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Chapter 1 

Preliminaries 

T il e pmpose of Lhis cha p ter is Lo presen t t he basic notions and resul ts which are furt her 

co nsidered in the next chap Lers of this work . allowing us to presen t the resul ts of t his 

t Il es is. 

1.1 Normed A lgebra 

A BanRch Rlgebra. nRmed a ft er S tefa n Ban<'lcll , is all associat ive algebra A over the real 

O J" com plex num bers . t ha t at t he same l ime is also a Banach space; i.e. normed and 

C'Ol ll plcte. T he algebra mul LiplicaLion and the Banach space norm a re required to b e 

rela Led by Lhe fo ll owi ng ineqll a liLy 

II:I'.!JI I -s; Ilxll . Ilv ll \;f x, y E A 

If, in t he a bove, we relax the Banach space to normed space t he analogous structure is 

call ed a norrned algebra. 

Examp le 1. 1.1. H X is a topological space t hen t he se t of complex-valued , continuous 

f'ull cL io ll t) on X it) i:l,)l a lge bra over CC, denoted by C(X) , with the algebraic operations 

defill ed pointwise; i.e. 

if'.f.y E C (X ) a nd Ll E CC Lhen 

U + ag)(x) = ./' (.1') + 0 09 (:1:) an d U g)(x) = ./' (x) g(x) \;fx E X. 

3 



1.2 Functional inequalities 

FUllcLional eq uations are equations for unknown functions instead of unknown numbers. 

TI}('sc eqllHt io ns wcrc st udied by Augustin Louis Cauchy. and since then they have formed 

t \w cOrJwrstone of t h(' 1 heory. The s tudy of fun ct iona l equations stabili ty originated from 

a quest ion of Ula m 1940 concerni ng the sLab ili ty of group homomorphisms as fo llows: 

Let G be a g10Up endowed w'iLh a m etric d. Given an c > 0, does there exist a k > 0 

such that, for ever'y function f : G -+ G satisfying the inequality 

d(f(x.y), I (x)· f (y)) < c, Vx , y E G, 

there e:l:ists an automorphism a of G with 

d(f(x) , a (x)) < kc, Vx E G, 

Til 1 ~-l1 H~'ers gave an affirm a tive a nswer to t he question of Ulam for Cauchy equations 

ill Bal1 H.ch spaces . 

LeI, El and E2 be Banach spaces and let f : El -+ E2 be a mapping such that 

III (:r + y) - 1 (·1') - I (y)11 s c5 

./0'1' all X . .lJ E EJ and 6 > 0; thaL is, I is 6-additive. Then there exists a unique additive 

T : EI -+ E 2 . which satisfies 

II I (.x) - T (x)11 s 6, Vx E E1 

Gi \a lly i sho\Ved LhaL if / sa Lis fi es t he fUlIctiona l ineq ua li ty 

11 2.f (.1:) + 2/ (y) - .f (xy- l) II s ill (xy)II , 

LlJ en I sClt ishes thl-' J01dan- von N eumann func:Liollal equaLion 

2.f (x) + 2.f (y) = .f (.xy) + I (.xy-I ) . 

Hyers Theorem was generalized by Aoki 13] for addi t ive mappings and by Rassias [76] 

for linear mappings , by considering an unbounded Cauchy difference. A generalizat ion of 

111(' n i'1i;s ias t heor(, 1lI W8S obtained by Gavruta [40] by replacing t he unbounded Cauchy 

riif!'(-'rellu' hy a gl'lIera l cOlltrol futl et.ioll . ill the s pirit. of the Rassias approach . See ( 1261, 

1561, 1711 ) for morC' information on funcliomd equat ions a nd t h eir stability. 
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1.3 Fuzzy sets 

Most of our lradiLiollal Lools for formal modeling, reasonmg, and computing are crisp, 

dC'terministic and precise in chanlC'ter . Crisp means dichotomous ; that is, yes-or-no type 

ri-l Llwr t Il <:l l l 11Iorc-or-I('ss Lypc . III t radi Lional d 1I <:l1 logic, for instance, a sLatement can be 

11"\1(' or f<-d ~ ( '-n11C.I Ilolliillg ill lwt \V('(' ll. III s('1 Il!eory cUI (-' l(-!Ul(-:)ll t CRll eit her belollg to a 

seL 01' nolo In optimizaL ion a solutioll call be feasible or not. Precision assumes t hat the 

pa ramete rs of a model represenL exact ly the real system that has been modeled . This 

generally a lso implies thaL the model is unequivocal; tha L is, it contains no ambiguities. 

Certa inty eventually indi cates thaL we assume the structures and parameters of the model 

to be definitely known , and that there are no doubts abou t their values or their occurrence. 

Fuzzy set theory was initiated by Zadeha in the early 1960s. However, the term 

('n sem.ble flo1i. (a posLeriori the french coun terpart of fu zzy set) was coined by Menger 

in 195 1. l\ Ianger ex pliciLly used a "max-product" transitive fu zzy relat ion , but with a 

probalisL ic illt erpretation. Oil a semanti c level Zadeh 's Lheory is more closely related to 

l3 lack' s \Vork 011 vagueness , where "consistency profiles II (the ancestors of fuzzy member

ship fllllct'ions) "characterized vague symbols . II 

LeL X be a ll a rbi Lrary seL. A fuzzy seL A over X is defined by a function f.1A , 

[LA: X ~ [0, 1]' 

where /,.,4 is called a membership Jun ction of A , and the value fJoA(X) is called the grade 

0/ membf'1'ship of.7' in X. The value represen ts the degree of x b elonging to the fuzzy set 

X. lL is clear LhaL A is completely de ermin ed by the set, 

A = {(X ,PA (x)) : x E X} 

Freq uenLly vve will write A(x) ins tead of /-loA (x). 

T he (V- level set of A is denoted by [IlJa, and defined as follows: 

[AJa {x: A(x) 2: Q} iJ Q E (0 , 1], 

[AJo {x : A(x) > O} , 

\Vhere B denotes the closure of Lh set B. 
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LeL (X) be the collection of all fuzzy ~ets in a metri c space X. For A, B E (X), A c B 

11l ('cUl S .ilCr) 'S B (./") for eacb .r E X. 

Defini tion 1. 3.1. Let X be an a rbitra ry set and (Y, d) be a metric space . A mapping 

G is (,;-1llecl H Ju:::::y 'In.opp'in.l'J if' G is 8 mapping from X into (Y). 

A fu zzy mapping G is a [uzzy subset· on X x Y with membership function G(x)(y). 

The' Cun et iOIl G(:r)( y) is th e gr8c1 e 0 [' membership of !J in G(:r) . For convenience, we 

de ll ote the Cl- Icvel ~e t of G(./) by [Gx]O' ins tead of [G(x)]O'. 

Definition 1.3.2. Let G : H be fuzzy ma ppings from X into (X). A point z in X is 

call ed a n G,-fuzzy fixed point of H if z E [H z]O" The point z is called a common a -fuzzy 

fixed point of G and H if z E [Gz]O' n [H z]n . 

1.4 Weakly contractive fuzzy mappings 

Let (X. d) be a metri c space, B(X) and CB(X) be the sets of a ll nonempty bounded and 

closed bounded subsets of X , respectively. For P, Q E B(X) we define 

8(P, Q) = sup{d(p, q) : P E P, q E Q} , 

D(PQ) = inf{d(p.I] ) : p E Pq E Q}. 

H P = {p} . • ve write 6(P Q) = 8(p. Q) and if Q = {q} , then 8(p , Q) = d(p , q). 

For P Q. R in 8 (X) 01le can easily prove the following properties . 

8(P, Q) 8(Q , P );:: 0, 

6(P, Q) < S(P, R) + (5(R , Q) , 

ri(P, P ) 

5(P. Q) 

sup{ d(p , 7' ) : p , T' E P} = diam P , 

O. => P = Q = {p}. 

Le L {An} be a seq uence in B(X). Then the sequence {An} converges to A if and only if 

(i) a E A im plies that an -+ a for some sequence {an} with an E An for n E N, and (ii) for 

(',-1(' 11 E > O. th ere C'x is t TUIl E :V witii 7? > m such that An ~ At' = {x E X : d(x , a) < E 

fa,. some a E A}. 
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See 1421 . 
The following resulLs will be useful ill the proof of our results in upcoming chapters. 

Lemma 1.4.1. [37] Let {An} and {Bn} be sequences in B(X) and (X , d) be a complete 

lll eLric space . If An -t A E B (X ) and Bn -t B E B(X) , then c5(An , Bn) -t 5(A , B). 

Lemma 1.4.2. [51] Let (X , d) be a complete metric space. If {An} is a sequen ce of 

110nempty bounded subsets in (X , cl) a nd , if c5(An, y) -t 0 for som e y E X , then An -t {y} . 

Theorem 1.4.3. 1801 Let(X , d) be a complete metric space and T b e a <p-weak contraction 

on X ; that is , for each x,y E X , t here exists a function <p: [0 , (0) -t [0 , (0) such that <p 

is positive on (0, cc) , <p (0) = O. and 

cl(T.'E , T y) ::; d(x, y) - <p (d(x , y)) (1.4. 1) 

Also if' :.p is Ft ronl"inu ol1 s and nond ecl'eAsin g fl1nct ion. then T lms a llniqll E' fi xed point . 

A weakly contract ive mapping is a map satisfying t he inequality (1.4 .1) and was first 

defi ned by Alber a nd G uerre-Delabriere [1] . For more results on t hese m appings; see 

161. 171 , [37], 166], [91] and the related references t herein . Zbang and Song [94] gave the 

fo llowing theorem. 

Theorem 1.4.4. [94] Let (X , cl ) be a complete m etric space and T , S : X -t X be two 

lIlappillg::, :such Lha t , for each x, y E X . 

d(TT , Sy) ::; rn (x , y) - <p (m(x, y)) , 

where <p : [0. (0) -t [0. (0) is a lower semi-continuous function with <p(t) > 0 for t > 0, 

<p (0) = 0, and 

m(x, y) = max { d(X , y) , d(x, T x), cl (y, Sy), ~ [d(y , Tx) + d(x , Sy) ]} 

Th en t here ex ists a unique poin t u E X such that 1/, = T1/, = Su. 

1.5 Fuzzy Hilbert space 

It was K atsaras [54], who , while studying fu zzy topological vector spaces , was the first to 

inlroduce t he idea of a fuzzy norm on a linear space in 1984. Later , many otber m athe

m a ticia ns like Felbin [33], C heng & Mordeson [23], Bag & Samanta [10], etc. introduced 
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definit ions of fuzzy nonned lill ear spaces using different approach. A la rge number of 

papcrs have been published in fuzzy normed linear spaces. For reference see [11], [1 2], 

[131· [1 41· 11 ,51, 1161, [341, [351· On the other hand studies on fuzzy inner product spaces 

are relatively recent and few works have b een done in fuzzy inner product spaces. Biswas 

l J 71 , El-Abyad & Halllo lJly [30J were among t he first to give a meaningful definition of a 

fu zzy inner product space and associated fu zzy norm funct ion. Later on , Kohli & Kumar 

1581 mod ifi ed the definition of inn er product. s pace as introduced by Biswas. 

Now we discuss some definitions and results obtained by t he above mentioned aut hors . 

D efinition 1.5.1. Let U be a real linear space. A fuzzy subset N of U x R (R is the 

seL of rea l numbers) is called a fu zzy norm on U if , V x, u E U and c E F , the following 

condi bons are satisfied: 

(N l ) : Vt, E R . t; ~ 0; N(x , t) = 0, 

( N 2) : (Vt E R . t; > 0: NCr. t ) = 1) iff x = 0, 

(/\'3 ) : VI E R. L > 0; N(:r;.l) = N(:r; , I ~ I ) i f c -I 0, 

(.\ 'c/ ) : Vs.l; E R . J, Lt, E U. 

N(:r' + u . s + t) 2:: min {N(x , s) , N(u , t)} 

(NS) : N(x,.) is a nondecreasing function of Rand limN(x , t) = 1. 
1---+00 

The pair (U, N) vvill be referred Lo as a fuzzy normed linear space. 

Example 1.5.2. Let (X. II.II) be a nOl'med space. We define 

r . _ { t+l!xll' t > 0, x E X l\ (.T. L) -
0, t ~ 0, x E X 

T hen (X, N) is a fuzzy normed lin ear space. 

Theorem 1. 5.3. Let (U, N) be a fu zzy normed linear space. Also suppose that , 

(N6): 'Vt > 0, N(x , t) > 0 implies x = O. 

Denne' II.r ll" = /\ {t > 0 : N(T. I ) 2:: C\'} . C\' E (0. 1). 

