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ABSTRACT

In this thesis, we consider type-l1 mixtures of the members of a subclass of one parameter
exponential family. This subclass includes Exponential, Rayleigh, Pareto, a Burr type XII and
Power function distributions. Except the Exponential, mixtures of distributions of this
subclass get either no or least attention in literature so far.

The elegant closed form expressions for the Bayes estimators of the parameters of
each of these mixtures are presented along with their variances assuming uninformative and
informative priors. The proposed informative Bayes estimators emerge advantageous in terms
of their least standard errors. An extensive simulation study is conducted for each of these
mixtures to highlight the properties and comparison of the proposed Bayes estimators in terms
of sample sizes, censoring rates, mixing proportions and different combinations of the
parameters of the component densities. A type-IV sample consisting of ordinary type-I, right
censored observations is considered. Bayesian analysis of the real life mixture data sets is
conducted as an application of each mixture and some interesting observations and
comparisons have been observed.

The systems of non-linear equations to evaluate the classical maximum likelihood
estimates, the components of the information matrices, complete sample expressions, the
posterior predictive distributions and the equations for the evaluation of the Bayesian
predictive intervals are derived for each of these mixtures as relevant algebra. The predictive
intervals are evaluated in case of the Rayleigh mixture only for a number of combinations of
the hyperparameters to look for a trend among the hyperparameters that may lead towards an

efficient estimation.
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CHAPTER 1

INTRODUCTION AND REVIEW OF LITERATURE

There are many practical situations where an underlying population is believed to consist of a
finite number of categories such that the individual object, on which the observation X is
made, belongs to one of these categories. In many practical situations, the use of the finite
mixture model becomes inevitable when data are not available for each component or
conditional distribution separately rather for the overall mixture distribution. The use of
mixture models in such situations is called the direct application of the mixture models. On
the other hand, the indirect applications include, for instance, the kernel based density
estimation, the identification of contaminants in a data, cluster analysis, modeling prior
densities and random variable generation. In this thesis we have considered the direct
application of mixture models.

A random variable (X') is said to follow a finite mixture distribution if it has a
probability density function of the form

k

p(x)=§17zjfj(x\9j) 07,50,/ =12,k, S, =1 £,()20, [f,(x) dx =1

=i
The parameters, z;’s, are mixing weights, fj(x‘ﬁj) is the jth component density of the
mixture and ¢, is the parameter of the j™ component density. The conditional probability of
X given that the observation actually belongs to the category ; is summarized by fj(x‘ej)

and 7, is the probability that the observation belongs to the category ; .



The history of methodology for the finite mixture models dates back to 19" century
when Pearson (1894) made use of method of moments to estimate the five parameters of a
two-component normal mixture. The literature of finite mixture models has grown rapidly
since the advent of computers and the recent powerful computational techniques. Finite
mixtures have applications in a large number of areas e.g., econometrics, sociology,
engineering, reliability estimation, quality control, electrophoresis, switching regression,
medical diagnosis and prognosis, multi target signal environment, remote sensing, clustering
and discriminant analysis.

The first comprehensive monographs on finite mixtures include Everitt and Hand
(1981) and Titterington (1985) and McLachlan and Basford (1988). There is an extensive
bibliography in Titterington (1985). The Theory, geometry and applications of mixture
models are presented by Lindsay (1995). Mi (1999) underlined the age-smooth properties of
mixture models. Bohning (2000) presents computer assisted analysis of mixtures and
applications. Finite mixture models are focused by Geoffrey (2000) while a nice account of
finite mixtures is given by Schnatter (2006) with a touch of Markov switching models.
Bdhning et al. (1998), Bohning and Seidel (2003) and Béhning et al. (2007) highlights the
advances in Mixture Models. A detailed discussion of medical applications of finite mixture
models can be seen in Schlattmann (2009).

Deciding on the number of categories (components of the mixture), if it is not known,
is a difficult problem and relatively a little work has been done to this effect so far. The work
done so far can be divided into the informal graphical methods and the formal hypothesis
testing. The informal graphical methods include the study of the sample histogram. There are

two limitations of graphical methods. First, unimodality of the underlying data does not imply



that it is not a mixture. Secondly, bimodality of the sample histogram is not necessarily an
indication of a mixture data having two components. Titterington (1985) has given an account
of bitangentiality which is a less dramatic departure from unimodality. Bimodality implies
bitangentiality but bitangentiality does not imply bimodality. He has declared bimodality an
extra hump and bitangentiality an extra bump. The formal hypothesis testing includes the
generalized likelihood ratio test but, unfortunately, is not that straightforward. Solow (1994)
analyze the Bayesian estimation of the number of species in a community. Dietz and Béhning
(1997) analyze two-component mixture models with one completely or partly known
component. Zheng and Frey (2004) discuss evaluation of sample size, mixing weights, and
separation between components.

The identifiability problem for finite mixtures is extensively studied by a number of
authors. Teicher (1960, 1961, 1963 and 1967) emphasizes that before attempting the
parameter estimation in finite mixture distributions, one must make sure that the class of
distributions considered is identifiable. He reviews the conditions of identifiability in several
senses i.e., T-identifiability, P-identifiability and B-identifiability. Yakowitz and Spragins
(1968) discuss that the mixtures of the members of the exponential family of distributions are
identifiable. In this thesis, the mixtures of a subclass of the distributions of the exponential
family are considered. Chandra (1977) is among the others who contributed to the problem of
identifiability of mixture density functions.

As quoted by Soegiarso (1992), four types of mixture samples are confronted with in
real life applications. Type-1 sample consists of observations which are not labeled. In Type-II
samples, the observations are completely labeled and no censoring. The Type-lll samples

comprise unlabeled observations which are completely labeled subsequently. The Type-1V



samples consist of unlabeled observations, of which some are labeled afterwards but rest of
them are labeled due to censoring. The real life illustration, we are dealing with in our thesis,
considers a Type-1V sample. The Type-1V samples are most frequently encountered in real
life applications.

Li (1983) and Li and Sedransk (1982 and 1988) focus various aspects of mixture
distributions and quote two types of mixture models. A type-I mixture is defined as the
mixture of probability density functions from the same family. While a mixture of density
functions from several families is called a type-Il mixture. Rachev and SenGupta (1993) and
Scallan, A.J. (1992) are two examples of type-l1l mixtures. In some practical situations, a
mixture population may have the known component densities and we need to infer about only
the mixing weights. On the other hand in many real life applications, there are known
functional form of the component densities with unknown parameters but the mixing weights
may be considered known. But in most of the applications the functional form and the number
of the component densities are known but with unknown parameters of the component
densities as well as unknown mixing weights. However, the component densities may or may
not belong to the same parametric family. In this thesis, type-1 mixture models with unknown
parameters of the known number of component densities belonging to the same parametric
family and with unknown mixing weights are considered. Some practical applications are
discussed and analyzed with a touch of novelty.

Censoring is an unavoidable feature of the most of the lifetime applications and is a
form of missing data problem. An account of censoring can be seen in Sinha (1986), Leemis
(1995), Dietz et al. (1996), Klein and Moeschberger (1997) and Kalbfleisch and Prentice

(2002) and Smith (2002) which are valuable contributions on survival analysis techniques for



censored and truncated data. Ragab (1992) discussed predictors of future order statistics from
type-11 censored samples. Jiang and Kececioglu (1992) deals with maximum likelihood
estimates using censored data for mixed Weibull distributions while Wang and Li (2005)
considers the estimators for survival function when censoring times are known. Saleem and
Aslam (2009) has considers a Rayleigh distributed random censoring time. Censoring is
divided into three kinds, i.e., left, right and interval censoring. Right censoring may be of
type-1, type-11 or random right censoring. Type-I censoring is further divided into ordinary
type-1, progressive type-l1 and generalized type-l1 censoring while the type-Il sampling is
categorized as ordinary type-Il and progressive type-11 censoring. An observation on lifetime
of an object is said to be censored one if the exact life length of that object is unknown.
Censoring is called right (left) if the unknown life length lies on the right (left) of the end
(start) of study. The random right censoring is said to be employed if lifetime of an object is
greater than an independent random number. In type-1 (type-11) right censoring the life-test
termination time (the number of dead objects) is pre-specified. In ordinary (progressive) type-
I right censoring the life-test termination time is the same (different) for all the objects.
However, in generalized type-1 right censoring objects enter a life test at different time points
while the life-test termination time is fixed. The lifetime of an object is called interval
censored if it is known to fall between a known time-interval. Interval censoring has
applications in industrial life-time experiments where objects are inspected periodically. In
ordinary (progressive) type-Il right censoring the life-test terminates after a (series of) fixed
number of deaths occurs in a single phase (a series of phases). In this thesis, an ordinary type-

I, right censoring is considered with a fixed life-test termination time.



Posterior distribution is the basis of Bayesian Inference. Posterior distribution is
obtained when prior information is combined with the likelihood. Therefore, the prior
information is a necessary part of Bayesian inference. Prior information often represents
purely the subjective assessment of an expert before any data have been observed. In
Bayesian analysis, specification, elicitation and formulation of a prior distribution is often
difficult, so the use of conventional priors reflecting little or no information is recommended.
These priors are called uninformative, indifference, ignorance, vague or reference priors. The
uninformative priors are supposed to yield the Bayes estimates that are approximately as
precise as maximum likelihood estimates. An uninformative prior is usually improper i.e. it
does not have a proper density function but the resulting posterior distribution is a proper
density function. Uninformative priors are often formal and impersonal simply to enable the
theory to begin with. Burger (1985) declares the Bayesian analysis assuming the
uninformative prior is likely to yield a sensible answer for a given investment of effort.
Uniform and Jeffreys are the most commonly used uninformative priors. A nice discussion on
Uniform prior can be seen in Jeffreys (1961). Kass (1989) declares the Jeffreys prior a
uniform measure in information metric. Bernado (1979) states that when there is no nuisance
parameter then the Jeffreys prior is an appropriate reference prior.

An informative prior carry fairly precise, specific, definite and scientific information
about the unknown parameter of interest. The conjugate priors being compatible with the
likelihood are often used as informative priors. Ghosh et al. (2006) states an advantage of the
conjugate prior in terms of the calculation of posterior quantities in closed form. Parameters
of the informative prior distributions are called hyperparameters, to distinguish them from the

parameters of the data generating model. As the formal elicitation of the hyperparameters, is



not a focus of this thesis, so appropriate values of the hyperparameters are assumed to
accomplish computations wherever required.

Titterington et al. (1985) compile the scope and frequency of applications compiled from a
wide variety of fields and point out the overwhelming preponderance of normal mixtures.
However, binomial, poisson, gamma, exponential, lognormal and von-mises mixtures are also
encountered. Al-Hussaini et al. (1997) makes parametric and nonparametric estimation for
finite mixtures of lognormal components. Wiper et al. (2001) work with mixture of Gamma
distributions and its applications. Sultan et al. (2006) discusses the mixture of two inverse
Weibull distributions in terms properties and estimation. They also indicate
that many of these applications concern univariate mixtures and very often only two
components are involved.

The maximum likelihood and moments methods are the mostly used estimation
methods in the mixture distributions. Redner and Walker (1984) have given a note on
maximum likelihood estimation and the EM Algorithm while Arcidiacono and Jones (2003)
estimated finite mixture distributions using Sequential Likelihood and the EM Algorithm.
However, the Bayesian estimation in connection with the finite mixture models is paid
relatively little attention in literature so far. History of Bayesian analysis of mixture
distributions is not that old. Sinha (1998) and Nobile (1998) are among the first who went for
the Bayesian estimation of the finite mixture models.

The focus of this thesis is the mixtures of distributions of a subclass of one parameter
exponential family. This subclass includes Exponential, Rayleigh, Pareto, Burr type-XIlI, and
Power Function distributions. Except the Exponential, Bayesian analysis of type-1 mixtures of

distributions of this subclass get either no or least attention in literature so far. The



contribution in this thesis to the Bayesian analysis of the Power function mixture is published
in the Journal of applied statistics. The work on Rayleigh mixture is already published in the
Journal of Applied Statistical Science and Pakistan Journal of Statistics. While the works on
the Burr and Pareto mixture are under review by the International Statistical Review and
Metrika respectively.

The elegant closed form Bayes estimators are derived for each of these mixtures
assuming informative and uninformative priors. Also an extensive simulation study is
conducted to highlight some interesting properties and comparison of the Bayes estimates
using type-I, right censored mixture data. Also, some real life examples are presented in a
novel way. Although the presentation of the maximum likelihood estimates of the mixture
parameters is not a focus of this thesis, yet the systems of non linear equations which are
required for the evaluation of maximum likelihood estimates and the elements of the negative
Hessian matrix are derived as a related algebra.

Chapter 2 consists mainly of the comprehensive simulation study of the Exponential
mixture to highlight properties and comparison of Bayes estimates, derived parallel to Sinha
(1998) assuming uninformative and informative priors. A real life application is presented as
well. Chapter 3 presents Bayes estimators assuming uninformative and informative priors for
a two component mixture of the Rayleigh distribution. A simulation study is conducted to
highlight the properties of the said Bayes estimates along with a real life application. The
work done in this chapter partially appears in Saleem and Aslam (2008a) and Saleem and
Aslam (2008b).

Chapter 4 deals with a comparison among a number of available conjugate priors

based on predictive intervals. The contents of Chapter 4 are published in Saleem and Aslam



(2008b). Another important member of the Exponential family is one parameter Pareto
distribution. The predictive intervals are derived and are evaluated extensively in Chapter 4.
Chapter 5 includes an account of Pareto mixture in terms of derivations of Bayes estimators
and their properties based on a comprehensive simulation study along with a real life
application. The work done in this chapter is under review of Metrika.

A study has been conducted in Chapter 6 of a Burr Type-XII mixture and has been
submitted for possible publication in the International Statistical Review. We are the first to
contribute to the area of mixture of Power Function distribution. The contents of Chapter 7
include details and some nice features of Power Function mixtures are published in Saleem
and Aslam (2010). Overall conclusion is summarized in Chapter 8 along with some

recommendations for the possible future extensions of this work.



CHAPTER 2

PROPERTIES AND COMPARISON OF THE BAYES ESTIMATES OF
THE EXPONENTIAL FINITE MIXTURE PAREMETERS

2.1 Introduction

Exponential distribution has applications in life testing of the objects which do not age with
time and have constant hazard rate. If a population of certain objects is assumed to be
composed of two subgroups mixed together in an unknown proportion and the observations
taken from this population are supposed to be characterized by one of the two distinct
unknown members of an Exponential distribution, then the two component mixture of the
Exponential mixture is recommended to model such a population provided the data is not
available on the individual components rather on the mixture only. Ahsanullah (1988) worked
on record values of exponentially distributed random variables. McCullagh and Peter (1994)
combine Exponential mixtures and quadratic Exponential families. Sinha (1998) has
compared the ML estimates and the Bayes estimates assuming the Jeffreys prior for the
Mendenhall and Hader (1958) mixture model. Ebrahimi (2001) focused on the mixing
fraction of the Exponential mixture. Ragab and Ahsanullah (2001) estimated location and
scale parameters of generalized Exponential distribution based on order statistic. Hebert and
Scariano (2004) compare the location estimators for Exponential mixtures under Pitman’s
measure of closeness. Ali et al. (2005) discussed the Bayes estimators of the Exponential
distribution. Gosh and Ahmed et al. (2005) have discussed robustness of the ML estimation of
the Exponential parameters. Elsherpieny (2007) estimated parameters of mixed generalized
exponentially distributions from censored type-1 samples while Abu-Taleb et al. (2007)

considered Bayesian estimation of exponential survival time using exponential censor time.
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The Exponential distribution, because of its memory-less property, is used for the life-testing
of the products that do not age with time. There are several electronic devices whose failure
rate does not depend upon their age and, therefore, the Exponential distribution is considered.
In this chapter, the said Exponential mixture is defined in Section 2.2. The likelihood specific
expressions are developed in Section 2.3. The ML estimates and the components of the
information matrix are derived in Section 2.3. In Section 2.4 and Section 2.5 the expressions
for the Bayes estimators assuming uninformative (the Uniform and the Jeffreys) and the
informative (Inverted Gamma) priors, are derived along with their variances. The complete
sample expressions, as the test termination time tends to infinity, of the said estimators and
variances are derived in Section 2.6. A comprehensive simulation study is conducted in
Section 2.7 to compare and highlight the properties of the Bayes estimates in terms of sample
sizes, censoring rates and parameter points. Type-1V samples are simulated with ordinary
type-1, right censoring from a two component type-l, Exponential mixture. A real life

application is discussed in Section 2.8. Some concluding remarks are given in Section 2.9.

2.2 The Exponential Finite Mixture Model
A finite mixture density function with a known number (£ >1), of component densities of

specified parametric form (exponential) but with k unknown parameters,é, <6, <...<¥6,

depending upon their cause of death and £ unknown mixing weights,0< 7, <1, i=12,...,k

k-1
where 7, :1—27;. is defined as follows.
i=1

=37 £ 2.1)

The following exponential distribution is assumed for the k components of the mixture.

11



f(x)——exp( x16),i=12,...k;j=123,..,r,0<6 <0, OSxij<oo

l

The corresponding mixture survival function is given by S(x) = Z;r e

i=1

23 The Maximum Likelihood Estimates for Censored Data

The sampling scheme includes a Type-IV sample of size » units from the mixture model

described above under ordinary type-I, right censoring. Let a minor inspection of the dead

objects shows that 7, i=1,2,...,k of the r failed objects are failed because of the 1%, 2"
k

k™ cause of death respectively such that r = > r and the remaining »n—r objects are still
i=1

alive and hence cannot be labeled because of censoring. We define, xij as the failure time of

the j” unit belonging to the i subpopulation, where j=1,2,3,...,7; i=12,...,k and

0<x,,%,;,...,x; <T . So the likelihood function for this censored sample is as under.

L(a,nfx) < {] [ 7, G ] [ 7 Lo - Al [ £ e BS@N™Y (22)
Jj=1 Jj=1 J=1
X =Xy, X0y X ) = (000 Xpg ooy X Xogy Xy Xy sy Xygy X4, X, ) 1S ata while the 2k -1

parameters are 0 =(64,,6,,...,6,)and n = (7, 7,,...,7,), 7, = 1—275..

i=1

L. ([ )]0 N (x ¢ Dexpld 40 (25, @3

After some manipulation, the likelihood function in (2.3) takes the form as follows.

L(0,7|x) oc Z (kl,kz, y j(]‘[n”")(]‘[e ")exp 2{9 (Zx1]+kT)} (2.4)

Kk .k, i=1
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HY :(”"’:f‘lj denotes the number of all k-ary sequences (k,k,,...,k,)of non-negative

k
—7)!
integers with Ekl.ZI’l—l” and (k kn_rk ):% in the expansion of the
i-1 1K1 etk !

k
multinomial (ZzziT_“i)”‘r as discussed in Chuan-Chong and Mhee-Meng (1992). The ML
i=1
estimates are obtained by simultaneously solving the & equations obtained by setting the first
order derivatives of the natural log of the likelihood (2.3) with respect to
6, 6,...0,r, ..., x,, tozero.

7

2%
=t N (n—r)z,Texp(-T16)

)
. A

2 k
o0 g {Zm exp(—T/e,)}

i=1

=1 i=12...k (2.5)

l

i T {Zﬂ exp(—T/e,.)}

i=1

i (o) {eCTI0)-exp(TI6); gy (2.6)

It is not possible to solve analytically the above system of 2k—1 non-linear equations.

However, they can Dbe solved by the numerical iterative procedure. Let
0=, 0,..., 0,, 7, 7,,..., m,,) and it is a well known result that 6 ~ N'(0, 1™(0))
asymptotically. Here I1(0) is a symmetric matrix of order 2k —1 as given bellow.

o°l
00 00’

1(0) =—E( ) (2.7)

Matrix (2.7) is the information matrix of order 2k —1, inverting it we can find the variances of
ML estimates on the main diagonal. Following are the elements of the symmetric information

matrix.

13



K 3119
[[m)e = (T-26)+2770™"
i=1

i=12,... k. (2.8)

-
81)=i+

00> 07

E( . 4
i i T—l(n _r)—leill (Z ﬂ_ie—T/Hl)Z
i=1

—0° N(-TI6  -TI6,\2
E(aézl)ziz_r_é+(n r)]fe e ) , i=1;2,.-.,k_1. (2.9)
7T; T T (zﬂie—rlai)z
-1
k Y ria)
_821 _azl _(n_l") TZ(Hﬂ'l) e =
EGose) "t Goa0) " C j>i=12,..k (2.10)
iy Jjo i ‘9;'2 0]2 (Z ﬂ_je—T/Hi)Z

i=1l

k

-0° —0° <310 '
E( a l ):E( a l ):_(n_’,.) Hi—ZTe = (Zﬂ.ie—T/éh)—21
)

odor; 00,0r, (2.11)
i=12,...,k j=12,..., k-1
o AL Y AL W SRR Ul N GOt S0
2 k !
om0, or o, T, " —e ),1(2 7T 2.12)
=1

i=12,...,k-2,j=i+1=2,..., k-1,
The computation of the above elements of Information matrix can be conducted using
Mathematica software after replacing the parameters by their estimates obtained by iterative

numerical solution of equations (2.5)-(2.6) .

24 The Posterior Distributions assuming the Conjugate Prior

Having a look on the likelihood, Inverted Gamma prior is considered as an informative prior

for the unknown component density parameters of the mixture.

14



2.4.1 The Posterior Distributions assuming the Inverted Gamma Prior

For the parameters of the exponential component densities given in Section 2, the inverted

gamma priors are assumed as follows. g, (6,)oc (1/6)" " e*'%, 6,>0, m,,s, >0, i=12,....k,
and w=(7,7,,...,7,) Dirichlet(1,1,...,1) . Assuming independence, the joint prior is

incorporated with the likelihood (2.3) to have the following joint posterior.

g,(0,7[x) = Q;} 2 (k o k){Hﬁ }{HH‘”’"”)}exp{ 2{9 (s+2x.+kiT)}

ky iy ..

k
[1rG+m)
where Q= z (o ) Btk +1..,5 +k, +1) &
1420 k k

ol H{s +Zx +kT} |

i=1

Marginal posterior distributions of 6, i=1,2,...,k are obtained by integrating out the

nuisance parameters.

glG,(9i|X)=Q;l z (klk’;..r.,kk)B(Vl+k1+1!---’rk+kk+1)

ky ik ..

S T +m) | pem =]
X —— i LUt exnd 07 (A4 +5.)}, 0<O <o, i=12,... k.
{E(A,.+s,«)’f””f} ’ PEO AT}, 0<0

The marginal posterior distributions of =, i=1,2,...,k -1 are obtained on the same lines. The
expectations of 6, i=12,....,k and of =z, i=12,...,k—1 with respect to the respective

marginal distributions give the Bayes estimators under the squared error loss function. The

Bayes estimators assuming the inverted Gamma prior are derived as follows.

,i=12,...k

I'(r,+m —1) L'(r.+m,)
9 Q ( B +k +1,...n +k +1) ——— L ]
Ile kzz ky kl : kk ' ' ¢ ¢ (A, +S,‘)r‘ m; 11;1[(14] +Sj)’j m;

15



HE, ko T'(r.+m.
7 =Q, Z (o e IB+R+L. 7 +k +2,.,0 +k, +1)H((—-’),i=1,2,...,k—1.

ri+m
Kk ek A )

2.4.2 Variances of Bayes Estimators assuming Inverted Gamma Prior

The expressions for the variances of the Bayes estimators are derived as follows.

Hy I'(r 2 I'(r.+m.
V@) =0 3 (LBl L+ 4 Gotm=2) pp Tlym)
ke kg sk (Ai+si)’ ' J#i (A‘,'+Sj)/ !

HA
{Q,G Z bl B+ k +1,r, + K +1)
Lk

ky kg ..

2
T'(r -1 I'(r,+m.
Ot =) pr TOEm) Lo g
(A[+S[)l ' J# (Aj+sj)J !

. iy LT
V(E)=Qe D, (il )Bi+k+1.n+k+3,...15+k +1)HM

' etk 1 +m
Kk ok (A e

2

Hy, r.+m

19, D G Bk +L. ok +2, 5 +k, +1)H—( ) ,i=12,...,k-1.
Ky ook j=1 (A +s )

ri k k
where 4, :in/+kiT, i=12,...k; z:; =r and Zkl. =n-r.
=t - -

2.5 Bayes Estimators assuming Uninformative Priors

The Uniform and the Jeffreys priors are two common examples of uninformative priors which
materialize the use of Bayesian estimation methods when no prior information is available.
The uninformative priors are supposed to produce estimates that are approximately as precise

as ML estimates if the mode of the posterior distribution is used as a Bayes estimate.

2.5.1 Bayes Estimators assuming the Uniform Prior

Let us assume a state of ignorance i.e., 8, i=12,...,k is distributed uniformly over (0,0)

16



and &t = (7,,7,,...,7,) U Dirichlet(1,1,...,1) . Hence f,(6) <k, i=12,...,k. Assuming

independence we have an improper joint prior that is proportional to a constant and is
incorporated with the likelihood (2.4) to yield a proper joint posterior distribution. The
arithmetic means of the parameters with respect to the respective marginal distributions yield
the Bayes estimators under the squared error loss function. These estimators can be had by

replacing m, =1, s, =0 in equations of Section 2.4. The expressions for the variances are

obtained on the same lines.

