 0 g)+ for every (E, Evq)-fuzzy interior-ideal f and every (E, EV 

q)-fuzzy ideal 9 of S. 

(7) (J 1\ g)+ = (f 0 g)+ for all (E, E V q)-fuzzy interior-ideals f , 9 of S. 

Proof. (1) =? (7) Let S be a semisimple semigroup and f, 9 be (E, E V q)-fuzzy 

interior-ideals of S. Let xES. Then there exist a, b, c, dES such that x = (axb) (cxd). 

Thus we have 

(f 0 g)+ (x) = ( C~z (J(y) 1\ g(Z))) V 0.5) 

2: ((f(ax b) 1\ g(cxd)) V 0.5) 
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= ((J(axb ) V 0.5) 1\ (g(cxd) V 0.5)) 

~ f( x ) 1\ g(x ) V 0.5 

= ((J 1\ g) (x) ) V 0.5 

= (J 1\ g)+ (x ). 
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Thus (J 0 g) + ~ (J 1\ g) +. Since every (E, E V q)-fuzzy interior-ideal of S in a 

semi simple semigroup is an (E , E V q)-fuzzy ideal of S, so(J 0 g)+ :::; (J 1\ g)+ . Hence 

(J 0 g)+ = (J 1\ g)+ . 

(7) =? (6) =? (4) =? (2) , (7) =? (3) =? (2) and (7) =? (5) =? (4) are obvious. 

(2) =? (1) Let A be any ideal of S. Then CA is an (E , E V q)-fuzzy ideal of S. 

Thus by hypothesis (CA 0 CA)+ = (CA)+, that is AA = A. Hence S is a semisimple 
semigroup. _ 



Chapter 3 

Semigroups Characterized by the 

Properties of their 

(E, E V qk)-fuzzy Ideals 

3.1 Introduction 

Generalizing the concept of the quasi-coincidence of a fuzzy point with a fuzzy set, 

Jun [21] defined (E, E Vqk)-fuzzy sub algebras in BCK/BCI-algebras. In [43] Shabir et 

al. characterized different classes of semigroups by the properties of (E, E Vqk)-fuzzy 

ideals. In [44] Shabir and Mahmood characterized different classes of hemirings by 

(E, E vqk)-fuzzy ideals. In this chapter we initiate the study of (E, EV qk)-fuzzy idelas, 

generalized bi-ideals and quasi-ideals of a semigroup and characterize semigroups by 

the properties of these fuzzy ideals. 

3.2 (E, E V qk)-fuzzy ideals 

In what follows, let S denote a semigroup and k be an arbitrary element of [0, 1] unless 

otherwise specified. Generalizing the concept of xtqf, Jun [21] defined xtqkf, where f 

is a fuzzy subset of S as xtqkf if f( x) + t + k > 1. 

Definition 111 A fuzzy subset f of a semigroup S is called an (E, E V qk)-fuzzy sub

semigroup of S if for all x, yES and t, l' E (0,1] the following condition holds 

(3.1a) (XY)min{t,r}Ef =} xtEVqkf or yrEVqkf· 

Theorem 112 Let f be a fuzzy subset of a semigroup S, x,y E Sand t,T E (0,1]. 

Then the following conditions are equivalent 

45 
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(3.1a) (XY)rnin{t.r}Ef => XtE V qkf or yrE V qkf· 

(3.1b) max{f(xy) , 12k} 2 min{J(x), f(y)}. 

Proof. (3 .1a) => (3.1b) Suppose there exist x, yES such that max{J(xy), 12k} < 
min{J(x), f(y)}. Then we can choose t E e2

k , 1] such that max{J(xy), 12k} < t = 
min{J(x), f(y)}. Then (xy) t"E f but Xt E l\qkf and Yt E l\qkf, which is a contradiction. 

Hence max{f(xy), 12k} 2 min{f(x) , f(y)} . 

(3.1b) => (3.1a) Let (XY)min{ t,r }Ef. Thenf(xy) < min{t,r}. If max {J(xy ) , 12k } = 
f(xy), then min{J(x), f(y)} ::; f(xy) < min{t,r} and consequently, f(x) < t or 

f(y) < 1'. It follows that xtEf or yrEf. Thus XtEVqk f or YrEVqkf · 

If max{J(xy), 12k} = 12k, then min{J(x), f(y)} ::; 12k. Suppose Xt E f and 

Yr E f, then t ::; f( x) < 12k or r ::; f(y) < 12k . It follows that xtqkf or Yrqkf. • 

Corollary 113 A fuzzy subset f of a semigroup S is an (E, EVqk)-fuzzy subsemigroup 

of S if it satisfies condition (3 .1b). 

Theorem 114 A fuzzy subset f of a semigroup S is an (E, EVqk)-fuzzy subsemigroup 

of S if and only if U(J; t)(# ¢) is a subsemigroup of S for all t E e2
k , 1]. 

Proof. Suppose f is an (E, E V qk)-fuzzy subsemigroup of S and x, y E U(J; t) for 

some t E e2
k , 1]. Then f(x) 2 t and f(y) 2 t . Hence 12k < t ::; min{J(x), f(y)} ::; 

max{J(xy), 12k}. Thus f( xy) 2 t and so x y E U(J; t) . Consequently, U(J ; t) is a 

sub semi group of S. 

Conversely, assume that U(J; t)(# ¢) is a subsemigroup of S for all t E e2
k , 1] . 

Suppose that there exist x, yES such that max{J(xy), 12k} < min{f(x), f(y)} = 
t. Then t E e2

k , 1] and x, y E U(J; t) but xy i U(J; t). This contradicts our 

hypothesis. Hence max{J(xy), 12k} 2 min{J(x), f(y)} and so f is an (E, E V qk)

fuzzy subsemigroup of S . • 

Theorem 115 Let A be a non-empty subset of a semigroup S and define a fuzzy 

subset f of S by 

() { 
1 if x E A 

f x = 
::; 12k otherwise. 

Then A is a subsemigroup of S if and only if f is an (E, EV qk)-fuzzy subsemigroup 

of S. 

Proof. Let A be a subsemigroup of S and x, yES. If x , yEA then f (x) = 

f (y) = 1. As A is a subsemigroup of S, so xy E A. This implies f (xy) = 1. Hence 

max{J(xy) , 12k} = 1 = min{J(x),f(y)}. If x i A or y i A then f(x) ::; 12k 

or f(y) ::; 12k . Thus min{J(x),f(y)} ::; 12k::; max{J(xy) , 12k } . Hence in any 
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case max {J (xy) , 12k} 2: min {J (x), f (y)}. This shows that f is an (E, EV qk)-fuzzy 

subsemigroup of S. 

Conversely, assume that f is an (E, E V qk)-fuzzy subsemigroup of S and x, YEA. 

Then f (x) = f (y) = 1. By hypothesis max {J (xy) , 12k} 2: min {f (x) ,f (y)} = 1. 

This implies f (xy) = 1, that is xy E A. Hence A is a subsemigroup of S .• 

Corollary 116 A non-empty subset A of a semigroup S is a subsemigroup of S ~f and 

only ~f CAl the characteristic function of A is an (E, E V qk) -fuzzy subsemigroup of S. 

Definition 117 A fuzzy subset f of a semigroup S is called an (E, E V qk) -fuzzy right 

(resp. left) ideal of S if for all x, yES and t E (0,1] the following condition holds 

(3.2a) (xY)tEf ~ xtE V qkf (resp. (3.3a) (xY)tEf ~ YtE V qkf ). 

A fuzzy subset f of a semi group S is called an (E, E V qk)-fuzzy ideal of S if it is 

both an (E, E V qk)-fuzzy right and (E, E V qk)-fuzzy left ideal of S. 

Theorem 118 Let f be a fuzzy subset of a semigroup S, x, yES and t E (0,1]. Then 

the following conditions are equivalent 

(3.2a) (xY)tEf ~ XtE V qkf . 

(3.2b) max{J(xy), 12k} 2: f(x) . 

( 
resp. (3.3a)(xY)tEf ~ YtE V qkf. ) . 

(3.3b) max{f(xy), 12k } 2: f(y) 

Proof. (3.2a) ~ (3.2b) Suppose there exist X,y E S such that max{J(xy), 12k} < 
f(x). Then we can choose t E e2

k ,l] such that max{J(xy) , 12k} < t = f(x). Then 

(xY)tEf but Xt E l\qkf, which is a contradiction. Hence max{f(xy), 12k} 2: f(x). 

(3 .2b) ~ (3.2a) Let (xY)tEf. Then f(xy) < t. If max{J(xy) , 12k} = f(xy), then 

f(x) ~ f(xy) < t and consequently, f(x) < t. It follows that xtEf. Thus xtE V qkf. 

If max{f(xy), 12k} = 12k, then f( x) ~ 12k. Suppose Xt E f, then t ~ f(x) < 12k. 

It follows that xtqkf. Thus XtE V qkf. • 

Corollary 119 A fuzzy subset f of a semigroup S is an (E, E V qk)-fuzzy right (resp. 

left) ideal of S if it satisfies condition (3.2b) (resp. (3.3b)). 

Corollary 120 A fuzzy subset f of a semigroup S is an (E, E V qk)-fuzzy ideal of S 

if it satisfies conditions (3.2b) and (3 .3b) . 

Theorem 121 

A fuzzy subset f of a semigroup S is an (E, E V qk)-fuzzy right (resp. left) ideal of 

S if and only if U(f; t)(# 0) is a right (resp. left) ideal of S' for all t E e2k 
I 1J. 
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Proof. Suppose f is an (E", E" V qk)-fuzzy right ideal of S and x E U(J; t)(=F 

0) and YES, for some t E (12k, 1] . Then f(x) ~ t. Hence 12k < t -:; f(x) -:; 

max{J(xy), 12k}. Thus f(xy) ~ t and so xy E U(J; t). Consequently, U(J; t) is a 

right ideal of S. 

Conversely, assume that U(J; t)(=F ¢) is a right ideal of S for all t E e2
k

, 1]. 
Suppose that there exist x, y ES such that max{J(xy), 12k} < f(x) = t. Then 

t E e2k, 1] and x E U(J; t) but xy ~ U(J; t) . Which contradicts our hypothsis. Hence 

max{J(xy), 12k} ~ f(x) and so f is an (E", E" V qk)-fuzzy right ideal of S . • 

Corollary 122 A fuzzy subset f of a semigroup S is an (E", E" V qk)-fuzzy ideal of S 

if and only if U(J; t)(=F ¢) is an ideal of S for all t E e2
k, 1]. 

Theorem 123 Let A be a non-empty subset of a semigroup S and define a fuzzy 

subset f of S by 

f (x) = { 1 if x E A 
-:; 12k otherwise. 

Then A is a right (left) ideal of S if and only if f is an (E", E" V qk)-fuzzy right (left) 

ideal of S. 

Proof. The proof is similar to the proof of Theorem 115 . • 

Corollary 124 A non-empty subset A of a semigroup S is a right (left) ideal of S 

if and only if CA, the characteristic function of A, is an (E", E" V qk)-fuzzy right (left) 

ideal of S. 

Theorem 125 Let f be an (E", E"v qk) -fuzzy left ideal of Sand 9 be an (E", E"v qk) -fuzzy 

right ideal of S, then fog is an (E", E" V qk) -juzzy two-sided ideal of S. 

Proof. Let x, yES. Then (J 0 g)(y) = V {J(p) 1\ g(q)}. 
y=pq 

(If y = pq, then xy = x(pq) = (xp)q. Since f is an (E", E" V qk)-fuzzy left ideal, so 

by Theorem 118, f(xp) V 12k ~ J(p).) 

Thus 

(J 0 g)(y) = V {J(p) 1\ g(q)} 
y=pq 

-:; V {f( xp) V 12k) 1\ g(q)} 
y=pq 

-:; V {(J(a) V 12k) 1\ g(b)} 
xy=ab 

= V {(J(a) 1\ g(b)) V 12k} 
xy=ab 
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= ( V {(J(a) 1\ g(b)}) V 12k 
xy=ab 

= (J 0 g)(xy) V 12k. 

So (f 0 g)(y) ::; (J 0 g)(xy) V 12k. 

If (J 0 g)(y) = 0, then (J 0 g)(y) ::; (J og)(xy) V 12k. Thus fog is an (E, EV qk)-fuzzy 

left ideal of S. 

Similarly we can show that f og is an (E, E V qk)-fuzzy right ideal of S . Thus fog 

is an (E, E V qk)-fuz zy ideal of S . • 

Lemma 126 The intersection of any family of(E, EV qk) -fuzzy left (resp . right) ideals 

of a semigmup S is an (E, E V qk) -fuzzy left (resp. right) ideal of S. 

Proof. Let {fdiEI be a family of (E, E V qk)-fuzzy left ideals of S and x, y E S . 

Since each li is an (E, EV qk)-fuzzy left ideal of S, so fi(XY) V 12k 2 Ji(y) for all i E I . 

Thus 

((/\li)(xy))V 12k = (/\ (fi( xy)))V 12k 
iEI iEI 

= /\ (Ji(XY) V 12k) 
iEI 

2 /\(Ji(y)) 
iEI 

= (/\Ji)(Y)' 
iEI 

Hence /\li is an (E, E V qk)-fuzzy left ideal of S. • 
iEI 

Similarly, we can prove that the intersection of any family of (E, E V qk)-fuzzy 

right ideals of S is an (E, E V qk)-fuzzy right ideal of S. Thus the intersection of 

(E, E V qk)-fuzzy ideals of a semigroup S is an (E, E V qk)-fuzzy ideal of S . 

Now we show that if f and g are (E, E V qk)-fuzzy ideals of a semigroup S , then 

f o g 1: f I\g. 

Example 127 Consider the semigroup S = {a, b, c, d} of Example 12. 

One can easily check that {a} , {a , b}, {a, b, c}, {a, b, d} and {a, b, c, d} are all ideals 

of S. 

Define fuzzy sets f, g of S by 

f(a) = 0.7, f(b) = 0.3 , f(c) = 0.4, f(d) = 0, 

g(a) 0.8, g(b) = 0.3 , g(c) = 0.4, g(d) = 0.2 . 
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Then 

U(f;t) ~ ! {a, b, c} if 0 < t S; 0.3 

{a, c} if 0.3 < t S; 0.4 

{a} if 0.4 < t S; 0.7 

¢ if 0.7 < t S; 1 

{a, b, c, d} if o < t S; 0.2 

{a , b,c} if 0.2 < t S; 0.3 

U(g; t) = {a, c} if 0.3 < t S; 0.4 

{a} if 0.4 < t S; 0.8 

¢ if 0.8 < t S; 1 

Then by Theorem 121, f and 9 are ("E,"E V qk)-fuzzy ideals of S for k = 0. 2. 

Now, 

(J 0 g)(b) V {f(x) /\ g(y)} 
b=xy 

V{0.4, 0, O} = 0.4 ~ (J /\ g)(b) = 0.3 . 

Hence fog i f /\ 9 in general. 

Theorem 128 The union of any family of ("E, "EV qk)-fuzzy left (resp. right) ideals of 

a semigroup S is an ("E,"E V qk) -fuzzy left (resp. right) ideal of S. 

Proof. Let {fdiEI be a family of ("E,"E V qk)-fuzzy left ideals of S and x, yES. 

Since each Ji is an ("E,"EV qk)-fuzzy left ideal of S, so f i (xy) V 12k ~ Ji(y) for all i E I . 

Thus 

((V fi)(xy))V 12k = (V (Ji(xy)))V 12k 
iEI iEI 

= V (Ji(XY)V 12k) 
iEI 

;:: V(Ji(Y)) 
iEI 

= (V fi)(y), 
iEI 

Hence V fi is an ("E,"E V qk)-fuzzy left ideal of S . • 
iE I 

Definition 129 A fuzzy subset f of a semigroup S is called an ("E, "E V qk)-fuzzy bi

ideal of S ~f it satisfies (3.1a) and (3.4a), where 
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(3 .4a) (XYZ)min{t,r}Ef =? XtE V qkf or zrE V qkf for all x, y, Z E Sand t, r E (0,1]. 

Theorem 130 Let f be a fuzzy subset of a semigroup S, x,y , Z E Sand t,r E (0,1]. 

T hen the following condit ions are equivalent 

(3.4a) (XYZ)min{t,r}Ef =? XtE V qkf or zrE V qkf. 

(3.4b) max{f(xyz ) , 12k} ~ min{f(x) , fe z )}. 

Proof. The proof is similar to the proof of Theorem ll8 .• 

Corollary 131 A fuzzy subset f of a semigroup S is an (E, E V qk)-fuzzy bi- ideal of 

S if it satisfies (3.1b) and (3.4b). 

Theorem 132 

A fuzzy subset f of a semigroup S is an (E, E V qk)-fuzzy bi- ideal of S if and only 

if U(f; t)(# 0) is a bi-ideal of S for all t E e2k
, 1]. 

Proof. The proof is similar to the proof of Theorem 121. • 

Theorem 133 Let A be a non-empty subset of a semigroup S and define a fuzzy 

subset f of S by 

f (x) = { 1 if x E A 
:::; 12k otherwise. 

Then A is a bi-ideal of S if and only if f is an (E, E V qk)-fuzzy bi-ideal of S. 

Proof. The proof is similar to the proof of Theorem ll5. • 

Corollary 134 A non-empty subset A of a semigroup S is a bi-ideal of S if and only 

if CA, the characteristic function of A, is an (E, E V qk) -fuzzy bi-ideal of S. 

Lemma 135 The intersection of any family of (E, E V qk)-fuzzy bi-ideals of a semi

group S is an (E, E V qk)-fuzzy bi-ideal of S. 

Proof. The proof is similar to the proof of Lemma 126. • 

Lemma 136 Let f and 9 be (E, E V qk) -fuzzy bi-ideals of a semigroup S . Then fog 

is an (E, E V qk) -fuzzy bi-ideal of S. 

Proof. The proof is similar to the proof of Theorem 125. • 

Next we show that the union of (E, E V qk)-fuzzy bi-ideals of a semigroup Sneed 

not be an (E, E V qk)-fuzzy bi-ideal of S. 
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Example 137 Consider the semigroup S = {O, 1,2,3,4, 5}. 

0 1 2 3 4 5 

0 0 0 0 0 0 0 

1 0 1 1 1 1 1 

2 0 1 2 3' 1 1 

3 0 1 1 1 2 3 

4 0 1 4 5 1 1 

5 0 1 1 1 4 5 

One can easily check that the bi-ideals in S are: {O}, {O, I}, {O, 1, 2}, {O, 1, 3} , 

{0,1,4}, {O,1,5}, {0,1,2,4}, {O,1,3,5}, {0,1,2,3}, {0,1,4,5}, {0,1,2,3}, {0,1,4,5} 

and S. 

Define fuzzy subsets f, g of S by 

Then 

f(O) = 0.7, f(l) = 0.6 = f(3) , f(2) = 0.2 = f(4) = f(5) 

g(O) = 0.75, g(l) = 0.62 = g(4), g(2) = 0.25 = g(3) = g(5). 

! 
{0,1,2,3,4,5} 

U(f' t) = {O, 1, 3} 
, {O} 

¢ 

! 
{O, 1,2,3,4, 5} 

() 
{0,1,4} 

U gjt = {O} 

¢ 

if 0 < t :S 0.2 

if 0.2 < t :S 0.6 

if 0.6 < t :S 0.7 

if 0.7 < t :S 1 

if 0 < t :S 0.25 

if 0.25 < t :S 0.62 

if 0.62 < t :S 0.75 

if 0.75 < t :S 1 

Thus by Theorem 132, f and 9 are (E, E V qk)-fuzzy bi-ideals of S for k = 0.2. 

As U(f V gj t) = {O, 1, 3, 4} for 0.25 < t :S 0.6, which is not a bi-ideal of S. So f V 9 

is not an (E, E V qk)-fuzzy bi-ideal of S. 

Definition 138 A fuzzy subset f of a semigroup S is an (E, E V qk) -fuzzy generalized 

bi-ideal of S if it satisfies (3.4a) or (3.4b). 

Theorem 139 A fuzzy subset f of a semigroup S is an (E, E V qk) -fuzzy generalized 

bi-ideal of S if and only if U (f j t) (yf ¢) is a generalized bi-ideal of S for all t E e ;k , 1 J. 

Proof. The proof is similar to the proof of Theorem 121. • 
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Theorem 140 Let A be a non-empty subset of a semigroup 8 and define a fuzzy 

subset f of 8 by 

f (x) = {I if x E A 
:-s: 12k otherwise. 

Then A is a generalized bi-ideal of S if and only if f is an (E, E V qk)-fuzzy gener

alized bi-ideal of 8 . 

Proof. The proof is similar to the proof of Theorem 115. • 

Corollary 141 A non-empty subset A of a semigroup S is a generalized bi-ideal of 8 

~f and only ~f CA, the characteristic function of A, is an (E, E V qk)-fuzzy generalized 

bi-ideal of 8. 

It is clear that every (E, EVqk)-fuzzy bi- ideal of a semigroup 8 is an (E, EVqk)-fuzzy 

generalized bi-ideal 8. The next example shows that the fuzzy generalized bi-ideal of 

8 is not necessarily a fuzzy bi-ideal of S . 

Example 142 Consider the semigroup S = {a, b, c, d} of Example 12. 

One can easily check that {a}, {a, b}, {a, c}, {a , d}, {a, b, c} , {a, b, d} and {a, b, c, d} 

are all generalized bi-ideals of 8 and {a} , {a, b}, {a, b, c}, {a, b, d} and {a, b, c, d} are all 

bi-ideals of 8. 

Define a fuzzy subset f of 8 by 

f(a) = 0.8, f(b) = 0, f(c) = 0.7, f(d) = O. 

Then 

{

{a, c} 

U(J; t) = ~a} 

if 0 < t ::; 0.7 

if 0 .7 < t :-s: 0.8 

if 0.8 < t :-s: 1 

Thus by Theorem 139, f is an (E, E V qk) -fuzzy generalized bi-ideal of S but not 

an (E, E V qk)-fuzzy bi-ideal of 8, because U(J; 0.6) = {a, c} is a generalized bi-ideal 

of 8 but not a bi-ideal of 8 for k = 0.2. 

Lemma 143 Every (E, E V qk) -fuzzy generalized bi-ideal of a regular semigroup 8 is 

an (E, E V qk)-fuzzy bi-ideal of S. 
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Proof. Let S be a regular semigroup and f an (E", E" V qk)-fuzzy generalized bi

ideal of S . Let a, b E S, then there exists xES such that b = bxb. Thus we have 

max{J(ab), 12k} = max{J(a(bxb)) , 12k} = max{J(a(bx)b) , 12k} ~ min{J(a),f(b)}. 

This shows that f is an (E", E"Vqk)-fuzzy subsemigroup of S and so f is an (E", E"Vqk)

fuzzy bi-ideal of a S. • 

Definition 144 A fuzzy subset f of a semigroup S is called an (E", E"v qk) -fuzzy quasi

ideal of S if it satisfies 

(3 .5a) max{J(x), 12k} ~ min{(J 0 S)(x), (S 0 J)(x)} . 

Where S is the fuzzy subset of S mapping every element of S on 1. 

Theorem 145 A fuzzy subset f of a semigroup S is an (E", E" V qk)-fuzzy quasi-ideal 

of S if and only if U(Jj t)(=/= 0) is a quasi-ideal of S for all t E e2
k , 1J . 

Proof. Suppose f is an (E", E" V qk)-fuzzy quasi-ideal of S. Let x E U(J j t)S n 
SU(Jj t) . Then there exist a, b E U(Jj t) and u, v E S such that x = au and x = vb. 

Now, 

(J 0 S)(x) = V {f(y) 1\ S(z)} ~ f(a) 1\ S(u) = f(a) ~ t . 
x=yz 

Similarly (S 0 J)(x) ~ t . Thus by hypothesis 

max{f(x), 12k} ~ min{(JoS)(x),(SoJ)(x)} ~ t > 12k . 

This implies f(x) ~ t, that is x E U(Jj t). Hence U(Jj t) is a quasi-ideal of S. 

Conversely, assume that U(Jjt)(=/= 0) is a quasi-ideal of S for all t E e2
k ,lJ. Let 

xES be such that 

max{J(x), 12k } < min{(f 0 S)(x), (S 0 f)( x )}. 

Select t E e2k
, 1) such that 

max{f(x) , 12k} < t ~ min{(J 0 S)(x), (S 0 J)(x)}. 

This implies f( x ) < t and (J 0 S)(x) ~ t, (S 0 J)(x) ~ t. If (J 0 S)(x) ~ t , then 

(J oS)(x) = V {f(y) I\S(z)} = V f(y) ~ t =} there exists y E U(Jj t) such that 
x=yz x=yz 

X = yz for some z E S. Similarly (S 0 J)( x ) ~ t implies a E U(Jj t) such that x := ba 

for some b E S. Thus x E U(Jj t)S n SU(Jj t) ~ U(Jj t). A contradiction because 

f( x) < t . Hence 

max{J(x), 12k} ~ min{(J 0 S)( x ), (S 0 J)(x)} . 

This shows that f is an (E", E" V qk)-fuzzy quasi-ideal of S . • 

Theorem 146 Let A be a non-empty subset of a semigroup S and define a fuzzy 

subset f of S by 
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f (x) = { 1 if x E A 
::; 12k otherwise. 

