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Preface 

Nanofluid is hot topic of research during the last few years. "Nanofluids" are relatively new class 
of fluids which consists of a base fluid with suspended nano-sized metallic or non-metallic 
particles (1-100 nm). The nanoparticles used in nanofluids are typically made of metals, oxides, 
carbides, or carbon nanotubes. These nanoparticles have been found to possess enhanced 
thermophysical properties"such as thermal conductivity, thermal diffusivity and convective heat 
transfer coefficients when •. 2bmpared to those of base fluids. Choi [1] worked firstly about the 
analysis of nanoparticles: ' He experimentally found that addition of nanoparticles in 
conventionallbase fluid remarkably enhances the thermal conductivity of the base fluid. 
Buongiomo [2] develop~d a model for convective transport in nanofluids by considering 
Brownian diffusion and' ihehnophoresis effects. It is now known that novel properties of 
nanofluids make them potentially useful in many applications such as polymer industry, paper 
production, food processing, crystal growing, microelectronics, fuel cells, pharmaceutical and 
hybrid power engines, engine cooling/vehicle thermal management, domestic refrigerator, chiller 
heat exchanger in grinding, boiler flue gas temperature reduction and many others. Especially the 
magnetic nanoparticles have important applications in medicine and engineering. Many 
equipment's such as MHD generators, pumps, bearings and boundary layer control are affected 
by the interaction between the electrically conducting fluid and a magnetic field. Numerous 
applications involving magneto nanofluids include drug delivery, hyperthermia, contrast 
enhancement in magnetic resonance imaging and magnetic cell separation. Motivated by all the 
aforementioned facts, various scientists and engineers are engaged in the discussion of flows of 
nanofluids via different aspects (see [3 - 12] and many useful attempts therein). 
The fluid flow over stretching surface has gained the attention of researchers due to its important 
applications in engineering processes namely polymer extrusion, drawing of plastic films and 
wires, glass fiber and paper production, manufacture of foods, crystal growing, liquid films in 
condensation process, etc. Crane [13] deals with the study of boundary layer flow over stretching 
surface where the velocity of the stretching surface is assumed linearly proportional to the 
distance from the fixed origin. However, it has often been argued that, realistically, the stretching 
of a sheet might be nonlinear. Flow and heat transfer characteristics past an exponentially 
stretching sheet has a wider applications in technology. For example, in case of annealing and 
thinning of copper wires, the final product depends on the rate of heat transfer at the surface with 
exponential variations of stretching velocity. During such processes, both the kinematics of 
stretching and the simultaneous heating or cooling have a decisive influence on the quality of the 
final product. Specific example in this direction can be mentioned through process in plastic 
industry. This situation was tackled by Mukhopadhyay [14] who has been investigated the slip 
effects on MHD boundary layer flow by an exponentially stretching sheet with suctionlblowing 
and thermal radiation. Exact solutions for two-dimensional laminar flow over a continuously 
stretching or shrinking sheet in an electrically conducting quiescent couple stress fluid have been 
derived by Turkyilmazoglu [15]. Ibrahim et al. [16] analyzed the MHD stagnation point flow of 
nanofluid towards a stretching sheet. Slip effects on unsteady stagnation point flow of nanofluid 
over a stretching sheet are investigated by Malvandi et al. [17]. Hayat et al. [18] examined the 
MHD flow of nanofluids by an exponentially stretching sheet with convective boundary 
conditions. Stratification of fluid arises not only for temperature variation but also for the 



concentration differences. The effect of stratification is an important aspect in heat and mass 
transfer and it has been studied by several researchers. This phenomenon occurs due to the 
change in temperature or concentration, or variations in both, or presence of fluids with different 
densities. Density differences in the presence of gravity have a key role on the dynamics and 
mixing of heterogeneous fluid. Examples include thermal stratification of reservoirs and oceans, 
salinity stratification in estuaries, rivers, groundwater reservoirs and oceans, heterogeneous 
mixtures in industrial, food and manufacturing processing, density stratification of the 
atmosphere and uncountable similar examples. In the presence of gravity, these density 
differences have a dramatic impact on the dynamics and mixing of heterogeneous fluids. For 
example thermal stratification in reservoirs can reduce the mixing of oxygen to the bottom water 
to become anoxic through the action of biological processes. Stratification plays important role 
in lakes and ponds since it controls the temperature and concentration differences of hydrogen 
and oxygen in such environments which may affect the growth rate of various species. Also the 
analysis of thermal stratification is important for solar engineering because higher energy 
efficiency can be achieved with better stratification. Mukhopadhyay [20] reported MHD flow of 
viscous fluid induced by an exponentially stretching sheet in thermally stratified medium. 
Srinivasacharya and Upendar [21] examined MHD free convection flow of micropolar fluid with 
double stratification. Hayat et al. [22] examined the thermal stratification effects in mixed 
convective flow of Maxwell fluid over a stretching surface. Thermally stratified stagnation point 
flow of an Oldroyd-B fluid is discussed by Hayat et al. [23]. 
This dissertation is arranged as follows: 
Chapter one contains some standard definitions and fundamental equations useful for flow 
analysis of subsequent chapters. 
Chapter two presents the problem of boundary layer viscous two dimensional nanofluid flow 
induced by a stretchable surface. Homotopy analysis method (HAM) is carried out to solve the 
above phenomena. Numerical values of heat and mass transfer coefficients are presented in 
tabular form. This chapter is a detailed review of a paper by Hassani et.al [24]. 
Chapter three constitutes the analytical solution for steady boundary layer flow of nanofluid past 
an exponential stretchable surface. Heat and mass transfer phenomenon is examined under the 
influence of double stratified medium. Effects of porous medium and thermal radiation are also 
encountered. Homotopy analysis method (HAM) [25-30] is utilized to solve the arising 
mathematical problem. Through graphical illustrations, impact of pertinent parameters are 
investigated. 
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Chapter 1 

Elementary concepts and standard 

definitions 

In this chapter, we include some standard definitions and fundamental equations useful for flow 

analysis of subsequent chapters. Also we discussed solution methodology i.e. homotopy analysis 

method. 

1.0.1 Fluid 

Fluid is the material that flows and continuously deforms under an applied shear stress. 

1.0.2 Fluid mechanics 

It is the branch of engineering that examines the nature and properties of fluids, both in motion 

and at rest. 

1.0.3 Density 

The mass per unit volume at a given temperature and pressure or stress condition is expressed 

by equation 

= lim JM 
p W ----.0 JV ' 

where Mvl is the mass of fluid and JV is the volume element. 
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1.0.4 Viscosity 

Viscosity is a physical property of fluids associated with shearing deformation of fluid particles 

subjected to the action of any applied force. 

1.1 Types of flow 

There are many types of flow, among of these following are important from the subject point 

of view: 

1.1.1 Steady vs unsteady flow 

In steady flow the quantity of liquid flowing per second is constant. A steady flow may be 

uniform or non-uniform while in unsteady flow the quantity of liquid flowing per second is not 

constant. 

1.1.2 Compressible vs incompressible flow 

A compressible flow contains the volume and thus the density of the flowing liquid changes 

during the flow (i .e. gases) while incompressible flow contains the volume and thus the density 

of the flowing liquid does not changes during the flow (i.e. liquids). 