2.5.2 Bayes Estimators assuming the Jeffreys Prior
Let g(6) < 1/1(0 , 1(6) =—E[——— f( | )] A f(x|(9) i=12,...,k . For the parameters of

the exponential component densities given in Section 2, the Jeffreys prior of 6 is
g,(0)x1/6,i=12,..,k as used by Sinha (1998) while as in Section 2.5.1, we assume
n=(n,,7,,...,7,) U Dirichlet(1,1,...,1). Assuming independence, the joint prior is

incorporated with the likelihood (2.4) to have the joint posterior. The expectations of the
parameters with respect to the respective marginal distributions give the Bayes estimators
under the squared error loss function. These Bayes estimators and their variances are obtained

by replacing m, =0, s, =0 in the expressions given in Section 2.4.

2.6 The Complete Sample Expressions

When the sample is uncensored, T tends to o, r tends to n, r tends to n,, i=12,...,k,

and consequently all the observations are incorporated into our analysis. Therefore, the

amount of information contained in the sample is increased. The expressions for the Bayes

17



estimators and their variances are simplified as given in Tables 2.1-2.2 for k=2 . It is
immediate that the efficiency of the estimates is increased as well because of inclusion of all
the observations in our sample. This is clear from the second order derivatives of the log
likelihood given in Section 2.3 that the off diagonal terms of the information matrix vanish
and ensure the linear independence of the ML estimates. The information matrix becomes a

diagonal matrix which can be inverted very comfortably by simply inverting the terms on the

main diagonal.

Table 2.1 The complete sample expressions for the Bayes and ML estimators as 7' — oo

Parameters Bayes Estimators Bayes Estimators ML Estimators
(Uniform) (Jeffreys)
o =2 n -1 m
o, n,—2 n,-1 n,
T, n +1 n+1 n
n+2 n+2 n +n,

Table 2.2  The complete sample expressions for the variances of the Bayes and ML
estimators as 7 — o

Parameters Variances of Variances of Estimated Variances
Bayes Estimators  Bayes Estimators of ML Estimators
(Uniform prior) (Jeffreys prior)

(lej)z (lej)z (Z)le)z

b n-m-2F -1 (n-2) "
o (sz; )2 (ZXZ/' )2 M
? (m,~-3)(n,~2"  (n,~D%(n,~2) m
(n, +1)(n, +1) (n, +)(n, +1) nn,
72 (n+2)*(n+3) (n+2)*(n+3) (n, +n,)(n, —n,)
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2.7 A Simulation Study
A simulations study is carried out in order to investigate the performance of the Bayes
estimators in terms of sample size, censoring rate and parameter size for £ =2. Samples of

sizes n =50, 100, 200, 300 were generated from the two component mixture of Exponential

distribution with various combinations of the parameters 6, €, and 7z, such that
(6,,6,) {(15,20),(20,25),(24,30),(32,40) } and 7, {0.40,0.60} . Probabilistic mixing was

used to generate the mixture data. For each observation a random number « was generated

from the uniform distribution on [0, 1]. If u < x,, the observation was taken randomly from
the Exponential distribution with parameter & otherwise it is from the exponential
distribution with parameter 6,. Ordinary, type-I, right-censoring is carried out using a fixed

test termination time 7. The choice of the censoring time is made in such a way that the
censoring rate in the resulting sample to be approximately 15% and 30%. For each of the 64
combination of parameters, sample size, censoring rate, one thousand samples were generated
using a routine in Minitab software. In each case failures are identified to be a member of
either Subpopulation-1 or Subpopulation-2 of the mixture. For each of the 1000 samples, the
Bayes estimates were computed using a routine in Mathematica software. The results are
presented in Tables 2.3-2.7. Tables 2.3-2.6 display some interesting properties of the Bayes
estimates in terms of sample sizes, censoring rates, size of life time parameters and mixing
proportion parameters. Table 2.7 presents an interesting comparison between the three Bayes

estimates. The properties and the comparison observed are summarized in Section 2.9.
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2.8 A Real Life Example

Davis (1952) mixture data denoted by x = (x;;, X;5,.-., X, , X1, Xpy,- -+, Xp,, ) CONSists of hours

to failure of an indicator valve and of a transmitter valve both used in the aircraft radar sets.
Until failure occurs at or before the test termination time 7 =800 hours is over, it is not
known that which valve will fail and hence the category of failure is unknown. Inspection of
the failed units allowed the engineers to allocate the failed units to two subpopulations. The
test was conducted 1003 times till the test termination time was over. So this is a type-I, right
censored sample censored at 7 =800 hours.

The mixture failure data can be found on Page 76 of Everitt and Hand (1981). The

mixture parameters (€, 6,, x,)can be evaluated using estimators derived in Sections 2.4-2.5.

The data summary is, n=1003, , =891, r, =92, r =1, +1, =983, lej =151130, 7 =800,
j=1

szj =22550 and n—r=20. Itis interesting to note that Bayes (Inverted Gamma) estimates
j=1

have the least variances but are slightly under-estimated. Table 2.8 displays the Bayes

estimates using the real life Davis mixture data.
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Table 2.3

Bayes estimates (Jeffreys)* of Exponential mixture parameters and
their standard errors (in parenthesis) with & =15, 6, = 20,

7, =0.40, 0.60 and censoring rates, C =15%, 30%.

(@, 6, =)

15% Censoring

4

6,

7y

(15, 20, 0.40)

50

17.9572(5.73418)

20.3207(5.03935)

0.423806(0.0695231)

100

16.6404(3.99468)

19.9765(3.52293)

0.411601(0.0573622)

200

15.9022(2.80208)

19.9752(2.61393)

0.405829(0.0404456)

300

15.6225(2.3830)

19.8788(2.04341)

0.405732(0.0338122)

(15, 20, 0.60)

50

16.2107(3.96154)

22.2075(7.09718)

0.601036(0.0744419)

100

15.5932(2.87992)

20.9877(4.93697)

0.600474(0.0555195)

200

15.3002(2.05167)

20.5198(3.49403)

0.599715(0.0396292)

300

15.1837(1.73016)

20.2205(2.88425)

0.600330(0.0337118)

(@, 6, =)

30% Censoring

4

4

4

(15, 20, 0.40)

50

19.5237(7.27322)

20.3257(6.21582)

0.43813(0.0830511)

100

17.5926(5.0248)

19.5375(4.09142)

0.424621(0.0660233)

200

16.608(3.88785)

19.5167(3.35918)

0.4182(0.0533334)

300

16.3683(3.27019)

19.4262(2.68632)

0.416343(0.0466534)

(15, 20, 0.60)

50

16.1496(4.59663)

23.6305(9.25259)

0.590764(0.0846607)

100

15.5278(3.49805)

21.5041(6.11363)

0.592843(0.071388)

200

15.3379(2.71106)

20.3556(4.68857)

0.60185(0.057036)

300

15.2473(2.29145)

20.2701(3.94430)

0.600198(0.0487674)

*Bayes estimates (Jeffreys) means Bayes estimates assuming the Jeffreys prior
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Table 2.4 Bayes estimates (Jeffreys) of Exponential mixture parameters and their
standard errors (in parenthesis) with & =20, 6, =25, =, =0.40, 0.60

and censoring rates, C =15%, 30%.

(@, 6, =)

15% Censoring

4

6,

Ty

(20, 25, 0.40)

50

23.5442(7.51464)

25.6308(5.95837)

0.417219(0.0763365)

100

21.917(5.04182)

24.912(4.28264)

0.410358(0.0558259)

200

21.0258(3.72203)

24.8975(3.16793)

0.408054(0.0409154)

300

20.8471(3.09791)

24.8001(2.67412)

0.406275(0.0339158)

(20, 25, 0.60)

50

21.1924(5.08998)

28.0574(8.61439)

0.594901(0.0735825)

100

20.6477(4.00456)

26.4942(6.16346)

0.598145(0.0557135)

200

20.3572(2.76600)

25.6145(4.66263)

0.601029(0.0429821)

300

20.1368(2.29770)

25.2627(3.68680)

0.598905(0.0345350)

(91’ 92’ 7[1)

30% Censoring

4

6,

~

7

(20, 25, 0.40)

50

25.6965(9.17545)

25.0019(7.20281)

0.433689(0.0825697)

100

23.5141(6.80246)

24.492(5.20641)

0.425992(0.0691188)

200

22.4065(5.10022)

24.2453(4.15857)

0.42048(0.0542228)

300

21.6077(4.20428)

24.3823(3.52196)

0.412942(0.0470203)

(20, 25, 0.60)

50

21.1954(6.04377)

29.8813(11.2816)

0.585169(0.0851966)

100

20.6525(4.55708)

26.7465(8.2803)

0.59932(0.0687103)

200

20.4043(3.42707)

25.6673(5.82455)

0.598988(0.0556101)

300

20.2769(2.92470)

25.6005(5.11278)

0.599101(0.0481021)

*Bayes estimates (Jeffreys) means Bayes estimates assuming the Jeffreys prior




Table 2.5 Bayes estimates (Jeffreys) of Exponential mixture parameters and their
standard errors (in parenthesis) with 6, =24, 6, =30, z, =0.40, 0.60
and censoring rates, C =15%, 30%.
15% Censoring
(@, 6,, m) n él éz 7y
50 | 28.4525 (8.74296) | 30.526 (7.33529) 0.41943 (0.0713214)
100 | 26.429 (6.30768) | 30.3471(5.26008) | 0.408741 (0.0558356)
(24,30, 0.40) | 200 | 25.3443 (4.63340) | 29.9643 (3.91221) | 0.407988 (0.0403168)
300 | 25.1215(3.67935) | 29.8533 (3.15081) | 0.406332 (0.0340150)
50 | 25.3886 (6.05612) | 33.6163 (10.4633) | 0.598055 (0.0750837)
100 | 24.6994 (4.52877) | 31.8179 (7.27465) | 0.596326 (0.0558714)
(24, 30, 0.60)
200 | 24.4408 (3.26834) | 30.5856 (5.39760) | 0.599955 (0.0394830)
300 | 24.2564 (2.73516) | 30.2074 (4.34678) | 0.600264 (0.0349255)
30% Censoring
6. 6, ) | n 4 é, 7
50 | 30.7791 (11.0733) | 30.113 (8.67572) 0.43502 (0.0827341)
100 | 28.0551 (8.05774) | 29.5693 (6.74718) | 0.42164 (0.0685295)
(24,30, 0.40) | 200 | 26.6445 (5.9591) | 29.013 (5.03314) 0.42097 (0.0550208)
300 | 25.8135 (5.01346) | 29.4243 (4.20910) | 0.413082 (0.0464281)
50 | 25.8844 (7.478) | 35.5836 (13.2931) | 0.587896 (0.0833194)
100 | 24.8118 (5.53324) | 32.2868 (9.39505) | 0.595039 (0.068322)
(24, 30, 0.60)
200 | 24.3729 (4.09697) | 30.8291 (7.14997) | 0.595966 (0.0566869)
300 | 24.2964 (3.55407) | 30.5110(5.95118) | 0.601142 (0.0485244)
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Table 2.6 Bayes estimates (Jeffreys) of Exponential mixture parameters and their
standard errors (in parenthesis) with 6, =32, 6, =40, r, =0.40, 0.60and
censoring rates, C =15%, 30%
15% Censoring

(@, 6,, m) n él éz 7y
50 | 37.8677 (12.2342) | 41.486 (10.1606) | 0.415329 (0.0740837)

(32, 40, 0.40) | 100 | 35.6497 (8.75582) | 40.1724 (7.50539) | 0.413157 (0.0546148)
200 | 33.8065 (6.08417) | 40.0185 (5.12281) | 0.407268 (0.0405597)
300 | 32.8936 (4.77743) | 40.0535 (4.23213) | 0.404206 (0.033730)
50 | 34.0149 (8.31294) | 44.6464 (13.8107) | 0.595337 (0.0725503)
100 | 32.9748 (6.01155) | 42.0038 (9.83337) | 0.601799 (0.0570538)

(32, 40, 0.60)
200 | 32.4800 (6.89396) | 40.6446 (7.44020) | 0.596124 (0.0573039)
300 | 32.2165 (3.69155) | 40.9386 (6.14946) | 0.598584 (0.0335595)

30% Censoring
(81’ 62’ 72’-1) n él éz 7’2\.1

50 | 41.1463 (15.1363) | 40.4395 (11.5441) 0.432 (0.08033)
100 | 37.338(10.4582) | 38.9936 (8.27658) | 0.426787 (0.0690458)

(24,30, 0.40) | 200 | 35.1042 (7.87611) | 39.2213 (6.61285) | 0.419857 (0.0533039)
300 | 34.5057 (6.46954) | 39.1094 (5.60577) | 0.412626 (0.0464537)
50 | 34.628 (9.74306) | 46.6247 (18.2667) | 0.591098 (0.0856927)
100 | 32.829 (7.09451) | 42.2487 (12.4881) 0.600617 (0.07125)

(24, 30, 0.60)
200 | 32.3489 (5.60999) | 41.6362 (9.78215) | 0.596277 (0.0557039)
300 | 32.3612 (4.64040) | 40.8479 (7.88144) | 0.598940(0.0477019)
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Table 2.7 A comparison of th Bayes (Uniform), Bayes (Jeffreys) and Bayes
(Inverted Gamma) estimates of Exponential mixture parameters and
their standard errors (in parenthesis) with 6, =15, 6, =20, 7, =0.40

Prior

and censoring rate, C =15%.

~

A

mo|on 6, 6, 7,
50 | 19.4787(6.14801) | 21.0817(5.22377) 0.426302(0.06735)
0.40 | 100 | 17.3561(4.08402) 20.2799(3.563) 0.41343(0.05630)
200 | 16.2309(2.80386) | 20.1879(2.60380) 0.408579(0.04063)
£ 300 | 15.8535(2.39774) | 19.9589(2.04979) 0.406552(0.03359)
'"E 50 | 16.736(4.04247) | 24.3933(7.95425) 0.598514(0.07171)
100 | 15.8177(2.87994) | 21.8991(5.05488) 0.59903(0.05413)
0.60 | 200 | 15.4015(2.04131) | 20.9437(3.51146) 0.598937(0.03899)
300 | 15.2484(1.71999) | 20.4960(2.88400) 0.599790(0.03330)
50 | 17.9572(5.73418) | 20.3207(5.03935) 0.423806(0.069523)
100 | 16.6404(3.99468) | 19.9765(3.52293) 0.411601(0.05736)
0.40 | 200 | 15.9022(2.80208) | 19.9752(2.61393) 0.405829(0.04045)
2 300 | 15.6225(2.3830) | 19.8788(2.04341) 0.405732(0.033812)
= 50 | 16.2107(3.96154) | 22.2075(7.09718) 0.601036(0.074442)
B 100 | 15.5932(2.87992) | 20.9877(4.93697) 0.600474(0.055520)
060 200 | 15.3002(2.05167) | 20.5198(3.49403) 0.599715(0.03963)
300 | 15.1837(1.73016) | 20.2205(2.88425) 0.600330(0.03372)
50 | 17.9044(5.44333) | 20.2078(4.87113) | 0.423992(0.0693908)
0.40 | 100 | 16.6479(3.88489) | 19.9207(3.46098) 0.4179(0.0572292)
o 200 | 15.9929(2.84958) | 19.7225(2.52160) | 0.409934(0.0404716)
§ 300 | 15.6360(2.35914) | 19.8569(2.03032) | 0.405855(0.0337667)
3 50 | 16.2564(3.83635) | 21.8731(6.65261) | 0.601799(0.0743165)
E 100 | 15.6306(2.82744) | 20.8434(4.7899) 0.601009(0.0553806)
| 060 | 200 | 153253(2.03060) | 20.4459(343912) | 0.600064(0.0395534)
300 | 15.2019(1.71700) | 20.1716(2.85266) | 0.600583(0.0336511)
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Table 2.8 A comparison of Bayes (Uniform), Bayes (Jeffreys) and Bayes (Inverted
Gamma) estimates of parameters of two component Exponential mixture using

Davis mixture data.

Uniform
01 92 7’2\-1
179.77 (6.610) 331.786 (44.223) 0.898 (0.010)
Jeffreys
HAZ éz 7’2\-1
179.75 (6.606) 326.399 (43.463) 0.899 (0.010)

Inverted Gamma

~ ~ A

91 92 7[1
172.189 (6.247) 320.840 (42.117) 0.898 (0.010)

2.9 Conclusion

The simulation study has displayed that the estimates of all the parameters are over-estimated
but the extent of this over-estimation is reduced as the sample size increases. The effect of
increase (decrease) in censoring on the estimates of the life time parameters is in the form of
the reduction (increase) in the extent of the over-estimation. The same is true for the estimate
of the mixing proportion but reduction in the extent of over-estimation is sometimes turns into
the slight under-estimation. The extent of over-estimation is observed to be proportional to the
size of the corresponding lifetime or mixing proportion parameter and is inversely
proportional to the sample size. The estimate of the mixing proportion is over-estimated if
true mixing proportion of the first component of the mixture is less than the one-half.
However, when the true mixing proportion of the first component of the mixture is greater
than one-half, the estimate of the mixing proportion is slightly under-estimated or very close

to the true parameter value.
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The increase (decrease) in the proportion of some component of the mixture reduces
(increases) the standard errors of the corresponding parameter estimate. The standard errors of
all the life time and mixing proportion estimates are reduced (increased) as the sample size
increases (decreases). The increase (decrease) in the censoring rate increases (decreases) the
standard error of all the three estimates.

The comparison among the three Bayes estimators is as follows. The Bayes (Inverted
Gamma) estimates of the life time parameters display the least over-estimation while the
extent of over-estimation is more in case of Bayes (Uniform) than that of Bayes (Jeffreys).
The Bayes (Inverted Gamma) estimates of the life time parameters have the least standard
errors as compared to the Bayes (Uniform) and the Bayes (Jeffreys). However, Bayes
(Jeffreys) have lesser standard errors than the Bayes (Uniform) estimates. On the other hand,
the estimates of the mixing proportion parameter 7 have almost the same standard errors for
all the three Bayes estimates. The informative Bayes (Inverted Gamma) estimates may be the
most efficient ones subject to availability of useful prior information that results in
appropriate hyper parameters. In the real life example, the proposed estimates are superior to
ones presented in Everitt and Hand (1981) page 77 in terms of the use of Bayesian analysis,

information on and size of the standard errors.
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CHAPTER 3

PROPERTIES AND COMPARISON OF THE BAYES ESTIMATES OF
THE RAYLEIGH FINITE MIXTURE PARAMETERS

3.1 Introduction

The Exponential distribution, because of its memory-less property, is used for the life-testing
of the products that do not age with time. But there are several radio-wave and electro-
vacuum devices whose failure rate depends upon their age and, therefore, the Rayleigh
distribution is preferred. Rayleigh distribution has applications in communication engineering.
It is used to model lifetimes of the objects which age with time and have increasing hazard
rate. Mixture models received considerable attention in the area of survival analysis and
reliability. The use of mixture model becomes inevitable when the data are not available for
each component. Rather, in many real life situations the data are available only for the overall
mixture distribution. A population of certain objects is assumed to be composed of two
subgroups mixed together in an unknown proportion. The random observations taken from
this population are supposed to be characterized by one of the two distinct unknown members
of a Rayleigh distribution. So the two component mixture of the Rayleigh distribution is
recommended to model this population.

Hirai (1972) derives quadratic coefficients estimators for the two-parameter Rayleigh
distribution. This is a highly efficient complete sample method, even for small samples. Hirali
(1976) considers a Type-Il censored sample to estimate scale-parameter of the Rayleigh
distribution. Ragab (1992) also considered Type-Il censored sample in prediction problems
with Rayleigh distribution. Sinha and Howlader (1983) and Lalitha and Mishra (1996) have

quoted useful references on the Rayleigh model. Fernandez (2000) made Bayesian inference
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using Type-ll doubly censored Rayleigh data. Mostert et al. (1998) conducted Bayesian
analysis of survival data using the Rayleigh model and Linex Loss. Saleem and Aslam
(2008a, 2008b and 2009) focused Bayesian estimation of the Rayleigh mixture with fixed and
Rayleigh distributed censor times.

In this chapter, the said Rayleigh mixture model is defined in Section 2. The
likelihood specific expressions are developed in Section 3. In Sections 4-5 the expressions for
the uninformative Bayes estimators are derived assuming the Uniform, the Jeffreys and the
Square Root Inverted Gamma priors. The expressions for the variances of the said estimators
are presented as well. The complete sample expressions of the said estimators and variances
are derived in Section 6. To highlight and compare the properties of the said Bayes estimates,
a comprehensive simulation study is conducted considering various sample sizes, different
censoring rates and a number of combinations of the parameters of the mixture model. A
comprehensive simulation study is conducted in Section 7. A real life example is discussed in
Section 8 while the concluding remarks are given in Section 9. The squared error loss

function is assumed, i.e., posterior means are used as the Bayes estimators.

3.2 The Rayleigh Mixture Model

Recall a £ component, type-1 mixture model of Section 2.2 with finite mixture density

- - k . . .
function given by f(t)zglnifi(z), i=12,.,k;0<a,<o0;0<s <. The k component

densities are Rayleigh ones given by f(f)=21¢ exp(—ﬁ/ef)/ef,e,.>o, i=12,..k

and 1 >0
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3.3 The Maximum Likelihood Estimates for Censored Data

The sampling scheme used in Section 2.3 is adopted here. We define, ¢, as the failure time of

the j™ unit belonging to the i subpopulation, where j =1,2,3, ..., r

i1

i=12 and 0<z¢, 1, <T.

The likelihood function L(6,, 92,7z1|t) for the above conditions takes the form as in equation
(2.2), where S(T) = Z;r exp(-T%/67) t=[t,;, t, ] isdatawith t, =[1,,0,,....1, ], i =1,2.
i=1

For the functional forms defined in Section 3.2, the likelihood (2.2) takes the following form.

L(6,,6,,7,]t) H(Z—j exp{- (Z )}{mep(——)}("” (3.1)

i=1 i 1

L(Hl, 92 7T, |t) oc i( n— V) {ﬁ ﬂ.l_(Zrz+2k—n)i+(2n—3k_3r2)}
k=0 k i=1
{H 6% } exp { z

07

1

{’? E+{(2k+rn)i+(2n2r3k)}T2H (3.2)

4

1’
Here t = Z— i =1,2. The ML estimates are obtained by simultaneously solving the three
Jj=1 1

equations obtained by setting the first order derivatives of the natural log of the likelihood

(3.1) with respect to ¢, 6, and =, to zero.

o 2 2
’;—2 T? (l’l l")7[ exp( T /9 ) =7, i=12 (33)
N {Z;z exp(-T%/6°)}

1-7, 7, (n—r)(Eexp(=T%167)—exp(-T?16%))
)+ 2
D 7w exp(-T%167)

i=1

( =1, (3.4)

7z

It is not possible to solve the above system of three non-linear equations analytically.

However, they can be solved by any numerical iterative procedure. A well known asymptotic
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property of maximum likelihood estimates is that(§~N(0, 17(0)). The information

matrix, I(0), is defined in equation (2.7) and 17°(@) is a matrix of order 3x3 having the

variances of ML estimates on the main diagonal and the covariance on the off diagonal

positions. Following are the elements of the symmetric information matrix.

—621) :ﬂ_ 2{”3-i(2T2 _3@2)6—(72/912#2/522) -37 Q2672T2/9’2 }
662 9(2 2 2
S N N {Zm exp(—#/ef)}

i=1

E( L i=12 (35)

—821 }1 7”2 (n—r)(e_szlz _e—T2/922)2

) =—+—=%+ (3.6)

E(

872_2 72_2 72_2 2 2
Lo {Zﬂi exp(—TZ/ef)}
i1
—(ZZ:(TZ/@Z))
A2 a0 oy A2
E( 07l )= AT (n—r)m e K 0°l ) (3.7)
06,006, 2 [2 s 06,06,
6263 1Y 7, exp(~T* 1 67)
-1
S
_A? 20— i1 _A22
E( 0l )= 2T (n—r)e _ o0l ), i=12 (3.8)
000, 0,00,

2 2
95{&,. exp(—TZ/@f)}
i=1

The approximate values of these components of information matrix can easily be obtained by
replacing the parameters involved by their respective maximum likelihood estimates obtained

by the iterative solution of equations (3.3)-(3.4).
3.4 The Posterior Distributions assuming the Conjugate Prior

Square Root Inverted Gamma prior, being compatible with the likelihood, is considered

as a conjugated prior for the evaluation of posterior distribution and hence Bayes estimators.
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3.4.1 The Posterior Distributions assuming the Square Root Inverted Gamma Prior

The Bayesian framework combines the prior information with the information contained in
the sample data to formulate the posterior distribution. The posterior distribution is the basis
for the Bayesian inference. Under the square error loss function, the mean of the posterior

distribution is considered as the Bayes estimator.