T hen {11.llo : ex E (O.I)} is an ascending fami ly of norms on U and they are called 

( \-110l'lllS on U corresponding, to the fuzzy norm N on U . 
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Theorem 1.5.4. Let (u. N) be a fuzzy normedlinear space satisfying (N6). Along with 

this aSS li111 pt ion , 

l.Y7): fur .r f. O .. \' (.1: ; .) i ~ a CO llLil1UOU~ fUllCLioll of JR. . 

LeL IlL II" = 1\ {L > 0: i\f(X, L) ~ ex} , a E (0, 1) and N' : U x JR. ~ [0,1] be a function 

, { 1\ {ex E (0, 1) : Ilxl la ~ t}, if (x, t) =I (0 , 0) 
N (1:. / ) = 

o if (x , L) = (0, 0). 

T hen (i) {11.ll a : (\' E (0. 1)} is an ascending family of norms on U. 

(i i) N ' is a fuzzy norm on U. 

(i ii ) N t = N 

D e finition 1.5.5. A mapping * [0, 1] x [0 , 1] ~ [0 , 1] is a t-norm if * satisfies the 

foll owi ng condi t ions: 

(1) * is associat ive and commu tative , 

(2) (/ * 1 = 1 Va E [0. 1]. 

(3) (/ * b ~ (' * d i:i llcll that a ~ c and b ~ cl and eL , b. c, dE [0, 1] . 

Examples 0 [' t-norms are a * b = min{a, bj , a * b = ab and a * b = max{a + b - 1, OJ. 

Defiuition 1.5.6. A fuzzy illller product i:ipace is a triplet (X, F, *), where X is a real 

vector space . * is a t-norm and F is a [uzzy set on X 2 x R satisfying t he following 

conditi olls for every x, y , z E X and i , s E R, 

(F 1) FCc.y. 0) = O. 

(F2 ) F (x. y. L) = F (y. x . I). 

(F3 ) P(T . .T. t) = 1. for Fi ll I > O. if Fi nd onl .\' if T = O. 

(F4) For any real number c E R andt =I 0, 

where 

! 
F(x. y, t ic) for c> 0, 

F(CT. y. t) = J-J (t;) for c ~ 0, 

1 - F (x, y , t ic) tor c < O. 

{ 

1 if t > 0, 
H (t) = 

o if t ~ O. 

9 



(F5) F (.L. Z . L) * F(y. z . s) ~ F (:r; + y. z, L + s) , [or a ll L, s > 0, 

(FG ) lim F (x.y .L ) = 1. 
l -too 

Example 1. 5.7. Let (.Y. < ... » hr Hll ()]'diI1Hl'~' illll f'l' product SpH CP. V.,1p rlrn lH' H 

mapping F : X 2 x R ---+ [0, 1] as fo llows 

F (x. y.l) = 

{1 / 2/ (ll /2 + l(x, Y)1 1
/
2

) for t > 0, 

o for t = O. 

l(x, y)I I/2/ (( - t l
/
2

) + l(x,Y)11/
2) . 

(X. F, *) is a fuzzy inner product space, where * is an arbitrary t-norm. 
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Chapter 2 

Additive p-functional inequalities in 

matrix normed spaces 

In this chapter , we prove th e Hyers- Ulam stability of the addi t i ve p-functional inequal

it ies ill complex mat ri x normed spaces and invest igate some other additive p-functional 

eq uat ions assoc iAt ed with t.hese inequaliti es. 

2.1 Hyers-Ulam stability of the additive p-functional 

inequality in matrix normed spaces. 

In 199G, lsac allCl R.assias were the fi rst to provide applications of stabili ty t heory of 

hlll('t iOll a.1 in equ a li t ies for t he proof of new fixed poin t theorems with a pplications . By 

Llsing fixed point methods , the stability problems of several funct ional equations have 

been extensively invest igated by a number of au thors. 

Gila,nyi 142], Fechner [321 a nd Park et al. 169] proved the Hyers-Ularn stability of addi

t ive funct ional inequ ali t ies . Kim et al. [561 solved t he add itive p-functional inequalities in 

co III plcx norm ed spaces and proved the Hyers-Ulam stabi li ty of the add i t ive p-functional 

illcCjlli-1.lit ies in complex Banach spa.ces. 

In 156 ', Kim eL al. int ro duced and invest igated the following additive p-functional 
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ineq uali ty, 

Ilf(.r + Y + z ) - f(x) - f(y) - f(z)11 (2.1. 1) 

~ lip ( 2f (T; Y + z) - .l(.'C) - f (y) - 2f (z)) II, 
III this sec Lion we prove the above inequality in complex matrix normed spaces. 

Tlll'OlIghouL Lhi s secLion (X . {II ' lin} ) a nd (Y. {II, lin} ) are a mat rix normed space and 

a mat ri x Banach space. respecLively. Let p be a fixed complex number with Ipi < 1. The 

['o llowillg ie llllll fl "viII he helpClI l in the pJ'Oof of our main results . 

Lemma 2.1.1. (1701) Let (X, {11.lln}) be a matrix normed space. 

(1) II Ekl 69 x Iln=11 x II for x E X . 
n 

(2) II Xkl II ~ II [x ij]l l n~ L II Xij II for [·'Cd E Mn(X). 
i,j= I 

(3) lim Xn = x iff lim Xni) = Xij for Xn = [Xnij], x = [Xij] E l'\lh(X). 
n -> n->oo 

Theorem 2 .1.2. Let- T > 1 ami be nonn egative real numbers, and let .f : X -t Y be a 

map ping s llch that 

Ilfn([:'I',.I + Uli + z'.I]) - f n([Xij]) - f n([V,j]) - ./~l([zij])l l n (2. 1.2) 

~ lip (2fn eX1
)]; [Y'.J] + [ziil ) - fn([Xij]) - fn([Yij]) - 2.fn([Zij ]) ) t 

n 

+ L () (11Tij II I' + II Yi j III' + II z ij IIr) 
i,j=l 

Then t here exists a unique addi t ive mapp ing h : X -t Y 

sur h j-hat 

? moj'. Let '/1, = 1 in (2 .1.2) . Then we obtain 

Ilf(a + b + e) - f(a) - f(b) - f(e)11 

~ IlfJ ( 2f (a.; b + e) - f(a) - f (b) - 2f (C) ) II 
+8 (ilalir + IIblll' + Ilell r) 

12 
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for a ll n. b, c E X. 

By 156. Theorem 2.31. there is a unique addit ive mapping h : X -+ Y such that 

II f( C/) - h(a) II :::; 2,2~ 211 all'" 

[or all 0 E X . 

By Lemma 2.1. 1. 

[or a. ll x = [Xij] E Mn(X). Thus the mapping h : X -+ Y is the unique additive mapping 

sa Lis fying (2. 1.3). o 

III relat ion to compleLion , Theorem 2. 1. 2 can be reformulated as follows. 

Theorem 2 .1.3. Let r < 1 and e be positi ve real numbers, and let f : X -+ Y be a 

mapping satisfying (2. 1. 2) . Then there exists a unique additive mapping h : X-+ Y such 

t hat 

Il f,,([:e;j]) - h11 ([Xij]) II" :::; t 2 ~e2r II Xij liT (2. 1.4) 
i,J=1 

for all .1' = [.1'/.1] E ,\In( X ), 

Proof. By 156, Theorem 2.41. there is a unique additive mapping h : X -+ Y such that 

IIf(u) - h(o,)11 :::; 2 ~e2r IlaW' 

for all a E X . 

By Lemma 2.1.1, 

for all x = [X'i,i] E Afn(X). Thus t he ma pping h : X -+ Y is a unique addi tive mapping 

saLisfying (2 .1.4). D 

By the triangle inequR li ty. we have 

II.! n ([ Xij + Y'ij + Zij]) - f n ([ Xij]) - fn ([Yij]) - .I~t ( [Zij]) lin 

-lip (2f11 e Xi,i] ; [Yij] + [Zij ]) - .f~( [Xij ]) - fn([Yij]) - 2f n([ Zi j ]) ) t 
< Ilf,,([:l',) ,l) i] ZIj]) - fl1([ Xd) - fl1([Vij]) - fn([ z;j]) 

- P ( 2fn e
Xi

.i ] ; [Yij] + [Zi j ]) - fn([Xij]) - fn([Yij]) - 2fn([Zij ]) ) t . 
13 



T he following coroll ar ies illustrate that how we can obtain the Hyers-Ulam stabili ty results 

for Lhe addi t ive p-fUllcLiollal equaLiolls associaLed wiLh t he addi tive-p-functional inequality 

(2. 1.1 ) in complex malrix Banach spaces . 

C orollary 2.1. 4. Let /' > 1 be llolluegative real number, and let J X -7 Y be a 

Ill apping such that 

II 
j. ( [.ri.i] + [?h] [ ]) j' ([ ]) . ([]) f ([ ]) 2. n 2 + Zij - . n Xij - .In Yij - 2. n Zij (2.1.5) 

( . ( [Tii] + [Yij] + [Zii] ) ([ ]) ([ ]) r ([ ])) II - (! 2./ 11 . 2 . - f n X,j - I n Yij - . n. Zij n 

n 

< L e (II Xij III' + II Yij 11" + II Zij In 
i,j= J 

['0 1' a ll .7' = [TiJl. .lJ = []j;.i ]' Z = [Zij ] E !If" (X ). T hen t here exists a unique additive mapping 

h : X -7 Y satisfying (2 .1.3). 

Corollary 2.1. 5. Let T < 1 and be posi ti ve real numbers , and let f : X -7 Y be a 

Ill app ing saLisfyiug (2. 1.5). T hen there exists a unique additive mapping h : X -7 Y 

sH li ,.;f'y ing (2 .1.4). 

Remark 2.1.6. If p is a l'ealuumber such Lhat - 1 < P < 1 and Y is a real Banach space, 

t hen a ll of the assertions in t his section remain valid. 

A silllilar construction cau be applied to derive a Hyers- Ulam stability of the following 

Hdd i Li VC' (J- [u net ion Et 1 i nequal i t.Y 

1121 (X; Y + Z) - I(x) - f (y) - 2J(z) 11 
::; lip U(x + y + z) - f (x) - f (y) - f( z )) II 

i II CO lli plex matrix Banach spaces . 

2.2 Results for Hyers-Ulam stability of the additive p-

functional inequality in matrix normed spaces 

111 thi:, secLiulI , we prove t ile fo llowing Hyers-U lalll stabili ty of the additive (I-functional 

ineq ualiLY in complex matrix normed spaces. 
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112/ (1:; Y + z) - fCc ) - ./(y) - 2/(z)11 (2.2.1) 

~ I/P (2/ (J;; Y + Z) - f( x) - f(y) - .I(Z) ) 1/ ' 

where p be a fixed complex number with Ipi < 1 

Theorem 2.2.1. LcL 't. > 1 and () be nonnegative · real numbers , and let I : X --+ Y be a 

mapping such that 

II
?[ ( [Xi;] + [,1J;j] [ ]) /. ([,, ]) . ([]) f' ([ ])11 - . n 2 + Zij - . n X ij - fn Yij - 2. n Zij n (2.2.2) 

II ( f· ( [Xi j ] + [Yij] + [Z ij ] ) . ([ ]) . ([ ]) . ( [ ]) ) II ~ p 2 n 2 - I n Xij - I n Y ij - f n Zij n 

n 

+ L () (1lxiill r + IIYi.iII T + IIZijin 
i.j= I 

for all x = [Xi;], Y = [Yij], Z = [Zij] E Mn,(X). Then t here exists a unique additive mapping 

h : X --+ Y sa tis fying 

Pmol Let n = 1 in (2.2.2) . Then we get 

112/ c/'; b + c) - /(0,) - /(b) - 2I(c) II 

~ I/ P (2/ (a + ~ + c) - f (o) - f(b) - /(c) ) 1/ + () (1 1a 11 T + Ilb llr + Ilcln 

[or a ll (/,. b. c E X. 

By 156 , Theorem 3.31. there is a unique add it ive mapping h : X --+ Y such that 

2,. - 1() 

Il f(o ) - h(a)11 ~ (1 - Ipl)(2" _ 2) II aliI' 

for all a E X. 

By Lemma 2.1.1 , 

ror Fdl .r = [.r ill E fll ,,(X). Thus t he ma.pping h : X --+ Y is a. unique add itive mapping 

sAtisfyi ng (2.2.3). o 

15 



Using the same idea of proof we get the following useful result. 

Theorem 2 .2 .2. Let r < 1 and fI he nOl1negat i\'e real numbers and let I : X ---t Y be a 

ma pping sat isfy ing (2 .2.2). 