1.2 Classification of fluids 

1.2.1 Inviscid and viscous fluids 

Whenever the normal as well as shearing stresses exist, viscous fluids are occupied. This is 

due to the fact that the shearing stresses by a viscous fluid produce a resistance to the moving 

body (substances) across it as well as between the particles of the fluid itself. Instead of this 

when a fluid does not exert any shearing stress, inviscid fluid is occurred whether it is in the 

state of rest or in motion. Clearly the pressure exerted by an inviscid fluid on any surface is 

always along the normal to the surface at that point. Note that all natural fluids including the 

synthetic fluids are real fluids and exhibits viscosity effects. An inviscid fluid is a fictitious fluid 

and does not exist in nature. However many fluids under certain engineering applications show 
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negligible viscosity effects and can be treated as inviscid fluid. Air and water are inviscid fluids 

whereas syrup and heavy oil are treated as viscous fluids . 

1.2.2 Newtonian fluids 

Those fluids for which stress at each point possess a linear relationship between the shear stress 

and shear rate of fluids are known as Newtonian fluids. These fluids follow the Newton 's law 

of viscosity. Mathematically 
du 

Tyx ex dy ' 

du 
Tyx = f-L dy' 

(1.2) 

(1.3) 

here x-direction contains u component of velocity, du/ dy the deformation rate, T yx the shear 

stress and f-L the proportionality constant is known as dynamic viscosity. Also for Newtonian 

fluids the viscosity is independent of the rate of deformation. Sugar solution (glucose) , water, 

glycerin, kerosene, thin motor and silicone oils are the relevant examples of Newtonian fluids . 

1.2.3 Non-Newtonian fluids 

For non-Newtonian fluids power-law model holds, i.e. 

(
dU)l1 

T yx ex dy , n =1= 1, (1.4) 

(
dU)l1 

Tyx = ka dy (1.5) 

Eq. (1.4) become a Newton's law of viscosity for n = 1 with ka = f-L. Here n is the flow 

behavior index and ka is consistency index. Eq. (1.5) represents the power law model for one 

dimensional flow so we have 

(1.6) 

where the apparent viscosity ~ is 

(
dU) 11-1 

~ = ka dy , n =1= 1. (1. 7) 
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We cannot take the negative values of n, because power law does not hold for negative values. 

In this case, shear stresses does not remain directly proportional. Soap, jelly, toothpaste, blood, 

ketchup, licite paint, drilling muds and biological fluids are relevant examples. 

1.3 Nanofluid 

Nanofluids are homogeneous mixture of base fluid and colloidal suspension of nanoparticles. 

Unlike heat transfer in conventional fluids, the exceptionally high thermal conductivity and 

enhanced heat transfer rates provide a unique feature of nanofluid. It is introduced by Choi 

on Argon National Laboratory at 1995. Thermal conductivity of the fluid can raise up to 20% 

comparatively by adding less volume fraction of nanoparticles (1- 5%). The factors upon which 

such enhancement depends are the density, dimensions, shape, thermal ability of material and 

volume fraction of nanoparticles in the suspensions. The interest of researchers in nanofluid 

grows fast due to its several industrial, engineering and technological applications such as 

chemical catalytic reactors, grain storage installations, diffusion of medicine in blood veins and 

cooling of electronic apparatus. 

1.3.1 Buongiorno's model 

Buongiorno proposed a mathematical model to capture the nanoparticles/base fluid slip by 

treating nanofluid as two component mixture, base fluid and nanoparticles. Considered seven 

slip mechanisms and concluded that Brownian motion and thermophoresis are important slip 

mechanisms. 

1.3.2 Phase flow model 

In general, the nanofluids used for the purpose of enhanced heat transfer are dilute fluids and 

the volume fractions of nanoparticles are below 5 - 10%. Since the solid particles are ultra 

fine (less than 100nm) and they are easily fluidized, these particles (spherical shaped) can be 

approximately considered to behave like a fluid. Thermal properties involved in calculating the 

heat transfer rate of the nanofluid are viscosity, density, heat capacity and thermal conductivity. 

These properties are expressed in terms of nanoparticles volume fraction . 
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1.4 Boundary layer approximation 

Most flow fields do not have exact solutions. But with the use of characteristics scale many 

valuable solutions are obtained for different physical problems. In this, terms having negligible 

contribution are neglected to give rise the approximate equations for the problem under con

sideration. Reynolds number takes small values in boundary layer specially near the bounding 

surface i.e. scale along bounding surface is L and length scale perpendicular to bounding surface 

is 6 such that 

6 « L, 

we have the basic assumption for the boundary layer approximation as follows: 

Firstly, the velof ity beyond the boundary layer is of the order U which is considered as 
\ 

free stream velocity. Sec(mdly, by characteristic length L which is independent of v, x-direction 

containing the derivatives can be estimated. Thirdly, due to this length scale the thickness 

of the boundary ~ayer has a characteristic size 6 having condition 6 < < L derivatives in y

direction. Lastly the external influence is absent (like e.g. a shock wave) and provides a special 

scale for the pressure gradient which adapts the other terms in the equations. We know that 

boundary layers are thin so we expect 
6 -« 1 
L ' 

(1.8) 

where f always work in non-dimensional term and 1 is the order of magnitude. 

1.5 Thermal conductivity 

It is the characteristic of any substance which has ability to conduct heat. It is defined as the 

amount of heat Qr transmitted through some thickness (b) per unit time (t) held perpendicularly 

to a surface area (A) which is caused by temperature difference (Tu - 11). Mathematically, it 

can be expressed by 

(1.9) 

where Tu and Tl are the temperatures measured along the thickness b. This definition is 

followed by the "Fourier law of heat conduction ll
• This law gives a vector relationship between 
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rate of heat transfer and temperature gradient. Thermal conductivity depends on temperature, 

density, phase of the medium and molecular bonding. 

1.6 Enthalpy 

A thermodynamical quantity which is equal to the internal energy of a system plus the product 

of its volume and pressure. It is denoted by the symbol H and is defined as 

H = A+pV. (1.10) 

Here A is the internal energy, p is the pressure and 11 is the volume of the system. At any given 

time the value of enthalpy is determined by the temperature, composition of the system and 

pressure. 

1. 7 Specific heat 

Amount of energy which is transferred to or from mole of a any substance to provide a change 

in its temperature by one degree is known as specific heat. It is an extensive property which 

depends on the substance under consideration. The state of specific heat is specified by its 

properties. It is denoted by the symbol Cpo The equation in which the mass is the unit quantity 

and the heat energy is relative to the specific heat capacity is given by 

(1.11) 

here ms is the mass of the substance, t1T is the temperature differential where the initial 

temperature of the reaction is subtracted from the final temperature and t1Qr is the heat 

energy taken out or put into the substance. 

1.8 Porous medium 

A porous medium is characterized by a partioning of the total volume into solid matrix and 

pore space, with the latter being filled by one or more fluids. These pores allow the flow of 
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fluids through the material. The distribution of pores is irregular in nature. Beach sand, human 

lungs and wood etc. are examples of natural porous media. The features of porous medium 

is characterized by the Darcy law. Henry Darcy's investigations on steady-state unidirectional 

flow in a uniform medium revealed a proportionality between flow rate and the applied pressure 

gradient. This is expressed as 
K 

u = --'\1. p, (1.12) 
JL 

or 

(1.13) 

here '\1 . p is the pressure gradient, K is the permeability of porous medium and JL is the dynamic 

fluid viscosity. The coefficient K is independent of the nature of the fluid but it depends on the 

geometry of the medium. Here negative sign indicates that the fluid flows from high pressure 

to low pressure. Darcy's law is not applicable for Re > 100 i.e. for turbulent flows. 