Letd, ~ SRIG(m,,s,), i=1,2 and z, ~U(0,1). Assuming independence, we have a joint

2 2
prior (8,6, 7,) o= [ [ 6,°" "V exp{->_(s5,/6")}, 6.>0, i=1, 2 and 0< 7z, <1.
i=1

i=1
Here m,, s,, i=1,2 are the hyperparameters to be elicited. This joint prior is incorporated

with the likelihood (3.3) to yield a joint posterior distribution of €, i=1,2 and 7.

n—r 2 2

2 n—r | | 7 —n)i+(2n-3k-3r. I I —(2r;
gSRIG(Hl’0217z-1|t) :QSRIG ( k ) { 7[[(2 Bk En-3t 32)}{ 01 (2,‘*'2’",‘*'1)}

k=0 i=1l

i=1

2
xexp{—ZQ‘Z(Aik+si)}, 0<8 <o, O0<7, <1, i=12.
i=1

n—r 2
where Q% :Z(”k_r)B(n—rz —k+17, +k+1)H—r(r" +m;‘_3m_ and
ia (A + s)™™

k=0
B(n—r,—k+Lr,+k+1) is Euler Beta function. The marginal posterior distribution of

6, i=12 and 7, is obtained by integrating out the nuisance parameters.

F(rs_i + m3—i) eXp{_H;Z (Aik + Si)}
0[(2rf+2n1[+1) (A(gfl‘)k + ng[)’&i*’"&i

i=12,0<60 <.

2. Ol)=0,, 2(”,{“) B(n—r,—k+1r,+k+1)
k=0

i=1

EH: - 2 T(r+m) 2 (24 2kn)is (20331,
8srics (7[ t) = QSRIG (n r) I | l rl.+m. 7[[( Rk a3k ) O<rm <1.
1| P k ) (Aik + Si)l ; H 1
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3.4.1.1 Bayes Estimators assuming the Square Root Inverted Gamma Prior

The Bayes estimators of 6, i=1,2 and 7, assuming the SRIG prior are obtained by taking
expectations of @, i=12 and z; with respect to their respective marginal posterior

distributions.

éi:Q ”Z‘?‘(n_r)B(n—rz—k+1,r2+k+1)F(1”1+m1—(2—i)/2)F(r2+m2—(i—l)/2),l_:112,
k=0

k (4, + Sl);~1+n11—1/2(A2k N Sz)rz+m2—(i—l)/2

n—r 2

7n=Q Z(nk_r)B(n—rz—k+2,r2 +k+1){HM},

i=1 (Aik + S[)’}er[

n—r 2
where Q‘l:Z(”_F)B(n—rz—k+1,r2+k+1){H—F(rf+mf) }

k=0 k i=1 (Aik + S,‘)r[eri

3.4.1.2 Variances of Bayes Estimators assuming Square Root Inverted Gamma Prior

The expressions for the variances of the Bayes estimators are as under.

F( = Q=)+ my = (-1))

(Aik + sl)rﬁmr(Zfi)(AZk + Sz)errmz—(i—l)

T(; +my—(2—i) 2T (ry +m, —(i-1)/2)
(Alk + Sl)’ﬁmrl/z(AZk + S'2)r2+m2—(i—1)/2 !

i=12

V@)=0 2(”];F)B(n—r2 k417, +k+1)
k=0

—{Q ;(”k‘r)B(n—rz kL +k+1)

vy =03 (n_r)B(n—rz—k+2,r2+k+1) LUt m)l0 tmg)
(Alk + Sl)1 (AZk + SZ) e

. 2
—{Q (n_r)B(n—rz—k+2,r2+k+l) Lm0, m,) }
(Ay + 8)"" (A + 8,)"™

where 4, =>1%, +{(2k +r—n)i+(2n-2r -3k)}T?%, i=12.
Jj=1
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3.5 The Posterior Distributions assuming the Uninformative Priors

Uniform and the Jeffreys are the two most commonly used uninformative priors.

3.5.1 The Posterior Distributions assuming the Uniform Prior
Let 8 ~Uniform Y 6, €(0,), i=12 and , ~U(0,1). Assuming independence we have a
joint prior that is proportional to a constant. This joint prior is incorporated with the likelihood

(3.2) to yield the following joint posterior distribution of 8, i=1,2and 7.

i=1

gU (01, Hz ’ 71_1 |t) — QU i ( l’lk— r ) {ﬁ 7Z_i(2r2+2k—n)i+(2n—3k—3rz) }{ﬁ ei—Zr,- }
k=0 i=1

07

1

2 [ 24 {2k +r—n)i+(2n—2r -3k T?
xexp[—Z{r‘ 2 +{(2k +r—n)i+(2n—-2r-3k)} H’O<6}1’02<00’0<”1<1'

i=1

2 a—
where Q' :Z(”k_’")B(n—r2 —k+l,r2+k+1){H%}. The marginal posterior

i=1 ik
distribution parameters, 6, i=1,2 and z, is obtained by integrating out the nuisance

parameters.

2.01)=9, Z(nk_r)B(n—rz—kle,rzkaJrl)
k=0

T(r,, —1/2)exp[-0,°{r, £ +{(2k +r—n)i +(2n—2r —3k)}T?}]
X
0'2;’,» A(s_i)kr?,,,-fl/Z

1

, 0<0 <o, i=12.

n—r _ 2 F _1 2 2 ) )
gm(”1|t) =QU Z(Hk V){H%}{Hﬂi(2r2+2kn)1+(2n3k312)}’ O< 72_1 <1
k=0 1k

i=1 i=1

3.5.1.1 Bayes Estimators assuming Uniform Prior

The Bayes estimators of 6, i=1,2 and =, (under the squared error loss function) are the
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expected values of 6, i =1,2 and 7, with respect to their respective posterior distributions. It
is observed that the said estimators and their variances can be obtained by choosing m, =-1/2

and s, =0 in the expressions given in Section 3.4.1.

3.5.2 The Posterior Distributions assuming the Jeffreys Prior

Using definition of Section 2.5.2 and assuming independence, we obtain a joint prior

2(6,0,,m,) < % , Which is incorporated with the likelihood (3.2) to yield a joint posterior

172
distribution of 6, i=1,2 and z,.

2 2

g (6’1, 0, r, |t) ~Q, nzi(nk— r ){H 7z_j(2r2+2k—n)i+(2n—3k—3r2)}{H a—(zri+1)}
k=0

i=1 i=1

xexp[-07{r 1> +{(2k +r—n)i+(2n—2r —3k)}T?}], 0<6,,6, <o, 0< 7, <1.

2

where Q' = Z(” _”)B(n 1, —k+Lr,+k+1) {H G } . The marginal posterior

k 7

i=1 ik’

distribution of each parameter is obtained by integrating out the nuisance parameters.

g, 6] =9, 2(”,;”) B(n—r,—k+1r, +k+1)—r(r3-;) gy
k=0

3-i
(3-i)k

xexp[-07{r. 12 +{(2k +r—n)i+2n—2r -3k)}T°}], 0< O <o0, i=1,2

n-r 2 2
g, (72.1 |t) — QJ Z( nk— r ){H I;l(r;) } {H 7z_i(2r2+2k—n)i+(2n73k73r2) } 1 0< 7, <1
k=0

i=1 ik i=1

3.5.2.1 Bayes Estimators assuming the Jeffreys Prior

Under the squared error loss function, the expectations of 6, i=1,2 and =z, with respect to

their respective posterior distributions are the Bayes estimators assuming the Jeffreys prior.
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The said estimators and their variances are observed to be obtained by choosing m, =0and

s, =0 in the expressions given in Sections 3.4.1.

3.6 The Complete Sample Expressions
Under the conditions given in Section 2.6, the expressions for the Bayes estimators and their
variances are simplified as given in Table 3.1 and Table 3.2. The comments regarding amount

of information, computational ease and simplification quoted in Section 2.6 also applies here.

3.7 A Simulation Study
A simulations study is conducted in order to investigate the properties of the Bayes estimators

in terms of sample sizes and censoring rates. Samples of size » =50, 100, 200, 300 are
generated from the two component mixture of Rayleigh distribution with a number of
combinations of parameters such that (4,6,)e {(3,5), (8,12), (16,20), (25,36)} and
7[16{0.40, 0.60}. Probabilistic mixing was used to generate the mixture data. For each

observation a random number u was generated from the uniform on [0, 1] distribution.

If u <, the observation is taken randomly from £ (the Rayleigh distribution with
parameter € ), and the observation is taken randomly from £, (the Rayleigh distribution with
parameter 6,) otherwise. Remaining details of the simulation scheme are the same as

mentioned in Section 2.7. The results of the simulation study are presented in Tables 3.3-3.7.
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Table 3.1 The complete sample expressions for the Bayes and ML estimators

as T — o
Parameters  Bayes Estimators Bayes Estimators ML Estimators
(Uniform) (Jeffreys)
) T -1JQ1)  Tn=05)(X 1) N
' I['(n,—0.5) ['(n,) n
0 1—‘(nz _1)\/(Zt22j) 1—‘(”’2 _0-5)\/(Zt22j) ZtZZj
? ['(n, —0.5) I'(n,) n,
n +1 n+1 n
T n+2 n+2 n
Table 3.2

The complete sample expressions for the variances of the Bayes
and ML estimators as 7 — oo

Parameters Variances of Bayes
Estimators(Uniform)

Qu) [ . ,
91 %{Hr(nl+l—2.5)—r (nl—l)}

i=1

Variances of ML Estimators

5)

2
4n;

i=1

(ztzzj) 2 . 2
0, —FZ (r—05) {Hr(nz +i—-2.5)-I"(n, —1)} (thzl)

4n’
T (n, +1)(n, +1) mn,
(n+2)*(n+3) n’
Parameters

Variances of Bayes Estimators(Jeffreys)

6, (th,){li[l“(mH—Z)—Fz(nl—0-5)}/1“2('71)

6, (thzj){ﬁr(nz +i-2)-T%(n, —0.5)} /r2(n2)

(n, +)(n, +1)/(n +2)*(n+3)



Table 3.3 Bayes estimates (Jeffreys)* of Rayleigh mixture parameters and their standard
errors (in parenthesis) with 6, =3, 6, =5, 7, =0.40, 0.60 and censoring
rates, C =15%, 30%
15% Censoring
@, 0, m) | n él éz 7
50 | 3.23134(0.502282) | 5.02938(0.625413) | 0.417125(0.0698353)
100 | 3.09397(0.330599) | 5.03397(0.416239) | 0.409646(0.0508097)
(55,040 200 | 3.046974(0.21901) |5.020636(0.282609) | 0.402913(0.0367326)
300 | 3.0329198(0.1743307) | 5.00748(0.220199) | 0.402404(0.028347)
50 | 3.12489(0.392458) | 5.11615(0.877498) | 0.610581(0.0722052)
100 | 3.08993(0.290635) 5.03247(0.600118) | 0.606719(0.0554734)
55069 200 | 3.04246(0.187932) 5.00586(0.398795) | 0.605195(0.0376934)
300 | 3.030238(0.160767) 5.01088(0.30495) 0.60319(0.030999)
30% Censoring
6. 0, m) | n 4, 6, 7
50 3.41044(0.641822) 4.79069(0.784077) | 0.450247(0.089137)
100 3.27045(0.4744) 4.87132(0.581756) | 0.433759(0.0692577)
(3,5,0.40) | 200 | 3.15174(0.335481) 4.9296(0.38126) | 0.418022(0.0481476)
300 | 3.108805(0.291567) | 4.95816(0.318616) | 0.4114630(0.03858)
50 | 3.20048(0.455437) 5.01647(1.17027) | 0.630236(0.0870769)
100 | 3.11603(0.360813) 4.86894(0.83644) | 0.622412(0.0699798)
5050 200 | 3.0948(0.285844) 4.86557(0.611822) | 0.616464(0.0589762)
300 | 3.069089(0.23587) | 4.91305(0.490298) | 0.613555(0.047567)

*Bayes estimates (Jeffreys) means the Bayes estimates assuming the Jeffreys prior
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Table 3.4 Bayes estimates (Jeffreys) of Rayleigh mixture parameters and their standard
errors (in parenthesis) with 6, =8, 6, =12, =, =0.40, 0.60 and censoring
rates, C =15%, 30%
15% Censoring
(&, 6,, m) | n él éz 7
50 8.57369(1.34349) 12.0273(1.43818) 0.421886(0.0721387)
100 8.30014(0.96195) 11.9924(1.03634) 0.413154(0.0546364)
(8,12, 0.40)
200 | 8.134013(0.669734) 12.03165(0.70057) | 0.4064439(0.037505)
300 | 8.116058(0.493910) | 12.015357(0.545469) | 0.404751(0.030085)
50 8.35362(1.06451) 12.0887(2.09924) 0.609797(0.0722502)
100 | 8.18552(0.807363) 12.0015(1.45755) 0.608234(0.0562353)
(8,12, 0.60)
200 | 8.147259(0.562267) | 11.916232(1.012702) | 0.6086179(0.0396566)
300 | 8.1027563(0.440342) | 11.942353(0.80511) | 0.604298(0.0330128)
30% Censoring
@, 6, m) | n él éz él
50 9.024(1.76041) 11.489(1.86603) 9.024(1.76041)
100 8.62143(1.29162) 11.6813(1.35801) 8.62143(1.29162)
(8,12, 0.40) | 200 | 8.454500(0.953146) | 11.749945(0.986117) | 8.454500(0.953146)
300 | 8.33747(0.798912) 11.80245(0.795017) 8.33747(0.798912)
50 8.35329(1.2233) 12.0088(2.64088) 8.35329(1.2233)
100 | 8.33408(0.958812) 11.6562(1.91376) 8.33408(0.958812)
(8,12, 0.60)
200 | 8.23932(0.724008) 11.66111(1.356878) 8.23932(0.724008)
300 | 8.1442254(0.6374216) | 11.790946(1.224265) | 8.1442254(0.6374216)
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Table 3.5 Bayes estimates (Jeffreys) of Rayleigh mixture parameters and their standard
errors (in parenthesis) with 6, =16, 6, =20, z, =0.40, 0.60and censoring
rates, C =15%, 30%
15% Censoring
@ 0, m) | n A, b, 7
50 17.2856(2.77738) 19.7064(2.47503) 0.418106(0.0743458)
100 | 16.7525(1.99085) 19.8082(1.74753) 0.413326(0.0533546)
(16, 20, 0.40)
200 | 16.392669(1.443508) | 19.91990(1.240641) | 0.406413(0.03950327)
300 | 16.27085(1.185301) 19.88942(1.03848) 0.4050460(0.03288)
50 16.4437(2.05832) 20.2439(3.25763) 0.603891(0.0732955)
100 | 16.2059(1.53027) 19.8916(2.40581) 0.605693(0.054399)
(16, 20, 0.60)
200 | 16.1263(1.115813) 19.93559(1.70904) 0.603247(0.039846)
300 | 16.117628(0.941156) | 19.846232(1.4213144) | 0.602854(0.0349025)
30% Censoring
(6, 6, m) | n 4 , 7
50 17.6617(3.29426) 19.3868(2.96606) 0.437069(0.0867775)
100 | 17.0776(2.50343) 19.4974(2.18107) 0.428409(0.0709385)
(16, 20,0.40) | 200 | 16.8004(1.842101) 19.51368(1.66737) 0.421603(0.054826)
300 | 16.547134(1.69240) 19.60145(1.40818) | 0.4165624(0.0463104)
50 16.3197(2.46724) 20.4771(4.06554) 0.597395(0.0859806)
100 | 16.2811(1.75689) 19.9413(3.03369) 0.607658(0.0704141)
(16, 20, 0.60)
200 | 16.132797(1.415933) | 19.92792(2.350997) 0.605024(0.055708)
300 | 16.1678494(1.23173) | 19.66430(2.057206) | 0.6077401(0.049660)
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Table 3.6 Bayes estimates (Jeffreys) of Rayleigh mixture parameters and their
standard errors (in parenthesis) with g, =25, 6, =36, r, =0.40, 0.60
and censoring rates, C =15%, 30%.
15% Censoring
@, 0, m) | n él éz 7
50 27.091(4.42658) 35.8883(4.50264) 0.424279(0.0698265)
100 26.2495(3.12986) 35.7654(3.13701) 0.414077(0.0561989)
(25,36,0.40)
200 | 25.62280(2.157442) 35.93667(2.21848) 0.407359(0.038810)
300 | 25.34289(1.681530) 35.876649(1.71885) | 0.4035629(0.031579)
50 25.9119(3.22669) 36.4048(5.85731) 0.607454(0.0710905)
100 25.7317(2.41903) 35.6736(4.11674) 0.607249(0.0557861)
(25,36,0.60)
200 | 25.366839(1.726969) 35.849775(2.96943) 0.60542(0.040997)
300 | 25.27275(1.394435) 35.79714(2.45937) 0.604629(0.032762)
30% Censoring
@, 6,y m) | n 6, 6, 2
50 28.4221(5.36772) 34.6144(5.70795) 0.451977(0.0879951)
100 27.1634(4.05112) 34.849(4.12275) 0.436692(0.0693779)
(25,36,0.40) | 200 26.51757(3.04613) 35.0538(2.94486) 0.42363(0.05165)
300 | 26.095194(2.552831) | 35.1981398(2.454655) | 0.418069(0.043926)
50 25.971(3.82141) 35.893(7.28253) 0.613014(0.0840109)
100 25.7334(2.90073) 35.4097(5.45395) 0.614933(0.0691857)
(25,36,0.60)
200 | 25.5885078(2.3552110) | 35.0946921(4.293542) | 0.6143718(0.057976)
300 25.48305(2.01465) 35.18045(3.60990) | 0.613207(0.0492847)
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Table 3.7 A comparison of Bayes (Jeffreys), Bayes (Uniform) and Bayes (SRIG)*
estimates and standard errors (in parenthesis) of Rayleigh mixture parameters
6, =3, 6,=5, r,=0.40, 0.60with censoring rate, C =15%.

~

~

A

Prior | 7, n 6, 6, I,
U 50 | 3.23134(0.502282) | 5.02938(0.625413) | 0.417125(0.0698353)
N |0.40| 100 | 3.12326(0.33616) 5.0582(0.42017) 0.410248(0.050769)
I 200 | 3.0607218(0.22106) | 5.03261(0.28395) | 0.4031739(0.03675)
F 300 | 3.041816(0.17545) | 5.015486(0.22094) | 0.4025654(0.02836)
0 50 3.15025(0.39047) | 5.24344(0.89774) 0.609891(0.07088)
R 100 | 3.10297(0.28877) | 5.08651(0.60070) | 0.606502(0.054863)
M 10.60 | 200 | 3.04946(0.18748) | 5.02996(0.39936) | 0.605204(0.037509)
300 | 3.03510(0.16060) | 5.02623(0.30547) | 0.603234(0.030917)
J 50 | 3.23134(0.50228) | 5.02938(0.62541) | 0.417125(0.0698353)
E 100 | 3.09397(0.33059) | 5.03397(0.41624) | 0.409646(0.0508097)
F | 0.40 | 200 | 3.046974(0.21901) | 5.020636(0.28261) | 0.402913(0.0367326)
F 300 | 3.0329198(0.17433) | 5.00748(0.22019) | 0.402404(0.028347)
R 50 | 3.12489(0.39246) | 5.11615(0.87749) | 0.610581(0.0722052)
E 100 | 3.08993(0.29064) | 5.03247(0.60012) | 0.606719(0.0554734)
Y 069 200 | 3.04246(0.18793) | 5.00586(0.39879) | 0.605195(0.0376934)
S 300 | 3.030238(0.16077) | 5.01088(0.30495) | 0.60319(0.030999)
50 3.41649(0.46943) | 5.02906(0.60632) 3.41649(0.46943)
0.40 | 100 | 3.19301(0.32525) | 5.03024(0.41549) 3.19301(0.32525)
S 200 | 3.095991(0.21871) | 5.019696(0.28319) | 3.095991(0.21871)
300 | 3.065164(0.17442) | 5.00724(0.22066) 3.065164(0.17442)
| 50 | 3.24634(0.36121) | 5.13588(0.79265) 3.24634(0.36121)
G 100 | 3.15724(0.27792) | 5.03233(0.57548) | 3.15724(0.27792)
0.60 | 200 | 3.07901(0.18526) | 5.00091(0.39436) 3.07901(0.18526)
300 | 3.05520(0.15972) | 5.00671(0.30394) 3.05520(0.15972)

*Bayes (SRIG) means the Bayes estimates assuming the Square Root Inverted Gamma prior.
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3.8 A Real Life Example

Mendenhall and Hader (1958) mixture data t = (t,,4,...,4, L1, 15,-.-,1,,) cONsists of hours

to failure for ARC-1 VHF radio transmitter receivers of a single commercial airline. The radio
transmitter receivers that seemed to be failed at or before 630 hours of operation were
removed from the aeroplanes as a general policy of the airline giving Type-I right censored
observations at 7 =630 hours. On the other hand, inspection of the failed units allowed the
engineers to allocate the failed units to any one of the two different subpopulations. The
mixture failure data can be found on page 509 in Mendenhall and Hader (1958). Mendenhall
and Hader fitted Exponential distribution to this data. The transformation x=+/t of an
Exponential random variable (t) yields a Rayleigh random variable (x) . This property allows
us to use the transformed Mendenhall and Hader data set for our analysis. The transformed
test termination time will be the square root of the termination time used by Mendenhall and
Hader. It is interesting to note that despite the transformation almost no major computations

are required to have the data summary required to evaluate the proposed estimates. For

instance, Y x{ =>#, =20458 and ) x; =) 1, =50056. Other sample characteristics

= I P I
required are as follows. n =369, r, =107, r, =218, r =1, +r, =325. The Rayleigh mixture
parameters (¢, 6,, z,) can be evaluated using the estimators derived in Section 3.4. The Bayes
(Jeffreys) estimates of Rayleigh mixture parameters are computed using equations of the form
given in Section 4 as 6, = 241.25951, §, =334.84301 and 7, =0.31299 (corrected to five

decimal  places) with their respective standard errors, SE(él):33.80173,

SE(éZ):25.666077 and SE(7,)=0.46371. The estimates are compatible with ones
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presented in Mendenhall and Hader (1958) and Sinha (1998). It can easily be shown that
having an informative (SRIG) prior, the standard error of estimates can further be reduced.
Also, it is encouraging to note that the proposed lifetime estimates are much greater than the
corresponding  sample  average  lifetimes of the two  subgroups .,

t, =191.2 << 241.25951, , =229.6 <<334.84301 as is expected in the right censoring

situations. The values of Bayes estimates assuming different priors are presented in Table 3.8.

Table 3.8 A comparison of Bayes (Uniform), Bayes (Jeffreys) and Bayes (Informative)
estimates of the mixture parameters using Mendenhall and Hader mixture data.

Uniform
6, 0, 7
245.080(34.607) 335.653 (25.881) 0.3137 (0.0265)
Jeffreys
6, 6, p
241.260(33.802) 334.843 (25.666) 0.3130 (0.4637)
Informative Prior
6, 0, 7
225.369(30.392) 331.071(24.719) 0.310 (0.026)

3.9 Conclusion

Some interesting properties of the Bayes estimates are highlighted by the simulation study.
The estimates of all the mixture parameters are over-estimated. The extent of over-estimation
is higher in case of the first lifetime parameter than the second one. Increasing the sample
size reduces the extent of over-estimation of all the estimates. The extent of over-estimation

is higher for the estimates of parameters of larger size.
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Another interesting remark concerning the variances of the estimates of the lifetime
parameters is that increasing (decreasing) the proportion of a component in the mixture
reduces (increases) the variance of the estimate of the corresponding lifetime parameter. The
variances of estimates of lifetime and proportion parameters are reduced as the sample size
increases. The effect of increase in censoring rate on the estimates of the first lifetime
parameter is always observed in the form of an increase in the extent of over-estimation. The
same is true for the estimates of the mixing proportion parameter. The effect of an increase in
the censoring rate of the second life time parameter is a bit interesting, slight over-estimation
is observed to change into a slight under-estimation in most of the cases. However, a slight
fall in the extent of over-estimation is observed in some rare exceptions. Increasing the
censoring rate decreases the variances of estimates of all the mixture parameters.