T hen t.here ex ist s a unique m apping h : X ---t Y such that 

(2.2.4) 

[or all x = [.T ij] E M" (X ) 

Proof. By 156, Theorem 3.4], t here is a unique additive mapping h : X ---t Y such t hat 

2r e 
II I ( C/, ) - h (C/,) II ::; (1 _ I pi) (2 _ 2r) II C/, II r 

[or all ({, E X 

By Lemma 2.1.1 , 

Cor El l1 .r = [.1: i 7] E fI / ,JX) . Thus t he mapping h : X ---t Y is a unique additive mapping 

sa t isCying (2.2 . ..J. ). 

By the triangle inequali ty, we have 

112fn ( [Xi
j
] ; [Yij ] + hj] ) - fn([Xij]) - .f~l([Yij]) - 2fn([Zij ]) lin 

-lip ( 2/n ( [.Tid + LIJ~j] + [Zi
j
]) - In([:!:ij]) - .I~l([Yi.i]) - .I~1([ 2'ijJ) ) II" 

< 112fn ( [X,.i] ; [Yii] + [Zi j]) - f n([XiiJ) - In([Yi.i J) - 2In([zij]) 

( r ( [Xi.i ] + [Yi.i ] + [Zi.i ]) f ([ ]) f' ([ ]) f ([ ]) ) II - (J 2. n 2 - . n Xij -. n Yi.j -. n Zi.i n' 

o 

\Ne obtain the Hyers- Ulam sLabili ty resulLs for the additive p-functional equations asso

cia tpd with t he add it ive-p-fun ctional inequali ty (2 .2.1 ) in complex m atrix Banach spaces , 

in t' he fo ll owi ng coroll aries . 
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Corollary 2.2.3. Let r > 1 and be nonnegative real numbers, and let f : X ---+ Y be a 

mapping such t hat 

(2.2 .5) 

n 

< L e (II Xij II' + II Yij liT + II Zi.i In 
1,)= 1 

for all x = [Xii] '.IJ = [Yi.i], Z = [Zi.i] E JV1n(X) . Then there exists a unique additive m apping 

h : X ---+ Y sat isfying (2.2.2). 

Corollary 2.2.4. Let r < 1 and be posit ive real numbers, and let f : X ---+ Y be a 

mapping satisfying (2 .2.5). T hen there exists a unique additive mapping h : X ---+ Y 

saLi sfying (2.2.4) . 

The above results allow us to give the proof of Hyers-Ulam stability of the following 

Rc!r!it ivC' (J- CUll ct ional inequali ty, 

112f CI" + ~ + z) - f (x) - f (y) - f (Z) 11 

~ lip ( 2f (2': Y + z) - f (x) - f(y) - 2f (Z)) II 

in complex ma trix Banach spaces . 

2.3 Conel usion 

T he primary goal has been to in t roduce and invest igate the additive p-functional inequal

i ties in matrix noremd spaces therefore we generalized / extended some results of Kim et 

801 1561 d.ne! providec! part ial improvement to the main results. Moreover, we apply similar 

construction to derive Hyer- Ulam stabili ty associated with these p-functional inequalities . 

Corollar ies and remarks indicate the novelty of the results. 
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Chapter 3 

Matrix generalized (f) , cjJ )-derivation on 

a matrix Banach algebra 

III t his chapter t he concepL of Hyers-Ulam stabiliLy of matrix generalized (e, ¢)-derivation 

0 11 ma rix Banach algebra is illLrod uced . 

3.1 (e, cp )-derivation on a matrix Banach algebra 

Choollkil Park alld Dong YUll Shill 172] give Lhe cOllcepL of generalized (e, ¢)-derivaLions 

0 11 Banach algebras , and prove Lhe Cauchy-Rassias stability of generalized (e, ¢ )-derivations 

Oil Banach algebras. We exLend their work La a matrix Banach algebra . 

T hroughou t this section , let (X, {II' lin}) be a matrix Banach algebra. 

Definition 3.1.1. LeL A be a Banach algebra . By a der ivaLion on A , we mean a linear 

mappi ng D : A --7 A, wh ich sat isfies D(ab) = aD(b) + D(a)b for all a and b in A. 

D efinition 3.1.2. Let e, rp : X --7 X be addi t ive mappings. 

An additive mappillg D X --7 X is called a matri.'E (e, ¢)- derivation on X if 

Dn ([Xij ][Yij ]) = Dn( [X ij ])(1n([Yij]) + ¢n([X;j]) Dn ([Yij]) holds for all [Xij], [Yij ] E Mn(X). 

An additive map ping U : X --7 X is called a matrix generalized (e, ¢)-derivation 

011 )( if' L1l ere exists a matrix (e. ¢)-cleri vat ion D : X -1 X such that Un([Xij ][Yij]) 

U,,([.l'i}])e"([Yij]) + <p,,( [:l'ij]) D I1 ([Yij]) holds for all [x;j ], [Yij ] E Mn(X). 

18 



Theorem 3.1.3. LeL '/,9 , h, U : X ---+ X be mappings with fn([Oij]) = 9n([Oij]) = 

hn([O i,7 ]) = Un([O;j]) = [Oij] for which Lhelc exisLs a fUllcLion 'P : X x X ---+ [0 ,00) such 

th8t 

n = 1 
'Pn([:t:;J LiJij]) := L (L:~ 7; 'P (2Tx;j. 2TYij )) < 00. (3. l.1 ) 

l, j = l 1'= 0 

n 

IIIn([x;j] + [y.;j]) - .!n([x;j]) - .!n([Yij]) lin < 2: 'P(Xij, Yij) , (3.l.2) 
i,j=l 

n 

119n([Xij] + [Yij]) - 9n([Xij]) - 9n([Yij]) lin ~ 2: CP(Xij, Yij), (3.l.3) 
i,j=l 

n 

Ilhn([x;j] + [Yii]) - hn([Xij]) - hn([Yij]) lin ~ 2: CP(Xij, Yij), (3.l.4) 
i.j= l 

n 

Ilu'n([xij] + ['.1JijJ) - Un([~Lij]) - Un ([Yij]) lin ~ 2: CP(Xi.i , Yij) , (3. l. 5) 
i ..i = l 

n 

Il.fn([Xij][Y;j]) - .!n([J;;j]) .qn([Yi.i]) - hn([X;.i]).fn([Y;j])lln ~ 2: CP(Xij , Yij) , (3.l.6) 
i, j=l 

n 

111/,,,([Tij][Yij]) - 7/' 11 ([X;j])9n([Y.ij]) - h,,([Xij])fn ([yiJl) II" ~ 2: cp(X;j , Y;j)·(3 .l.7) 
i,j = l 

lor all [.TI}] ' [iJi j] E .1 111 ()(). 

TbelJ Lhcle ex ist. unique addiLive mappings 1).8 , ¢, U : X ---+ X such that 

['or all [Xii ] E Mn(X). 

Ilfn([Xij]) - Dn([Xij]) lin ~ ~CPn([Xij], [Xij]) , 

119n([Xij]) - 8n([Xi.i]) 11'11 ~ ~CPn([Xij], [Xij]) , 

Ilhn([Xij]) - ¢n([Xij]) lin ~ ~CPn([Xij], [Xij]) , 

11'/),11([1',]]) - U,,([T ,} ]) lln ~ ~ CPn ([TiJ [Tij]). 

(3 .l.8) 

(3. l.9) 

(3. l.10) 

(3. l.11 ) 

Moreover , D : X ---+ X is a matrix (8, ¢ )-derivation on X, and U : X ---+ X is a matrix 

gCll erali zed (8 , ¢ )-derivat ion on X. 

Proof. Putting n = 1 in (3 .l.2) , we have 

III(x + y) - ./(x) - I(y) 11 ~ cp(x , y) 

lor all ,[. U E X 
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By lhe Gav ru U, 's lheorem HOI . t here exis ts a uniq ue additive m apping D : X -7 X 

satisfying 

Co r a ll ,1.: • .lJ E X Varyi ll g L1 Je va lues of n , we have 

Ilfn([Tij]) - Dn( [Xij])lln :s; t <Pn ([ Xi j], [xd)· 

fu r a ll [,I;i.il . [.Ih.il E J\Jn( X ). 

Sim ila rly. for (3. 1. 2)-(3.1. 5) there exis t e. ¢ and U sa tis fying (3 .1.8)-(3 .1. 11). 

T he ad di tive mappings IJ . fJ , CfJ, U : X -7 X are given by 

D (:t ) 
. 1 , 

= hill - J (2 x) . 
'--+00 2 

1 
e(.e) = lilll ,.9(2'x) , 

' --+00 2 
1 

¢(x) lim -h(2 IX) 
' --+0C 2' ' 

1 
U(x) lim ,u(2'x) , 

' ->eX) 2 

Cor Clll .1' E X 

lL fo llows from (3. 1.6) (haL 

n 

II I n( [Xij][Yi.i]) - I n ([X;j]) 9n ([Yij]) - hn([ Xij ])fn([Y;j ]) lin :s; L <Pn ([ Xij ], [Yij ]) 
i,j= l 

Pul Lillg /I = 1., we gel 

II I (xy) - f (x) g(y) - h(x) f(Y )11 :S <p(x, y ) 

for a ll ;!; . y E X So 

(3 .1.1 2) 

(3. 1.13) 

(3.1. 14) 

(3 .1.15) 

1 1 1 
22, llf(22'xy) - f (2I x)g(2'y) - h(2' x )f(2'Y)11 :S 221<P (2 I x ,2Iy) :S 21<P(2 Ix ,2I y), 

1 
22,l lfn(22' [Xi.i ][Yij ]) - I n(21[x;j ])gn(21[Y;j ]) - hn(21 [xij ])fn(21 [Yij ]) lin 

n 1 
:S L 2, I.P(2'J· ;j· 2'.I)ij) . 

I,J= I 
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whi ch Lends to zero as l -t CXJ faT all x . V E X and [Xij], [Yij] E Mn(X) by (3. 1.1). By 

(3. 1.12)- (3. 1. 14) 

for a ll [:r;j]. [Vii] E Mn(X). So the additive m apping D : X -t X is a m a trix (8 , ¢)-

dc r ivaL ic)jj 0 11 X . 

Sim ilarly, by using (3 .1.7), we can show that the addit ive m apping U : X -t X is a 

ll1 aLr ix genera li zed (8, <f;)- deri vat ion on X . o 

Corollary 3.1.4. Let .r (J. h. 11 : X -t X he mappings with f n([Oij ]) = gn([O'ij ]) = 

hn([O-;j]) = U n ([Oij]) = [0-;.1] for whi ch there exist constants E 2': 0 and p E [0, 1) such that 

" 
IIIn([xU] + [Yi.1]) - In([Xij]) - .f~([Yij])lln < L E(l lxi.1 liP + II Yij liP), 

i,j= 1 
n 

Ilgn( [Xij ] + [Yij ]) - gn([Xij ]) - gn([Yij ]) lin < L E(IIXij IIP + IIYijI IP) , 
i,j=1 

n 
Il hn([Xi.7] + [Vii]) - hl1 ([Xij]) - hn([Y;j]) lin < L E(IIXijI IP + IIYijIIP), 

;,]= 1 

n 
11 1I ,,([Ti.1] + [Yij]) - U,,,([,Tij]) -1I,,([Vij])1111 < L E(IIXijIIP + IIYijIIP), 

i,j=l 

n 

III/l,([Xij][Yij]) - In([Xij])gn([Yij]) - hn([Xij]) .f~~([Yij])lln < L E(I IXijI IP + IIYiJi!P), 
i,j=l 

n 

Ilun([:Dij] [Yij]) - 'U,,,([Tij])gn([Vij]) - h,,([Xij]) f" ([y.ij]) lin < L E(llxij liP + II Yij liP) . 
i,j=l 

for a ll [Ti.J [Y'.J] E Jldn( X ), 

Then t here exisl uni que adcli l ive ma ppings D , 8. ¢. U : X -t X such t hAL 
n 2E 

II I" ([xii]) - Dn([Xi,i]) lin < L 2 _ 21,11X'ij II
P
, 

i,j= 1 
/l, 

Ilgn([Xij]) - Bn([Xij]) 11" L 2E < 2 - 2P IIXijl lP, 
i,j= l 

n 
II h" ( [T i.J ]) - <f;" ([ T i] 1) II" < L ~llxuIIP. 2 - 2P /,,)=1 

n 
Il un([:rij]) - Un ([Tij]) lin L 2E < 2 - 2p IIXijIIP . 

i,.i=l 
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for all [xii] E M,,(X). 