1.9 Magnetohydrodynamics 

Magnetohydrodynamics is a dynamical branch of the science which deals with a electromagnetic 

field. Specifically in those matters where currents established by induction modify the field, so 

the dynamics and field equations are coupled. 

Relation between current and drift velocity defined as 

J = me < v >, (1.14) 

Magnetic force so-called Lorentz force defined as: 

Fem=J x B, (1.15) 

by Ohm's law 

J = a [E + V x BJ . (1.16) 
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When t here are no polarization effects we are left with 

F em = a [V x B] x B. (1.17) 

In above equations e is the electric charge, m is the number density of electron, J is the current 

density, v is t he electrons velocity, a is the fluid electrical conductivity, B (= Bo + B 1) the total 

magnetic field , Bo is t he imposed magnetic field and Bl is the induced magnetic field and E is 

the electric field. The term V x B, in Eqs. (1.15) and (1.16) , is due to the Ampere's law. On 

the basis of Faraday 's law, we shall assume that the applied magnetic field is perpendicular to 

the flow direction. 

1.10 Viscous dissipation 

The irreversible process by which the work done on the adjacent layers of fluid due to the action 

of shear forces it is transformed into heat is defined as viscous dissipation. Mathematically 

T·L, (1.18) 

where 

T~ l a xx Txy Txz 

1 
Tyx a yy Tyz 

T zx T zy a zz 

(1.19) 

1.11 Stratification 

The phenomenon of changing the state of pressure, temperature, concentration and dissolved 

substances is responsible for the change in density appeared in the fluid medium is known as 

stratification. Mathematically, we can write 

p = p(x, y , z, t). (1.20) 

In fluid dynamics, we often studied two types of stratification within the fluid which are de

scribed as thermal and solutal stratifications. 
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1.11.1 Thermal stratification 

Thermal stratification appears because of the temperature imbalance, which gives rise to a 

density imbalance in the fluid medium. When sunlight falls on the lake 's surface it changes 

the temperature. When lake is stratified, three layers are formed within the lake. The upper 

warm layer referred to as epilimnion and the deeper cold layer referred to as hypolimnion. The 

boundary layer between the two layers where the temperature changes more rapidly referred 

to as thermocline. It is also observed that temperature imbalance may alter from one layer to 

another layer. These flows have wider applications in oceanography and agriculture. 

1.11.2 Sloutal stratification 

The concentration stratification is applicable to many phenomena like transportation in the sea 

where stratification occurs due to salinity imbalance. Due to the presence of different fluids, a 

stable standpoint arises when the lighter fluid stands over the denser one. 

1.12 Physical description of dimensionless numbers 

All flowing problems have the inertial force (i.e., is the product of mass and acceleration). 

Besides the inertial force, there exists some additional forces which are responsible for fluid 

motion. Some dimensionless numbers are discussed below: 

1.12.1 Reynolds number 

Reynolds number Re is a dimensionless number in a fluid mechanics and heat transfer. It is a 

measure of the relative importance between the momentum flux by advection and by diffusion 

in the same direction. It is important to note that velocity and length are taken in the same 

direction. This suggests that one can present this number based on other advection/diffusion 

flux ratio defined as 

R ld b 
Inertial force 

eyno s num er = 
Viscous force v 

(1.21 ) 

Here Urn is the mean velocity, L is a characteristic length and v is the kinematic viscosity of 

the fluid. 
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Reynolds number throws light on the important features of a given flow. Reynolds number 

is low in the laminar flow and contains viscous effects (forces) dominant, while turbulent flow 

occurs at high Reynolds number with dominating effects of inertial forces which tend to produce 

vortices and fluid fluctuates. Reynolds number is larger for air around a car or water around a 

ship. 

1.12.2 Brownian motion parameter 

Brownian motion of nanoparticles at the molecular and nanoscale level is a key nanoscale 

mechanism governing the thermal behavior of nanofluids. Because of the random movement of 

nanoparticles Brownian motion occurrs. Mathematically, it is defined as 

(1.22) 

where DB is the Brownian diffusion coefficient, T is the ratio of the effective heat capacity of 

the nanoparticles to heat capacity of the fluid, Cw and Coo are respectively the volume fraction 

of nanoparticles at plate and ambient fluid. 

1.12.3 Thermophoresis parameter 

A phenomena which transports the nanoparticles from the region of high concentration to the 

region of low concentration. This factor is observed in mixtures of mobile particles where 

the different particle exhibit different responses to the force of a temperature gradient. The 

thermophoresis parameter is defined as 

Nt = TDT(Tw - Too) 
vToo ' 

(1.23) 

where DT the thermophoresis diffusion coefficient and Tw and Too are respectively temperature 

at sheet and ambient medium. 

1.12.4 Schmidt number 

The Schmidt number is the ratio of thermal diffusion rate to the mass diffusion rate in a fluid. 

It is analogous to t he Prandtl number, which represents the ratio of the momentum diffusivity 
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to the thermal, defined as 

s c = Thermal diffusion rate = 'W 

Mass diffusion rate DB ' 
(1.24) 

in above equation 'W is the thermal diffusivity and DB is the mass diffusivity. 

1.12.5 Prandtl number 

Prandtl number is defined as ratio of momentum to thermal diffusivity. Mathematically ex

pressed by 

PI' = Momentum diffusivity = ~. 
Thermal diffusivity 'W 

(1.25) 

Note that PI' < < 1 corresponds to the case when thermal diffusivity dominates and when 

PI' > > 1 the momentum diffusivity dominates. In heat transfer and free and forced convection 

calculations the Prandtl number is often used. 

1.12.6 Eckert number 

An Eckert number possess a relationship between kinetic energy and enthalpy and accounts for 

the energy loss due to viscous dissipation. If the role of the momentum energy transferred to 

thermal energy is significant then Eckert number is to be determined which is defined by 

Ec = Kinetic energy = u~ 
Enthalpy Cp (Tw - Too) ' 

(1.26) 

here U c is a characteristic velocity of the flow, Tw and Too exhibits the wall and ambient 

temperature respectively and Cp is the specific heat . 

1.12.7 Hartman number 

Hartman number is t he ratio of magnetic forces to the viscous forces. It is followed by 

M2 = Magnetic forces = B5L2 

Viscous forces J-LmPv).. · 
(1.27) 

In which P the density of the fluid , ).. the magnetic diffusivity, Bo is the magnetic field strength, 

L is the characteristic length and J-Lm the magnetic permeability. 
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1.12.8 Nusselt number 

It is the dimensionless quantity that represents the convective to conductive heat transfer 

coefficients. As transfer of heat by convection and conduction is given by h (Tw - T (XJ) and 

k (Tw - T(XJ) /L . Mathematically 

hL 
k ' 

(1.28) 

wherein k is the thermal conductivity, Tw and T(XJ denote the wall and ambient temperature 

respectively and h is the heat transfer rate at the wall. In laminar flow, Nusselt number closer 

to one implies that convection and conduction both are of same magnitude. 