The Bayes (Jeffreys), Bayes (Uniform) and Bayes (SRIG) estimates of the lifetime
parameters and those of the proportion parameters are over-estimated. The extent of over-
estimation is slightly higher in case of Bayes (SRIG) but with lesser standard errors of all the
estimates for lifetime parameters. The extent of over-estimation and variances of the estimates
are slightly higher in case of Bayes (Uniform) than the Bayes (Jeffreys). So the Bayes lifetime
estimates with informative (SRIG) prior seem to be more efficient than their uninformative
counterparts. A better choice of hyperparameters may further improve the efficiency of Bayes
(SRIG) estimates. In the real life example the results are presented using the three Bayes
estimates with the help of a Rayleigh mixture. These estimates are comparable with those
presented in Sinha (1998) with the help of an Exponential mixture. The Bayes (SRIG)

estimates seem superior in terms of lesser standard errors.
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CHAPTER 4

THE PRIOR SELECTION FOR THE MIXTURE OF
RAYLEIGH DISTRIBUTION USING PREDICTIVE INTERVALS

4.1 Introduction

Rayleigh model is especially suitable for the life-testing of the products that age with time. In
this chapter, the 95% Bayes predictive intervals are evaluated for the two component mixture
of the Rayleigh distribution assuming three conjugate priors i.e., Inverted Chi, the Inverted
Rayleigh and the Square Root Inverted Gamma priors. The conjugate priors have functional
form compatible with the likelihood. The Bayesian predictive intervals are evaluated for
different choices of the hyperparameters. The motivation is to explore the prior that produce
the most precise estimates. The trends are also explored in terms of the hyperparameters of
each prior distribution as to how do they affect the scatter of the respective predictive
intervals. These trends serve as a sort of partial prior elicitation, reduce prior subjectivity and
increase precision of the estimates. A type-1V mixture sample data is simulated and the type-
I, right censoring is employed. Sloan and Sinha (1991) constructed Bayesian predictive
intervals for a mixture of Exponential failure-time distributions. Dey and Das (2005) explores
Bayesian predictive intervals for Rayleigh distribution. Saleem and Aslam (2008b) observe
the behavior of Bayesian predictive intervals in terms of hyperparameters of three conjugate

priors.

4.2 The Rayleigh Mixture Model
A finite type-l mixture distribution as described in Section 3.2 is considered with two

Rayleigh component densities with unknown parameters and unknown mixing weights.
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4.3 Sampling
A type-1V mixture sample as stated in Section 3.3 is simulated to conduct the computations

involved with ordinary type-I, right censoring.

4.3.1 The Likelihood Function for Censored Data
For the said type-1 mixture with two Rayleigh components and with a sample of type-1V, the

likelihood function as developed in Section 3.3 is adopted.

4.4 The Posterior Distribution assuming the Inverted Chi Prior

We assume that 6, and 0, are independent a priory and follow Inverted Chi (IC) distributions
with a, and a, degrees of freedom respectively. We further assume that =z, is Uniform

random variable with support [0, 1]. So the joint prior distribution of 6,, 6, and 7z, is
2(0,,0,,7,)cc {ﬁei(“f*l)}exp{—i (1/20%)}, i=12; 0, >0, 0<m, <1 (4.1)
i=1 i=1
Combining likelihood and prior we get joint posterior distribution of 6,, 6, and p as follows

n—r _ 2 +2k—n)i+(2n—3k-3r; 2 _ ra+
glc(elxez,nllt)oc Z(”k I”) {1—[7.51'(2r2 2k—n)i+(2n-3k 32)}{119i(2 1)}

k=0 i=1
xexp[-07{r. 2 +{(2k +r —n)i +(2n—2r —3k)}T* +0.5}], (4.2)
0,>0, 0<m <1 i=12

Here a,,a, are the hyperparameters to be elicited.

4.4.1 Bayes Estimators assuming the Inverted Chi Prior

The expectations of 0,, 0, and 7, with respect to their respective marginal posterior
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distributions are called the Bayes estimators of 6,, 6, and 7, (posterior means) under the

square error loss function.

A a-1  =r(p—r B(a,.b,) o
0, =QI( 2 +Vi)kz_:0( k ) @) ap D) , 1=12
" 2
A4, 2 B, 2
T=QT(ZL+r) (n_r)B(akJrl’bk)
! ! k=0 k a—zlﬂi %Jrz
4.2 "B,
4 ner (o _ B(a,,b
where Q‘lzl“(&H’,-)Z(n r) (4,:6)
2 k=0 k ﬁﬂi +ry
4% "B ?

The algebraic expressions for the variances of the above estimates are given as under.

A . ner B(a,,b
v(6)=0 T+ -1 z(” r) (,,8,)
2 o\ k D) 2y
A, 2 B, ?
k k
2
Cli—l "in—r B(ak1bk) .
- QF(T+n)go( k ) () ay (D) i=12
4,2 Bz ?
2
NN nrlpn—p B(ak+2, bk)_ a, nor (n—p\ B(a, +1, bk)
V(R)= TG ) Eo( k ) a o, TG EE [T
4,2 ‘B2 ? 4,2 ‘B2 ?
4.4.2 Bayesian Predictive Intervals assuming the Inverted Chi Prior
The predictive distribution of the future observation y is
1o
p(y|t)=” .[g(617627n1 | t) p(yleDeZ’nl) do,do, dm, (4.3)
000

Whereg(el,ez,rcl | t) is the posterior distribution given by equation (4.2) and p(»|6,,6,,m,)

is the data model described in Section 4.2.
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a a
1 2
rl+l+— +

p(y|t):C’l :Z_:;(nk_r)y [B(a, +1, bk)l“(r1+l+%jl"(r2+a—22j/(Ak+y2) 2 Bkr2 2

a
1
K+

+B(a,,b, )F(Vl +%jl"(r2 +l+a—22]/Ak 2 (B, +y2)r2+l+ 2] (4.9

a.

n-r ,.+ﬁ s
where C:F(q+%jf(i’2+a—22jk§)(nk_r)y{B(ak +1,b,)+B(a,,b, +1)}/Ak1 2B% 2

A(l-a)100% Bayesian prediction interval (L,U) is obtained by solving the two

L ©
equations gp(y|t) dy :%z Lj}p(y|t) dy . After manipulation these equations become

o nrfp_ n+2 a b
_:z(n V)Gk{ ( )02 _ kal = _ — k az}
At 2B 2 (Ak+L2)1 2B 2 AY (B +IY)? 2 45)

. A,
< W (n+2) (”kr) G 14287 2)]

E: I,g n—=r G { ak =+
2 k=0 k g 2 ’i+ﬂ r2+a2
(4,+U%)" 2 B,

2 ,.1+ﬁ 2\2"2
4 2(B +U) 46)

. U
« [1/(£(n+2)(”kr)Gk/Ak1 2B 772)]

where 4, =r, E+(n—r—k) T2+l,Bk:r2E+k 2+1 4

= 5 > =n-r,—k+1 and

k

b,=r,+k+l, G, =T'(n-r,—k+]) T'(r,+k+1)

4.5 The Posterior Distribution assuming the Inverted Rayleigh Prior

We assume that 6, and 6, are independent a priory and follow Inverted Rayleigh (IR)
distribution with parameters a, and a, respectively. We further assume that 7, is a Uniform

random variable with support as [0, 1]. Here is the joint prior distribution of 6,, 0, and =, .
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2(0,,0,,7, ) o {ﬁeﬁ}exp{—i(ai 169}, 6,, 6,>0, 0<, <1 4.7)
i=1 i=1
Combining likelihood and prior we get joint posterior distribution of 6,,0, and = as

~ - 2 1 +2k—n)i+(2n-3k-3r, 2 *(Zfl-+3)
e gn (el,ez’nllt)ockz_o(nkr) {En[(z 2k—n)i+(2n—-3k-3 )}{gel }

><exp[—e;2 {1, 2 +{@k+r—n)i+ @n-2r 300} + a,ﬂ, (4.8)
6,,0,>0, O<mn <1

Here a,,a, are the hyperparameters to be elicited.

4.5.1 Bayes Estimators assuming the Inverted Rayleigh Prior

The expectations of 0,,0, and 7z, with respect to their respective marginal posterior

distributions are called the Bayes estimators (posterior means) under the square error loss

function.

B(a,,b
(a.8,) —, i=12

—1
qHi2) o )
Alk A2k

A l nrlp_p
ef‘Qr(“z)Eo( k )

#,=Q T (r, +1) ”f("k—r)m
Alkl A2k2

k=0

B(a,,b,)

rpy+l )

where Q™ =T'(7, +1)'§(”_F)T
k=0 Ayt Ay,

k

The algebraic expressions for the variances of the above estimates are as under.

V(éi)ZQ r(r ”Z‘:’(n—r)A B(a,,b) QF(;;+%)H(nk_r) B(a,,b,) |

1 +(i-1) 1o +(2-i) -
AZk k=0

3
~

w2
n+(i 2T\
1% AT,

i=12.
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V(#)=0 r(ri+1)’§("-r)—B(“k *2’,’;’;}}—{9 r(m)*g(n-r)B(ak +1,bk)}2

— k rl+l — k rl+l r2+l
k=0 Alk AZk k=0 Alk AZk

4.5.2 Bayesian Predictive Intervals assuming the Inverted Rayleigh Prior

The predictive distribution of the future observation y is again what is stated in (4.3)
where g(el, 0,,m | t) is the posterior distribution given by equation (4.8) and p(y | 61,62,711)

is the data model described in Section 4.2.

p(y|t)=D_lnf(nk_r)y B(aq, +1,bk)F(:’l+:rZ)F(lr2+1)+B(ak,bk+i|.)l“(r1+1)1:52rz+2) >0,
e (Alk+y2)1 Azzcrz+ Alkrl+ (A2k+y2)2

(4.10)

where  D=T ()T (5+1) 5 ("7 | y(B(a +18, )+ Bla b +D} 4 4,

The (1-a)100% Bayesian Prediction Interval (L,U) is obtained by solving the two equation

as given in Section 4.4.2. On manipulation these equations become

a_Ifn—r (n+2) a b
E: 2 ( k )Gk{ Al ol 2 fﬁl ol ; 2 "2*1}
k=0 A, Y A4, (Alk +L ) A4,, 2 Alkl (AZk +L ) (4.11)

x [1/(”2"(”"”)Gk<n+2)/A1;1”A2k"2”>]
i\ k

a; by

(Alk +U2 )rl+1 AZkr2+1 + Alk,l+l (AZk n Uz)

("G 24 )

rz +1

(4.12)

where A, =712 +{(2k +r—n)i +(2n—2r -3k} +a, i=12.
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4.6 The Posterior Distribution assuming the Square Root Inverted Gamma Prior

We assume that 6, and 6, are independent a priory and follow Square Root Inverted Gamma
(SRIG) distribution with parameters ( my,s,) and ( m,,s,) respectively. Here m,, m, and
5,8, are the hyperparameters to be elicited. We further assume that 7z, is a Uniform random
variable with support on [0, 1]. So the joint prior distribution of 6,, 6, and 7, is the same as

derived in Section 3.4.1. Combining likelihood and prior we get joint posterior distribution of

0,, 6, and z, is the same as derived in Section 3.4.1.

4.6.1 Bayes Estimators assuming the Square Root Inverted Gamma Prior

The expectations of 6,, 6, and =z, with respect to their respective marginal posterior

distributions are called the Bayes estimators (posterior means) under the square error loss
function. The resulting Bayes estimates and their respective variances are given in Section

3.4.1 and Section 3.4.2 respectively.

4.6.2 Bayesian Predictive Intervals assuming the Square Root Inverted Gamma Prior

The predictive distribution of the future observation y is defined in (4.3). Where
g(6,,0,,m, |t)is the posterior distribution given in Section 3.4.1 and p(y|6,,6,,m,) is the

data model described in Section 4.2.

n—r
1

>{

B(a, +1,b, )T (n+a,+1)T (1, +a,) . B(a,,b, +1)T(r,+a,)T(r, +a, +1)
§=0 ( B, + yz)’l+“1+1 B, 2" B, ( B, + yz)

ry+ay +1 }’

p(yt)=E£ Ly
(4.14)
E:(”k_r) C(n+a) T'(n +a2)ZZ;;B(ak +1,b,)+B(ay,b, +1)/ B, B, 2"
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The (1-a)100% Bayesian Prediction Interval (L,U) is obtained by solving the two

L 0
equationsgp(y|t)dy=%:lj]p(y|t)dy. On algebraic manipulation, these equations become

a _fn-r (n+2) @ b,
E:kZ::o k {B r1+a1B ry+ay - 2\Vity ry+a, - By 2 r2+02}
1k 2k (Blk +L ) By, By, (sz +L ) (4.15)
U ("0 )Gun+2) 18,282 )
k=0
%zni(nk_r (n_:2,;§+1) " (r2+k+1)2 ”2*“2}
k=0 B, +U B,?"? B, (B, +U
( 1k ) 2k 1k ( 2k ) (4.16)

(n+2)

S (n-r
x [ 1/(1‘;)( k )Gk 11+a1B2kr2+a2 )]

B

1k

where B, = r. 2 +{(2k +r—n)i+(2n—2r=3k)} T?+b,, i =1, 2.

4.7 An Example based on Simulated Data
Consider a random sample of size »=400 from the mixture of two Rayleigh distributions
with test termination time fixed at 7=15. To generate a mixture data we make use of

probabilistic mixing with probability 7, and 7, and take m, = 0.375. A uniform number u is
generated 400 times and if u < m, the observation is taken randomly from £ (the Rayleigh
distribution with parameter 6, =8) otherwise from F, (from the Rayleigh distribution with
parameter 6, =12). Hence the parameters to be estimated are known to be 6, =8, 6, =12
and n, =0.375. To avoid an extreme sample, we repeat this simulation 1000 times using a

computer program and an averaged data summary is used to conduct computations. Actually,
the observations that are greater than 7' are not observed during a real life test. Hence all the

observations that are greater than 7' are considered as censored ones while calculations are
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conducted. In practical situations, elements generating observations are easily distinguished to
be a member of either Subpopulation 1 or Subpopulation 2 of the mixture after minor

inspection regarding their cause of death. The above data yields n=400, r =146, r, =197,

12=56.9146, 12 =84.3234, r =343 and n—r =57.

4.7.1 Bayesian Predictive Intervals assuming the Inverted Chi Prior

Bayesian Predictive Interval assuming the IC prior are evaluated using equations (4.5) and
(4.6) for different combinations of the hyperparameters, a, and a,. We used combinations of
a, =10, 40, 70, 100 and a, =10, 40,70, 100. We are only reporting here the values of L
and U for those combinations of a, and a, that produce the shortest predictive intervals.
Here the trend observed is “the smaller the a,, the greater the a,, the shorter will be the
predictive intervals”. Hence for ¢, =10 and a, =10, the lower and upper limits of the 95%

predictive interval are found to be L = 1.54969 and U = 21.41852 respectively, while for
a, =10 and a, =100, these are L = 1.50622 and U = 19.15067 respectively. Hence the
width of the interval reduced from &=19.86883 to 6 =17.64445 for the said change in the
hyperparameters as is clear from Table 4.1. On comparison of Tables 4.1-4.3, it can be

observed that this reduction is greater than that of with IR prior and is lesser than that of with

the SRIG prior.

4.7.2 Bayesian Predictive Intervals assuming the Inverted Rayleigh Prior
Bayesian Predictive Interval assuming the IR prior are evaluated using equations (4.11) and

(4.12) for the said combinations of the hyperparameters. Although, there is a negligible effect
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on the spread of the predictive interval but a trend is again observed which is “the lower the

a, , the higher the qa,, the narrower are the predictive intervals”. Hence for a, =10
and a, =10, the lower and upper limits of the 95% predictive interval are found to be

L

157204 and U = 21.59739 respectively, while for ¢, =100 and a, =10, they are

L = 157798 and U = 21.57672. Hence the width of the interval reduced from

6 =20.02535 to 6=19.99874 for the said change in the hyperparameters. Here, no further
reduction is observed, whatever be the combination of the said hyperparameters be used as is
clear from Table 4.2. A comparison of Tables 4.1-4.3 tell that this reduction is the smaller
than those of the IR prior and the SRIG priors. This is an indication that the IR is the weakest

prior to be used.

4.7.3 Bayesian Predictive Intervals assuming the Square Root Inverted Gamma Prior
Bayesian Predictive Interval assuming the SRIG prior are evaluated using equations (4.15)
and (4.16) for the said combinations of the hyperparameters. “The lower are the values of

s, s, and the higher are the values of m,, m, , the efficient are the predictive intervals” is the
trend observed. Hence for m, =10, m, =10, s, =10, s, =10, the lower and upper limits of the
95% predictive interval were found to be L = 1.52469and U = 21.20159 respectively,
while for m, =100, m, =100, s, =10, s, =10, these were L = 1.21844 and U = 17.91917.

Hence the width of the interval reduced from 6 =19.6769 to 6 =16.70073 for the said change
in the hyperparameters as is immediate from Table 4.3. This reduction is the greater than
those of the IR prior and the IC prior as depicted by Tables 4.1-4.3. This points out that the

SRIG is the best among these three conjugate priors. It is interesting to note that as compared
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to scale parameter the change in the shape parameter of the SRIG prior has more control on
the length of predictive intervals. Also, the change in upper limit is more rapid as compared to

the change in the lower limit of the predictive interval.

4.7.4 The Objectivity, the Efficiency and the Partial Prior Elicitation

To chose among the prior distributions each having a functional form compatible with the
likelihood, a trend can be looked for after studying the length of the predictive intervals for a
number of combinations of hyperparameters. If a trend is observed on the pattern given in
Table 4.3, we may proceed as follows to further filter the available prior information. Let the

prior information from n experts be processed by some suitable method of prior elicitation to

yield » sets of hyperparameters. Let [(a, a,;, b, b,;), i=12,3,...,n] be the n sets of

hyperparameters, one set for each expert, where » is the number of experts. Here the
available prior information varies from expert to expert but the said trend observed may help
us to reach a consensus by choosing a single set of hyperparameters as

[a,, a,, by, b,]=[a, =max( a,), a, =max( a,,), b, =min( b,), b, =min( b,,)].

Hence the subjective prior information turned into objective prior information with the help of
the said trend observed in the possible values of the hyperparameters. Secondly, this choice of
hyperparameters would obviously result in the efficient estimation and prediction. As the said
trend observed narrows the possible range of the unknown hyperparameters, it can be called a

sort of partial prior elicitation.

4.8 Conclusion

The Bayesian Predictive Intervals of the future observation assuming the Inverted Chi prior,
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the Inverted Rayleigh prior and the Square Root Inverted Gamma prior are constructed for
various choices of the hyperparameters. The Square Root Inverted Gamma prior can produce
more precise estimates and predictive intervals than its competitors, Inverted Chi prior and
Inverted Rayleigh prior. Inverted Chi performs better than Inverted Rayleigh in terms of
efficiency and precision. Inverted Rayleigh prior makes almost no improvement in the
efficiency of the estimates.

If a trend can be established with the help of predictive intervals in terms of more
favorable combinations of the hyperparameters, it is a sort of partial prior elicitation. The said
trend adds objectivity to the subjective prior information and guaranties more precise
estimation and prediction.

The role of the shape parameter of the square root inverted gamma prior is more
influential as compared to its scale parameter on the breadth of predictive intervals. The
changes in predictive intervals are mainly contributed by the changes in the upper limits and

the changes in the lower limits are relatively slow.
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Table 4.1 Bayesian Predictive Interval for different values of the hyperparameters, « and
a, of the Inverted Chi prior.
a, =10 a, =40 a, =10 a, =100 a, =150
a,=10 | ; _15g5gss | L=1527165 | L=1.477658 | L=1.434378 | L=1.371958
U =22673997 U =22.82602¢ U =22.909813 | U =22.958885 | U = 23.002211
5 =21.088137| ¢ =21.298861 o =21.432155 | 6 =21.524507 | 6 =21.6302
a,=40 | L=1567585 | L =1.508695 | L =1.45995 L=1417656 | L=1.356888
U =21.78147¢ U =21.958381 U =22.052681 | U =22.106942 | U =22.154277
0 =20.213893 6 =20.449692 o6 =20.592731 | 6 =20.689286 | 6 =20.797385
a,=70 | L=1551772 | L=1491471, | L=1.443135 | L=1.401654 | L=1.342373
U =20.962175 U =21.173564 U =21.280562 | U =21.340768 | U =21.39257¢
0 =19.410403| 6 =19.682093| & =19.837427 | 6=19.939114 | 6 =20.050202
a, =100 | L=1540310 | L=1.475632 | L=1.427213 | L=1.386349 | L=1.328387
U =20.189093 U =20.456404 U =20.579458 | U =20.646516 | U =20.703284
0 =18.648783| 6 =18.980772| & =19.152245 | 6 =19.260167 | 6 =19.374897
a,=150 | L=1555455 | L=1453654 | L=1.402766 | L=1.362360 | L=1.306194
U =19.822219 U =19.371259 U =19.539050 | U =19.620528 | U =19.686750
0 =18.266764| 6 =17.917605| ¢ =18.136284 | 6 =18.258168 | & =18.380556

L = the lower limit, U = the upper limit, & = the length of the predictive interval
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Table 4.2

Bayesian Predictive Interval for different values of the hyperparameters,

a,and a, of the Inverted Rayleigh prior.

a, =10

a, =40

a, =10

a, =100

a, =150

L =1.609639
U =22.870927
0 =21.261288

L =1.611813
U =22.863517
0 =21.251704

L =1.613980
U =22.856029
0 =21.242049

L =1.616140
U =22.848464
0 =21.232324

L =1.619725
U =22.835686
0 =21.215961

L =1.609883
U =22.882947
0 =21.273064

L =1.612057
U =22.875558
0 =21.263501

L =1.614224
U =22.868092
0 =21.253868

L =1.616385
U =22.860549
0 =21.244164

L =1.619970
U =22.847808
0 =21.227838

L =1.610127
U =22.894957
0 =21.28483

L =1.612301
U =22.887589
0 =21.275288

L =1.614469
U =22.880144
0 =21.265675

L =1.616629
U =22.872622
0 =21.255993

L =1.620215
U =22.859919
0 =21.239704

a, =100

L =1.610370
U =22.906956
0 =21.296586

L =1.612545
U =22.899609
0 =21.287064

L =1.614713
U =22.892185
0 =21.277472

L =1.616874
U =22.884685
0 =21.267811

L =1.620460
U =22.872018
0 =21.251558

a, =150

L =1.610776
U =22.926931
0 =21.316155

L =1.612951
U =22.919619
0 =21.306668

L =1.615119
U =22.912230
0=21297111

L =1.617281
U =22.904766
0 =21.287485

L =1.620869
U =22.892159
0 =21.27129

L = the lower limit, U = the upper limit, & = the length of the predictive interval
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Table 4.3 Bayesian Predictive Interval for different values of the hyper parameters m,,
m,and s,, s,0f the Square root inverted Gamma prior.
m, =10 m, =40 m, =70 m, =100 m, =150
m, =10 m, =40 m, =10 m, =100 m, =150
s, =10 | L=1559359 | L=14239907 | L=1.321602 | L=1.239922 | L=1.133306
$2=10 | y 222433777 | U =21.066623 | U =19.871950 | U =18.840033 | U =17.411904
0 =20.874418 | 6 =19.642632 | 6 =18.550357 | § =17.60011 | & =16.278598
s, =40 | L=1561678 | L=1426038 | L=1.323459 | L=1.241641 | L=1.134858
$; =40 | 7 =22.439364 | U =21.074081 | U =19.880053 | U =18.848243 | U =17.419886
0 =20.877686 | 6 =19.648043 | 6 =18.556594 | 5 =17.606602 | & =16.285028
s, =70 | L=1563991 | L=1428080 | L=1.325312 | L=1.243356 | L=1.136409
$; =10 | U =22.444904 | U =21.081505 | U =19.888125 | U =18.856438 | U =17.427860
0 =20.880913 | 6=19.653425 | 6 =18.562813 | 5 =17.613082 | 6 =16.291451
s; =100 | L =1.566300 L=1.430119 L=1327161 | L=1.245067 | L=1.137956
s, =100 | 17 = 22450397 | U/ =21.088896 | U =19.896173 | U =18.864617 | U =17.435824
0 =20.884097 | 6 =19.658777 | 6 =18.569012 | 5§ =17.61955 | & =16.297868
s, =150 | L=1570135 | L=1.433508 | L=1330234 | L=1.247911 | L=1.140527
S, =150 | 7 =22.450449 | U =21.101137 | U =19.909537 | U =18.878214 | U =17.449078
0 =20.889314 | 5=19.667629 | 6 =18.579303 | 5 =17.630303 | 6 =16.308551

L = the lower limit, U = the upper limit, & = the length of the predictive interval
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CHAPTER 5

ESTIMATION AND APPLICATION OF THE PARETO MIXTURE

5.1 Introduction

Pareto model is often used for investigating the distribution of many empirical phenomena
including personal incomes, city population sizes, the sizes of firms and the lifetimes. In this
chapter, a lifetime population of certain objects is assumed to be composed of 1<k <o
subgroups mixed together in an unknown proportion. The random observations taken from
this population are supposed to be characterized by one of the k distinct unknown members of
a Pareto distribution. So the k-component mixture of the Pareto distribution is recommended
to model this population provided the data is not available on the individual components
rather on the mixture only.

Abdel-All et al. (2003) discussed geometrical properties of Pareto distribution. Ismail
(2004) presented a simple estimator for the shape parameter of the Pareto distribution. Bhat
(2005) focus Bayes estimation and reliability functions for a two component mixture of Pareto
lifetime distributions. Sankaran and Nair (2005) discussed the properties of finite mixture of
Pareto distributions in the context of income analysis. Nadarajah and Kotz (2005) focused the
information matrix for a mixture of two Pareto distributions. A truncated Pareto distribution is
studied by Ali and Nadarajah (2006).