I\!roleovel. D : X ---7 X is 11 rnat-rix W d»-derivation on X, and U : X ---7 X is a matrix 

generalizer! (e, (j))- rleriva.t.ion on X 

Pmof. Den ning 'P(.r. y) = (( II:rII P + Ilu II P). and applying Theorem 3. 1.3, we get the desired 

resull. o 

Corollary 3.1.5 . LeL e, ¢ : X ---7 X be additive mappings. Let J, u : X ---7 X be 

mappings with f n([Oi.i]) = un([Oii]) = [Oii] for which there exist a function 'P : X x X ---7 

[O. CX)) satisfying (3. 1. 1), (3.1.2) a.nd (3 .1.5) such that 

n 

Il f n([. rlj][[Y'J]) - fn([xij])en([Yij]) - (Pn([xi.il) ./~ ([Yij])lln ::; L 'P(Xij) Yij) (3. 1.16) 
i,j= l 

n 

11 1I'n([Xij ][Yij ]) - lI'n([Xij])8n([Yij]) - qJn ([xij ])fn([Yij]) lin ::; L 'P (X'ij, Yij) (3 .1.17) 
7,)= 1 

for all [xii], [Y·i.i] E Mn(X) . 

Then there exist a unique matrix (8, ¢ )-derivation D : X ---7 X satisfying (3. 1. 8), and 

there exist a unique matrix generalized (8, ¢)-derivat ion U : X ---7 X satisfying (3.1.11). 

Proof. Lett ing e = 9 and rp = h in the s -atement of Theorem 3. 1.3, we get the result . 0 

Theorem 3.1.6. Let f. g. h. u : X ---7 X be mappings with fn([Oij ]) = gn([Oij]) 

hn([Oii]) = 'I1.I1 ([Oij]) = [Oi.i ] for which there exists a funct ion 'P : X x X ---7 [0, (0) 

satisfying (3. 1.6), (3 .1.7) and 

n 00 1 
'Pn([xi,i], [Yij]) := L L 31' 'P(3"'Xij, 3T Yij) < 00, (3. 1.18) 

i,j= 1 1'=0 

II? ! C Xij] + [Yi.i] ) ! ([.]) ! ([ ])11 n 
< I: 'P(Xij, Yij), (3 .1.19) -. n 2 - . n xi) - . n Yij n 

i,j= l 

II C Xij] + [Yi.i] ) ([]) ([]) II 
n 

2qn 2 - gn x·i.i - gn Yii n < I: 'P ( Xij , Yij) , (3 .1. 20) 
i,j= 1 

II C 1;ij] + [Yij 1 ) ([]) ([]) II 
n 

2hn 2 - hn ,Xij - hn Yij n < I: 'P (Xij ) Yij ) , (3. 1.21) 
i,j= l 

II C Xij] + [Yi.j ]) II 
n 

21Ln 2 - Un([:Cij ]) - Un( [Yij]) n < I: 'P (Xij, Yij )' (3 .1.22) 
i,j=l 
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Then t here exist unique adclit i\'8 mappings D. B, cp. U : X -+ X such that 

III,,([,I'J]) - D,,([.r'J]) II" ::; l CP,,([.riJ]' -[L'i)]) + 0( -[Xij], 3 [x;j]) ), 

Ilgn([Xij]) - B,.,([x;j]) lin ::; 1 (<Pn([X;j] . -[Xi]]) + 0( - [Xij], 3 [X ij ])) , 

Ilhn([ .. rij]) - <Pn ([X;,i]) lin ::; ~(<Pn( [Xij], -[Xij]) + 0(-[Xij], 3[Xij])) , 

IIu,n([T;}]) - UIl([Tij])lln::; l(<p,,([Xij] , -[Tij ]) +0(-[Xij],3[Xij]) ) . 

for a ll [Xij] E Mn(X). 

(3 .l. 23) 

(3 .l. 24) 

(3. l. 25) 

(3. l. 26) 

[\II 0 r80ver., D : X -+ X is a matrix (B, ¢i)-derivat ion on X , and U : X -+ X is a matrix 

gr l1 rrali zed (f-J . d»-derivR.t-.ion 0 11 X. 

Proof. Put-ti ng n = 1 in (3 .l.19), we get 

.'l'+l) 
11 2./(-2-' ) - I(x) - I (y)11 ::; <p(x, y) 

ror all ];. y E X. By the Jun aud Lee's theorem [52, T heorem 1], t here exist a unique 

addit ive mapping D : X -+ X 

11 .f(X) - D(x)11 ::; l (0(x, -x) + 0( -X, 3x)) 

for a ll .1" E .\ . Vari ng the va lll es 01'11 . we have 

['or all [Xij], [Yi.i] E Mn(X). 

Silllil arly, there exist B, cb and U satisfying (3 .1.23)- (3 .1. 26). 

Thr 8c1c1it i\'C' 111 c-lpp il1 gs f) . O. ¢ . ( ! : X -+ X Arr givr l1 bv 

D (x) · 1 (3. 1.27) 11 111 - .f (3 l x) . 
1-+00 31 

· 1 (3. 1.28) B(x) = 11m -g(3l x) , 
1-+00 31 

1 
(3. 1.29) ¢(x) lim - h(31 x). 

1-+ 31 

U(x) · 1 1 (3.1.30) hm ,u(3 T). 
1 ,"'- 3 
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Lor all .r E X . 

It Lollows Lrom (3.1.6) that 

n 

Ilf,,([x ij ][Yi.i ]) - ./n([Xij ])gn([Yij]) - hn([xij]).I~([Yij])lln ~ L rp(Xij, Yij) 
i,j=l 

Lor all [.?;i]]' [y;J E !I1n(X) . 

Putting n = 1 in t he above inequali ty, we get 

II./(xy) - .l(.t;)g(y) - h(x)./(Y)II ~ rp(x, y ) 

for Fl.1I ::c. Y E X . So 

111 
32/ 11./ (321 xy ) - ./ (31x) g(31y) - h(31x) f (31y) II ~ 321 rp (3 1x, 31y) ~ 31 rp (3 1x , 31y) , 

1 
321 II ./~ (321 [x;.i] [:lJij]) - ./~ (31 [Xij ])gn (31 [Y;j]) - hn (3

1 [Xij]) j~ (31 [Yij]) lin 
" 1 " 1 

~ L 32/rp (31 X, 3Iy) ~ L 3I rp (31.x , 3Iy) , 
i, j = i 1,.1 = 1 

which tends Lo zero as l ~ ex) for a ll x . y E X and [Xij], [Yij] E Mn(X) by (3 .1.18). By 

(3 1. 27)-( 3. 1.30) , 

Hence Lhe add iLive mapping D : X ~ X is a matrix (e , ¢)-derivation on X. 

Simil a rl .\', by IIs ing (3. 1. 7) we can show Lhat the additive mapping U is a matrix 

genera li zed (e , dJ )-deri vation on X. o 

Co ro llary 3.1.7. Let .r,,r; . 11., u : X ~ X be mappings with I n( [Oij]) = gn([Oij]) = 

hn ([O;j]) = U n ([Oi,i]) = [Oi.i] for wh ich t here exist constan ts E 2: 0 and p E [0 , 1) such that 

II /. ( [Xii] + [Yii1 ) r ([ 1) I' ([ 1) 11 2 " . 2 . - . n .7' ,.1 -. " Yi) " 

It 

< L E(II :I',) liP + IIT i) liP) . 
i,j=l 

I ( [::r>.iJ + [Vi.i]) ([ 1) ([]) II 121]" 2 - ,1]11 Xi.! - .1]" ?j,} n 

n 

< L c(llxijl lP + IIYijIIP) , 
i,j=l 

n 

< L E( ll xij liP + IIYij liP), 
i,j=l 

n 

< L E(II:r'iiIIP + 1 1~J;jI IP). 
L, )=l 
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n 

II I o([,I".I][.I)'I]) - ./'1/([,1"1]).91/([.1)'1]) - h ll ([,I'U]) I "([Y,,i])lln < L c(l lx'i,iII P + IIYi,iIIP), 
i,)= l 

It 

II1I n([.'l'iJ][Yil]) - U Il([1 'ij]) Cj,,([~j;j]) - hn([Tij]) .I~l([Y.ij])l l n < L c(IIXijI IP + IIYijI IP) , 
i,)= 1 

fo r a ll [Xij], [Y ij ] E Mn( X ), 

T hen there ex isL unique addi t ive mappings 0 , e, cp , U : X ----7 X such that 

n 3 + 3P 
< L 3 _ 3p cl lx;jl lP, 

',)= 1 

11 3 + 3P 
< L 3 _ 3pc ll[Xij ]IIP, 

i"i= 1 

Moreovcr , D : X ----7 X is a lll i-lL ri x (e, <p) -dcrivat ion on X , and U : X ----7 X is a m atrix 

general ized ((), d»-derivat ion on X , 

P1'OoI Definin g <pC]; . .I)) = c(llxllP + Ily lIP), and apply ing Theorem 3. 1.5, we get t he desired 

res ul t , o 

Corolla r y 3 .1. 8 . Le t (-), (j : X ----7 X be add it ive ma ppings, Let f , 'U : X ----7 X be 

mappings wit h ./',,( [Oij]) = 'Un([Oij ]) = [Oij ] for which there exist a function <p : X x X ----7 

[0 ,00) satisfying (3, 1. 18) ,(3 ,1.19),(3, 1.22) ,(3 ,1.16) and (3 .1.17) , Then t here exist a unique 

ma t rix (e, cp)-derivaLion D : X ----7 X satisfying (3,2,23) , and there exist a unique matrix 

gcncrali zcd (e, <;D )-deri vati on U : X ----7 X satisfying (3,1.26), 

PmoI LOl tin g (J = 9 c-1 nd (/J = h in th e s lc-1lenWlll of Th corcm 3,1.5. we get th e rcsult , 0 

Theorem 3.1.9. Le t f. g. h , U : X ----7 X be m appings with .f~([Oij ]) = gn([Oij ]) 

hn([0i.!l) = l/. //([Od) = [Oi)l for which th cre cxis t a funct ion <p : X X X ----7 [0,00) sat

isfy ing (3, 1.19)-(3. 1. 22) , (3,1. 6) and (3. 1.7) such that 

" 00 

-( [ ] [ ] ) "' ( '" 21' (Xij Yij ) <Pn Xij, Yij := L L 3 <p~, 3r < 00, 
I..J = I 1'=0 

(3 .1.31) 
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1'01' a ll [.1' ,Jl. [:lJ ij] E Mil (X). 

T heil (he)'e ex isl llllicl'lC' Heldil i\'(' mAppili gs D . e. c/J. [J : X --t X s uch Lha t 

for a.ll [.1" ;j ] E Mn( X ). 

(3.1.32) 

(3. 1.33) 

(3.l.34) 

(3 .1.35) 

Moreover, D : X --t X is a m a.t rix (f) , c/J) -derivation on X, a nd U : X --t X is a matrix 

gr neral ized (e. 0) -derivat"ion on X. 

Proof. By t he Jun and Lee 's theorem 152 , T heorem 71, we can show that there exist 

unique add it ive mappings D. B, cp, U : B --t 13 satisfy ing (3.1.32)- (3 .1. 35). 

Thr addi Live mappings D. e, (P . U : X --t X a re given by 

["0 ), a ll .r E X. 

It fo ll ows from (3. 1. 6) thFlt 

D(x) 

e(x) 

c/J (:r) 

U(T) 

lim 3'.f( x,), 
1-'>00 3 

lim 3'g( x,) , 
I -,>cc 3 

x 
lim 3I h( - ,), 

1-,> 3 
X 

= lim 3'1i( -, ), 
I-'>"C 3 

Put ti ng n. = 1 in t he above ill cquali ty, vve gel 

II I (.7;Y) - I (:.c )g(y) - h(x) .f(y )1I ::; t.p (x, y) 
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Cor a ll .r..IJ E X. So 

321 !1 ·( ·rv) _ . x)((V) _ h(x) .(V 11<321,,(~ Y) , .I j'21 .J (31 .J 31 31 .I 31) - ' 'I' 31' 31 . 

321 11f ([x;j][y;;l) _ j' ([xu]) . ([Yi j ]) _ I ( [Xi.i ] ) /, ( [Yij])11 
, n 321 . n 31 gIL 31 '/,n 31 , n 31 n 

n 

< ~ 321 {n(Xij Yi.i) 
- ~ r 3l ' 31 ' 

i,j= 1 

whi ch tends to zero as 1 ~ 00 for a ll .L, y E X a nd [xii ]' [Yij ] E Mn(X) by (3 .1.31) . By 

(3 1. 36)-(3.1. 39), 

Cm a ll [.1·,J [U,.!] E M,,(X ). 

So Lbe add it ive ma pp ing D . X ~ X is a m atr ix (e, dJ)-derivat ion on X. 