1.12.9 Sherwood number 

Sherwood number is analogue to Nusselt number. Transfer of mass by convection and diffusion 

is given by k (Cw - C(XJ) and DB (Cw - C(XJ) / L. It can be expressed mathematically as 

kL 
DB' 

(1.29) 

here Cw and C(XJ denote the wall and ambient concentration of nanoparticles respectively and 

DB is the diffusion coefficient at wall. 

1.12.10 Skin friction coefficient 

When fluid is passing across a surface then certain amount of drag forces appears. These drag 

forces are skin friction. 
Tw 

Cf=12' 
2Puw 

(1.30) 

where T w is the shear stress at the sheet and U w is the velocity of fluid at sheet. The rise in 

skin friction tells how much drag attains from the viscous stresses at the boundary. Laminar 

flow have less drag when compared with turbulent flow. To reduce skin friction it is necessary 

to convert turbulent flow to laminar flow. 
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1.13 Constitutive equation 

1.13.1 Conservation of mass 

For a known velocity profile and no source/sinks it is sufficient to model the continuity equation 

(flow is continuous, no discontinuity appears through given flow). Conservation of mass hold 

for physical things. For instance to derive the evolution of the concentration of dust, aerosols 

or density of a gas, etc. in any medium like air water. Eq. (1.32) represents that the equation 

of continuity or conservation of mass stems from the principle that mass cannot be created or 

destroyed inside the control volume. Moreover in the law of conservation of mass total inlet 

and outlet flux is constant. 
ap at + V' . (pV) = 0, (1.31 ) 

in which p is fluid density, t is time and V = (1£, V, w) the velocity of the moving fluid. The 

velocity profile for an incompressible fluid reduces to 

V' . V = O. (1.32) 

It will be applicable when there are no inlets or outlets across which fluid can enter or leave 

the system. 

1.13.2 Conservation of linear momentum 

It is stated that total linear momentum of an isolated system remains conserved defined by 

av 2-
Pdt = -V'p + p,V' V + ph. (1.33) 

Eq. (1.34) expressed the conservation of momentum which states that the total momentum of 

a closed system of objects (which has no interactions with external agents) is constant. This 

equation contained the inertial forces which is the internal force on left hand side while on the 

right hand side the first term term is due to the surface force which is an external force and 

last two terms are body forces (internal forces). 
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1.13.3 Conservation of energy 

Nanofluid energy equation can be written as 

pCp ~~ = - div CiT + Ip \1 . S p, (1.34) 

~ 

Where Ip is the specific enthalpy of the nanoparticles material, S p is the nanoparticles diffusion 

mass flux and CiT is the energy flux. The first term on left hand side of Eq. (1.34) exhibits 

the combined effects of change in local energy and advection term. First term displayed on 

the right hand side comes from Fourier's law of heat conduction and second term is due to 

nanoparticles. Eq. (1.35) results from the first law of thermodynamics states t hat the increase 

in the internal energy of a thermodynamical system is equal to the amount of heat energy added 

to the system minus the amount of energy lost as a result of the work done by the system on 

the surroundings. Energy flux is given by 

(1.35) 

Substituting Eq. (1.35) in Eq. (1.34) 

2 ~ ~ ~ 

k\1 T - Ip \1 . S p - S p . \1 Ip + Ip \1. S p, 

2 ~ 
k\1 T - Sp' \1Ip. (1.36) 

As vector identity is 

(1.37) 

one obtains from Eq. (1.37) 

dT 2 ~ 
pCPdj = k\1 T - Cp Sp' \1T. (1.38) 
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-----7 

Diffusion mass flux S p for the nanoparticles, given as the sum of two diffusion terms (Brownian 

diffusion and thermophoresis) by 

-----7 -----7 -----7 

Sp = Sp,B + Sp,r, (1.39) 

with 
-----7 

Sp,B = -ppDBVC. (1.40) 

Here Brownian diffusion coefficient DB can be defined by the Einstein- Stokes equation 

(1.41 ) 

in which kB is the Boltzmann's constant and dp is the nanoparticles diameter. 

(1.42) 

v = - -,!!. VT 
T P T ' 

(1.43) 

for the thermophoresis velocity V T' In above equation, the proportionality factor 1 while Pp 

and P are the densities of nanoparticles and base fluid respectively can be expressed as follows: 

_ k 
, = 0.26 2k + k

p
' (1.44) 

in which kp and k are the thermal conductivities of the the particle material respectively and 

fluid. Hence the thermophoresis diffusion flux is given by 

Where 

-----7 VT 
Sp,r = -ppDrT, 

Dr = 1P,C , 
P 
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which is the thermophoresis diffusion coefficient. From Eq. (1.40) and (1.45), diffusion mass 

flux is given by 

Thus Eq. (1.38) becomes 

dT 2 [ \IT· \IT ] pCPdt = k\l T + PpCp DB \lC· \IT + DT T ' 

which is the nanofluid energy equation. 

1.13.4 Conservation of concentration 

For the nanoparticles the concentration equation is 

a C ---7 1 ---7 
-+V · \lC=--\l · S at p, Pp 

(1.47) 

(1.48) 

(1.49) 

---7 
where Pp is the mass density of the nanoparticles, C is nanoparticles volume fraction and S p 

is the diffusion mass flux. Now using the Eq. (1.47), we get 

(1.50) 

which is the concentration equation for nanofluids. Fick 's first and second laws, known as law 

of conservation of concentration gave his contribution to find out the Eq. (1.51). 

1.14 Solution methodology 

In the field of science and engineering, specifically in the fluid mechanics many problems are non

linear. It is very difficult and some times even impossible to compute the exact solution of these 

non-linear problems. To get rid of this problem scientists have found successful analytical and 

numerical techniques. Among all of them HAM is the most convenient analytical technique 

to use. To get the analytical and series solutions of non-linear governing equations we have 

captured this technique in the upcoming chapters. 

19 



1.14.1 Homotopy analysis method 

The concept of homotopy was first formulated by Poincare around 1900 (Collins 2004). In 

topology, two functions are called homotopic if one can be II continuously deformed II into the 

other. Homotopy is a combination of two Greek words homos means identical and topos means 

place. If there exists two continuous mapping g1 and g2 from the topological space S into the 

topological space Z resulting g1 is homotopic to g. A continuous mapping G exists then 

G: S x [0,1J -t Z, (1.51) 

such that for each 8 E S 

G(8,0) = 91(8), G(8, 1) = g2(8). (1.52) 

The mapping G is called the homotopy between g1 and g2 . 
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Chapter 2 

Boundary layer nanofluid flow past a 

stretching sheet 

This chapter develops the steady two-dimensional flow of viscous nanofluid over a stretchable 

surface. T he nonlinear ordinary differential equations are obtained by using the usual suitable 

transformations. The resulting equations are solved analytically by using homotopy analysis 

method (HAM). Influence of different physical parameters such as Brownian motion parameter 

Nb, thermophoresis parameter Nt, Schmidt number Be and Prandtl number Pr on temperature 

and concentration profiles are examined with the help of graphs. Numerical values of heat and 

mass transfer coefficients are presented in tables. 

y 

Solut al 

Thermal 

Mom.ntum 

u=u..... T=Tw 

C = c ... 