The uninformative and informative Bayes estimators of 2k -1 parameters of the k-
components Pareto mixture are derived. In this chapter, the said Pareto mixture, the likelihood
and the system of three non-linear equations, required to be solved iteratively for the
computations of maximum likelihood estimates, are developed in Section 2. The components

of the information matrix are constructed as well. In Section 3, the expressions for the Bayes



estimators and their variances are presented along with the expression for the posterior
predictive distribution and the equations required for finding the predictive intervals. The
complete sample expressions for the ML and Bayes estimators and variances are derived in
Section 4. In Section 5, a comprehensive simulation scheme consisting of a large number of
parameter points is accomplished to highlight the properties and behavior of the estimates in
terms of sample size, censoring rate, parameters size and the proportion of the components of
the mixture. A real life data set is used to evaluate and compare the Bayes estimates in
Section 6. Some interesting comparisons and properties of the proposed estimates are
discussed in Section 7 as concluding remarks. The Bayes estimates are evaluated under the

squared error loss function.

5.2 The Maximum Likelihood Estimates for Censored Data
A finite mixture density function with a known integer number (k4 >1), of component

densities of specified parametric form but with k unknown parameters, ¢, i =1,2,...,k and
k-1

with & unknown mixing weights, z,, i =1,2,...,k where =, :1—27:[ is defined as in (2.1).
i=1

The following Pareto distribution is assumed for the k components of the mixture.

[ =0 x5, =12,k =123, 0<a, <o ; 1<x, <00

And the corresponding Survivor functions are S,(x)=x,*, i=12,...,k. The corresponding
k

mixture distribution function is given by F(x)zZ;z,.Fl.(x). The sampling scheme and
i=1

likelihood function (2.2) of Section 2.3 is considered with a Type-1V sample of size n pjts
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from the Type-I mixture model described above under ordinary type-I, right censoring. Here

X =Xy, X0y X ) = (X000 Xpg ooy X s Xogs Xggaeves Xy seves Xygy Xpgs-- -, X, ) IS data while the 2k -1

parameters are o = (o, @,,...,,)and a = (7, 7,,...,7,) , 7, :1—27;..

i=1

—(az +1)

L(a1n|X) OC{f_[l(ﬂl % xl/(aﬁl))}{ﬁl(% Q) Xy, )}{ﬁl(”k a, xl;‘(akﬂ))}

x{(a T+ 7,72 +...+ 72, T %)}

L(a, m|x) oc {ﬁﬁﬂ, a, xf“'*”}{ﬁ ﬂiTai} (5.2)
i=1

=1 j=1

The likelihood function in (5.2) can take the following form

L(a, m|x) oc Z( kl,kz, {Hn } {fl[a} exp{—zk:{a[i(lnxij+kilnT)H

Pl R
(5.3)

Here H' denotes the number of distinct terms in the expansion of a multinomial  as

mentioned in Section 2.3. Maximum Likelihood Estimates of a and of & are obtained by

solving the system of 2k—1 nonlinear equations (5.4) obtained by setting first order

derivatives of the natural log of the likelihood (5.2) to zero.

LS () - ) g o1z (54)
. j=1 ’ —a:
i T ™
2
aa_l:i Ut | GOt S0 N PRI S | (5.5)
7Z'l- ﬂ'l- ﬂ-k Zﬂ_T—

Solving the system of nonlinear equations (5.4)-(5.5) with the help of an iterative numerical

procedure, the ML estimates can be found. The information matrix with the following
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elements can help find variances as discussed in Section 2.3.

k

[T)e-nr 5" tn1y

i, L -
E( 7)= _ — L i=12, .k (5.6)
Q; (Zﬂ_jT—ai)Z a;
i-1
_H? _ - o )2
E( 521)=_L2_ ’kz—(” r)k(T T 12 k-1 (5.7)
or, . 7 (Z 2T
i-1
K *(_k o)
% oy Ime-nT =
)= )= _ L i>i=12,...k (5.8)
N U RO 0§
i-1
&% 21 ( )T_(‘k “inT)
- — n—r =
B e ! 5.9
Q,0r; 7o, (ZﬁiT_a,)z (5.9)
i-1

j=12,... k-1 i=12,.. k.

—0°1 v, (n=r) T % =T )T -T™*)
E(az or ):?_ J '
e k Q. mT) (5.10)
i-1

i=12,...,k-2,j=i+1=2,...,k-1

5.3 Bayes Estimators assuming the Conjugate Prior
Here Gamma prior is used as a conjugate prior. Let «, ~Gamma(m,,s,)V i=12,..k
andn = (7,,7,,...,7,) [ Dirichlet(1,1,...,1), s0 g,(a,)ca e, i=12,.,k Assuming

independence, the joint prior is incorporated with the Likelihood (5.3) to give the joint
posterior and then marginal posterior densities are obtained. The expressions for the Bayes

estimators under the squared error loss function are given by the respective expectations under
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the marginal posterior distributions. The following are the expressions for the k estimators of
the k parameters of the k component densities of the mixture.
=Q z Crpomi JBOL b+ 1,7,k + 11+ 1)

by kg

[(r,+m, +1)

{si +i|n(xlj)+ki In(T)}

L(r,+m,)

i=12,....k

H+my+1 H ritm; !
’ ’{s +2In(xy)+k In(T)}

The following are the k estimators of the k mixing proportions of the finite mixture.

Hoy k L(r +m,
=Q Y (T OBO A ALk 42, D] Virm) 10k
by hey vk vl -1 7; VAR
{sj +YInx,)+k, In(T)}
=
k T(r+m,
where Q! = z (ol OBk 4Ltk 4D T b +m,) - and

Ky ek i=1

{si +Z In(x,)+k, In(T)}

B(t),t=(z,,7,,...,7,) is the multinomial Beta function having k arguments and can be
expressed in terms of Gamma functions I'(z,), i =1,2,...,k . The expressions for the variances
of the Bayes estimators can be evaluated on the same lines as under.

I'(r,+m, +2) L(r, +m;)

V(a) QZ (k1k2 ..... kk

Kk ki

p n+m+2 H , ri+m;
{s,. +3"In(x,) +£, In(T)} ! {sj +>In(x,) +, In(T)}
Jj=1 Jj=1

I'(r+m +1) L(r,+m,)
- Q Z (klkz ~~~~~ kk - r1+m1+1H r, rp+m; !
ko yeeny k L i
ot {si+2|n(x,.j)+k,. In(T)} " {s +Z|n(x )+k, In(T)}
j=1
i=12,...,k

Here B stands for B(r, + &, +1,...,7, + &, +1).
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Ky kg ik i1

Hr/:—r k " =(rj+m;)
riz)=Q > ( whoa Bk +L L+ 43,k +)[ [T, +m].){sj +>In(x,) +k, In(T)}
j=1

Hf,,. x " —(r/»+m/») 2
_{Q Z Con i B +A +1L, o+ k42, r,(+kk+1)HF(FJ.+mj){sj+Z|n(xy.)+kj|n(T)} } ,
j=1

Ky kg ek j=1

i=12,..,k

5.3.1 Bayes Estimators assuming the Uninformative Priors

The simplest and the oldest uninformative priors are the Uniform and the Jeffreys.

5.3.1.1 Bayes Estimators assuming the Uniform Prior

Let us assume a state of ignorance i.e., «,, i=1,2,...,k is uniformly distributed over (0, )
and rz, i=12,...,k are uniformly distributed over [0,1]. Hence f,(«,) <k, O0<ea, <o
Vi=12,..,k and n= (7, 7,,...,7,) Dirichlet(1,1,...,1). Assuming independence we have

an improper joint prior that is proportional to a constant and is incorporated with the
likelihood (5.3) to yield a proper joint posterior distribution. The respective marginal posterior
distributions yield the Bayes estimators under the squared error loss function. The expressions
for the estimators assuming Uniform prior are obtained by replacing

m =2,i=12,...,k and 5, =0, i=1,2,...,k equations of Section 5.3.

5.3.1.2 Bayes Estimators assuming the Jeffreys Prior
For the components of the Pareto mixture model given in Section 2, based on the definition

of Section 2.5.2, the Jeffreys priors are assumed as g,(¢;) <1l/¢a;, 0<a, <o, V
i=12,.., k and n= (7, x,,...,7,) U Dirichlet(1,1,...,1). Assuming independence, the joint

prior is incorporated with the likelihood (5.3) to have the joint posterior. Then the respective
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marginal posterior distributions give the Bayes estimators under the squared error loss
function. The expressions for the Bayes estimators using the Jeffreys prior are obtained by

replacing m, =1, i=12,....,k and s, =0, i=12,...,k inequations of Section 5.3.

5.3.2 The Posterior Predictive Distribution and Predictive Intervals
Equation (4.3) defines the posterior predictive distribution. Assuming & = 2, the predictive
distribution of the future observation y given the data x is

L +m +)I(r, +m,)
(sy + Alk)rlwﬁl(sz T
'(r +m)L(r, +m, +1)
(5, + A )" (Ayy +5,+1In y)

PO0=03, (") L Be-r k2 +k+D
k=0 (5.10)
+Bn—-r,—k+1r,+k+2)

r2+m2+l}’ y > 0

The (1-«)100% Bayesian Prediction Interval (L,U) is obtained by solving the two equations

L 0
Ip(y|x) dy = % = jp(y|x) dy . On necessary manipulation these equations become
1 U

& _ B(n—r,—-k+2,r,+k+1 1 1
Q Z (nk r){ ( 3 rzimz ) ( n+my B V1+"71)+
k=0 (5, + 4y) (5, + 4y) (s,+ 4, +InL) (5.11)
B(n—-r,—k+Lr,+k+2) ( 1 B 1 )}_g_o :
(s + A )™ (5,+A4,)"™  (s,+ A4, +InL)>™ 2
& (n—r B(n—r,—k+2,r,+k+1) B(n—r,—k+1r,+k+2) a
Q k { ry+m n+m + n+m ry+m } - O
k=0 (S2+A2k)2 2(S1+Alk+|nU)1 ' (S1+Alk)1 1(s2+A2k+|nU)2 2 2

(5.12)

n—r 2

whereQ =M ("~7 Liam) {B(n—r,—k+2,r, +k+0)+B(n—r,—k+1r, +k+2)}.

k (5. A )™ 2 2 2 2
i=1 \9; t

k=0
These predictive intervals when evaluated for a number of combinations of the hyperparameters
can help locate a range of hyperparameters that may lead to the Informative Bayes estimates

having lesser variances than the uninformative Bayes estimates. Saleem and Aslam (2008a)
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used predictive intervals for the Rayleigh mixture to discuss precision of Bayes estimates in
terms of hyperparameters. Also, a sort of objectivity can be added to the prior information
provided by a number of experts provided a trend is observed for the narrower predictive

intervals in terms of the hyperparameters.

5.4 The Complete Sample Expressions
Under the conditions given in Section 2.6, the expressions for the Bayes estimators and their
variances are simplified as given in Tables 5.1-5.2. The comments regarding amount of

information, computational ease and simplification quoted in Section 2.6 also applies here.

5.5 A Simulation Study

We take random samples of sizes » =50, 100, 200, 300 from the two component mixture

of Pareto distribution with (e, a,) ={(0.5,1.5),(1.0,4.0),(2.5,0.5),(4.0,1.0) } and 7 = 0.25,
0.40. Censoring rates assumed are C =10%, 20% . To generate a mixture data we make use
of probabilistic mixing. A uniform number u is generated » times and if u < the
observation is taken randomly from F; (the Pareto distribution with parameter ¢, ) otherwise
from F, (from the Pareto distribution with parameter «,). Remaining details of the

simulation study is the same as mentioned in Section 2.7. Some interesting properties of the
Bayes estimates are highlighted in Tables 5.3-5.4 while a comparison of the estimates is

summarized in Table 5.5.
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5.5.1 WinBUGS Code for computations using Gibbs Sampling
The full Bayesian model can be fit in WinBUGS. Here's an example with

n = 15, r = 10,5 observations come from component 1 and 5 come from component?2.

Here zi is the component indicator and xi are data. The code is given bellow which makes use
of the Exponential-Pareto connection described in Section 5.6.

mod e/ {
for (i in 1:n) {cens.log[i] < —log(cens[i]); z[i] I dcat(p[l:k])}
for (i in 1:r) {yli] <-log(x[i]); y[i] U dexp(alphalz[i]])}
pll:k] O ddirch (ones[l: k])
for (i in 1:k) {alphali]ll dgamma(l, 1)}
for (i in (r+1):n) {x[i]U d exp(alphalz[i]]) I(cens.log[i],)}

list (ones = c(1, 1),
cens =c(1,1,11111111 10, 10, 10, 10, 10),

x = (2.0, 25, 3.0, 2.7, 1.5, 5.5, 8.0, 7.2, 9.4, 8.7, NA, NA, NA, NA, NA),
z=c(LL 111 2 2 2 2 2 NA NA, NA, NA, NA))

5.6 A Real Life Example

Mendenhall and Hader mixture datat = (z,,, #,,..., ¢

1o D1y Tygye 1, ) CONSists of hours to

failure for ARC-1 VHF radio transmitter receivers. Radio transmitters that had not failed by
630 hours were removed from the aeroplanes anyway, so these are Type-I right censored data
at 630 hours. Inspection of failed units allowed the engineers to allocate the failed units to two

different subpopulations. Mendenhall and Hader fitted Exponential distributions to this data.

The transformation x =exp(¢) of an Exponential distribution yields a Pareto distribution. This

transformation allowed us to use Mendenhall and Hader (MH) data set for our analysis with

the obvious transformation of the data. It is interesting to note that despite the transformation
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x =exp(¢) almost no major computations are required to have the data summary required to

evaluate the estimates. For instance, Y Incx,,) =Y 1, =20458 and ) Incx, )= 1, = 50056,
j=1 j=1 j=1

=
n=369, r, =107, r, =218, r =1, +r, =325, n-r=44. Other sample characteristics required
are also made available easily. Pareto mixture parameters (¢,, «,, z,)are estimated using

estimators derived in Section 5.3. The Bayes (Jeffreys) estimates of the MH mixture lifetime
parameters, after an obvious re-parameterization as evident from the functional form of the
component densities of the mixture given in Section 5.2, are found to

be(a,, a,,)=Q0a, 1/a,)=(237,333) where @ =0.00422, &, =0.00300 (correct to
five decimal places) are the Bayes (Jeffreys) estimates of Pareto mixture parameters with

SE(a,) = 0.000574, SE(c,) =0.00023 respectively. The variances of the lifetime parameters

of the MH mixture are computed as SE(a,,) = 33.8015, SE(a,,) = 25.6659. The estimate of

N

the proportion parameter of the MH mixture is 7 =0.313 with SE(7)=0.02642. This is
encouraging to note that the estimates are much greater than the two respective subgroup
sample means i.e., # =191.2 << 237, 1, = 229.6 << 333 which happens in the right censoring
situations. Also the proposed estimates presented here are slightly more precise than the

estimates presented in Sinha (1998). A comparison of the various estimates based on the

Mendenhall and Hader (1958) mixture data is displayed in Table 5.6.

5.7 Conclusion
The simulation study depicts some interesting properties of the Bayes estimates. The
properties of the estimates are highlighted in terms of sample sizes, sizes of mixing proportion

parameters, sizes of the component densities parameters and censoring rates.
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The estimates of the parameters of the component densities are generally over-estimated
with a few exceptions in case of the second component. The extent of over-estimation is
higher in case of the estimates of the first component density parameter. On the other hand the
estimates of the mixing proportion parameter are observed to be under-estimated with a few
exceptions. It is interesting to note that the estimates seem to approach the true parameter
values with the increase in sample size.

Another interesting remark concerning the variances of the estimates of the component
densities’ parameters is that increasing (decreasing) the proportion of a component in the
mixture reduces (increases) the variance of the estimate of the corresponding component
density parameter. The variances of estimates of all three mixture parameters reduce with an
increase in sample size. However, the variances of the estimates of the component densities’
parameters seem to be quite large in cases when the value of the parameters are large and

quite small for relatively smaller values of the parameters.
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Table 5.1 The complete sample expressions for the Bayes (Uniform)*,

Bayes (Jeffreys) and ML estimators as 7 — .

Parameters Bayes Estimators Bayes Estimators ML Estimators
(Uniform) (Jeffreys)

(n,+1) n n

% (Zlnx,) (Zlnx,) (ZInx;)
(n,+1) n, n,

% (ZInXZj) (ZInXZj) (ZInXZj)
(n, +1) (n, +1) n

T (n+2) (n+2) n

*Bayes (Uniform) means the Bayes estimates assuming the Uniform prior.

Table 5.2  The complete sample expressions for the variances of the Bayes (Uniform),

Bayes (Jeffreys) and ML estimatorsas 7 — .

Parameters Variances of Variances of Variances of
Bayes Estimators Bayes Estimators ML
(Uniform prior) (Jeffreys prior) Estimators
n +1 n, n
o (erlxlj)2 (Zlnxlj)2 (Zlnxlj)2
n,+1 n, n,
% (zlnxzj)z (zlnxzj)z (Z|nx2j)2
(n, +1)(n, +1) (n, +1)(n, +1) mn,
L) (n+2)*(n+3) (n+2)*(n+3) n’




Table 5.3 Bayes (Jeffreys) estimates of Pareto mixture parameters and their standard
errors (in parenthesis) with ¢; =0.5, a, =1.5, 7, =0.25, 0.40 and censoring
rates, C =10%, 20%
10% Censoring
(, &y, ) n A a, 7
50 0.63926(0.36444) 1.51497(0.31810) 0.25334(0.06394)
100 0.56961(0.21440) 1.50283(0.22687) 0.24911(0.04824)
(0.5, 1.5, 0.25)
200 0.53881(0.13534) 1.49248(0.15310) 0.24785(0.03389)
300 | 0.517657(0.0944522) 1.49677(0.129143) 0.249782(0.027997)
50 0.55870(0.22151) 1.50016(0.34748) 0.39219(0.06957)
100 0.52027(0.11974) 1.50942(0.22711) 0.39877(0.05048)
(0.5, 1.5, 0.40)
200 0.50815(0.07325) 1.50428(0.16261) 0.39890(0.03515)
300 0.5054(0.0566698) 1.50235(0.13542) 0.398518(0.0289886)
20% Censoring
(, oy, =) n & @, 7z
50 0.75179(0.55476) 1.58108(0.41216) 0.25461(0.06546)
100 0.67048(0.33805) 1.50765(0.26856) 0.24579(0.05274)
(0.5,1.5,0.25) | 200 0.60366(0.20462) 1.49444(0.20106) 0.24513(0.04295)
300 | 0.573052(0.165515) 1.49599(0.175607) | 0.244256(0.0375923)
50 0.65813(0.35527) 1.48759(0.38060) 0.38131(0.07868)
100 0.57586(0.18428) 1.48787(0.30622) 0.38774(0.05822)
(0.5, 1.5, 0.40)
200 0.53164(0.11201) 1.48527(0.20755) 0.39231(0.04185)
300 | 0.519594(0.0837556) 1.49218(0.18015) 0.392906(0.0359372)
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Table 5.4 Bayes estimates (Jeffreys) of Pareto mixture parameters and their standard
errors (in parenthesis) with ¢; =1.0, a, =4.0, 7, =0.25, 0.40 and censoring
rates, C =10%, 20%.
10% Censoring
(, &y, ) n & a, 72
50 1.33812(1.06763) 4.06876(0.82902) 0.25284(0.06420)
100 1.10941(0.43288) 4.03982(0.58555) 0.24878(0.04572)
(1.0, 4.0, 0.25)
200 1.03321(0.22509) 3.991(0.40274) 0.25084(0.03235)
300 1.02742(0.185037) 3.97965(0.327512) | 0.2498889(0.0265039)
50 1.08311(0.45645) 4.05159(0.84810) 0.39995(0.07131)
100 1.02705(0.23688) 4.01479(0.60296) 0.40027(0.05200)
(1.0, 4.0, 0.40)
200 1.00512(0.14181) 4.01193(0.40115) 0.39855(0.03521)
300 1.00049(0.108703) 3.99171(0.331273) 0.399337(0.0285543)
20% Censoring
(4, @y, m) | 7 a a, 7,
50 1.81191(2.62688) 4.09448(0.96668) 0.245927(0.06863)
100 1.38455(0.97628) 3.98446(0.69090) 0.24081(0.05626)
(1.0,4.0,0.25) | 200 1.18649(0.45700) 3.96388(0.52966) 0.24374(0.04474)
300 1.12527(0.322429) 3.98573(0.443237) 0.245717(0.0358915)
50 1.29493(0.66903) 3.94695(0.97085) 0.38350(0.07792)
100 1.10029(0.35337) 3.97788(0.71211) 0.39131(0.05627)
(1.0, 4.0, 0.40)
200 1.04657 (0.20215) 3.95922(0.50577) 0.39668(0.04054)
300 1.02093(0.1474) 3.98558(0.423434) 0.39626(0.0326351)
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Table 5.5. A comparison of the Bayes (Uniform), Bayes (Jeffreys) and Bayes (Gamma)*
estimates of Pareto mixture parameters and their standard errors
(in  parenthesis)  with a, =05, a,=15, r;,=0.25and  censoring
rate, C =10%.
Uniform
n a a, T
50 0.79498(0.53338) | 1.5329(0.33227) 0.24861(0.06751)
100 0.62560(0.25225) | 1.51213(0.23418) 0.24692(0.04991)
200 0.56126(0.14727) | 1.49772(0.15623) 0.24695(0.03457)
Jeffreys
n a a, T
50 0.63926(0.36444) | 1.51497(0.31810) 0.25334(0.06394)
100 0.56961(0.21440) | 1.50283(0.22687) 0.24911(0.04824)
200 0.53881(0.13534) | 1.49248(0.15310) 0.24785(0.03389)
Gamma
n a a, T
50 0.56053(0.24039) | 1.40222(0.26659) 0.25142(0.06208)
100 0.54739(0.17978) | 1.44430(0.20676) 0.24765(0.04748)
200 0.53243(0.12688) | 1.46210(0.14604) 0.24684(0.03364)
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Table 5.6 A comparison of the various estimates based on the Mendenhall and
Hader (1958) mixture data.
parameters | Mendenhall and Sinha Saleem and Saleem and Aslam
Hader (1958) (1998) Aslam (2010) (proposed)
al 234.234 241.227 200 237
(33.957) (17.7513) (33.8015)
a, 335.664 334.845 250 333
(25.956) (14.6994) (25.6659)
7 0.3098 0.313 0.331 0.313
(0.0265) (0.0260) (0.02642)

The effect of an increase in censoring rate on the estimates of the component density
parameters is observed in terms of an increase in the extent of over-estimation with some rare
exceptions in case of estimates of the second component density parameter. But the effect of
an increase in censoring rate on the estimates of the mixing proportion parameter is observed
in terms of an increase in the extent of under-estimation except a few exceptional cases when
its over-estimation turns into a slight under estimation with the increase in censoring rate.
However, this is interesting to note that the variances of all the estimates of the component
density and mixing proportion parameters are increased with an increase in the censoring rate.
As the cut off sensor value gets infinitely large, the complete sample expressions for the
estimators and variances are greatly simplified. Also variances of the complete sample
estimates are expected to be reduced further as is clear from the effect of censoring rates.

An over-estimation is observed in Bayes (Uniform) and Bayes (Jeffreys) estimates of the

component density parameters with some rare exceptions in case of the second component

density estimates. On the other hand, the Bayes (Uniform) and the Bayes (Jeffreys) estimates
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of the mixing proportion parameter are generally under-estimated with some rare exceptions.
The Bayes (Gamma) estimates of the first component density and mixing proportion
parameters are over-estimated while under-estimated for the second component density
parameter. The extent of over-estimation is higher in case of Bayes (Uniform) as compared to
Bayes (Jeffreys) but the latter has relatively smaller variance. All the Bayes estimates get
more precise with the increase in sample size. The informative Bayes (Gamma) estimates
have least variances than the uninformative Bayes estimates. The efficiency of Bayes
(Gamma) can further be improved with an improvement in the prior information.