Then A is a quasi-ideal of S if and only if f is an ("E, "E V qk)-fuzzy quasi-ideal of S . 

Proof. Suppose A is a quasi-ideal of S and xES. If x E A, then f(x) = 1. This 

implies max{f(x), 12k} = 1 ~ min{(JoS)(x), (Sof)(x)}. If x ~ A, then x ~ SAnAS. 

So f(x) ::; 12k. Since x ~ SA n AS, therefore, min{(J 0 S)(x), (S 0 f)(x)} =f. 1. This 

implies min{(J 0 S)(x), (S 0 f)(x)} ::; 12k = max{J(x), 12k}. 

Hence in any case max{f(x), 12k} ~ min{(J 0 S)(x), (S 0 f)(x)}, that is f is an 

("E, "E V qk)-fuzzy quasi-ideal of S. 

Conversely, assume that f is an ("E, "EVqk)-fuzzy quasi-ideal of S and x E SAnAS. 

Then there exist a, bE A and r, s E S such that x = ra = bs . Now 

(J 0 S)(x) = V {J(y) 1\ S( z )} ~ f(b) 1\ S(s) = 1 =:} (J 0 S)(x) = 1. 
x=yz 

Similarly, (Sof)(x) = 1. Thus by hypothesis max{f(x), 12k} ~ min{(JoS)(x), (So 

f)(x)} = 1. 

This implies f(x) = I, that is x E A. This shows that SA n AS S;;; A, that is A is 

a quasi-ideal of S. • 

Corollary 147 A non-empty subset A of a semigroup S is a quasi-ideal of S if and 

only if CA, the characteristic function of A, is an (E',"E V qk)-fuzzy quasi-ideal of S. 

Lemma 148 The intersection of any family of ("E, "Ev qk) -fuzzy quasi-ideals of a semi

group S is an ("E,"E V qk)-fuzzy quasi-ideal of S. 

Proof. Straightforward. • 

Theorem 149 Every ("E,"E V qk)-fuzzy left (resp. right) ideal of a semigroup S is an 

("E,"E V qk)-fuzzy quasi-ideal of S. 

Proof. The proof follows from Theorem 121 and Theorem 145 .• 

Theorem 150 Every ("E,"E V qk)-fuzzy quasi-ideal of S is an ("E,"E V qd-f1lZZY bi-ideal 

of S. 

Proof. The proof follows from Theorem 132 and Theorem 145 .• 

Definition 151 A fuzzy subset f of a semigroup S is an ("E, "EVqk)-fuzzy interior-ideal 

of S if it satisfies 

(3.6a) (xy z )&f => yt"E V qkf for all x, y, z E Sand t E (0,1] . 
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Theorem 152 Let f be a fuzzy subset of a semigroup 5', x, y, z E Sand t E (0,1]. 

Then the following conditions are equivalent 

(3.6a) (xy z)tEf => YtE V qkf. 

(3.6b) max{J(xyz ), 12k} ~ f(y). 

Proof. The proof is similar to the proof of Theorem ll8. • 

Corollary 153 A fuzzy subset f of a semigroup 5' is an (E, EVqk)-fuzzy interior-ideal 

of 5' if it satisfies (3.1b) and (3.6b). 

Theorem 154 A fuzzy subset f of a semigroup S is an (E, EV qk) -fuzzy interior-ideal 

of 5' if and only if UU; t)(# ¢) is an interior-ideal of 5' for all t E e2
k , 1] . 

Proof. The proof is similar to the proof of Theorem 121. • 

Theorem 155 Let A be a non-empty subset of a semigroup S and define a fuzzy 

subset f of S by 

f(x)= l-k 
{

I if x E A 

:::; -2- otherwise. 

Then A is an interior-ideal of S if and only if f is an (E, EV qk)-fuzzy interior-ideal 

of S. 

Proof. The proof is similar to the proof of Theorem ll5 . • 

Corollary 156 A non-empty subset A of a semigroup S is an interior-ideal of S if 

and only if CA, the characteristic function of A, is an (E, E V qk)-fuzzy interior-ideal 

of S. 

Lemma 157 The intersection of any family of (E, E V qk)-fuzzy interior-ideals of a 

semigroup 5' is an (E, E V qk)-fuzzy interior-ideal of S. 

Proof. Straightforward. • 

The following example shows that the union of (E, E V qk)-fuzzy interior-ideals of 

a semigroup S need not be an (E, E V qk)-fuzzy interior-ideal of S . 

Example 158 Consider the semigroup S = {a, b, c, d} with the following multiplica

tion table 
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a b c d 

a a a a a 

b a a d a 

c a a a a 

d a a a a 

One can easily check that {a},{a,b},{a,c},{a,d},{a , b,d},{a,c,d} and S are all 

interior-ideals of S. 

Define fuzzy subsets f, 9 of S by 

f(a) = 0.8 = f( b), f(c) = 0 = f(d), 

g(a) 0.8 = g(c), g(b) = 0 = g(d) 

Then 

U(f;t) = { 
{a,b} if O< t ::; 0.8 

¢ if O.8< t ::; 1 

U(g;t) = { 
{a,c} if O< t ::; 0.8 

¢ if 0.8< t ::; 1 

Then by Theorem 154, f and 9 are (E', E"v qk)-fuzzy interior-ideals of S for k = 0.2. 

But U( f V g; t) = {a, b, c} if 0 < t ::; 0.8, which is not an interior-ideal of S, so 

f V 9 is not an (E", E" V qk)-fuzzy interior-ideal of S . 

Lemma 159 Every (E", E" V qk)-fuzzy ideal of a semigroup S is an (E", E" V qk)-fuzzy 

interior-ideal of S . 

Proof. Straightforward. • 

The following example shows that the converse of the above Lemma does not hold 

in general. 

Example 160 Consider the semigroup S = {O, a, b, c} . 
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0 a b c 

0 0 0 0 0 

a 0 0 0 0 

b 0 0 0 a 

c 0 0 a b 

Then {O}, {O, a}, {O, b}, {O, a, b} and S are all interior-ideals of S, but {O, b} is not 

an ideal of S. 

Define a fuzzy subset f of S by 

f(O) = 0.6, f(a) = 0.4, f(b) = 0.6, and f(c) = 0.2. Then 

U(f;t) ~ 1 
{O,a,b,c} if O< t ::; 0.2 

{O,a,b} if O.2< t ::; 0.4 

{O,b} if 0.4< t ::; 0.6 

¢ if 0.6<t :::; 1 

Thus by Theorem 154 f is an (E, EV qk)-fuzzy interior-ideal of S for k = 0.2. Since 

{O , b} is not an ideal of S, so f is not an (E, E V qk)-fuzzy ideal of S for k = 0.2. 

Lemma 161 Every (E, E V qk)-fuzzy interior-ideal of a regular semigroup S is an 

(E, E V qk)-fuzzy ideal of S. 

Proof. Let S be a regular semigroup and f an (E, E V qk)-fuzzy interior-ideal 

of S. Let a, b E S. Then there exists xES such that a = axa. Thus we have 

max{J(ab), 12k} = max{f((axa)b), 12k} = max{J((ax)a(b)), 12k} ;::: f(a). This 

shows that f is an (E, E V qk)-fuzzy right ideal of S. Similarly we can show that 

f is an (E, E V qk)-fuzzy left ideal of S. Hence f is an (E, E V qk)-fuzzy ideal of S. • 

3.3 Regular Semigroups in Terms of (E, EVqk)-fuzzy Ideals 

In this section we characterize regular semigroups by the properties of their (E, EV qk)

fuzzy ideals, quasi-ideals and bi-ideals. 

Definition 162 Let f, g be fuzzy subsets of a semigroup S. We define the fuzzy subsets 

fk, f ;\k g, f Vk 9 and f ok 9 as follows: 
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for all xES. 

fk (x ) 

(f (\.k g) (x) 

(f Vk g) (x) 

(f ok g) (x) 

l-k 
f(x) V - 2-

l -k 
(J /\ g) (x) V - 2-

l - k 
= (J V g)(x) V -2-

l-k 
(J 0 g)(x) V -2-

Lemma 163 Let f and 9 be fuzzy subsets of a semigroup S. Then the following hold. 

(1) (J (\.k g) = (Jk (\. gk) 

(2) (J Vk g) = (Jk V gk) 

(3) (J ok g) ~ (Jk 0 gk) 

If every element x of S is expressible as x = be, then (J ok g) = (Jk 0 gk). 

Proof. Straightforward. • 

Lemma 164 Let A and B be non-empty subsets of a semigroup S. Then the following 

hold. 

(1) (GA (\.k GB) = G~nB 

(2) (GA Vk GB) = G~UB 
(3) (GA ok GB) = G~B' 
Proof. Straightforward .• 

Proposition 165 If f is an (E, E V qk)-fuzzy left (resp. right) ideal of S, then fk is 

also an (E, E V qk)-fuzzy left (resp. right) ideal of S. 

Proof. Suppose f is an (E, E V qk)-fuzzy left ideal of S and x, yES. Then 

max{Jk(xy), 12k} = max{max(J(xy), 12k), 12k} ~ max{J(y), 12k} = fk(y). Thus 

fk is an (E, E V qk)-fuzzy left ideal of S. • 

Similarly we can show that: 

Proposition 166 If f is an (E, EV qk) -fuzzy quasi-ideal (bi-ideal, generalized bi-ideal, 

interior-ideal) of S, then fk is an (E, E V qk) -fuzzy quasi-ideal (bi-ideal, generalized bi

ideal, interior-ideal) of S. 

Lemma 167 Let A be a non-empty subset of a semigroup S. Then A is a left (resp. 

right) ideal of S ~f and only if G~ is an (E, E V qk)-fuzzy left (resp. right) ideal of S. 
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Proof. Straightforward. • 

Similarly we can prove that: 

Lemma 168 A non-empty subset Q of a semigroup S is a quasi-ideal (bi-ideal, gen

eralized bi-ideal, interior-ideal) of S if and only if C~ is an (E , EV qk) -fuzzy quasi-ideal 

(bi-ideal, generalized bi-ideal, interior-ideal) of S. 

In example 61, it is shown that if f is an (E, E V qk)-fuzzy left ideal and g is an 

(E, EV qk)-fuzzy right ideal of S, then f og </.. f I\g. Now we show that (J ok g) ~ (J 1\ kg). 

Proposition 169 Let f be an (E, E V qk) -fuzzy right ideal and 9 an (E, E V qk) -fuzzy 

left ideal of S. Then f ok 9 ~ f I\k g . 

Proof. Let f be an (E, E V qk)-fuzzy right ideal and 9 be an (E, E V qk) -fuzzy left 

ideal of S. Then for all a E S, we have 

(J ok g)(a) = (J 0 g)(a) V 12k 

= (V {J(y)I\g( z )}) V 12k 
a= yz 

~ ( V {(J(yz) V 12k) 1\ (g(yz) V 12k)}) V 12k 
a=yz 

= {(J(a) 1\ g(a)) V 12k} V 12k 

= (J 1\ g)(a) V 12k 

= (J I\k g)(a). 

If a is not expressible as a = yz , then 

(J ok g)(a) = (J 0 g)(a) V 12k = 0 V 12k = 12k 

~ (J 1\ g)(a) V 12k = (J I\k g)(a). 

Thtls (J ok g) ~ (J I\k g) .• 

Next we characterize regular semi groups by the properties of (E, E V qk)-fuzzy 

ideals, bi-ideals and generalized bi-ideals. 

Theorem 170 For a semigroup S the following conditions are equivalent. 

(1) S is regular. 

(2) f I\kg = fok g for every (E, EV qk)-fuzzy right ideal f and every (E, EVqk)-fuzzy 

left ideal 9 of S. 

Proof. (1) =} (2) Let f be an (E, EV qk)-fuzzy right ideal and 9 be an (E, EV qk)-

fuzzy left ideal of S. Then by Proposition 169, f ok 9 ~ f I\k g. 

Let a E S . Then there exists xES such that a = axa. So 

(J ok g)(a) = (J 0 g)(a) V 12k 

= (V {J(y) I\g(z)}) V 12k 
a=yz 
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~ (f(ax) 1\ g(a)) V 12k 

= (f(ax ) V 12k ) 1\ (g(a) V 12k) 

~ f(a) 1\ (g(a) V 12k) 

= (f(a) 1\ g(a)) V 12k = (f I\k g)(a). 

So (f ok g) ~ (f I\k g). Thus (f ok g) = (f I\k g) . 

(2) =? (1) Let R be a right ideal and L be a left ideal of S . Then OR and OL are 

(E , E V qk)-fuzzy right and left ideals of S, respectively. Since 

Oh = (OR ok CL) = (OR I\k OL) = O~nL 
we have R n L = RL. This shows that S is regular. _ 

Theorem 171 For a semigroup S, the following conditions are equivalent. 

(1) S is regular . 

(2) (h I\k f I\k g) :::; (h ok f ok g) for every (E, E V qk)-fuzzy right ideal h, every 

(E, E V qk)-fuzzy generalized bi-ideal f and every (E, E V qk)-fuzzy left ideal 9 of S. 

(3) (h I\k f I\k g) :::; (h ok f ok g) for every (E, E V qk)-fuzzy right ideal h, every 

(E, E V qk)-fuzzy bi-ideal f and every (E, E V qk)-fuzzy left ideal 9 of S. 

(4) (h I\k f I\k g) :::; (h ok f ok g) for every (E, E V qk)-fuzzy right ideal h, every 

(E, E V qk)-fuzzy quasi-ideal f and every (E, E V qk)-fuzzy left ideal 9 of S. 

Proof. (1) =? (2) Let h, f and g be (E, E V qk)-fuzzy right ideal, generalized bi

ideal, and left ideal of S, respectively. Let a be any element of S. Since S is regular, so 

there exists xES such that a = axa. Hence we have (hok fokg)(a) = (hofog)(a) V 12k 

= ( V {h(y) 1\ (f 0 g)(z )}) V 12k 
a=yz 

~ {h(ax) 1\ (f 0 g) (a)} V 12k 

= (h(ax) V 12k) 1\ ((f 0 g)(a) V 12k) 

~ (h(a)) 1\ (( V {J(p) I\g(q)}) V 12k) 
a=pq 

~ (h(a)) 1\ {J(a) 1\ g(xa)) V 12k} 

= (h(a)) 1\ {(f(a) V 12k) 1\ (g(xa)) V 12k)} 

~ (h(a)) 1\ {(f(a) V 12k) 1\ (g(a))} 

= {h(a) 1\ (f(a) 1\ g(a))} V 12k = (h I\k f I\k g)(a). 

(2) =? (3) =? (4) Straight forward, because every (E, EVqk)-fuzzy bi-ideal is (E, EV 

qk)-fuzzy generalized bi-ideal and every (E, EV qk)-fuzzy quasi-ideal is (E, EV qk)-fuzzy 

bi-ideal. 

(4) =? (1) Let hand 9 be any (E, E V qk)-fuzzy right ideal and (E, E V qk)-fuzzy 

left ideal of S, respectively. Since S is an (E, E V qk)-fuzzy quasi-ideal of S, so by the 

assumption, we have 

(h I\k g)(a) = (h 1\ g)(a) V 12k 

= (h 1\ S 1\ g)(a) V 12k 
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= (h /\k S /\k g)(a) 

::; (h ok S ok g)(a) 

=(hoSog)(a)V12k 

= (V {(h 0 S)(b) /\ g(c)}) V 12k 
a=bc 

= ( V {( V {h(p) /\ S(q)}) /\ g(c)}) V 12k 
a=bc b=pq 

= (V {( V {h(p) /\ I}) /\g(c)}) V 12k 
a=bc b=pq 

= ( V {( V h(p)) /\ g(c)}) V 12k 
a=bc b=pq 

::; (V {( V {h(pq) V 12k}) /\g(c)}) V 12k 
a=bc b=pq 

::; (V {( h(b) V 12k}) /\g(c)}) V 12k 
a=bc 

= (V {(h(b) /\ g(c)}) V 12k) V 12k 
a=bc 

= (V {(h(b) /\g(c)}) V 12k 
a=bc 

= (h 0 g)(a) V 12k = (h ok g)(a). 

Thus it follows that (h /\k g) ::; (h ok g) for every (E, E V qk)-fuzzy right ideal hand 

every (E, E V qk)-fuzzy left ideal 9 of S. But (h ok g) ::; (h /\k g) always holds. Thus 

(h ok g) = (h /\k g) . Hence by Theorem 170, S is regular. _ 

Theorem 172 For a semigroup S, the following conditions are equivalent. 

(1) S is regular. 

(2) fk = (J ok S ok f) for every (E, E V qk)-fuzzy generalized bi-ideal f of S. 

(3) fk = (J ok S ok f) for every (E, E V qk)-fuzzy bi-ideal f of S. 

(4) fk = (J ok S ok f) for every (E, E V qk)-fuzzy quasi ideal f of S. 

Proof. (1) =? (2) Let f be an (E, E V qk)-fuzzy generalized bi-ideal of S and a be 

any element of S. Since S is regular, so there exists xES such that a = axa. Hence 

we have 

(J ok S ok f)(a) = (J 0 S 0 f)(a) V 12k 

= ( V {(J 0 S)(y) /\ f( z )}) V 12k 
a=yz 

;::: {(J 0 S)(ax) /\ f(a)} V 12k 

= {( V {f(p) /\ S(q)}) /\ f(a)} V 12k 
ax=pq 

;::: {(J(a) /\ S(x)) /\ f(a)} V 12k 

= {(J(a) /\ 1) /\ f(a)} V 12k 

= f(a) V 12k = flc(a). 
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Thus (J ok S ok f)(a) ~ Jk. 

Also 

(J ok S ok f)(a) = (J 0 S 0 f)(a) V 12k 

= ( V {(J 0 S)(y) 1\ J(z)}) V 12k 
a=yz 

= ( V {( V {J(p) 1\ S(q)}) 1\ J(z)}) V 12k 
a=yz y=pq 

= (V {( V {J(p) 1\ I}) 1\ J(z)}) V 12k 
a=yz y=pq 

= ( V { V {J (p) 1\ J(z)}) V 12k 
a=yz y=pq 

< V {J(pqz ) V 12k}V 12k 
a= (pq )z 

= J(a) V 12k = Jk(a). 
So, (J ok S ok f) ::; Jk. T hus Jk = (J ok S ok J). 

(2) => (3) => (4) obvious. 

(4) => (1) Let A be any quasi-ideal of S. T hen CA is an (E, E V qk)-fuzzy quasi 

ideal of S, so we have 

C~ = (CA ok S ok CA) = C~SA => A = ASA. 

Hence it follows from T heorem 23, that S is regular. • 

Theorem 173 For a semigroup S, the following conditions are equivalent. 

(1) S is regular. 

(2) (J I\k g) = (J ok 9 ok f) for every (E, E V qk)-fuzzy generalized bi-ideal J and 

every (E, E V qk)-fuzzy interior-ideal 9 of S . 

(3) (J I\k g) = (J ok gok f) for every (E, EVqk)-fuzzy bi-ideal J and every (E, EV qk)

fuzzy interior-ideal 9 of S. 

(4) (J I\k g) = (J ok 9 ok f) for every (E, E V qk)-fuzzy quasi-ideal J and every 

(E, E V qk)-fuzzy interior-ideal 9 of S . 

(5) (J I\k g) = (J ok 9 ok f) for every (E, E V qk)-fuzzy generalized bi-ideal J and 

every (E, E V qk)-fuzzy two-sided ideal 9 of S. 

(6) (J I\k g) = (J ok gok J) for every (E , EV qk)-fuzzy bi-ideal J and every (E, EV qk)

fuzzy two-sided ideal 9 of S. 

(7) (J I\k g) = (J ok 9 ok f) for every (E, E V qk)-fuzzy quasi-ideal J and every 

(E, E V qk)-fuzzy two-sided ideal 9 of S. 

Proof. (1) => (2) Let J be an (E , E V qk)-fuzzy generalized bi-ideal and 9 an 

(E, E V qk)-fuzzy interior-ideal of S. Then for all a E S, 

(J ok 9 ok J)(a) = (J 0 9 0 J )(a) V 12k 

::;(JoSof)(a)V 12k 
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=( V {(Jo S)(y )I\ J(z)}) V 12k 
a=yz 

= ( V {( V {f(p) 1\ S(q)}) 1\ J( z)}) V 12k 
a=yz y=pq 

= ( V {( V {J(p) 1\ I}) 1\ J( z)}) V 12k 
a=yz y=pq 

= V {( V J(p)) 1\ J( z )} V 12k 
a=yz y=pq 

= V { V J(p) 1\ J( z)} V 12k 
a=y z y= pq 

= V {f(p) 1\ J( z )} V 12k 
a={pq)z 

::; V {f(pqz) V 12k} V 12k 
a={pq) z 

= J(a) V 12k = Jk(a) 

and 

(J ok 9 ok J)(a) ::; (S ok 9 ok S)(a) = (S 0 9 0 S)(a) V 12k 

= ( V {(S 0 g)(y) 1\ S( z)}) V 12k 
a=yz 

= (V {( V {S(p) I\g (q)}) I\S(z )}) V 12k 
a=yz y=pq 

= (V {( V {l l\g (q)}) V 12k 
a=yz y=pq 

= ( V { V g( q)}) 1\ 12k 
a=yz y=pq 

::; ( V g(pqz ) V 12k) V 12k 
a={pq)z 

= g(a) V 12k = gk(a). 
Thus (J ok 9 ok f) ::; (Jk 1\ gk) = (J I\k g) . 

Since S is regular , so there exists an element xES such that a = axa(= axaxa). 

Since 9 is an (E", E" V qk)-fuzzy interior-ideal of S, we have 

(J ok 9 ok f)(a) = (J 0 9 0 J)(a) V 12k 

= (V {f(y) 1\ (g o f)( z )}) V 12k 
a= yz 

2: (J(a) 1\ (g 0 f)( xaxa)) V 12k 

= (J(a) 1\ ( V {g(p) 1\ J(q)) V 12k 
xaxa=pq 

2: (J(a) 1\ (g(xax) 1\ J(a))) V 12k 
= (J(a) V 12k ) 1\ {(g(xax) 1\ J(a)) V 12k } 

= (J(a) V 12k) 1\ {(g(xax) V 12k) 1\ (f(a)) V 12k)} 

2: (J(a) V 12k) 1\ {(g(a)) 1\ (J(a)) V 12k)} 

= (J(a) V 12k) 1\ ({(g(a) 1\ (J(a)} V 12k) 
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= (f(a) 1\ {(g(a) 1\ (f(a)} V 12k) 

= (f 1\ g)(a) V 12k = (f I\k g)(a). 

So (f ok 9 ok f) ~ (f I\k g). Hence (f ok 9 ok f) = (f I\k g). 

(2) =} (3) =} (4) =} (7) and (2) =} (5) =} (6) =} (7) are clear. 

(7) =} (1) Let f be an (E , E V qk)-fuzzy quasi-ideal of S. Since S is an (E, E V qk)

fuzzy ideal of S , we have for each a E S 
fk(a) = f(a) V 12k = (f 1\ S)(a) V 12k = (f I\k S)(a) = (f ok S ok f)(a). 

Thus it follows from Theorem 172 that S is regular. • 

Theorem 174 For a semigroup S, the following conditions are equivalent. 

( 1 ) S is regular. 

(2) (f I\k g) ~ (f ok g) for every (E, E V qk)-fuzzy generalized bi-ideal f and every 

(E, E V qk)-fuzzy left ideal 9 of S . 

(3) (f 1\ kg) ~ (f ok g) for every (E, EV qk)-fuzzy bi-ideal f and every (E, EV qk)-fuzzy 

left ideal 9 of S. 

(4) (f I\k g) ~ (f ok g) for every (E, EV qk)-fuzzy quasi-ideal f and every (E, EV qk)

fuzzy left ideal 9 of S . 

(5) (f I\k g) ~ (f ok g) for every (E, E V qk)-fuzzy generalized bi-ideal 9 and every 

(E, E V qk)-fuzzy right ideal f of S . 

(6) (f I\kg) ~ (fokg) for every (E, EVqk)-fuzzy bi-ideal 9 and every (E, EVqk)-fuzzy 

right ideal f of S. 

(7) (f I\k g) ~ (f ok g) for every (E , EV qk)-fuzzy quasi-ideal 9 and every (E, EV qk)

fuzzy right ideal f of S. 

Proof. (1) =} (2) Let f and 9 be any (E, EVqk)-fuzzy generalized bi-ideal and any 

(E, E V qk)-fuzzy left ideal of S, respectively. Let a be any element of S. Then there 

exists xES such that a = axa. Thus we have 

(f ok g)(a) = (f 0 g)(a) V 12k 

= ( V {J(y) 1\ g( z )}) V 12k 
a=yz 

~ (f(a) 1\ g(xa)) V 12k 

= (f(a) V 12k) 1\ (g(xa) V 12k) 

~ (f(a) V 12k) 1\ (g(a)) 

= (f(a) 1\ g(a)) V 12k 

= (f 1\ g)(a) V 12k = (f I\k g)(a). 
So (f ok g) ~ (f I\k g). 