F igure 2. 1: Geometry of t he flow. 
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2.1 Mathematical formulation 

Here we inquired the two dimensional viscous nanofluid flow over a stretchable surface is with 

linear stretching velocity U w (x) = ax , where a is a constant and x is the coordinate axis. The 

disturbance is generated in a fluid flow by the stretchable surface. The mechanical properties 

of the final product strictly depend on the stretching rate and the rate of cooling in this 

process. The fluid flow is confined to y > 0, where y coordinate is measured perpendicular to 

the stretching surface. The surface of stretching sheet is maintained at uniform temperature 

Tw whereas the temperature far away from the surface is Too. Under the influence of these 

assumptions, the governing equations can be written as follows: 

au av_o ax + ay - , (2.1) 

(2.2) 

(2.3) 

(2.4) 

In above equations, u and v represent the respective velocity components in x - and y- directions, 

T the temperature, C the volume fraction of nanoparticles, k the thermal conductivity of fluid , p 

the fluid density, f-L the effective kinematic viscosity of the fluid, (pCp)p and (pCp) f are the heat 

capacity of nanoparticles material and fluid, DB and DT are the Brownian diffusion coefficient 

and the thermophoresis diffusion coefficient of the nanofluid. 

The appropriate boundary conditions are given by 

u uw(x) = ax , v = 0, T = Tw, C = Cw at y = 0, 

u=v=o, T=Too , C=Coo atY---4oo. (2.5) 
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We introduce the subsequent similarity transformations: 

in which 'l/J is the stream function defined in the usual way as u = %YJ and v = - ~~ . 

Using Eq. (2.6), the continuity equation (2.1) is automatically satisfied while Eqs. (2.2)

(2.4) reduced to 

fill - f'2 + f 1" = 0, 

;r ()" + f()' + N b()' ¢' + Nte'2 = 0, 

,/.,11 + B f'/'" + Nt ()" = 0 
~ e ~ Nb ' 

together with t he boundary conditions 

f(O) 0, f'(O) = 1, ()(O) = 1, ¢ (O) = 1, 

1'(00) = 0, ()(oo) = 0, ¢(oo) = O. 

(2.7) 

(2.8) 

(2 .9) 

(2.10) 

Note that the prime on the quantities represents t he differentiation with respect to 7] . Moreover , 

the non-dimensional constants appearing in Eqs . (2.7) - (2.9) are the Prandtl number PI', 

thermophoresis parameter Nt , Schmidt number Be and Brownian motion parameter Nb. These 

are respectively defined by 

(2.11) 

The local Nusselt and Sherwood numbers in non-dimensional form can be written as 

(2. 12) 

where qw and qm are the wall heat and mass fluxes, respectively are given by 

(2.13) 
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By utilization of above equation, we get 

(2.14) 

1 
where (Rex ):2 = ax / v is the local Reynolds number. 

The exact solution of Eq. (2.7) along with (2.10) has been obtained by Pop [12J and can be 

written as 

f (7]) = 1 - exp ( -7]) (2.15) 

2.2 Homotopy solution 

For homotopic solutions, we select some initial guesses and the linear operators Ci (i = 1 - 2) 

in the form 

(2.16) 

C() = e" - e, c'" = ¢" - ¢. (2.17) 

The above operators satisfy the following properties 

(2 .18) 

(2.19) 

here the calculated arbitrary constants are Bi (i = 1 - 4). 

2.2.1 Zeroth order deformation equations 

The defined zeroth-order deformation equations and n() and n", are embedded parameters for 

the given problem are 

(1 - p)C() [e(7]ip) - eO(7])] = pn()N() [e(7]iP),f(7]iP),¢;(7]iP)], (2.20) 

e (OiP) = 1, e (OOiP) = 0, (2.21) 

(1 - p) C'" [¢; (7]iP) - ¢o (7]) ] = pn",N ", [¢; (7]iP) , e (7] iP) , f(7]iP)] , (2.22) 
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¢(O;p) = I, ¢(oo;p) = 0, (2.23) 

The pertinent nonlinear operators No [8 ('/];p)] and N", [¢ ('/];p) ] are given by 

~ {P8 ('/] ;p) + Nb 08 ('/];p) o¢ ('/];p) 
Pr 0'/]2 O'/] o'/] 

+l(ry;p} ail ~p} + Nt ( ail ~p) r, (2.24) 

(2.25) 

where p changes from 0 to I , then 8(77,P) varies from eo ('/]) to e ('/]) and ¢('/] ,p) varies from 

rPo ('/]) to rP ('/]), respectively. 

8('/]; 0) = eo('/]) , 8('/]; 1) = e('/]) , (2.26) 

¢('/] ; 0) = rPo('/]) , ¢('/] ; 1) = rP ('/])· (2.27) 

In view of Taylor's series 

8('/] ;p) 

¢('/];p) (2.28) 
p=o 

Thus 

00 

e ('/]) eo ('/]) + L em ('/]) , 
7>1=1 

00 

rP ('/]) rPo ('/]) + L rPm ('/]) . (2 .29) 
m=1 
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2.2.2 Deformation problems of mth-order 

The mth order problems are given by 

in which 

m-l 

R?n ("') = ;r e~_l ("') + L [fm-l-ke~ + Nb¢~_l_ke~ + Nte~_l_keU ' 
k=O 

Xm = { 0, 
1, 

The general solutions are 

." , . 
. - , 

m::=; 1, 

m > 1, 

2.3 Convergence of HAM solution 

(2.30) 

(2.31) 

(2.32) 

(2.33) 

(2.34) 

(2.35) 

(2.36) 

(2.37) 

(2.38) 

Homotopy analysis method (HAM) involves embedding parameter Ii which playa vital role to 

control the convergence of the series solution. The suitable range for admissible values of Ii can 

be evaluated by sketching the Ii-curves for temperature and concentration fields as displayed 

in Figure (2.2). It is clear that the acceptable values of lio and Ii", lie in the range [-1.4, - 0.4] 

for some fixed values of the other involved parameters. We further observed that the series 

solutions have convergence in the entire region of", (0 < '" < 00) when lio = Ii", = - 0.9. 
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Figure 2.2: Combined n-curves for ()' (0) and 4>' (0) . 

Table 2.1: Order of approximations for the HAM solutions when Pr = 1.3, Nb = Nt = 0. 2 

and Be = 1.0. 

Order of approximations - ()' (0) -4>'(0) 

1 0.54333 0.16666 

5 0.56869 0. 23492 

10 0.57311 0.20227 

15 0.57307 0.20223 

21 0.57308 0.20223 

25 0.57308 0.20223 

30 0.57308 0.20223 

35 0.57308 0.20223 

40 0.57308 0.20223 

45 0.57308 0.20223 

50 0.57308 0.20223 

55 0.57308 0.20223 

27 



2.4 Results and discussion 

Variation of pertinent parameters on the temperature profile B (ry) is sketched in Figures (2.3 -

2.5). In particular , the influence of increasing Brownian motion parameter Nb on temperature 

profile B (ry) is shown in Figure (2.3). It is evident that an increase in Nb corresponds to an 

increase in the temperature profile. Due to the fact that Brownian motion is responsible for 

random motion of nanopart icles in base fluid. So with increasing values of N b, nanopart icles 

vibrate haphazardly and temperature profile increases. The variation of thermophoresis pa

rameter N t on B (ry) is depicted in Figure (2 .4) . It reveals that by increasing the values of 

thermophoresis p arameter N t , the t emperature profile B (ry) and thermal boundary layer thick

ness also increases. We concluded from Figure (2. 5) that an increment in the Prandtl number 

Pr provides a rapid reduction in t he thermal diffusivity hence t he temperature decreases. 