In the real life example, the proposed estimates evaluated with the help of Pareto
mixture appears to be slightly more precise than those based on Exponential mixture as

presented in Sinha (1998).
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CHAPTER 6

PROPERTIES AND COMPARISON OF THE BAYES ESTIMAES OF
THE BURR MIXTURE PARAMETERS

6.1 Introduction

Burr (1942) has suggested a number of cumulative distribution functions yielding a wide
range of values of skewness and kurtosis and hence can be used to fit almost any given set of
unimodal data. Johnson et al. (1994) presented the twelve forms for the cumulative
distribution function of Burr distribution.

l. F(y)=y, 0<y<1

I FO)=(e"+D)

. FO)=(+)", 0<y

V. FO)=[(c-p)/»)"+1], 0<y<c
V. FO)=(ce™ 4D)*, —xl2<y<zl2
VI F() = (ce ™ 11)*

VII.  F(y)=2"(+tanh y)"

VIII. F(y)=[(2/x)tan*e']

IX. F(y)=1-2H{c{l+e’} -1}+2}

X. F()=@+e’), 0<y

XI. F(y)=[y—-@/2x)sin2zy]", 0<y<1
Xll. F()=1-@1+y)", 0<y

A special case of Burr Type-XII distribution is discovered as a transformed version of the
Pareto distribution. The proposed distribution has an advantage over the Pareto distribution in
terms of its more realistic support. In life testing and reliability we confront with many
applications where a population under study is supposed to comprise of a number of
subpopulations mixed together in an unknown proportion. If the observations are supposed to
be characterized by the proposed Burr distribution, the use of the finite mixture Burr

distribution becomes inevitable provided the data is not available on the individual
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components rather on the mixture only. Burr (1942, 1968 and 1973), Burr and Cislak (1968),
and Rodriguez (1977) devoted special attention to one of these forms, denoted by Type-XII
whose distribution function F(x) is given as below.

F(x)=1-(1+x)*, x>0,¢ >0k >0
Both ¢ and k are shape parameters. The probability density function is

fX)=kcxA+x) % x 20,k > 0,¢ >0
The r'™ moment about the origin of X can easily be shown to be

EX)=pu =kT(k-rlc)T(rlc+)IT(k+1), ck > r
Tadikamalla (1980) presents a nice account of the Burr and related distribution. Mixtures of
Burr distribution have not been paid much attention in literature so far. Economou and Caroni
(2005) have considered a Burr distribution in terms of Graphical tests. Saleem and Aslam
(2010) are the first to consider a two component mixture of one parameter Burr type-XII
distribution. In this Chapter, a two component mixture of the proposed Burr distribution is
considered to model a lifetime mixture data. The said mixture model is defined in section 2.
The likelihood is discussed in section 3. In section 4, the expressions are derived for the
Bayes estimators assuming uninformative priors, the uniform and the Jeffreys. Section 5
consists of the expressions of the Bayes estimators assuming informative Gamma prior. The
complete sample expressions for the ML and Bayes estimates are given in Section 6. A
simulation study is conducted in section 7 to highlight some interesting properties of the
estimates of the proposed Burr mixture in terms of different sample sizes, component density
and mixing proportion parameter values and sample sizes. A real life application of the
proposed mixture is presented as well in Section 8 and the concluding remarks are given in

Section 9.
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6.2 A Burr Finite Mixture Model
A finite mixture density function with the & component densities of specified parametric

form (but with unknown parameters, ¢, i=12,...,k) and with unknown mixing weights

(7, i=12,...,k) is defined as in (2.1). Consider the following Burr distribution (a special
case of Burr Type-XII) to assume for £ components of the mixture.
f(X)=a (I+x )™M i=12,...,k; 0<a,<0; 0<x<oo
This Burr distribution is a practical transformed version of Pareto distribution having a life
time specific support. It has an interesting relation with the Exponential distribution as well
through Burr-Exponential link. The motivation for this Burr distribution is derived from the
fact that it is a transformed version of the one parameter Pareto distribution given by
f(x)=a x“ i=12,...,k;0<a <w;1l<x<wo
But, unlike the above Pareto distribution, the considered Burr distribution has support on the

positive x-axis and hence seems more suitable to fit lifetime data. The mixture model defined

in (2.1) takes the following form
k
f(x):Zﬂ,. a (1+xl.j)7(“”+l) ;0 < m <1 i=12,.. k.
i=1
The corresponding mixture Survival function is given by
k
S(T) = Zﬂ'i(l-i'T)_ai
i=1

where T is the fixed test termination point used in the ordinary type-I, right censoring.

6.3 The Maximum Likelihood Estimates for Censored Data

The sampling scheme of Section 2.3 is considered with a Type-1V sample of size » units
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from the Type-I mixture model described above under ordinary type-I, right censoring. The

likelihood function L(a, 1t|x) for the censored data is considered as given in equation (2.2).

Where x = (x;,X,,...,x,) is data where x, = (x,;, x;,,...,x, ), i=12,....k

L(a, ﬂ:|x)OC{Z7z A+T) Yy ']_[{n;z a, W+x,) 7} (6.1)

i=1 ]_

k

I=InL(a,m|x) oc ir[ In 7. + Zk:r,.m a - Y (@+D{ZIn 1+x,)}]

i=1

k (6.2)
+n—r) I > 7 @+7) %}
i=1
The likelihood function in (6.2) can take the following form as well
Hy, k
L(a,n|x)ock';ﬂk ( kl,kp iy )(Hz )(Ha )exp{ ;a[{Zm (L+x,)+k In (1+T)}}
(6.3)

H'_ denotes the number of all k-ary sequences (k;,k,,...,k,) of non-negative integers as
defined in Section 2.3. Maximum Likelihood Estimates of «;,, i=1,2,...,k and of
7., i=12,...,k are obtained by solving the system of nonlinear equations (6.4)-(6.5)

obtained by setting first order derivatives of the log likelihood (6.3) to zero.

(n—r)z,A+T) " InA+T) =0,i=12,...k (6.4)

:—l:i—zm(ljtxij)—
G %= >z @+T)
i=1

ﬂzl_r_k+(n—r)((1+T)_“" —@1+T7)™)

1

k
or, & Z”i 1+T)

=0,i=12,...,k-1. (6.5)

Variances of the maximum likelihood estimates are on the main diagonal of the inverted
Information matrix. The elements of the Information matrix as given in equation (2.7) are as

below.
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k

- —(Zai)
oy {Ime-nasn 55

E(C=)=—= . ~ L i=12,. k. (6.6)
%4 (na+)2Y ma+Ty e %

izl)__i_(n—l’)((l+T)_“' _(1+T)—a/<)2
or’ gl K ,

S Q7@ T) Y

E( i=12,... k-1 (6.7)

: . ([[m)n-(n@s )Y
E( 01 )= E( o y=—= ,j>i=12,....k (6.8)

o0, oa,0q, - Oa) &
' ' @+7) 7 Q. m@+T) )
i=1

2 2 *(iai)
%, =1 . —(1+T) T (In(l+T))

E( )= E( ) i
(n—r)’l(Zﬁ,-(1+ Ty’

i=12,...k;j=12,...,k-1
oa, 07, or0a,

(6.9)
E( ~0% yo i AQED) QT CHAT) Y (W T) Y
omom, A (1) {i P QeT) } (6.10)

i=12,...,k-2,j=i+1=2,...,k-1
The equations (6.5)-(6.6) can be solved using an iterative numerical to reach ML estimates
and the estimated variances can be evaluated by using equations (6.7)-(6.11) and by inverting

the information matrix as mentioned above.

6.4 The Posterior Distributions assuming the Uninformative Priors

Uninformative priors works in the state of ignorance about the parameter of interest.
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6.4.1 The Posterior Distributions assuming the Uniform Prior

Let us assume a state of ignorance, that is, are uniformly distributed over (0,) . Hence
filey)=k,0<a,<o0,i=12,... .k and n= (7, 7,,...,7,) U Dirichlet(1,1,...,1). Assuming

independence we have an improper joint prior that is proportional to a constant which is

incorporated with the likelihood (6.4) to yield a proper joint posterior distribution as follows.

HE k k k
g@ap=00 ¥ (0 L T eet- XA
Ky ey ek 121 i=1 i-1 =1

O<a,<mw, O0<r,<1,i=12,...,k

k

i, ey L'(7;,+1)
where Q, = > bk B(r+k+L....n +k +D) [ [+
k/( 1 Jery 1

fy kg ey i=1 Ai]é

7 k
Aik=;In (I+x,)+k In (1+T), i=12,....k; and Zlkl,:n—r.

The following are the respective marginal posterior distributions of «,, i =1,2,...,k .

4 & n—r LT+ |
g, (a, |X) =y Z k k k (n+k+L....n+k +1) H il o exp(-a,4,),
kg ok N TLTT2YTTE A Ag

O<a, <o, i=12,... k.

Marginal distributions of z,, i=1,2,...,k can be obtained on the same lines as well.

6.4.1.1 Bayes Estimators assuming the Uniform Prior

Under the squared error loss function, the posterior expectations of «;, i =1,2,...,k
and 7, i=1,2,...,k -1 with respect to the above marginal posterior distributions are

the Bayes estimators are as under.
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A Hy, _ , r r +1
a, =Q; Z n=r B(r+k +1,....1, +k +1) 1"(1;:22) H Y — ) ,
Lk kK Al

Ky ks, ik i#] A/
i=12,...,k.
Hy, I'(r +1
7, =Q Z (k kn_rk jB(r1+kl+1,..., rtk+2,...,r +k, +1) H (rﬁ,+l) ,
Ky kg ok 12000 T Jj=1 A///(
i=12,....k

The expressions for the variances of the Bayes estimators are

o _ T(r+3) | T, +1)
Via)=9; > [kl,k’:w’:kkjB(rl+kl+1,...,rk+kk+l) Ve [T

Ty ey ek M iv) A /
2
Hyy _ C(r+2) [y T +1)
ot ( n=r jB(r +h +1..n +k +1)—— I :
[ Ukl,/;,kk ky Ky, k, 17K kT A;;i 2 g Ajr;/{ 1
i=12,...,k.
A Hy, _ L T(r +1
V(z)=Q) > (kl k’: rkij(rl+kl+1""' ri+k[+3,...,rk+kk+1){l_[ (,+1 )}
kyiky ..k ! e =1 j
2
Hy, _ L T(r, +1)
1 n—r
[QUkkzk( kl’kz,m’kk]B(r1+kl+1,..., rAk 42,1tk +1){H 7 H :
10K 5+ Ky J
i=12,...,k-1.

=

I; k
Here 4, =Y In (1+x,)+k In (1+7), i=12,....k; Y rn=rand Y k=n—r.

j=1 i=1 i=1

6.4.2 The Posterior Distributions assuming the Jeffreys Prior
For the Burr models given in Section 6.2, the Jeffreys priors, as defined in Section 2.5.2,

are g,(a,)clle;, i=12,....,k, O0<a, < and n=(7,,7,,...,7,) U Dirichlet(L1,...,1).

Assuming independence, the joint prior is incorporated with the likelihood (6.4) to have the

joint posterior distribution as follows.
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k

g, ((1, 7T|X) = Q;l 2 (ky klz:l_/’ kk j {H ”irﬁki }{H alﬁl}exp{—i (aiAik)},

i=1l

O<a, <o, 0<7, <1, i=12,...,k.

Hy, _ k- T(r k
Whel’e QJ: Zk(k k]’l r’kij(l/i.+kl+l7""rk+kk+1){]:][%}! ‘l}’;,:r,
¥ i= ik i=

ELZIREE

n k
A =D In (I+x))+kIn (1+7), i=12,... .k;and Y k,=n—r.

j=1 i=1

The following are the respective marginal posterior distributions of ¢, i =1,2,...,k .

az‘r’ B exp(_a'Aik )1

l

_Qfl g n—r B k +1 k 1 L F(l’/)
gﬁ(al.|x)— Jk;k koo K, (n+k+L...n +k +1) H .
10k ek J# Jjk

O<a, <o, 1=12,... k.

Marginal distributions of z,, i=1,2,...,k can be obtained similarly.

6.4.2.1 Bayes Estimators assuming the Jeffreys Prior

The expressions for the Bayes estimators of «,, 7, i=12,...,k, assuming the Jeffreys prior
are obtained by taking expectations of «,, 7, i=12,...,k with respect to their respective

marginal posterior distributions.

R _ I'(r +1) r(r)
n—r i
ai=QU1 Z (kl,kz’“.’kkjB(I"l+kl+l,...,l”k+kk+1){T HA—r,j’

ke kg ek ik i#j ik
i=12,... k.

7 =Q) Fi ( n=r jB(rJrk +1,..., n+k 42,1 +k +1) 7o)
i Ukl,kzquk kl!kZ""lkk 1 1 yeeos 1 i yeer I k L A;]i ]

i=12,... k.

The expressions for the variances of the Bayes estimators are
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R Ly _ C(r,+2) I'(r,)
Via)=Q} Zk(kl,klz,...r,kij(“kﬁl’ ...,rk+kk+1){ —— [

47 4
2
3 - T(r +1) r(r)
- Q0 ( " jB(r+k +1 otk D)0 D]
[ Uklvkz,z.u,kk kikyseooi S £ At 1:,[ A
i=12,... k.

HE, kT
V(z)=0} > Bk L., ok 43, +1) H (?)
N\ kkyueoky L=

o Ii T B+ k..., Ak 42, K, +1)ﬁr(r])
U , kl’kz""’kk 1 1 ooy . [
i=12,... k-1

7 k k
Here 4, =Y In (1+x,)+kIn (1+7), i=12,....k5 D r=rand Dk, =n—-r.

j=1 i=1

6.5 The Posterior Distributions assuming the Conjugate Prior

The suitable informative conjugate prior to be used in this case is the Gamma prior.

6.5.1 The Posterior Distributions assuming the Gamma Prior

Let «a, ~Gamma(m,,s,), i=1,2,....k and m=(7,7,,...,7,) ] Dirichlet(L,1,...,1). That is,
g(a,) ca" exp(-s,a), i=12,...,k. Assuming independence, the joint prior is incorporated
with the Likelihood to give the following joint posterior distribution of «,, 7, (i=12,...k) as

follows.

HE k k k
2 (u,n|x) =Q Z k [kl,k’:,._.l.ﬂ, kk) {1:[ m }{11[“1’1W1}e)(p {—2_1: (e, (A4, +si)},

Iy ky ...k

O<a, <o, 0<7, <1, i=12,...,k
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N T(r+m,)

HE,
— n—r .
where Q. = zk (k s ”'kij(rﬁkﬁl’ 7k, +l)| | Iy . The following

marginal posterior densities are obtained by integrating out the nuisance parameters.

HY,
gw(ozi|x):QZ;1 z ( n—rk jB(r1+k1+1, ntk,+1...,n +k +1)
1Ky,

Ky ke vk kysky, ...

AT AL g expoa (4, +3)), 0<a <o0, 1=12, .k
i#l (S +A1k)

Marginal distributions of z,, i=1,2,...,k can be obtained in the same fashion as well.

6.5.1.1 Bayes Estimators assuming the Gamma Prior

To find the expressions for the Bayes estimators of «;, 7, i=1,2,...,k under the squared
error loss function are given by the posterior means of «;,, 7,, i=1,2,..., k with respect to the

respective marginal posterior distributions. The posterior means or the Bayes estimators of

a,, n,, i=12,...,k under the squared error loss function are given bellow.

HE,
a,=9; ) ( n_rkij(rl+kl+l,...,rk+kk+1) Lt m, +) I Lln+m)
k,

l o Ky (Sl.Jr/ll.,()r"ﬂn"+1 izj (s, +Alk)r+m"1
i=12,....k
Hy, k
=0} > (k kn_rk jB(r1+kl+1,..., rtk 42,1 +k, +1)HL’7?+)”1
Ky kv 1420 g (s, +4,)
i=12,...,k-1.

The expressions for the variances of the Bayes estimators are

;;;;;

Hk
V@) =9, > (k k” ’"kij(rﬁk +1,...,1, +k, +1)
ok e

I'(r+m, +2) I'(r+m,)
rom;+2 H r.+m;
(s,+4,) ivj (s, +4,)"
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I'(r,+m, +1) I'(r,+m,)
Q;} —r jB(r+k 1.7k 1) —
|: z ( - -!kk 1 1 k k (Si+Aik)rl.+m,-+1:!;][(S +Alk)

Ky k..
i=12,...,k.

kyiky . Jj=1

b T +m)
V(ﬂ') Q Z (kl,kz, ,k jB(Vl'Fk +1 .,l’;+ki+3,...,rk+kk+l){nm
Ky J!

2
ke T(r,+m;)
—r . .
-Q! Z l( .,kij(ri-i_kl_'_l"“’ ri+kl.+2,...,rk+kk+1){HWH,
ky J

kg, Jj=1 (Sj

i=12,...,k-1
k

,,i k
Here 4, =Y In (I+x,)+k In (1+7), i=12,....k; D> r=rand Y k=n-r.
j=1 i=1

i=1

6.6 The Complete Sample Expressions
Under the conditions given in Section 2.6, the expressions for the Bayes estimators and their
variances are simplified as given in Tables 6.1-6.2. The comments regarding amount of

information, computational ease and simplification quoted in Section 2.6 also applies here.

Table 6.1 The complete sample expressions for the Bayes and Maximum likelihood

estimators as 7 — o«

Parameters Bayes Estimators Bayes Estimators ML Estimators
(Uniform) (Jeffreys)

n +1 n n

@ 2In(+x,;) 2In(+x,;) >Int+x,,)
n,+1 n, n,

a, >In(l+x,)) >In(l+x,,) >In(l+x;,))
n+1 n+1 n

& n+2 n+2 n
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Table 6.2 The complete sample expressions for the variances of the Bayes and Maximum

likelihood estimators as T — o

Parameters Variances of Bayes Variances of Bayes Variances of ML
Estimators Estimators Estimators
(Uniform prior) (Jeffreys prior)

n+1 n n

o (ZIn@+x,))° (ZIn(+x,))° (ZIn@+x,,))°
n,+1 n, n,

a, CIn(l+ xzj))2 CIn(l+ xzj))2 CIn(1+ xzj))2

(n, +D)(n, +1) (n, +D)(n, +1) mn,
n (n+2)*(n+3) (n+2)*(n+3) n

6.7 A Simulation Study

A simulations study is conducted to investigate the performance of the Bayes estimators in
terms of sample size, censoring rate and various parameter points. Samples of sizes
n=>50, 100, 150, 250 from the two component mixture of Burr distribution with parameters
o, a, and p such that (o,a,)<€{(0.5,15),(1,4),(1.54.5),(2,6),(3,9)} and p<{0.4,0.6}.
Probabilistic mixing was used to generate the mixture data. For each observation a random
number u was generated from the Uniform distribution on [0, 1]. If u < p, the observation
was taken randomly from F; (the Burr distribution with parameter ;) and if u > p, the
observation was taken randomly from £, (the Burr distribution with parameter «,). The

choice of the censoring time, in each case, was made in such a way that the censoring rate in
the resulting sample to be approximately 10% and 20%. The remaining details of the
simulation study are the same as mentioned in Section 2.7. The findings of the simulation

study are 6.3-6.8. Some properties of Bayes estimates are depicted in Tables 6.3-6.7 in terms
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of sample sizes, censoring rates and parameter points while Table 6.8 displays a comparison

among the three Bayes estimates.

6.8 A Real Life Example

Davis (1952) mixture data, t = (4, 1,,,....4, ,tyy, 15- .-, 1,, ) , CONSist of hours to failure for electronic

valves, an indicator valve and for a transmitter valve, both used in aircraft radar sets. The
category of the failure is not known until the failure occurs. Inspection of failed units allows
the engineers to allocate the failed units to two different subpopulations. The total number of
tests carried out was 1003. The data set can be seen in Everitt and Hand (1981) on page 76.

Davis (1952) fitted exponential distributions to this data. The transformation
x=exp(-t)-1 of an exponential distribution vyields the said Burr distribution. This
transformation allowed us to use the Davis mixture data set for our analysis with the obvious
transformation of the data.

It is interesting to note that despite the transformation x =exp(—¢)—1 almost no major

computations are required to have the data summary required to evaluate the estimates.

For instance, Y In(L+x,,) =>4, =151130 and 3 In(l+x,,) = Y1, =22550.
Jj=1 j=1

A =i
Other sample characteristics required are also made available easily.

n=1003, =891, r, =92, r =1, +r, =983, n-r=20

Burr mixture parameters(«,, «,, p)are evaluated using estimators derived in Sections 4.2.
The Bayes (Jeffreys) estimates(a,,, @,,)of the Davis mixture lifetime parameters, after an

obvious re-parameterization as evident from the functional form of the component densities of

the mixture given in section 2, are found to be
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(. ay)=01a, Ua,)=(179.553,320.513) where ¢, =0.00557, @, =0.00312 (correct to

five decimal places) are the Bayes (Jeffreys) estimates of Burr mixture parameters.

with SE(&,) =0.000204599, SE(a,) =0.000414361 respectively. The standard errors of the

lifetime estimates of the Davis mixture are computed as

SE(a,,) =6.60642, SE(a,,) =34.6218. The estimate of the proportion parameter of the Davis
mixture is p=0.901774 with SE(p)=0.00968426. This is encouraging to note that the

estimates are much greater than the two respective subgroup sample means i.e.,

t, =169.618 <<179.533, , =245.109 << 320.513 which happens in the right censoring

situations. Also the proposed estimates presented here are superior to those presented in
Everitt and Hand (1981) in terms of Bayesian analysis and information on standard error of

the estimates.

6.9 Conclusion

The simulation study highlights some interesting properties of the Bayes estimates. The
estimates of the component density parameters are generally over-estimated with some rare
exceptions in case of the second component. Also the extent of over-estimation is higher in
case of the estimates of the first component density. The estimates of the mixing proportion
parameter are under-estimated.

The variances of the estimates of the component density parameters seem to be quite large
(small) for the relatively larger (smaller) values of the parameters. The variances of the
estimates of all the mixture parameters are reduced as the sample size increases. Another

remark concerning the variances of the estimates of the component density parameter is that
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Table 6.3 Bayes estimates (Jeffreys) of Burr mixture parameters and their standard

errors (in parenthesis) withea, =0.5, «, =1.5, 7, =0.4, 0.6 and censoring

rates, C =10%, 20%.