(2) =} (3) =} (4) are Obviuos. 

(4) =} (1) Let f be an (E, E V qk)-fuzzy right-ideal and 9 be an (E, E V qk)-fuzzy 

left ideal of S. Since every (E, E V qk)-fuzzy right-ideal is an (E, E V qk) -fuzzy quasi 
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ideal of 8, we have (f 0'" g) ~ (f /\k g). But (f ok g) :=::: (f /\'" g) always holds. Hence 

(f ok g) = (f /\ kg) for every (E, E V qk)- fuzzy right-ideal f and every (E, E V qk)- fuzzy 

left ideal 9 of 8. Thus by T heorem 170 8 is regular. 

Similarly we can show that (1) =} (5) =} (6) =} (7) =} (1) .• 

3.4 Intra-Regular Semigroups in Terms of ( E ) E V qk) - fuzzy 

Ideals 

In this section we characterize intra-regular and regular and intra-regular semigroups 

by the properties of their (E, E V qk)- fuzzy ideals, quasi-ideals and bi-ideals. 

Theorem 175 For a semigroup S, the following conditions are equivalent. 

(1) S is intra-regular. 

(2) (f /\k g) :=::: (f ok g) for every (E, E V qk)-fuzzy left ideal f and every (E, E V qk)

fuzzy right ideal 9 of S . 

Proof. (1) =} (2) Let f be an (E, E V qk)-fuzzy left ideal and 9 be an (E, E V qk)

fuzzy right ideal of S . Let x ' E S . Then there exist a, b E S such that x = axxb. 

Thus 

(f ok g) (x ) = (f 0 g) (x) V 12k 

= ( V {f(y) /\ g( z )}) V 12k 
a= y z 

~ (f(ax ) /\ g(xb) ) V 12k 

= {(f(ax ) V 12k) /\ (g( xb) V 12k )} V 12k 

~ {(f( x ) /\ g(x)} V 12k = (J /\k g) (x) . 

(2) =} (1) Let Rand L be right and left ideals of S, respectively. Then CR and CL 

are (E, E V qk)-fuzzy right and left ideals of S, respectively. Thus by hypothesis 

CiR = (CL ok CR) ~ (CL /\k CR) = CinR' 

Thus R n L ~ LR. This implies that S is an intra-regular semigroup. • 

Theorem 176 For a semigroup S, the following conditions are equivalent. 

(1) S is both regular and intra-regular. 

(2) f ok f = fk for every (E, E V qk)-fuzzy quasi-ideal f of 8. 

(3) f ok f = fk for every (E, E V qk)-fuzzy bi-ideal f of 8 . 

(4) (f /\k g) :=::: (f ok g) for all (E, E V qk)-fuzzy quasi-ideals f, 9 of S. 

(5) (f /\k g) :=::: (f ok g) for every (E, EV qk)-fuzzy quasi-ideal f and every (E, EV qk)

fuzzy bi-ideal 9 of S. 

(6) (f /\k g) :=::: (f ok g) for all (E, E V qk)- fuzzy bi-ideals f, 9 of S . 
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Proof. (1) =} (6) Let f, 9 be any (E, E V qk)-fuzzy bi-ideals of S and xES. Then 

there exist a, b, c E S such that x = xax and x = bxxc. Thus x = xax = xaxax = 

xa (bxxc) ax = (xabx) (xcax). Therefore 

(f ok g) (x) = (f 0 g) (x) V 12k 

= ( V {f(y) 1\ g( z )}) V 12k 
a=yz 

;::: (f(xabx) 1\ g(xcax)) V 12k 

= {(f(xabx) V 12k) 1\ (g(xcax) V 12k)} V 12k 

;::: {(f(x) 1\ g(x)} V 12k = (J I\k g) (x) . 

Thus (f I\k g) :::; (f ok g) for all (E, E V qk)-fuzzy hi-ideals f, 9 of S . 

(6) =} (5) =} (4) are Obvious . 

(4) =} (2) Take f = gin (4). We have fk = (f I\k 1) :::; (f ok 1) but (f ok 1) :::; fk 

for every (E, E V qk)-fuzzy quasi-ideals f of S. Hence fk = (f ok 1). 

(6) =} (3) =} (2) Obvious. 

(2) =} (1) Let Q be any quasi-ideal of S. Then CQ is an (E, EV qk)-fuzzy quasi-ideal 

of S. Hence by hypothesis CQ ok CQ = C~ , that is QQ = Q. Then by Theorem 28 S 

is both regular and intra regular. _ 

Theorem 177 For a semigroup S, the following conditions are equivalent. 

(1) S is both regular and intra-regular . 

(2) (J I\k g) ::; (J ok g) 1\ (g ok f) for every (E, EVqk)-fuzzy right ideal f and every 

(E, E V qk)-fuzzy left ideal 9 of S. 

(3) (J I\k g) :::; (J ok g) 1\ (g ok f) for every (E, EVqk)-fuzzy right ideal f and every 

(E, E V qk)-fuzzy quasi-ideal 9 of S. 

(4) (J I\k g) :::; (J ok g) 1\ (g ok f) for every (E, EVqk)-fuzzy right ideal f and every 

(E, E V qk)-fuzzy bi-ideal 9 of S . 

(5) (J I\k g) :::; (J ok g) 1\ (g ok f) for every (E, EVqk)-fuzzy right ideal f and every 

(E, E V qk)-fuzzy generalized bi-ideal 9 of S . 

(6) (J 1\ kg) :::; (J ok g) 1\ (g ok f) for every (E, E V qk)- fuzzy left ideal f and every 

(E, E V qk)-fuzzy quasi-ideal 9 of S. 

(7) (J I\k g) :::; (J ok g) 1\ (g ok f) for every (E, E V qk)-fuzzy left ideal f and every 

(E, E V qk)-fuzzy bi-ideal 9 of S. 
(8) (J 1\ kg) :::; (J ok g) 1\ (g ok f) for every (E, E V qk)-fuzzy left ideal f and every 

(E, E V qk)-fuzzy generalized bi-ideal 9 of S . 

(9) (J I\k g) :::; (J ok g) 1\ (g ok f) for all (E, E V qk)-fuzzy quasi-ideals f, 9 of S. 

(10) (J 1\ kg) ::; (J ok g) 1\ (g ok f) for every (E, E V qk)-fuzzy quasi-ideal f and 

every (E, E V qk)-fuzzy bi-ideal 9 of S. 
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(ll) (J I\k g) ~ (J ok g) 1\ (g ok f) for every (E, E V qk)-fuzzy quasi-ideal f and 

every (E, E V qk)-fuzzy generalized bi-ideal 9 of 8. 

(12) (J 1\ kg) ~ (J ok g) 1\ (g ok f) for all (E, E V qk)-fuzzy bi-ideals f, 9 of 8. 

(13) (J I\k g) ~ (J ok g) 1\ (g ok f) for every (E, EV qk)-fuzzy bi-ideal f and every 

(E, E V qk)-fuzzy generalized bi-ideal 9 of 8 . 

(14) (J I\k g) ~ (J ok g) 1\ (g ok f) for all (E, E V qk)-fuzzy generalized bi-ideals 

f,g of 8. 

Proof. (1) =? (14) Let f, 9 be any (E, E V qk)-fuzzy generalized bi-ideals of 8 

and x E 8. Then there exist a, b, c E 8 such that x = xax and x = bxxc. Thus 

x = xax = xaxax = xa (bxxc) ax = (xabx) (xcax) . Therefore 

(J ok g) (x ) = (J 0 g) (x ) V 12k 

= ( V {J(y) 1\ g( z )}) V 12k 
a=yz 

~ (J( xabx) 1\ g(xcax)) V 12k 

= {(J(xabx) V 12k) 1\ (g( xcax ) V 12k)} V 12k 

~ {(J(x) 1\ g(x)} V 12k = (J I\k g) (x). 

Similarly, we can show that (J 1\ kg) ~ (g ok f) . 

Thus (J I\k g) ~ (J ok g) 1\ (g ok f) for all (E, E V qk)-fuzzy generalized bi-ideals 

f,gof8. 

(14) =? (13) =? (12) =? (10) =? (9) =? (3) =? (2), (14) =? (11) =? (10), (14) =? 

(8) =? (7) =? (6) =? (2) and (14) =? (5) =? (4) =? (3) =? (2) are obvious. 

(2) =? (1) Let f be an (E, EV qk)-fuzzy right and 9 be an (E, EV qk)-fuzzy left ideal 

of 8. Then by hypothesis 

(J I\k g) ~ (J ok g) 1\ (g ok f) but (J I\k g) ~ (J ok g) is always true. Hence 

(J 1\ kg) = (J ok g) and (J 1\ kg) ~ (g ok f), this shows that 8 is both regular and 

intra regular. • 

3.5 Semisimple Semigroups in terms of ( E, E V qk)- fuzzy 

ideals 

In this section we characterize Semisimple semigroups by the properties of their (E, EV 
qk)-fuzzy ideals , quasi-ideals and bi-ideals. 

Theorem 178 In a semisimple semigroup 8, a fuzzy subset f of 8 is an (E, E V qk)

fuzzy ideal of 8 if and only if it is an (E, E V qk) -fuzzy interior-ideal of 8. 

Proof. Let 8 be a semisimple semigroup and f be an (E, E V qk)-fuzzy interior

ideal of 8 . Then for any x, y E 8 there exist a, b, c, dE 8 such that x = (ax b) (cxd). 

Thus we have 
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f (xy) V 12k = f ((axbexd) y) V 12k = f ((ax (be)) x (dy)) V 12k ~ f (x). 

Similarly f (xy ) V 12k ~ f (y). Hence f is an ("E,"E V qk)- fuzzy ideal of S. 

Conversely, assume that f is an ("E, "E V qk)-fuzzy ideal of S . Then f is always an 

("E, "E V qk)- fuzzy interior-ideal of S . • 

Theorem 179 For a semigroup S the following assertions are equivalent 

(1) S is semisimple. 

(2) (J ok f) = fk for every ("E, "E V qk)-fuzzy ideal f of S. 

(3) (J ok f) = fk for every ("E, "E V qk)-fuzzy interior-ideal f of S . 

(4) (J I\k g) = (J ok g) for all ("E, "E V qk)-fuzzy ideals f, g of S. 

(5) (J I\k g) = (J ok g) for every ("E, "EVqk)-fuzzy ideal f and every ("E, "EVqk) -fuzzy 

interior-ideal 9 of S. 

(6) (J I\k g) = (J ok g) for every ("E, "EVqk)-fuzzy interior-ideal f and every ("E,"EV 

qk)-fuzzy ideal 9 of S. 

(7) (J I\k g) = (Jok g) for all ("E,"EV qk)-fuzzy interior-ideals f,g of S. 

Proof. (1) =? (7) Let S be a semisimple semigroup and f, 9 be ("E,"E V qk)-fuzzy 

interior-ideals of S . Let xES. Then there exist a, b, e, dES such that x = (axb) (exd). 

Thus we have 

(J ok g) (x) = ( C~z (f(y) I\ g(Z))) V 12k) 

~ ((f(axb) 1\ g(exd)) V 12k) 

= ((J (axb) V 12k) 1\ (g(exd) V 12k)) 

2 f (x ) 1\ g(x ) V 12k 

= ((f 1\ g) (x)) V 12k 

= (J I\k g) (x). 

Thus (J ok g) ~ (J I\k g). Since every ("E,"E V qk)- fuzzy interior-ideal of S in a 

semisimple semigroup is an ("E, "E V qk)-fuzzy ideal of S , so(J ok g) :s; (J I\k g). Hence 

(J ok g) = (J 1\ kg) . 

(7) =? (6) =? (4) =? (2), (7) =? (3) =? (2) and (7) =? (5) =? (4) are obvious. 

(2) =? (1) Let A be any ideal of S . Then CA is an ("E, "E V qk)-fuzzy ideal of S . 

Thus by hypothesis (C A ok C A) = (C~), that is AA = A. Hence S is a semisimple 

semigroup .• 



Chapter 4 

Characterizations of Semigroups 

by the Properties of their 

(E" E, VQ5)-fuzzy Ideals 

In this chapter, generalizing the notions of (E, E vq)-fuzzy left (right) ideal, (E, E Vq)

fuzzy quasi-ide~l, and (E, E Vq)-fuzzy bi-ideal, the notions of (E"),, E")' Vqo)-fuzzy left 

(right) ideal, (E"),, E")' V qo )-fuzzy quasi-ideal and (E"),, E")' V qo )-fuzzy bi-ideal of semi

group are defined. Regular, intra-regular, and semisimple semigroups are characterized 

by the properties of these fuzzy ideals. 

4.1 ( ~, \If) - fuzzy ideals 

Let ,,/,0 E [0,1] be such that "/ < o. For a fuzzy point Xt and a fuzzy subset f of X, 

we say that: 

(1) Xt E")' f if f(x) ~ t > "/. 
(2) xtqof if f(x) + t > 20. 

(3) Xt E")' Vqof if Xt E")' f or Xtqof. 

(4) Xt E")' Aqaf if Xt E")' f and Xtqof. 

(5) Xt~ f if xtiI> f does not hold for iI> E {E"),, qo, E")' Vqo, E")' Aqo}. 

Throughout this chapter ,,/,0 E [0,1]' where "/ < o. i;P, \)! E {E"),, qo, E")' Vqo, E")' Aqo} 

and iI> "IE")' Aqo. 

Let f be a fuzzy subset of a semigroup S such that f(x) ::; o. Let xES and 

t E [0, 1] be such that Xt E")' Aqo. Then f( x) ~ t > "/ and f(x) + t > 20. It follows 

that 20 < f(x) + t ::; f(x) + f(x) = 2f(x), that is f(x) > o. This means that 

{Xt : Xt E")' Aq.sf} = 0. Therefore we are not taking iI> =E")' Aqo. 

70 
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Definition 180 A fuzzy subset f of a semigroup S is called an (<l>, iJI) -fuzzy subsemi

group of S , if it satisfies 

(Fl) xt<l> f and yr<l> f => (XY)min{t,r) iJI f for all x, yES and t, r E (-y, 1] . 

Definition 181 A fuzzy subset f of a semigroup S is called an (iI>, iJI)-fuzzy left (right) 

ideal of S, ~f it satisfies 

(F2) xtiI> f => (yx)tiJI f (resp. (xY)tiJI J) for all x, yES and t E (-y,I]. 

A fuzzy subset f of a semigroup S is called an (iI>, iJI)-fuzzy ideal of S, if it is both 

(<l>, iJI)-fuzzy left ideal and (<l>, iJI)-fuzzy right ideal of S. 

Definition 182 A fuzzy subset f of a semigroup S is called an (iI>, iJI)-fuzzy interior

ideal of S, ~f it satisfies 

(F3) xt<l> f => (yxz)tiJI f for all x, y, z E Sand t E (-y,I]. 

Definition 183 A fuzzy subset f of a semigroup S is called an (<l>, iJI) -fuzzy generalized 

bi-ideal of S, if it satisfies 

(F4) xt<l> f and yr<l> f => (XZY)min{t,r) iJI f for all x, y, z E Sand t, r E (-y,I]. 

Definition 184 A fuzzy subset f of a semigroup S is called an (<l>, iJI) -fuzzy bi-ideal 

of S, if it satisfies conditions (Fl) and (F4). 

Theorem 185 Let 25 = 1 + 'Y and f be an (<l>, iJI) -fuzzy subsemigroup of S. Then 

fl' = {x E S: f(x) > 'Y} is a subsemigroup of S . 

Proof. Let x , y E fT Then f( x) > 'Y and f(y) > 'Y. Suppose that f(xy) s; 
"(. If <l> E {EI',EI' Vqo}, then xf(x)<l>f and Yf(x)<l>f but (xY)min{f(x).!(y)}\f!f for 

every iJI E {EI',qo,EI' Vqo,EI' Aqo} (because f(xy) S; 'Y < min {J(x),f(y)}, so 

(XY)min{f(x).!(y)}Ef and f(xy) + min{J(x), f(y)} S; 'Y + min{f(x), f(y)} S; 'Y + 1 = 28, 

so (XY)min{J(x).!(y)}qoJ) , a contradiction. Hence f(xy) > 'Y, that is xy E fl" If iI> = qo 

then xlqaf and Ylqaf (because f(x) + 1 > 1 +, = 28 and f(y) + 1 > 1 + 'Y = 25). 

But (xYh \f! f for every iJI E {E" qo, EI' Vqo, EI' Aqo} (because f(xy) ::::; 'Y, so (xyh Ef 

and f(xy) + 1 ::::; 'Y + 1 = 28, so (xyhqoJ) , a contradiction. Hence f(xy) > 'Y, that is 

xy E iT This shows that i, is a subsemigroup of S .• 

Theorem 186 Let 28 = 1 + 'Y and f be an (iI> , iJI)-fuzzy left (right) ideal of S. Then 

f , = {x E S: f(x) > 'Y} is a left (right) ideal of S. 
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Proof. Let f be an (<p, II!)-fuzzy left ideal of 5' and x E f"(. Suppose there exists 

y ES such that f(yx) ::; 'Y. If <P E {E"(, E"( Vq,,}, then x f(x)<P f, but f(yx) ::; 'Y < f(x), 

so (yx)f(x)E"(f. Also f(yx) + f(x) ::; 'Y + f(x) ::; 'Y + 1 = 28, so (yx)f(x)q.s! . This 

shows that (yx )f(x) II! f for every II! E {E"(, q", E"( Vq", E"( I\q,,}, which is a contradiction. 

Hence f(y x) > I, that is yx E f"l" If <P = q" then x lq"f· But f(y x) ::; 'Y, so (Yxh E"( f 

and f(yx) + 1 ::; 'Y + 1 = 28, so (yxhq,,(f. Thus (y xh II! f for everylI! E {E"(, q,s, E"( 

Vq", E"( I\q,,} , which is a contradiction. Hence f(yx) > 'Y, that is yx E f"l" This shows 

that f "( is a left ideal of 5'. • 

Theorem 187 (1) Let 28 = 1 +'Y and f be an (<p, II!)-fuzzy generalized bi-ideal of S. 

Then f ,,(is a genemlized bi-ideal of 5'. 

(2) Let 28 = 1 + 'Y and f be an (<p, II!)-fuzzy bi-ideal of 5'. Then f"( is a hi-ideal of 

5'. 

(3) Let 28 = 1 + 'Y and f be an (<p, II!) -fuzzy interior-ideal of S . Then f"( is an 

interior-ideal of S. 

Proof. The proof is similar to the proof of Theorem 185. • 

Theorem 188 Let 28 = 1 + 'Y and A be a nan-empty subset af 5'. Then A is a 

subsemigroup af S if and only if the fuzzy subset f af S defined by 

f (x) = { ~ 8 if x E A 
::; 'Y if x ~ A 

is an (<p, E"( Vq,,)-fuzzy subsemigroup of 5'. 

Proof. Let A be a subsemigroup of S. 

(1) Let x, yES and t , r E h, 1] be such that Xt E"( f, Yr E"( f. Then f(x) ~ t > 'Y 

and fey) ~ r > 'Y. Thus X,Y E A and so xy E A, that is f( x y) ~ 8. If min{t,r} ::; 8, 

then f(xy) ~ 8 ~ min{t,r} > T This implies (XY)min{t,r} E"( f. If min{t,r} > 8, 

then f(xy) + min{t,r} > 8 + 8 = 28. This implies (XY)min{t,r }q"f. Hence f is an 

(E"(, E"( Vq,,)-fuzzy subsemigroup of S. 

(2) Let x, yES and t, r E h,l] be such that xtq"f, Yrq"f . Then f(x) + t > 28 

and fey) + r > 28. This implies f(x) > 28 - t ~ 28 - 1 = 'Y and fey) > 28 - r ~ 

28 - 1 = 'Y. Thus x, y EA and so xy E A. This implies f(xy) ~ 8. Now if 

min{t,r}::; 8, then f(xy) ~ 8 ~ min{t,r} > 'Y, so (XY)min{t,r} E f. Ifmin{t,r} > 8, 

then f( xy) + min{t, r} > 8 + 8 = 28. Thus (XY)min{t,r}q.s!. Hence f is a (q", E"( Vq,,)

fuzzy subsemigroup of S . 

(3) Let x, yES and t, r E h, 1] be such that Xt E"( f and Yrq"f. Then f(x) ~ t > 'Y 

and fey) + r > 28. Thus fey) + r > 28 :::} fey) > 28 - r ~ 28 - 1 = 'Y. This implies 
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x, yEA and so xy E A. Analogous to (1) and (2) we obtain (XY)min{t,r} E-y Vq"f, that 

is f is an (E7 Vq" , E7 vq,,)-fuzzy subsemigroup of S. 

Conversely, assume that f is an (cl>, E7 vq,,)-fuzzy subsemigroup of S. Then A = f 7 . 

It follows from Theorem 185 that A is a subsemigroup of S . • 

Corollary 189 Let 28 = 1 + "y and A be a non-empty subset of S . Then A is a 

subsemigroup of S if and only ifCA! the characteristic function of A is an (cl>, E-y Vq,,)

fuzzy subsemigroup of S. 

Similarly we can prove the following theorem. 

Theorem 190 Let 28 = 1 + "y and A be a non-empty subset of S. Define a fuzzy 

subset f of S as 

Then 

f (x) = { ~ 8 if x E A 
::; "y if x ~ A 

(1) f is an (cl>, E7 Vq,,)-fuzzy left (right) ideal of S if and only if A is a left (right) 

ideal of S. 

(2) f is an (cl>, E7 Vq,,)-fuzzy generalized bi-ideal (bi-ideal) of S if and only if A is 

a generalized bi-ideal (bi-ideal) of S. 

(3) f is an (cl> , E7 Vq,,)-fuzzy interior-ideal of S if and only if A is an interior-ide~l 
of S. 

Corollary 191 (1) Let 28 = 1 + "y and A be a non-emp ty subset of S. Then A 

is a left (right) ideal of S if and only if CA ! the characteristic fun ction of A is an 

(cl>, E-y Vqo)-fuzzy left (right) ideal of S. 

(2) Let 28 = 1 + "y and A be a non-empty subset of S. Then A is a generalized bi

ideal (bi-ideal) of S if and only if CA , the characteristic function of A is an (cl>, E7 Vq,,)

fuzzy generalized bi-ideal (bi-ideal) of S . 

(3) Let 28 = 1 + "y and A be a non-empty subset of S. Then A is an interior

ideal of S if and only if CA, the characteristic function of A is an (cl>, E7 Vq,,)-fuzzy 

interior-ideal of S. 

It is easy to see that each (cl>, Ill) - fuzzy subsemigroup ( left ideal, right ideal, 

generalized bi-ideal, bi-ideal, interior-ideal) of S is an (cl> , E Vq) - fuzzy subsemigroup 

(left ideal, right ideal, generalized bi-ideal, bi-ideal, interior-ideal) of S. 

The following example shows that the converse is not true. 
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Example 192 Consider the semigroup S =;:= {a, b, c, d} with the Jollowing multiplica

tion table: 

a b c d 

a a a a a 

b a a a a 

c a a b a 

d a a b b 

Define a fuzzy subset J of S as following 

J (a) = 0.5, J (b) = 0.4, J (c) = 0.6 and J (d) = 0.3. 

Thus 

S if 0 < t :::; 0.3 

{a , b, c} if 0.3 < t :::; 0.4 

U (f;t) = {a, c} if 0.4 < t :::; 0.5 

{c} if 0.5 < t :::; 0.6 

0 if 0.6 < t 

Then 

(1) J is an (Eo, Eo Vqo.4)-fuzzy ideal of S. 

(2) J is not an (Eo, Eo)-fuzzy ideal of S, because CO.5 Eo J but (cc)O.5 EoJ· 

(3) J is not an (Eo, qO.4)- fuzzy ideal of S, because cO.25 Eo J but (cc)O.25 qO.4f. 

Theorem 193 (1) Every (E'Y Vqo , E'Y Vqo)-Juzzy subsemigroup oj S is an (E,),> E"( 

Vqo)-juzzy subsemigroup oj S. 

(2) Every (E'Y Vqo,E'Y vqo)-fuzzy left (right) ideal of S is an (E'Y,E'Y Vqc5)-fuzzy 

left (right) ideal of S . 

(3) Every (E'Y Vqo, E'Y Vqo)-fuzzy generalized bi-ideal (bi-ideal) of S is an (E"(, E"( 

Vqo)-fuzzy generalized bi-ideal (bi-ideal) of S. 

(4) Every (E'Y Vqo, E'Y Vqo)-fuzzy interior-ideal of S is an (E'Y' E'Y Vqo)-fuzzy 

interior-ideal of S. 

Proof. Proof follows from the fact that if Xt E'Y J then Xt E'Y VqoJ .• 

Theorem 194 (1) Every (qo , E'Y Vqo)-Juzzy subsemigroup oj S is an (E'Y' E'Y Vqo)

fuzzy subsemigroup of S. 

(2) Every (qo, E'Y vqo)-fuzzy left (right) ideal of S is an (E'Y' E"( Vqo)-fuzzy left 

(right) ideal of S . 
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(3) Every (qo, E"( Vqo)-fuzzy generalized bi-ideal (bi-ideal) of S is an (E"(, E"( Vqo)

fuzzy generalized bi-ideal (bi-ideal) of S . 