Similarly, by using (3 .1.7) , we can sh ow that t he addi t ive m a pping U : X ~ X is a 

m El t ri x generali zed (() , dJ )-d er i vation 0 11 X. o 

Corollary 3 .1.10 , Let f. g. h . u, : X ~ X be mappings with I ,,( [Oi)]) = gn([O;i]) = 

h,,([Oij]) = 11'n([O,.1]) = [Oij] for which there exist const an ts E ~ 0 a nd p E (2,00) such that 

112 .f~( [Xij] ; [Yij]) - fn([X'ij]) - .f~( [Yij]) lin 

[x ] + [y ] 112g11 ( '..7 2 1..7) - (],,([1";)]) - .9n.( [Yi.i ]) lin 

n 

< L E(IIXijI IP + IIXijI IP) , 
i,j=1 

n 

< L E(IIXijI IP + IIYiiIIP), 
i,j= l 

[. I 'i] + [Vi)] ([] [ ]) II ~ (II liP II liP) 112h,,( 2 ) - hn Xi}) - hn ( Yij n < ~ E Xij + Yij , 
i,j=1 

II ( [Xi j] + [Yij ] ) ([ ] ) ( [] ) II 211. /1 2 - U n .Tij - U n Y.i.i " 

n 

< L E(llxiil lP + IIYijI IP) , 
i,)=1 

n 

< L E(IIXijIIP + IIYij IIP) , 
i,j= l 

n 

II 'un ([.rij ] LLJ;j ]) - Un([ Xij ]) gn ([Yij J) - hn([ Xij ]) fn([YijJ) lin < L E(II Xij liP + IIYij liP). 
t,j=1 

fo r a ll [Xii]' [Vii ] E M,,(X ). 
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T hell Lhere exist unique add itive mappings D , e, ¢, U : X -t X such tha t 

I"0J' 811 [. 1" 1] E !\JI!(.'\ )' 

IVloreover , D : X -t X is a matrix (f-l , ¢ )-deri va tion on X , and U : X -t X is a matrix 

generFtli zed (e. dJ)-derivat ion on X . 

Proof. Definin g rp(x . y) = E(II.t;IIP + Ily IIP), and applying Theorem 3.1.8, we get t he desired 

resul t. o 

C orollary 3.1.11. Let e ,¢ : X -t X be addit ive mappings . Let f ,u: X -t X be 

1118ppillgS with In([O.t]]) = un([O'J]) = [Oi]] for which there exists a funcLioll rp : X x X -t 

[0,00) satisfy ing (3.1.31), (3.1.19), (3.1.22), (3 .1.16) and (3.1.17). Then there exists a 

unique matrix (e , ¢)-derivation D : X -t X satisfying (3. 1.32), and there exists a unique 

matrix genera li zed (e, ¢)-deri vation U : X -t X satisfying (3 .1.35). 

Pm of. Lr t t ing f) = (J Rlld q; = h in the st<lJement of Theorem 3.1.8, we get the resul t. 0 

3.2 ConcI usion 

T Il(' purpose o[ thi s s tudy is s tipu la ted with the generalisation of the concept of (e, ¢)

deri vat ion on Banach algebras given by Choonkil P ark and Dong Yun Shin [72]. We 

established the existence and uniqueness of solu t ions to functions in the form of additive 

ma ppings . This a pproach is particul arly associa ted with the work of Jun and Lee [52], 

<l it· hough it W<lS GFivru ta 1401 who indroduced this idea. We generalized the st ability of 

a pproxima tely add iLive mappings in the spiri t of Hyers , Ulam and Rassias . 
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Chapter 4 

Generalized rp-weak contractive fuzzy 
. 

mappIngs 

ExistencC' theor'C'ms of fixecl points have been establi shed for mappings defined on various 

types of spaces a nd sat'i sfy ing different types of contractive inequaliti es. The notion of 

f'uZZ\' sct~ was introclllcecl by Za,c!ell 1951 ill L9G 5. Following t his ini Lia l resul t, 'Weiss [92] 

and Butnariu 1211 st llcli ed 011 t-he characteriza,tion of several notion in the sense of fuzzy 

llulllbers. I-Ieilpel'll [clGJ illLrod uced Lhe i'U:0:0Y lllappillg and further he established the 

fuzzy Banach conLraction principle on a complete metric space. Subsequently several 

OIlier n-~~(~arc;l!er~ st. lldi ed t l! p exist.ellce of fixed points and common fixed points of fuzzy 

mappings sa ti sfy ing a contractive type condition on a metric space (see I?], [2], [4], [9]' 

[181· 1611 , [74]. (931). 

In t.1l is chapt.er vve prove t he existence a.nd uniqueness of a. (common) fixed point of 

ge ll emli zrd <p-wca k cant racLive fuzzy mappings on complete metric spaces. We present 

some examples to illustrate the obtained resul ts. 
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4.1 Fixed point theorems for fuzzy <p-weak contractive. 

TlllO tl glI O\\t tlli~ s('ct ion (.Y. d) \)r n ('olllplrtr lllrtric spRce. 

~.\' 

B((") 

CB(~'\') 

{A : A is the subset of X}. 

{A E ~x : A is nonempty bounded} , 

{A E ~x : A is nonempty closed and bounded}. 

(X) be t he collection of a ll fu zzy sets in a metric space X. 

Theore m 4. 1.1. Let (X, d) be d cO l1l p lc t e metric space a nd S, T : X -7 (X) and , for 

I' E .\. t here exist n S(T). (\'7{ 1') E (0.1] s tl cil that [Sx]ns(:r), [T.r],):T(.'t) E B(~X) , such t haL 

('01 a ll .1'.,1) E X 

6 ( [Sx]o s(X) . [TY] aT(Y) ) ::; M (x, y) - <p (M (x , y)) (4. 1.1) 

where. <p : [O . ()()) -7 [0 ,(0) is a lower semicontinous fun ction with <p(t) > 0 for t E (0, 00) 

and .p (0) = O. [S.1'](\ <';( I' ) and [TY]n r(y) arc' Irv0' l se t·s of S:r and Ty. defined in the section 

(1.3.2) . 

{ 

d(.L .I) ). D(.T. [S.1'lo.<;( .• ) . D(y , [TY](\T (Y) )' } 
JJ(J' , y) = max 

4 [D(Y, [Sx]os(x) ) + D(x, [TY] OT(Y)) ] 

Then there ex ists a ullique z E [Sx]{\'s(x) a nd Z E [TXL,T (X) . 

(4.1.2) 

Proof. Take ao E X. Accord ing to the given condition , there exists an a(ao) E (0, 1] such 

that [Saolo (no) E CB((<). 

Let us d0'l1ote n{To ) bv (\', a nd set al E [So,o] (\( oo) . For t hi s al there exists a n a2 E (0 , 1] 

such that, [Tnd o2 E CB(C) Itelat ively. a sequence {an} in X is constructed so that 

a2k+ l E [Sa2kLl<2k+l ' 

a2k+2 E [Ta2k+ l] a2k+2 

I t is c le1'\1 th at i(' fIf (o,ll , OIl + I) = O. t hen the proof is complete . 

COll sPCjue nt Iy. t h lO \lgho tl l t il e proof. it is Hss lllll rd Lil at 
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\;Ve shall prove that 

Suppose, on the cont rary, thaL there exists an 71, 2: 0 such that 

which yields the ineqll a liLy 

f1 egmcli llg (-l.1.1 ), one can deri ve Lha l 

COll sequently. <P( M (0,2'; . a2i1+I)) = 0 is obtained and so M(o,2iI. ' o,2ii.+l) = O. 

This contrRd icts the ohservcllion (-Ll .1). Hencc the in equ El lity (!j. 1. t!) is si1t is fi cd . 

III cU I analogous way, one can conclude hat 

By combining (4. 1.4) and (4. 1. 5), we geL that 

(4. 1.4) 

( 4. 1.5) 

HC' I]('C' TI is provC'd I-hEl l the sC'Cl uencE' {rl (OIl ' On I- I)} is non-increasing and bounded below. 

Sin ce (X. d) is cOlllpl eLe , l!tere exist. an l 2: 0 such that 

lim cl (o,/1' o,n+J) = l . 
/1-400 

(4. 1.6) 

Due to the hypo thes is, it is observed that 

d( 0,211' 0,2n+ 1) :s:; M (o,2n, o,2n+]) 

{ 

d ( 0 2n. 0 2n r l). D ( 0 21l ' [S' 0 21l]O(IIl n )) ' D ( 0 21l+ 1. [To 2n+ I L\((/lnll)) ' } 
= 1110 .1' 

~ [D ( 0,2n+ ] , [S'a2n]o(n2n) ) + D ( 0,2n , [To,2n+ l] o-(a2n+ l))] 

:s:; II WeI; { cL(02Il' 0,211+1), cL( CL2n+], CL2n+2) , ~[cL(0,2n ' CL2n+l) + cl(o,2n+l ' o,2n+2)] } . 
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T hus , 

I-Il' II (,C' \\' e' l',C' t 

(4.l.7) 

A na logous ly, 

( 4.l. 8) 

By com b ining (4. l. 6) , (4. l. 7) a nd (4. l. 8) , t he fo llowing inequa lity is established 

lim d(an, Cl I/.+ I ) = lim ll1 (a n, an+l ) = l . 
1/ -+ n -+<x:> 

By (he lower sel1li -con tinui ty o f <p , 

<p (l ) :; li m inf<p l\lf (an , an+ l )) . 
n-+oo 

Now \,IE' cl a im t ha t l = O. From (4.1.1 ) 

d( 0.211+ I · (/ 2M2) < 5( [Sa2nla(n2n) ' [Ta2n+ da(a2n+Il ) 

< M( CL2n, a2n+ l) - <p(l\If(a2n , a2n+l) 

By le Lt ing t he upper li m it as n -----7 00 in the ab ove inequ a li ty a b ove, we obtain 

t ll Ht is . ..p(/) = O. 

R egardi ng Lhe proper Ly of <p, fin a lly get l = O. 

As a nex t step , we sh a ll show th at {an} is Cauchy. For this purpose , it is sufficient 

La s how t h at { a2n } is Ca.uchy. 

S uppose' a ll contra ry, t h aI {0.2n } is no t C auchy. T h en t here is a n E > 0 s uch t hat for a n 

ovell in (C'ge r 2k ( li ere ex is l even in t egers 2m(k) > 2n(k) > 2k such Lh a L 

(4.l. 9) 
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For every even integer 2k, let 2rn(k) be th least positive integer exceed ing 2n(k) satisfying 

(4 .1.9) , and such LhaL 

:\low 

d(02// ( I.:) . (/'2m (k) '2 ) < (. 

< d(o,2n(k) .02m(k)) 

< cl(o,2n(k) , O,2m(k) -2 ) + cl(O,2m (k)-2, O,2m(k) - 1) 

+cl( a2m(k)- l ' a2m(k))' 

13 Y ( 1.1 .9) ami (4. 1. 10) , 

(4 .1.11 ) 

Using Lhe Lriangle inequality, we have 

0"" by (4.l.2), 

= nlax 

(4 .l.12) 

cl(a2n(k) , a2m(k)-d, D(a2n(k) , [Sa2n(k)] Q(a2n(k»))' I 
D(a2m(k)-l, [Ta2m(k)-dQ(a2m(k) _I))' 

~ O( (L2m (k) - 1 ' [SO,2n(q]Q( rt2"(k»)) + D( a2n(k) , [Ta2m(k)-1]Q( a2m(k)-I)) } 

d(a2n (k) 'j 02H1 (k) - I ), cl(a2n(k ), [[2It(k)+1), cl(O,2m(k)- l , a2m(k)) } 

2 [cl(a2m(k)- 1 ,a2n(k)+1 + cl(a2n(k) , a2m(k))] 

cl(a2n(k) , a2m (J.:)- 1)' cl (a2n(k) ' a2n(k)+1), cl(a2m(k)- l , a2m(k)) } . 

~ [[cl( a2m(k) - I ' a2n(k)) + cl( a2n(k) , a2n(k)+1) + cl( a2n(k) , a2m(k))] 

13y let t ill g k --t X ill t. he above ine(jll alit y Rnd tak ing (LI.l.11 ) and (4 .1.12) int.o RC'C'olmt . 

we coucl ud e LhaL 
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Consequent ly, 

n.\" tll (' lo\\'er semi-continui ty 0(' <po we derive that 

:\low by (4.1.1 ). 

::; cl (X2n(k) , .1:2n(k)+I) + 8([SX2n(k)] ( ), [T.1:2m(k)- 1] ( )) 
0' X2,, ( k ) a X2m(k) - 1 

Let Ling Lhe upper limi L k ---7 DC in the above inequality, 

( < c - li lll illf rp( M (o,2n(k) , 0,2m(k) - 1)) 
k -too 

IVhich is a contrad iction. 

HCIICC {(/ 2,, } is a Ca uchy sequence. It follows from the completeness of X that there 

l'x i ~ t s H (' E ,\ S Uc:i1 t h c-\ t 0 " ---7 C H" /I ---7 x, . Furt IWrlllol'c. 0 '2n ---7 (' and ([ 2" J ---7 C. 