10% Censoring

~

~

A

(v, a,, ) n 2] a, T
50 | 0.563245(0.212829) 1.51724(0.350963) 0.394582(0.0705581)
100 | 0.520936(0.120153) 1.51118(0.24209) 0.396616(0.0495987)
(0.50,1.50,0.40)
150 | 0.512384(0.0894173) 1.4997(0.196023) 0.398852(0.0422593)
250 | 0.507501(0.0652004) 1.49638(0.144842) 0.39834(0.0307418)
50 0.519267(0.12693) 1.5424 (0.425452) 0.586989(0.070666)
100 | 0.504399(0.082749) 1.50667(0.271674) 0.596691(0.0507526)
(0.50,1.50,0.60)
150 | 0.502445(0.0608871) 1.5077(0.214871) 0.598474(0.0377672)
250 | 0.50212(0.0464165) 1.50679(0.168577) 0.597064(0.0296618)
20% Censoring
() a,, ) n 021 022 7
50 0.6404 (0.34735) 1.51658(0.411874) 0.385982(0.0745899)
100 | 0.586221(0.195429) 1.47665(0.296009) 0.386156(0.0580364)
(0.50,1.50,0.40) | 150 0.549889(0.145323) 1.47479(0.239981) 0.391429(0.0497621)
250 | 0.532881(0.100711) 1.47944(0.190058) 0.392174(0.0385402)
50 | 0.571622(0.189876) 1.47721(0.467739) 0.573809(0.0750944)
100 | 0.526989(0.112306) 1.50218(0.344042) 0.587839(0.0551717)
(0.50,1.50,0.60)
150 | 0.51612(0.0783961) 1.48119(0.260268) 0.591603(0.0439547)
250 | 0.508395(0.0575559) 1.49048(0.2059) 0.594128(0.0328895)
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Table 6.4 Bayes estimates (Jeffreys) of Burr mixture parameters and their standard errors
(in parenthesis) with o, =1 a,=4, 7;,=0.4, 0.6 and censoring rates,
C =10%,20%.
10% Censoring
(4, @, ) n & a, 7z

50 | 1.05859 (0.432553) 4.0607 (0.880235) 0.402192(0.0704995)
100 | 1.01501(0.214597) 4.01675(0.584037) | 0.399608(0.0488987)

(1,4,0.40)
150 | 1.01573 (0.164883) 4.01755(0.481591) | 0.397903(0.0405221)
250 | 1.0097 (0.125912) 4.00205(0.362668) | 0.397923 (0.0301273)
50 | 1.01158(0.220562) 4.11042 (1.05833) 0.59385(0.0662204)
100 | 1.00607(0.154689) | 4.07697 (0.720826) | 0.595179(0.049105)

(1,4,0.60)
150 | 0.99606 (0.117763) | 4.08422 (0.558807) | 0.598152(0.0397743)
250 | 1.00347(0.091507) 4.03637(0.419032) | 0.600054(0.0315375)

20% Censoring
(4, @, ) n & a, 7

50 | 1.26429 (0.665624) 4.01434(1.06246) 0.380388(0.0783151)
100 | 1.11181(0.381456) 3.9762 (0.708017) 0.389651(0.0583055)

(1,4,0.40)
150 | 1.07679 (0.264695) | 3.97594 (0.595045) | 0.392915 (0.0461595)
250 | 1.03148(0.16494) 3.96117 (0.458245) | 0.395455(0.0349119)
50 | 1.09388(0.375397) 4.09782 (1.26045) 0.583676(0.0720112)
100 | 1.02327(0.19868) 4.01138(0.759477) | 0.592166 (0.0502647)

(1,4,0.60)
150 | 1.01544 (0.140035) 4.01229(0.642166) | 0.596443(0.0408702)
250 | 1.00772 (0.105068) | 4.00914 (0.480287) | 0.597176(0.0310371)
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Table 6.5 Bayes estimates (Jeffreys) of Burr mixture parameters and their standard errors
(in parenthesis) with o, =1.5, a, =4.5, 7, =0.4, 0.6 and censoring rates,
C =10%,20%.
10% Censoring
(4, @, ) n & a, 7z
50 | 1.65432 (0.663069) 453824 (1.02221) | 0.395974 (0.0678431)
100 | 1.56651 (0.330227) 4.5318 (0.70716) 0.399456(0.0512226)
(1.5, 4.5, 0.40)
150 | 1.53337 (0.25748) 4.55327(0.57368) 0.397583(0.0417845)
250 | 15147 (0.19115) 4.49578 (0.444445) | 0.399321 (0.0315452)
50 | 1.55619 (0.396521) 4.5808 (1.32379) 0.593287(0.0684327)
100 | 1.51279(0.228073) 4.56592 (0.840181) | 0.597119(0.0492198)
(1.5, 4.5, 0.60)
150 | 1.5024 (0.182506) 4.55109 (0.662697) | 0.599052(0.0397222)
250 | 1.50809 (0.139536) 4.51429(0.505096) | 0.597286 (0.0309605)
20% Censoring
(4, @, ) n & a, 7
50 | 2.09186 (4.34854) 4.53329(1.2932) 0.382362(0.0784554)
100 | 1.76558(0.600229) 4.45613 (0.901008) | 0.384719(0.0611575)
(1.5,4.5,0.40) | 150 | 1.64011 (0.396642) | 4.46345 (0.734239) | 0.389264 (0.0496912)
250 | 1.58799(0.277652) 4.41593 (0.545297) | 0.391451(0.0396456)
50 | 1.69817(0.552653) 4.42644 (1.45622) 0.574746(0.0764883)
100 | 1.57887 (0.317611) 4.41687(1.00175) 0.585484 (0.0535618)
(1.5, 4.5, 0.60)
150 | 1.54821 (0.242906) 4.44615(0.829013) | 0.593493(0.0435132)
250 | 1528 (0.162178) 4.47749 (0.598865) | 0.596234 (0.0337839)
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Table 6.6 Bayes estimates (Jeffreys) of Burr mixture parameters and their standard errors
(in parenthesis) with o, =2, o, =6, 7, =0.4, 0.6 and censoring rates,
C =10%,20%.
10% Censoring
(4, @, ) n & a, 7z
50 | 2.24802 (0.892374) 6.08347 (1.46152) 0.39222 (0.0735677)
100 | 2.1047 (0.48607) 6.04929 (0.988346) 0.39982(0.0489828)
(2, 6, 0.40)
150 | 2.05072 (0.341908) 5.98034(0.755177) | 0.398359 (0.0410617)
250 | 2.03708 (0.262091) 6.00147 (0.578209) | 0.398681 (0.0316621)
50 | 2.06376 (0.508258) 6.11963 (1.65882) 0.59171(0.0699953)
100 | 2.01328 (0.299106) 6.04311 (1.10052) 0.594093(0.0513299)
(2, 6, 0.60)
150 | 2.01817 (0.252408) 6.00469 (0.866215) | 0.597663(0.0394122)
250 | 2.01162 (0.182618) 5.98786(0.636022) 0.59811 (0.0304095)
20% Censoring
(4, @, ) n & a, 7
50 | 2.55501 (1.21309) 6.11759(1.72849) 0.383844(0.0760835)
100 | 2.31269 (0.733036) 5.96783 (1.23128) 0.387768(0.0602393)
150 | 2.18727 (0.544893) 5.98064 (0.975847) | 0.393029 (0.0500159)
(2, 6, 0.40)
250 | 2.11128(0.379879) 5.94117 (0.769935) | 0.393224 (0.0380757)
50 | 2.29083(0.801201) 5.93851 (1.97904) 0.577608(0.0797272)
100 | 2.12503 (0.449143) 5.8851(1.41371) 0.582634 (0.0550745)
(2, 6, 0.60)
150 | 2.05912 (0.317596) 5.97591 (1.04254) 0.590399(0.0442136)
250 | 2.03132 (0.225605) 5.95041 (0.85228) 0.597053 (0.033136)
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Table 6.7 Bayes estimates (Jeffreys) of Burr mixture parameters and their standard errors
(in parenthesis) with o, =3, o, =9, 7, =0.4, 0.6 and censoring rates,
C =10%,20%.
10% Censoring
(4, @, ) n & a, 7z
50 | 3.37042 (1.20231) 9.06943 (2.15165) | 0.394986 (0.0691276)
100 | 3.13938 (0.703413) 9.07597 (1.41536) 0.397902(0.0498643)
(3,9, 0.40)
150 | 3.09128 (0.559522) 8.917 (1.16236) 0.395241 (0.0414236)
250 | 3.04876 (0.382345) 9.0191 (0.850516) | 0.398479 (0.0318075)
50 3.1006 (0.774) 9.22706 (2.52174) | 0.588959 (0.0720894)
100 | 3.04615 (0.481875) 9.07567 (1.71137) 0.595205(0.0488415)
(3,9, 0.60)
150 | 3.00422 (0.362654) 9.04443 (1.31639) 0.595519(0.0397315)
250 | 3.0096 (0.267927) 9.04052(1.01117) 0.598233 (0.0305004)
20% Censoring
(4, @, ) n & a, 7
50 | 3.89071 (1.82021) 9.05081(2.49022) 0.378545 (0.0764212)
100 | 3.49255 (1.17498) 8.91389 (1.8142) 0.386272(0.0618352)
150 | 3.26047 (0.780437) 8.88824 (1.42102) | 0.391153 (0.0488964)
(3,9, 0.40)
250 | 3.17515(0.564824) 8.92507 (1.08309) 0.39318 (0.0391872)
50 3.4299 (1.17686) 8.9686 (3.0807) 0.570009(0.075344)
100 | 3.14887 (0.660037) 8.86383 (2.00151) | 0.588208 (0.0554302)
(3,9, 0.60)
150 | 3.08956 (0.468894) 8.94374 (1.59991) 0.59083(0.0424624)
250 | 3.04201 (0.331964) 9.01183 (1.17878) | 0.597894 (0.0318113)
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Table 6.8

A comparison of the Bayes (Uniform) and Bayes (Jeffreys) estimates of Burr

mixture parameters and their

standard errors (in parenthesis) with

a, =05, a, =15, 7, =0.25and censoring rate, C =10%.

Prior

7z

n

~

2]

~

a,

A

7

pzd

< W O T

0.40

50

0.611974(0.250889)

1.56884(0.36821)

0.393967(0.072079)

100

0.53933(0.126465)

1.53816(0.247555)

0.396633(0.049935)

150

0.5238(0.092298)

1.518(0.198886)

0.398937(0.042411)

250

0.514029(0.066073)

1.50749(0.14596)

0.398427(0.030777)

0.60

50

0.538668(0.13124)

1.63726(0.447465)

0.588103(0.070883)

100

0.513777(0.083804)

1.55149(0.277023)

0.597118(0.050738)

150

0.508742(0.061413)

1.537(0.217735)

0.598709(0.037749)

250

0.505952(0.046685)

1.52397(0.169821)

0.59718(0.029653)

»w < M 0 T T Mm <

0.40

50

0.563245(0.212829)

1.51724(0.350963)

0.394582(0.070558)

100

0.520936(0.120153)

1.51118(0.24209)

0.396616(0.049599)

150

0.512384(0.089417)

1.4997(0.196023)

0.398852(0.042259)

250

0.507501(0.0652)

1.49638(0.144842)

0.39834(0.030742)

0.60

50

0.519267(0.12693)

1.5424(0.425452)

0.586989(0.070666)

100

0.504399(0.082749)

1.50667(0.271674)

0.596691(0.050753)

150

0.502445(0.060887)

1.5077(0.214871)

0.598474(0.037767)

250

0.50212(0.046417)

1.50679(0.168578)

0.597064(0.029662)

> Z > O

0.40

50

0.549771(0.191977)

1.46817(0.327981)

0.549771(0.191977)

100

0.51722(0.117482)

1.48681(0.235083)

0.51722(0.117482)

150

0.510209(0.088367)

1.48359(0.192396)

0.510209(0.088367)

250

0.506287(0.064957)

1.48678(0.143341)

0.506287(0.064957)

0.60

50

0.515472(0.124858)

1.4655(0.387584)

0.515472(0.124858)

100

0.502549(0.082407)

1.47172(0.261841)

0.502549(0.082407)

150

0.501148(0.060726)

1.48489(0.209638)

0.501148(0.060726)

250

0.549771(0.191977)

1.46817(0.327981)

0.549771(0.191977)

97




increasing (decreasing) the proportion of a component in the mixture reduces (increases) the
variance of the estimate of the corresponding parameter.

The effect of censoring on the estimates of the first component density parameter is in
the form of an increase in the extent of over-estimation. To be more specific, larger degree of
censoring results in bigger size of over-estimation. The slight over-estimation in the estimates
of the second component density parameter turns into a slight under-estimation and in the
exceptional cases there is an increase in the extent of the under-estimation in response to an
increase in the censoring rate. On the other hand the extent of under-estimation is further
increased in case of estimates of the proportion parameter as a result of an increase in the
censoring rates. It is interesting to note that the size of this over or under-estimation is directly
proportional to the amount of the censoring rates and inversely proportional to the sample size.
Also the extent of over-estimation is more intensive for larger parameter values. The increase in
censoring rate increases the variances of estimates of all the mixture parameters.

Furthermore, increasing the sample size reduces the variance of all the estimates without
any exception. The increase in proportion of a component in the mixture reduces the variance of
the estimate of the corresponding parameter.

As the cut off sensor value tends to infinity, the complete sample expressions for the
estimators and variances are greatly simplified. In addition, variances of the complete sample
estimates are expected to be reduced further as there in no more effect of censoring.

The Bayes (Uniform), the Bayes (Jeffreys) and the Bayes (Gamma) estimates of the
parameter of the first component density are over-estimated but the extent of over-estimation is
higher in case of Uniform and the least in case of Gamma. On the other hand, the Bayes

(Uniform) estimates of the parameter of the second component density are over-estimated as
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well, while the Bayes (Jeffreys) estimates are generally over- estimated but with some
exceptions and the Bayes (Gamma) estimates are under-estimated. It is interesting to note that
the all the three Bayes estimates of the mixing proportion are under-estimated.

The Bayes estimates of the parameters of the component densities with informative
(Gamma) prior have smaller variances than their Uniform and Jeffreys counterparts while the
Bayes (Jeffreys) show smaller variances than Bayes (Uniform). However, the variances of the
Bayes (Gamma) estimates of the mixing proportion parameter may not be the least all the times.
In other words, the Bayes estimates with informative (Gamma) prior seem to be more efficient
than their uninformative counterparts with a few exceptions only in case of the mixing
proportion estimates. Actually, the quality of Bayes (Gamma) depends upon the quality of prior
information. The hyperparameters can be considered as outcomes of the prior information. The
informative Bayes estimates may turn out to be the most efficient provided that useful prior
information and consequently the appropriate hyperparameters are available. In the real life
example, the proposed estimates are superior in terms of the Bayesian analysis, information on

and size of standard error of the estimates.
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CHAPTER 7

PROPERTIES AND APPLICATION OF A POWER FUNCTION
MIXTURE

7.1 Introduction

The Power Function distribution is often used to study the electrical component reliability. A
population of lifetimes of a certain electrical elements may be divided into a number of
subpopulations depending upon the possible causes of failure. If the random observations taken
from this population are supposed to be characterized by one of the two distinct members of a
Power Function distribution, then the two components mixture of the Power Function
distribution is recommended to model this population provided the data is not available on the
individual components rather on the mixture only. Acheson and McElwee (1952) reported that
an electronic tube may fail either due to gaseous defects or mechanical defects or normal
deterioration of the cathode. Mixed failure populations can be found in Davis (1952), Epstein
and Sobel (1953) and Mendenhall and Hader (1958). Ahsanullah and Lutful Kabir (1974) gave
a brief characterization of the Power Function distribution. Meniconi and Barry (1996)
discussed the electrical component reliability using the Power Function distribution. Ali et al.
(2005) considers a characterization of Power Function distribution. Saleem and Aslam (2010)
focused Bayesian analysis of the Power Function mixture. There are a few works available in
literature on the Bayesian analysis of the Power Function distribution and its mixture.

In this chapter, the Power Function mixture model is defined in Section 2 and its
likelihood is developed in Section 3. The system of three non-linear equations, required to be
solved iteratively for the computations of maximum likelihood estimates, is derived. The
components of the information matrix are constructed as well. In Sections 4-5, the elegant

closed form expressions for the Bayes estimators and their variances are derived. In Section 5,
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the posterior predictive distribution with the informative prior is derived and the equations
required to find the lower and upper limits of the predictive intervals are constructed. The
complete sample expressions of these estimators and their variances are derived in Section 6. In
Section 7, a comprehensive simulation scheme including a large number of parameter points is
followed to highlight the properties and behavior of the estimates in terms of sample size,
censoring rate, parameters size and the proportion of the components of the mixture. A
simulated mixture data with censored observations is generated by probabilistic mixing for the
computational purposes. A real life data is used in Section 8 for the evaluation of Bayes
estimates. Some concluding remarks are given in Section 9. The Bayes estimates are evaluated

under the squared error loss function.

7.2 A Power Function Mixture Model
A finite mixture density function with the two component densities of specified parametric form

(but with unknown parameters, ¢, i=1,2,...,k) and with unknown mixing weights

(7., 1=1,2,...,k) is defined as in (2.2). And the corresponding mixture survival function is as

it

k
follows. S(x):l—F(x):l—Zz,, F(x) . The Power Function distributions assumed for the

i1

two components of the mixture are as under.
f(x)=ax“"i=12,...,k; .>0;0<x<1

And the corresponding distribution functions are given as follow.

F(x)=1-x%,i=12,....,k; ¢,>0; 0<x<1
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7.3 The Maximum Likelihood Estimates for Censored Data
The sampling scheme of Section 2.3 is considered with a Type-1V sample of size 7 units from
the Type-I mixture model described above under ordinary type-I, right censoring. We define,

x; as the failure time of the jth unit belonging to the ith subpopulation, j=1,2,3,...,,, where
i=12,....,k; 0<x; <T.The likelihood function, L(u,n|x) , under the above conditions takes

the form as given in (2.2) where x = (x;3, X;5,..., Xy, , Xp1, Xgp,- -+, Xy, ) 18 dlata.

L(a,n|x) OC{H 0 xlajrl}{ H”z a, xgjz‘il}{(l_ (mT* +7,T%))""} (7.1)
j=1 j=1
After some simplifications the above likelihood can be expressed as

o« 8 3o

k=0 m=0

< expl-a Y. )~ (k~m)InTH i expl-a,{Y. ) -mIn T} (7.2

1j 2j

The ML estimates of ¢, «, and z, are obtained by solving the system of nonlinear equations
(7.3)-(7.4), obtained by differentiating the likelihood (7.2) with respect to ¢,, a, and 7z,

respectively.

ﬂ:i+2|n(xy)_”i(”_”)Ti(|nT)
oo, o ‘= Q-mT* -7z, T*)

=0, i=12 (7.3)

i

o _n_n (a=n)I®-T7)
onr, m n, (Q-=nT*-rm,T%)

(7.4)

Variances of the ML estimates are on the main diagonal of the inverted Information matrix. The
Information matrix is given by the expectation of the negative Hessian matrix of the form as

given by equation (2.7), where elements of the Information matrix are:
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7.4

%, -, m(n=r)(InTY T U-z, T™)

E = ’ ] :112 75
(6051.2) 2 Q-7 T —7,T*) : (7.5)
—0°1 Lo n—r)(T* -T")*
E( 2):__12__22_( )(a a)z (7.6)
on, " n, Q-nT“-r,T%)
_0? _A? _ _ 2 payta,
E( o0l - o0l _ mr,(n—r)(InT) T2 (7.7)
oa0a, oa,0a, 1-=T% -7, T%)
_A? _A2 (0 @ (1 _ o,
E( 0°l )= E( 0°l )= (n=r)(InT) T (1 72" ),i=1,2 (7.8)
oa,0r, omoa, -z T -7, T%)

The Posterior Distributions assuming the Uninformative Priors

Uniform and Jeffreys are considered as uninformative priors to implement Bayesian inference.

7.4.1 The Posterior Distributions assuming the Uniform Prior

Let o, ~ Uniform Vo, € (0,0), i=1,2 and =z, ~U(0,1). Assuming independence, we have a

joint prior that is proportional to a constant. This joint prior is incorporated with the likelihood

(7.3) to yield a joint posterior distribution of ¢,, a, and =, as follows.

where Q, =

g, (a,n|x) oy 'i i (_1)k (l’lk—l")(l;/l){f[ﬂi(Zerrzq+k)i+(24r23m+2k)}{f[ain}
i1

k=0 m=0 i=1

i=1 ij

X exp {—ZZ: a, {i In(i) —{(2m —k)i+ (2k —3m)}In TH
A

n—-r k

k=0 m=

(—1)k(nk_r)(Z)B(rl+k—m+l,r2+m+1){

r+l
i=1 ik

2
HF(V"”)}. The marginal

posterior distribution of each parameter is obtained by integrating out the nuisance parameters.
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n—r k
g, (o ]x) = (—l)k(nk_r)(;)B(rl +k—m+Lr,+m+1)

k=0 m=0

[(ry, +1)
r i+l
3-i,k

‘o exp[—ai{ZIn(xi)—(k—m)ln T}], 0<a,<co0, i=12.
2, In(

i

i=1

k 2 2
gw (7[1 |X) — Qal Z (_1)k (nk— v )(ﬁq ){H Ffzr;? } {H 7[[(2m+r2—r1—k)i+(2r1—r2—3m+2k) } , O < 72-1 < 1
ik 1

7.4.1.1 Bayes Estimators assuming the Uniform Prior
The expectation of each parameter with respect to its marginal posterior distribution gives
the Bayes estimator of the parameter under the square error loss function. The Bayes

estimators of «;, «, and 7z, assuming the uniform prior, are given by

F(I’i +3- i)r(l"z + i)

n+3—i ry+i
Alk AZk

i=12

6 =0 Zk: (-1)"(”,{‘7)(;)13(;/1 +k—m+Lr, +m+1)

r+l
m ia 4

=0 ﬁ Zk: (_1)k(nk—r)(k )B(r1+k—m+2,r2+m+1){ﬁr(?+l)}

where @ =5 3" (—1)k(”I;r)(’;)B(rﬁk—ml,rz+m+1){f[r(rf”)} and

r+l
k=0 m=0 i=1 Aik

A, :Zi;ln(;”)—{(Zm—k)H(Zk—Bm)}In T, i=12. B(x,y) is Beta function and I'(z)

is Gamma function.

7.4.1.2 Variances of the Bayes Estimators assuming the Uniform Prior

The variances of the Bayes estimators of «,, «, and 7z, assuming the uniform prior are:
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1"(7’1 +5- 2i)F(r2 +2i —1)
n+5-2i Arz+2i—1 -
k 2k

(—1)"(n_r)(;)B(rl+k—m+l,r2 +m+1)

. e
{Q (—1)k(n_r)(ﬁq)B(Vl+k—m+1,r2+m+1)r(r1+3Z)F(rzﬂ)} =12
k=0 m=0

n+3—i i
Alk AZk

F(Vl +1)F(I"2 +1) _

m n+l r+l
k A2k

(-1)k(”];r)(k )B(rl—i-k—m+3,r2+m+l)

{Q ko 2, (—1)"(”")(;)B(q+k—m+2,r2 A GEDINCED) ”)T

rn+l r+l
k A2k

7.4.2 The Posterior Distributions assuming the Jeffreys Prior

According to the definition of Jeffreys prior given in Section 2.5.2, Let g(«;) « ,/|I(a,,)|

o*InL(x|a)

where I(a.)=-E
( 1) |: aaiZ

] i=12and 7, ~U(0,1), where f,(x|e,) are givenin

Section 7.2. Assuming independence, the joint prior, g(e,,a,, ;) is incorporated with

1%

the likelihood (7.3) to yield a joint posterior distribution of «;, «, and 7, as follows.

g (am |X) oy i Zk: (_1)k ( nk— r )( ﬁq ){ﬁ ﬂ_i(ZnHrz7r1+k)i+(2r17r273m+2k) } {ﬁ air,-l}
il il

k=0 m=0

X exp[—zz: a, {i In(i) —{(2m—-k)i+ (2k —3m)}In TH

i=1 JE—

where Q, :Z_: Zk: (_1)"(nk_r)(;)B(rl+k—m+l,r2+m+1){ﬁ¥}.

k=0 m=0 i=1 ik
The marginal posterior distribution of each parameter is obtained by integrating out the

nuisance parameters. The expectation of each parameter with respect to its marginal posterior
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distribution gives the Bayes estimator of the parameter under the square error loss function.

Marginal posterior distributions follow as under.

g, (a,[x) =0 Zz ( )( )B(r1+k m+1,r,+m+1) 123’)

k=0 m=0 3—-i,k

<o expl-a > IN(--) - (k —m) IN T}, 0<a, <0, i=1,2

A

. (”1|X) :QJl n—r i ( )( ){H r( )}{H (2m+;2 i +k)i+(2r-r, 3m+2k)} O<7Z'l <1.
k=0 m=0 =1 ‘/47k =1

7.4.2.1 Bayes Estimators assuming the Jeffreys Prior

The Bayes estimators of ¢, a, and 7z, assuming the Jeffreys prior are:

F(I/i+2 I)F(rz +i— l)

n+2-i ry+i-1
Alk A2k

,1=12

a, :Qz Z (- l)k(n r)( )B(r1+k m+1r, +m+1)

k=0 m=0

= Zk: (—1)k(nk—l’)(;)B(rl+k—m+2,rz+m+1){ﬁ%}

i=1

Q) = i (—1)k(nk_r)(]’;)B(rl+k—m+1,rz+m+1){f[rA?)}

i=1 ik

7.4.2.2 Variances of the Bayes Estimators assuming the Jeffreys Prior

The variances of the Bayes estimators of «;, «, and 7z, using the Jeffreys prior are:

[(r +a-2)(ry +2i-2)
Air’1+4 2i Arz+21 -2 -

r@a)=0t S Z (~1)* (” r)(;)B(rl+k—m+l,r2+m+l)

k=0 m=0

[ ner i (- 1)k(”];r)(§1)B(rl+k—m+1,rz+m+1)r(r“2"_)F(FZ_*”) P

n+2-i ry+i-1
k=0 m=0 Alk A2k
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(-D)" (”")(" )B(r1 | GLA G Y
" Ay Ay
2

{Qf ) (—1)k(n_r)(Z)B(lfl+k—m+2,r2+m+1)—r(r1)r(r2)

n 2
Alk A2k

where 4, = 3 In(H) — {(2m— k)i + 2k -3m)}InT, i =1,2.

J=1

7.5  The Posterior Distributions assuming the Conjugate Prior
The appropriate informative prior, being compatible with the likelihood, is the Gamma

distribution.

7.5.1 The Posterior Distribution assuming the Gamma Prior
Let o, ~ Gamma(u,,0,), i=1,2 and 7, ~U(0,1). Assuming independence, the joint prior,
g(ay, a,, 1) < ol afe ™ exp{—(c,a, +o,a,)}, is incorporated with the likelihood (7.3) to yield

a joint posterior distribution of «;, «, and z,. The marginal posterior distribution of each

parameter is obtained by integrating out the nuisance parameters. Assuming independence, the

joint prior is incorporated with the Likelihood (7.3) to give the joint posterior as follows.

g (o, |x) _ Qz;l nz_': Zk: (_1)k (nk— r )(ﬁ/l ){ﬁ 7Z_i(2m+r2—rl+k)i+(2r1—rz—3m+2k) } {ﬁ air,—l}
i-1 i-1

k=0 m=0

2 n
xexp{— Q {ZIn(i)—{(2m—k)i+(2k—3m)}InTH, O<a,, a, <, 0<z, <1.
i= A X

=1 i

k 2
Here Q;=>" > (—1)"(”k_r)(l};) B(r1+k—m+1,r2+m+1){H%}. Then the
i=1 ik

marginal posterior densities are obtained by integrating out the nuisance parameters as follows.
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C(r, +45,)

Ci TH3
3-i,k

i (—1)k(nk_r)(l’;)B(rlJrk—mwtl,rz +m+1)

x o exp[—al.{z In(i) —(k-m)InT+0}], O<a, <o, i=12
J= i
2

n—-r _k
gBG (72'1 |X) _ Q_l Z (_1 k ( )( ){H F(é;r"i‘;ll l(2m+r2—r1+k)i+(2r1—r2—3m+2k) }, 0 < 72_1 < 1
ik

i=1

7.5.1.1 Bayes Estimators assuming the Gamma Prior

The Bayes estimators under the squared error loss function are obtained by takingexpectations

of a,, a, and 7, with respect to their respective marginal posterior densities as under.