(4) Every (qo , E"( Vqo)-fuzzy interior-ideal of S is an (E"(, E"( vqo)-fuzzy interior

ideal of S. 

Proof. We prove only (1) . Proofs of (2), (3) and (4) are similar to the proof of 

(1) . 
Let f be a (qo , E"( Vqo)-fuzzy subsemigroup of S. Let x, yES and t, r E Cr,l) 

be such that Xt E"( f,Yr E"( f. Then f(x) ~ t > , and f(y) ~ r >,. Suppose 

(XY)min{t,r}E"( Vqo then f(xy) < min{t,r} and f(xy) +min{t,r} ~ 25 =? f(xy) < O. 

Now max{f(xy),,} < min{J(x),f(y),5} . Then select an s E {r,1] such that 

25 - max{f(xy),,} > s ~ 25 - min{J(x), f(y), 5} 

=? 25 - f(xy) ~ 25 - max{f(xy),,} > s ~ min{25 - f(x), 25 - f(y), 5} 

=? f(x) + s 2 25, f(y) + s ~ 25 

and f( xy) + s < 25 and f(xy) < 5 < s. Hence xsqof, ysqof but (xY) sE"( Vqof. 

This is a contradiction. Hence (XY)min{t,r} E"( vqof, that is f is an (E"(, E"( Vqo)-fuzzy 

subsemigroup of S .• 

The above discussion shows that every (a, .B)-fuzzy subsemigroup (left ideal, right 

ideal, generalized bi-ideal, bi-ideal, interior-ideal) of a semigroup S is an (a, E"( Vqo)

fuzzy subsemigroup (left ideal, right ideal, generalized bi-ideal, bi-ideal, interior-ideal) 

of S. Also every (a, E"( vqo)-fuzzy sub semi group (left ideal, right ideal, generalized bi

ideal, bi-ideal, interior-ideal) of a semigroup S is an (E"(, E"( Vqo)-fuzzy subsemigroup 

(left ideal, right ideal, generalized bi-ideal, bi-ideal, interior-ideal) of S. Thus in the 

theory of (a, .B)-fuzzy subsemigroups (left ideals , right ideals , generalized bi-ideals, bi

ideals, interior-ideals) of S, (E-y, E"( Vqo)-fuzzy sub semi groups (left ideals, right ideals, 

generalized bi-ideals, bi-ideals, interior-ideals) play central role . 

4.2 (E" E, Vqo)-fuzzy ideals 

We start this section with the following theorem. 

Theorem 195 For any fuzzy subset f of a semigroup S and for all x, y , z E Rand 

t, r E Cr,l] (4.1a) is equivalent to (4.1b) , (4.2a) is equivalent to (4.2b) , (4.3a) is equiv

alent to (4.3b) and (4.4a) is equivalent to (4.4b), where 

(4.1a) Xt, Yr E"( f =? (XY)min{t,r) E"( Vqof· 

(4 .1b) max{f(xy),,} ;::: min{J(x), f(y), 5} . 

(4 .2a) Xt E"( f =? (yx)t E"( Vqo f ((xY)t E"( Vqof). 

(4.2b) max{f(yx),,} ~ min{J(x),5} (max{J(xy),'Y} ~ min{f(x),5}. 

(4.3a) Xt, Yr E-y f =? (XZY )min{t,r) E"( Vqof. 
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(4 .3b) max{J(xzy ), ,} ~ min{J(x), f(y) , 8} . 

(4 .4a) Xt E-y f =} (yxz )t E-y Vqof. 

(4.4b) max{J(yxz ),,} ~ min{J(x),8}. 
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Proof. We prove only (4.1a) {:? (4.1b). Proofs of the remaining parts are similar 

to this . 

(4.1a) =} (4.1b) Let f be a fuzzy subset of S which satisfies (4 .1a). Let x, y E 

S be such that max{J(xy) , ,} < min{J(x), f(y), 8}. Select t E (T,lJ such that 

max{J(xy) , ,} < t :::; min{J(x), f(y), 8}. Then f(x) ~ t > " f(y) ~ t > I, f(xy) < t 
and f(xy) + t < 8 + 8 = 28, that is Xt E-y f, Yt E-y f but (xY)tE-y Vqof. Which is a 

contradiction. Hence max{f(xy),,} ~ min{f(x),f(y),8}. 

(4.1b) =} (4.1a) Let f be a fuzzy subset of S which satisfies (4.1b). Let x, yES 

and t, r E (T,lJ be such that Xt E-y f, Yr E-y f but (XY)min{t,r}E-y Vqof· Then 

f(x) ~ t >1 (1) 

f(y) ? r > 1 (2) 

f(xy) < min{t,r} (3) 
and f(xy) +min{t,r}:::; 28 (4). 

It follows from (3) and (4) that f(xy) < 8. Now max{J(xy) , ,} < 8 and max{J(xy) , ,} < 
min{J(x), f(y)}. Thus max{J(xy) , ,} < min{J(x), f(y), 8}. Which is a contradiction. 

Hence (xY)min{t ,r} E-y Vqof · • 
From the above theorem we deduce the following definition. 

Definition 196 A fuzzy subset f of a semigroup S is called an 

• (E-y, E-y vqo)-fuzzy subsemigroup of S if it satisfies (4.1b). 

• (E-y, E-y vqo)-fuzzy left (right) ideal of S if it satisfies (4.2b) . 

• (E-y, E-y vqo)-fuzzy generalized bi-ideal of S if it satisfies (4.3b). 

• (E-y, E-y vqo)-fuzzy bi-ideal of S if it satisfies (4 .1b) and (4.3b). 

• (E-y, E-y Vqo)-fuzzy interior-ideal of S if it satisfies (4.4b). 

Definition 197 Let f be a fuzzy subset of a semigroup S. We define 

fr = {x E S: Xr E-y J} = {x E S: f(x) ? r > I} = U(J; r). 

f: = {x E S : xrqoJ} = {x E S: f(x) + r > 28}. 

[J]~ = {x E S : Xr E-y VqoJ} = fr U f: for all r E (/,lJ. 

Theorem 198 Let f be a fuzzy subset of a semigro1Lp S. Then 
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(1) f is an (E')', E')' Vqa)-fuzzy subsemigroup of S if and only if U(f; t)(=1= 0) is a 

subsemigroup of S for all t E h, oj. 

(2) f is an (E')', E')' vqa)-fuzzy left (right) ideal of S if and only if U(f; t)(=1= 0) is a 

left (right) ideal of S for all t E h, oj. 

(3) f is an (E')', E')' Vqa)-fuzzy generalized bi-ideal (bi-ideal) of S if and only if 

U(f; t) (=1= 0) is a generalized bi-ideal (bi-ideal) of S for all t E h, oj. 
(4) f is an (E')', E')' Vqa )-fuzzy interior-ideal of S if and only if U(f; t) (=1= 0) is a 

interior-ideal of S for all t E h, oj. 

Proof. (1) Let f be an ( E')', E')' Vqa)-fuzzy subsemigroup of S and x, y E U(f; t) 
for some t E h,oj. Then f(x) 2 t and fey) 2 t. By hypothesis max{J(xy),'Y} 2 
min{J(x),f(y),o} ~ min{t,O'} = t => f(xy) ~ t. Hence xy E U(f,t), that is U(f;t) is 

a subsemigroup of S. 

Conversely, assume that U(f; t) =1= 0 is a subsemigroup of S for all t E h, oj . 
Suppose that there exist x, yES such that max{f(xy), 'Y} < min{f(x), fey), o}. 

Choose t E h,oj such that max{J(xy),'Y} < t :::; min{J(x),f(y),o}. This implies 

f(x) ~ t, fey) ~ t and f(xy) < t, that is x, y E U(f; t) but xy rt U(f; t) . Which is a 

contradiction. Hence max{J(xy),'Y} ~ min{f(x), fey), o}, that is f is an (E')', E')' Vqa) 

fuzzy subsemigroup of S. 

Similarly we can prove (2), (3) and (4) .• 

From the above Theorem it follows that 

(1) Every (E,)" E')' Vqa)-fuzzy ideal of a semigroup S is an (E')', E')' vqa)-fuzzy 

interior-ideal of S. 

(2) Every (E')', E')' vqa)-fuzzy left (right) ideal of a semigroup S is an (E,)" E')' Vqa)

fuzzy bi-ideal ideal of S . 

(3) Every (E,)" E')' vqa)-fuzzy bi-ideal of a semigroup S is an (E')', E')' Vqa)-fuzzy 

generalized bi-ideal of S. 

Theorem 199 Let f be a fuzzy subset of a semigroup Sand 20' = 1 + 'Y. Then 

(1) f is an (E')', E')' vqa)-fuzzy subsemigroup of S if and only if f~(=1= 0) is a sub

semigroup of S for all r E (0, 1j 

(2) f is an (E,)" E')' Vqa)-fuzzy left (right) ideal of S if and only if #(=1= 0) is a 

left(right) ideal of S for all r E (o,lJ 
(3) f is an (E')', E')' vqa)-fuzzy generalized bi-ideal (bi-ideal) of S if and only if 

f~ (=1= 0) is a generalized bi-ideal (bi-ideal) of S for all r E (0 ,1 J 

(4) f is an (E,)" E')' vqa)-fuzzy interior-ideal of S if and only if f:(=1= 0) is a interior

ideal of S for all r E (o,lJ 
Proof. (1) Suppose f is an (E')', E')' vqa)-fuzzy subsemigroup of S and x, y E f!. 

Then xr , Yrqaf, that is f(x) + r > 20 and fey) + r > 20 => f( x) > 20 - r ~ 20 -1 = 'Y 
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and similarly f(y) >,. By hypothesis m ax{f (xy) ,1'} ~ min{f(x ), f(y ), 8} 

=? f(xy) ~ min{f(x), f(y), 8} 

=? f( xy) > min{28 - r, 28 - r, 8} . 
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Since r E (8, 1] so 8 < r :::; 1 =? 28 - r < 8. Thus f (xy) > 28 - r =? f (xy) + r > 
28 =? xy E f!. Hence f! is a subsemigroup of S . 

Conversely, assume that f!C=I= 0) is a subsemigroup of S for all r E (8,1]. Let 

x, yES be such that max{f(xy) , 1'} < min{f(x), f(y), 8} =? 28 -min{f(x), f(y) , 8} < 
28 - max{f(xy),'Y} 

=? max{28 - f(x), 28 - f(y), 8} < min{28 - f( xy) , 28 - 'Y}. 

Take r E (8,1] such that max{28 - f(x), 28 - f(y), 8} < r :::; min{28 - f(xy), 28 -'Y}. 

Then 28-f(x) < r,28 - f(y) < r andr:::; 28 - f(xy) =? f(x)+r > 28 and f(y)+r > 28 

but f(xy) +r :::; 28 , that is xrqd, YrQ6f but (xy)r'i'hf. Which is a contradiction. Hence 

max{f(xy) , 1'} 2: min{f(x), f(y), 8}. 

Similarly, we can prove the parts (2), (3) and (4) . • 

Theorem 200 Let f be a fuzzy subset of a semigroup Sand 28 = 1 + 'Y. Then 

(1) f is an ( E,)" E')' Vq6)-fuzzy subsemigroup of S if and only if [J]~(=I= 0) is a 

subsemigroup of S for all r E (-y, 1] . 

(2) f is an (E,)" E')' Vq6)-fuzzy left(right) ideal of S if and only if [f] ~(=1= 0) is a 

left (right) ideal of S for all r E (-y, 1] . 

(3) f is an (E,)" E')' Vq6)-fuzzy generalized bi-ideal (bi-ideal) of S if and only if 

[J]~(=I= 0) is a generalized bi-ideal (bi-ideal) of S for all r E (-y, 1]. 

(4) f is an (E,)" E')' V q6 )-fuzzy interior-ideal of S if and only if [J]~ (=1= 0) is a interior

ideal of S for all r E (-y,1]. 

Proof. (1) Suppose f is an (E,)" E')' VQ6)-fuzzy subsemigroup of S and x, y E [f] ~. 

Then Xr E')' VQ6f and Yr E')' VQ6f, that is f(x) ~ r > 'Y or f( x) + r > 28 and 

f(y) ~ r > 'Y or f(y) + r > 28. Thus f( x ) ~ r > 'Y or f( x ) > 28 - r ~ 20 - 1 = 'Y 

and f(y) ~ r > 'Y or f(y) > 28 - r ~ 28 - 1 = 1'. If r E (1',8], then l' < r :::; 8. This 

implies 28 - r ~ 8 ~ r. Then it follows from the above that f( x) ~ rand f(y) ~ r. 

By hypothesis 

max {J(xy) , 'Y} ~ min{J(x) , f(y), 8} 

=? f(xy) ~ min{f(x),f(y),8} ~ min{r,r,r} = r 

and so (xY )r E')' f · Thus xy E [J]~ . 
If r E (8,1], then 8 < r :::; 1. This implies 28 - r < 8 < r. Then it follows that 

f(x) > 28 - rand f(y) > 20 - r. 

Now by hypothesis max{f(xy),'Y} ~ min{J(x) , f(y) , 8} 

=? f(xy) ~ min{J(x), f(y), 8} > min{28 - r, 28 - r, 20 - r} = 28 - r 

=? f(xy) + r > 28 =? (xY )rq6f. 
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This implies xy E [J]~. Thus [J]~ is a subsemigroup of 5'. 
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Conversely, assume that [J]~ is a subsemigroup of 5' for all r E (r , 1]. Let x, y E 

5' be such that max{f(xy), -y} < min{f(x),f(y),8} . Select r E (r , 1] such that 

max{J(xy),-y} < r S min{f(x) , f(y), 6}. Then Xr E-y f,Yr E-y f but (xY)r E-y Vqof. 

Which contradicts our hypothesis. Hence max{J(xy), -y} ~ min{f(x), f(y), 8}, that is 

f is an (E-y, E-y vqo)-fuzzy subsemigroup of S. 

Similarly, we can prove the parts (2) , (3) and (4) . • 

Theorem 201 (1) The intersection of any family of (E-y, E-y V qo) -fuzzy subsemi

groups of S is again an (E-y, E-y vqo)-fuzzy subsemigroup of S . 

(2) The intersection of any family of (E-y , E-y Vqo)-fuzzy left (right) ideals of 5' is 

again an (E-y, E-y vqo)-fuzzy left (right) ideal of S. 

(3) The intersection of any family of (E-y, E-y Vqo)-fuzzy generalized bi-ideal (bi

ideal) of S is again an (E-y, E-y vqo)-fuzzy generalized bi-ideal (bi-ideal) of S. 

(4) The intersection of any family of (E-y , E-y Vqo)-fuzzy interior-ideals of S is again 

an (E-y, E-y vqo)-fuzzy interior-ideal of S. 

Proof. (1) Let {fihEI be a family of (E-y,E-y Vqo)-fuzzy subsemigroups of S 

and x, yES. Then (( 1\ f i )(XY)) V -y (1\ fi(xy)) V -y (1\ ((fi(xy)) V -y)) ~ 
iEI iEI iEI 

(1\ (min{fi(x), fi(y), 8}) 
iEI 

= (1\ Ii( x)) 1\ ( 1\ fi (y)) 1\ 8 = (( 1\ Ii) (x)) 1\ (( 1\ fi) (y)) 1\ 8. 
iEI iEI iEI iE I 

Thus 1\ fi is an (E-y, E-y Vqo)-fuzzy subsemigroups of S . 
iEI 

Similarly, we can prove the parts (2), (3) and (4) .• 

Theorem 202 The union of any family of (E-y, E-y Vqo)-fuzzy left (right) ideals of S 

is again an (E-y, E-y vqo)-fuzzy left (right) ideal of S. 

Proof. Let {fihEI be a family of (E-y, E-y Vqo)-fuzzy left ideals of S and x, y ES. 

Then (( V fi)(XY)) V -y = (V fi(XY)) V -y = V ((fi(xy)) V -y) ~ V (fi(X) 1\ o}) = 
iEI iEI iEI iEI 

(V fi(X)) 1\ 8 = (V fi)( X)) 1\ 8. Thus V fi is an (E-y, E-y Vqo)-fuzzy left ideal of S .• 
iEI iEI iEI 

Proposition 203 Let f be an (E-y, E-y Vqo)-fuzzy left ideal of Sand 9 be an (E-y, E-y 

V qo) -fuzzy right ideal of S. Then f 9 is an (E-y, E-y V qo) -fuzzy ideal of S. 

Proof. Let f, 9 be (E-y, E-y Vqo)-fuzzy left and right ideal of S, respectively. 

Let x, yES. Then (fg)(y) 1\ 8 = ( V (f(a) 1\ g(b)) 1\ 8 = V (f(a) 1\ g(b) 1\ 8) = 
y=ab y=ab 

V ((f(a) 1\ 8) 1\ g(b)) S V ((f(xa) V -y) 1\ g(b)) 
y=ab y=ab 
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= V ((J(xa) 1\ g(b)) V 'Y::; V (J(c) 1\ g(d)) V 'Y = (Jg)(xy) V T 
y=ab xy=cd 
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Similarly, we can show that (J g) (x) 1\ 0 ::; (J g) (xy) V T This shows that f 9 is an 

(E'"'(, E'"'( vqo)-fuzzy ideal of S .• 

Next we show that if f and 9 are (E'"'(, E'"'( Vqo)-fuzzy ideals of S, then f 9 i f 1\ g. 

Example 204 Let S = {a, b, c, d} be a semigroup with the following multiplication 

tab le 

a b c d 

a a a a a 

b a a a a 

c a a b a 

d a a b b 

Define fuzzy subset s f and 9 of S by f(a) = 0.6, f(b) = 0.3, f( c) = 0.4, f(d) = 0.1, 

g(a) = 0.65, g(b) = 0.3, g(c) = 0.4, g(d) = 0.2 . 

T hen 
{a,b, c, d} O< t ::; O.l 

{a, b, c} 0.1 < t ::; 0.3 

U(Jit) = {a, c} 0.3 < t ::; 0.4 

{a} 0.4 < t ::; 0.6 

f/J 0.6 < t 
{a,b,c,d} o < t ::; 0.2 

{a,b,c} 0.2 < t ::; 0.3 

U(9i t) = {a, c} 0.3 < t ::; 0.4 

{a} 0.4 < t ::; 0.65 

f/J 0.65 < t 
By Theorem 198, f and 9 are (E'"'(, E'"'( Vqo )-fuzzy ideals of S for 'Y = 0 and 0 = 0.3. 

But fg(b) = V {f(x ) 1\ g(y)} = V{O .4, 0.1, 0. 1} = 0.4 1, (J 1\ g)(b) = 0.3 . Hence 
b=xy 

f 9 i f 1\ 9 in general. 

Definition 2 05 Let f , 9 be fuzzy subsets of a semigroup 8 . We define the fuzzy subsets 

f*, f 1\* g, f v* 9 and f * 9 of S as fo llows: 

f*( x ) = (J( x ) V'Y) 1\ 0 

(J 1\* g) (x ) = (((J 1\ g)(x) ) V 'Y) 1\ 0 

(J v* g)(x ) = (((J V g)(x )) V,) 1\ 0 

(J * g)(x) = (((Jg)(x)) V 'Y) 1\ 0 

for all xE S. 
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Lemma 206 Let f and 9 be fuzzy subsets of a semigmup S. Then the following hold: 

(1) f 1\* 9 = f* /\g' 

(2) f V' 9 = f* V g* 

(3) f * g?, f*g* 
* (4) f /\ 9 ? f * 9 for every (E-y, E-y V q., )-fuzzy right ideal f and every (E-y, E-y V q.,) -

fuzzy left ideal 9 of S. 

Proof. Let xES. 

(1) (f /\* g)(x) = (((f /\ g)(x)) V,) /\ 0 = ((f(x) /\ g(x)) V,) /\ 0 

= ((f(x) V,) /\ (g(x)) V,)) /\ 0 = ((f(x) V,) /\ 0) /\ ((g(x) V,) /\ 0) 

= f*(x) /\ g*(x) = (f* /\ g*)(x). 

(2) The proof is similar to the proof of part (1). 

(3) If x is not expressible as x = yz for all y, z E S, then (f*g)(x) = (((fg)(x))V,)/\ 

0= ,1\0 ? 0 = f*g*(x ). Otherwise (f*g) (x) = ((fg(x)) V,)/\o = ( C~/g(X)) V,) /\ 
o = C~z ((f(y) V,) /\ ((g(z) V,)))) /\ 0 

= C~z ([(f(y) V,) 1\ 0]1\ ([(g( z ) V,) /\ 0])) = x~z (f*(y) 1\ g*(z )) = (f*g*) (x). 

(4) (f*g)(x) ~ ((fg(X))V1)M ~ ( CY,/g(X)) V 1) AD ~ CY,. ((f(y) V 1) /\ ((g(z) V 1)))) /\ 

~ ( CY,. ([f(y) /\ '1/\ ([g(z ) /\ 'I)) V 1) /\, ,; ( (.Y,. ([f(y z ) V 11/\ ([g(yz) V 11)) V 1) 1\ 

o 
= ( C~} [f(X) V ,]/\ ([g(x) V,])) V,) 1\0 = ((f(x) /\ g(x)) V ,)1\0 = (f A g) (x) . 

• 
Lemma 207 Let A, B be non-empty subsets of a semigroup S. Then the following 

hold. 

* * (1) CA /\ CB = C AnB· 
* (2) CA * CB = CAB · 

Theorem 208 (1) A fuzzy subset f of a semigroup S is an (E-y, E-y Vq.,)-fuzzy sub

semigroup of S ~f and only if f * f :::; f*. 

(2) A fuzzy subset f of a semigroup S is an (E-y> E-y vq.,)-fuzzy generalized bi-ideal 

of S if and only if f * S * f :::; f*. 
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(3) A fuzzy subset J of a semigroup 5' is an (E,,(, E"( vqo)-fuzzy left (right) ideal 

of S if and only if 8 * J :::; 1*. (J * 8 :::; J*). 
(4) A fuzzy subset J of a semigroup S is an (E,,(, E"( Vqo )-fuzzy bi-ideal of S if and 

only if J * J :::; J* and J * S * J :::; J*. 
Where 8 is a fuzzy subset of S mapping every element of S on l. 

Proof. (1) Let J be an (E,,(, E"( vqo)-fuzzy subsemigroup of S and xES. If 

(J * J) (x) = ,,/1\ 15, then (J * J) (x) = ,,/1\15 :::; (J(x) V,,/) 1\ o. Otherwise 

(J * J)( x ) = (( V {J(a)I\ J(b)}) V,,/)l\o= (( V {J(a)I\ J(b) 1\0})V,,/) 1\15 
x=ab x=ab 

:::; (( V {J(ab) V ,,/}) V,,/) 1\ 15 = (J( x ) V,,/) 1\ 0 = 1*(x). 
x=ab 

Thus J * J :::; J*. 
Conversely, assume that J * J :::; 1* and x, yES. Then 

J(xy) V "/ ~ (J(xy) V,,/) 1\ 0 = J*(xy) ~ J * J( xy) 

= (( V {J(a) 1\ J(b)}) V,,/) 1\ 15 ~ ({J(x ) 1\ J(y)}) V ,,/) 1\ 0 ~ J( x) 1\ J(y) 1\ 15. 
xy=ab 

Thus J is an (E,,( , E"( vqo)-fuzzy subsemigroup of S . 

(2) Let J be an (E,,(, E"( Vqo)-fuzzy generalized bi-ideal of S and xES. If J * 8 * 
J( x) = "/ 1\ 0, then J * 8 * J( x ) = 'Y 1\ 15 :::; J( x) V b 1\ 15) = (J(x) V 'Y) 1\ 0 = J*( x ). 

Otherwise 

J * 8 * J (x) = ( V {J (a) 1\ (8 * J) (b)} V ,,/) 1\ 15 = ( V {j (a) 1\ [( ( V {8 ( c) 1\ j (d)} ) V 
x=ab x=ab b=cd 

,,/) 1\ t5]} V ,,/) 1\ 15 

= ( V {J(a)/\[(( V j(d)})V,,/)l\t5]}V,,/)l\o = (( V { V [J(a)l\j(d)]V,,/}l\t5)V,,/)l\t5 
x=ab b=cd x=ab b=cd 

= (( V { V [J ( a) 1\ j (d) 1\ t5]} V ,,/} V ,,/) 1\ 15 S ( V { V {J (acd) V "/ }) V "/ 1\ <5 = 
x=ab b=cd x=ab b=cd 

J(x) V"/ 1\ 15 = J*(x) . 

Thus j * 8 * f S 1*. 
Conversely, assume that j * 8 * j :::; J* and x, y, z E S. Then 

j(xyz) V "/ ~ (J(xy z) V,,/) 1\ 15 ~ (J * 8 * J)(xyz) 

= (( V {J(a) 1\ (8 * J) (b)}) V,,/) 1\ 0 ~ ((J(x) 1\ (8 * J) (y z )) V ,,/) 1\ 15 
xyz=ab 

= ((J (x) 1\ [( V { 8 ( c) 1\ J (d) } ) V ,,/ ) 1\ 0]) V ,,/) 1\ 15 
y z=cd 

~ ((J(x) 1\ ([J(z) V,,/) 1\15]) V,,/) 1\0 ~ ((J(x)I\J( z ) 1\0) V,,/) 1\15 ~ ((J(x )I\J (z) 1\15) 1\0. 