We shall prove tha t c E [Sc]ns(c) ' 

D (c , [Sc]a:s(c)) ::; J\lJ(c , o,2n- d 

= m ax { 
cl(c, 0,2n- J) , D (c, [Sc]a:s(c) ), D(0,2n- l , [T0,2n- l] aT(u2T1 j)), } 

HD (0,2n-l , [Sc] as (c)) + D(c, [T0,2n- l] aT(U2n_I)) ] 

cl(c , 0,2n- J), D (c , [Sc]as(c )) , cl(0,2n- l, 0,2n) } 

~ [D (0 21/ _ 1" [Sc] as(c)) + d(c. 02 n. )] 

Let t ing 77 ---7 00 . w(' helVe lim J\J (c , 0,2n- d = D (c. [SC]n s(c)) . 
n-tcc 

Frolll Lho lower semi-cont inui ty of rp , 

On the other hanel . from (4 .1.1 ) 
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alld. leLting n ~ 00, we have 

5(([Sc1os(c), c) ::; D (c, ([Sc1n s(c) ) - lim <p(hl (c, a2n- l)). 
n-->oo 

(4. 1.14) 

This shows thRt lim <p (M(c . a2n - l)) = O. 
1I ---7CX:::; 

From (4.2.13) <p( D(c, [Sc1os(c))) = 0; t hat is, D(c, [Sc1os(c) ) 

(4 .1.14), that {t} = [Srjo s(c)' 

O. This implies, from 

ow from (4. 1.2) it is easy to see t hat M(c, c) = D(c, [Tc1oT(c)) , and so , from (4.1.1) we 

have 

A'(c, [Tc1 uT(c)) < 5( [Sclus(c) , [TclaT(c)) 

< M(c. c) - <p (M(c. c)) 

D (c , [TcluT(c)) - <p (D(c , [TcloT(c)))' 

T herefore, we have c E [Tclor( c) and so {c} = [TcluT(c)' As a consequence, {c} = [Sclos(c) = 

[TcloT(c);that is, c is a common fixed point of Sand T. 

Last. ly we will show that. the common fixed poin t is unique for this ssume that a and bare 

two CO llll110l1 lix('d poillts of Sand T. Then a E [Salus(a), a E [Ta1 uT(a) and b E [Sb1 as(b) , 

h E [Tb1oT(IJ)' Therefore, from (4.1. 2) we have M(a , b) ::; d(a , b) and so from (4 .1.1) 

cl(a. b) < 5([Sol" s( (/'): [Tb1 nT(b)) 

< M(a , b) - <p (M(a , b) ) 

< d(a , b) - <p (M(a, b)). 

This shows that M(a , b) = 0 and so 0,= b. o 

The foll owing example substa nLiates Lhe validity of our resul ts over some pre-existing 

res ults in li terR.ture. 

Example 4.1.2. Let X = [0 , 1]' d (a, b) = 10, - bl , when a, bE X and let G, H : X ~ (X) 

be fuzzy mappings defined as: 
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H (a)( i ) = 

1 if 0 ~ t < ~ 

I 
2 

i/'~< t <~ . 6 - - 4 

1. i f 'l < t < 'l .. 
:3 . "- ' :3 

o i f ~ ~ t < 00 

1 i f' 0 < i < 'l . - 6 

o i f' '!:. < t < 00 . 2 

[C (f ]1 = { I E X : G (a) (L) > ~) } = [0 , ~ ) , 
3 - 3 3 

[J!O]t = { I E X : IJ (a)( L) ~ i)} = [O,~] 
lL is clear Lhat [Gah and [H a]! are nonempLy bounded for all a E X . vVe will show tha t 

3 4 

t he condi t ion (2) of Theorem 4. 1.1 is sat is fi ed with c.p(t) = ~ . Indeed , for a ll a, b E X , 

!l([G CI,]~.[Hb]t) = !l ([0 , ~ ) , [0 , ~ ] ) 
b 12b 1 ( b ) 3 =2 3 = 2D b.[O' 3] 
111 
2D (0. [Hb]t ) ~ 2M (a . b) = M (a, b) - 2 M (a, b) 

M(a , b) - c.p( A1(a. b)). 

A II of the condi Lions o[ Theorem 4.1.1 arc sat isfi ed and so these mappings have a unique 

common fi xed poin t in X . 

Example 4 .1.3. LeI X = [0. I]. rI ((t. b) = 10 - hi . \\'hol'O (t. b E X /\'/' E (0. 1] a ll d lel 

G, H : X -7 (X) hE' fu zzy ma ppings defined as: 
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if' (f = O. 

G(a )(1) = 1 
2 

iI'o. of O. 

/\ 

A 
"2 

G(a)(t) = 
A 
:I 

0 

No t.e t ha l 

a nd foJ' a of o. 

1 i f t=O 1 if t = 0 

i f 0 < L ::; I~O T (a)(t) = 1 ifO<t<_1 3" . - 150 

0 t > 1 
' 100 o t > 1;0 

if 0 ::; t < t6 f.L i f 0 ::; t < t6 

i f t6 ::; L ::; to 1.':. i .f t'6 ::; t ::; to 4 

T(x)(i) = 

'I' (I < I .1!:... i f to ::; t < a 7. 10 _,< 0 10 

if (J ::; L < 0 'if a ::; t < 00 

[G O] AS(O) = [HO] A'r( O) = {O} , if AC(O) = /\[.[(0) = 1, 

[Ga]A = [0. ;~) and [H aLL = [0, la
6

) , 

[Ga] i = [0. laO] and [Ha]~ = [0, 1~] . 

S ince X is noL lillear a ll d also [Gab a nd [If alA a re noL compacL [or each A, all of the 

pl(-'v iOlIS fi xed poillt result s IIJ I, 12] I, 151 1, IG l l for fll :;':;',)' lll ctppillgS 011 complete linear 

metric spaces a re not a pplicable. However , G and H satisfy the conditions of Theorem 

4. 1.1. 

4.2 Conclusion 

The prev iolls fixed point res ults [41 , 1211 , [51], [61] for fu zzy mappings on complete linear 

metr ic spaces provide a fixed point wihi ch is not unique. To obtain a common and unique 

rixer! point we esta hli sher! a convergence th eorem on fuzzy mappings sat isfying a wea.k 

('ontract-io ll . l\ Ioreover , examples in voke a nd elucida.te '-he generality of main theorem-
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Chapter 5 

Fixed point theorems in fuzzy Hilbert 

spaces 

III thi ~ cha pt e r \1 .(' (kfill(-~ llo llcxpa ll s ive. llons preading, hybrid and contractive mappings 

in t-hc cOllt-ext o f fu zzy H il bert sp aces and prove some fixed point theorems for such map

pill gS . \Ne s how th a t some ex is tin g fix ed point t heorem s can he obtained a.s consequences 

of our results. 

5.1 Nonlinear mappings in fuzzy Hilbert spaces. 

We hcp;ill t.llis S( ~ ("t, iOlI hy defill illp; llOlllim~ <l,l Ill appiup;s ill the setting of fu zzy Hilhert 

spaces . 

LeL H be a fuzzy Hilbert space wit h inner product {(. , 1)1. : a E (0 , I)} , norm {II.IIO' : a E (0, I)} 

and C be a nonemp ty s ubset of H. A mapping T : C -t H is said to b e nonexpansive, 

nonspread1:ng, and hybrid if 

liT.?; - Ty llQ ~ 11·1; - yllQ ' 

211T.T - Ty l l ~ ~ IITx - yll! + IITy - xii! 

1:\, ll d 

31IT.l· - Tv ll:, ~ liT - Y II~ + IITx - Y II~. + IITy - xii! 

['or a ll .r . .lJ E C. rC's p C'ct ively. 
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A fimdy lIo'II'('T]Jo.nsive 'Irw]J7)ing can be defin ed as F : C -t H such that, 

II Fx - Fy ll;' ~ (x - y. F~c - Fy )" 

('or all .I:. y E C 

A Ill apping T from C illto Ii is said to be widely generalized hybrid if there exist 

(.1,{3",8 .E.,( E IR such Lhat 

CY IIT,T - Tvll;' + fJ Ilx - Ty ll;' + 'Y IITx - YII~ + 811x - Y II~ 

+max {E.llx - Txll~ , (Ily - Ty ll! } ~ 0 

('or all J;, y E C alld T is called (a , 6, 'Y, 8)-symmetric generalized hybrid if t here exist 

(.1 . 13, ,,(, 8 E IR such that 

(.1 IITx - Ty ll! + 13(llx - Tyll! + IITx - YII!) 

+'Y Ilx - YII! + 8(llx - Tx ll! + Ily - Tyll!) ~ 0 (5.1. 1) 

for a.ll ,(;. y E C . 

H 0 = 1. ,3 = 6 = 0 am.! ~, = - 1 ill (5 ,2.1 ), t hea the mapping T is nonexpansive. 

If n = 2.13 = - 1 and 'Y = 8 = 0 in (5.2 ,1), then the mapping T is nonspreading. 

F'urthennore, if n = 3, /3 = "( = - 1 and (5 = 0 ill (5.1. 1), Lhen the m apping T is hybrid. 

A ma pping T : C -7 J[ is called a widely T-sirid pseudo-contraction if t here exists 

't' E IR wit h r < 1 such Lhal 

IITx - Tyll! ~ IIx - yll! + r II (I - T)x - (I - T)YII! ' '\I x, Y E C. 

If 0 S; T < 1, then T is a strict pseudo-contraction (see [20] ). Furt hermore, if r = 0, t hen 

T is ll OneXpR.llSive. Conversely. let S : C -7 H be a nonexpansive mapping and define 

T: C -7 H by, 
1 '17, 

T = --S+--1 
1 +'17, 1 +71. 

'\Ix E C, '17, E N 

Then T is a widely {-n} -strict pseudo-contraction. 

F'wm the defini t ioll of T , we conclude LhaL 

S=( I + II )T - n1 
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SiIlC(' S' is Il onexpansive. Lllan for any x, 7J E C, 

11(1 + n)T:l' - 71X - (( 1 + n) Ty - ny)ll~ :s; Ilx - YII~ 

H IHI hellce 

IIT~' - TYII ~ :s; IIx - Y II~ + n II (1 - T)x - (1 - T)yll ! . 

The s t rang anci weak convergence of {.rn } is denoLed by :c" --t ,1.' and ' C n --' x, respec

Lively, where ,1; E H. 

Let. A be 1:1 nOlle lllp !,y subset of H . The closure of th e convex hull of A is denoted by 

eoA and F(T) denotes the set of fixed points of T. 

In a Hilbert space with inner product C .) and norm 11 ·11 respectively, it is known that 

(5 .1.2) 

('or a ll ,L, y E H a nd (1' E IR (see 1871). Furthermore , ill a Hilbert space, we have that 

(5. 1. 3) 

Cor RII T. y. Z. 7L' E H. 

Using the Ries7, theorem. the followin g reslllt CRn be obtained . (see [63]. [84]. [85]. 

1861)· 

Lemma 5.1.1. Let. H be a Hilbert space, {xn } a bounded sequence in H and let f.l, be a 

nlC'an on l°<>' Then there exis ts a unique point Zo E eo{xnln E N} such that 

fLn (xn, y) = (zo, y) , Vy E H. 

5.2 Fixed point theorems for generalized hybrid map

pings in fuzzy Hilbert spaces 

This sectioll begins wiL h a res ult- to find a fix ed point for nonempty closed convex subset 

of 8 fu zzy Hilbert space. 

Theorem 5.2.1. Let H be a fuzzy Hilbert space, C a nonempty closed convex subset of 

!! R nrl let T be an ((l, 8, I, o)-symmetric generalized hybrid m apping from C into itself 

.-to 



S l\('h t hHt the cO ll dit ions (1) n + 2/1 + 'Y 2:: O. (2) 0' + (3 + 0> 0 and (3) 0 2:: 0 hold. Then 

T has H fixed poillt if nlld ol1l y if t bcre exis ts a z E C such that {Tnz : n = 0, 1, ... } is 

bOlllldecl. III part icuinr. n fixcd point of T is unique if cr + 2(3 + , > 0 in condition (1). 

PmoI Suppose Lil a ! T has a fixed poin t z. Then {Tnz : n = 0, 1, ... } = {z } and hence 

{Tlt z : n = 0, 1, .. . } is bounded. Conversely, suppose that there exists z E C such that 

{Tit.:; ; n = 0.1. .. . } is bounded. Since T is a ll (0' . B. , . o)-symmetri c generali zed hybrid 

mapp ing of C int o itself. we have that 

() liT.); - T" +l z ll~, + (3( 11 :); - T"+l zll~ + IITx - Tn zl l!) 