Figures (2.6 - 2.8) demonstrate the variation of embedded parameters on nanoparticles con

centration. With an increase in Brownian motion parameter N b, concentration profile decreases 

as evident from Figure (2.6). In Figure (2.7) we encountered variation of concentration profile 

¢ (ry ) corresponding to the increasing values of thermophoresis parameter Nt. Here we noticed 

that t he concentration profile ¢ (77) increases via thermophoresis parameter Nt. Effects of Be 

on concentration profile ¢ (ry) are captured in Figure (2.8) where a decrease in the concentration 

profile ¢ (ry) is noted with the increasing value of Be. 

Table (2.1) is prepared to give the convergence of series solution. Convergence is achieved 

at 2pt-order of approximations. The numerical values of dimensionless heat and mass transfer 

rates for different values of embedded parameters such as Nt, Nb, Be and PI' are given in Table 

2.2. Analysis of Table (2.2) reveals that t here is a decrease in the heat transfer rate when there 

is an increase in N b, N t and Be while it increases with the increasing values of Prandtl number 

Pr. T he effects of N t , N b and Be on the dimensionless mass rate exhibit an increasing behavior 

whereas the effect of PI' is to decrease the mass rate. 
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Figure 2.3: Impact of Nb on temperature e (ry) . 
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Figure 2.4: Impact of Nt on temperature e (ry) . 
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Figure 2.5: Impact of Pr on temperature () (ry) . 
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Figure 2.6: Impact of Nb on concentration ¢ (ry) . 
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Figure 2.7: Impact of Nt on concentration ¢ (ry) . 
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Figure 2.8: Impact of Be on concentration ¢ (ry) . 
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Table 2.2: Numerical values of Nusselt and Sherwood numbers when PI' = 1.3, Nt = Nb = 0.2 

and Be = 1.0. 

Nb Nt Be PI' -e' (0) -¢' (0) 

0.2 0.2 1.0 1.3 0.57308 0.20223 

0.3 0.53864 0.34832 

0.4 0.50564 0.42068 

0.6 0.44392 0.49166 

0.3 0.55317 0.03695 

0.4 0.53406 0.11478 

0.6 0.49188 0.37780 

0.9 0.57820 0.13729 

1.1 0.56853 0.25392 

1.2 0.56444 0.30279 

0.7 0.39971 0.32672 

1.0 0.49544 0.25891 

1.2 0.54879 0. 2201 2 

2.5 Key findings 

The determination of our work is to venture in the regime of flow of mass and heat transfer 

of a nanofluid past a stretchable surface. Analytical solutions are presented for temperature 

and concentration profiles. Effects of different parameter such as Brownian motion parameter 

Nb, thermophoresis parameter Nt , Prandtl number Pr and Schmidt number Be are discussed 

through graphical illustrations. For larger values of Nb and Nt, temperature grows up while it 

decays for PI'. Similarly volume fraction of nanoparticles decreases against the Schmidt number 

Be. Brownian and thermophoresis parameters have an opposite effect on the concentration field. 

The wall temperature gradient increases with an increase in PI'. Also local Sherwood number 

enhances by increasing Nb, Nt and Be. 
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Chapter 3 

MHD effects on thermo-solutal 

stratified nanofluid flow by an 

exponential stretching sheet with 

thermal radiation 

Here the analysis of previous chapter is extended for steady boundary layer flow of nanofluid 

past an exponential stretchable surface. Heat and mass transfer phenomenon is examined un

der the influence of double statified medium. Effects of porous medium and thermal radiation 

are also encountered. By taking the suitable similarity transformations the governing partial 

differential equations are transformed to a system of nonlinear ordinary differential equations. 

Homotopy analysis method (HAM) is utilized to solve the arising mathematical problem. Im

pact of pertinent parameters through graphical illustrations are investigated. It is noted that 

thermal and solutal stratification parameters are in the favour of rate of heat and mass transfer. 
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3.1 Problem formulation 

U = U,,(x) T = TwCx) 

C = CwCx) 

Thermal 

Figure 3.1: Geometry of the problem. 

Here we consider the steady Newtonian (viscous) flow of nanofluid beyond a exponential 

stretched surface immersed in a thermal and solutal stratified medium. An incompressible 

fluid saturates the porous medium. Surface is stretched along x-axis and the flow is confined 

to y > O. Due to the exponential stretching sheet a boundary layer arises having the domi

nant viscous effects across the fluid . The velocity of the stretched surface is U w (x) = Uoe L. By 

Darcy's Law, the porous medium features have been characterized. The Buongiorno's nanofluid 

model incorporates the Brownian motion and thermophoresis impacts. The magnetic field hav

ing strength Eo is applied to the fluid flow in the transverse direction. Under the assumption 

of small magnetic Reynolds number, induced magnetic field is ignored. The temperature and 

concentration at sheet and far away from the sheet are assumed to be exponentially stratified in 

the forms Tw (x) = To + be2~, Cw (x) = Co + ae 2"'L and Too (x) = To + ce 2"'L, Coo (x) = Co + de2"'L 

respectively (with a, b, c, and d the constants). Using the boundary layer approximations, the 

governing equations for nanofluid are given by 

au av_O 
ox + ay - , 
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aT aT 
u-+vax ay 

(3.3) 

(3 .4) 

In above equations, u and v represent the respective velocity components in x- and y-directions, 

T the temperature, C the concentration of nanoparticles, DB and DT are the Brownian and 

thermophoresis diffusion coefficient of the nanofluid, p the fluid density, J.L the effective kine

matic viscosity of the fluid, k the thermal conductivity of fluid and (pCp)p and (pCp) f are the 

heat capacities of nanoparticles material and nanofluid. Rosseland approximation leads to the 

given expression: 

(3.5) 

where k* the absorption coefficient while a the Stefan Boltzman constant. On the expansion 

of Taylor series we are left with 

(3.6) 

The appropriate conditions are given by 

u U w = Uo eL, v = 0, T = Tw = To + be2~, C = Cw = Co + ae2~ at y = 0, 

U , v ---+ 0, T = Too = To + ce2~, C = Coo = Co + de2xL when y ---+ 00. (3.7) 

Considering 

rrx; x /vUo x [ ] 
rJ = YY M e2L , v = -Y U e2L f(rJ) + rJf'(rJ) , 

x '() () T - Too () C - Coo 
u = Uoe L f rJ , e rJ = Tw _ To ' ¢ rJ = Cw - Co ' (3.8) 

Eq. (3.1) is identically satisfied and Eqs. (3.2) - (3.4) and (3.7) gives 

fIll - (M +).) f' - 2f'2 + ff" = 0, (3.9) 
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;r (1 + ~R) e" + NM'¢' + Nte,2 + Eef"2 - Stf' - I'e + e' f = 0, (3.10) 

¢" + Z~ e" + Se(f¢' - I' ¢) - SeSmf' = 0, (3 .11) 

1'(0) = 1, f(O) = 0, 1'(00) = 0, (3.12) 

e(o) = 1 - St, e( 00) = 0, (3.13) 

¢ (0) = 1 - Sm, ¢ (00) = 0, (3 .14) 

where similarity variable is ry and f' (ry), e (ry) and ¢ (ry) are the dimensionless velocity, temper

ature and concentration. Moreover the different parameters namely the Hartman number M, 