Thus J is an (E,,(, E"( vqo)-fuzzy generalized bi-ideal of S. 

(3) The proof is similar to the proof of (2). 

(4) Follows from (1) and (3) . • 

Definition 209 A Juzzy subset j oj a semigroup S is an (E,,(, E"( Vqo)-Juzzy quasi-ideal 

oj S iJ and only iJ J * 8 1\ 8 * j S J*. 

Lemma 210 A non-empty subset A oj a semigroup S is a quasi-ideal oj S ~f and only 

if the characteristic junction CA of A is an (E"(, E"( vqo)-fuzzy quasi-ideal of S. 
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4.3 Regular Semigroups in terms of (EI' ) EI' VQt5)-fuzzy Ideals 

In this section we characterize regular semigroups in t erms of (E-y, E-y Vq,,)-fuzzy ideals, 

(E-y , E-y Vq,,)-fuzzy bi-ideals and (E-y, E-y Vq,,)-fuzzy quasi-ideals . 

Proposition 211 In a regular semigroup S, every (E-y, E-y Vq,,)-fuzzy interior-ideal is 

an (E-y, E-y Vq,,)-fuzzy ideal of S. 

Proof. Let f be an (E-y, E-y Vq,,)-fuzzy interior-ideal of S and x, y ES. Then there 

exist a, b E S such that x = xax and y = yby. Now 

max{J(xy),,} = max{J((xa)xy),,} 

~ min{J(x) , 5}. 
Also 

max{J(xy),,} = max{J(xy(by)),,} 

~ min{J(y) , O'}. 

This shows that f is an (E-y, E-y Vq,,)-fuzzy ideal of S. • 

Proposition 212 In a regular semigroup S, every (E-y , E-y Vqa) -fuzzy generalized bi

ideal is an (E-y, E-y Vqa) -fuzzy bi-ideal of S. 

Proof. Let f be an (E-y, E-y Vq,,)-fuzzy generalized bi-ideal of S and x, yES. 

Then there exists a E S such that x = xax. Now 

max{J(xy),,} = max{J(x(ax)y), , } 

~ min{J(x), f(y), O'}. 

This shows that f is an (E-y, E-y Vqa)-fuzzy bi-ideal of S. • 

Theorem 213 The following assertions are equivalent for a semigroup S: 

(1) S is regular. 
* . 

(2) f I\g = f * g for every (E-y , E-y vq.;)-fuzzy right ideal f and every (E-y , E-y Vqa)-

fuzzy left ideal 9 of S. 

Proof. (1) =* (2) Let f be an (E-y, E-y Vqa)-fuzzy right ideal and 9 be an (E-y , E-y 
* Vqa)-fuzzy left ideal of S. Then by Lemma 206, f * 9 ~ f 1\ g. 

Let xES. Then there exists a E S such that x = xax. Now 

(J *g) (x) = (C~z (J(y) I\g (Z))) v,) 1\0' 

~ ((J(x) 1\ g(ax)) V,) 1\ 0' 

= ((J( x ) 1\ (g(ax) V,)) V,) 1\ 0' 
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:::: ((J(x) 1\ (g(x) 1\ <5)) V'Y) 1\ <5 

= ((J(x) 1\ g(x )) V 'Y) 1\ <5 

= (f A g) (x) . 

* * Thus f * 9 :::: f 1\ g . Hence f * 9 = f 1\ g. 
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(2) =? (1) Let R be a right ideal and L a left ideal of S . T hen CR and CL 
are (E-y, E-y Vqa )-fuzzy right and (E-y, E-y Vqo)-fuzzy left ideals of S, respectively. By 

* * * hypothesis CR * CL = CR 1\ CL . By Lemma 207, this implies that CRL = CRnL =? 

RL = R n L. Hence S is a regular semigroup .• 

Theorem 214 The following assertions are equivalent for a semigroup S: 

(1) S is regular. 
* * (2) f I\ gl\h :::; f *g*h for every (E-y, E-y Vqa)-fuzzy right ideal f , every (E-p E-y Vqo)-

fuzzy generalized bi-ideal 9 and every (E-y , E-y Vqa)-fuzzy left ideal h of S. 
* * (3) f I\gl\h :::; f *g*h for every (E-y, E-y Vqa)-fuzzy right ideal f, every (E-y, E-y Vqa)-

fuzzy bi-ideal 9 and every (E-y, E-y Vqa)-fuzzy left ideal h of S. 
* * (4) f l\ gl\h :::; f *g*h for every (E-y,E-y Vqa) -fuzzy righticlealf, every (E-y,E-y Vqa)-

fuzzy quasi-ideal 9 and every (E-y, E-y Vqa)-fuzzy left ideal h of S. 

Proof. (1) =? (2) Let f,g,h be any (E-y,E-y Vqa)-fuzzy right ideal, (E-y,E-y Vqa)

fuzzy generalized bi-ideal and (E-y, E-y V qa )-fuzzy left ideal of S, respectively. Let 

xES. Then there exists a E S such that x = xax. Thus we have 

(J * 9 * h) (x) = [ ( C~z (J (y) 1\ (g * h) (Z))) V 'Y) 1\ <5] 

:::: [((J(xa) 1\ (g * h) (x)) V'Y) 1\ <5] 

= [(((J(xa) V 'Y) 1\ (g * h) (x)) V'Y) 1\ <5] 

:::: [( ( (J ( x) 1\ <5) 1\ (g * h) (x)) V 'Y) 1\ <5] 

= [( (f( X) 1\ (C~z (g(y) 1\ h(Z))) V'Y) 1\<5) V'Y) 1\<5] 

:::: [((J (x) 1\ ((g(x) 1\ h(ax)) V 'Y) 1\ <5) V 'Y) 1\ <5] 

= [((J( x) 1\ ((g(x) 1\ (h(ax) V 'Y))) 1\ <5) V 'Y) 1\ <5] 

:::: [( (J ( x) 1\ ((g ( x) 1\ (h ( x) 1\ <5) )) 1\ <5) V 'Y) 1\ <5] 

= [((J(x) 1\ g(x) 1\ hex)) V 'Y) 1\ <5] 

= (f A 9 A h) (x). 
* * Thus f 1\ 9 1\ h :::; f * 9 * h . 

(2) =? (3) =? (4) are straightforward. 

(4) =? (1) Let f be an (E-y) E-y Vqa)-fuzzy right ideal and 9 be an (E-y, E-y Vqa)-fuzzy 

left ideal of S . Since S is an (E-y, E-y Vqa)-fuzzy quasi-ideal of 5, so by hypothesis we 

have 
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(fAg) (x) = (JAS Ag) (x)::; (f*S*g)(x)::; (f*g)(x). 

But (J A g) (x) ~ (f * g) (x) always holds. Thus fAg = f * g. Hence by Theorem 

213> S is regular. • 

Theorem 215 The following assertions are equivalent for a semigroup S: 

(1) S is regular. 
* (2) f = f * S * f for every ( E-y> E-y vqo)-fuzzy generalized hi-ideal f of S. 
* (3) f = f * S * f for every (E-y> E-y Vqo)-fuzzy bi-ideal f of S. 
* (4) f = f * S * f for every (E-y > E-y Vqo)-fuzzy quasi-ideal f of S. 

Proof. (1) =} (2) Let f be an (E-y> E-y Vqo)-fuzzy generalized hi-ideal of Sand 

XE S. Then there exists a E S such that x = xax. Thus we have 

(f * S * f)( x) = (CYuz ((f * S) (Y) /\ f( Z))) V'Y) /\ 0 

~ (((f * S) (xa) /\ f( x )) V 'Y) /\ 0 

= ( ( [ ( Ca~bc ((f) (b) /\ S (C))) V 'Y) /\ 0] /\ f (X) ) V 'Y) /\ 0 
~ (([(((f) (x ) /\ S(a)) V 'Y) /\ 0] /\ f( x)) V 'Y) /\ 0 

= ((f( x) /\ f(x)) V 'Y) /\ 0 
* = f (x). 

* 
Thus f * S * f ~ f. 
As f is an (E-y> E-y vqo)-fuzzy generalized bi-ideal of S> so we have 

(f * S * J) (x) = ( CYu/(f * S)(y) /\ f(Z))) V 'Y) /\ 0 

= (CYuz ([ (CYbc ((f)(b) /\S(C)) ) v'Y) /\0] /\ f( Z))) v'Y) /\0 

= (CYuz (C~c ((f)(b)/\l)) /\f(Z) )) v'Y) /\0 

= ( CYuz CYbc ((f) (b) /\ f( Z) )) ) V 'Y) /\ 0 

= ( CYuz C~c (((f) (b) /\ f( z )) V 'Y )) ) V 'Y) /\ 0 

::; ( CYuz CYbc (f(bcz ) /\ 0)) ) V 'Y) /\ 0 

= ( CYuz CYb/ (X)) ) V 'Y) /\ 0 

* = f(x). 
* * 

Thus f * S * f ::; f· Hence f * S * f = f · 
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(4) =} (1) Let Q be any quasi-ideal of S. Then CQ is an (E,,(, E-y VqJ)-fuzzy 
* * quasi-ideal of S. Hence by hypothesis CQ = CQ * S * CQ = CQSQ. This implies that 

Q = QSQ. SO by Theorem 23, S is regular .• 

Theorem 216 The following assertions are equivalent for a semigroup S: 

(1) . S is regular. 
* (2) fAg = f *g*f for every (E"(, E"( Vq,, )-fuzzy quasi-ideal f and every (E-y, E-y Vq,,) -

fuzzy ideal 9 of S. 
* (3) fAg = f *g*f for every (E-y, E"( Vq,,)-fuzzy quasi-ideal f and every (E-y, E-y Vq,,)-

fuzzy interior-ideal 9 of S. 
* (4) fAg = f * 9 * J for every (E,,(> E"( Vq,,)-fuzzy bi-ideal f and every (E-y, E"( VqJ)-

fuzzy ideal 9 of S. 
* (5) fAg = f * 9 * J for every (E"( > E-y V q" )-fuzzy bi-ideal f and every (E-y, E"( V qJ)-

fuzzy interior-ideal 9 of S. 
* (6) fAg = J * 9 * J for every (E"(> E-y Vq,,)-fuzzy generalized bi-ideal J and every 

(E-y, E-y Vq,,)-fuzzy ideal 9 of S. 
* (7) JAg = f * 9 * f for every (E-y, E"( Vq,,)-fuzzy generalized bi-ideal f and every 

(E-y , E-y Vq,,)-fuzzy interior-ideal 9 of S. 

Proof. (1) =} (7) Let J and 9 be any (E"(> E-y Vq,,)-fuzzy generalized bi-ideal and 

(E-y, E"( Vq,,)-fuzzy interior-ideal of S, respectively. Then for any xES 

(f*g*J)(x) ~ (f*S*J)(x) = (C~z ((f*S) (Y)AJ(Z))) VI') A6 

= ( C~z ([ ( CYbC ((J) (b) A S(C))) VI') A 6 1 A f( Z) ) ) VI') A 6 

= (C~z (C~c ((f) (b) A 1)) AJ(Z))) VI') A6 

= ( C~z C~c ((J) (b) A J(Z))) ) VI') A 6 

= ( C~z C~c (((f) (b) A J(z)) V 1')) ) VI') A 6 

~ ( C~z C~c (J (bcz) A 6)) ) V 1') II 6 

= ( CYvz CYb/ (X)) ) V 1') II 6 

* = f(x). 
* 

Thus f * S * J ~ J. 



4. Characterizations of Semigroups by the Properties of their 
(E-y , E-y vq.s)-fuzzy Ideals 87 

* Thus 1 * 9 * 1 S; 1 /\ g. 

Now let xES. Then there exists a E S such that x = xax = xaxax. 

(J*g*f)(x) = [( CY.}I(y)/\(g*f)(Z))) v,) /\J] 
~ [((J(x) /\ (g * h) (axax)) V,) /\ J] 

= [( (f( X) /\ (CxaY=yz (g(y) /\ I(Z))) V,) /\ J) v,) /\ J] 
~ [(J(x) /\ ((g(axa) /\ I(x)) V,) /\ J)] 

= [(J(x) /\ (([g(axa) /\ J] /\ I(x)) V,) /\ J)] 
~ [(J( x) /\ (([g(x) V,] /\ I(x)) V,) /\ 8)] 
= [(J(x) /\ ((g(x) /\ I(x)) V,) /\ J)] 

= (I A g) (x). 

* * This shows that 1 * 9 * 1 ~ 1/\ g. Hence 1 * 9 * 1 = 1/\ g. 

(7) :=} (5) :=} (3) :=} (2) and (7) :=} (6) :=} (4) :=} (2) are clear. 

(2) :=} (1) Let 1 be an (E-y, E-y Vq6)-fuzzy quasi-ideal of S. Then 
* * 1=I/\S=I*S*f. 
Thus it follows from Theorem 215, that S is regular. • 

Theorem 217 The following assertions are equ'ivalent for a semigroup S: 

(1) S is regular. 

(2) 1 Ag S; 1 * 9 for every (E-y, E-y VQ6) -fuzzy quasi-ideal 1 and every (E-y, E-y VQ6)

fuzzy left ideal 9 of S. 
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(3) f Ag ~ f *g for every (E-Y1 E-y Vqo)-fuzzy bi-ideal f and every (E-Y1 E-y vqo)-fuzzy 

left ideal 9 of S . 
• (4) f Ag ~ f * 9 for every (E-Y 1 E-y vqo)-fuzzy generalized bi-ideal f and every 

(E-Y1 E-y Vqo)-fuzzy left ideal 9 of S. 

Proof. (1) =? (4) Let f and 9 be any (E -Y 1 E-y vqo)-fuzzy generalized bi-ideal and 

(E-Y1 E-y Vqo)-fuzzy left ideal of S, respectively. Let xES. Then there exists a E S 

such that x = xax. Thus we have 

(f * g)(x) = ( CYuz (f(y) A g( Z)) ) V')') A 0 

~ ((f(x) A g(ax)) V ')') A 0 

= ((f(x) A (g(ax) V')')) V ')') A 0 

~ ((f(x) A (g(x) A 0)) V')') A 0 

= ((f(x) A g(x)) V ')') A 0 

= (f A g) (x) . 
• 

Thus f * 9 ~ fAg. 

(4) =? (3) =? (2) are obvious. 

(2) =? (1) Let f and 9 be any (E-Y1 E-y vqo)-fuzzy right ideal and (E-Y1 E-y Vqo)-fuzzy 
• • 

left ideal of S, respectively. Then by hypothesis f * 9 ~ fAg. But f * 9 ~ fAg always 
• holds. Thus f * 9 = fAg. Hence by Theorem 213, S is regular . • 

4.4 Intra-Regular Semigroups in terms of (E,l E, Vqo) 

fuzzy Ideals 

In this section we characterize intra-regular semigroups by the properties of their 

(E-y, E-y vqo)-fuzzy ideals, (E-Y1 E-y vqo)-fuzzy bi-ideals and (E-y, E-y Vqo)-fuzzy quasi

ideals. 

Theorem 218 The following assertions are equivalent for a semigroup S: 

(1) S is intra-regular . 
• 

(2) f 1\ 9 ~ f * 9 for every (E-Y1 E-y vqo)-fuzzy left ideal f and every (E-y, E-y Vqo)-

fuzzy right ideal 9 of S. 

Proof. (1) =? (2) Let f be an (E-Y1 E-y Vqo)-fuzzy left ideal and 9 be an (E -Y1 E-y Vqo)-

fuzzy right ideal of S. Let xES. Then there exist a , bE S such that x = axxb. Now 

(f * g) (x) = ( CYuz (f(y) 1\ g(Z))) V')') 1\ 0 

~ ((f(ax) A g(xb)) V ')') A 0 

= (((f(ax) V')') 1\ (g(xb) V')')) V')') 1\ 0 
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~ (((J(x) /\ 8) /\ (g(x) /\ 8)) V')') /\ 8 

= ((f(x) /\ g(x)) V')') /\ 8 

= (f A g) (x). 

* Thus f * g ~ f /\ g. 

89 

(2) =? (1) Let R be any right ideal and L be any left ideal of S. Then CR and CL 

are (E1" E1' V qo )-fuzzy right and (E1" E1' V qo )-fuzzy left ideals of S, respectively. By 
* * • 

hypothesis CL * CR ~ CL /\ CR. By Lemma 207, this implies that CLR ~ CLnR =? 

LR 2 L n R. Hence S is an intra-regular semigroup .• 

Theorem 219 The following assertions are equivalent for a semigroup S,' 

(1) S is both regular and intra-regular. 
* (2) f = f * f for every (E1" E1' Vqo)-fuzzy quasi-ideal f of S. 
* (3) f = f * f for every (E1" E1' Vqo)-fuzzy bi-ideal f of S. 

* (4) f /\ g S; f * g for all (E1" E1' V qo )-fuzzy quasi-ideals f, g of S . 
• (5) f /\g S; f * g for every (E1" E"{ vqo)-fuzzy quasi-ideal f and every (E1" E1' Vqo)-

fuzzy bi-ideal g of S. 
* (6) f /\ g S; f * g for all (E1" E1' vqo)-fuzzy bi-ideals f, g of S. 

Proof. (1) =? (6) Let f, g be (E1" E1' Vqo)-fuzzy bi-ideals of S. Let xES. Then 

there exist a, b, c E S such that x = axxb and x = xcx. Thus x = xcx = xcxcx = 
xc(axxb)cx = (xcax)(xbcx) . Thus we have 

(J *g) (x) = (C~z (J(y)/\g(Z))) V')') /\8 

;::: ((J(xcax) /\ g(xbcx)) V')') /\ 8 

= (((J(xcax) V')') /\ (g(xbcx) V')')) V')') /\ 8 

;::: (((J(x) /\ 8) /\ (g(x) /\ 8)) V')') 1\ 8 

= ((J(x) /\ g(x)) V')') /\ 8 

= (f A g) (x). 

* Thus f * g ~ f /\ g. 

(6) =? (5) =? (4) are obvious. 
* (4) =? (2) Take f = g in (4), we get f * f ~ j. Since every (E1" E1' Vqo):-fuzzy 

* quasi-ideal of S is an (E1" E1' Vqa)-fuzzy subsemigroup of S, so f * f S; j. Thus 
* 

f*f=j. 
* (6) =? (3) Take f = g in (6), we get f * f ~ j. Since every (E1" E')' Vqo)-fuzzy 

* • 
bi-ideal of S is an (E1" E')' vqo)-fuzzy subsemigroup of S, so f * f S; f· Thus f * f = f. 

(3) =? (2) Obvious. 
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(2) => (1) Let Q be a quasi-ideal of S. Then CQ is an (E" E, Vqa)-fuzzy quasi-
* * * 

ideal of S. Hence by hypothesis CQ * CQ = CQ. This implies that CQQ = CQ l that is 

QQ = Q. Hence by T heorem 28 , S is both regular and intra-regular . _ 

Theorem 220 The following assertions are equivalent for a semigroup S : 

(1) S is both regular and intra-regular. 
* (2) f /\ 9 ~ (J * g) /\ (g * J) for every (E" E, Vqa)-fuzzy right ideal f and every 

( E, I E, V qa)-fuzzy left ideal 9 of S . 
* (3) f /\ 9 ~ (J * g) /\ (g * J) for every (E" E, Vqa)-fuzzy right ideal f and every 

(E" E, Vqa)-fuzzy quasi-ideal 9 of S. 
* (4) f /\ 9 ~ (J * g) /\ (g * J) for every (E" E, Vq6)-fuzzy right ideal f and every 

(E" E, Vqa)-fuzzy bi-ideal 9 of S. 
* (5) f /\ 9 ~ (J * g) /\ (g * J) for every (E" E, Vqa)-fuzzy right ideal f and every 

(E" E, Vqa)-fuzzy generalized bi-ideal 9 of S. 
* (6) f /\ 9 ~ (J * g) /\ (g * J) for every (E" E, Vq6)-fuzzy left ideal f and every 

(E" E, Vqa)-fuzzy quasi-ideal 9 of S. 
* (7) f /\ 9 ~ (J * g) /\ (g * J) for every (E" E, V q6 )-fuzzy left ideal f and every 

(E" E, Vq6)-fuzzy bi-ideal 9 of S. 
* (8) f /\ 9 ~ (J * g) /\ (g * J) for every (E" E, Vq6)-fuzzy left ideal f and every 

(E" E, Vq6)-fuzzy generalized bi-ideal 9 of S . 
* (9) f /\ 9 ~ (J * g) /\ (g * J) for all (E" E, Vq6)-fuzzy quasi-ideal f, 9 of S. 
* (10) f /\ 9 ~ (J * g) /\ (g * J) for every (E" E, Vq6)-fuzzy quasi-ideal f and every 

(E" E, Vq6)-fuzzy bi-ideal 9 of S. 
* (11) f /\ 9 ~ (J * g) /\ (g * J) for every (E" E, Vq6)-fuzzy quasi-ideal f and every 

(E" E, Vq6)-fuzzy generalized bi-ideal 9 of S. 
* (12) f /\ 9 ~ (J * g) /\ (g * J) for all (E" E, Vqa)-fuzzy bi-ideals f, 9 of S. 
* (13) f /\ 9 ~ (J * g) /\ (g * J) for every (E" E, Vq6)-fuzzy bi-ideal f and every 

(E" E, Vq6)-fuzzy generalized bi-ideal 9 of S. 
* (14) f /\ 9 ~ (J * g) /\ (g * J) for all (E" E, Vqa)-fuzzy generalized bi-ideal f,g of 

S. 

Proof. (1) => (14) Let f, 9 be (E" E, Vq6)-fuzzy generalized bi-ideals of S. Let 

xES. Then there exist a , b, c E S such that x = axxb and x = xcx. Thus x = xcx = 
xcxcx = xc(axxb)cx = (xcax)(xbcx). Thus we have 

(J * g) (x ) = ( C~z (J(y) /\ g(Z))) V 1') /\ b 

2: ((J( xcax ) /\ g(xbcx)) V 1') /\ b 

= (((J(xcax) V 1') /\ (g(xbcx) V 1')) V 1') /\ b 

2: (((J(x) /\ b) /\ (g(x) /\ b)) V 1') /\ b 
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= ((f(x) 1\ g(x)) V 'Y) 1\ 0 

= (f A9) (x) . 

* * * 
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Thus f * 9 ~ f 1\ g. Similarly we can show that 9 * f ~ f 1\ g. Hence f 1\ 9 :S 

(f * g) 1\ (g * 1). 
(14) :::} (13) :::} (12) :::} (10) :::} (9) :::} (3) :::} (2) 

(14) :::} (11) :::} (10) 

(14) :::} (8) :::} (7) :::} (6) :::} (2) and 

(14) :::} (5) :::} (4) :::} (3) :::} (2) are obvious. 

(2) :::} (1) Let f be an (E"'f' E"'f vqo)-fuzzy right ideal and 9 be an (E"'f' E"'f vqo)-fuzzy 
* * left ideal of S. Then by hypothesis we have f 1\ 9 :S (J * g) 1\ (g * 1), that is f 1\ 9 :S f * 9 

* * * * and f 1\ 9 :S 9 * f· But f 1\ 9 ~ f * 9 always hold. Hence f 1\ 9 = f * 9 and f 1\ 9 :S 9 * f. 
Thus by Theorems 213 and 218, S is both regular and intra-regular. _ 

4.5 Semisimple Semigroups 

In this section we characterize semisimple semigroups by the properties of their (E"'f 

, E"'f vqo)-fuzzy ideals and (E"'f' E"'f Vqo)-fuzzy interior-ideals. 

Theorem 221 In a semisimple semigroup S, a fuzzy subset f of S is an (E"'f' E"'f Vqo)

fuzzy ideal of S if and only if it is an (E"'f' E"'f Vqo)-fuzzy interior-ideal of S. 

Proof. Let S be a semisimple semigroup and f be an (E"'f' E"'f Vqo) -fuzzy interior

ideal of S. Then for any x, yES there exist a, b, e, dES such that x = (axb) (exd). 

Thus we have 

f (xy) V'Y = f ((axbexd) y) V'Y = f ((ax (be)) x (dy)) V 'Y ~ f (x) 1\ O. 

Similarly f (xy) V 'Y ~ f (y) 1\ O. Hence f is an (E"'f' EI' vqo)-fuzzy ideal of S. 

Conversely assume that f is an (EI" EI' vqo)-fuzzy ideal of S. Then f is always an 

(EI" EI' vqo)-fuzzy interior-ideal of S. _ 

Theorem 222 For a semigroup S the following assertions are equivalent 

(1) Sis semisimple. 
* (2) f * f = f for every (EI" EI' vqo)-fuzzy ideal f of S. 
* (3) f * f = f for every ( E"'f' EI' Vqo)-fuzzy interior-ideal f of S. 