+, Ilx - T lt zl l! + o(llx - Txll ! + IITnz - Tn+ l z ll~) ::; 0 

for a ll n E N U {O} and x E C . Since {T"z } is bounded , we can apply a Banach 

limi L /' to both sides of the inequa lity. Since Il lt II T x - Tn zl l! = /-Ln IITx - T n+l z ll! and 
? 2 

/I'n II ,?, - T"+1 zll ~ = /-Ln IIx - T n z lJn, we have Lhat 

Si llee 

/I n II T :r - T" zlI~ = II TI: - .l' 1I~ + 2VII (Tr - :c, ,], - Tn z) Q + {l ll 1I :r; - T nz ll!, 

we have that 

(0' + (3 + 0) IITx - xII! + 2(0' + (3 )/-Ln (T x - x , x - T 7t z)cx 

From (1) CI' + 2(3 + 'Y 2:: 0 and (3) 0 2:: 0, we have that 

(n 8 + (5) li T./' - .I;II ~ + 2(n + (3 )/1 " (T x - :c, x - T TL z )()' ::; O. (5.2. 1) 

Sillce t.h ere exis ts apE H from Lemma 5. 1.1 such that 



['or 811 71 E rr . wo havo from (5 .2.1) th81 

(0 + :J I)) li T?" - :1'11~ + 2(n + (3) (TT - .1:,.1: - P)a ~ O. (5.2 .2) 

Sill cc' C is closed and convex, we have t hat 

PIlI ling .1' = p , we obta in [rom (5 .2 .2) that 

(c.t + (3 + 5) IITp - p ll! ~ o. (5 .2.3) 

WC' have [roll 1 (5 .2.2) n + B 6 > 0 t hat IITp - p ll~ ~ O. This implies t hat p is a fixed 

poi nt o[ T . 

Text suppose that a + 2(3 + 'Y > O. Let PI and lh be fixed points of T. Then we have 

t hat 

a IITPI - Tp211 ! + (3(l lpI - Tp211 ! + IITpI - P211!) 

+" Il pl - p211~ + 1)( llp l - Tpl l l ~ + IIp2 - Tp211!) ~ 0 

Cl lle! hC'l lce(o + 2>3 + ,,) Il pl - p211~ ~ O. We have from a + 2(3 + 'Y > 0 that PI = P2· 
Therefore the fixed point of T is uniqu e. This completes the proof. o 

A natural attempt to extond Theorem 5.2.1 would be Lo suppose th aL a+2(3+'Y > 0 

[or conditi on (1). However LlJere is a positivE' resul t a long these lines in the following 

I hoo rem . 

Theorem 5.2.2. Let H be a fu zzy I-Elbert space, C a nonempty bounded closed convex 

s ubset 0(' H a nd let T bo a ll (n, (3 . f'. t5)-symmetri c generali zed hy brid m apping from C 

into itself such that conditions (1) a + 2(3 + 'Y ~ 0, (2) a + (3 + fJ > 0 and (3) fJ ~ 0 hold. 

T hen T has a fixed point. In particular , the fixed point of T is unique if a + 2(3 + 'Y > 0 

in (1) . 

A map ping T from C into H is call ed (0' . (3 . ", 5, C)-symmetric more generalized hybrid 

i[' t horC' exis l 0. . 13.1 .6. ( E lR such t hat 

C1 liT?" - T.lJ II! + (3(l lx - Ty l l~ IITx - YII!) + 'Y Ilx - Y I I ~ 

+ 5( llx - Txl l! + Ily - Ty ll!) + (11x - y - (Tx - Ty) ll! ~ 0 (5.2.4) 

['o r a ll .T. y E C . 
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Theorem 5.2.3. Lel H be a, fuzzy Hilbert space, C a nonempty closed convex subset 

0[' If Hlld let T be Hll (0, 13, ~i. (). C)-symm etri c more generalized hybrid mapping from C 

ill tu it~c1[':-; Il('11 thClt 111(' (,() lIciitiuIlS (1) n +2(:3+ ', 2: O. (2) 0. +(3+0+( > 0 and 

(3) 6 + ( 2: 0 hold. Then T has a fixed point if and only if t here exists a z E C such 

lIlHt {T il z : n = O.1. .. . } is boullded. III parti cul ar. t. he fixed point of T is unique if 

(.) + 2(3 I' > 0 in (1 ). 

P'l'Ooi Since T : C -t C is an (ev . 8 ,1, O. C)-sY1l1metric more generali zed hybrid mapping, 

t here ex ist Q . (3 . 1, 0, ( E ~ satisfying (5 .2.4). We also have that 

11.7' - ,l) - (T x - Ty )lI! = IIx - Txll~ + lIy - Tyll ! 

- IIx - Tyll~ - lIy - T xll! + IIx - YII~ + IITx - Tyll~ 

for a ll x . y E C. Thus "ve obtain from (5 .2.4) that 

(a + () IITx - Tyll~ + CB - ()(II.?; - Tyll~ + IITx - yll!) 

. h + () il }' - ,l) 1I~ + (6 + ()(lIx - Tx i l~ + ily - Tyll !) ::; o. 

(5.2 .5) 

(5.2 .6) 

The conditions (1) 0: + 2(3 + 1 2: 0 and (2) 0: + (3 + 0 + ( > 0 are equivalent to (0: + () + 
2(f3 - () + h + () 2: 0 and (0 + () + ((3 - () + (0 + () > 0, respectively. Furthermore, 

sill ce (3) II + < 2: 0 holds, we have the desired resul t from Theorem 5.2.l. D 

As a direct cOl1 seq uell cc of' Theorelll 0.2.3 . we obtain Lhe following. 

Theorem 5.2.4. Let If be a fu zzy Hilbert space . C a nonempty bounded closed convex 

su bset of II ami let T be an (0', (3 ,1. O. ()-syml1letri c more generalized hybrid mapping 

from C into itself such that the conditions (1) 0: + 2(3 + 1 2: 0, (2) 0: + (3 + 0 + ( > 0 and 

(3) 0 + ( 2: 0 hold. Then T has a fixed point if and only if there exists z E C such that 

{Tn Z : n = 0, 1, ... } is bounded. In particular , a fixed point of T is unique in the case of 

n + 2fJ + 1 > 0 on t he condit ion (1). 

1\ la.king appropria t e use of boundedness one can extend the above theorem as fo llows. 

Theorem 5.2.5. Let H be a fu zzy Hilbert space, C a nonempty bounded closed convex 

S lI bsC'l oC J-j and leL T be a ll (a, (3 . "f. O. ()-symm eLri c more generalized hybrid mapping 



Crom C into itself which satisfi es the condit ions (1) a + 2{3 + T 2: 0, (2) a + {3 + c5 + ( > 0 

Hnd (3) Lhere exis ts /\ E [0.1) such that (a + 8) /\ + c5 + ( 2: O. Then T has a fixed point. 

111 pilrticltlm. ! l}( ' fix(,d pOill! of T is unique if () + 2{3 + "( > 0 in the condition (1). 

Pmof. Si nce T : C -7 C is an (a, /3, ,,(, 6, C)-symmetric more generalized hybrid mapping, 

we () b Lai 11 L1Jal 

(1 IIT.T - T,, +l zll~ + fJ(l lx - TI1+1 zll~ + IITT - Tn zl l!) + Ti lT - Tn zl l! 

+6(llx - T.xll! + IIT"z - T ,,+ I z l l~) + ( II (x - Tx) - (Tnz - T n+1 z ) II: ::; 0 

fo r all 71 E N U {O} fl ild a.l l x E C . 

Let A E [0, 1) n p : (a + {3) A + ( + 77 2: O} and define S = (1 - A)T + AI . Since C 
is convex, S is a mapping from C in to itself. Since C is bounded , {snz : n = 0, 1, ... } 

is bound ed for a ll z E C. Since /\ i I , ,ve obtain that F(S) = F(T). Moreover, from 
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T = 1 ~')'S - I ~J and (5.2.1 ), we have that 

() II (--1 . S.l· __ A .r) _ ( _1 Sy __ A . Y) 112 
\ I -A 1 -/\ 1 - /\ ' 1 -/\ 10 

+fJ Ilx - (_1 Sy __ A y) 112 + (311 (_1 Sx __ /\ x) _ yl12 + 'Y Ilx - Y I I ~ 
I - A I -A I - A I - A 

Q Q 

+611 .1: - (-. 1 S:c _ ~x) 11 2 + 5 Ily _ (_1 Sy _ _ /\ y) 11 2 
I - A I - A n 1 -~ I-A Q 

(II (c/' - (_1 S1' __ A x)) _ (y _ (-. 1 Sy __ /\ y)) 11 2 
1 -/\ 1 -/\ 1 -/\ I - A (\ 

= 0' II (-. 1 (Sx _ Sy) _ _ A (x _ y)) 11'2 
1 -/\ I - A 

Q 

+;3 llx - (_1 (:/.' _ Sy ) __ /\ (1; _ y) ) 11 2 
I - A 1 - /\ 

Q 

+;3 llx - (1 ~ A (Sx - y) - 1 ~ /\ (1; - y) ) II: + 'Y Ilx - yll! 

+(5111~A (X-SX)I[ + O'lll~A (y - Sy) l[ 

+( 11_1 (:r - S:1') __ 1 (y _ Sy)11
2 

1 -/\ 1 -/\ 
!\ 

n . . 'J J . 'J 

= 1 - A 11 8x - 8YII~ + 1 _ A Ilx - 8yll~ 

+ 1 ~ A IISx - YII~ + ( - 1 ~ A (a + 2(3) + 'Y) Ilx - yll! 

5 + ;3A II ' S 112 5 + ;3/\ II S 112 + (1 _ /\ )2 .1: - ,'C n + (1 _ A)2 Y - Y Q 

( + O' A , 2 + 2 II(x - Sx) - (y - Sy) II
Q 

:S 0 
(1 - A) 

T hereCOl'e S is an ( -'-' L - -,),- (a + 2(3) + 'Y fJ+f3 ,), (+0: ,), ) -symmetric more general-
J -,),' 1- ')" 1- ,), , (1_,),) 2 , (1_ ,), )2 

ized hybrid mapping. Furt hermore, we obtain that 

n' 2fJ f A - - + -- + -- - -- (a + 2(3) + 'Y = a + 2;3 + 'Y > 0, 
I - A I - A I - A I - A -

_ 0'_ __;3_ 5 + ;3A ( + a A _ a + ;3 + 5 + ( 0 + + 2+ 2- 2 >, 
1 -/\ 1 -/\ (1 -/\ ) (1 -/\ ) (I - A) 

_()_+_3A---,,- (+ a A _ (0' +(3) /\ + 5 + ( 0 
2+ 2- 2::::: . 

(1 -/\ ) (I - A) ( I - A) 

T herefore, by T heorem 5.3.4, F (S) =I- ¢. 

45 



Next, suppose t ha t 0 + 2f3 + "I > O. LeL PI a nd P2 be fixed p oints of T. T hen 

C1' II Tpl - TP2 11~ + U(llpl - Tp211! + IITp1 - P211!) + "I IIp1 - p21 1 ~ 

i\ ( 11)1 - Tpi il~ T 11 1);1 - Tp2 11~) + (11(P1 - Tpl) + (P2 - Tp2)11~ 

= (a + 2(3 + "I ) IIp1 - ]J21 1 ~ -s; 0 

(\,nd he llce PI = Ih T herefore t he fi xed poi u t of T is uniqu e. o 

As (1,n illus tra tion of the use of a bounded closed convex subset we fini sh this section 

h~' g ivill g FI ll illlport Flnt Fi xed p o in t t heorem in it s fin a l form. The t heorem was form\llat ed 

('o r t he case fJ + () = 0 in Theorem 5 .2.5. 

Theore m 5,2,6, Let J-j be a ('uzzy Hilbert space, C a nonempty bounded closed convex 

subset 0 (' H an d le t T be an (a , - (3, "I, (3, C)-symmetric more genera lized hybrid mapping 

('rom C into itself, i. e ., t here ex is t a, (3, "I, ( E IR such t hat 

a IITx - Ty l l ~ + (3(11:[ - Ty l l ~ + IIT.T. - Y I I ~ ) + "I Ilx - Y I I ~ 

-(j (llx - Txll~ + Ily - Tyll!) + (11x - y - (Tx - Ty) ll! -s; 0 (5.2.7) 

I()r <1 11 .1. U E C. r m t llC t'Ill Ore . s uppose lh At T "H t isfi es t h(J conditions (1) II' + 2(3 + "I ~ 0, 

(2) () -t- ( > 0 and (3) t here exists ,\ E [0, 1) such that (a + (3) ,\ + 6 + ( ~ O. Then T 

has a fixed poin t . In pa rti cula r , t he fixed point of T is unique if a + 2f3 + "I > 0 in the 

cOlld iLi o n (1) . 