Prandtl number Pr, porosity parameter A, radiation parameter R, Eckert number Ee, Brownian 

motion parameter Nb, thermophoresis parameter Nt, thermal stratified parameter St, solutal 

stratified parameter Sm and Schmidt number Se are defined by 

M _ 20BSL P = v(pCp)f >. = vL -L 4a*T3 
- pUo ' r k' KUo e , R = k*k

oo
, 

_ U8 e¥ Nb = rDB(Cw - Co) N = rDT(Tw - To) 
Ee - x, , t T, , 

be2i(pCp)f v v 00 

e d v 
St= b' Sm=~ , Se = DB' (3.15) 

Local Nusselt number Nu, skin-friction coefficient Cf and Sherwood number Sh are given by 

(3.16) 

NuRe-1/2 /2L 
x V-;- - (1 + 4:) C ! St) e'(O), Cfvrt;x = 1"(0), 

ShRe-1/2 /2L = _ ( 1 ) ¢'(O), 
x V -;- 1- Sm 

(3.17) 

the above equations contain local Reynolds number defined as (Rex)! = UoeLxlv.",·-tP· 
& •• It 

~ ::'i ... 
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3.2 Homotopy solution 

By the utilization of homotopy analysis method the series solution is computed which requires 

the linear operators £f, £0 and £ </> and the initial guesses fo(ry) , Bo(ry) and ¢o(ry) in the forms: 

fo(ry) = 1 - exp( -ry), Bo(ry) = (1 - St) exp( -ry), ¢o(ry) = (1 - Sm) exp( - ry), (3 .18) 

with the properties 

£f (1) = fill - 1', £o(B) = B" - B, £</> (¢) = ¢" - ¢, (3.19) 

£0 [D4 exp( - ry) + D5 exp(ry)] 

£ </> [D6 exp( - ry) + D7 exp(ry)] 

0, 

0, (3 .20) 

above equations contain arbitrary const ants defined as Di (i = 1 - 7). 

3.2.1 Zeroth order deformation equations 

Let nf, no and n</> are the non-zero auxiliary parameters then we form the zeroth-order defor

mation problems as: 

(l-p)£f [J(17;P)-fo(ry) ] =pnfNf [J(ry;p)], (3 .21) 

1 (O ;p) = 0, l' (O ;p) = 1, l' (oo; p) = 0, (3.22) 

(l - p)£o [e(ry ;p) - Bo(ry)] = pnoNo [e(ry;p) ,¢ (ry ;p) , J(ry ;p)] , (3 .23) 

e (O;p) = 1 - St , e (oo; p) = 0, (3.24) 

(1 - p) £ </> [¢ (ry ;p) - ¢o (ry)] = pn</>N </> [¢ (ry ;p) , J(ry ;p) , e (ry;p)] , (3.25) 

¢ (O;p) = 1 - Sm, ¢ (oo; p) = O. (3.26) 
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The definitions of the non-linear operator Nf [1(77 ;p) ], No [B (7];p)] and N¢ [¢(7];p) ] of Eqs. 

(3.9) - (3.11) are 

N [1-( . )] = 8
3 
J(7];p) _ (M + >..) 8J(7];p) + 1-( . )8

2 
J(7];p) _ 2 (8J(7] ;P) ) 2 (3.27) 

f 7], P 87]3 87] 7], P 87]2 8ry' 

No[B(7];p), ¢(7];p) , J(7];p)] 

N¢ [¢(ry;p) , J(ry;p) , B(ry;p)] 8
2
¢(ry;p) + Nt (8

2
B(7];P)) _ 8c8m (8J(ry;P)) 

8ry2 Nb 8ry2 87] 

+8 (1-( . )8¢(ry;p) _ d..( . )8J(ry;P)) (3.30) 
C 7],P 87] 'f'ry,p 87] . 

As p grows up from 0 to 1, initial guesses 1o(ry), (}o (7]) and ¢o (7]) progressively approaches to 

the final solution 1(ry), () (ry) and ¢ (7]) . For p = 0 and p = 1, one respectively has 

J(ry; 0) = 1o(ry), 

B(ry; 0) = (}o(7]), 

¢(7]; 0) = ¢o(7]), 
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J(7]; 1) = 1(7]) , 

B(ry; 1) = (}(7]) , 

¢(ry; 1) = ¢(ry). 

(3.31) 

(3.32) 

(3.33) 



Expanding [(TJ;p), e(TJ;p) and ¢(TJ;p) in accordance with the Power series we have: 

(3.34) 

where the convergence depends upon nJ , no and nef>. Assume that nJ, no and nef> are chosen 

such that the series (3.34) converges at P = 1 thus 

00 

f ("I) fa ("I) + L f m ("I) , 
,n=l 

00 

8 ("I) 80("1)+ L8m (TJ), 
,n=l 

00 

¢ ("I) ¢o ("I) + L ¢m ("I) . (3.35) 
m=l 

3.2.2 mth-order deformation problems 

By taking the differentiation m times of the given equations Eqs. (3.21) - (3.26), with respect 

to P then dividing by m! we get 

(3.36) 

(3.37) 

(3.38) 

8m (0) = 8m ( (0) = 0, (3.39) 

Lef> [<Pm ("I) - Xm<Pm- l ("I)] = nq,Rt,. ("I), (3.40) 

(3.41) 
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in which 

[ 
m-l 1 

R!n (1]) = 1:::-1 + ~ [1m- I-k If - 2I:n-l-dO - (M + ).) I~1- 1 , (3.42) 

1 ( 4) m-l m-l 
-p, 1 + -3R e~1-1 + Nt 2: e~n-l-kek + Nb 2: ¢~- I-kek 

I k=O k=O 
m-l m-l m-l 

+ Bc L I!-I-df - 2: I:n-l-kek + 2: e~-I-k !k - St U:n- d , (3.43) 
k=O k=O k=O 

m-l 
R'!n(1]) = ¢:~-1 + (~!)8:~-1 - SeSmI~1_1 + Se L [Im-l-k¢k - ¢m- l-k I£] , 

{ 

0, 
Xm = 

1, 

and the general solutions are 

where I:n, e;n and ¢;'1 are the special solutions. 

k=O 

m:::; 1, 

m > 1, 

3.3 Convergence of HAM solution 

(3.44) 

(3.45) 

(3.46) 

(3.47) 

(3.48) 

Homotopy analysis method (HAM) involves embedding parameter n which playa vital role 

to control the convergence of the series solution. The suitable range for admissible values 

of n can be evaluated by sketching the n-curves for velocity, temperature and concentration 

profiles. The admissible values of nf, no and nq, are -1 ~ nf ~ -0.2, -0.95::; no :::; -0.3 and 

-0.9 :::; nq, :::; -0.35 as shown in Figure (3.2) . It is important to note that the series solution is 

convergent for whole range of 1] (0 < 1] < 00) when nf = no = nq, = -0.8. 
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Figure 3.2: Combined n-curves for I" (0) , e' (0) and ¢/ (0) . 

Table 3.1. HAM series solutions converge at different order of approximations when Pr = 1.7, 

Se = 1.1 , A = Sm = St = M = 0.1, Ee = 0.5, Nt = Nb = 0.8 and R = 0.4. 