* (4) f 1\ 9 = f * 9 for all (E"'f' EI' vqo)-fuzzy ideals f, 9 of S. 
* (5) f 1\ g = f * 9 for every (EI" EI' Vqo) -fuzzy ideal f and every (EI" EI' vqo)-fuzzy 

interior-ideal 9 of S. 
* (6) f I\g = f *g for every (EI" EI' vqo)-fuzzy interior-ideal f and every (EI" EI' Vqo)-

fuzzy ideal 9 of S. 
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• (7) 1 1\ g = f * g for all (E-y, E-y V qo)-fuzzy interior-ideals f, g of S. 
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Proof. (1) :=:} (7) Let S be a semisimple semigroup and 1, g be (E-y, E-y Vqo)-fuzzy 

interior-ideals of S . Let xES. Then there exist a, b, c, dES such that x = (axb) (cxd) . 

Thus we have 

(j * g) (x) = ( CYuz (j(y) 1\ g(Z))) V,) 1\ 0 
~ ((j(axb) 1\ g(cxd)) V "1) 1\ 0 

= (((j(axb) V,) 1\ (g(cxd) V,)) V,) 1\ 0 

~ (((j(x) 1\ 0) 1\ (g( x) 1\ 0)) V "1) 1\ 0 

= ((j(x) 1\ g(x)) V "1) 1\ 0 

= (1 Ag) (x) . 
* Thus f*g ~ 1 1\ g· Since every (E-y, E-y Vqo)-fuzzy interior-ideal of S in a semisimple 

* * semigroup is an (E-y, E-y Vq8)-fuzzy ideal of S, so f * g :::; f 1\ g. Hence 1 * g = 11\ g. 
(7) =} (6) =} (4) =} (2), (7) =} (3) =} (2) and (7) =} (5) =} (4) are obvious. 

(2) =} (1) Let A be any ideal of S. Then CA is an (E-y> E-y vqo)-fuzzy ideal of 
* S. Thus by hypothesis CA * CA = CA, that is AA = A. Hence S is a semisimple 

semigroup .• 



Chapter 5 

Characterizations of Semigroups 

by the Properties of their 

(E" E, V Q5)-fuzzy Ideals 

In this chapter, we initiate the study of (E-y, E-y V q,,)-fuzzy left (right) ideal, (E-y, E-y V 

q,,)-fuzzy quasi-ideal and (E-y, E-y V q,,)-fuzzy bi-ideal of semigroup. Regular, intra

regular, and semisimple semigroups are characterized by the properties of these fuzzy 

ideals. If we take I = 0 and 0 = 0.5 then (E-y, E-y V q,,)-fuzzy left (right, quasi-ideal, 

bi-ideal) becomes (E', E'Vq)-fuzzy left (right, quasi-ideal, bi-ideal). If we take I = 0 and 

0= 12k then (E-y, E-y V qo)-fuzzy left (right, quasi-ideal, bi-ideal) becomes (E, E V qk)

fuzzy left (right, quasi-ideal, bi-ideal) . Thus this chapter is a generalization of Chapter 

2 as well as of Chapter 3. 

5.1 (<I>, W) - fuzzy subsemigroups 

Throughout this chapter 1,0 E [0,1], where I < O. ~, W E {E-y, q", E-y V qs, E-y 1\ q,,} 

and ~ =1= E-y 1\ qo· 

Let f be a fuzzy subset of a semigroup 8 such that f(x) :::; O. Let xES and 

t E [0,1] be such that XtE-y 1\ q". Then f(x) < t and f(x) + t :::; 20. It follows 

that 20 ~ f(x) + t > f(x) + f(x) = 2f(x), that is f(x) < O. This means that 

{Xt : Xt E-y 1\ q" J} = 0. Therefore we are not taking ~ = E-y 1\ qo· 

Definition 223 A fuzzy subset f of a semigroup S is called a (~, w) -fuzzy subsemi

group 018, if it satisfies 

(5.1) (XY)min{t,r) ~ 1 =? xt'W lor YrW 1 for all x, Y E 8 and t, r E (r, 1]. 
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There are twelve different types of (~, \f)-fuzzy subsemigroups of a semigroup 

S, they are (E1',E1')' (E1',qo), (E1',E1'/\qo), (E1',E1'Vqo), (qo,E1')' (qc5,qo), (qo, E1'/\ 

qo),(qo,E1'Vqo), (E1'V qo, E1')' (E1'Vqo,qo), (E1'Vqo,E1'/\ qo), and (E1'V qo,E1'Vqo). 

The following thorem gives the relations between them. 

Theorem 224 Let 20 = 1 + 'Y and S be a semigroup. Then the following are true: 

(i) Every (E1" E1' )-fuzzy subsemigroup of S is an (E1" E1' V qo )-fuzzy subsemi-

group of S. 

(ii) Every (E1" qo)-fuzzy subsemigroup of S is an (E1" E1' V qo)-fuzzy subsemi-

group of S. 

(iii) Every (E1" E1' /\ qo)-fuzzy subsemigroup of S is an (E1" E1')-fuzzy subsemi

group of S. 

(iv) Every (E1" E1' /\ qo )-fuzzy subsemigroup of S is an ( E1" qo )-fuzzy subsemigroup 

of S. 

(v) Every (E1" E1' /\ qo)-fuzzy subsemigroup of S is an (E1" E1' V qo) -fuzzy sub-

sernigroup of S. 

(vi) Every (qo, E1')-fuzzy subsemigroup of S is an (qo, E1' V qo)-fuzzy subsemigroup 

of S. 

(vii) Every (qo, qo )-fuzzy subsemigroup of S is an (qo, E1' V qo )-fuzzy sub semi group 

of S. 

(viii) Every (qo , E1' /\ qo )-fuzzy subsemigroup of S is an (qo , E1' )-fuzzy subsemigroup 

of S. 

(xi) Every (qo , E1' /\ qo)-fuzzy subsemigroup of S is an (qo, qo)-fuzzy sub semi group 

of S. 

(x) Every (qo, E1' /\ qo)-fuzzy subsemigroup of S is an (qo , E1' V qo)-fuzzy subsemi

group of S . 

(xi) Every (E1' V qo, E1')-fuzzy subsemigroup of S is an (E1' V qo, E1' V qo)-fuzzy 

subsemigroup of S. 

(xii) Every (E1' V qo, qo )-fuzzy subsemigroup of S is an (E1' V qo, E-y V qc5 )-fuzzy 

subsemigroup of S. 

(xiii) Every (E-y V qo, E1' V qo )-fuzzy subsemigroup of S is an (E-y , E-y V qo )-fuzzy 

subsemigroup of S. 

(xvi) Every (E1' V qo, E-y V qo )-fuzzy subsemigroup of S is an (qo, E-y V qo )-fuzzy 

sub semi group of S. 

(xv) Every (E1' V qo, E1' V qo )-fuzzy subsemigroup of S is an (E1' /\ qo, E-y V qo)

fuzzy subsemigroup of S. 

(xv) Every (E1' V qo, E1' /\ qo )-fuzzy subsemigroup of S is an (E-y V qo , E-y V qo)

fuzzy subsemigroup of S. 
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(xvi) Every (E-y V qo, E-y!\ qo)- fuzzy subsemigroup of S is an (E-y V qo, E-y)-fuzzy 

sub semi group of S . 

(xvii)Every (E-y V qo , E-y !\ qo)-fuzzy subsemigroup of S is an ("E V qo , qo)-fuzzy sub

semigroup of S. 

Proof. Straightforward. • 

Theorem 225 Let 26 = 1 + , . IJ J 'is one of the following : 

(i) an (E-y, E-y)-fuzzy subsemigroup of S; 

(ii) an (E-y, qo)-fuzzy subsemigroup of S; 

(iii) a (qo, E-y )-fuzzy subsemigroup of S; 

(iv) a (qo, qo)-fuzzy subsemigroup of S; 

(v) an (E-y,E-y!\ qo)-fuzzy sub semi group of S; 

(vi) an (E-y, E-y V qo )-fuzzy subsemigroup of S; 

(vii) an (E-y V qo, qo)-fuzzy subsemigroup of S; 

(viii) an (E-y V qo, E-y )-fuzzy subsemigroup of S; 

(ix) an (E-y V qo, E-y !\ qo )-fuzzy subsemigroup of S; 

(x) a (qo, E-y !\ qo)-fuzzy subsemigroup of S; 

(xi) a (qo, E-y V qo)-fuzzy subsemigroup of S; 

(xii) an (E-y V qo, E-y V qo )-fuzzy subsemigroup of S; 

then f-y = {x E S : f(x) > ,} is a subsemigroup of S. 

Proof. (i) Let x , Y E f -y· Then f (x ) > " f (y) > , . If f (xy) :s " then 

(xY)min{f(x),!(y)} E-y J but Xf( x) E-y f and Yf(y) E-y f , which is a contradiction. Thus 

f (xy) > " and so x y E fT 

(ii) Let x, y E fT Then f (x) > " f (y) > T If f (x y) :S,' then (XY)min{l ,l}E-yf 

but xlqof and Ylqof, which is a contradiction. Thus f (xy) > " and so xy E fT 

(iii) Let x, y E f-y. Then f (x) > " f (y) > ,. If f (xy) :s " then (xY)min{f(x),!(y)) qof 

but xf(x) E f and Yf(y) E f, which is a contradiction. It follows that f (xy) > ,so 

that xy E f-y . 

(iv) Let x, y E f-y. Then f (x) > " f (y) > T Suppose that xy tJ. fT Then 

f (xy) :s ,. Note that (xY)min{l,l} qof but xlqof and Ylqof, because f (x) + 1 > 
1 +, = 28 and f (y) + 1 > 1 +, = 28. This is a contradiction, and thus f (xy) > " 
which shows that xy E f-y. 

Similarly we can prove the remaining parts. • 

Theorem 226 Let 26 = 1 +, and A be a non-empty subset of S. Then A is a 

subsemigroup of S if and only if the fuzzy subset f of S defined by 

f (x) = {I if x E A 
~ , if x tJ. A 
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is an (~ , E"( V qo)-fuzzy subsemigroup of S. 

Proof. Let A be a subsemigroup of S. 
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(1) When ~ = ET Let x, y ES and t, r E (r,I] be such that (XY)min{t,r} E"(f. 

Then f (xy) < min {t , r}. This implies that xy ¢:. A. Since A is a subsemigroup of S, 

we have x ¢:. A or y ¢:. A . If x ¢:. A, then f( x ) ::; "(. Thus f(x) + t ::; ,+ 1 = 20', that 

is xtqof. Similarly if y ¢:. A, then YrqfJ This shows that f is an (E"( , E"( V qo)-fuzzy 

subsemigroup of S. 

(2) When <i? = qo. Let x, yES and t, rEb, 1] be such that (XY)min{t,r} qof. Then 

f( x y) + min{ t, r} ::; 20' = 1 + "(. Since min{ t, r} > 1, we have f(xy) < 1. This implies 

that xy ¢:. A. Since A is a subsemigroup of S, we have x ¢:. A or y ¢:. A . If x ¢:. A, then 

f( x ) ::; ,. Thus f( x) + t ::; ,+ 1 = 20', that is Xtqc5f. Similarly if y ¢:. A, then Yrqc5f. 

This shows that f is an (qo, E"( V qo)-fuzzy subsemigroup of S. 

(3) Follows from parts (1) and (2) . 

Conversely, assume that f is an (~, E"( Vqc5)-fuzzy subsemigroup of S. Then A = fT 
It follows from Theorem 225 that A is a subsemigroup of S. • 

Corollary 227 Let 20' = 1 +, and A be a non-empty subset of S. Then A is a 

subsemigroup of S if and only if C A, the characteristic function of A is an C~, E"( V qc5)

fuzzy subsemigroup of S. 

5.2 (<1> , '11) - fuzzy ideals 

In this section we define (<i?, \fi) - fuzzy left (right) ideal of a semigroup and prove some 

relations between them. 

Definition 228 A fuzzy subset f of a semigroup S is called a (<i?, iI!) -fuzzy left (right) 

ideal of S, if it satisfies 

(5.2) (yx)t~f :=} xtiI!f (yt iI!f)forallx,y ESandt Eb,I]. 

A fuzzy subset f of a semigroup S is called a (~, \fi) -fuzzy ideal of S, if it is both 

(~, iI!)-fuzzy left ideal and (~, \fi)-fuzzy right ideal of S. 

There are twelve different types of C~;, \fi)-fuzzy left (right) ideals of a semigroup 

S, they are (E"(, E"(), (E"(, qo), (E"(, E"( !\ qo), (E"(, E"( V qo), (qo, E"(), (qo, qo), (qc5, E"( !\ 

qo), (qo, E"( V qo), (E"( V qo, E"(), (E"( V qo, qo), (E"( V qo , E"(!\ qo), and (E"( V qc5 , E"( V qo ) . 

The following thorem gives the relations between them. 

Theorem 229 Let 20' = 1 +, and S be a semigroup. Then the following are true: 

(i) Every (E"(, E"( )-fuzzy left (right) ideal of S is an (E"(, E"( V qo )-fuzzy left (right) 

ideal of S. 
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(ii) Every (E'"Y' qo)-fuzzy left (right) ideal of 5' is an (E'"Y' E'"Y V qo)-fuzzy left (right) 

ideal of S. 

(iii) Every (E'"Y' E'"Y /\ qo)-fuzzy left (right) ideal of S is an (E'"Y ' E'"Y )-fuzzy left 

(right) ideal of S. 

(iv) Every (E'"Y' E'"Y /\ qo)-fuzzy left (right) ideal of S is an (E'"Y' qo)-fuzzy left (right) 

ideal of S. 

(v) Every (E"I' E"I/\ qo)-fuzzy left (right) ideal of S is an (E"I' E"I V qo)-fuzzy left 

(right) ideal of S. 

(vi) Every (qo, E'"Y)-fuzzy left (right) ideal of 5' is an (qo, E'"Y V qo)-fuzzy left (right) 

ideal of S. 

(vii) Every (qo, qo)-fuzzy left (right) ideal of S is an (qo, E"I V qo)-fuzzy left (right) 

ideal of S. 

(viii) Every (qo , E"I/\ qo)-fuzzy left (right) ideal of S is an (qo, E"I)-fuzzy left (right) 

ideal of S. 

(xi) Every (qo, E"I /\ qo)-fuzzy left (right) ideal of S is an (qo, qo)-fuzzy left (right) 

ideal of S. 

(x) Every (qo, E'"Y /\ qo)-fuzzy left (right) ideal of S is an (qo, E"I V qo)-fuzzy left 

(right) ideal of S. 

(xi) Every (E"I V qo, E"I)-fuzzy left (right) ideal of S is an (E"I V qo, E'"Y V qo)-fuzzy 

left (right) ideal of S. 

(xii) Every (E'"Y V qo, qo)-fuzzy left (right) ideal of S is an (E"I V qo, E"I V qo)-fuzzy 

left (right) ideal of S. 

(xiii) Every (E'"Y V qo, E'"Y V q6)-fuzzy left (right) ideal of S is an (E'"Y' E"I V qo)-fuzzy 

left (right) ideal of S. 

(xvi) Every (E"I V qo, E"I V qo )-fuzzy subsemigroup of S is an (qo, E"I V qo )-fuzzy left 

(right) ideal of S. 

(xv) Every (E"I V qo, E"I V qo )-fuzzy left (right) ideal of S is an (E"I /\ qo, E"I V qo)

fuzzy left (right) ideal of S. 

(xv) Every (E"I V qo, E"I /\ qo)-fuzzy left (right) ideal of S is an (E"I V qo, E'"Y V qo)

fuzzy left (right) ideal of S. 

(xvi ) Every (E"I V qo, E'"Y /\ qo) -fuzzy left (right) ideal of S is an (E"I V qo, E"I)-fuzzy 

left (right) ideal of S. 

(xvii)Every (E"IVqo ,E"I/\qo )-fuzzy left (right) ideal of S is an ("EVqo,qo)-fuzzy 

left (right ) ideal of S. 

Proof. Straightforward. • 

Theorem 230 Let 20 = 1 + T' If f is one of the following: 

(i) an (E"I' E'"Y)-fuzzy left (right) ideal of S; 
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(ii) an (E"),,qo)-fuzzy left (right) ideal of Sj 

(iii) a (qo, E")')-fuzzy left (right) ideal of Sj 

(iv) a (qo, qo)-fuzzy left (right) ideal of Sj 

(v) an (E,,),' E-y 1\ qo)-fuzzy left (right) ideal of Sj 

(vi) an (E"),, E-y V qo)-fuzzy left (right) ideal of Sj 

(vii) an (E")' V qo, qo)-fuzzy left (right) ideal of Sj 

(viii) an (E")' V qo , E,,),)-fuzzy left (right) ideal of Sj 

(ix) an (E")' V qo, E")' 1\ qo)-fuzzy left (right) ideal of Sj 

(x) a (qo, E-y 1\ qo)-fuzzy left (right) ideal of Sj 

(xi) a (qo, E")' V qo)-fuzzy left (right) ideal of Sj 

(xii) an (E")' V qo, E")' V qo)-fuzzy left (right) ideal of Sj 

then f")' = {x E S: f(x) > 'Y} is a left (right) ideal of S. 

Proof. The proof is similar to the proof of Theorem 225. • 
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Theorem 231 Let 25 = 1 + 'Y and A be a non-empty subset of S. Then A is a left 

(right) ideal of S if and only if the fuzzy subset f of S defined by 

f (x) = {I if x E A 
::; 'Y if x i A 

is an (~ , E")' V qo)-fuzzy left (right) ideal of S. 

Proof. The proof is similar to the proo of Theorem 226. • 

Corollary 232 Let 25 = 1 + 'Y and A be a non-empty subset of S . Then A is a left 

(right) ideal of S if and only if CA, the characteristic function of A is an (~, E")' V qo)

fuzzy left (right) ideal of S. 

5.3 (E" E, V qb')-fuzzy subsemigroups and ideals 

We start this section with the following theorem. 

Theorem 233 FoT' any fuzzy subset f of a semigroup Sand foT' all x, y, z E Rand 

t, T' E (,),,1] (5.1a) is equivalent to (5.1b), (5.2a) is equivalent to (5.2b), (5.3a) is equiv

alent to (5.3b) and (5.4a) is equivalent to (5.4b), wheT'e 

(5 .1a) Xt, yrE-yf ~ ( XY)min{t ,r} E,,), V qof. 

(5.1b) max{f(xy) , 5} 2: min{f(x) , fey)}· 

(5.2a) XtE")'f ~ (yx)tE-y V qof ((xY)t E,,), V qo/) · 

(5.2b) max{f(yx ), o} 2: f( x ) (max{f(xy) , 5} 2: f(x). 
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(5.3a) Xt, YrE-rf => (XZY)min{t ,,·}E,), V q{,f· 

(5.3b) max{f(xz y),O} 2: min{J(x), f(y)}· 

(5.4a) XtE,),J => (yxz)tE,), V q{,f. 

(5.4b) max{f(yxz ), O} 2: f(x). 

Proof. We prove only (5.la) if and only if (5 .lb). Proofs of the remaining parts 

are similar to this. 

(5.la) => (5.lb) Let J be a fuzzy subset of S which satisfies (5.la). Let x, yES be 

such that max{J(xy) , o} < min{J(x), f(y)} . Select t E (-y, 1) such that max{J(xy) , o} < 
t :::; min{J(x), J(y)}. Then f(xy) < t and f(x) 2: t > 'Y, f(y) 2: t > 'Y, J( x ) + t > 
0+0 = 20, f(y) + t > 0 + c5 = 20 that is (xY)tE,),J but Xt (E')' I\q{,) f and Yt (E')' I\q{,) f, 

which is a contradiction. Hence max{J(xy) , o} 2: min{J(x), f(y)}. 

(5.lb) => (5 .la) Let f be a fuzzy subset of S which satisfies (5.lb). Let x, yES 

and t, r E (-y, 1) be such that (xy )min{ t,r} E')' f but Xt (E')' I\q{,) f and Yr (E')' I\q{,) f. Then 

f(xy) < min{t,r}. Now f(x) 2: t > 'Y and J(x) + t > 20, also f(y) 2: r > 'Y and 

f(y) + r > 20. Thus min{J(x), J(y)} 2: min{t, r} > J(xy) and min{f(x), f(y)} 2: 
min{20 - t, 20 - r} 

J(xy) < min{t,r} (3) 

and f(xy) +min{t,r}:::; 20 (4) . 

It follows from (3) and (4) that f(xy) < 0. Now max{J(xy) , 'Y} < 0 and max{J(xy) , 'Y} < 
min{J(x), f(y)}. Thus max{J(xy) , 'Y} < min{J(x), J(y), o}. Which is a contradiction. 

Hence (xY)min{t,r}E,), V q{'f. • 

From the above theorem we deduce that 

Definition 234 A fuzzy subset J of a semigroup S is called an 

• (E,)" E')' V q{,)-fuzzy subsemigroup of S if it satisfies (5.la or 5.lb). 

• (E')', E')' V q{,)-fuzzy left (right) ideal of S if it satisfies (5 .2a or 5.2b) . 

• (E,)" E')' V q{,)-fuzzy generalized bi-ideal of S if it satisfies (5 .3a or 5.3b). 

• (E,)" E')' V q{,)-fuzzy bi-ideal of S if it satisfies (5.la and 5.3a) or (5.lb and 5.3b). 

• (E,)" E')' V q{,)-fuzzy interior-ideal of S if it satisfies (5.4a or 5.4b). 

Definition 235 Let f be a fuzzy subset of a semigroup S. We define 

fr = {x E S : Xr E')' j} = {x E S : f(x) 2: r > 'Y} = U(f; r). 

f: = {x E S : xrq{'j} = {x E S : f(x) + r > 20}. 

Theorem 236 Let f be a fuzzy subset of a semigroup S. Then 
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(1) f is an (E-y, E-y V qo)-fuzzy subsemigroup of S if and only if U(fj t)( =/=- 0) is a 

subsemigroup of S for all t E (8, 1]. 

(2) f is an (E-y, E-y V qo)-fuzzy left (right) ideal of S if and only if U(f j t) (=/=- 0) is a 

left (right) ideal of S for all t E (8,1]. 

(3) f is an ( E-y , E-y V qo)-fuzzy generalized bi-ideal (bi-ideal) of S if and only if 

U(fj t) (=/=- 0) is a generalized bi-ideal (bi-ideal) of S for all t E (8,1]. 

(4) f is an (E-y, E-y V qo)-fuzzy interior-ideal of S if and only if U(fj t)( =/=- 0) is a 

interior-ideal of S for all t E (8, 1] . 

P roof. (1) Let f be an (E-y , E-y V qo)-fuzzy subsemigroup of S and x, y E U(f j t) 

for some t E (8 , 1] . Then f( x ) 2 t and f (y) 2 t. By hypothesis max{J(xy) , 8} 2 

min{J(x), f(y)} = t :::} f( xy) 2 t . Hence xy E U(f j t) , that is U(f j t) is a subsemi

group of S. 

Conversely, assume that U(fj t) =/=- 0 is a subsemigroup of S for all t E (8 , 1]. Sup

pose that there exist x,y E S such that max{J(xy) , 8} < min{J(x ), f(y)}. Choose 

t E (8,1] such that max{J(xy) , 0} < t ::; min{J(x), f(y)}. This implies f( x ) 2 t, 

f( y ) 2 t and f( xy) < t, t hat is x, y E U(f j t) but xy rt. U(fj t ), which is a contra

diction. Hence max{J(xy) , 8} 2 min{f(x ),J(y)}, that is f is an (E-y, E-y V qo)-fuzzy 

subsemigroup of S . 

Similarly we can prove (2) , (3) and (4) . • 

From the above T heorem it follows that 

(1) Every ( E-y, E-y vqo)-fuzzy ideal of a semi group S is an (E-y , E-y Vqo)-fuzzy interior

ideal of S . 

(2) Every ( E-y , E-y V qo)-fuzzy left (right) ideal of a semigroup S is an (E-y, E-y V qo)

fuzzy bi-ideal ideal of S. 

(3) Every (E-y , E-y V qo)-fuzzy bi-ideal of a semigroup S is an (E-y , E-y V qo)-fuzzy 

generalized bi-ideal of S . 

T heorem 237 Let f be a fuzzy subset of a semigroup Sand 28 = 1 + 'Y. Then 

(1) f is an (E-y , E-y V qo)- fuzzy subsemigroup of S if and only if f; (=/=- 0) is a 

subsemigroup of S for all r E [0 , 8) 

(2) f is an (E-y , E-y V qo)-fuzzy left(right) ideal of S if and only if f;(=/=- 0) is a 

left (right ) ideal of S for all r E [0 , 8) 

(3) f is an (E-y , E-y V qo)-fuzzy generalized bi-ideal (bi-ideal) of S if and only if 

f; (=/=- 0) is a generalized bi-ideal (bi-ideal) of S for all r E [0 , 8) 

(4) f is an (E-y, E-y V qo )-fuzzy interior-ideal of S if and only if f; (=/=- 0) is a interior

ideal of S for all r E [0,8) . 

Proof. (1) Suppose f is an ( E-y, E-y V qo)-fuzzy subsemigroup of Sand X,y E f! . 
T hen f (x ) + r > 20' and f (y) + r > 28 :::} f (x) > 28 - r > 28 - 8 = 8 (because 
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l' < 8, so 28 - l' > 28 - 8 = 8) and similarly f(y) > 8. By hypothesis max{f(xy) , c5} :::: 
min{f(x) , f(y)} > 8 

=} f(xy) :::: min{f(x), f(y)} 

=} f(xy) > min{28 - 1',28 - r} = 28 - r. 