5 .3 Consequences 

III t his sect iOIl we prove well - kn own and new Fi xed point th eorems in a fuzzy Hi lbert space 

by llsing fixed poiut theorems obtained in the previolls sect ion. 

T he following resul t can be obtained from Theorem 5.2.3. 

Theorem 5.3.1. Le t H be a fu zzy HilberL space, C a nonempty bounded closed convex 

s ubseL o [ f[ a nd le t T be a wid ely st ri cL pseudo-contraction from C into itself; i. e ., there 

exi s ts a n 7" E IR wit h r < 1 s uch th a t 

IIT.T - Ty ll;, -s; Ilx - y ll;, + T II (I - T)x - (I - T)y l l ~. ,\::Ix, y E C. (5 .3 .1 ) 

Then T has a fixed point in C. 
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Proof. vVe first assume that l' ~ O. We have from (5 .2.8) that , for all x , y E C , 

IITr - T.lJ II~ - 11·1:' - Y II~ - T 11 (1 - T)x - (1 - T)yll~ ~ 0 (5 .3.2) 

The'll T is a (1. O. - 1. O. - )')-sYlllllle t ri c more generali zed hybrid mapping. Furthermore, 

(1 ) ct + 2(3 +, = 1 - 1 2': 0 , (2) C\' + (3 + {; + ( = 1 - T > 0 and (3) 6 + ( = -r 2': 0 in 

Th eorem 5.2 .3 are sat isfied . Thus T has a fixed point from Theorem 5.2.3. Assume that 

o ~ I" < 1 alld denlle 8 Illa pping T as follows: 

Sx = AX + (1 - /\ )Tx , \/x E C, 

where r ~ A < 1. Then S is a mapping from C into itself and F(S) = F(T) . From 

S,l = /\.'[' + (1 - /\ ) T.I'. ,ve also h ave t ha t 

1 A 
T x = --Sx - --x. 

I - A 1 -/\ 

Thus we have 

o > 11_1 Sx- _ A x- (_1 Sy- _ A y) 112 
I - A I -A I - A I - A 

lX 

? II {1 A (1 A \ } 112 - 11 )' - /J II~ - '/' IT - ,lj - 1 _ A S:I. - 1 _ A x - 1 _ A Sy - 1 - A Y ) lX 

11
_. 1 (Sx - Sy) __ /\ (x _ y)11

2 
1 -/\ 1 -/\ 

lX 

2 II 1 1 11 2 - 11.1' - 1) 11" - T 1 _ /\ (.1' - y ) - 1 _ /\ (Sx - Sy) lX 

1 ,2 A 2 
1 _ A II S.l - S:t; lla - 1 _ A II:L' - ylla 

1 /\ ,2 2 
+ 1 _ A '1 _ /\ Ilx - ,lj - (5.1; - Sy)lllX - Ilx - ylllX 

- (1 ~. /\ )2 11:1: - y - (5:1; - 5y)ll~ 

1 2 1 ? A - 1' ( )112 -- 115x - 5ylia - -- llx - yt + 2 Ilx - y - Sx - Sy lX' 

I - A 1 -/\ (1 -/\ ) 

T hen S is a (l ~A' 0, - l ~A ' 0, (/_~2 ) )-symmetric more generalized hybrid. From 

1 1 
1 _ A + 2.0 - 1 _ A 0, 

1 /\ - '/' -- + > 0 and 
1 -/\ (1 - A)2 

A -1' 
----;02 > O. 
(1 - A) 
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(1) (t + 28 + 'Y ~ O. (2) a + f3 + 8 + ( > 0 and (3) 8 + ( ~ 0 in T heorem 5.3.3 are 

~Ht is[ied.Thlls 8 has a fixed point in C Crom Theorem 5.2.3 and hence T has a fixed 

pui nt. Thi :o ClilllplC'l c::, [h(' pruoL o 

LeL H be a fu zzy Hilber[ space and leL C be a nonempty subset of H . Let T be a 

IllMppillg oC C iu Lo fl . For u, E Hand s, L E (0 , I ), we define t he fo llowing mapping: 

S'.r; = Lx -t- (1 - L) (S u, + (1 - s)Tx) 

lor a ll ,I' E C . \t\1e call such 8 a TvVY ma p p ing generated by u , T , s, L. Since 8x = 

l.1' -t- s(l - L)u, + (1 - /,)( 1 - 5)T,/.:, we have thaL for all ./.:, y E C, 

118.1' - 8.IJ 11~ = III (x - y) + (1 - t)( l - s) (Tx - T y)I/! 

j;2l1x - YII~ + (1 - t )2( 1 - s)2l1T x - Ty ll:, 

+2t (1 - t)(1 - s) (x - y, Tx - T y)o. 

Sim il arly, we have Lha[ 

= j2 11 x - Y II~ + (1 _ 1)2( J - s)211Tx - TYII ~\ 

+L(l - [)(1 - 8)(11:1; - r!J lI~ + IIv - T:r;II! 

- 1I:t· - T:/.:/I~ - /l y - Ty /l~) 

= L211x - YII! + (1 - L) 2(1 - s)2l1Tx - Tyl/ ! 

+t (l - t )( l - s)(l/x - TYII~, + I/y - Txl/~, ) 

-t( l - 1;)(1 - s)(lIx - Txll! - lIy - Tyll!)· 

11 .1' - 8Y II~\ + lI y - 8x /l~ 

5 (1 - L) 2 (Ilu - x/l~ + lI u, - !J II~ ) 

-s( l - s)( l - L)2(lIu, - T xll! + lIu - Ty ll!) 

- L( 1 - L)( 1 - s)(/lx - Tx/l~ + /ly - Tyll!) 

+( 1 - 1)(1 - s)(lIx - T:t'/I~ + /l y - Tvll !) + 2t IIx - yll!, 

(5 ,3.3) 

(5.3.4) 



and 

We also have that 

11 .e - S.r;II~ + Il v - SY I I~ 
'2 ( 2 2) 8 (1 - /) 111l - .Tl lo + 11'U, - vll o 

-8(1 - 8)(1 - t;)2(llu - Txll! + Ilu - Ty ll!) 

+8(1 - 8)(1 - t)2(llx - Txll! + Ily - Tyll !) · 

Ilx - V - Sx - Syll;" 

= (1 - 8)(1 - t)2(llx - Tx ll! + Il y - Ty ll!) 

-(1 - 8)(1 - t)2(llx - Ty ll! + Ily - Txll!) 

+(1 - i )2 11x - YII ! + (1 - t) 2(1 - 8)211Tx - Ty ll!. 

Using (5,3.4) and (5 ,3, 5), we have that 

11:1' - S:t' I I~ + Il v - Sv l l~ - 11 :1: - S.Y II~ - Ily - Sxll~ 

(1 - 8)(1 - L)( II,t; - T.rll~ + Ilv - Ty ll;' 

- II,); - T,L) II~ + Il.lJ - T,I' II! - 2l ll,t - vii!) , 

(5 .3.5) 

(5 ,3,6) 

(5,3.7) 

\J\ie lurll our aLLent ion to equat ions (5,3,3) and (5,3.7) to obtain the following theorem. 

T h eorem 5 .3.2 . Lel H be a fuzzy Hilbert space, C a nonempty bounded closed convex 

subseL of H a nd let T be a widely sLrict pseudo-contraction from C into itself; i,e., t here 

exists an r E IR with r < 1 such that 

IITx - Ty l l~ ~ Ilx - yll! + r II (I - T)x - (I - T)y ll! 'lix, y E C. (5.3.8) 

LeL 'l./, E C and 8 E (0 , 1). Define a ma pping U : C ~ C as follows: 

Ux = s'U,+ (1 - s)Tx,'lix E C. 

T hen U hFts R unique fi xed point in C. 

P1'Oof. Sin ce T is 8 widely r-st ri ct pseud o-contract ion from C into itself, we have t hat , 

['or a ll T. Y E C. 

IITx - Ty ll! - Ilx - vii! - r II (I - T)x - (I - T)y ll! ~ 0, 



Ii' l' S 0, then T is a noncxpa nsivc m apping , Therefore U is a cont ractive m apping. 

Using lhe fi xcd point t heorclll for cOll tn:1.cti\ 'C lllappillgs, we h ave t ha t U has a unique 

riXl!d poillt ill C. Lcl 0 < /' < 1. Si nce 

II,y - IJ - (T.1' - T.IJ ) I I~ = 11,1' - Tx l l~. + Ily - TYII~ 

- Ilx - Ty ll! - Ily - Txl l! + Ilx - YII ! + IITx - Tyll !, 

We' hlwe t.h a t 

(1 - r) IITx - Ty ll! - (1 + r ) Ilx - YII! 

-/' 11,1' - T1:II~ + Il y - Ty ll! - 11·1: - Ty ll! - Ily - Txl l! :s: 0, 

For Lt" T a llCl s , I ' E (0, I ), cief-ille a T'vVY m a pping S as fo llows : 

S, /' = /, ,1; + (1 - /' ) (su+ (1 - s)Tx) ,\Ix E C, 

T hen we have [rom (5 ,3.3 ) t hat 

1 2 r 2 2 

(1 - 1')(1 - S)2 IISx - SYllo - (1 - r)(1 - sF Ilx - Ylla 

+ (1 ~ s) (11x - Txll~ + Ily - Ty ll! - Ilx - Tyll! - Ily - Txll! ) 

- (1 + r) 11:1' - ,l) 1 1~ 

- /( il ,(' - T:(' I I~ + 11,1) - Ty l l~ - 11,/' - Tyll~ - Ily - Txll~) :s: 0, 

Wc h8.\'e from (5 ,3,7) t hat 

1 ? r 2 2 

(1 - /' )( 1 - .-;)2 IIS,r - Sull;, - (1 _ 1' )(1 _ s)2 Ilx - YII" 
r ( 2 2 2 II 112) + (l - 1')( 1 _ 3)2 Ilx - Sxll n + Ily - SYlla - Il x - SYlla - y - Sx a 

2r2 '2 . 2 

+ (1 _ r )( l _ S)2 Ilx - YII" - - (1 + 1') Ilx - Yllu 

- (1 _ 1' ;( 1 _ S) (11x - Sxll! + Il y - Syll! - Ilx - Sy ll! - Ily - Sxl l! ) 

2r2 2 
- Ilx - 1')11 < 0 (1 - 1')( 1 - S)' '0 -

a ll ci hellcc 

1 2 

( , )( )2 liS,?; - Sylia 1 - r 1 - s 

- (1 _ 1';/1 _ 8)2 (11x - SY II~ + Ily - Sxll! ) 

-t- - IIx - YII 
( 

/,'2 1 - s + ,/, 2 (l + S) ) 2 

(1 - ,.)(1 - S)2 (1 - r)( l - s) a 
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l'S 2 2 
+ (1 - 7')(1 - s)2 (11x - Sx lln + Ily - SYlla) ::; O. 

For this incquality. we a.ppl y Th corcm .5.2.2. \Vc first obt(l in that 

1 21'8 1'2 1- S+1'2 (1 +S) ------ - + . - ----,--.,---:-------:--
(1 - " )( 1 - 8)2 (1 - ,.)(1 - s)2 (1 - 1')(1 - s)2 (1 - 1')(1 - s) 
o (l + 1') (2 - s (1 - ,.)) 

(1 - /')( 1 -s )2 > 0. 

Fu rthermore. we have t hat 

1 T'S T' S ------,--- - + - - --,-,--,..-: 
(1 - 1')( 1 - s)2 (1 - '1") (1 - s)2 (1 - 1')(1 - s)2 

1 
------ > 0. 
(1 - ,. )( 1 - S)2 

T'S 
( 

> O. (1 - 1' ) 1 - S)2 -

T hus S has a unique fi xed p oin t z in C from T h orem 1.5.4 .. Since z is a fixed point of 

S, we have z = T Z + (1 - T )(SU + (1 - s)T z . From 1 - l' i= 0, we have t hat 

z = S'lJ + (1 - s) T z . 

This complctcs the proo f'. o 

5 .4 ConcI usion 

We have defin ed nonlinear m appings in fuzzy Hilbert sp aces and est a blished fixed point 

t hC'O I'CllIS. Om l'C's lilt s ('voke t he notions 0 (' wea k con t rac tions which subs t a.nt iates t he 

\'n l i c1it· ~· of resul t.s. As (I II (lppl icM io ll v\'C e tab li heel well-known a nd new fixed point 

t lwoJ'f.; ms whi c.h not on ly g iv(' t he un ique solu t. ion bn t. a lso define additive m appings. 
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