Order of approximations - 1"(0) -e'(O) -¢/(O) 

1 1.3467 0.49636 0.62000 

10 1.3589 0.39716 0.78108 

20 1.3590 0.39758 0.77459 

25 1.3590 0.39761 0.77414 

33 1.3590 0.39762 0.77406 

37 1.3590 0.39762 0.77404 

40 1.3590 0.39762 0.77404 

45 1.3590 0.39762 0.77404 

50 1.3590 0.39762 0.77404 

45 1.3590 0.39762 0.77404 

50 1.3590 0.39762 0.77404 

55 1.3590 0.39762 0.77404 
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3.4 Graphical results and discussion 

The analytical solutions are obtained for velocity f'(ry) , temperature eery) and concentration 

fields ¢(ry) for various values of pertinent parameters. Obtained results are displayed through 

graphs. The effect of Hartman number M on the velocity field f'(ry) is shown in Figure (3.3). 

This figure reveals that the increasing values of M results in a decrease in the velocity profile. 

This is due to the fact that an increment in M, enhances the effect of magnetic damping force, 

called a Lorentz force, which has the tendency to retard the fluid motion. Thus the resistance 

offered by Lorentz force to the flow yields a reduction in the fluid velocity. It is dearly shown in 

Figure (3.4) that the larger values of porosity parameter A leads to a reduction in velocity field 

f'(ry). This is evident from the fact that the porosity parameter depends on the permeability 

parameter K (see Eq. (3.15)). This lower permeability parameter K corresponds to larger 

values of the porosity parameter A and hence the reduction in the fluid velocity is inquired. 

The variation in temperature profile e (ry) under the influence of Brownian motion parameter 

Nb and thermophoresis parameter Nt is captured in Figures (3.5) and (3.6) respectively. From 

the Figure (3 .5) we have noticed that an increase in Nb results in an increase in the temperature 

profile. This is due to the fact that Brownian motion is actually for random motion of nanopar

tides in base fluid . So, with increasing values of Nb nanopartides vibrate haphazardly and 

temperature profile increases. The variation of thermophore sis parameter Nt on temperature 

profile is depicted in Figure (3.6). It reveals that the temperature profile and thermal bOlmd

ary layer thickness increases when thermpphoresis parameter Nt increases. Increase in thermal 
. .... . 

stratified parameter St yields a reduction in the temperature difference between surface and 
.. ;~ 

ambient fluid as illustrated in Figure ::(3.7). Figure (3.8) demonstrates the decreasing behavior 

of the temperature profile with the increase in Prandtl number PI' . This is quite in accordance 

with the fact that the ratio of momentum diffusivity to thermal diffusivity is signified as the 

Prandtl number Pl'. Thermal diffusivity decreases by increasing PI' and heat diffuses away 

slowly from the heated surface and thus temperature decreases. The temperature profile for 

different values of R is plotted in Figure (3.9) . It has been noticed from the figure that tem

perature increases and its corresponding boundary layer gets thicker for larger values of R. On 

increasing the values of Ec number, temperature of the fluid also increases. The variation in 

temperature predict that the viscosity of the fluid is sensitive in nature. Due to the fact of the 
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drag forces, Eckert number Ee stores heat energy within the fluid thus the temperature profile 

increases (see Figure (3.10)). 

Effect of different parameters on concentration profile are depicted in Figure (3.11 - 3.14). 

Figure (3.11) potrays that by increasing Se, the concentration profile decreases. An increment 

in the solutal stratification parameter Sm yields a decrease in concentration profile as demon

strated in Figure (3.12). Figure (3.13) shows the variation of concentration profile corresponding 

to the larger values of Brownian motion parameter Nb. Here concentration profile decreases 

via Nb. Figure (3 .14) discloses that the concentration profile increases with the increase in Nt. 

Table (3 .1) is tabulated to show the convergence of the series solutions for velocity, tem

perature and concentration profiles. Analysis of Table (3 .1) reveals that the convergence is 

achieved at 20, 33 and 37th orders of approximations respectively. Numerical values of skin fric

tion coefficient for different values of Hartman number M and porosity parameter)' are given 

in Table (3.2) . We observed that increasing values of M and), yield a increase in skin fric

t ion coefficient . Variation in local Nusselt number Nu (heat transfer coefficient) and Sherwood 

number Sh (mass transfer coefficient) for different values of Se, Nb, Nt, St and Sm is shown 

in Table (3 .3) with the fixed values of other parameters as ), = 0.1 , Pr = 1.7, R = 0.4, M = 0.1 

and Ee = 0.5. Here we noticed that increasing values of Sm and St exhibit the enhancement 

in both Nusselt and Sherwood numbers, whereas Nusselt and Sherwood numbers decreases for 

larger Nt . For Nb and Se Nusselt and Sherwood numbers potrays an opposite behavior. 
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Table 3.2: Numerical values skin friction coefficient when Pr = 1.7, Se = 1.1 , oX = Sm = 

St = M = 0.1, Ee = 0.5 , Nt = Nb = 0.8 and R = 0.4. 

M oX - 1"(0) 

0.1 0.1 1.3590 

0.2 1.3958 

0.3 1.4316 

0.5 1.4665 

0.3 1.3958 

0.4 1.4316 

0.5 1.4665 
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Table 3.3: Numerical values of Nusselt and Sherwood numbers when Pr = 1. 7, 8e = 1.1 , 

A = 8m = 8t = M = 0.1, Ec = 0.5, Nt = Nb = 0.8 and R = 0.4 

8m 8t Nb Nt 8e (1 + 4:) C=1i ) g' (0) (l~J'ri) ¢' (0) 

0.1 0.1 0.8 0.8 1.1 0.6774 0.9381 

0.2 0.6940 0.9979 

0.4 0.7285 1.0668 

0.5 0.7463 1.1904 

0.2 0.7374 0.8609 

0.3 0.8130 0.8622 

0.4 0.9117 0.8638 

0.6 0.7419 0.7498 

0.7 0.7089 0.8132 

0.9 0.6472 0.8957 

0.6 0.7053 0.9020 

0.7 0.6911 0.8804 

0.9 0.6442 0.8407 

1.0 0.6911 0.7774 

1.2 0.6651 0.9381 

1.3 0.6541 1.0122 

3.5 Key findings 

This chapter contained an analytical solution of MHD boundary layer nanofluid flow beyond 

a exponential stretched surface having the thermal radiation, porous and double stratified 

medium. By taking the larger values of Hartman number M and porosity parameter A a 

decreasing behavior of the velocity profile f (1])'is examined. For higher values of Nb and Nt 

parameters , the temperature profile enhances. Temperature profile decreases with an increment 

in St. The effect of Prandtl number Pr is to reduce the temperature and thermal boundary layer 

thickness. Radiation effect enhances the thermal stratified fluid and exhibits the same behavior. 

It is worth mentioning that the temperature and its associated boundary layer thickness is a 
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increasing function of Ee. Concentration profile decreases for increasing values of Sm. Nb and 

Nt parameter exhibits an opposite behavior in concentration profile. Skin friction coefficient 

increases for both M and .A. The dimensionless local Nusselt number increases with an increase 

in Pr. T he local Nusselt number increases for higher values of Sm and St while it decreases for 

larger Se, Nb and Nt. Local Sherwood number enhances by increasing Sm, St, Se and Nb. 

-........ 
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