Thus f(xy) > 28 -1' =} f(xy) +1' > 28 =} xy E f!. Hence f: is a subsemigroup of 

s. 
Conversely, assume that f:(=1= 0) is a subsemigroup of S for all l' E [0 ,8). Let 

X,y E S be such that max{f(xy),8} < min{f(x),f(y)} =} 28 - min{f(x),f(y)} < 
28 - max{f(xy) , 8} 

=} max{28 - f(x), 28 - f(y)} < min{28 - f(xy), 28 - c5}. 

Take l' E [0,8) such that max{28 - f( x ), 28 - f(y)} < T ::::; min{28 - f(xy), 8}. Then 

28 - f(x) < 1',28 - f(y) < l' and l' ::::; 28 - f(xy) =} f(x) + l' > 28 and f(y) + l' > 28 

but f (xy) + l' ::::; 28, that is x E f:, y E f: but (xy) ric f: , which is a contradiction. 

Hence max{f(xy), 8} :::: min{f(x) , f(y)} . 

Similarly, we can prove the parts (2) , (3) and (4) .• 

Theorem 238 (1) The intersection of any family of (E-y, E-y vqt5)-fuzzy subsemigroups 

of S is again an (E-y, E-y V qt5)-fuzzy subsemigroup of S. 

(2) The intersection of any family of (E-y, E-y V qt5)-fuzzy left (right) ideals of S is 

again an (E-y, E-y V qt5)- fuzzy left (right) ideal of S . 

(3) The intersection of any family of (E-y, E-y V qt5)-fuzzy generalized bi-ideal (bi

ideal) of S is again an (E-y, E-y V qt5)-fuzzy generalized bi-ideal (bi-ideal) of S. 

(4) The intersection of any family of (E-y, E-y V qt5 )-fuzzy interior-ideals of S is again 

an (E-y, E-y V qt5)-fuzzy interior-ideal of S. 

Proof. (1) Let {fihEI be a family of (E-y, E-y V qt5)-fuzzy subsemigroups of S 

and X,y E S. Then ((I\fi)(xy)) V 8 (I\fi(xy)) V 8 (1\ ((fi(XY)) V 8)) > 
iEI iE I iEI 

( 1\ (min{fi( x), Ii (y)}) 
iEI 

= (1\ fi(X)) 1\ (1\ fi(y)) = (( 1\ fi)(X)) 1\ (( 1\ fi)(y)) · 
iEI iE I iE I iEI 

Thus 1\ Ii is an (E-y, E-y V qt5)-fuzzy subsemigroups of S. 
iEI 

Similarly, we can prove the parts (2), (3) and (4) .• 

Theorem 239 The union of any family of (E-y, E-y V qt5)-fuzzy left (right) ideals of S 

is again an (E-y, E-y V qt5)-fuzzy left (right) ideal of S. 

Proof. Let {fihEI be a family of (E-y, E-y V qt5)-fuzzy left ideals of S and x, yES. 

Then (( V fi)(XY)) V 8 = (V f i(XY)) V 8 = V ((fi(xy)) V 8) :::: V (fi(y)) = (V fi)(X). 
iE I iE I iEI iEI iEI 

Thus V fi is an (E-y, E-y V qt5)-fuzzy left ideal of S. • 
iEI 
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Proposition 240 Let f be an (EA(! E1' V qo)-fuzzy left ideal of Sand 9 be an (E'Y' E1' V 

qo) -fuzzy right ideal of S. Then fg is an (E1" E1' V qo)-fuzzy ideal of S. 

Proof. Let f , 9 be (E1" E1' V qo)-fuzzy left and right ideal of S, respectively. Let 

X,Y E S. Then (fg)(y ) = ( V (f(a)l\g(b)) = V (f(a)l\g(b)) ~ V ((f( xa )V8)l\g(b)) 
y=ab y=ab y=ab 

= V ((f(xa) 1\ g(b)) V 8 ~ V (f(e) 1\ g(d)) V 8 = (fg)(xy) V 8. 
y=ab xy=cd 

Similarly, we can show that (fg)(x) ~ (fg)( x y) V 8. This shows that fg is an 

(E1" E1' V qo)- fuzzy ideal of S . • 

Next we show that if f and 9 are (E1" E1' V qo )-fuzzy ideals of S, then f 9 i f 1\ g. 

Example 241 Let S = {a, b, e, d} be a semigroup with the following multiplication 

table 

a b e d 

a a a a a 

b a a a a 

e a a b a 

d a a b b 

Define fuzzy subset f,g of S by f(a) = 0.9 , f(b) = 0.8, f(e) = 0.7, f(d) = 0.7, 

g(a) = 0.95, g(b) = 0.3, g(e) = 0.7, g(d) = 0.6. 

Then 

1 
{a, b, e, d} 

U(f; t) = {~/} 
o 

{a, b, e, d} 

{a,e,d} 

U(g;t) = {a ,e} 

{a} 
o 

0< t ~ 0.7 

0.7 < t ~ 0.8 

0.8 < t ~ 0.9 

0.9 < t 
0 < t ~ 0.3 

0.3 < t ~ 0.6 

0.6 < t ~ 0.7 

0.7 < t ~ 0.95 

0.95 < t 

By Theorem 236, f and 9 are (E1" E1' V qo)-fuzzy ideals of S for 'Y = 0.6 and 

8 = 0.8. But fg(b) = V {J(x) 1\ g(y)} = V{0.7, 0.7, 0.6} = 0.7 1. (f 1\ g)(b) = 0.3 . 
b=xy 

Hence f 9 i f 1\ 9 in general. 

Definition 242 Let f, 9 be fuzzy subsets of a semigroup S. We define the fuzzy subsets 
o 
f , f 1\0 g, f VO 9 and f o g of S as follows: 

o 
f( x) = f(x) V 8 



5. Characterizations of Semigroups by the Properties of their 
(E":;, E":; V q;5)-fuzzy Ideals 103 

(J 1\0 g)(x) = ((f 1\ g)(x)) V 8) 

(f VO g)(x) = ((f V g)(x)) V 8 

(f 0 g)(x) = ((Jg)(x)) V 8 

for all xES. 

Lemma 243 Let f, 9 be fuzzy subsets of a semigroup S. Then the following hold: 

o 0 

(1) f 1\0 9 = f 1\ 9 
o 0 

(2) f VO 9 = f V 9 
00 

(3) f o g ~ fg· 

Proof. Let xES. 

(1) (f 1\0 g) (x) = ((J 1\ g)( x)) V 8 = (J( x ) 1\ g(x)) V 8 
o 0 0 0 

= (J( x) V 8) 1\ (g(x) V 8)) = f(x) 1\ g(x) = (J 1\ g)(x). 

(2) (J VO g)(x) = ((J V g)(x)) V 8 = (J(x) V g(x)) V 8 
o 0 0 0 

= (J(x) V 8) V (g(x) V 8)) = f(x) V g(x) = (J V g)(x). 

(3) If x is not expressible as x = yz for all y, z E S, then (f 0 g)(x) = ((Jg)(x)) V 

8 = 8 ~ 0 = 19(x). Otherwise (J 0 g)(x) = (Jg) (x) V 8 = C~/g(X)) V 8 = 

C~}f(Y) 1\ (g( Z))) V 8 

= C~z ([J(y) V 8]1\ [g( z ) V 8])) = x~z (!(y) 1\ g(z) ) = ( 19) (x) . . -

Lemma 244 Let f, 9 be (E1" E1' V q&) -fuzzy right and (E1" E1' V q&) -fuzzy left ideals of 

S, respectively. Then f og::; f 1\0 g. 

Proof. Straightforward. _ 

Lemma 245 Let A, B be non-empty subsets of a semigroup S. Then the following 

hold. 

(1) CA 1\0 CB = CAnB' 

(2) CA V
O CB = CAuB' 

(2) CA 0 CB = CAB' 
Where C A is the characteristic function of A. 
Proof. Straightforward. _ 

Theorem 246 (1) A fuzzy subset f of a semigroup S is an (E1" E1' V q,s)-fuzzy sub
o 

semigroup of S if and only if f 0 f ::; f · 
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(2) A fuzzy subset J of a semigroup S is an (E,,> E" V qo)-fuzzy generalized bi-ideal 
o 

of S if and only if J 0 5 0 J :::; J. 
(3) A fuzzy subset J of a semigroup S is an (E", E" V qo)-fuzzy left (right) ideal 

o 0 

of S if and only if 5 0 J :::; J (j 0 5 :::; 1) . 

(4) A fuzzy subset J of a semigroup S is an (E-y, E" V qo)-fuzzy bi-ideal of S if and 
o 0 

only if J 0 J :::; J and J 0 5 0 J :::; J. 
Where 5 is a fuzzy subset of S mapping every element of S on l. 

Proof. (1) Let J be an (E-y, E-y V q,,)-fuzzy subsemigroup of S and xES. If 

(f 0 1) (x) = 8, then (j 0 1) (x) = 8 :::; J(x) V 8. Otherwise 

(f 0 1) (x) = CYab {J(a) /\ J(b)}) V 8 

:::; CYab (f(ab) V 8)) V 8 = J(x) V 8 = f(x). 
o 

Thus J 0 J :::; f. 
o 

Conversely, assume that J 0 J :::; J and x, yES. Then 
o 

J(xy) V 8 = J(xy) ;::: J 0 J(xy) 

= (xy~ab {J(a) /\ J(b)}) V 8;::: (f(x) /\ J(y)) V 8;::: (f(x) /\ J(y)). 

Thus J is an (E" , E" V qo)-fuzzy subsemigroup of S. 
(2) Let J be an (E", E" V q,,)-fuzzy generalized bi-ideal of S and xE S. If 

o 
(f 0 5 0 1) (x) = 0, then (f 0 5 0 1) (x) = 8 :::; J (x) V 8 = J (x). 

Otherwise 

(joSo1)(x)=( V {J(a)/\(So1) (b)})Vo = ( V {J(a)/\[( V {5(c)/\J(d)})V 
x=ab x=ab b=cd 

8J} V 8) 

= ( V {f(a) /\ [( V J(d)) V 8J} V 8) = (( V { V [J(a) /\ J(d)] V 8} V 8) 
x=ab b=cd x=ab b=cd 

o 
= V { V [J ( a) /\ J (d)]} V 8 :::; ( V { V {J (acd) V 8}) V 8 = J ( x) V 8 = J ( x ) . 

x=ab b=cd x=ab b=cd 
o 

Thus J 050 J :::; J. 
o 

Conversely, assume that J 0 S 0 J :::; J and x, y, z E S. Then 
o 

J(xyz) V 8 = J(xyz) ;::: (f 0 5 0 1) (xyz) 
= ( V {J(a) /\ (5 0 1) (b)}) V 8;::: (f(x) /\ (5 0 J)(yz)) V 8 

xyz=ab 

= (f (x) /\ [( V { 5 ( c) /\ J (d)} ) V 8]) V 8 
yz=cd 

;::: ((f(x) /\ (f(z) V 8)) V 8 ;::: ((f(x) /\ J(z)) V 8;::: J(x) /\ J(z). 
Thus J is an (E", E-y V qo)-fuzzy generalized bi-ideal of S. 

(3) The proof is similar to the proof of (2). 

(4) Follows from (1) and (3) .• 
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Definition 247 A fuzzy subset f of a semigroup S is an (E,")" E'")' V qo) -fuzzy quasi-ideal 
o 

of S if and only if (f 0 S) 1\ (S 0 1) :::; f. 

Lemma 248 A non-empty subset A of a semigroup S is a quasi-ideal of S if and only 

if the characteristic function C A of A is an (E,")" E'")' V qo) -fuzzy quasi-ideal of S. 

Proof. Straightforward. • 

5.4 Regular Semigroups in Terms of (E,,(, E"( V qo)-fuzzy 

Ideals 

In this section we characterize regular semigroups in terms of ( E,")" E'")' V qo )-fuzzy ideals , 

(E,")" E'")' V qo)-fuzzy bi-ideals and (E,")" E'")' V qo)-fuzzy quasi-ideals. 

Proposition 249 In a regular semigroup S, every (E,")" E'")' V qo)-fuzzy interior-ideal is 

an (E,")" E'")' V qo)-fuzzy ideal of S. 

Proof. Let f be an (E,")" E'")' V qo)-fuzzy interior-ideal of S and x, yES. Then there 

exist a, bE S such that x = xax and y = yby. Now 

max{f(xy) , o} = max{f((xa)xy), o} ~ f(x). 

Also 

max{f(xy) , o} = max{f(xy(by)), o} ~ f(y)· 

This shows that f is an (E'")', E'")' V qo)-fuzzy ideal of S . • 

Proposition 250 In a regular semigroup S, every (E,")" E'")' V qo)-fuzzy generalized bi

ideal is an (E,")" E'")' V qo)-fuzzy bi-ideal of S. 

Proof. Let f be an (E,")" E'")' V qo)-fuzzy generalized bi-ideal of S and x, y ES. Then 

there exists a E S such that x = xax. Now 

max{f(xy), O} = max{f(x(ax)y), o} ~ min{f(x), f(y)}· 

This shows that f is an (E,")" E'")' V qo)-fuzzy bi-ideal of S. • 

Theorem 251 The following assertions are equivalent for a semigroup S: 

(1) S is regular. . 
o 

(2) f 1\ 9 = f og for every (E,")" E'")' V qo)- fuzzy right ideal f and every (E,")" E'")' V qo)-

fuzzy left ideal 9 of S. 

Proof. (1) => (2) Let f be an (E,")" E'")' V qo)-fuzzy right ideal and 9 be an (E,")" E'")' V 
o 

qo)-fuzzy left ideal of S. Then by Lemma 244, f o g :::; f 1\ g. 

Let xES. Then there exists a E S such that x = xax. Now 
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(f 0 g) (x) = C~z (f(y) 1\ g(Z))) V 8 

2: (f(x) 1\ g(ax)) V 8 

= (f(x) 1\ (g(ax) V 8)) V 8 

2: (f(x) 1\ g(x)) V 8 

= (f(x) 1\ g(x)) V 8 

= (f A g) (x). 
o 0 

Thus fog 2: f 1\ g. Hence fog = f 1\ g. 

(2) => (1) Let R be a right ideal and L a left ideal of S. Then CR and CL 

are (E'Y' E'Y V qo)-fuzzy right and (E'Y' E'Y V q,s)-fuzzy left ideals of S, respectively. By 
o 0 0 

hypothesis C R 0 CL = C R 1\ C L . By Lemma 245, this implies that C RL = C RnL => 
RL = R n L . Hence S is a regular semigroup. • 

Theorem 252 The following assertions are equivalent for a semigroup S: 

(1) S is regular. 
o 0 

(2) f I\g I\h :::; f ogoh for every (E'Y' E'Y V q,s)-fuzzy right ideal f, every (E')', E'Y V q,s)-

fuzzy generalized bi-ideal 9 and every (E'Y' E'Y V q,s)-fuzzy left ideal h of S. 
o 0 

(3) f I\g 1\ h :::; fogo h for every (E'Y' E'Y V qo )-fuzzy right ideal f, every (E')', E'Y V q,s)-

fuzzy bi-ideal 9 and every (E'Y' E'Y V qo)-fuzzy left ideal h of S. 
o 0 

(4) f I\g 1\ h :::; f ogoh for every (E'Y' E'Y V q,s)-fuzzy right ideal f, every (E'Y' E')' V q,s)-

fuzzy quasi-ideal 9 and every (E'Y ' E')' V qo)-fuzzy left ideal h of S. 

Proof. (1) => (2) Let f, g, h be any (E'Y' E'Y V q,s )-fuzzy right ideal, (E'Y' E')' V q,s)

fuzzy generalized bi-ideal and (E'Y' E'Y V q,s)-fuzzy left ideal of S, respectively. Let 

xES. Then there exists a E S such that x = xax. Thus we have 

(J 0 9 0 h)(x) = C~z (f(y) 1\ (g 0 h) (Z))) V 8 

2: (J(xa) 1\ (g 0 h) (x)) V 8 

= (((J(xa) V 8) 1\ (g 0 h) (x)) V 8) 

2: (J( x ) 1\ (g 0 h) (x)) V 8 

= (f(X) 1\ ( C~z (g(y) 1\ h(Z))) V 8) V 6) 
2: (f( x) 1\ (g(x) 1\ h(ax)) V 6) V 8 

= [I(x) 1\ ((g(x) 1\ (h(ax) V 6))) V 6l 

2: (J(x) 1\ ((g( x) 1\ hex))) V 8) 

= (f(x) 1\ g(x) 1\ hex)) V 8 

= (f AgAh)(X). 
o 0 

Thus f 1\ 9 1\ h :::; f og 0 h. 
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(2) =? (3) =? (4) are straightforward. 

(4) =? (1) Let f be an (E"'(, E"'( V qo )-fuzzy right ideal and 9 be an (E"'(, E"'( V qo )-fuzzy 

left ideal of S. Since S is an (E"'(, E"'( V qo)-fuzzy quasi-ideal of S, so by hypothesis we 

have 

(f A g) (x) = (f AS A g) (x ) S; (f o S o g)(x ) S; (f o g) (x ). 

But (t A g) (x ) ~ (f 0 g) (x ) always holds. Thus f A g = f o g. Hence by Theorem 

251 , S is regular. • 

Theorem 253 The following assertions are equivalent for a semigroup S: 

(1) S is regular. 
o 

(2) f = f 0 S 0 f for every (E"'(, E"'( V qo)-fuzzy generalized bi-ideal f of S . 
o 

(3) f = f 0 S 0 f for every (E"'(, E"'( V qo)-fuzzy bi-ideal f of S. 
o 

(4) f = f 0 S 0 f for every (E"'(, E"'( V qo)-fuzzy quasi-ideal f of S. 

Proof. (1) =? (2) Let f be an (E"'(, E"'( V qo)-fuzzy generalized bi-ideal of Sand 

xES. Then there exists a E S such that x = xax. Thus we have 

(f o Sof)(x)= CYuz ((f OS) (Y) A f( Z))) Vo 

~ ((f 0 S) (xa) A f( x )) V 0 

= ([ Ca~bc ((f) (b) A S(C))) V 0] A f( X)) V 0 

~ ([((f) (x ) A S(a)) V oj A f( x )) V 0 

= (f( x ) A f( x )) V 0 
o 

= f (x). 
o 

Thus f 0 S 0 f ~ f· 

As f is an (E"'(, E"'( V qo)-fuzzy generalized bi-ideal of S, so we have 

(f o S o f)( x )= CYuz ((f OS) (Y)Af(Z))) Vo 

= CYuz ([ C~C ((f) (b) A S (C))) vol A f (Z)) ) V 0 

= CYuz ( C~C ((f) (b) A 1)) A f( Z)) ) V 0 

= CYuz C~c ((f) (b) A f( Z))) ) V 0 

= CYuz CYbC ((f) (b) Af(Z)))) Vo 

S; CYuz CYbc (f(bcz) V 0)) ) V 0 
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o 
= I(x ). 

o 0 

Thus l o S 0 I ::; I · Hence l o S 0 I = I · 

(2) '* (3) '* (4) are obvious. 

(4) '* (1) Let Q be any quasi-ideal of S. Then CQ is an (E-y, E-y V qo)-fuzzy 
o 0 

quasi-ideal of S. Hence by hypothesis CQ = CQ 0 S 0 CQ = CQsQ. This implies that 

Q = QSQ. SO by Theorem 23, S is regular. • 

T h eore m 254 The lo llowing assertions are equivalent lor a semigroup S : 

(1 ) S is regular . 
o 

(2) I /\ g = l ogo I for every (E-y, E-y Vqo)-fuzzy quasi-ideal I and every (E-y, E-y Vqo) -

fuzzy ideal 9 of S. 
o 

(3) I/\g = l ogo I for every (E-y, E-y vqo)-fuzzy quasi-ideal I and every (E-y, E-y Vqo) -

fuzzy interior-ideal 9 of S. 
o 

(4) I /\ g = l o go I for every (E-y , E-y V qo)-fuzzy bi-ideal I and every (E-y, E-y V qo)-

fuzzy ideal 9 of S. 
o 

(5) I /\g = log o I for every (E-y, E-y V qo)-fuzzy bi-ideal I and every (E-y, E-y V qo)-

fuzzy interior-ideal 9 of S. 
o 

(6) 1/\ 9 = log 0 I for every (E-y, E-y V qo)-fuzzy generalized bi-ideal I and every 

(E-y, E-y V qo)-fuzzy ideal 9 of S. 
o 

(7) 1/\ 9 = log 0 I for every (E-y, E-y V qo)-fuzzy generalized bi-ideal I and every 

(E-y, E-y V qo)-fuzzy interior-ideal 9 of S. 

Proof. (1) '* (7) Let I and 9 be any (E-y> E-y V qo)-fuzzy generalized bi-ideal and 

(E-y, E-y V qo)-fuzzy interior-ideal of S, respectively. Then for any xES 

(l o g 0 f) (x) ::; (l oS 0 f) (x) = CYvz ((l oS) (y ) /\ I(Z))) V 0 

= CYvz ([ C~C ((I) (b) /\ S(C))) V 0] /\ I(Z)) ) V 0 

= CYvz ( C~c ((I) (b) /\ 1)) /\ I(Z)) ) V 0 

= CYvz CYbc ((I) (b) /\ I(Z))) ) V 0 

= V V ((I ) (b ) /\ I (z)) V 0 x=yzy=bc 
::; CYvz CYbc (I( bcz) V 0) ) ) V 0 
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o 
= f( x ). 

o 
Thus f 0 S 0 f ::; f. 
Also 

(f 0 9 0 f) (x) ::; (S 0 9 0 S) (x) = C~z ((S 0 g)(y) 1\ S(Z))) V 8 

= C~z ([ CYbc (S (b) /\ 9 (C))) V 0 ] /\ S (z)) ) V 0 

= C~z ( CYbc (S(b) /\ g(C)) /\ S(Z)) ) V 0 

= C~z CYbcg (C)) ) V 0 

::; C~Zy~C (g(bcz) V 0)) V 0 

= C~z CYbcg(X) ) ) V 0 

= g(x). 
o 

Thus fogof ::; f /\g. 
Now let x ES. Then there exists a E S such that x = xax = xaxax. 

(f o g o f)(x) = [C~z (f(y)/\(g o f)(Z))) vol 
2: [(f( x ) /\ (g 0 h) (axax )) V 0] 

~ [ (/(X) A (=y~,. (g(y) Aj(Z))) V 0) vol 
2: [(f(x) /\ (g(axa) /\ f(x)) V 0)] 

= [(f( x) /\ ([g(axa) V 0]/\ f(x)) V 0)] 

2: [(f(x) /\ ([g( x) ]/\ f(x)) V 0)] 

= [(f(x) /\ (g( x) /\ f(x)) V 0)] 

= (f A g) (x). 
o 0 

This shows that fog 0 f 2: f /\ g. Hence f o g 0 f = f /\ g. 

(7) =} (5) =} (3) =} (2) and (7) =} (6) =} (4) =} (2) are clear. 

(2) =} (1) Let f be an (E-y, E-y V qo)-fuzzy quasi-ideal of S. Then 
o 0 

f = f /\ S = f 0 S 0 f· 

Thus it follows from Theorem 253, that S is regular. • 

Theorem 255 The following assertions are equivalent for a semigroup S: 
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(1 ) S is regular. 
o 

(2) f /\ 9 ::; f o g for every (E,)" E"( V qc5)-fuzzy quasi-ideal f and every (E,,(, E')' V qc5)-

fuzzy left ideal 9 of S. 
o 

(3) f /\ 9 ::; f og for every (E,)" E')' V qc5)-fuzzy bi-ideal f and every (E,),' E')' V qc5 )-fuzzy 

left ideal 9 of S . 
o 

(4) f 1\ 9 ::; f o g for every (E"(, E"( V qc5 )-fuzzy generalized bi-ideal f and every 

( E,)" E')' V qc5 )-fuzzy left ideal 9 of S . 

Proof. (1) =? (4) Let f and 9 be any (E,)" E"( V qc5)-fuzzy generalized bi-ideal and 

(E,)" E"( V qc5)-fuzzy left ideal of 5', respectively. Let xES. Then there exists a E S 

such that x = xax. Thus we have 

(f 0 g) (x ) = C~z (f(y) 1\ g(Z))) V 8 

~ (f(x) 1\ g(ax)) V 8 

= f(x) 1\ g(ax) Vb 

~ f(x) 1\ g(x)) V 0 

= (f t-g) (x). 
o 

Thus f o g ~ f 1\ g. 

(4) =? (3) =? (2) are obvious. 

(2) =? (1) Let f and 9 be any (E"(, E"( V qc5 )-fuzzy right ideal and (E,),' E')' V qc5 )-fuzzy 
o 0 

left ideal of S, respectively. Then by hypothesis f o g ~ f /\g. But f o g ::; f I\g always 
o 

holds. Thus fog = f 1\ g. Hence by Theorem 251, S is regular . • 

5.5 Intra-Regular Semigroups in Terms of (Eo" E')' V q6)

fuzzy Ideals 

In this section we characterize intra-regular semigroups by the properties of their 

(E,)" E')' V qc5)-fuzzy ideals, (E,,(, E')' V qc5)-fuzzy bi-ideals and (E,)" E')' V qc5)-fuzzy quasi

ideals. 