-0 Z Z (- 1)"(” r)(ﬁi)B(rl+k—m+1,r2+m+1)r(’1;/;ﬁ;i2 j)rc(fj;z{‘fl“ D 12
1k

k=0 m=0

k 2
T=Q Z (—1)k(nk_r)(ﬁq)B(rl+k—m+2,r2+m+1){H%},
ik

i=1

where C, =0, + Y In(-)—{(2m—k)i+(2k—3m)}In T, i =1,2.

J=1

7.5.1.2 Variances of the Bayes Estimators assuming the Gamma Prior

The expressions for the variances of the above estimators are as follows.

r@)=0: Sy (” ”)(Z)B(rl S LA “‘gj;ii)rc(f;ﬁ;_j 2i-2)
1k 2k

k=0 m=0

n—-r k . ' 2
| (7 )(k)B(“k‘m“ﬂ’z+m+1)F(rl+”i+f£f)r(?fﬁ’?f"l) =12
m Clr}{ Mte—t C;k Hp+i

k=0 m=0
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2

-0 5, 8 1o mesmemeaf -

2

{Q; Zk: (_1)k(n]€—r)(];1)B(rl+k—m+2,r2+m+l){HW}T

i=1

7.5.2 Predictive Distribution
The predictive distribution contains the information about the independent future random

observation given the observations, already accomplished.

7.5.2.1 Predictive Intervals assuming the Gamma Prior

The posterior predictive distribution of a future observation y is defined as follows

p(y[x) =

O 3

o1
Ijg( 0‘110‘2’771|X) p(y|a1,a2,72'l) dr, da, do,
00

Where p(y|ey, @, m) =7 ayy™ ™+ mya,y™ ™ is the Pareto mixture model described in
Section 7.2 and g( al,az,ﬂ1|x) is the joint posterior distribution given in Section 7.5.1.

The posterior predictive distribution of the future observation y becomes as under.

L8 (n— T(r+ 1, +1)
x)=Q* —1k(n r)(k) rn+k-m+2,r,+m+1 1A
p(y| ) kZ:(; n;) ( ) k m {B(l 2 )y(Clk—m y)rl+/,11+l
x—r(errﬂz)+B(r1+k—m+1,r2+m+2)r(r1+’ul) L+ 4 +1) }, »>0

n+ B+ B+ +1
Cp*™ G, (G —Iny)=e

a-='y 3 (—l)k(nk_r)(k ){ﬁM}{B(q+k—m+2,FZ+m+1)+B(r1+k—m+1,r2 +m+2)}

vt
k=0 m=0 mjpiia C,t"

A (1-a)100% Bayesian predictive interval (L,U ) can be obtained by solving the two equations
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L
Ip(y|x) dy = % = | p(¥|x) dy which can be expressed as follows.
0

T ——y

gzg—l k (_1)k(l’l—l")(k ){B(Vl+k—m+2,rz+m+1) F(rl+;tl) F(r2+ﬂ2)
2 k=0 m=0 k m (Clk _ In L)’EI.Jr/'ﬁ. C2kr2+’u2

=
<

LC(n+pu) Tlpt+u)

+B(r+k—m+Lr,+m+2) n oy
C,t (C,,—InL)yz "2

@y i (_1)]{(,11{_r)(k)[B(rljtk—m+2,r2+m+1)1“(rl+ﬂl)l“(r2+;¢2)r 1

2 k=0 m=0 m CZk’Z“‘Z lclk’l“ﬂ
B 1 +B(rl+k—m+1,r2+m)F(r1+,ul)F(r2+,uz)I 1 1 N
(Clk _ In U)ll+;L_L Clkr1+,ul 1-C2kr2+y2 (CZk _ In U)r2+#2

These predictive intervals when evaluated for a number of combinations of the hyperparameters
can help locate a range of hyperparameters that may lead to the informative Bayes estimates
having smaller variances than the uninformative Bayes estimates. Saleem and Aslam (2008b)
used predictive intervals for the Rayleigh mixture to discuss precision of Bayes estimates in
terms of hyperparameters. If a trend in terms of the hyperparameters is observed for the
narrower predictive intervals, then a sort of objectivity may be added to the prior information

provided by a number of experts.

7.6 The Complete Sample Expressions

Under the conditions given in Section 2.6 and letting 7 —1 the expressions for the Bayes
estimators and their variances are simplified as given in Tables 7.1-7.2. The comments
regarding amount of information, computational ease and simplification quoted in Section 2.6

also apply here.
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7.7 A Simulation Study
A simulations study reflects the performance of Bayes estimates under the impact of sample

size and censoring rate. Samples of sizes »n=050,100,200 were generated from the two

component mixture of Power Function distribution with parameters «,, «, and z, such that

Table 7.1 The complete sample expressions for the Bayes (Uniform), Bayes (Jeffreys)

and ML estimators as 7—1

Bayes Estimators Bayes Estimators ML Estimators
Parameters (Uniform) (Jeffreys)
_m+l _m _m
“ Sin(1) Sin(1) Sin(1)
Xy Xy Xy
n,+1 n, n,
a 1 1 1
? >In(—) >In(—) >In(—)
X2 Xaj X2
n+1 n +1 n
7T n+2 n+2 n

Table 7.2 The complete sample expressions for the variances of the Bayes (Uniform),

Bayes (Jeffreys) and ML estimators as 7—1

Variances of Bayes Variances of Bayes Variances of
Parameters Estimators Estimators ML
(Uniform prior) (Jeffreys prior) Estimators
n+1 n, n
a 1 1 1
' (ZIn())’* (ZIn())’* (ZIn())’*
Xy X1 Xy
n,+1 n, n,
a 1 1 1
’ (X))’ (XIn())* (ZIn(=))’
X2 X2 X2
(n, +D(n, +1) (n, +D(n, +1) mn,
T (n+2)*(n+3) (n+2)*(n+3) n’
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m, €{0.25,0.40} and (o, a,) € {(0.25,0.8),(0.25,4.0),(4.0,1.2)} . Probabilistic mixing was used

to generate the mixture data. For each observation a random number « was generated from the

Uniform on [0, 1] distribution. If u < 7z,, the observation was taken randomly from F; (the
Power Function distribution with parameter ¢,) and if u>z,, the observation was taken
randomly from F, (the Power Function distribution with parameter «,). The choice of the

censoring time, in each case, was made in such a way that the censoring rate in the resulting
sample to be approximately 10% and 20%. The results of the simulation study are presented in
Tables 7.3-7.5. A careful study of the Tables 7.3-7.4 depicts many interesting properties of the

Bayes estimates while Table 7.5 presents an interesting among three Bayes estimates.

7.8 A Real Life Example

Mendenhall and Hader (1958) mixture data t = (f,;,%,,..., 4, 1 Zy1,Lyy5--- 15, ) CONSisting of hours

to failure for ARC-1 VHF radio transmitter receivers of a single commercial airline is
considered. The radio transmitter receivers that seemed to be failed at or before 630 hours of
operation were removed from the aeroplanes as a general policy of the airline giving Type-I
right censored observations at 7 =630 hours. On the other hand, inspection of the failed units
allowed the engineers to allocate the failed units to any one of the two different subpopulations.
The mixture failure data can be found on page 509 in Mendenhall and Hader (1958).
Mendenhall and Hader fitted Exponential distribution to this data. The transformation

x=exp(-t) of an Exponential random variable(t) yields a Power Function random
variable (x) . This property allows us to use the transformed Mendenhall and Hader data set for

our analysis. It is interesting to note that despite the transformation almost no major
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computations are required to have the data summary required to evaluate the proposed

1) j=1 Xoj

estimates. For instance, ZIn(iJ=ZtM =20458 and ) In (i}:z% =50056. While
i=1 X, . i=1 j=1

other sample characteristics required are:

n=369,r, =107, =218,r =1, +r, =325, n=369, 1, =107, r, =218, r =1, +r, =325.

The Power Function mixture parameters(e;, @,, 7,)can be evaluated using the estimators
derived in Sections 7.4-7.5. The Bayes (Jeffreys) estimates of Power Function mixture
parameters are computed as ¢, =0.005, &, =0.004 and 7z, =0.331 (corrected to three decimal
places) with their respective standard errors, SE(¢,) =0.0005, SE(&,)=0.000305and
SE(7,) =0.0261. The lifetime estimates of the average lifetimes of the two subgroups of the

radio transmitter receivers require a subtle re-parameterization and turn out to be

é L 200 and a,, = Ai S 250 while the proportion estimate remains the
a, 0.005 a, 0.004

~

Q=

same as 7z, =0.331. The standard errors of these lifetime estimates are computed as
SE(a,,)=17.7513, SE(a,,)=14.6994 while the standard error of proportion estimate is again

unchanged as SE(7,)=0.0261. In general, the standard errors of all the three proposed

estimates are much lower than the respective standard errors of the estimates presented in
Mendenhall and Hader (1958) and Sinha (1998). The proposed proportion estimate is almost the
same while the proposed lifetime estimates seem to be under-estimated but on the other hand it
is encouraging to note that the proposed lifetime estimates are greater than the corresponding

sample average lifetimes of the two subgroups i.e., # =191.2<200,z, =229.6 <250 as is

expected in the right censoring situations.
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7.9 Conclusion

The simulation study displays some interesting properties of the Bayes estimates. The estimates
of the first component density parameter seem to be under-estimated with some exceptions. It is
interesting to note that when the component density parameters are very well separated, the
estimates of the first component density parameter seem to be over-estimated with rare
exception. The estimates of the second density parameter are under-estimated while the
estimates of the proportion parameter are over-estimated.

The effect of an increase in censoring on the estimates of component density and
proportion parameters is in terms of an increase in the intensity of over or under-estimation.
However, with an increase in the censoring rate, the variances of the estimates of the
component densities parameters are reduced while the variances of the estimates of mixing
proportion parameter are increased.

The extent of over-estimation or under-estimation is more intensive for larger parameter
values of the component density and proportion parameters. Also, the variances of the estimates
of the component density parameters seem to be quite large (small) for the relatively larger
(smaller) values of the parameters. The variance of the estimate of population proportion is
slightly increased for larger values of proportion parameter. Furthermore, increasing the sample
size reduces the variance of estimate of the component density and proportion parameters. The
increase (decrease) in proportion of a component in the mixture reduces (increases) the variance
of the estimate of the corresponding component density parameter.

As the cut off sensor value tends to unity, the complete sample expressions for the
estimators and variances are greatly simplified. In addition, variances of the complete sample

estimates are expected to be reduced further as there in no more effect of censoring.
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The Bayes (Jeffreys) estimates of the first component density parameter are under-
estimated while the Bayes (Uniform) estimate of the first lifetime parameter are over-estimated
with rare exception. Both the uninformative estimates of the second component density
parameter are under-estimated but the size of under-estimation is greater in case of Bayes
(Jeffreys) estimates which have smaller variances. On the other hand, both Bayes (Uniform)
and Bayes (Jeffreys) estimates of the mixing proportion parameter are over-estimated but the
degree of over-estimation is relatively lower in case of Bayes (Uniform). The Bayes (Gamma)
estimates under-estimate the component density parameters while over-estimate the mixing
proportion parameter. The Bayes estimates with informative (Gamma) prior
seem to be more efficient than their uninformative counterparts with a few exceptions. A better
choice of hyperparameters may further improve the efficiency of Bayes (Gamma) estimates.

In the real life example, the proposed estimates of lifetime parameters are under-
estimated as compared with Mendenhall and Hader estimates but they are much greater than the
respective sample mean lifetime hours as expected in the censoring situations. However, the
proposed estimate of the mixing proportion parameter is very close to its Mendenhall and Hader
counterpart. On the other hand the standard errors of all the three proposed estimates are much
smaller than the respective standard errors of the estimates based on the Mendenhall and Hader

data which are found in literature so far.
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Table 7.3 Bayes (Jeffreys) estimates and standard errors (in parenthesis) of the Power

Function mixture parameters ¢, =0.25, «, =0.80, 7, =0.25, 0.40 with

censoring rates, C =10%, 20%.

n 10% Censoring
(o, ay, ) _ _ ]
o, a, V2
50 0.25699(0.07913) 0.69890(0.11625) 0.27988(0.06417)
(0.25,0.80,0.25) | 100 0.24843(0.05176) 0.70151(0.08360) 0.27580(0.04644)
200 0.24476(0.03550) 0.70452(0.05513) 0.27178(0.03296)
50 0.24768(0.05574) 0.68351(0.12279) 0.43998(0.07646)
(0.25,0.80,0.40) | 100 0.24332(0.04001) 0.68707(0.09317) 0.42836(0.05211)
200 0.24182(0.02811) 0.68538(0.06095) 0.42771(0.03745)
n 20% Censoring
(, @y, m) _ _ _
o, a, V2
50 0.23887(0.06792) 0.59072(0.09852) 0.31059(0.07440)
100 0.23515(0.04750) 0.59785(0.06784) 0.30317(0.05306)
(0.25,0.80,0.25) | 200 0.22895(0.03266) 0.59675(0.04842) 0.29708(0.03675)
50 0.22746(0.05258) 0.57930(0.10895) 0.46877(0.07859)
(0.25,0.80,0.40) | 100 0.22499(0.03453) 0.57602(0.07515) 0.46362(0.05484)
200 0.22450(0.02422) 0.57533(0.04989) 0.46520(0.03873)

* Bayes (Jeffreys) estimates means the Bayes estimates assuming the Jeffreys prior.
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Table7. 4 Bayes (Jeffreys) estimates and standard errors (in parenthesis) of Power
Function  mixture parameters o, =0.25, a, =4.0, 7, =0.25, 0.40with
censoring rates, C =10%, 20%.
n 10% Censoring
(, @y, m)
& a, 7
50 0.27262(0.08456) 3.45464(0.58315) 0.29606(0.06569)
(0.25, 4.0,0.25) | 100 0.25680(0.05241) 3.44268(0.40634) 0.28711(0.04848)
200 0.25372(0.03697) 3.45236(0.27788) 0.28400(0.03504)
50 0.25840(0.06170) 3.33087(0.63844) 0.45969(0.07703)
(0.25, 4.0,0.40) | 100 0.25343(0.04250) 3.3663(0.44998) 0.44790(0.05318)
200 0.24856(0.02779) 3.33515(0.29534) 0.44766(0.03752)
n 20% Censoring
(4, @, ) _ _
o a, 7z
50 0.26582(0.08309) 2.88349(0.47852) 0.26582(0.08309)
100 0.25693(0.05164) 2.91572(0.33675) 0.25693(0.05164)
(0.25, 4.0,0.25)
200 0.24911(0.03504) 2.90049(0.22766) 0.24911(0.03504)
50 0.25738(0.05936) 2.71112(0.50059) 0.25738(0.05936)
(0.25, 4.0,0.40) | 100 0.24967(0.03942) 2.71219(0.36629) 0.24967(0.03942)
200 0.24615(0.02740) 2.72858(0.25181) 0.24615(0.02740)
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Table 7.5 A comparison of Bayes (Uniform), Bayes (Jeffreys) and Bayes (Gamma)*
estimates and standard errors (in parenthesis) of Power Function mixture
parameters ¢, =0.25, a, =0.80, 7, =0.25, 0.40 with censoring rate, C =10%.

Prior | 7, n a a, A
50 | 0.28052(0.08780) | 0.72078(0.11999) 0.27987(0.06421)
0.25 | 100 | 0.25918(0.05433) | 0.71233(0.08487) 0.27580(0.04645)
= 200 | 0.24995(0.03629) | 0.70991(0.05554) 0.27178(0.03296)
% 50 | 0.261191(0.05930) | 0.711567(0.12798) | 0.440075(0.07652)
0.40 | 100 | 0.249875(0.04112) | 0.700587(0.09493) | 0.428405(0.05212)
200 | 0.24503(0.02850) | 0.69206 (0.06151) 0.42773 (0.03746)
50 | 0.23887(0.06792) | 0.59072(0.09852) 0.31059(0.07440)
0.25 | 100 | 0.23515(0.04750) | 0.59785(0.06784) 0.30317(0.05306)
2 200 | 0.22895(0.03266) | 0.59675(0.04842) 0.29708(0.03675)
% 50 | 0.24768(0.05574) | 0.68351(0.12279) 0.43998(0.07646)
0.40 | 100 | 0.24332(0.04001) | 0.68707(0.09317) 0.42836(0.05211)
200 | 0.24182(0.02811) | 0.68538(0.06095) 0.42771(0.03745)
50 | 0.22801(0.05992) | 0.62844(0.09346) 0.27966(0.06407)
0.25 | 100 | 0.23524(0.04584) | 0.66504(0.07513) | 0.275701 (0.04641)
< 200 | 0.23844(0.03360) | 0.68595(0.05231) 0.27173(0.03295)
§ 50 | 0.23131(0.04766) | 0.59756(0.09364) 0.43952(0.07633)
0.40 | 100 | 0.23542(0.03734) | 0.64292(0.08174) 0.42815(0.05207)
200 | 0.23795(0.02717) | 0.66306(0.05717) 0.42761(0.03744)

* Bayes (Gamma) estimates means the Bayes estimates assuming the Gamma prior.
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CHAPTER 8

CONCLUSION AND RECOMMENDATIONS

The type-1 mixtures of distributions belonging to a subclass of single parameter exponential
family are considered. All the members of this subclass are related with exponential
distribution by one one link or the other as described in the WinBUGS code in case of Pareto
mixture. Also the common feature of this subclass is the availability of the closed form Bayes
estimates of the mixture parameters. The motivation behind the consideration of this subclass
is to explore the closed form expressions for the Bayes estimators and their variances as well
as the conduct of the real life applications in a number of ways. However, the MCMC
methods e.g., Gibbs Sampling can be applied to deal with gerneralized versions of the
distributions.

An extensive simulation study is conducted for Exponential, Rayleigh, Pareto, Burr
and Power Function mixtures. The simulation study is conducted to explore some interesting
properties of the Bayes estimates for various combinations of the component density
parameters, various mixing proportions, different sample sizes and for different censoring
rates. Although the findings for each mixture were reported in the respective chapters yet it is
considered useful to present an overall conclusion in terms of parameters of the component
densities, mixing proportion parameter of all the mixtures under study.

The first component density parameter is observed to be over-estimated in all the
mixtures except the Power Function mixture where it is under-estimated. The second
component density parameter is also under-estimated in Power Function mixture while in rest
of the mixtures, its estimates have a mixed behavior, sometimes over-estimated and

sometimes under-estimated. On the other hand, the mixing proportion parameter is over-
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estimated in all the mixtures under study except in Pareto and Burr mixtures where it is under-
estimated.

The effect of censoring rates on estimates of parameters in different mixtures is as
follows. The degree of over-estimation of the estimates of the first component density
parameter increases with the increase in the censoring rate except in Power Function mixture
where degree of under-estimation of under-estimated estimates increases. The response of the
estimates of the second component density parameter is different. It is observed that the slight
over-estimation of these estimates turns into a slight under-estimation while the degree of
under-estimation increases with the increase in censoring rate for the under-estimated
estimates. So far as the behavior of the estimates of the mixing proportion parameter is
concerned, their degree of over-estimation increases in Exponential, Rayleigh and Power
Function mixtures whereas the degree of under-estimation increases in Burr and Pareto
mixtures.

The effect of censoring on the variance of estimates is another aspect of interest. It is
interesting to note that the variances of the estimates of the parameter of the first component
density increase with the increase in censoring rates in all the mixtures. The variances of the
estimates of the parameters of the second component density parameter also increase except
in Power Function mixture where the variance of estimates decreases with an increase in the
censoring rates. The same is the response of the estimates of the mixing proportion parameter
towards an increase in the censoring rate.

How does the magnitude of proportion of a component density in a mixture affect the
estimates of parameter of that component density? This is interesting to note that the

variances of estimates of the parameter of a component density decreases when its proportion
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to the mixture is increased. Also the degree of over-estimation of the estimates of parameter
of a component density decreases provided the mixing proportion of that component in the
mixture is increased. The situation is a bit different in case of the Power Function mixture
where the degree of under-estimation is increased and hence the under-estimation becomes
more severe. However, the reduction of variance in the estimates of the mixing proportion is
not ensured. The variances of the estimates of the mixing proportion parameter decrease with
some exceptions in Exponential and Burr mixtures while increase in Pareto and Power
Function mixtures while increase in Rayleigh mixture with some rare exceptions and display a
mixed behavior in case of Burr mixture. Recall that the estimates of the mixing proportion
parameter are over-estimated in Exponential, Rayleigh and Power Function mixtures while
under-estimated in Burr and Pareto mixtures. With an increase in the mixing proportion, the
degree of over-estimation of the mixing proportion estimates decreases (increases) in
Exponential and Rayleigh (Power Function) mixtures while trends are mixed in case of Burr
and Pareto mixtures.

What is the effect of the magnitudes or sizes of the parameters of the component
densities on the estimates in various mixtures? It is observed that the extent of over-estimation
of the estimates of the parameter of the first component density increases in Exponential and
Rayleigh mixtures while no definite trend could be observed in Pareto, Burr and Power
Function mixtures. In case of the estimates of the parameter of the second component density,
the extent of over-estimation is seen to be increased in Exponential and Rayleigh mixtures
with rare exceptions, while no certain pattern could be established in case of Pareto, Burr and
Power Function mixtures. Now we come to the effect of parameter sizes on the variances of

the estimates. It is interesting to note that variances of the estimates of the first component
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density parameter tends to increase in Exponential, Rayleigh, Burr and Power Function
mixtures while in case of Pareto mixture, there has been observed some rare exceptions. So
far as the estimates of the parameter of the second component density is concerned, the
variances are noticed to be increased in Exponential, Rayleigh, Pareto, Burr and Power
Function mixtures in response to an increase in the parameter sizes.

The above mentioned properties and trends are analyzed with the help of only the
Bayes estimates assuming the Jeffreys prior. In each simulation study for every mixture under
consideration, the Bayes estimates with Uniform prior, the Bayes estimates with Jeffreys prior
and the Bayes estimates with some informative conjugate prior have also been computed and
compared. Here comes an overall comparison of these Bayes estimates in terms of various
mixtures and parameters.

The Bayes (Uniform), the Bayes (Jeffreys) and the Bayes (Informative) estimates of
the parameter of the first component density are all observed to be over-estimated in all the
mixtures except the Power Function mixture where the Bayes (Jeffreys) and Bayes (Gamma)
are under-estimated while the Bayes (Uniform) estimates are over-estimated with some
exceptions. In Exponential mixture, the Bayes (Inverted Gamma) estimates are closer to the
true parameter while in Rayleigh mixture, the Bayes (Jeffreys) are observed close to the
parameter. In Pareto mixture, the Bayes (Gamma) estimates are found close to the parameter
and the Bayes (Gamma) are close to the parameter in Burr mixture. However, in case of the
Power Function mixture, the Bayes (Uniform) are very close to the parameter as compared to
the other two Bayesian counter parts.

As is quoted in many classical sources, that precision is more appreciable property of

an estimate as compared to the unbiasedness. It is observed in all the mixtures under
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consideration that the Bayes estimates of the parameters of the component densities of the
mixtures which are based on suitable informative prior are more efficient than their Uniform
and Jeffreys counterparts. However, there may be some rare exceptions which can easily be
overcome by a better choice of the hyperparameters. As the hyperparameters of the
informative prior are outcome of prior information, so the quality of the Bayes estimates
based on informative prior can further be improved if some better prior information is
available. So the quality the Bayes estimates with informative prior depends upon the quality
of the prior information available.

In our study a real life mixture data has been analyzed by different mixtures using
some suitable transformations of the data, so that the results may be compared with each other
and with the results of Davis (1952), Mendenhall and Hader (1958) and Sinha (1998). The
estimates of Exponential mixture parameters using real life data are superior to the previous
results found in literature. The estimates obtained with the help of Pareto mixture are close to
the previously available estimates but having lesser variances. Finally the estimates based on
Power Function mixture are, although, under-estimated but have much lower standard errors
than those given in literature so far.

All the mixtures discussed in this thesis are of type-l, samples of type-IV with
ordinary type-I, right censoring. The elegant closed form Bayes estimates are provided.
Obviously, the work may be extended in many possible directions. Some mixtures of the
single (multiple) parameter distributions, discrete or continuous, may be considered which
have not been explored so far. Such mixtures can be explored with a careful study of many
real life situations where the observations coming from some heterogeneous populations

which can be assumed to be characterized by the some particular component densities. So a
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possible extension is to consider mixtures of the generalized versions of the distributions
where the use of Monte Carlo Markov Chains (MCMC) techniques would be inevitable. A
WIinBUGS code is presented in Chapter 5 to deal with such cases. A code in R could meet the
same purpose.

Although algebraic expressions are derived for finite mixtues in most of the chapters,
yet simulation study for each mixture are conducted for two component case. The simulation
study can also be extended to larger number of components of the mixtures with various
mixing weights. As the number of components of the mixture depends upon the number of
causes of death of the objects under study, so the mixtures with more than two components

can also be considered in the light of real life bio-medical and industrial applications.
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