Theorem 256 The following assertions are equivalent for a semigroup S : 

(1) S is intra regular . 
o 

(2) f I\g ::; fog for every (E,,(, E')' V qc5)-fuzzy left ideal f and every (E,,(, E')' Vqc5)-fuzzy 

right ideal 9 of S. 

Proof. (1) =? (2) Let f be an (E,,(, E"(vqc5)-fuzzy left ideal and 9 be an (E,,(, E"(Vqo)

fuzzy right ideal of S. Let xES. Then there exist a, bE S such that x = axxb. Now 

(f 0 g) (x) = C~z (f(y) /\ g(Z))) V 0 

~ (f(ax) 1\ g(xb)) V 0 
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= ((f(ax) V 8) 1\ (g(xb) V 8)) V 8 

~ (f(x) 1\ g(x)) V 8 

= (I 'A g) (x). 
o 

Thus log ~ 1 1\ g. 
(2) =? (1) Let R be any right ideal and L be any left ideal of 5'. Then CR and CL 

are (E1" E1' V qo)-fuzzy right and (E1" E1' V qo)-fuzzy left ideals of 5', respectively. By 
o 0 0 

hypothesis CLOCR ~ CLI\CR . By Lemma 7, this implies that CLR ~ CLnR =? LR;2 

L n R . Hence 5' is an intra regular semigroup. _ 

Theorem 257 The following assertions are equivalent for a semigroup 5': 

(1) 5' is both regular and intra regular. 
o 

(2) f = 101 for every (E1" E1' V qo)-fuzzy quasi-ideal 1 of 5'. 
o 

(3) 1 = 101 for every (E1" E1' V qo)-fuzzy bi-ideal 1 of 5'. 
o 

(4) 1 1\ 9 ::; fog for all (E1" E1' V qo )-fuzzy quasi-ideals I, 9 of 5'. 
o 

(5) 1 I\g ::; l og for every (E1" E1' V qo)-fuzzy quasi-ideal 1 and every (E1" E1' V qo)-

fuzzy bi-ideal g of 5'. 
o 

(6) 1 1\ 9 ::; log for all (E1" E1' V qo )-fuzzy bi-ideals I, 9 of 5'. 
Proof. (1) =? (6) Let I ,g be (E1" E1' V qo)-fuzzy bi-ideals of 5' and x E 5'. Then 

there exist a, b, c E 5' such that x = axxb and x = xcx. Thus x = xcx = xcxcx = 
xc(axxb)cx = (xcax)(xbcx). Thus we have 

(f 0 g) (x) = CYuz (f(y) 1\ g(Z))) V 8 

~ (f(xcax) 1\ g(xbcx)) V 8 

= ((f( xcax) V 8) 1\ (g( xbcx ) V 8)) V 8 

~ (f(x) 1\ g(x)) V 8 

= (I 'A g) (x) . 
o 

Thus log ~ 11\ g. 
(6) =? (5) =? (4) are obvious. 

o 
(4) =? (2) Take 1 = 9 in (4), we get 101 ~ f. Since every (E1" E1' V qo)-fuzzy 

o 
quasi-ideal of 5' is an (E1" E1' V qo)-fuzzy subsemigroup of 5', so 1 0 f ::; I· Thus 

o 
101 = I· 

o 
(6) =? (3) Take 1 = 9 in (6) , we get 1 0 f ~ f. Since every (E1" E1' V qo)-fuzzy 

o 0 

bi-ideal of S is an (E1" E1' V q6)-fuzzy subsemigroup of S, so f 0 f :::; I· Thus f 0 1 = I· 
(3) =? (2) Obvious. 

(2) =? (1) Let Q be a quasi-ideal of 5'. Then CQ is an (E1" E1' V qc5)-fuzzy quasi-
000 

ideal of 5'. Hence by hypothesis CQ 0 CQ = CQ. This implies that CQQ = CQ, that is 
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QQ = Q. Hence by Theorem 28, S is both regular and intra regular . _ 

Theorem 258 The following assertions are equivalent for a semigroup S: 

(1) S is both regular and intra regular. 
o 

(2) f 1\ 9 ~ (J 0 g) 1\ (g 0 J) for every (E-y, E-y V qo)-fuzzy right ideal f and every 

(E-y , E-y V q6)-fuzzy left ideal 9 of S. 
o 

(3) f 1\ 9 ~ (J 0 g) 1\ (g 0 J) for every (E-y, E-y V q6)-fuzzy right ideal f and every 

(E-y, E-y V q6)-fuzzy quasi-ideal 9 of S . 
o 

(4) f 1\ 9 ~ (J 0 g) 1\ (g 0 J) for every (E-y) E-y V qo)-fuzzy right ideal f and every 

(E-y) E-y V q6)-fuzzy bi-ideal 9 of S. 
o 

(5) f 1\ 9 ~ (J 0 g) 1\ (g 0 J) for every (E-y) E-y V q6)-fuzzy right ideal f and every 

(E-y) E-y V q6)-fuzzy generalized bi-ideal 9 of S. 
o 

(6) f 1\ 9 ~ (J 0 g) 1\ (g 0 J) for every (E-y) E-y V q6)-fuzzy left ideal f and every 

(E-y) E-y V q6)-fuzzy quasi-ideal 9 of S . 
o 

(7) f 1\ 9 ~ (J 0 g) 1\ (g 0 J) for every (E-y) E-y V qo)-fuzzy left ideal f and every 

(E-y) E-y V qo)-fuzzy bi-ideal 9 of S. 
o 

(8) f 1\ 9 ~ (J 0 g) 1\ (g 0 J) for every (E-y) E-y V q6)-fuzzy left ideal f and every 

(E')') E-y V qo)-fuzzy generalized bi-ideal 9 of S. 
<> 

(9) f 1\ 9 ~ (J 0 g) 1\ (g 0 J) for all (E-y) E-y V q6)-fuzzy quasi-ideal f) 9 of S. 
o 

(10) f 1\ 9 ~ (J 0 g) 1\ (g 0 f) for every (E-y) E-y V qo)-fuzzy quasi-ideal f and every 

(E')') E-y V qo)-fuzzy bi-ideal 9 of S. 
o 

(11) f 1\ 9 ~ (J 0 g) 1\ (g 0 J) for every (E-y ) E-y V qo)-fuzzy quasi-ideal f and every 

(E')' ) E-y V qc5)-fuzzy generalized bi-ideal 9 of S. 
o 

(12) f 1\ 9 ~ (J 0 g) 1\ (g 0 J) for all (E-y) E-y V qc5)-fuzzy bi-ideals f) 9 of S. 
<> 

(13) f 1\ 9 ~ (J 0 g) 1\ (g 0 J) for every (E-y ) E-y V qc5)-fuzzy bi-ideal f and every 

(E')') E-y V qc5)-fuzzy generalized bi-ideal 9 of S. 
o 

(14) f 1\ 9 ~ (J 0 g) 1\ (g 0 J) for all (E-y) E-y V qc5)-fuzzy generalized bi-ideal f) 9 of 

S . 

Proof. (1) =? (14) Let f) 9 be (E-y) E-y V qc5)-fuzzy generalized bi-ideals of S. 

Let xES. Then there exist a) b) c E S such that x = axxb and x = xcx. Thus 

x = xcx = xcxcx = xc(axxb)cx = (xcax) (xbcx) . Thus we have 

(J 0 g) (x) = CYuz (J(y) 1\ g(Z))) V 5 

~ (J(xcax) 1\ g(xbcx)) V 5 
= ((J(xcax) V 5) 1\ (g(xbcx) V 5)) V 5 

~ (J(x) 1\ g(x)) V 5 

= (f I-. g) (x). 
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o 0 0 

Thus f o g ~ f /\ g. Similarly we can show that g o f ~ f /\ g. Hence f /\ 9 ::; 

(J 0 g) /\ (g 0 f) . 

(14) => (13) => (12) => (10) => (9) => (3) => (2) 

(14) => (11) => (10) 

(14) => (8) => (7) => (6) => (2) and 

(14) => (5) => (4) => (3) => (2) are obvious. 

(2) => (1) Let f be an (E"" E", Vq,,)-fuzzy right ideal and 9 be an (E"" E", Vq,,)-fuzzy 
o 0 

left ideal of S. Then by hypothesis we have f /\ 9 ::; (J 0 g) /\ (g 0 f), that is f /\ 9 ::; fog 
o 0 0 0 

and f /\g ::; go f. But f /\g ~ f o g always hold. Hence f /\g = f o g and f /\g ::; go f. 
Thus by Theorems 251 and 257, S is both regular and intra regular. _ 

5.6 Semisimple Semigroups 

In this section we characterize sernisimple semigroups by the properties of their (E"" E", V 

q,,)-fuzzy ideals and (E"t> E", V q,,)-fuzzy interior-ideals. 

Theorem 259 In a semisimple semigroup S, a fuzzy subset f of S is an (E"" E", V q,,)

fuzzy ideal of S if and only if it is an (E"" E", V q,,)-fuzzy interior-ideal of S. 

Proof. Let S be a semisimple semigroup and f be an (E"" E", V q,,)-fuzzy interior

ideal of S. Then for any x, yES there exist a, b, c, dES such that x = (axb) (cxd). 

Thus we have 

f (xy) V 8 = f ((axbexd) y) V 8 = f ((ax (be)) x (dy)) V 8 ~ f (x). 

Similarly f (xy) V 8 ~ f (y). Hence f is an (E-y, E-y V q" )-fuzzy ideal of S. 

Conversely, assume that f is an (E"" E-y V q,,)- fuzzy ideal of S. Then f is always 

an (E"" E", V q,,)-fuzzy interior-ideal of S. _ 

Theorem 260 For a semigroup S the following assertions are equivalent 

(1) 

(2) 

S is semisimple. 
o 

f 0 f = f for every (E-y, E", V q,,)-fuzzy ideal f of S. 
o 

(3) f 0 f = f for every (E-y, E-y V q,,)-fuzzy interior-ideal f of S. 
o 

(4) f /\ 9 = fog for all (E-y, E", V q,,)-fuzzy ideals f, 9 of S. 
o 

(5) f /\ 9 = fog for every (E-y, E-y V q,,)-fuzzy ideal f and every (E-y, E-y V q,,)-fuzzy 

interior-ideal 9 of S. 
o 

(6) f /\g = fog for every (E-y, E-y V q" )-fuzzy interior-ideal f and every (E-y, E-y V q,,)-

fuzzy ideal 9 of S. 
o 

(7) f /\ 9 = fog for all (E-y, E-y V q,,)-fuzzy interior-ideals f, 9 of S. 
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Proof. (1) =? (7) Let S be a semisimple semigroup and f, 9 be (E,")" E'")' V qo)-fuzzy 

interior-ideals of S. Let xES. Then there exist a, b, c, dES such that x = (axb) (cxd). 

Thus we have 

(f 0 g)(x) = CYuz (f(y) /\ g(Z))) V 0 

~ (f(axb) /\ g(cxd)) V 0 

= ((f(axb) V 0) /\ (g(cxd) V 0)) V 0 

~ (f(x) /\ g(x)) V 0 

= (f 'A g) (x). 
<> 

Thus f og ~ f /\g. Since eVery (E,")" E'")' V qo)-fuzzy interior-ideal of S in a semis imp Ie 
<> <> 

semigroup is an (E,")" E'")' V qo)-fuzzy ideal of S, so fog ~ f /\ g. Hence f og = f /\ g. 

(7) =? (6) =? (4) =? (2), (7) =? (3) =? (2) and (7) =? (5) =? (4) are obvious. 

(2) =? (1) Let A be any ideal of S. Then CA is an (E '")', E'")' V qo)-fuzzy ideal of 
<> 

S. Thus by hypothesis CA 0 CA = CA, that is AA = A. Hence S is a semisimple 

semigroup .• 



Chapter 6 

Implication-based Fuzzy Ideals in 

Semigroups 

Fuzzy logic is an extension of set theoretic multivalued logic in which the truth values 

are linguistic variables or terms of the linguistic variable truth. Some operators, for 

example 1\ , V, -', ---) in fuzzy logic are also defined by using truth tables and the 

extension principle can be applied to derive definitions of the operators. In fuzzy 

logic, the truth value of fuzzy proposition <1> is denoted by [<1>]. For a universe of 

discourse U, we display the fuzzy logical and corresponding set-theoretical notations 

used in this chapter 

[x E f] = f (x) , 

[<1>I\W]=min{[<1>J, [W]}, 

[<1> -+ W] = min {I, 1 - [<1>] + [W]}, 

[Vx <1> (x)] = inf [<1> (x)] , 
xEU 

F <1> if and only if [<1>] = 1 for all valuations. 

(6.1) 

(6.2) 

(6.3) 

(6.4) 

(6.5) 

The truth valuation rules given in (6 .3) are those in the Luckasiewicz system of 

continuous-valued logic. Of course, various implication operators have been defined. 

We show only a section of them in the following 

(a) Gaines-Rescher implication operator (fCR): 

ICR(a,b) = { 
1 if a S; b, 

0 otherwise, 

(b) Godel implication operator (Ic): 

Ic(a,b) = { 
1 if a S; b, 

b otherwise, 

115 
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(c) The contraposition of Godel implication operator (Icc): 

I cC (a,b) = { 1 ifa S b, 
1 - a otherwise, 

(d) The Luckasiewicz implication operator (ILl): 

hI (a b) = { 1 if as b, 
, 1 - a + b otherwise, 

for all a , b E [0,1] . Ying [48] introduced the concept of fuzzifying topology. We can 

expand his/her idea to semigroups, and we define fuzzifying left (resp. right) ideal as 

follows: 

Definition 261 A fuzzy subset f of S is called a fuzzifying left (resp . right) ideal of 

S if it satisfies the following condition: 

F [x E f] --t [yx E f] (resp. [xy E f] ) (6.6) 

for all x, yES. 

Obviously, condition (6.6) is equivalent to (1) . Therefore a fuzzifying left (resp. 

right) ideal is an ordinary fuzzy left (resp . right) ideal. In [48] the concept of t 

tautology is introduced, that is , 

Ft <I> if and only if [<I>] ~ t for all valuations. 

Now we extend the concept of implication-based fuzzy left (resp. right) ideal in the 

following way: 

Definition 262 L et f be a fuzzy subset of Sand t E (0,1]. Then f is called a t 

implication-based fuzzy left (resp. right) ideal of S if and only if it satisfies: 

Ft [x E f] --t [yx E f] (resp. [xy E f]) (6.7) 

for all x, yES. 

Let I be an implication operator. Clearly, f is a t-implication-based fuzzy left 

(resp . right) ideal of S if and only if it satisfies 

I (f (x), f (yx)) ~ t (resp . I (f (x) ,f (xy)) ~ t) 

for all x , yES 

Note that if tl , t2 E (0,1] with tl > t2 , then every tl-implication-based fuzzy left 

ideal of S is a tl-implication-based fuzzy left ideal of S . 
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Lemma 263 A fuzzy subset f of S is an (E, E vq) -fuzzy left ideal of S ~f and only if 

it satisfies: 

(\ix, y E S) (f (xy) ~ min U (y) 0.5}). (6.8) 

Theorem 264 For any fuzzy set f in S, ~f I = Ie and f is an (E, E Vq)-fuzzy left 

(resp. right) ideal of S, then f is a t-implication-based fuzzy left (resp. right) ideal of 

S for all t E (0,0.5]. 

Proof. Let t E (0,0.5] and assume that f is an (E, E vq)-fuzzy left ideal of S. 

Then 

f (xy) ~ min { f (y), 0.5} 

for all x,y E S. If fey) :::; 0.5, then 

f (xy z ) ~ f (y) 

and so 

Ie (f(y),f(xy))=l~t. 

Now suppose that f (y) > 0.5. Then f (xy) ~ 0.5, and either f (xy) :::: f (y) or f (xy) < 
f(y). If f(xy) ~ f(y), then 

Ie (f (y) , f (xy)) = 1 ~ t. 

If f (xy) < f (y) , then 

Ie (f (y), f (xy)) = f (xy) ~ 0.5 ~ t. 

Therefore f is a t-implication-based fuzzy left ideal of S for all t E (0,0.5]. -

Corollary 265 For any fuzzy subset f of S if the level set 

U(f;t):= {x E S I f(x) ~ t} 

is a left (resp . right) ideal of S, then f is a t-implication-based fuzzy left (resp. right) 

ideal of S for all t E (0,0.5] under the Gddel implication operator. 

Proof. Straightforward. _ 

Theorem 266 For any fuzzy subset f of S and I = Ie, if theTe exists t E [0 .5,1] 

such that f is a t -implication-based fuzzy left (resp. right) ideal of S, then f is an 

(E, E Vq)-fuzzy left (Tesp . right) ideal of S. 
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Proof. Let t E [0.5, 1] be such that f is a t-implication-based fuzzy left ideal of S. 

Then 

I e (f (y) , f (xy)) ~ t 

for all x, Y ES, and so either I e (f (y) , f (x y) ) = 1, that is , 

f (x y) ~ f (y) 

or Ie (f (y), f (xy)) = f (xy) ~ t ~ 0.5. Hence 

f (xy) ~ min {f (y), 0.5} . 

Using Lemma 263, we know that f is an (E, E Vq)-fuzzy left ideal of S . • 

Corollary 267 For any t E [0.5,1]' if f is a t-implication-based fuzzy left (resp. right) 

ideal of S under the Codel imp lication operator Ie, then f is a fuzzy left (resp . right) 

ideal of S with thresholds 'Y = 0 and 0 E (0,0.5]. 

Proof. Straightforward. • 

Corollary 268 For any t E [0.5,1), if f is a t-implication-based fuzzy left (resp. right) 

ideal of S under the Codel implication operator Ie, then the level set 

U(f;k):= {x E S I f( x ) ~ k} 

is a left (resp . right) ideal of S for all k E (0, 0.5]. 

Proof. Straightforward . • 

Combining Theorems 264 and 266 we have the following corollary. 

Corollary 269 For any fuzzy subset f of S, if I = Ie , then f is a 0.5-implication

based fuzzy left (resp. right) ideal of S if and only if f is a fuzzy left (resp. right) 

ideal of S with thresholds 'Y = 0 and 0 = 0.5, that is, f is an (E, E vq)-fuzzy left (resp . 

right) ideal of S. 

Theorem 270 Consider I = Ice and let t E [0.5,1]. If f is a t-implication-based fuzzy 

left (resp. right) ideal of S, then f is a fuzzy left (resp . right) ideal with thresholds 

1= t and 0, where 0 = SUP" ES f (x ) . 

Proof. Let t E [0.5,1] and assume that f is a t-implication-based fuzzy left ideal 

of S. Then 

Ice (f (y), f (xy)) ~ t 
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for all x , YES, and so either l eG (f (y), f (xy )) = 1, t h at is, 

f (y ) :::; f (x y) 

or 1 - f (y) = l eGf ((y) , f (xy)) ~ t, that is , 

f (y) :::; 1 - t :::; t 

since t E [0. 5, IJ. It follows that 

max U (xy) ,t} ~ f (y) = min U (y), o}. 

Therefore f is a fuzzy left ideal of S with thresholds 'Y = t and 0 = SUPXES f (x) .• 
Now we prove: 

Theorem 271 Consider I = leG and let f be a fuzzy subset of S. For every t E (0,0.5]' 

if f is a t-implication-based fuzzy left (resp. right) ideal of S, then f is a fuzzy left 

(resp. right) ideal with thresholds 'Y = 1 - t and 0 = SUP"'ES f (x). 

Proof. Assume that f is a t-implication-based fuzzy left ideal of S for t E (0, 0.5J. 

Then 

leG (f (y), f (xy)) ~ t 

for all x, YES, which implies that either f (y) :::; f (xy) or 

1 - f (y) = l eG (f (y) , f (x y)) ~ t 

and so f (y) :::; 1 - t. It follows that 

max U (xy) ,1 - t} ~ f (y) = U (y), o}. 

Therefore f is a fuzzy left ideal of S with thresholds 'Y = 1 - t and 0 = SUP:r. ES f (x) . 

• 
Corollary 272 For every t E (0,0.5]' if f is a t-implication-based fuzzy left (Tesp. 

right) ideal of S under the contraposition of Godel implication operator leG, then f is 

a fuzzy left (resp. right) ideal with thresholds 'Y = 1 - t and 0 = 1. 

For the converse of Theorem 270, we have the following theorem. 

Theorem 273 Consider I = leG and let f be a fuzzy set in S . For every t E (0, 0.5]' 

if f is a fuzzy left (resp . right) ideal of S with thresholds 'Y = t and 0 = SUPXES f (x) , 

then f is a t-implication-based fuzzy left (resp. right) ideal of S. 
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Proof. Let t E (O,O.5J and assume that f is a fuzzy left ideal of S wit h t hresholds 

'Y = t and J = SUP XE S f (x ) . Then, for all x, Y ES, we have 

max {f (x y) , t} ~ min {j (y ), J} = f (y ) . 

If f (x y) ~ t, then f (x y) ~ f (y) , and so 

IcG (J (y) , f (xy)) = 1 ~ t. 

If f (xy) < t, then f (y) ::; t. Hence if f (y) ::; f (xyz ) , then 

IcG (J (y) , f (xy)) = 1 ~ t. 

If f (y) > f (xy) , then 

I cG (J (y), f (xy)) = 1 - f (y) ~ 1 - t ~ t . 

Consequently f is a t-implication-based fuzzy left ideal of S for every t E (O,O .5J . • 

Corollary 274 For every t E (0,0.5], if f is a fuzzy left (resp. right) ideal of S with 

thresholds'Y = t and J = I, then f is a t -implication-based fuzzy left (resp . right) ideal 

of S under the contraposition of Codel implication operator IcG. 

Combining Corollaries 272 and 274, we have the following corollary. 

Corollary 275 For any fuzzy subset f of S, if I = IcG, then f is a 0.5 -implication

based fuzzy left (resp. right) ideal of S if and only if f is a fuzzy left (resp. right) ideal 

of S with thresholds 'Y = t and J = 1. 

Theorem 276 Consider I = IGR and let t E (0, 1J. If f is a t-implication-based fuzzy 

left (resp. right) ideal of S, then f is a fuzzy left (resp. right) ideal of S. 

Proof. Let t E (O,lJ be such that f is a t-implication-based fuzzy left ideal of S 

under the Gaines-Rescher implication operator IGR . Then 

JGR (J (y), f (xy)) ~ t . 

Since t =f. (0,1], it follows that JGR(J(y), f(xy)) = 1 and so that f(xy) ~ f(y) · 

Therefore f is a fuzzy left ideal of S . • 

Corollary 277 For any t E (0,1]' if f is a t-implication-based fuzzy left (resp . right) 

ideal of S under the Caines-Rescher implication operator JGR, then the set 

U(Jit):= {x E S I f(x) ~ t} 

is a left (resp . right) ideal of S. 
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Proof. Straightforward. _ 

Theorem 278 Every fuzzy left (resp. right) ideal of S is a t -implication-based fuzzy 

left (resp. right) ideal for all t E (0,1] under the Gaines-Rescher implication operator 

fCR. 

Proof. Straightforward. _ 

The following corollary is by Theorems 276 and 278. 

Corollary 279 A fuzzy subset of S is a 0.5 -implication-based fuzzy left (resp. right) 

ideal of S under the Gaines-Rescher implication operator ICR if and only ~f it is a 

fuzzy left (resp . right) ideal of S. 

Theorem 280 Every fuzzy left (resp . right) ideal of S is a t-implication-based fuzzy 

left (resp. right) ideal for all t E (0,1] under the Luckasiewicz implication operator 

hI. 

Proof. Straightforward. _ 

We provide conditions for an (E, E Vq)-fuzzy left (resp . right) ideal of S to be a t 

implication-based fuzzy left (resp. right) ideal of S under the Luckasiewicz implication 

operator hI. 

Theorem 281 Let f be an (E, E Vq)-fuzzy left (resp. right) ideal of S. If there exist 

x, y, z E S such that f (y) > f (xy) , and let w = 1 - f (y) . Then f is a t-implication

based fuzzy left ideal of S for all t E (0, w]. 

Proof. Assume that f is an (E, E vq)-fuzzy left ideal of S. Then 

f (xy ) ~ min {J (y), 0.5} 

for all x, yES. Suppose that f (y) :::; 0.5. Then f (xy) ~ f (y) , and so 

hdf (y) , f (xy) ) = 1 ~ t 

for all t E (0, w]. Assume that f (y) > 0.5 for all x, y ES. Then f (xy) ~ 0.5. Thus we 

have two cases: 

(1) f(xy) ~ f(y) 

(2) f( x y) < f(y) · 

First case implies that 

ILl ( f (y) , f (xy)) = 1 ~ t 
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for all t E (0 , w]. The second case induces 

hr( f (y) , f (xy) ) 1 - f(y)+f(xy) 

w ? t 

for all t E (O,w]. Therefore f is a t-implication-based fuzzy left ideal of S for all 

t E (0, w] under the Luckasiewicz implication operator ILl . • 
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